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Continuous observations of pressure fluctuations at
gravity wave periods (5-30 minutes) in eastern Massachusetts
show that the only important pressure fluctuations not assoc-
iated with moving weather sources are pressure fluctuations
associated with the jet stream. These fluctuations appear
to be non-dispersive and move a little slower than the maxi-
mum overhead jet stream velocity. The coupling between gravi-
ty wave modes and fluctuations in the jet stream is examined
to investigate the pumping of energy from the jet stream into
the upper atmosphere. There are two major problems in under-
standing the nature of the disturbance at the critical alti-
tude where the velocity of the disturbance matches the velocity
of the mean wind. The first problem involves the origin of
the disturbance in the vicinity of such a critical altitude.
Theoretically, the energy flux emitted is amplified by the
wind shear as the wave moves away from the critical altitude.
The second problem involves a wave originating elsewhere moving
into a critical zone. A wave packet moving into a critical
zone becomes so compressed before it reaches the critical al-
titude that the wind shear within the wave itself causes the
atmosphere to become locally unstable. The exact mechanism
for the transport of energy across a critical altitude is not
known. If by symmetry it is presumed that the amplitude of
the wave will be comparable on either side of the critical
altitude, the wave amplitudes in the upper atmosphere can be
predicted.

Energy propagation to the ionospheric D-region (80 km.)
takes 10 hours under average conditions where typical ampli-
tudes will be 10 meters/second. Shorter propagation times
occur when mesospheric temperature gradients are low and winds
above the jet stream are directed opposite to the jet. The
waves are strongly reflected by temperature gradients in the



lower thermosphere,consequently, it takes a long time to ac-
cumulate any energy at height. Energy typically propagates
upward to about 115 km where it is dissipated by electromag-
netic forces in 20 to 1000 hours. The induced magnetic field
when integrated back to the ground is an order or two magni-
tude less than the quiet-time ambient field. Therefore we
have not observed a correlation between atmospheric pressure
and the magnetic field on the ground but expect that pressure
may be correlated to some measure of activity in the ion-
ospheric D-region.
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Title: Professor of Geophysics
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INTRODUCTION

This thesis is concerned with.the propagation, gene-
ration, and dissipation of gravity waves in the atmosphere.
In Eastern Massachusetts the observed‘gravity waves are gen-
erated principally in the»jet stream and are thought to propa-
. gate up to the ionosphere where they are dissipated by
electromagnetic processes. Gravity wave phenomena are in-
between high frequency meteorology and low freguency sound.
The wave periods (3-60 minutes ) are much shorter than the
earth's rotation-period which is important in metgrology, but
the wave periodsAaré so long'that when multiplied by the
speed of sound they imply a quarter wavelength cémparable to
the atmospheric scale height. Sound propagation at such
periods is prqfoundly influenced by gravity hence the term
"acoustic-gravity wave."

These gravity>waves; like gravity waves on water, have
elliptical particle motions. Water waves, however, are con-
strained to the surface of the water, but these waves are
internal to the atmosphere. queed,_one of their most inter-
esting features is verti;al propagation. Under simplifying
assumptions these waves preserve the guantity /’Vz (/a is
the air density and V  is the wave particle velocity)
while propagating vertically. 'Since the atmospheric density
decreases an order of magnitude in 15 to 20 kilomeéters alti-
tude the wave particle velocity may get quite large at high
altitudes. Because of this, gravity waves have been thought

to explain small scale high altitude winds and ionospheric
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disturbances. Small scale (one kilometer vertical wavelength)
high altitude (40-200 kilometers) winds have been observed by
meteor trails, rocket exhaust trails, and falling spheres.
(For many references see Hines, Murphy et.al., Dickenson ).
These winds have been attributed to gravity waves, but the
observations are so transient that a quantitative comparison

_ of theory and data is difficult. Movement of ionospheric
inhomogenities observed by scattering of radio waves is al-
so attributed (Martyn 1950, Hines 1960) to gravity waves but
again quantitative study is difficult.

Much attention has been given to waves propagating long
distances from explgding volcanoes and nuclear exélosions
(Cox, Donn and Ewing, Pierce, Press and Harkrider, Pfeffer
and Zarichney). These wave sources are rare; more frequent
sources have been suggested (Hines, Pierce, Dickenson) to
be storms and strong cumulus convection. While this may be
true, our pressuré observations over the course of 14 months
have shown no waves emitted by storms which travel any faster
than the storms themselves. On the other hand, of frequent
occurence were disturbances of jet stream speed. Theoretically
these faster disturbances can be expected to propagate to the
ionosphere much more readily than disturbances of weather
front speed.

The strength of these "jet waves" may be explained by
the strong wind shear at jet stream altitudes. When the
wind shear (which has physical dimensions of frequency) be-

comes comparable to the atmospheric vertical resonance fre-
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quency the atmosphere becomes dynamically unstable. At any
height where this frequency ratio ?redicts instability one
may expect a disturbance to form and be swept over ground
observers at the speed of the wind at that height. A height
where a gravity wave velocity matches a wind velocity is called
a critical height; here coupling may occur and the wave can
“be amplified. Theory predicts the verticgl enefgy flux of

a gravity wave to be amplified by the wind shear as the wave
emerges from the critical height. As the waves propagate
vertically they may encounter more critical heights. These
may act as barriers or they may transmit the energy; this is
an important topic for future research. 1In any case the
waves emerging from the last critical height propagate upward
having their energy amplified by the wind shear and their
amplitude further magnified by the decreasing atmospheric
density.

Propagation uéward to the ionospheric D-region (80 km)
will take about 10 hours This travel time is quite variable
depending on the wind and thermal state of the intervening
air. The particle velocities at this altitude, if they can
pass through the critical heights without energy loss ,will
be about 10 meters per second in both horizontal and verti-
cal directions. This should be measurable by some inde-
pendent means. |

Further propagation into the ionosphere is greatly re-
tarded by strong thermal gradients. Typically, disturbance
energy is going so nearly horizontal that it reaches 115

kilometers only after 20 to 1000 hours. In this amount of
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time the disturbance will be well spread out in space and wi&&
be dissipated by electromagnetic processes. Greatly dimin-
ished amounts of energy may get further up and still be im-
portant because the amplitudes continue to increase for

awhile due to the decreasiné /0 . |

When the gravity wave neutral air molecules drag ions
and electrons across the earth's magnetic fieid electric
currents are set up which in turn induce magnetic fields.

The currents (.3 microamps / meter2 ) that we extrapolate
from the pressure data are quite comparable to other currents
thodght to be present in the ionosphere. Due to the fairly
short (20 km) Vertiéal wavelengths of the wave, the effects
of the currents tend to cancel in the production of magnetic
fields. When the magnetic fields are integrated back to
earth they are smaller than the observed quiet-time varia-
tions by one or two orders of'magnitude.

In the firstAchapter of this thesis we derive the basic
properties of atmospheric gravity waves as previously deduced
by Laﬁb, Eckart, Martyn, Hines and Pierce. Our deduction
and conclusions on energy and momentum flow of these waves
differ somewhat from other studies by Eliasson and Palm and
by Bretherton. We also discuss difficulties in the linear
theory at the critical height. There is a fairly extensive
discussion of electrical conductivity in a windy ionosphere.
Finally we derive the necessary formulas to calculate the
electromagnetic effects of atmospheric gravity waves. The
reader may prefer to skim the first chapter for its essential

definitions and ideas and go on to the second.
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In the second chapter we present numeroué results of ap-
plying the formulas of the first chapter to various simpli-
fied and realistic temperature, wind, and ionization models of.
the atmosphere. The simplified models have been included in
order to make clearer the underlying causes of various
phenomena.

In the third and final chapter we present pressure array
data, its collection, and its interpretation with emphasis on
the relation between the observed pressure fluctuations and

the state of the jet stream.



I Acoustic Gravity Waves in a Stratified Atmosphere

Section 1 begins with the established acousto-hydro-
dynamic equations. They are linearized and specialized to
a temperature and wind stratified atmosphere. The trial solu-
tions consist of altitude dependent (z-dependent) ambient
values plus perturbations which are sinusoidal in x, y, and
t but have arbitrary z-dependence. With the substitution of
these trial solutions, the hydrodynamic equations become
linear differential equations with 2z as the independent
variable and\the rerturbations as dependent variables. We
explore different choices of integrating factors with the
dependent variables and come up with a choice of wvariables
which will be continuous even though the temperature énd wind
may be stratified into layers with abrupt changes at the
layer interfaces.

In section 2 we derive formulas for wave energy density
and flow. It turrs out that ehergy flux is divergent for
a wave propagatinc¢ across zones of wind shear because energy
is exchanged between the wave and the ambient stratified
wind., It is another guadratic function of the wave vari-
ables, the momentum flux, which is non-divergent when the
wave flows across wind shear.

There are two circumstances undef which tﬁe energy
density of the waves may become negative: (1) The tempera-

ture lapse is so strong that the heavy cold air on top of
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the lighter warm air is such as to make the atmosphere
unstable. (2) The wind shear (which has dimensions of
frequency) is greater than twice the atmospheric vertical
free resonance frequency. The first condition corresponds
to static instability of the atmosphere and the second

to dynamic instability.

In section 3 we consider waves whose horizontal phase
velocity equals at some altitude (called the critical height)
the velocity of the mean wind. As a wave of fixed hori-
zontal wavelength propagates to a critical height its
frequency with respect to the ambient medium is doppler
shifted to zero. In the low frequency limit the wave loses
all acoustic character and becomes a gravity wave wigh a
horizontal group velocity and zero vertical wavelength.

In the vicinity of the critical height an exact solution
is possible. The solution shows a divergence everywhere
of the nérmally conserved wave momentum flux if the at-
mosphere is dynamically unstable according to condition
(2) above. The role of critical heights and dynamic in-
stabilities is crucial in an explanation of pressure fluc-

tuations observed at:the ground.
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I-A-I From Basic Equations to Stratified Media

We use the conventional definitions: pressure p,
density /o , sound speed c¢, particle velocity v=(u,v,w,),
angular frequency w , wave numbers k and 1, gravity g,
and ratio or specific heats ¥ . As subscripts, x, 2z,
and t are partial derivatives. A bar over a quantity
indicates its time average. A tilde over a quantity re-

. presents the perturbation part due to the presence of a
wave. By a stratified media we mean one in which the media
properties are functions of only the vertical 2z coor-

dinate. We take plus z upward. The trial solutions are:

(1)

" Pad 3

[ P& P@

P ® ’Z;Q} —wt + hx + i

i@ |+ | ue |e ¢
v @

\ WCZ) p

T < £ v
n

Linearization means that products of elements in the right-
hand vector will be ignored as being small. The equations
of adiabatic state (energy), momentum conservation, and

mass conservation are:
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(2e) 5%/0 +V(/0\7) =0

We expand out the substantial derivatives in this set

(3a) }Dé + -\7. VID = cﬁ{ Ff + ‘\7 V/p]
(3b,c,d)/0(vt s \7'V\7): /)j’ ~ VP
(3e) |

LPe V‘(/OV) = 0

The substantial derivative of an arbitrary scalar variable

¥ is

=
<
0

P+ V-V

1y

to [0, 0 0] [T
CP'

= ¥ +ha¥ + WY,

= -0 +w T,

>
Applying this to the components of the vector variable Yy we get

(5)
[~ A~

> U al]
%;%? = -2 c; + C? }
L ]

In (4) and (5) we introduced the definition of a Doppler



frequency

© 0 = w-khv = w-ha

Utilizing (4) and (5) we linearize the principal set (3)
(2~ BB, = [-inpg s p]

(7b)

~

f(—iﬂﬁma\ﬁ) = - kP

(7c)

o0 p i o) = -7y P

T s pleV) ¢ Vitvp) =0
/0{ +(/5*/5)({ﬁ&"—ti,0\7+\’4’/z) + (k7 Q +/32\7/ =0
N (P, +hpl +idp T =0

~ ~

L ~ . —”
Next we solve for /0 , u, v, Pz , and (/o W)z

respectively
(8a) ~ { Pad I3 [~ - ~
p = P cw(BP- )V
(8b) ~ T A
¥ ¢ u
- L hp. i
f) AL - b
8 ~
(C) ~ _ _‘0__ P
(A
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(8d) ~ —~ .
Pz = “gp * e _Q/o W
(8e) .

(P W), = L0 -~ p(khi+a7)

Substituting (8a), and (8b) and (8c) into (8d) and
(8e) we get the basic linearized equations for acoustic

gravity disturbances in a wind and temperature stratified

atmosphere.
(9a) SR IR
-~ . -
Z ~9/,> (0~ 35(LRf) P
4 _ [
dz - R -~ 1Ji= = —
= () 4 -=(=k-
O (&-£L) alepeRp)| PV

It is useful to put eguations (9d) and (9e) into a

form where the matrix of coefficients has the following

properties:
1} it contains nc 2z derivatives
2) it is constant in a constant temperature

constant wind velocity region;
3) it contains no complex numbers, and its
trace is zero.

Then the solutions will have the following properties:



19

1) continuous functions of =z ; even if wind
and temperature are discontinuous at layer
boundaries

2) sinusoidal or exponential in a constant

temperature constant wind region.

To facilitate manipulating these equations, we freely use
two transforms described in Appendix A.
First we apply the weighting transform with g—l on

the first variable and =i on the second variable. Here

we assume g 1is independent of altitude and define V%::é%
(10) " ] - S -
- -0, L8 5
d'z —_ - _ _~
L ¢ . L C? V; 'ﬂ Cz ’?- . ¢ 4

Apply 5)" on second variable

(11) ’ 3

. Kol =
Ve 3%

N

\
-
~
o
1

Lﬁ("cl"“‘"vl';) % *%z




Do the addition transformation

(12) )
s a9 |3 zal
- /V; ’.—5 + V'* .E+ _...Vl
d P 3 L.n
dz L P g X
L L z 9
Elr vf,‘) 7 vl | LT
s /
Now on the second variable use the weight W
W= P/;p= c . F= = -L2 = J [
Frxr v P op P
(13) ” N\
- 2 " - »~ ~ ]
_a/ A j((.& +§l}) P,pw
- -
Sh-k) gkl 5
| ¥V Y < w il T
\ )
: . S-la . Wy _ &
Finally apply the weight W = P :1/ -‘i = 3*%_ to both
variables and g/y to the first variable
(14) ( o 1.
__X___,_E_ __Q.Z' ').P i ) __NW
3('.;:‘ _O?) e P (_E +£_\ﬁ’>
- ¥ Vg im
dz
£ ) Y _k S W
-*= - + W
uo o 3( ) L P (L
N

which is the "polished" form

on the first variable

of the equations.

These




equations were derived in a different way be Pierce (1966).
The following algebraic deduction shows how the

first field variable is related to the divergence of vel-

ocity: .
AV RTINS R AP L
(8e) (0T 0 QP p(ATV)|-W <2
Use (8e _ L(ku+ﬁv)+%[¢nfncf(AU+£vﬂ~w§’/§
U (8a) ] P (P % | W wp
O faal B Bop)e]- 9]
S E Pt AW
RS B SRy T
- TP [XP""(P'P&%)]
- 10
BT
(15) _ ﬁ'/z >
| ¢ L VeV

21
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inally a difficult one, and the presentation of a sequence
of unmotivated algebraic steps seemed impossible to avoid.
It would be valuable to know just how broad a class of
problems can be reduced to a polished form by the weightiﬁg
and addition transformations and to know if the reduction
can proceed in a systematic way. This might be in the 1lit-
erature on Lyapunov transformations but a cursory inves-
tigation has failed to find it. For example, it would be
nice to know if a polished form is possible for a layer of
constant Brunt frequency. If so, extremely realistic
atmospheric models would be constructed with very few
layers.

In summary, in this section we have deduced equa-
tion (14) from fundamentals. This equation can be inte-
grated to producé the state of the media at one position
given the,state at another. It shows that the variables
a-'wy.y and % are continuous functions of height
even though: the temperature and.wind may be discontin-
uous.

