Math 128A Spring 2002 Handout # 25
Sergey Fomel April 23, 2002

Homework 11: Numerical Solution of ODE: Multistep Methods
(due on April 30)

1. Derive avariable-stepAdams-Bashforth method of the form
Y1 = Yie+ i A F (i Vi) + hie Bie f (-1, Y1) 1)

wherexy 11 = Xk + hg, hx = ax hx_1, andyy approximatey(xy) — the solution of the initial-value
problem

{y/(x) = f(x,y)

y(X) = Yo @

Consideringxx andhg as given, derive appropriate expressions for the coefficidptsnd By
and determine the order of the method.

2. Applying numerical differentiation to approximate the derivatgx.1) in the ordinary dif-
ferential equation

y'(x) = f(x,y), 3)
we can arrive at thbackward differentiation formuléBDF)

n
D A Yirroi 0 f (X, Vi) - (4)
i=0
Derive a BDF method of the form
AVr1+ By +CW1=h f (X1 Yra) ()
find its error and compare it with the error of the Adams-Moulton method of the same order.

3. In Homework 10, we found that Euler’'s method can be unstable when applied to the initial-value

problem
y'(x) = y(X)
y(0) = Yo (6)
y(0) = —Yo

Prove that both the backward Euler method (Adams-Moulton of order 1) and the trapezoidal
method (Adams-Moulton of order 2) are unconditionally stable in this case for the positive step
h.

Adams-Moulton methods have the general form

n
Yirr=Ye+h D A f (Xepais Yirai) - (7)
i=0



4. (Programming) In Homework 9, we approximated the numbby computing the integral

1
2dx
f o ®)
21

A similar solution can be obtained from the initial-value problem

y'() = —[y]’
y(-1) = 0 (9)
y(-1) =1

Solve this problem numerically on the interva& [—1, 1] using the following methods:

(a) Adams-Bashforth of order 2

(b) Adams-Bashforth of order 2 as predictor followed by one correction step of Adams-
Moulton of order 2

(c) Adams-Moulton of order 2 solving the quadratic equationyfan

Initialize each of these methods with the midpoint step (Runge-Kutta of order 2).

Output the absolute error in approximating= y(1) with the step sizes = 0.1,h = 0.01 and
h = 0.001.

5. (Programming) In Homework 3, we studied the motion of a planet. A more direct approach to
the same problem involves the equations of Newton’s mechanics for the two-body problem:
" G Mx(t) i G My(t)
X'()=————— s Y=, (10)
[x2(t) + y2(1)] [x2(t) + y2(1)]

wheret is time,x andy are the planet coordinates with respect to the &as, the gravitational
constant, andM is the mass of the star. In terms of the orbit characteris®&® = w?a,
wherew is angular frequency, aralis the major semi-axis of the orbit. The appropriate initial
conditions (for the planet position “in July”) are

X(0) = a(l—-¢), x(0)=0 (11)

YO = 0, yO=aw /1 c, 12)

wheree is the orbit eccentricity.

Solve the initial-value problem numerically using the following methods:

(a) Adams-Bashforth of order 2
(b) Adams-Bashforth of order 2 as predictor followed by one correction step of Adams-
Moulton of order 2
Takee =0.6,a=1AU, w = 27 yeLar the step sizé = 555 year.

Plot the solution (planet trajectory) fore [0,1]. Does the periodicity hold? Output the error
x(k) — x(0) andy(k) — y(0) fork = 1,2, 3.



