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Polynomial Interpolation (Mathematica notebook:
http://math.Ibl.gov/~fomel/128A/Polynomial.nb )

Example Function

An example function for studying polynomial interpolation is

f(x):%.
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We select three nodes and find the interpolating polynomial for them.

X 2 4 5
f ||05|025|0.2

The second-order interpolation polynomial does not reconstruct the function exactly but fits the
input data.
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Lagrange Interpolation

The Lagrange form of the interpolation polynomial is

PO) =) fkLk(¥),

k=1

where

L) = [ .

PRI

In our example,
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L1(x) is one atx; = 2 and zero ak, = 4 andxz = 5. Likewise,L(x) is one atx, and zero ak;
andxs. L3(x) is one atx3 and zero ak; andx.

Putting it all together,
_ (x=4)(x—=5) (x—2)(x—5)+ (x—=2)(x—4)

P(x —0.025x°> — 0.275x +0.95 .
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Newton Interpolation

The Newton form of the interpolation polynomial is

P(X) =Y flx1Xa,....x] N(X),

k=1



where
k—1
Nk(x) = [ J(x—x).
i=1
and f[xy X2,...,Xk] is the divided difference, evaluated with the help of the recursive relationship

fixd = f«
f[X2,..., %] — f[X1 ..., Xk_1]
Xk — X1

f[X1X2,...,%] =

In our example,

N]_(X) =1
No(x) = x—-2
Na(x) = (x-=2)(x—-4)
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The divided difference table is

f[x,] =05
f[x] =0.25| f[xy, %] = 222022 = —0.125
flxa] =0.2 | flxp,xa] = 2202 = —0.05 | f[xq,Xp,Xg] = 2015 — 0,025

Putting it all together,

P(x):%—xgz (x—24)f(()x—4)

=0.025x% — 0.275x +0.95 .
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Neville Interpolation

The Neville form of the interpolation polynomial is defined by recursion

Po(x) = f1
Pi(x) = Pk—2(X) (% — X) — Q—2(X) (X — X1) ’

Xk — X1

wherePy_1(Xx) interpolates at nodes, Xz, ..., Xk, andQk_2(x) interpolates at nodes, ..., Xk.

The zeroth-order Neville polynomials are constant functions.
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The first-order Neville polynomials are

%(4—x)+;11(x—2): 6— X

Pux) = 4—2 8
165-x)+2(x—4) 9-—x

_ 4 5 _
Qi) = 54 =20
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The second-order Neville polynomial is

TG0+ (x=2) _ (6-x)(6-%)  9-x)(x-2)

— 2 _
5 > 24 50 =0.025x“—0.275x+0.95.

Px(X) =
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