Since one expects the vertical velocity to be con-
tinuous at layer boundaries why is it that CD/CQ, is
continuous rather than G} ? Consider a point where
the boundary is deformed to a sine wave with wind on one
side and not the other. At the zero crossing of the sine
wave the particles on the windless side may have no ver-

tical velocity, but by virtue of the wind, particles
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on the other side are sliding up or down the sine wave
on its steepest slope. An observer moving along with

~
the particles interprets M as the amplitude of the

—c L1
deformed boundary and that is why it must be the same to
observers on either side of the boundary.
- One also expects the total pressure to be continuous
at the deformed boundary. The wave pressure is augmented

by a pressure due to the deformation of the boun-

dary. Thus the total pressure

A ~t
— ”~
2. = - - = +
P+dlsz P +(-r3)7a P fﬁﬁ
is continuous as eqﬁation (14) shows.
In the next sections we use equation (14) to study

the transport of energy and momentum by acoustic gravity

waves.
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I-A-2 Enefgy and Momentum Principles

In this section we will derive formulas for energy
density, momentum density, and transport of these densities
in a stratified medium. 1In the simplest type of wave
propagation the phase velocity and the group or energy
velocity have the same direction and speed. Bringing in
‘gravity causes these velocities to differ in both direction
and speed. Bringing in a stratified wind causes further
complication because the energy in a wave packet is not
conserved at the packet propagates from on altitude to
another. In a media at rest"[“&n?\‘fis identified as the
vertical energy flux. If %,—(Ko ?G’/* does not vanish at a
boundary of the system, it fepresents the power flowing
into the system at the boundary. We will subsequently

show that Re g%g* is altitude invarient in a region of
no sources. Hence, the quantity Re F\;* is not con-
stant in a windy medium where (). is z-dependent. Since
'/9 Re /};WJ* represents the amouﬁt of power which may be
absorbed by a viscous absorber, it is clear that an ob-
server at some altitude seeing a wave can have no idea how
much power it took to generate the Qave unless he knows the
ratio of his translation speed to the source's trans-
lation speed.

The situation is not so strange as it may seem.

Consider an observer riding on a flat car in a railroad
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switching yard full of flatcars. If he sees a snowball
flying over his flatcar he cannot tell how much energy
went into launching the snowball unless he knows the rela-
tive velocity of the flatcar from which it was launched.
If a steady state were set up by continuous snowball-
throwing, there is one thing all flatcar observers would
agree on and that is the momentum flux or mass current
perpendicular to the tracks.

In our acoustlc gravity wave problem the constancy
in z of Re Eﬁi can also be interpreted as a current,
not a current of energy or mass but as related to a ver-

tical current of horizontal momentum. This will be in-

Pw*
o)

is in-

deed altitude invarient.
Take equation (I-A-9)
(1)

\_,/
ol
31

(2)
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and recalling the equilibrium equation FSZ =‘—/i3
and utilizing transformations in Appendix A we get

(3)

A& 75-‘( ') +9/c* ||z

We abbreviate this

(4)_4,, X, A, A,a_ X,
dz Xa. A:t\ “An X"‘

Now we can get an equation for X;X;* as follows

X
'%(Xl)(a*) . 4 X5 + X %‘%‘1

1
Q
]

(A" X, *A:; XQX: + X,(A,‘ Xl“'Au yz)*

(5) '
B A': an(* + AmX Xa*

4 B L (ke ()P plan) B
bl —;":(—?+(nﬁ?. / “pUei) 5
This we may split into real and imaginary parts

(7) ;;,.,# | , | ,.1.\ e |t*
.d. ...,w._ = —:-:‘ - +&Q *+- mﬂﬂ W )WW
dzgm Q /o c? o b) na*
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(8)

~ ~ o~ ~; N
(0 5) = o)) 5
az (% 71 PO W
Equation (8) shows that in a source free region in

N”*

the steady state (W, k real) that Re%gg is constant,

independent of 2z we can define a current F by the
formula
(9) ) "P’\:’/*

F=-17;Re __f)_

where F has the dimensions of momentum density per unit
volume times velocity. Having also physical dimensions of
force per unit area it is a stress. Without the 7 it is

called the Reynolds stress.
We will now show that F 1is the time rate of momen-
tum lost by a uniform wind blowing over a unit area of a

perfectly rigid sinusoidally undulating ground. The sit-

uation is depicted in figure 1. '

particles

z < -dA —

Figure 1
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The losl momentum is accounted for by the radiation to
infinity of an acoustic-gravity wave. If the atmosphere

is topped by a rigid boundary of if frequencies and velo-
cities are such that the disturbance is evanescent then
investigation whows that F vanishes by virtue of i; and
66 being out of phase. The force acting on the ground

in the horizontal direction is proportional to the pressure
times the effective area. The amount of area for the force
to act on in the horizontal direction is proportional

to the amplitude of the ground displacement. Both pressure
and area are sinusoidal functions of x. A negative pres-
sure acting on a nega;ive area gives a force in the same
horizontal direction as a positive force on a positi;e area.
In 1/4 wavelength along x the area is gi dy. Thus the

SL
area per unit length on the x-axis is Re(dA) where

~ Ax
- 4w
aa WY e dy

The integral of the pressure times the effective area over

\gth along the x-axis is the force.

ne wavalan
ne waveler

O

f (R P)(Ro 4A) dx = = (R.epw*dy

Hence the shearing force per unit area acting on the ground

is

?

EWE 3
F = Force/area = -gh G@ P

Ax

P
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The momentum density M of the waves may be defined

by its continuity equation.

(10) 0=2M 4 givr=0
ot
Taking k real, this becomes
| M d()i PW*)
1D . 0=@-—+-~ ~——-(R.0.--—~—
ot  dZ\ T o

In the case where w 1is real we have already shown the
right hand term to be zero. Generalizing to complex w
W= Qr,{w‘- we will be able to define _g,,t@ . Since M
is a quadratic function of field variables and either of
the field variables is

LA’X (W w; t
e

fe) e

(12) f

then W,

- YT e

i

20, ‘f"é*

~6
-
S
!

So we may substitute gz-t M =2, M into (11) and also

bring (8) into (11) getting

(13),) _&f\,:
'rTL,o ‘
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Take () = (), + (W to be complex, but keep k real.
Thus we are considering a time transient problem with
sources and sinks to be of infinite extent in x and vy.

For algebraic simplicity take kd;’ << l S)r] . Then
(13) gives the momentum density as

(14) M= = {-—_—:—- AL
™ (P N

Now using the momentuﬁ continuity equation (10)

and the knowledge that the energy current is 1/4 Re ?\fl

we will derive a continuity equation for energy density

and it shows how gradients of the mean flow can amplify

waves going through them. Expand out equation (11)

=

* Dig¥
:Q_(%M)+i[(&PW)(&nﬂ) w;&;nﬁ_h_/_]

ao* *

Again use W;4K {1, so nn*=0;.

(15) é__-I_lr
=9 [T P\d* ’.i_ahfﬂv* w; 4
0 ot (A ”) _Q-r ke Q-d p’" ]
Multiply by ‘(;" and identify Qw; with 53,_
t

[g_{z_,_y_ Qe d (gmpfj) igﬁqg,uﬁ%o&ﬁw*
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We identify the rightmost term with the divergence of
energy flux. The center term is wave amplication due to
the flux of wave momentum across the mean wind shear. The
leftmost term is the time derivative of the energy density

E and we next examine it further.

_ﬂ?
rQ J o Pt S5t o P
= r S -
' M-234 I L2 2.(1,. I ot o,

Now let &J be real and substitute (14) into the first

term and (7) into the second

= [7.—;‘ (_& aFﬁ’!*f’WWj-« 5|7 -—— + ) /o(fl°w°)lf}1f"+i_§9,,,fi/"

gl )P S A
A 1/4 scale appears instead of a 1/2 because f’ and \V are
the peak, not the R.M.S. amplitudes of the sinusoidal

time dependence. Now we have derived expressions for mom-
entum density (formula 14) and energy density (formula 18)
in terms of the two complex variables F and W . The media
could also be described at a point by giving two independent
complex variables representing upgoing and downgoing wave
solutions. It could be described by giving four real quan-

tities, say pressure, density and two components of velocity.

By means of the equations of motion any of these descrip-
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tions can be derived from the others so they are mathe-
matically equivalent. Some choices give a more intui-
tive feel for the situation than others. For example

take the horizontal component of Newton's equation

(I-A-7b) _ , . o~ = o~ A
/O(-*t.ﬂ_u +U2W) = ——LA P
5( & 4+ 0. W N
/9 ( u + Ua —(Sl) e P
P ( u + o= §2 a P
P Up B o P
and use it as a substitution to eliminate F; from (14)

Pad N*

—_ /Vzv*
(20) M=L (UU+WW)
b PP
Equation (20) may be interpreted as

(20a) horiz momentum density a~ (kinetic energy density)/
(horiz ambient phase vel)

Likewise introducing the horizontal component of Newton's

equation (19) into the momentum flux definition (9) we

get -

N
‘-l
~

oo

<
~
b3

o~

P = Jg. R iigg* =
r Y a

o
U'd
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In this form it is easier to understand that it represents
the vertical flow of horizontal momentum.., With formulas
(20) and (21) conservation of momentum density (11) be-

comes

(22)

o = 2 [ & p( Gl + W) + 5 (7 & GV )

Likewise introducing the horizontal component of
Newton's equation (19) into the energy density (18) we
get

“}J"”' ,;iz L P
The first term is clearly the kinetic energy of a parcel.

The second term is the potential energy of adiabatic com-

pression. In the third term the factor /0 u)f’ is like

A

o =§2 is the vertical

a spring constant and the factor ( =7
displacement. Gravity appears explicitly when the defini-

tion of td; is substituted giving

C’dz 3% (§2)° = gravitational adiabatic compression
energy + density stratification
perturbation energy

The fourth term in (23) is an interaction energy between

the wave and the wind shear. Consider a wind layer; when

its boundaries are distorted into sinusoids the centri-
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fugal force inside the layer does work against the bound-
aries as the sinusoidal amplitude increases. Thus the
bigger the wave the more energy has been put into it by
the mean flow. This is quite the reverse of the usual
effect of the density stratification where the wave acts
to increase.the potential energy in the mean stratifi-
cation. We will next see that the fourth term acts to
give the wave a negative energy density.

The possibility of a negative wave energy density
arises not just from the wind shear "term. It could
also come from the gravitational term if the density were
stratified with the (potentially) heaviest air on top.

A precise condition for the positiveness of the energy

quadratic comes by writing (18) in matrix form

~ o~ * - T -~
e meg (B8 ples) Aga | |F
Ag A PR 0

The Hermitian matrix is positive definite if its trace
and determinant are positive. Thus for positive energy

we must have

2

O(%(é+ﬁ1)+ﬁ(;+%§)

o0 <& o {( St (ﬂ’wf) - 22
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The first inequality is satisfied if the atmosphere has
a stable temperature stratification. The second in-
equality may be violated in strong wind shears. This
gives rise to dynamic instability described in the next
section. |

Somewhat different developments by Bretherton (1966)
and Elaissen and Palm (1960) have not included the term
which is negative in the presence of wind shear.

In summary, we have begun with - the equation of
'motion and found a quadratic scalar function of the state
variables which for the steady.state is altitude invar-
ient in a source free region. This quadratic function
represents the momentum lost per unit area per second of
a wind blowing over a sinusoidally undulating ground.
Therefore we identified this quadratic as a vertical current
of momentum. With freéuency complex this current has a
divergence which we equate to the time rate of change of
a density which we call the momentum density. With this
continuity equation plus the definition of energy flux
we derived another continuity equation we called the con-
tinuity of energy equation. On solving for the energy
it was found to contain the familiar terms of acoustics
plus new terms due to density\and wind stratification.

If the new terms had not been so unfamiliar it might have
been preferable to begin the discussion with the energy
density definition and to have worked back to the energy

and momentum continuity equations. Finally we noted that
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negative energy densities may arise and that this is

associated with instability of ambient state of the atmos-

phere.
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I-A-3 The Instability of Waves Interacting

with High Altitude Winds

Coupling is frequently observed between two phenom-
ena which move at the same speed. Here we will study what
happens to acoustic gravity waves propagating at a velocity
which equals that of the wind. Since the wind velocity is
generally a continuously changing function of height one is
concerned with a discrete set of points called critical heights
‘where the wind speed equals the horizontal component of the
wave speed. Of particular interest in the real atmosphere
are the jet stream winds. Their speed frequently exceeds
20% of the speed of sound. The first thing to notice about
a critical height z, is that an observer moving with the
wind at the critical height sees the frequency of the dis-
turbance doppler shifted to zero. In the precise treatment
the doppler frequency () = w - Ry occurs as a divisor which
leads to some mathematical complexity. An idea of what
happens to the wave may be gotten by seeing what happens
in a wind-free, isothermal medium when the frequency is
lowered keeping the horizontal wavelength fixed. The phase
velocity becomes vertical, the group velocity and particie
motions become horizontal, and the vertical anelength
small. The progress of a wave packe
from the ground heading toward the critical height is de-

picted below in figure 1.
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22, n-=o u=wlh ut)
Z = —
\\ —
S~
N —3e
N -
> Z=xo N=w u=o
Figure 1

If there is a continuing source on the ground the
momentum density of the wave builds up to infinity at the
critical height. Also very large shears develop in the wave
itself.

In the solutions we will develop for the vicinity of
the critical height we can see the effect of increasing the
wind shear. Above a certain critical shear the solutions
blows up catastrophicailyu Looking back to the solution in
a stable wind shear we recall that the shear in the wave
itself blows up at z, - Thus, any real wave of finite
amplitude at the ground creates the conditions for in-
stability at some point below z, -

. An attempt to give an intuitive idea of this so-
called Richardson instability goes as follows:

Gravity will tend to stabilize the atmosphere with
the densest layer on the bottom. However, if the bottom
layer has a lot of kinetic energy in the form of wind,
there. is no energetic reason why it could not move up to

replace a less dense layer losing some of its wind energy
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to do it. Perturbation on the stratified wind flow may
tend to grow with time just like kinks in a water hose
tend to grow because of the centrifugal force on the water.
Stability will be assured only if the gravitational energy
of some perturbed state is greater than the wind kinetic
energy available for the perturbation. Specifically let
two altitudes in a wind stratified incompressable fluid
be separated by a distance dz have a horizontal velocity
difference du and a density difference %p. Then the
stability condition is

‘ Kinetic energy £ potential energy

Pl < g (dp ) (d2)
du g4z d

plesds) < 4 (26 42) 42

=) < g4

The right hand side is the square of the Brunt frequency

Y- v~ ol-

of an incompressable fluid (formula I-A-2.2) and the in-

equality is within a factor of 2 of the Richardson stability

criterion.

We begin the analytical deduction with formula

(I-2-1.9)

o | 1.
|7 Yo UaB(B-p)) || P
dz

'

.

jﬁﬁ;J L?Fg;iﬁg) iﬁ%
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In the vicinity of (L =0 we may drop all terms without

0. in the denominator.
P 9 ) ~
(1) j'i——”:}'f © 7 "‘“/a P
pY 43 5 W
1 % Al T

Now it is convenient to introduce the definition

of the Brunt frequency Wy .

o -3 (Beop) = $(E e )

If we take the wind profile to be a linear function
UR) = Ug +U,Z of altitude near the singularity,

then we have

o _ Chu)' L Cha)T

3 .
B DT wekueum T Tzou(Ru) Z -

Substituting (2) and (3) into (1) gives

w [ o o -4/ | |2
de |pW | T2 | A/ | a5
¢ ]

Taking W, constant near the singularity we can
integrate (4) in the vicinity of z_. Let the matrix of

coefficients by temporarily denoted by A and the solu-

tion vector by X . Then (4) is written

(5) (Zf;-’c.,g-%x - A x

Define a new independent variable y by 6'8/= ([— 2/2¢)
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Then
dz _ v
dy ~Z.e = -2<(l"2/zc> = (Z "Zc)
and

@z)d = F2)dr 4 - 4
dz dz dy dy

So (5) becomes

(6) d X = /\ X
dy
This equation may be integrated to give the solution
+

X at a point Y, from the solution x_ at y_. In-

tegration of (6) gives

2¢'2+
(7) A (y,-Y. Adn 5—-

Let the matrix HD by expanded by Sylvester's theorem.

(8) 2.7,

P= [m%(A—),I)] i [ o.A(:I(A u] Adn 3=

"

Here "adj" represents matrix adjoint and A, and X are
3 P y : 2

the eigenvalues of A. The eigenvalues are the solution of

(9)

-\ -Wy /by,

“hug 1N
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(10)  © = X“__)\,w:/u‘a

AJ

an - A= 14 = W/k'/4~w; /up
/o + (Y R-Uy
/2 + 2}4

i

i

The quantity R as we have seen earlier is called the
Richardson number by meteorologists and is a measure of the
dynamic stability of the atmosphere. It is usually greater
then 1/4 so we will take M as real until later when we

consider instability. The adjoint matrices in (8) are

(12) . . 3
-,/:l_lﬂ —U;/Ju‘ "/;z*"ﬂ -'wb/hu,

A/u, l/a.—i}l ﬁU, V?+ ;lu

J

The adjoints in (12) correspond to solutions of op-

positely directed flux. This follows since the columns in
. _

~

the adjoints are proportional to f?) //:i%‘-j].r so Ra fﬁ_\,‘/_”
is negative (downward) for the plus eigenvalue

and positive (upward) for the minus eigenvalue. The momentum

flux associated with each of these solutions was shown

in the last section to be a constant.

breaks down at any point where ()} =6 as may be Seen by

re-examining formula I-A-2.8 By means of (7) and (8) we
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will attempt to carry the integration across the critical
height. Take the upward going wave and look at the z-

dependent part of the momentum flux.

