Math 128A Spring 2002 Handout # 20
Sergey Fomel April 2, 2002

Homework 8: Numerical Differentiation (due on April 9)

1. Approximatef’(xg) and f”(xg) using the values of (x) atxg — h, Xg andxp +a h (@ > 0)

(a) applying the polynomial interpolation method
(b) applying the Taylor series method

Assumingf (x) € C3, evaluate the approximation error using either of the two methods. What
is the approximation order?

. Apply the polynomial interpolation method ah2- 1 regularly spaced points

anlerH»l! [ -1X711X0|X1| L) lxn

with xx = xo+kh,k=—n,—n+1,...,-1,0,1,..,n—1,n to derive the approximation
AT (X_n) = (=LK /1 2n
2 ~ n) _
f 2N (x0) & o _k_E_n han ( K+ n ) f(Xk) , (2)

whereAf(x) = f(x+h)— f(x).

Hint: Recall Stirling’s interpolation formula from Homework 5.

3. Richardson extrapolation can be implemented with the following algorithm:

RICHARDSON(N(x), h,tol,n)
1 fork<1,2,...,n

2 do
3 Ra< N
4 t<1
5 fori «<1,2,...,k—1
6 do
7 t <2t
8 Reit+1 < Rei +(Rei — Re1j)/(t —1)
9 if k> 1 and| Rk — Rc—1x—1| < tol
10 then return Ry x
11 h<«h/2
12 return Rqp



The algorithm successively fills the rows of the triangular matrix
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Modify the algorithm so that only one row of lengths stored in memory instead of the whole

matrix.
Hint: Rearrange the matrix in the form
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4. (Programming) In Homework 1, we applied an ancient geometric method to compute the value

of . The approximation formula is

kLk
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wherelL (the side of a regular polygon) satisfies the recursion

Lk
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Implement the Richardson extrapolation algorithm and apply it to accelerate the convergence of
the geometric estimation af. Start withk = 6, takeh = 6/k, N(h) = k Lx/2 and output five
rows of the Richardson table.

()

Lok =

starting withLg = 1.

5. (Programming)

(@) Compute the derivative df(x) = sinx atx = 7 using
i. the forward difference approximation
ii. the central difference approximation
ii. your approximation from problem 1 with = 1/2.
Use the step sizle=10"forn=0,1,2,...,15. Perform all the computations with double

precision and output your results in a table. Explain the difference between the rows and
columns of the table.

(b) Compute the derivative dff(x) = sinx atx = % using the forward difference approxima-
tion and the Richardson extrapolation algorithm. Start waite 1 and find the number
of rows in the Richardson table required to estimate the derivative with six significant
decimal digits. Output the table.