Z;Z- ( l/—),-{.p),om Ze~2s | 2

aa_l__”\’;’/-x ~ Zo-2-
_(1' P Zc’.z-} e

As long as z, and z_ are on the same side of z,
the logarithm is real and the above quantity is a constant

equal to unity. If z_ stays fixedbut =z migrates to

+

the other side of z the flux undergoes a jump at Z,

Evaluating it where lz+ - zcl = lz_ - Zc{ we get the amount

of the jump.

(-]

(6 + iqr)('/;x - ) l’l

+ AT
e M

@ 5 L) | )
-
- |

The sign ambiguity has been resolved by Booker and
Bretherton by consideration of an initial value problem.
In it one takes W hence Z. to be complex. Complex in-
tegration shows that the wave is attenuated by an amount
e—gmA on traversal of the critical height.

Hines and Reddy did the problem from a slightly

different point of view and got a different answer. In-
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stead of integrating first (dz->0) and then letting the
imaginary part of w go to zero, they did it in reverse
order. They took W real and integrated in steps of
width AZ . 1If the singular point is kept at a layer
~
: Pw¥

boundary it has no effect even as (4Z >0) and Rq o stays
constant.

In any case, one may calculate that the time it takes

to propagate a disturbance through z, is infinity.

2,
time = J' momentum density dz/momentum flux
2.
2
~ _f ' dz /const
Z. (Zfz)a

_ —_— e
(24-2d Z+—2Zc

If one observes a continuing random disturbance on

one side of a critical height and is to decide the ampli--
tude of the disturbance on the other side of the critical
height none of the above analyses are appropriate because of
further complications. These complications have to do

with non-linearity and instability which for real finite

amplitudes arise beofre the disturbance gets to 2z .

c
Formulas (4) to (8) show that at z = z,
. -2
~ ~ ( /a4 £ ¢ ))’7 (1"’"":_ 1
(13) P —~ W e ’J 2 Z-) —~ (ZC-Z) /2

Reference to the equations of motion shows that
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Ze-2- A

) ('é*iﬁ)/”’"gsj
e

(14) /Z ~ &' ~ (ZC”Z)’ /»(ZC;}-_)'

Differentiating gives

P ~ —3/3—
(15) Uz = -3% ~ (2-2)

The further complication is that (14) and (15)
diverge at the critical height. For any realistic non-
zero amplitude (14) implies we get into problems of non-
linearity even before the critical height is reached.
Formula (15) implies that the wind shear of the wave itself
will become very large and violate the Richardson stability
criterion before the critical height is reached. A numerical
calculation in section III-D shows that for realistic
parameters under the jet stream the stability criterion is
violated before the non-linearity criterion.

This leadsus to consider the Richardson number R
in the dynamically unstable region O0< R £ V7 or K
imaginary. From (13) we see that there is a solution of the

form
~ /2.t €

~
Prw ~@-2) - e>o
This implies an altitude dependent vertical flux of hori-

zontal momentum

(s E_(_Lw‘ ~ (Zc“z)aé



However formula (I-B-8) implies that this flux is alti-

tude independent if W is real. Thus (W must be complex.

46
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I-B Gravity Wave Formulation with Ionization

In sections 1 and 2 we develop formulas for the motion
of ions and electrons in a region of space where neutral
molecules have a prescribed velocity and there is a pre-
scribed electric field. This is done essentially by writing
a vector force eguation for both ions and electrons and in-
verting the 6 x 6 matrix. The use of a vector operator
method enables one to treat the 6 x 6 matrix as a 2 x 2
matrix and solve for the exact inverse. This method con-
trasts with the usual derivations in that it remains al-
gebraically simple even when numerical approximations among
frequencies and mass ratios are not made.

In section 3 we consider various coordinate axes along
which the'trans—conductivity matrices can be expressed. The
canonical set of Eoordinates have one vector along the mag-
netic field and the other two rotéting around it in oppo-
site directions._ The algebra of a many ion problem is
greatly simplified in the canonical coordinates where
"cross-terms" never arise. When the ambient vector fields
are at some oblique angle it.is advantageous to select coor-
dinates which are obligue and along the angles of the vector
fields. We have chosen a set of oblique axes and made al-
titude profiles of the d.c. conductivity.

In section 4 we take as known the conductivities just

derived and the acoustic-gravity wave solutions of chapter
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I-A and develop formulas for the electromagnetic effects.
The technique is similar to the technique used in section
I-A. Solutions are assumed sinusoidal in time and lateral
extent and an ordinary differential equation is derived
from the physical laws. The equation is numerically
integrated upward through the ionosphere and the application
of boundary conditions determines the constants multiplying
the homogeneous solutions. The particular solution is
found by convoluting the homogeneous solutions with the
sources. Sources for the calculation of currents and
electric fields are the neutral acoustic-gravity motions
and sources for the magnetic fields are the currents.

In section 5 we bring together all the equations men-
tioned into a large system and review some of the approxi-
mations inherent in the formulation. We discuss the full
problem of simultaneous interaction between neutral and

charged particles.



J-B-1 Continuity Equations

The conservation equations for ions and electrons

of number densities n, and n, are

(1) —a* nl. + V’(n"\/“) = Q(.
ot

(2) 2 pe + VingVe) = Qe
ot
where Qi and Q, are ion and electron rates of production

minus rates of recombination.

The equation of charge neutrality is
The equation of charge conservation is
4 - p. =
The definition of electrical current J is

(5) j = neVv, +neeve = H;e;(V;-Ve)

~
o]

4

[N
n

9
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Multiply (1) by €; and (2) by & . Add to get (7),

and subtract to éet (8).
7) 2 o0 + -J =0
m = V

(8) 2 . - = 20ne.:
2 @g) + Ve (qVirqe) Qe

Equation (7) is an approximation which neglects displace-
ment currents. This approximation is dropped in section
I-B-3 because it becomes inconsistent with Maxwell's equa-
tion which implicitly and exactly contain the law of con-
servation of charge.

Equation (8) suggests defining ionization drift rate

D by

() D = (vi"ve )/9—

The final equation for ionization production and transport

is
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I-B-2 Momentum Equations, Conductivity of a

Moving Partially Jonized Gas

Let interger subscripts refer to species, that

is, to ions, electrons, or neutrals. Scalars should be
considered to be multiplied by a 3 x 3 identity matrix.
The scalar definitions are: number density n, particle
mass m, densit&r/o , charge e, excitation e-iQ)t,
collision frequency 7/, and scattering efficiency & .
Vector definitions are: velocity V, magnetic field B,
electric field E, electric current J, pressure gradient
Y?}D . Individual components of a vector are referenced
by the coordinate subscripts x, vy, or z. We write

the linearized momentum equations for a 3 specie in-

teracting gas without external forces.

+ NNy, (V;'V,) thn, X, (Vs"\/,)

NN, %z, (V,-,) + 0,0, 0055 (V5-V,)
mana\./s = N3N, %, (V‘Va) + nanzazsa(va‘vg,)

Conservation of momentum says the sum of the above
equations is zero. The sum on the left side is evidently
the time derivative of the total momentum of the gas, and

the sum on the right side is

o= n,n; (V,‘Va)(‘x;,‘ dl‘&) + nl h3 (Vl‘vz) (“3(‘%3.) + nana (V;"'vg,) {«':52 '“:\3)
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Since the velocities Vl' V2, and V3 may take on
any orientation and magnitude, the velocity differences

are independent, and we must have &;; = & . The

X
result is the same as if we had considered only 2 species.

Now we add some hypothetical body forces to, for

example, the first of (1)
m‘“’\./l = n,n;o(n(va—\/.) + n|n3“'3 (V:.;'V,) + e‘h. (E' val) - VP

Divide by mn, = /0,

(2) n
e Ns o,,) na hs e (£ gw)-V

The form of equation (2) motivates some definitions.

Define collision frequencies by

G, = Ay N

~and the gyro frequency by
4w, =& Bl /m
and let

] © -B: By

u = j=— i
=% | B ©0 -B

(5)
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Notice that u3 = - . u:\ + -

Define "diagonal collision frequencies" 7;; by

(6) (w = § ..
J “

Utilizing these definitions formula (2) becomes

(7) E
Yy V; +* Vi V& * Vs \G t W, (““ = Ll\ﬂ - SZEL
|Bl Vil
Now we particularize the discussion to ions, electrons, and
neutrals having subscripts consecutively 1, 2, and 3. The
set (1) with Maxwell forces on the ions and a pressure

gradient on the neutrals becomes

(8) -

-__Wa E 1 B T 7
18] (7/1: Y, U) Vs Vs V,
- W E =
%T _Ual (7/;;’ Ua u) 7/2‘3 Vz
1%
| :;i i N Vs, 7@: Zés _ LV24

We have omitted ion pressure and electron pressure because
they are insignificant in the ionosphere where we intend |
to apply this equation.

Equation (8) is a 9 x 9 set of scalar equations. It

is our principal goal to derive a single vector equation
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relating electric current, voltage, and neutral particle
velocity. The electric current is proportional to the

difference of ion and electron velocities, and the ioni-
zation drift is proportional to the sum. So we rearrange

the first two variables

o B ﬂ
WE
- TéT (7}//' U,u ‘7/1;) (-U/,—Q)' u+’7j,;) W’3 *"_26/' - V:)
— 1
“wE = (g g gll) @ueol) B, | (B0
- %E 1L ey (Va4 Vsl L Vo

The first two equations may be written as

(10)

Vs ly. — WIE_ _ (Vs olt) (24 -eaU) (Vo)
5 l

7/23 W, Bl B (7)>r7)n4 w:U) (—Iju"’_un_ CJ,U) 2 (Vl ‘*V,)

-

To solve for the current in terms of the electric
field and the neutral velocity, it is necessary to invert
the 6 x 6 scalar or 2 x 2 partitioned matrix in (10).

This inverse is simply the adjoint over the determinant

of the 2 x 2 partitioned matrix because all of the par-
titions commute with one another, each being a polynomial
in the matrix U. 1In treating the problem of three or more

charged particles, polynomials of higher degree than
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quadratic will be formed in computing the adjoint and the
determinant but can be reduced to a quadratic by repeated
application of the formula U3 = -U. Finally, we are able
to invert the determinant at most quadratic in U by the

following formula (a,b, and c¢ are arbitrary scalars):

(11) (a+bU+<U1) . "bU"'?'I(ba-ac*ca)u‘l _

] =
a @-a)> + b>

which is verified readily with the substitution U3 = -U.

We now invert (10) simultaneously absorbing a minus sign in

the adjoint.

(12a, b,)

Ji(vr‘\/:) = _| (-—%1.7/;34'(‘)2‘.1) (—Uu"'-Um“wlu) W, _'_E_ + WIB v3
Bl
é: (V;"‘Vz) dﬂ (’V)l‘ 27:‘"&); U) (:v,l "'_l}n_ + wlU) w; —Ij

23

where

.

13 det —1r' : a |
(13)  det =AW DY,) ~@alo, +U, 05U+ w0, U |

The principle objective of this section is now complete
for we have the exact statement for the electrical conduc-
tivity {i2a) and the ionization drift coefficient (12Dbj

of a partially ionized gas moving in a magnetic field.

In section (3) we consider expressing the conductivities



along different axes and show a simpler way to treat the

many ion problem.

56
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I-B-3 Canonical Form of the Conductivity

Matrix, Choice of Coordinates

The unit cross product matrix U satisfies the

characteristic equation U3 = -U. 1Its eigenvalues
satisfy the same equation and hence must be 0, -i, and
+i. The eigenvectors Ao' Al, and A2 of ' U must satisfy

the equation UA = HA . The three eigenvectors may each
be represented as a product of an operator Q with an ar-

bitrary vector E as follows:

_ _ 2
(1) A =QpFE=(I+U°)E
_ _ co 2 :
A, = QE = 1/2 (iU - U°) E
A, = 2

-] - )
, = QF 1/2 (-iU - U°) E

The proof that these A's are indeed the eigenvectors
of U follows by direct substitution into UA = yA.

Actually, we have the condition UQ = ’ACQ satisfied.

B 7 I 2.
(2) UQO—U(I+U)—0 (I+U)—MOQO
uQ, = u(ivu - Uz)/° = -i ° (iu —Uz)/2 = fﬁQl
UQ2 = U(-iU - U2)/2 = +i ° (-iU - Uz)/2 = bez

The Q operators commute with one another and are
each Hermitian matrices since U is skew symmetric, iU

is Hermitian, U2 and I are symmetric. Thus Q* = Q
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and Q*Q = Qz.

The eigenvectors A are mutually orthogonal because
‘we have the even stronger condition that the operators
Q0 are mutually orthogonal. Proof is by computing pro-

ducts of each possible pair

(I + U%) (iU - U%)/2 = 0

[}
L

(3) 0,0
0,0, = 0.9,
_ PR S _

o Qle

(I + U%) (iU - U%)/2 = 0

The Q matrices are idempotent which means that

Q2 = Q. Proof is by substitution

0 =+ uHa+v?) =1+ ¥ =0
02 = 1/2(iv - v¥)1/2(i0 - v?) = +1/2(iv - U?) = o)
03 = 1/2(-iv - UH)1/2(-iv - V%) = +1/2(-i0 - V%) = o,

In summary, the Q's satisfy the relation

(%) QRe; = 8t_lQ = é(jQJ

and we have the fortunate property that products of linear
combinations of the Q's do not give rise tovcross terms.
In the preceding section we showed how to calculate
the conductivity matrix gz as a linear combination of
2

I, U, U”. The point of this section is to show how to

and /Xz so that the con-

find scalars ’\o ) A, '
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ductivity matrix EZ is expressed as a linear combination of
the Q's

(6) 9___ = )\o Qo "')\:Q‘ + >‘9Q2

Then the eigenvalues of the conductivity matrix o

are simply Ao, A, and XQ and the eigenvectors are
AO, Al' and A2 as may be seen by multiplying (6) through

by each of the A's getting

(7? gA‘ = _.O;Q‘E —':)\}Q(E = >\tAL

The central job in getting the conductivity matrix

was inverting a matrix (equation I-B-2.10) by the adjoint

over the determinant. Both adjoint and determinant were
polynomials in U, Polynomials in U are easily repre-
sented in terms of the Q's by the relations

I

(8) T (Qo + CQ\ + CD:
./f\ N

u = «(Q.- Q)

2

W= - (Q +Q)

Then a polynomial in U expressed in terms of Q's is

—

.

aT+bU+cl = al@,+0+Q) +bGr60)-c(@+&,)
(9) ) .
= a Oo +[(C(—C)—L b]Q,*f@’d“bj Qs

The first step in inverting the determinant is to
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express it as a sum of Q's. Say this is formula (9).

Then it is simple to invert.

Let det-l be denoted as

(10) \det_1= « Q, +F Q +¥Q,

where &, /6 , and ¥ are unknown coefficients.

The meaning of inverse is that

(11) det det ) =1

Which in terms of the Q's is

(12) (a o, +\:(a—C)-§b]Q, +EQ’C>*539]Q;)(“’Q<>+ BQ+Y 0,)= Q@+ @,

By the orthogonality of the Q's there are no cross

terms so & , /6 , and ¥ are readily identified and

0 0 0
-1 _ 1 + 2
(13) det = F+ =) -ib Ta-o +ib

Recapitulating, the conductivity matrix is the inverse of
a matrix (of formula I-B-2.10) whose elements are polyno-
mials in U, or equivalently a sum of the Q's. We invert
this matrix just like ordinary matrices by the adjoint
over the determinant. The determinant which is itself

a sum of Q matrices is inverted with (13). The result is
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o~ = num — num
= det . 4 bu + cUu?

0 0, 0,

o
= —_ 4 ¥
e YTa-er i

(14) a (a + c) - 1b (

f{S]

(15) g = NG, +AQ + X Q,

which gives the relation of a, b, and ¢ to the ‘Ai

For direct currents at low altitudes where collision
frequencies dominate gyro frequencies we see by formula

138—2.13 that a dominates b and c.

. “
(I-B-2.13) det ~ (W,,’Ug_q."l/,;va,)" (v;r.gw, "vywa.) u + W, W, U

A~ a - b U+<U:

Then by (14) and (15) all of the eigenvalues of the con-
ductivity matrix become the same because physically the
conductivity is becoming isotropic.

At high altitudes where the situation is reversed

e P Tl o - )| - - At a~ta
c dominates. Then N and may beé neglected.

/\2
Then the current is the projection of E onto B taken

in the direction of B since {15) becomes

(16) A -Bx— [B" By BZ]
g = A1) =
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Choice of a basis is somewhat arbitrary and to counter-
balance the good features of the canonical basis are the

following considerations:

If one were interested in the slight deviation from
isotropy at low altitudes, one would be £aking the dif-
ference between two nearly equal eigenvalues. From a
computing point of view it would be advantageous to work
with the difference directly. This can be accomplished
with another basis, say I, U, I + Uz. We find o,

such that
a7 O :QI + ch +O—1(I+u2)

By Sylvester's theorem the eigenvalues ‘XDIX‘)X:<$ 0 are

found by substituting into (17) the eigenvalues o)—g4£0f u.

(18) )\o = 6, +0,
A, = 0, -0,
A; = O-O +LO’;

When the situation is physically isotropic (;

L and g,

are zero, but if it becomes very slightly anisotropic,
we have a better numerical description with 0, , g,

and (0% than with the eigenvalues Ao , A,

and A; .
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Another reason to prefer the basis of formula (17)
to the canonical basis is that no imaginary numbers are
introduced. The imaginary components in the canonical
representation arise because the axes are circularly
polorized. Physically the vector IE points in the
direction of E, UE is in the direction of B x E,
and (I + UZ)E is aleng B (since its cross product with
é, U(I + U2)E vanishes).

The conductivities for mean daytime conditions
have been computed in the I, U, I + U2 basis, tab-
ulated in table I-B-3.1 and graphed on Figure I-B-3.1

They refer to the formulas

19) J= (6% 675U+ 75 (1)) E+(03+ 02U+ o3 (1)),
D - (%pe+ O‘,DEU +5)DE(I+U°))E . (0‘°°V+ O’.DVU s G_)DV(IW:))VB

. . JE | -
In this notation &, is the Pederson conductivity,

O"TE » is the Hall conductivity and c.:)‘E’

. 3 is the

conductivity along magnetic field lines. These are oblique
coordinates unless E is perpendicular to B.

Finally we consider manipulating a large matrix M
whose elements are linear combinations of Q's. In the
many ion problems, one wants to invert such a matrix.

Suppose M be written as

M = M,,®Qo + MO®Q
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Table I-B-3.1 Mean solar mid-latitude daytime ion-
ospheric properties and derived conductivities.

H T3 12  C GAMMA DENSITY 2 NU23 (w21 M3
200 1235 1789 763 1,455 .285-39 .326 12 .13 83 .34% 83 .33E ]
133 1123 1503 726 1,443 .575-39 .255 12 L24E 63 .327 93 .55F 91
162 1023 1330 534 1,443 .11T-08 ,29% 12 .45C 83 .31T 33 .12% o0
140 712 979 566 1.433 .35T-23 16T 12 .I12E 54 .33Z 33 .36C 92
120 350 517 393 1,426 ,26%-97 L14E 12 .87E 34 775 33 .27F 923
138 210 223 331 1,418 .5%-25 1,895 11 .83% S5 157 34 .51° 34

83 162 159 262 1,415 ,257-%4 ,32% |3 ,357 $7 1.557 82 ..5- 16

60 247 247 323 1,411 .35%-93 1,995 33 61T 53 227 31 .35¢ 37

49 264 283 333 1,437 .54F-92 1.£7°F 07 LI2F 13 .23E 37 .54% 12

BASIS IS I,U,T+UsU

H JE3 JEI JE2 JUS JVI Jw
282 L135-34 L195-9§ LISE 52 L12S-13 -.775-33 -.123-13
189 .20E-94 L69E-95 135 2 ,357-13 -,12E-93 -.350-]3
1S9 W31E-34 ,139-35 745 31 L11T-09 -.135-33 -.1]15-89
143 ,735-04 ,14E-04 295 A1 ,357-39 -,475-03 -.857-19
128 L18E-93  ,255-33 ,54F 37 ,159-97 -,][T-37 =.157-37
188 L13E-34 ,27E-93 .33E-9] LI6E-27 =.755-29 =,165-27

80 .25E-25 ,767-35 .23F-24 ,45%-99 -.|5F-29 - .462-39

60 ,45C-07 ,775-03 I13E-93 L455-12 -.275-]1 -.465-1%

48 ,2BE-89 ,25T-11 ,38E-13 ,175-15 -.178-13 -.17E-15

H DE2 DE! DE2 Ve VI DV2
282 L13E 83 -,175 85 =,19F 89 L11E-33 -.757-32 .13E 3]

189 .25C 83 =,17E 05 -.16F 25 .457-33 -.15%-3] .13E &I
160 .49E 83 =.17E 25 -,12E 89 ,175-32 -.29E-21 1.G%E 03
149 LI5E G4 =,16F 85 -.55C 93 ,167-5]1 -.2837-2] .98% 32
120 L48E 94 -,11E 85 =125 33 ,33C 8) -.24F 6% .63E 03
189 .26E 33 -.335 24 -.135 07 .53T 8% -.157-%]  .53F 33

39 -.25E 34 -,75C 24 -.23T 95,557 33 .I15T 83 .45 oo

62 - 14T 84 -.24E 33 -,417 02 ,99F 90 .34E-21 . 14E-7]

43 -.37E 2 - 345-7 1,50F 89 ,525-02 ,54E-04

=.99Z 09

Symbols not defined by formula 19 are: H, altitude in
kilometers; T3, neutral temperature; T2, electren temp-

- erature; C, sound speed; GAMMS, ratio of specific heats;

N2, electron density; NU23 electron-neutral collision

frequency; NU21l, electron-ion collision frequency; NU13,

electron-neutral collision frequency.
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where the ® is the Kronecker prodﬁct. This means that
each scalar element in Mi is considered to be multiplied
by Qi‘ By considering a few examples, it is easy to see
that due to the non-interacting nature of the Q's we

have

det M

i
. M’J

(det M;) ® Q;

f
o

adjoint M = . (aaam M;)@Q‘-

W
o

M e @

Mo

M-l

W
°

The eigenvalues of M are the eigenvalues of Mo' Ml’

© and M2 multiplied by the eigenvalues of the Q's. The

eigenvectors may be likewise attained.
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I-B-4 Electrical Phenomena with Prescribed Neutral Velocity

Now we derive equations which enable us to calcu-
late the electrical effects of acoustic gravity waves. 1In
this section we take the behavior of the neutral atmosphere
to be completely determined by the acoustic equations
and we use the neutral particle velocities as sources to
drive Maxwell's equations. Since we are concerned with
millicycle per second frequencies we can drop time deri-
vatives in Maxwell's equatiéns and take the electric field

E to be derivable from a potential \F .

W ve=-E

pr
The divergence of electrical current J vanishes

-
(2) V,j— = O

From section II1-B-2 and 3 we have the electrical

conductivity expression

> - >
J o E T V
= -
-’
.
where \/ is the velocity of thc neutral wind. Inserting

(3) into (1) we get
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‘ | = ! >
VY =-¢ J +0¢ TV
- - -
(4) = ~-Fr J + S
. ->
where [ is the resistivity matrix and S will be

called the source vector. We take solutions to be of the

form

(5)

Tx —3; 2) b i1
LRX +¢ y

J), @)

T, J, &)

b @

[

Inserting (5) into (4) and into (2) we get

(6)

i 177 7
kT, Sx

C STy |l=| S

5% | | 3 S,
k4 55 o ||ly] |o.

Bringing terms without =z derivatives to the right



(7) rO i Y. ) FSX
djol-_| & J 13, s
dz | o | |3| | s

fer k10 ol|f] o]

Interchanging the last two equations in set (7)

(8) - - - 1 1 7

O My Tay Tea k| | Sy
d | O |- |ty by yz | [Tyl Sy
dz | 7, & d o o||T] |©
Ry | Tax fay Y O [T [Se

Next we partitioﬁ this 4 x 4 into a 2 x 2 of 2 x 2's

(9)__0_'_. o . Au Ala X, Sl
d'Z Xa A:\t A:; Xa SD

solving the top equation for Xy

(10) )(|:_- A—l(-AnaX:+ S»

]

and inserting back into the bottom of (9)

69



70

= (A.‘ZlA;'A"l _An) X:. + (’Aal A,—..S, t Sa)

(1i1) d X
dz

This is the desired 2 x 2 set of equations which we may

write symbolically as

a7, 1 J“
= = AR o+ | c@
dz | ¢ ¥

These equations are solved in principle by matrizants
(Gantmacher Vol: 2 p. 131) and in practice by various
numerical integration schemes. (Further details are in
Appendix F.) There seems to be no point in writing gut‘the
elements of A explicitly since no simplifications arise
with a general conductivity matrix.

Having calculated Jz rand \P by numerical integra-
tion of (12) one gets all the other variables by either of
two routes. The first way is to use (10) to get JX and
Jy and then (4) to get E: The other way is to use (1)
.to get E wusing (12b) to get /Ez and then (3) to get J.
Both methods have been used as a check.

Finally we come to calculate the perturbation in the
magnetic field H. For this we use curl H = J and div

H = 0. Arranging as a matrix
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(13)

k4 2 o

L Z L

and interchanging the first and second rows

a3 o “h ] Hel | Jy
o 9 -4 Hy | = -~ Jx

-4 ik O LHIA Jz
LY AN O |

and replacing the third by ik times the third plus il

times the fourth we get:

@15 o -l |H, J,
@] E& “LI Hy
o -(5) o o, Ha | &7,

R [ﬂ ) 0,

B zJ . -

|
“

Now it will be observed that the second and third of (15)

constitute a 2 x 2 set for Hy and Hz.
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(16)
az "'(.! Hy - —JX
() da | [He] AT
Rearranging

(17) d | H |- |© ) H -J,

= 4 +

—_— X
dz [igY, ) o || H, kT,

In the event that f = 0 the above system is degenerate

and one can use another set of variables

(18)

d |# |0 IR, ],

——

92 hkz| |@f) o | [ikHy |  |-isT,

In a departure from the usual situation the matrix
is independent of the media and (17) and (18) have the home-

geneous solution

- -

e T I I R v

|~ U | €

Hy| |2

Usually one uses the damped homogeneous solution

in a terminating halfspace. Here the situation differs

because the halfspace (above the ionosphere) we envision is
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not devoid of sources as the currents are prescribed from
the solutions of equation (12). A halfspace inhomogeneous

solution of curl H = J is then

(20) H — ___ij’
(A + 07+ m?)

as may be verified by substitution.
Consider a situation with a current free halfspace
below =z = 0 , arbitrary currents between 0 and zy

and halfspace currents above zy. Then matching solutions

at zl we have

r' * - o - -

(21) I 2 :TV !
Aia +eA2;‘f ' -Az dz = - V Xj
ae A c ¢ -'/8 ﬁﬁtfaﬂp

2 4] 'W

where & is an unknown scale factor of the damped solution
below z = 0 integrated to Zqs and /6 is a scale factor
for the damped solution in the upper halfspace. The second

term is the source convolution below =z and the fourth

ll

term likewise above 2z The matrix A is the matrix of

l.
formula (18). Equation (21) is two simultaneous equations

-~ h oY 4+ - m ATy
or the two unknowns X and 2 When they are sclved

r L] LA R R LY

for, the solution is knowneverywhere.

£
4



74

I-B-5 Wave Guide Mode Integration

Consider the analogy between neutrals characterized
by /o and 13 and ionization characterized by g and
D . There is a formally identical continuity equation and
formally similar momentum equation. The neutrals, however,
have an equation of state which relates their density to a
pressure whose gradient appears in the momentum equation.
-We have written no such equation of state for the ioniza-
tion. The notion of an ion "pressure" for the first order
wave motion seems inappropriate since the ionized atmos-
pheric components do not even satisfy the zero order hy-
drostatic equation. It might seem that by dropping one
variable (ion pressure) and one equation (ion state equation)
we could still do the problem, but we cannot. Without an
equation of state for ionized media, we have the dilemma

~

that we have no equation with a ﬁﬁ% term to integrate

a , hor do we have an equation with which we can eliminate
6 from the set. A satisfactory procedure for the lower
ionosphere is to ignore the ionized particle drift so far
as the momentum equation for neutrals is concerned. 1In

PCY
formula I-B-9c we set the drift D equal to the neutral

-motion V3 and include a gravity term, getting

(10) to (12)

$(vp 3P

- - >
(7/31 “Uya) ;3:; + (U +74,) D + 7, V3
_;’l
= ngl_lén):jze‘ + :Q’VB

)
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) >
A posteriori we can calculate D with formula I-C-2-12b

> >
from J and V3 to see how long a time must elapse for

>
D to significantly change the initial ion distribution.

Other equations we will need are Maxwell's equations,

-

.

-a
(1) to (3) VYV XE +,,(H =0

>

M -

(4) to (6) Yx H -—¢€

the conductivity equation I-B-2.14 which we write as
> g ->
(Mto( J = ok + §/03V3 “

the equation of continuity for neutrals,

(13) 2 .3:0
—D—f-z-V(/o)

and the equation of state for neutrals

~ Do —
(1) Pp _ oL =6
Dt e

Organizing all these together, and introducing a
few simplifying definitions, we get Table I- B-5-1.
Table I-B-5.1 can be reduced by the

I-b-4 to a 6 x 6 first order linear differential equation.

The coupling is .severe enough that there seems to be no
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~dz g -4pw 0)

curl E*}Jl:l=0 ad;_ R cjw @

-0 ik Sy @

{ (e -L | @

curl H-T-€E=07 Lwe = ~h -] ®

\ (we [~ A - ®

J-s(E1vxp)=o0 { “Oxx Oyy ~Op | Su Sxy | Sxa @

J-ocE +SPV =0 w0 ! S 5w Sw ®

=6, ~Oy -0y | | Saxy Say Saa - ®

r%ﬁ—rjﬂ??+qj=0 | a - 4| @

a ) A @

a ~tW 9 'dii @

S&+ V(pv)=o h B le ®

_%% %% =0 { ﬁ-c% (] - @
Table I-B-5.1 Complete set of equations for waveguide integration of electromagnetlc—

acoustic-gravity wave disturbance.
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point in doing this in symbolic form. It may as well be
done by computer as the integration proceeds. An advantage
of doing it by computer is that the optimum pivot can be
taken at each altitude; this may be very important since
the dynamics are controlled by different equations at
different altitudes.

An alternative method which may be faster and numer-
ically more stable goes as follows: Take the electrical
variables to be zero during the first integration. Then
take the acoustic variables from the first integration to
be sources to solve for the electromagnetic variables.

Next take the electrical variables as sources on a second
acoustic integration. Continuing in this manner one hope-
fully converges to a solution which also satisfies the 14 x 14
set on the table.

The first iteration is not necessarily satisfactory
even if ? and -5 influence the neutrals' gquite weakly.

In chapter II we see that many gravity waves are deflected

to propagate almost horizontally so that electromagnetic

- e LiVaT
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II Results of Calculations

The purpose of this chapter is to present machine inte-
grations of some of the differential equations in the last
chapter to see what kind of behavior is possible. First
we describe well known (Hines) isothermal space properties.
Since thermal gradients strongly influence the waves we
then consider a succession of model atmospheres between
isothermal and realistic.

Consideration of a simple jet stream model shows how
it profoundly influences wave propagation with velocities
comparable to the jet velocity. This is illustrated yith
particle velocity diagrams and dispersion curves. We are
interested in the upward propagation of these disturbances
and the fact that their vertical wavelengths are comparable
to scale changes in temperature leads us to do a special
calculation which shows the extreme importance of thermal
gradients.

Té get an idea of the importance of electromagnetic

3
amnin
Clalipraaa

o}
th

(] - .
vity waves we first take up the electroma

2

netic damping of uniform ionispheric winds as a function

of altitude. The damping of gravity waves is much more
complex, but the overall energy loss rate turns out to be
roughly the same function of altitude. Then we calculate
the electromagnetic fields induced by some acoustic-gravity

waves in some typical situations. Finally we consider
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ceilular rather than plane waves to see the effect of the
changing current geometry on the ﬁagnetic fields.

In the end we have a quantitative picture of gravity
waves emitted from the jet stream propagating upward to

where they induce dissipative electromagnetic fields and

die out.
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II-A-1.1 Free Space Dispersidn Curves

Figure (1) is the free space dispersion curve given
by Hines (1960). It may be derived by speéializing our
layer integration formula (I-A-1-14) by replacing a%z by ikz.
The layer integration formula is then an eigenvector equa-
tion for the eigenvalue ikz. Hines' dispersion relation
may be thought of as the eigenvalue kz as a function of
kx' and W . Selecting a certain frequency selects a
curve. The directiog of the propagation vector ¥ is given
by a vector from fie origin to the curve. This is the direc-
tion of the phase velocity. The group velocity is given
by ?%LO . It is perpendicular to the curve at the tip of
the Xk vector in the direction of increasing frequency
(decreasing period). Notice that at the long (gravity wave)
periods a Z vector with an upward vertical component im-
plies a downward@ component of the group velocity. Also
notice that in the long pericd limit all group velocities
become horizontal and phase velocities become vertical. That
limit must be approached in the jet stream when one observes
a steady disturbance at the ground traveling at jet stream
speed because an observer moving with the jet sees the dis-
turbance frequency doppler shifted to zero.

Figure {(2) gives a picture of group velocity magni
as a function of frequency and direction. It is notable

that a low frequency cannot propagate vertically.
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kz(m-l)
- 3.10"4
- 210”4
~1.10"4
% W] T T kx (m-1)
4 1.10-4 2.10°4 31074
3
5.5 2
, "
22

@J[g

Figure II-A-1.1 After Hines (1960). Free space dis-

persion curves of acoustic gravity waves. The numbers

in the boxes are periods in minutes.
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Figure (3) shows the altitude dependence of various
parameters. One sees immediately that non-linearities will
arise when weak but observable disturbances on the ground

propagate to ionospheric altitudes.
II-A-1.2 Thermal Effects

With the mathematical formulation used in this thesis
and the computer programs de&eloped, there is nc need to
consider layer models for the atmosphere's temperature and
wind structure. We still like layer models because of the
insight they afford compared to realistic models for which
cause and effect are harder to unscramble. Therefore we
introduce the thermo-jet or T-J layer model. It shows all
the principle modal behavior of a realistic model. The
T-J model has a constant sound speed of 300 meters/sec be-
tween 0 and 100 km altitude, and 550 meters/sec above 100 km
(thermosphere), and a 75 meter/sec jet stream between 8 and
10 km in an otherwise quiescent stmosphere. Figure 4 shows
how dispersion curves undergo the transition from an iso-
thermal atmosphere to the T-J model. Figure 4a applies to
a thermosphere with a 301 meters/sec sound speed; 4b to
350 meters/sec; 4c to 450 meters/sec and figure 44 to a 550
meters/sec sound speed. Pluseé and minuses refer to the sign
of the dispersion relation. Where the sign changes a mode
is possible. At some periods and phase velocities the half-

space solution is not evanescent but is an outgoing wave
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Figure II-A-1.3 Altitude scaling of various proper-

ties of acoustic gravity waves in a free space of
constant temperature.
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solution. In the nomenclature of I-A-2 "outgoing" means
that the sign of the vertical wave number in the half-

space is chosen to make the energy flux &o/ﬁ\r/*positive.

The numkers in the upper left hand corner of the dispersion
diagram are vertically leaking acoustic waves. The numbers
in the lowe;'right are vertically leaking gravity waves. Modal
solutions for these leaky waves require complex frequencies
or complex horizontal wave numbers. We have instead kept
the frequency real and put in a pressure source at jet
stream level. 1In these regions of the T--Vp plane numbers
are printed which represent the octant of the phase angle of
the source. The real part changes sign at practically the
same frequency as the real part of the dispersion relation
for a leaky mode so the leaky and non-leaky regions merge
smoothly.

At 300 meters per second all models show a practically
undispersed wave. In an isothermal atmosphere it is called
the Lamb wave. The Lamb wave's particle motions are hori-
zontal (or nearly so when the thérmosphere is added) and so

+xr
-

it is practically unaffected by gravity. The energy density
is trapped near the ground, damping exponentially with a

scale height of about 30 kilometers. In the isothermal at-
mosphere there are no nodes. When a thermosphere is added
there are still no nodes for periods less than the atmospheric
vertical resonance 4 minute periods. At larger periods there

is a node around 100 km altitude. This is of mathematical
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significance but not practical significance because the node
is at high altitude on the tail of the energy distribution.
At these longer periods another wave has become the funda-
mental mode. Its speed at the long period limit is about
500 meters/second. Its energy density is maximum at the 100
km thermosphere boundary and it damps off in both directions.
In the limit of a very hot (light) thermosphere and very cold
(heavy) air layer and long period (incompressible medium).
This wave resembles a surface wave on water.

One egpects high altitude (100 km) nuclear explosions
to excite the 500 meter/second mode and near surface ex-
plosions to excite the 300 meter/second mode. Although there
were a number of nuclear explosions during our year o% ob-
servations, we failed to'see any waves. This was due to

their great distance (90°) and comparatively weak strength.
II-A-1.3 Jet Stream Effects

In figure 5 one sees the effect of the 75 meter/sec
jet stream from 8 to 10 kilometers altitude is to cause a

cluster point of modes around 75 meters per second. From
figure 1 one éees that long period waves have a short vertical
wavelength. This exélains the cluster point. If an ob-
server outside the jet sees a 76 meter/second wave, an ob-
server inside sees a 1 meter/second wave with a very short
vertical wavelength whose period is doppler shifted to be

very long. Since the vertical wavelength gets arbitrarily
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short, the mode number gets arbitrarily large, hence the
cluster point in the mode diagram.

A modal diagram of this type showing velocities less
than the jet stream speed is somewhat questionable due to
the integration through two singular points. This was dis-
cussed extensively in section I-A-3. A computer program
working with layers experiences no difficulty because the
singular point is missed being at the point of discontinuity
between layers, Below 75 meters/second one simply has a
backward going wave in the jet coupled to a forward going
wave outside the jet. An'important reason for showing the
modes below 75 meters/second is that if the T-J model were
the real atmosphere, observational experience shows that the
jet sources are probably located below the peak of the wind
velocity profile.

The scales of fiqure 5 are expanded somewhat to make
figure 6. The non-dispersed modes at short periods are
gravity waves inside the jet and acoustic waves outside.
Since acoustic waves do not propagate outside the jet the
modal profile is strongly damped cutside the jét. This is
quite in agreement with our observations in the real atmos-
phere which show very little energy above the Brunt fre-
quency. The Brunt frequency in the troposphere is actually
lower (about 10 minutes) than the Brunt frequency in the T-J

model due to the temperature lapse in the troposphere. Thus
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Figure II-A-1.5 Dispersion curves for a model with a jet-
stream layer with a speed of 75 meters/second.
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Figure II-A-1.6 This is figure 5 with an expanded phase

velocity scale.
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in a more realistic model, the curves of figures 5, 6, and
7 would be shifted more to the right.

In figure 7 the scales have been expanded even farther.
The nearly verticdl lines represent atmospheric vertical
resonance. The nearly horizontal lines represent jet-stream
modes. This figure has been shown merely to illustrate an

academic matter. Phase velocity curves can't cross.
II-A-1.4 Vertical Group Velocity

Strictly speaking there is no way to define verticai
group veloéity in the medium we are considering because
it can produce such strong reflections. Nevertheless energy
does migrate upward from low altitude sources to high‘al—
titudes where it is dissipated. Without solving the time
transient problem we can calculate reasonable measures of
vertical energy transport. Consider a source at a perfectly
reflecting gournd overlain by a simple layer and halfspace
with a 99% reflection coefficient at the halfspace. If the

r

group travel time from the ground to the halfspace is to
an observer just abo&e the‘layer in the halfspace might
regard 50to or lOOto as a better estimate of the time for
vertical energy tranéport than just to. The time tg

might perhaps be more accurately called a signal velocity
and might very well be the appropriate velocity to consider

for some experiments, but it would not be the vertical energy

transport time.
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h an even further

This is figure 5 wit

expansion of the phése velocity scale.
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We have here defined the vertical energy travel time
from the jet to an altitude h by putting a source just
ébove the jet and a perfect, non-reflecting absorber at h.
The travel time is then said to be the integral of the energy
density between the two points divided by the vertical energy

flux.

absorber
energy density dh
source
Energy flux

energy travel time =

When this formula was calculated for the real atmos-
phere it was found as expected that vertical acoustic
waves have just the delays ordinary ray theory would predict
because the reflections are small; however for jet stream
waves reflections-can be very strong. This is graphed in
section II-B-2 figure 1 for a raﬁge of horizontal phase
speeds. The most notable thing about the graph is the very
large vertical travel time taken by slow disturbances and the
extreme sensitivity of vertical travel time to the horizon-
tal velocity. In going from 60 meter/sec waves to 30 meter/sec
waves the transport time to 100 kilometers altitude goes
from 20 hours to 2000 hours. I£ is alsc clear that temp-
erature gradients around eighty kilometers play a strong
role in retarding the energy. Since these temperature gradi-
ents are not really well known and are thought to disappear
in winter it is clear that situations could arise in which

energy could propagate to the ionosphere much more rapidly
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fhan computed in figure II-B-2. Another situation which
could result in very rapid vertical transport is if the

" wind overlying the jet stream were in the opposite direction.
This would effectively increase the horizontal phase velocity
of the waves and reduce the reflecting effect of temperature

gradients.



II-A-2 Particle Motions
The presentation of complicated 3-dimensional vector
fields presents a challenge which is well worth taking up
for the insight into the physical process which it affords.
The figures in this section are computer output and the code
for figuring out field direction is as follows:

"t indicates a vector within 30° of pointing up because
a 1 1looks a bit like a vertical arrow.

"I indicates a vector with 30° of point down
n.n indicates a vector pointing to the right
H=t indicates a vector pointing to the left

WA indicates- a vector between 30° and 60° or between
180° + 30° and 180° + 60° with unspecified direction.

"N" indicates a vector perpendicular to "/" because it is
the best keyboard character with an upward line to the
left.

"o indicates a vector with a more than 60° component

coming out of the paper because it is like the tip
of an arrow as seen by the target.

Mkl indicates a vector with a more than 60° component
going into the paper because it looks a bit 1like
the feathers of an arrow as seen by the archer.

Figure 1 shows the particle motions of the Lamb wave.

"

—~v +hAa N1 4 -
. X—=aXis in a

The wave is propagating to the righ
T-J model étmosphere. Below 100km one sees the horizontal
particle velocities one expects, purely longitudinal. Be-
cause the thermosphere is hotter, hence lighter than the air

beneath, the particles tend to burst out into the thermos-

phere from the point of maximum compression below. On
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Figure II-A-2.1 ~Particle motions of Lamb waves in the
T-J model.
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the figure this is at 50 kilometers on the x-axis and 100
kilometers on the z-axis.

Figure 2 shows the particle motions in the T-J
model for a disturbance of a fast jet stream velocity
(85 m/s) and 20 minute period. The most obvious difference
with the Lamb waves is the standing wave pattern due to
reflections at the thermosphere boundary. The wave is pro-
pagating to the right, and as it does the phase fronts in the
ionosphere appear to move downward. The air currents are
circulating and there are no obvious regions of compression
and rarefaction as with the Lamb waves. For the realistic
atmosphere particle motions are a great deal more complicated
due to their vertical wavelength being comparable in scale
to vertical changes 1in temperature.

Figure 3 shows particle velocities of a wave going
just slightly faster than the jet at its peak. The wave
propagates to the right and must be sustained by a source
at the ground. Phase fronts move downward as the energy
is radiafed outward. The wind increases linearly (actually
in 20 constant layers) to 50 meters/second at 10 km. ai-
titude and then decrgases linearly at the same rate. It
is notable that the wind gradient does not seem to set up
partial reflections as temperature gradients do. As the wave
propagates up to the point of maximum wind veclocity its fre-
quency.is doppler lowered and the phase fronts become parallel

horizontal.
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Figure II-A-2.2 Particle motions in the T-J model for a

disturbance of a fast jet stream velocity (85 meters/second)
and 20 minute period.
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Particle velocities of a wave going slightly

faster than the peak speed in the jet. The wave propagates to

the right and must be sustained by a source at the ground.’
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In figure 4 the source has been moved up to 5.5 km
altitude. This has the effect of producing a standing wave
pattern below it due to reflections off the ground.

In figure 5 the phase velocity has been reduced below
the maximum jet speed. Thus there are 2 critical heights
near 5 and 10 kilometers where the integration must pass
through a singularity. (see section I-A-3) The program
sidesteps this problem by putting the singularity at a layer
interface. This problem was discussed theoretically in chapter
I-A-3. Briefly the conclusion was that the group velocity
becomes horizontal at the critical height. The source then
feeds finite power into the region of the critical height
and the energy density becomes so large linearity breaks down.
Even before linearity breaks down, the wave has very large
horizontal shears and itself violates the Richardson stability
criterion at the critical height. For lack of a better
approach at the present time we might then regard the cri-
tical height as a secondary source, due to the onset of some
turbulent motions driven by the waves. The actual effect
of this situation on the waves and the waves ability to cross
these critical zonesﬁremains an'important unsolved problem.

We will refer to this problem aéain when we examine the ob-

servational data.
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Figure II-A-2.5 _Particle velocities of a wave traveling
slower than the jet stream.
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II-B-2 Ionospheric Winds; Two Dimensional Conductivities

A simplified way to begin the study'of ionospheric
winds is over a flat earth of infinite extent. 1Include
a uniform horizontal wind and magnetic field with arbitrary
inclination. Charged particles try to avoid crossing magnetic
field lines, but collisions with molecules of the neutral
wiﬁd will drag them along. This results in some pattern of
current, voltage, ionization drift, and in a loss of the |
kinetic energy of the neutral wind.

There can be no vertical electric current since even a
very small one would set up rapidly growing vertical electric
fields. There could, however, be vertical motion of the
ionization with both electrons and ions moving at the same
velocity. Of’course, if one envisions a steady state, this
implies that ionization is taking place at one level and
recombination at another.

E

_Y’
V. to be prescribed. Along with the assumption that J

v and

In this section we consider B, E <!

xl

Yy 4 z
and Vz vanish, we can calculate the complete state of the
atmosphere E J J D D D . The draggin

t P z! er yl x’ yr 2z’ VP ragg g

causes a pressure gradient VY P and the rate of energy
dissipation is ——Vg'§7f’. The kinetic energy of the neutral

‘0(\/ \/,) so the energy decay time is ~ ,P(VS.VB) .

2 (V3' VP>

0oag
b R

We begin with the conductivity from I-B-3.19 and
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abbreviate 'O“TE by O  and O'Jv by T

@ ¢ 1T -
Iy % %y || E Tax Txy Tea| | Vi
Ty 7| ox vy 05| | Ex|™| Ty Ty Tl | Y%

J_ZJ .G.EY G-Z.)/ 0;34 Ez ,r;_-x 'rZ)’ ’fgz \/2

with v, = 0 the equation Jz = 0 gives

(2) O = [o.z" OE)’] Ex 1+ 0x Ez + ['r?:( 'rf)’] Vi
Ely \/)f

Solve for EZ

= .._:_i__.. [o?x o—"'Y] Ey ['/r?x ’rz J \/;
E, p + 7

(3)

Now (3) may be reintroduced into (1)

(4) J, ( [G;'x Ty | : [0}2-}[0‘2, Czyl } [ Ex-l
J

) T o,
:)-y 2 [G;X 6_7}’ ez

which is the desired 2-dimensional conductivity expression.
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It is straightforward to derive g*gimilar'sxpression for

ionizafio;x drift, say 5: cPEE + o PV V' . Some

vertical drifts can be quite large; for example, when 'g

is at 45° in the X-Z plane and the neutral wind is in

the X airection. Then at high altitudes the vertical com-

ponent of drift is half the horizontal wind speed. At

altitudes where collisions are sufficiently rare a charged

particle just follows a field line after a collision. It

can go upward about a scale height before it is returned by

gravity which we have neglected. When the particle slides

back down the field line and recollides with the neutral

gas, it will be moving in a direction opposite to the neutral

wind and therefore create a greater dissipation than we

have calculated. It would seem that this enhanced dissipation

could not exceed the dissipation of a vertical B field.
Next we calculate the extent to which charged particles

are 'dragged along by the neutral wind.'

We have the basic definitions

o~
(5]
AT g

J = ne (v, -v,)
D = ‘/a (Vl ‘V3)

which we invert to give

6 V. = D+ T (ane)
V, = D~ J/(zne)

A measure of the relative motion is given by dotting V3
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into (6) and dividing by (V3 : V3).

S

VarVy Y, %[\/ DoV :r/@”e)]

YaVa = Lt \,-D - V;:T/ane)
Vo Uy VgV L 2/

Terms on the right are computed from (4) and its
analog for drifts. Quantities of interest have been profiled
and are presented in tables (2) and (3) for various orien-
tations of the vectors during the mean-solar daylight conditions

(table (1)).



Table of ionospheric properties

used in ionospheric wind calculations.

“HE MEAN SZLAR DAYTIME ATMOSPHERE

ALT  NEUTRAL
KM TEMP
200 1235
150 1181
180 1123
170 1074
160 1020
150 866
140 712
130 531
120 350
110 230
100 210
S0 125
80 150
70 203
50 247
50 290
0 264
30 238
20 225
10 225
-00 230

ALT PRESSURE
200 .103E-03
190 .133E-03
180 .187E-03
170 .252E-23
160 .335E-03
150 .500Ee-03
140 ,737E-03
130 .142E-02
120 .272E-Q2
110 .SISE-02
100 .310E-0l
SO .190F 00
80 .lISE Ol
70 ,534E 0l
60 ,245E 02
50 L113E 03
40 .4i%& O3
30 L152E 04
© 20 LSI0E 04
10 .263E 05
=00 LIOIE 0§

BLECTRAN
TEMP
1700
1600
1500
1400
1300
1200

970
740
510
280
220
160
160
203
247
250
283
286
234
232
230

DENSITY
«235E-03
«402E-09
«567E-09
«300=-09
3 l 15E‘03
«193E-08
«352E-03
«9585E-08
OZGSE"O7
«115E-0¢8
«502E-08
«352E-05
02475‘34
«3305-04
«550E-03
o1328-2
«536Z-02
«213E-01
«S22E-01
«495% 00
1225 0]

M3LEC
WEIGHT
26,0
28.2
26.4
28,5
26,8
21.9
27.2
27.4
27.6
27.8
28.0
23.1
28.2
28'3
28.4
28.5
23.6
28.7
22.3
23.3
25.0

L ECTRINS
.316% 12
282F 12
L251E 12
224F 12
.200E 12
.178E 12
«165% 12
«153% 12
«142E |2
1325 12

1.000E 11

1.000E 10
«3168E 10

1.000% 05

1.000E 03
3165 08

1.000E 07
«318F 07

1.000F 06
«316% 08

1.000E 05

CcpP/CV
GAMMA
1.4€
1.45
1.45
1.44
1.44
1.44
1.43
1.43
1.43
1.42
1.42
1.42
.41
1.41
.41
l.41
1.41
1.41
1.40
1.40
1040

SouUiD
SPEED
163
747
726
705
6§34
827
586
486
393
350
301
282
252
294
323
350
333

315

306
305
340
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IZNASPRERIC EFFECTS 2F HORIZANTAL WIND VX=] ETER/SEC

3

BBo*( 0, 1.5399 8, )

H EZ Dz - JX
23 -.6932-94 L175E-29 ,103E-13
159 -.697E-24 -,4667-C9  L347%-17
125 =4S20E-04 -,233E 93 L1117-15
195 ~.603E-34 -,4652-39 -,333E 9)

99 -.603E-74 -.186E-03 .139E-1§

75 =.5075-04 -,7452-33 L 173%-17

62 -.653E-04 -,456E-33 ,673E-29

43 -,690E-24 -,291E-69 ,165%-2
B=BOX( 9, . 1.9322)

H - = oz JX
233 L809T €0 -,200E 03 .1167-10
150 .989E 90 -,009E 03 ,383E-23
125 ..903E 09 -.093E 9% ,955%-33
185 .999E 35 -,099F 08 ,2025-37

99 ,900E 93 -.273E 08 .163E-33

75 JCO3E 02 -,339E 00 . 1945-09

60 J0OIE 09 -.009% 30 ,451%-12

40 ,879E 03 -.803% 03 ,174F-15

BB( L7972 73738, )

H EZ 414 JX
299 - A24E-74 L1165-99 ,3495-14
153 - 4CAE-24 -,4660-29 LS17E-13
125 -,424E-54 ,1360-38 .289E-11
195 -, 424E-54 -.009F 63 .S19%-11

98 -.424E-94 -,1475-38 ,433E-]2

75 - A24E-24 -,5595-33 ,5377-13

60 - 424E-34 -,326F-73 .133E-15

48 -, 424E-04 -,175E-39 .524E-19

BBOk( L7679 9, L7970

H £z 074 Jx
293 L603E-12 L57E 80 L116E-1D
153 .653E-10 ,495E 00 .383E-39
125 L116E-27 ,293% 83 ,3551-58
185 .249E-0S .361E-%2 L202E-7

90 .221E-35 ,2757-83 ,159E-03
75 J212E-34 L1455-03 ,148E-79
68 .505E-65 ,4772-35 .2345-12
49 .312E-06 .192E-87 .353E-1§
BBox( O, J7972 ,7379) '

H 4 . DZ JX
293 =,565E-19 ,187%-%1 .1155-19
158 -.891E-89 ,725E-31 ,393%-39
125 -.200E-37 L3472 83 .5557-38
185 -.301E-07 ,573E-81 ,292E-37

99 -.2995-35 ,3325-32 L 155E-983

75 =.2055-64 ,1539-93 ,143E-99

69 -.413E-04 ,5775-95 ,232E-12

49 -,424E-)4 -,291E-13 ,BSBE-16
BBO*( ,5773 .5770 .5779)

H EZ 274 JX
220 -,685E-18 ,343E 32 -,43BE-09
159 -.133E-32 ,399T 83 -,1395-Q
125 -.1285-97 L431% 09 ,236%-18
105 .2125-86 ,4377-91 ,1323-97
99 .2555-55 ,3457-22 ,159%-03
75 = 312E-35 ,2153-23 .119%-23
69 =.393E-04 ,3513-35 ,1577-12
49 -.344E-94 ,1265-77 °.533%-16

JY
09
33
jele]
90
33
33
MBS

bS]

=983
- 900E
-o: SE
-.333%
-03335
-.002%
-OGDJE
-.300C%

JY
“07665’39
-.233C-23
-.1182-27
- 1725-28
=.841%-15
- 133E-35
-.2€85-11
-.187E-13

JY
-.193E-18
- 347517
$.5557-15

.330E 00
- 208E-15
- 173817
-.33%8-20
- B2TE-24

JY
=e542E-39
-.297E-38
‘.823€‘J8
-.123E-38
-.1125=29
-.142E-33
= 192E-11
~113E-13

JY
-.138E-98
-~.4142-038
-.i642-37
'0244E'03
=.119%-733
-.142E-C9
=« 1S2E-11
-.118E-13

JY
-+ BB4E-33
-.3385-23
- 134E-27
=294E-7
-01472'39
~-o140E-C3
- 153E-11
=.9535-14

V3.vl V3.2
1.S33E 2C 1.830E OB
1.800E 85 1.8L3E 39
1.973E 03 1,850% 20
1.333E 38 1.C05E 69
1.033E 93 1,207% 32
1.833E 33 1,303E 22

<120E 81 1.220F £0
192E 91 1,£03% 32
V3.Vl V3.2
229E-C3  L482F-06
JOTE-Cl  ,352E-35
.495% 03 ,287E-G4
.993E 02 L307E-34
1.395E 83 .221E-"2
T1.930C 32 L317Z 68
I30E 31 .971C 32
.125E 91 1.9C0E 66
V3.1 V3.\2
<153E 01 .123E 8l
1,2C2E 35 1.309E 83
.300E 93 1.003E 38
.220Z 83 1.570E 50
1.630E 80 1,330E 23
1.803E €0 1,0C3E €2
«3C3E 00 1.0C5E 02
1.389E 3¢ 1.236E 02
V3.\1 V3.2
SS3BE 03 LS2E 3
5058 38 L4557 99
.702E 03 ,258E 7
.997E 02 ,355E-32
1.202E 99 .463E-32
1.930E 83 .432E 55
<190F 91 9357 3
1.932E 35 1,C92E 33
V3.Vl V3.2
.229E-33 L 115E-3
JSTE-S1  L135F-24
«435T B3 ,264T-33
.933E 03 .3855-33
1,508% 8C ,466E-22
1.023E 83 ,4%2E oC
.193E 81 ,985% 30
.199€ 81 1.050E o
 \3.V1 V3.V2
335Z 0% L343Z 33
3ATE 53 ,395E 32
(633E 03 L432% 9
.995% 83 L494E-C
1.093E 30,1035~
1.B0SE 80 .5%2E 0%
J193Z 01 ,993¢ 3¢
JI9%E 81 1.903% 39
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DISPHEURS
.152% 23
3432 63
.518F 22
J145E 33
.957% 85
L1877 11
J17Z 16
L1335 17

DISP,HEUPS
3515 08
.153E 31
315EF 31
J323% 33
LESE 25
.336E 66
J3C3E 55
JT44E 12

DISP,H2UPS
.353E 96
SIZE 64
JA117 55
J112E 87
2447 89
2028 12
L277E 12
3832 13

DISP,HaUns
1735 31
L3157 31
.S32E 8]
.616E &3
.133E 86
1198 37
.596C 235
278 13

DISP ,HAUSS
«B51F 09

. 153E 91
J319E 8]
«323F €3
371 25
J112E 07
J536E 3
J143E 13

Di5F HIURS
1252 9t
23ISE €}
.AT3E 2l
AT3E £3
J0IT 88
1377 &7
.235Z 09
J223E 13



Table II-B-1.3

IBNQSPHERIC EFFECTS 7F HORIZAWTAL E-FIELD,EX=1 VALT/MSTEK

33Bo( 0. 1.93%9 2. )

H 2z JX JY

'28% L151E-C1 .128E-94 ,3903F 92

© 159 L154E 33 ,483E-04 ,393% 65

125 .824E 80 L193E-03 ,299E 33

135 L1172 82 ,2375-24 ,993E 63

99 I3 82 ,143E-25 LD30E 05

75 .147E 31 ,221E-35 ,099E 33

60 1725 03 .447E-97 ,9099F 99

49 LI1Z24E-01 ,2732-39 L2008 99
B3ox( O, e, 1.9232)

H EZ JX JY
239 -,000E 25 ,1282-94 ,193%-25
153 -,8D3E 92 ,4835-14 ,5750-2

- 125 -,003E 09 ,193E-33 ,155E-33
185 -,020E 30 ,2872-04 ,335C-33
93 =.002E 52 ,1435-35 ,2565-%4
75 =.928Z 00 ,2215-95 ,3247-35
63 -.,830E 39 ,4475-07 ,7695-08
40 -.003E 99 ,278E-09 .295%-1)
3BX( L7379 .7979 3. )
. H L4 JX JY
203 ,137=-21 ,965E 81 ,S5SE Al
153 .733E-01 ,245F 81 ,232E 9]
125 ,532E 27 ,645C 93 L410F 03
135 .828T 61 ,376F 23 ,386F-3)
50 L134E 22 ,435%-12  ,300E-24
75 JIS4E 91 ,7555-35 .2395-38
69 .I22E 92 ,454%-97 ,223%-]2
4% ,736E-%2 ,278E-29 ,533%-17
- BBM( 7972 9, «7972)

H 74 JX JY
230-1.933E 80 ,953E 81 ,273E-35
133-1,930E @3 ,232E 91 ,7157-05
125-1.073Z 03 L419E 02 .225%-23
185 -.533E 23 ,493E-01 ,4767-33

99 =.9952 33 ,3333-03  ,3757-04

75 =.5188 33 ,5775-95 ,343E-05

- 69 =,145E-0] _ ,4547-97 ,5527-23

43 -.5412-24 ,273E-39 ,205C-]]
B=3Ox( 2, <7373 L7270)

H 4 JX JY
263 ,142E-37 ,123E-24 ,273E-35
153 .1542-35 .4335-94 ,7155-35
125 ,274E-23 ,1932-33 ,225%-43
195 ,537E-22  ,273E-24  ,4755-23

93 L6SE-31 .155%-35 ,3755-34

75 L4992 83 .137%-25 ,3437-35

§8 J123E 00 .442E-97 .552%-33

43 . T3SE-32 ,278E-35 ,2950-11
BBOK( 5773 5773 .5772)

H EZ JX JY
209-1.39%% 37 ,2535-84 .1317-24
153-1.303Z 30 .IN32-%3 ,5757-34
125 45557 33 ,573E-93  L499F-13
185 =932 22 ,4442-33 ,8797-73

93 =.912T 23 ,3217-94  ,4857-24
75 JT532-01 ,3777-35 ,343%-15
57 WI38E-T1 0 L4477-97 L 4528-73
At ,537i-72  L278I-29 L,1577-11

DX
3
83
&4

-.1258%
-.854E
=.885E
-.9785 085
-+158F 35
-.122E 85
-.143% 94
-.857% 82

DX
a3
33
34

«126E
.855%
«4C9E
5375 33
-.345% 93
-.333% &4
-.139E 04
-.387F 82

DX
=«3457 33
=.437E 97
-.858L ¢
=.135% 47
-«1€3E 35
-.122% 05
-J43E 34
-.857Z 82

DX
-.107% 61

-
-.33T% 32

=.3257 21
‘05915 02
-0783E 35
-.533Z B4
=.141% .94
=.8371 32
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a3
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24
83
33

o12€%
«9551
.438:
.633F
=134
-+578E G4
-.141% 34

-.337% 2

o
ST 2
<3517 24
5727 24

- AT ﬁ?

D 20 Belied K4
=177 34
=.711% 04
-0142:—:

- 3877

An

v

oY
-.033E 03
-.330% 89
-.S85E 39
-.300FE 32
-+.933E &5
-.308% €5
=.933E 99
-.000F 8¢

DY
=.1675 &5
-.168E 35
- 133E 85
-+839E 04
«832E 04
-.559E €4
-24CE 33
-.S03E ¢

DY
-+9457 08
=427 O
-.387E 97
=.343E ¢
=.937C T4
-.3872 8l
-0694E-:2

-.1867-35

pY
=236 8
=.234E €5
«183E 35
«1ISE 35
-.1172 35
.8ICE &4
1722 33
=-.638% GO

oY
-.118E 35
113 35
1187 85
-.118% 35
JdTE 2
-.313Z 34
JA72E 93

Fod iR N

-.5335 ST

oy
-.154Z 05
L2228 05
214E 35
.1517 €5
-.144E $5
522C 04
J141% 33

=.521E 23

- i

Dz
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85
@5
64
o lwe 32
«161% 3

«S40E-33

«187E
«167E
.167E
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«176E
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Dz
=.252E 30
=.300% 338
-«J00E 23
-.330E £9
-.ol0E 8¢
-.J30E 39
~.300F% 80

~A 39

Tedow

Dz
o112E 35
«118% G5
.118E 05
«112F 05
<1257 €4
. 703% J1
«114E 20
04525-:5

L2
=e253F 33
=712 34
~«3172 34
'01345 z
=.923% 22
-.354% Gl
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-.333E-35

£z
JAI18T 35
1172 355
» T52E D4
.851Z 52
£517 21
3412 21
o125 37
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«I3ST T4
£ 7355 2
-.2448 24
=177 34
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SI15Z 23
«2315-21

.3877-22
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-.127E-13
=.327E-28
=« l55E-2
-« 852E-04
-« 144E-04
~.148E-26
-«283E~10
~«533E-15
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«1I2E-06
.697E‘36
«436E-25
«123E-35
+B42E-038
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«188:-13
«5532-18

GRADP /P
«4438E-33
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#3302-22
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«257E-3%
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#23527-33
«8547-35
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«S237c-08
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-.2242-07
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RSV
4332-C
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I1-B-2 ‘Gravity Wave Dissipation and Heating

Quantitatively, the energy lost by the neutrals due to
their interaction with charged particles is —‘Ycou\/ ,

which is determined by dotting V3 into formula (I-B-2.8c)

(1) %E?: = ’Z%/\C + Vsa Vg + Ty Vs

= ) (Wt o @) (Y22 40,V

= (1@,4f03€) I)*'CZQ,:ZQ;):ﬁ/ﬁgﬂe)+(:7é,:Z§;)\§

* .
_YB;V;; = <7/3: * 31)(21/: - 1) + (s V) TV
/p(\@\g) A 2 ne /AN

(2) decay time T = _ A (VQ‘VJZ
(VP vs)

In the case tha§ P and V3 are coefficients of
exponentially varying functions in space or time the asterisk
refers to complex conjugate and one takes the real pért of
the expression. Profiles of dissipation rate (1) have been
computed for a variety of acoustic gravity wave modes.
Generally the profile is within a factor of 2 or so of the
profile of dissipation rate of ionospheric winds. However,
for the modes the dissipation is not so smooth a function

of altitude due to the vertical wavelengths of the modes.
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In fact,,at"some altitudes electromagnetic effects may be
acting to strengthen the gravity wave rather than diminish
it.

As a mechanism for dissipation of acoustic gravity waves
electromagnetic effects are fairly independent of frequency
and wave-number quite unlike dissipation due to heat con-
duction and molecular viscosity.

A comparison of the results of this thesis with
Midgley and Liemohn's calculation of viscons damping shows
that electromagnetic dissipation is more important for all
velocities comparable to the jet stream. At some lower velocity
(shortgr vertical wavelength) tﬁese‘must become equal but
exact comparison is difficult due to differences in tech-
niques and thermal models.

Finally we come to the heating of the ionosphere by
energy lost from ionospheric winds and gravity waves.

Along with wind profiles and the specific heat Cp every-
thing needed is a profile of formula (1) or (2) because the

heating rate is

heating reat = - SLQ;}@L degrees C/sec

~ P /o> T
heating time = . @©<p. = ﬁkjc = iz sec/degree C
VoV, Y Vs V,- \/3

Since T is actually graphed in units of hours we may
also read the same graph as hours to raise the temperature

one degree if the time axis is scaled by 103/V2.
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Figure II-B-2.1 Vertical energy transport time for .

acoustic gravity waves originating in the jet stream.

TIME, HOURS
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Since ionospheric winds of 100 meters/sec at 125 km altitude
are fairly typical where decay times are typically 20 hours

we get

3
heating time = !él_;Eﬂz = 2 hours/degree centigrade
/00"

Gravity waves associated with the jet stream are
dissipated at about 110 + 10 km. altitude where the vertical
group velocity is 50 hoursper ‘kilometer and the decay time
is 300 hours. Both observations and modal calculations
agree that 100 meters/sec is a reasonable particle velocity
at that altitude and this implies a heating rate of 30
hours per degree. Due to uncertainties in the altitude and
velocity magnitude "involved the reliability of this number

is taken to be an order of magnitude.
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II-B-3 Electromagnetic Effects of the Lamb Wave

Figure 1 shows the particle motions of the Lamb wave in
a realistic temperature model.

The amplitude of the vectors is scaled to correspond
to what we consider the quietest atmospheric conditions, an
r.m.s. pressure at the ground of 10 microbars. Every-
thing scales linearly. Multiply bf a factor of 10 to get
typical noise amplitudes observed on the grouﬁd (100 micro-
bars) or by a factor of 50 to get unusually large amplitudes
(.5 millibar). All vector amplitudes are in rationalized
MKS units.

Subsequent figures are calculated from the theofy-
developed in section I-B-4. Superposed on the T-J model we
have a uniform magnetic field at 45° in the x-z plane. The
wave we are considering is traveling southward at midlati-
tude in the northern hemisphere. The neutral particles col-
lide with charged particles and tend to drag then along.

This is depicted in‘figure 2. At high altitudes however, the
charged particles tend to follow magnetic field lines. In
figure 3 we see the electric fields induced by the Lamb wave.
At high altitudes the eléctric fields tend to be perpendicular
to the magnetic field due to the high conductivity along field
lines. At low altitudes charge concentration produces a

divergence of E which is clearly apparent on the figure at
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- AMPLITUDE  ALT  VECT3R = (VX,V7)
«25E 20 152, ULt
235 02 145,02 =
215 22 142,°C
JJSE 27 135.2
«24E 20 132.2
22K 2D 128.7
225 10 12207
23t 92 115.0
JI5E 20 112.9
o132 37 1735,0) wmemmelme. - - - -
087:“31 l) .‘3 :
«720-31  35.0
«54E-91 S3.7
e455-01 85,7 ey
«33E-31 22,5 -
28221 75,93
027:‘;"")1 70.3

T o230 §5,) emmemEH---/]
225-01 63,0
J19E-31 55,0
«.132-31 53.9

2. 45.5 55.% 14%,5 13%.7
KIL3METERS ALMG ( 1.7920, 2, 0.D)

Figure II-B-3.1 Particle velocities (MKS Units) for
a Lamb wave propagating along the x-axis in a realistic
atmosphere.
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AMPLITUDE ALT  VECTSR = (DX,DD)
NIE 8D 150.8 o///7777/4777777777777777777777 /01777777717 777/
oNBE 00 145.0 //7777/5771177711777777%177777f77777772777777777
N3E 93 VANS /7777477777177 76//711070777/f777/77777%7777777),
N 00 1350 1//7[F7/177717«e=/1111771717[57/77777/%%=//1///
«16E 03 130.0l:;/¢¢j//////.22/////////// 7111177 /%k===t7 171 [F7 7

«14E 30 125,8 ¢7///////// 222222222

JdIE 09 120,00 ~=~-eccumue /===zzczzzzzsfo=oszz=as ORI

JJIE 08 115,90 ==eeeeee --N/zz2222522

«8E-8]1 119,80 ==-mmuuea N1//===2282

0672"0] 135.0 “““““““““ /l

«44E-3] 100,98 ==me-mnone- /!

o37E-81 95,0 melpr—-emee/NZIIIII I N GERaBT TIZII0 y A—— S
28E=-0] 90,0 ~mreecmeeea /% A

e26E-0] 85,8 ~=--emmeeea /x4

o25E-01 80,0 ==--eeome- /xxN

e25E=Cl 75,0 =ermeccw-- Jkizzzzzzzz=zzzzzozoos

«26E-01 79,0 ==Lpowe-- /1N

23E~01 65,0 ==mcomnmae- Nz

22E=8] 60,0 cereevecna- \Nzzozzzzzooszzzzzzzzzzos

QISE-SI 55,8 =mmmmmmcneaa MzzzzzzzozzozzzzzozzzozzDsc A
«19E-08] 53,0 «=ececwececwazzrzszzIooooozozzzzzzIzs

0. 45.5 99.0 143.5 198.9
KILBMETERS ALONG ¢ 1,008, 0. , 6.8)

Fi u DO i = : i
gure II-B-3.2 Drift )Vlon + Velectron) / 2 in meters/

sec induced by the Lamb wave in figure 1. Drift follows

neutrals at low altitude and follows magnetic field lines
at high altitudes.
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ATLITUDE  ALT VECT9R = (EX,37)
25E-325 153.3'VNNHVHHﬁQ&;QENQYHﬁN“NWJ NSRENRRRE

SR RALY RS ESAAAT RS LY
vy Ix'ni '!"."J

«255=938 145.9 NIEINUNTINI RN LN TS S NNRANEY
S28E=08 1490 NN I N A N N N I T AN
«2SE-95 135,00 NERLUMTINI I P IN NG 'NN&INNMﬁ%?SQ?
o26%-36 130,9 WM T INTVNNINA D NN
¢2TE=38 125,00 NMNNNNNGISNIN GIN T NG T I I
2TE=06 120,09 ™~ '
«29E=-05 115.0 N¥ .
«33E-05 112,00 NuUNFINNN] = NN IR NN T T 200
«325-95 105.3 N !
«34E-03 133,35 VI ~ : h R
«ADE=95 35,0 W1 HL/=="10 T TIT =2V NI N
eIE-3S 3043 LKA /=="N iy ITITITT /=== 05NNV sl 1]
oT6E=38 . 35,80 1LA11L//===280 INTITWI T T T TIT U/ /72 =000 N
«89E-35 30.0 } ; <ANKE R,
«18E=95 75.9 MR ¢
e§4E-38 79,0 11117//====mnm- NONNNGIITIE /s sz ENNNKR
¢55E=08 8§5.0 Ul1//=m=ommeccemmaa o WNNIIZ/
o33E-N5  §3,0 Newemo >
eS1Z-08 55,0 /IINRg=====-mmeoamcaea-
«35E-35 52,0 IIIII N ittt
8. 49, o9 143.5
KILAMETERS AL2MG € 1.0092, 3. y 9.0)

188,90

Figure II-B-3.3 Electric fields induced by the Lamb
wave. The induced electric fields are perpendicular to
the magnetic field at high altitude. At low altitude

charge concentration gives a divergence of E .
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10 and 135 kilometers on the x-axis.

Figure 4 shows the induced electrical currents. They
behave somewhat like the charged particle drift but differ
‘at low altitudes because they are influenced in addition by
the electric fields. Figure 5 shows the induced magnetic
fields. One may crudely verify curl H=J by comparison of
figures 4 and 5. Near the bottom one sees the magnetic
field satisfying -curl H=0.

Figure 6 shows the electrical effects of the Lamb

wave fo figure 1 propagating toward the east.
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with figure 3.4 .
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IT-B-4 The Westerly Jet Wave

The jet stream in our locality is usually from the wesf.
In this section we show the calculated electromagnetic
effects of this wave. Figure 1 shows the T-J model for a
wave of 20 minute period wave propagating at 85 meters/second.
(A more typical velocity would be 50 meters/second but 85
makes a clearer presentation.) Fiqure 2 shows the same
wave with a realistic temperature profile. 1In these calcu-
lations some quite crude approximations have been made
which invalidate the results at high altitude. Since the
gravity waves are damped out around 110 kilometers altitude
but the modal solutions have neglected the damping, the
current sources hgve been neglected above 120 kilometers.
A more correct procedure would follow the outline of section
I-B-5. 1In view of the substantial differences which could
also result by changing the period, phase velocity, and thermal
or ionization structure it does not appear that the extra
effort of the method of I-B-5 would be adequately rewarded.
The fairly large difference between the T-J model
and the realistic model arises because the T-J model has
an unrealistic temperature jump at 100 kilometers and this ig

a: crucial altitude for the electrical phenomena.
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Electrical effects of jet wave in T-J
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.II-B-5 Finite Transverse Wavelength

In all of the mathematics so far we have considered
plane wave disturbances when in fact the observations
we have made of the jet waves indicate that the coherence
between microbarograph time series perpendicular to the
wave velocity (transverse coherence) was for from unity as
one would expect for plane waves. In fact the transverse
coherence was usually less than the coherence in the direc-
tion of propagation (longitudinal coherence.) Thus one might
interpret our observations as standing wave patterns‘ in
the y direction which are moving in the x direction.
For a jet in the x direction at a speced Vx one might
say we observe waves with a given Ve =&yﬂtand a range of
iky . The ky dependence in the acoustic equations
appears- in the terms (ki + ki) and (£L=to-nk'ﬁ ), so a
solution to a problem with ky = 0 would be almost like one
for ky small. One feels that although introducing ky
may produce quantitative differences it will not produce
anything unexpected. The situation in the electromagnetic
case is not nearly so obvious. Electrical currents obviously
cannot go off to infinity in the transverse direction.
How will the potential, drift, and the magnetic field change

when the currents are forced to circulate by a cosine or

sine y-dependence? What we have done in this section is to
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solve two problems, one for +ky and one for —ky. Due to
the arbifrary orientation of the earth's magnetic field with
respect to the propagation direction these two problems

may have very different solutions. Adding the two solutions

Tﬁ~ and Y_ we get

! ¢ ~wt - +( ﬂx’)(—tc)f
e-H ?/aff_(ﬂxx wt) PP e E)ﬁ ( | )

= [@#)C? 2’(7+e aﬁ) + ¢ Y’ ‘f) W- 27’&7] i, x-wt)

JI

[(mf,) coe d g 40 1) i ﬁ]e{@x—wt)

~ ~

Fof the acoustic variables ;;/;? y u , and W where the
propagation is parallel to the wind ( E; = 0) the coefficient
of the sine vanishes by the equivalence of +ky and -k in
the equations. Thus a single "snapshot" of the x-z plane

at v = 0 is sufficient to show what is going on. The acoustic
variable 6' is antisymmetric in jky so-it ‘has sine k
y-dependence where G has cosine ky v-dependence. Thus

air parcels circulate in the x-y plane. For the electro-
magnetic variables the situation is more complex, both

the sine and the cosine dependence being important. Thus

for e.m. variables two "snapshots" are presented, one at
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y = 0 and one at y = /..

. Now'that we recognize that the solutions are sums and
differences of solutions we have already seen we do not
expect orders of magnitude differences to result from forcing
current loops to close. TFor the sake of completeness we
present figure 1. The cosine deéendence is on the left and

the sine dependence is on the right.
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ITI. Data Acquisition and Interpretation

The purpose of this chapter is to describe the data,
typical and atypical, and to show how the most coherent data
is associated with the jet stream. To begin with we describe
the instrumentation, both the microbarographs and the overall
system. Then a two weeks stretch of data is presented and
interpreted to give an idea of the frequency of jet stream
observations, other observations, and instrumentation pro-
blems. Finally we will consider the jet phenomena more
closely, its spectrum, its coherency in space and its time
variations and show how these tie in with the theory

derived in preceding chapters.

4
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III-A Instrumentation

We have been recording 3-30 minute period atmospheric
pressure variation in eastern Massachusetts for about a year.
The map on figure 1 shows the four recording sites at Bed-
ford, Weston, Cambridge, and Groton (the same as Millstone
Hill). We have since discovered that a quite similar array
was set up by Flauraud, Mears, Crowley, and Crary in 1954.

Figure 2 gives an overall view of our data collection
and analysis hardware. Signals are sent directly over DC
telephone lines to our laboratory from the pressure ob-
servation stations. The pressure transducer at MIT is
not in our building because of the interference caused by
elevators and central air conditioning. The pressure trans-
ducers in Bedford and Weston are in the basements of private
homes and the transducer at Groton is in a warehouse. No
spatial filtering at the transducers was attempted because
of the long wavelengths (more than 10 kilimeters) of interest
in this thesis.

The digitizef and tape recorder are shared with other
experiments so digital data was collected at irreqular inter--
vals amounting in total to about 1/3 of the year. This data
is sorted on cards. Analog multiplexed recordings were
made continuously and some examples are shown in the next
section.

The microbarograph is depicted in figure 3. A dif-
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ferential pressure measurement is made between two air
reservoirs which leak at different rates. "The differential
pressure is measured by a Sanborn model 270-300 gas pressure
transducer. The manufacturers funciional diagram is shown
in figure 4. The air reservoirs are two 16 oz. glass bottles
which leak to the atmosphere through stainless steel capil-
lary tubing. One bottle leaks with a time constant of
36 seconds and the other with a constant of 15 minutes.
Consequently the device is most sensitive to atmospheric
pressure variations in the 2M.36/60 to 2415 minute
period range. Some additional filtering is done in the
electronic amplifiers to further reduce the long period cut-
off. The final bandpass is depicted on figure 5.

After two of the instruments were constructed they
were run in separate buildings about 200 meters apart. A
camparison of the records obtained, shown in figure 6,
shows nearly identical recordings. The principal differences
apparent on figure 6 are due to slight differences in the
leak rates of the capillaries. We have found the manu-
facturer's calibration to be accurate and normally run
unmultiplexed strip chart data with +3 centimeter full

scale at +.7 millibar full scale.
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Figure III-A-3
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Typical data illustrates four physical processes,
moving weather fronts, ground level winds, storms, and jet
" stream associated disturbances. Unsuccessful attempts were
made to identify waves from 5 French atomic explosions in the
South Pacific and 2 Chinese explosions in western China.

This is attributed to low source strength, great distance,
and possibly the frequency band of recording.

Moving weather fronts like the one shown in fiqgure 1
can sometimes be identified by large transients with large
relative time delays. Jet stream disturbances may appear im-
pulsively as in figure 2 or they may appear as.a high correla-
tion émong channels for 24 hours or more.

Data from the first two weeks of 1967 is presented in
figures 3 and 4 . Each figure shows 7 strip charts, one for
each day of the week. Each strip chart shows 5 channels which
from the top are telluric currents, Groton, Bedford,Weston,
and Cambridge. We next describe features of this data on a

day to day basis.

2 Jan. The wind is frequently stronger during the
day than at night. This appears as a high-
er freguency content in the pressure records

at midday than at midnight. Another good ex-

ample of this is on 6 Jan.
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Figure III-B-1 Pressure transient associated with weather
front mpving about 13 meters/second (25 miles/hour).
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"Figure III-B-2 Pressure transient associated with jet

stream moving about 60 meters/second (120 miles/hour).




4 Jan. A fairly continuous coherency is apparent un-
til about 11 A.M. Weston and Cambridge are
especially coherent with Weston leading Cam-
bridge by about 5 minutes which corresponds
to a jet stream speed.

4 Jan. A storm moves off to the northeast at 8 P.M.
It is interesting that the pressure disturb-
ances cease so abruptly compared to the onset

of the disturbance a day before.

5 Jan. The Groton pressure channel occasionally suf-
fers electrical interference with an iono-
sonde . housed nearby. This appears as pulses

at half hourly intervals.

7 Jan. Large telluric currents are observed without

an associated pressure disturbance.

7 Jan. The Cambridge channel phone line weﬁ% dead‘
for awhile. We have found polarity reversals
associated with such cutoffs, but it is ap-
parent from the signal received at 2 A.M. the
next day that the polarity was not reversed

this time.

9 Jan. A transient arrives at 1:40 P.M. on the Bed-
ford channel which is thought to be associated

with a transient in the power supply at Bed-

ford.
10 Jan. Good jet stream coherency at 2 A.M.
14 Jan. Multiplexer difficulty causes double imaging.

14
15 Jan. Good jet stream coherency up to 8A.M.
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- 15 Jan. Some very quiet telluric currents with aver-

age to noisy barographic conditions.

An unusual pressure disturbance took place on 13 Novem-
ber 1966. All stations recorded a very sinusoidal disturbance
for about 18 hours. The period was about 13 minutes around
noon and decreased to about 8 minutes after midnight. A sim-
iliar observation was made by Flauraud et. al. on 18 January
1952 but their example persisted only a few hours and the
changing period was not observable. Visuval inspection of the
records yielded no unambiguous velocity determination. The
digitizer was not operating at the time so a more precise

analysis is not possible.
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III-C Spectrum and Plane Wave Interpretation

The high frequency end of the spectrum of pressure
fluctuations is caused by local wind gusts and the low fre-
quency end is meteorology. The principle feature of interest
in between is the "jet waves". At times the coherency of data
channels is 90% or more with delays related to the jet
stream velocity. Even when the coherence is considerably less,
the pressure variations may be almost completely a result
of the presence of the jet stream. Coherence with the jet
time delays shows that the phenomena is strongly influenced
by, or a result of, the jet stream, but, as we will sce,

a purely jet stream phenomena need not result in perfect
coherence. |

Flauraud et al. reported that these jet waves show no
dispersion. Pulses have a different shape from one station
to the next suggesting dispersion,noise, or that thg waves
are composed of a mixture of velocities. Fourier trans-
forms of one day data sections showed no statistically re-
liable dispersion. Figure 1 shows an example of an attempt
to resolve velocity and direction as a function of frequency.
The changing pulse shape is presumably due to the non-unity
coherence among observing points. This non-perfect co-
herence may be interpreted as the interference of random
waves from various directions. The fact that the down-
stream and cross-stream coherencies differ suggest that the

problem cannot be solely a result cf random noise.
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Figure III-C-1 Microbarograph disturbance velocities
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The observed velocity and period of the jet disturb-
ance gives us the horizontal wavelength. If the jet is
in the x direction we may say kx is known. The coherency
of the waves givés us crude information about ky . An
example of the coherency of a 12 hour stretch of data is shown
in figure 2. It is rather typical in that the Weston-
Cambridge coherence is usually the highest because this is
along the line of the most typical jet stream direction.
The fact that the cross-stream coherence is less than the
downstream coherence as it would be under the assumption
of plane waves in the x direction forces us to interpret
the data in terms of a ky as well as a kx . If the dis-
turbance were made up of two waves with wave vectors (kx,
ky) and (kx, —ky) we would have a cosine dependence of
pressure in the 7y direction. A decreasing coherency in
the y direction is obtained by integrating over a distri-
bution in ky. Of course we don't know what weighting to
give to different values of ky but if we take the dis-
tribution to be constant over the range iKy one gets a
coherency of the form (sin Kyy)/Kyy which has its first
root at Kyy = M . 1If one assumed an_isotropic distri-
bution in direction with ki + k; = Ky?

cross-stream coherency of Bessel function form Jo(Kyy)

one would get a

with its first root at Kyy = 2.4. Roughly, we may expect
the coherency in the y direction to drop off to near zero
around Kyy = 3. This occurs at 8 minute period on figure 2.

Since the stations are about a 20 kilometer triangle and the
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velocity is about 60 meters per second we conclude that

_ _ ‘ m' = .2 A
A, = Wy, = 2,/ (8 x60x00)

1Ky = 320k = .15 b

It is notable that these afe about the same. One sometimes
hears the term cellular waves (Martyn 1950) in distinction
to internal waves. A cellular wave is thought of as a
swirl or vortex of air being carried past overhead by the
jet stream. An analysis like that of section II-B-5 shows
that a cellular wave is really nothing more than the sum
of two internal waves with wave vectors (k, ky) and

(k., -k. ). The fact that kx = Ky simply means the cells

x' Ty
are approximately circular. Interpreting the data as approxi-
mately circular cellular waves is reasonable and the idea
of small vortices peeling off the jet stream is appealing.
The crucial question is whether wave packe;s in (iu, k)
space are really organized into vortices or whether we are
looking at something like turbglence. (disorganization in
(W , k) space).

A minor difficulty in the above interpretation is
that it hinges on a coherency cutoff at 8 minute period
where another aspect of the problem becomes important.

Figure 3 shows a cross-spectrum between the Cambridge and

Weston pressure records. The predominent feature is the
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sharp cutoff about 8 minute period. The cutoff would

appear even more sharply if power per unit bandwidth were
plotted instead of power per octave. The coherency cutoff

is far less abrupt:than the crosspower cutoff. In fact

the trend toward zero is well established before the cutoff.
Therefore the coherency cutoff is not simply a result of

the crosspower dropping to near zero. The sharp crosspower
cutoff may be predicted from the theoretical considerations

of section II-A-13. Briefly, disturbances above the cutoff
frequency may exist in the jet where their doppler shifted
frequency makes them gravity waves, but once outside the jet
they are acoustic in nature and cannot propagate at velocities
less than the speed of sound. Theréfore they attenuéfe strongly
before reaching ground observers. Quantitatively the decay

scale is approximately given by
-4z = (= v,:) (v-)

which for a frequency twice the Brunt frequency in a typical

jet stream is about

.’&3_ = B’, &y A .5 ﬂ’”\",
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III-D Correlation With Jet Stream Behavior

Wind and temperaturé profiles are measured up to an
altitude of about 15 kilometers every 12 hours by meteoro-
logists at several hundred places around the world. These
are obtained with balloons and expendable radio transmitters.
The nearest observation point to our array is 150 kilometers
at Nantucket Island. Bettér correlation with our pressure
data has been found with Albany, New York which is 220
kilometers distant but more in line with the jet stream.
Figure 1 shows altitude profiles of temperature, wind, and
shear instability number at Albany for the period 2 April
to 5 April 1966. Profiles are numbered 1-4 consecutively.
Since the instability number is determined by taking deri-
vatives of the wind and temperature,Ait tends to be jagged
and no attempt has been made to drew a continuous profile.

Figure 2 shows successive maps of the height of the
500 millibar surface. This map is nearly the same as a map
of pressure.at 5.5 kilometers altitude. The flow is controlled
by the coriolis fofce and the geostrophic wind equations.

The wind tends to be along lines of constant pressure and the
velocity inversely proportional to contour separation.

These maps show a gradual changing of wind direction from

west by northwest to west by southwest. The separation of con-
tours over Albany reaches a minimum on 4 April, which

corresponds‘to high winds and the lost balloon (profile
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1200

Figure III-D-2 500 millibar map April 3-5, 1966
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number 3) on figure 1.

Figure 3 shows three velocity versus time functions
for six days in April 1966. They are: (1) the maximum
velocity of winds aloft, (2) the apparent velocity of dis-
turbances over the microbarograph array, and (3) the velocity
of the wind at the height of minimum Richardson number.

The latter is not always a unique function of time because
of the possibility of multiple altitudes having practically
the same Richardson number. The . nstable points near the
ground have been neglected because they produce Qery slow
waves which are incoherent by the time they traverse the
array. The apparent phase velocities were determined from
the time delays at the peaks of a running correlation
calculation with a 4 hour averaging time sampled every two
hours. The correiation between (2) and (3) is remarkable
espécially when the velocity is large.

The final correlation between theory and data is to
take the observations and integrate them up toward the
critical height. Wé will calculate that the linear theory
breaks down first because of the wave introduced wind shear.
The later non-linearity is unimportant. At the height of
shear breakdown the yertical wavelength is 2 kilometers and
wave parcel horizontal velocity is +5 meters per second.
These are quite comparable to the variations on the basic
trend obserQed in figure 1 and may be used to explain the

small scale variations in these winds. The remainder of
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this section contains the calculation justifying the
.assertions of this paragraph.
The following we take to be typical parameters based

on observations.

/x'*:: R 2 -

210 /k 72 kilometers

it

217 fo 20 minutes

2M /v, = 10 minutes

z, = 10 kilometers
u, = 60 meters/sec
u, = 1 meter/sec = wave particle velocity

at ground

In the theory of section I-A-3 we have used the
approximation that terms multiplying the inverse doppler
frequency 1/fL dominate all others. Closer inspection
shows that this approximation amounts to assuming that the
local wave frequency is much less than the Brunt frequency.
This approximation is reasonable for our pressure observations
in a realistic jet stream geometry so we can use the for-
mulas of that section. Those we need are

- _ ,
u u, /zc

2 aZ - uc/zc
; Q= (kuz) (z_-2)
ﬂ'x {E = ww4uzl
~ 172 + 1

P~i (k/u)(az)
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T (k/uy) (ac—a)l/z +i

-1/2

2 =

=4uo (1 - z/zc)

/ -3
time (z) J; momentum density dz/momentum flux

from which by substitution we obtain time as a function of

height.
2L { G.-?2)
§ el s o )

{/" Hﬁé TR Auez -2
/*’5 {A &) "’“gd%

) Hug :
= £ 52 Rdz 1“5:'.’“
/"1‘7% o /7-@.:'2).‘

Since we are interested in z such that /5; is less than
about 300 millibars we introduce a modest error by taking o

out of the integral. Also take R = 1”1 = const.

2
3 = _é:(__ )
time (Z) ﬂ“i (2('2); \% 2¢

Eu‘(éf-c -2/

= Wy 22 _?N/Ec) (wik = uc)
w u:, 2‘_"2

il

t(z)
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The time t(z) is readily inverted to give the height z(t)

z(t) = | t
NCEER

We can use these expressions to integrate the heights

at which the waves observed on the gfound would, when pro-
jected back towards the sources, attain certain critical
magnitudes and the travel times involved. Consider first
the onset of non-linear behavior. For this we calculate
the height at which the wavé particle velocity equals the

wind velocity

=y
”~ --'/
U,(1-2/2.) = U.2/2.
(I “7-'/24) = Q_Z __Z: - _Q:..
uZ = uz

Inserting the typical values we get
— [L)> -
(”‘2/26) = (eo) T 3eos
so 2z is within about 3 meters of zg and the time required

to propagate from the ground to 2z is

W L 22 = % (0000 3600 = [/, 200000 Alcouds

—_— —
-—

W o Ue -2/,

0
3]

This time is unrealistic in view of the close simultaneous

correlations between the observed pressure wave velocities

and the wind velocities. We can also show that this time is
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meaningless because the wave when projected back will develop
unstable shears well before reaching this height. It is

at this height where the wind shear violates the Richardson
criteria that we should expect the sources: To find this

height we set

Lo _ L
Up - 2
wa = UQ_

1

4oy (1-zre, )T

. - /:"f‘
= U, (-'a+ip)(1-2/5.) ® ﬂ("/i‘c)

Drop the phase angle. Take 1 -1/2 + if4¢2;4

-3/
= U @ (I-Z/2.)
Zr_ ui
2/3 I \2/3
(-2r2)= (L) = ()" - %
2Ue {20 >
So 2z is within 400 meters of zc and the travel time is
t = é% x 10000 x 25 seconds = 2 hours = .1 day

These time and altitude scales are within the persistance
and reliability of our knowledge of the stratosphere. Let
us therefore go back and calculate the particle velocity of
the wave at the height where its shear gives dynamic in-

1/~ '
= 1057 =5 sl fece

—1/a

a = B;(I—Z/Qc)
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This is a good result because it is in very good agreement
with observed wind profiles, they are not linear as we have
presumed, but superposed on the linear profile are short
vertical wave lengths with about +5 meters/second amplitude.
Finally we calculate the vertical wavelength superposed on

the presumed linear wind profile.

N /5
Bz

o+ U2
phase = Im 1nCECJ%)/J

= /,( ﬁh (2c~2)
/Y x5

—
—

,kz-:ji. phase = __ M

dz zc(,,z/zc) /0}‘%‘.
‘XZ = 20T = X
. ‘&z
kilometers

This is certainly typical of balloon observations as may be

seen by figure 1.
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Appendix 2A. Weight Factors In First Order Matrix Differen-

tial Equations

First order linear matrix differential equations can

frequently be transformed to a new set of variables which ac-

complish the following:

1)
2)

3)

4)

5)

6)

simplifies

eliminates singular points

converts irregular singular points to regular

ones

gets a matrix of constant coefficients

avoids complex numbers

keepsAintegral from extreme growth or decay reducing

round off problems

Consider a set

- -

] i
X All An AB X

R
(l
>
hud
>
b

=l | %

A
Xa A3I Asa A:Q X3

One can derive an "addition" transformation



8 T

X.’i-X-; @l( *A;u) (Ala*/}n—ﬁn"/}m @13 */}azﬂ X,+X1
o Xa | = Aa( /{;;-Azn Aas Xa
X3J Azf 423”431 A33 ] X3

b

and a "weighting" transformation

1T [ dv, 17,

Wi X (Au*'ﬁ/; ‘ZL{) W(An WA W X,

a% X | = A 21 /W, A an AZS Xg,
XB_ B A3'/&0 A@;. . 433 —.,XéJ»

In non-dissipative problems it should be possible to
avoid complek numbers. If the eigenvalues of a constant mat-
rix are pure real or pure imaginary. the solutions afe pure
exponential or pure sinusoidal. If by transformations one
can get a matrix of constant coefficients to real symmetric
form, the roots must be real. More usually one gets it to
real and antisymmetric form where the roots are pure real or
pure imaginary. but not complex. (This follows since the
square of an antisymmetric matrix is symmetric so the square
of the roots of an antisvmmetric matrix must be real.) A
2x2 matrix with real constant coefficients and zero trace‘has
pure real or pure imaginary roots since the characteristic

2 .
equation is A" = - determinant.
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Appendix B. Matrix Sturm-Liouville Formulation

A basic technique in geophysical wave propagation prob-
lems is to reduce partial differential equations to ordinary
differential equations by means of trial solutions. Since
all classical physical laws are first order equations, trial
solutions reduce them to a set of first order ordinary dif-
ferential equations. Traditionally one further reduced‘the
set to a single equation of higher order and sought analytic
solutions to it. Many special features of these ordinary
differential equations such as self adjointness, complete-
ness and orthogonality of solutions, real eigenvalues, con-
servation principles, etc. were well known especiall& for
second order equations. With the advent of electronic com-
puters the reduction from a first order set of equations to
a single equation of higher order became an unecessary and
often undesirable step, especially for equations of higher
than second order. The specia;‘features were unclear to
people beginning to work with the first order matrix equations
because there are very few books written from the newer point

of view. One is Discrete and Continuous Boundary Problewms by

F.V. Atkinson. An inclusive framework for a wide variety of

problems is provided by the system

w T = [AA@ 8@y acz=b
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where J, A, B are square matrices of fixed order k, vy(z)
is a k x 1 column vector of functions of =z, and is a
scalar parameter. Matrices A and B are hermitian and J

is skew-symmetric, that is
(2) J* = -J, A* = A, B* =B

We will latér see that the acoustic-gravity wave problem can
be put into this form. Suppose the continuous functions of
were approximated by their sampled values at equal intervals
within the interval. The the j%— operator in (1) would be

approximated by a matrix like

(3) r -
4] - Zeros
+1 =
| +1 -1
d '
AE /\ Az +‘ ..
.0 .o
Zeros ¢
3 J

The matrix analog of Jjé— would be a (Kronecker) product
of two skew matrices which is a symmetric matrix so (1) takes
the form

1

-
(4) | symmetric matrix:] v= A Ay
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This is simply the generalized eigenvector problem of matrix
algebra. The real eigenvalues and orthogonai eigenvectors
have their analogs in the differential equation (1).wiThere
seems to be no systematic method to put various physical prob-
lems into the form (1). It turns out to be easy for acoustic-
gravity waves. Either equation I-A-1.14 or I-A-2.3 is of the

form

(5)

x| | Ay Anl | %

—
—

4
d X A;l “All Xl

Multiplying through by a unit 2x2 skew matrix gives the de-

sired form

(6) O -I d X( _ A)‘ A” X|

d—-— =
z X:L An Al) X2

+| O

With formula I-A-2.3 we may identify the parameter A with

kz, so (6) may be written in the form (1).

(7

- — - I ﬁ —p
ot -a
d - ﬁz /».n Tpe> I
- — AL
dz . - W
a - ——
lSL L - > Féﬂ"gd e}
T . 2 2
In some other problems one has the choice of L0 ocr k as

the eigenvalue. Formula (7) is in the desired form only if
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there is no wind because otherwise (1l = W -ku 1is dependent

oh. k so (7) would not really be an eigenvalue problem for
kz. Given only that equation (7) is in the form (1), conser-
vation of wave momentum follows from a formula in Atkinson's

book (pages 252-8). Also, one has the orthogonality relation

among modes

) *
o= -(a P(ﬁ,,)z)%:‘;;; P(ﬂm,@ dz m#n

which has many uses.

A primary advantage of Atkinson's approach is that one
can understand the basic underlyving principles, the orthogon-
ality of eigenvectors for example, and the principles are
applicable to any size matrices. The traditional Sturm-
Liouville approach is only for a second order differential

equation and generalization is far from obvious.
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Appendix C. Atmospheric Constants and Basic Physical

Formulas

The purpose of this'appendix is to bring together a mis-
cellany of simple formulas about the atmosphere which are fre-

quently used in this thesis.

1) sea level pressure
P = 10° Newton/meter2 = 1 bar
2) sea level density

/0= 1.2 kg/meter3

3) specific heat at constant pressure
Cp = 1003 joules/kg/degree C
4) typical sound speed at sea level

c = 340 meters/sec

5) gravity .
g = 9.8 meters/sec2

6) ratio of specific heats
¥ =1.4

7) scale height

a

H = £ - M (A8 km at sea level)
¥ M3

8) hydrostatic equation
dp — —
5t = /3
9) perfect gas law ‘
A - _> ..
P=/°‘f,,7'= %—,—/—" ( ‘}"{ 4 .0034 MKS units)

10) isothermal atmosphere

p= P. 2xp (-@-20)/H)



11)

12)

13)

14)

atmosphere with constant temperature gradient

T= T, +&2 N
P pe @ H o #0

adiabatic atmosphere

R

Brunt frequency

O = 2Lk )
=3 (X-tmq , dT
% F1h
¥ -.?_— (0095 + 5—;—') (radians/sec) 2
typical Brunt period

5 minutes

isothermal '2W74»b

10 minutes

[}

troposphere Qﬂyﬁub

168
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