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Ll Norm Spectral Estimation

by Luis Canales

Burg (SEP-6) has shown that the average power and the reflection
coefficients provide an alternate description of the second order statistics
of stationary time series. He also gives a method for the estimation of
the sequence of reflection coefficients. The Burg technique consists of
finding c, which minimizes
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where e and e are the error sequences obtained with the forward
and backward prediction error filters. An attractive alternative ‘to

minimizing (1) is to minimize El defined as follows:
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with the idea of obtaining a more robust estimation of the reflection
coefficient c, (Claerbout and Muir, 1973). Note that we are considering

only the real case.

Let us for a moment concentrate on minimizing
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Claerbout and Muir (1973) have shown that this is equivalent to the

weighted median problem and that ¢ has to satisfy
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We see that each ¢ defines four regions in the x,y plane in such a way
that two contribute positive terms and the other two contribute negative

terms to the summation (3), as shown in Figure 1.
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For instance, point Q has negative error and negative x , therefore,
x sign (error) > 0 . On the other hand, point P has negative x and
positive error, and thus the contribution is negative.

We see that we can map the left half plane onto the right half
plane using the symmetrical projection with respect to the origin.

Figure 2 shows the points P and Q projected onto P' and Q'
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We see from Figure 2 that points with slope yi/Xi larger than ¢ are
in the positive region and so only the slope and Ixil are needed to
find the terms in the summation (3).

Returning to the original problem, the pairs (x,y) will be of
the form (et, e;) and (e;, ei) so that the line x=y will be an
axis of symmetry. In terms of projections onto the right half plane, the
+45° and -45° lines are axes of symmetry for points on the first

quadrant and on the fourth quadrant respectively, as shown in Figure 3.
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It is now clear that the solution line should lie between -45° and +45°,
because the weights (x's) of points inside that range are larger than
the weights of their symmetrical images. Therefore lc| < 1, as required
for the prediction error filter to be minimum phase.

Figure 3 also illustrates another nice property of the Ll norm

in this case. Note that a perfectly correlated set of pairs (x,y) is

composed of points lying entirely on the lines at + 45° . Points far
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from those lines will push c¢ towards zero, again due to the larger
weights (abscissae) of the points inside + 45°

This tendency of pushing the reflection coefficients towards zero
means that if a special feature on the time series is unpredictable,
the Ll—norm algorithm will not try as hard to predict it as the L2~norm
would. In terms of the spectrum we can say that the Ll—norm will
concentrate on the well defined peaks. Those properties of the Ll-norm
estimation of the reflection coefficients can be advantageous or disad-
vantageous according to what we need. Therefore, we have to be careful
in the choice of norm.

The fact that the Ll—norm concentrates on the highly predictable
part of the time series could be used to advantage for preprocessing before
doing Noah deconvolution, because we could get rid of the unpredictable
part of the time series.

SUBROUTINE BURGO gives the average power (POWER), the reflection
coefficients (C(LA)), the prediction error filter ( A(LA) ), the autocor-
relation ( R(LA) ), the prediction variance sequence ( V(LA) ) and the
final prediction error sequence ( FPE(LA) ) (see Ulrych and Bishop, 1975).
If we want to use the Akaike's criterium to stop the recursion, we remove
the comment '"C" from line 84. X(LX) is the given data and IMAX is
the maximum prediction error filter length we are willing to use. If
we don't use the Akaikes criterium, then LMAX=LA , otherwise LA <LMAX .

SUBROUTINE L1 , is used by BURGO to determine the optimum value
of ¢ . It is essentiallyHoare's algorithm applied to this particular
problem. If LX is larger than 500, then the working arrays SLOPE and

IN have to be made larger accordingly.
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For completeness we include SUBROUTINE MESPEC, which gives the
maximum entropy log-spectrum. It is not the most efficient, but it is
very handy for small jobs and can be modified very easily to give the

spectrum in a specified frequency band. f

Finally, we give an example of a typical calling sequence.

REAL X(50),A(50),R(50),C(20),V(20),FPE(20)
DATA 1X/50/, LMAX/50/
CALL BURGO(LX,X,LMAX,LA,C,A,R,V,FPE,POWER)

CALL MESPEC(LX,X,LA,A,R,V(LA))

References
Claerbout, J. F., and F. Muir (1973), Robust modeling with erratic

data, Geophysics, 38, pp. 826-844.

Ulrych, T. J., and T. N. Bishop (1975), Maximum entropy spectral analysis

and autoregressive decomposition, Rev. Geophys. Space Phys., 13, pp. 183-200.
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SLERLUTING BURCC ILXy X gLMAX s LAY Cs AyR oV FPE,POWER)

REAL X{LX)sA (LX) 4RILXD, CLLMAR) sV {LNAX) ,FPE (LMAX)

({l)=-1.

vili=1l.

FACTOR = FLOATILX=-1)/FLURTL{LX+L)

FOWER = X{1)%*%2

CC 1 [=2,LX

2(1-1) x{I)

R(I-11 x{I-1)

POWER = PCwWEFR + x({I)axg

FPE(L) = L.

SVMALL = 1.

CL 4 K=24LMAYX

LIV = LX - K

Ciobl LL(LIM+L A R INMIN,CL)

ViK) = V{K=1) * { 1. = CL%%x2 )

FPE(K) = V(K) % F2CTOR * FLUAT(LX + K )/FLOAT{LX-K)
LF{ FPE(K) o(Te SMALL +UKae LIK) oECe Qe ) GC 10 5

SNALL = FPE(K)

L0 2 I=1,L1IM

(D) R{T) - CCHA(I)

A1) A{LI+1) = (C % RK(I+l)

C(K) cC

K = LMAX

LA = K

i

[EI | I

Flli=1.
p{ll=1.

CC 7 Jdd=2,LA
KK=JJd+1

A(JI =0,

C=C0JJ)
RE=V(JJ-1})*CC

LT &6 1=244J
RR=RR~A(I)*R(KK-1)
F{JJ)=RR

JJH=KK/2

LCC 7 I=1,JJH
FCLD=A(KK-1)
A(KK=1)=tCLD-CC*L (1)
A(I)=A(1)-CCHHCLL

FETURN
ENEG
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SL“D\"‘LTI'\E Ll ( ?\ L] X ] Y, IM‘N ? T ,
CIMENSICN  SLCPE(ECO) sy Ind50U) o XUIN)HYIN)

C %3 %%k % %ok N
C THIS ROUTINE FINCS T SULH THAT. SUM ABS{Y(D)FT%X (1)) = NINIMUM
C I=1 / \ \
c T = YCIMINI/ZX(IMIN) , FABSOXDFTAY (1) )
C LF{ v «GTs 5C0 ) INCRFASE THE LENGTE OF
C ARRAYS SLOPE AND IN.
3% 3 o e ok o ok o oo o o o seole e b % o 46 8 o ok
C
C INITIALIZE CUNSTANTS ANC ARRAYS
is = 0
SUM = 0.
KK = A
CC 1 I=14N
INCIY) = 1
FCLD = AMINLL 2BS{X{1)iyacsS{Y(Lli))
IF { FCLLC ) EC 5 EC 4 9V
8C SLCPE(IL) = 0.

cC 19 1
9C SLCPELI) = Y (L) /7 (1)
I+  ABSC SLCFE(I) ) o06Te le 3 SLCFELI) = 1./SLOPE(T)
SLM = SUM + SICN( FGLuUy SLCGPE(LD )
1 CCNTINUE

C GLESS A CANCIDATE ANLD  SPLIT NEGATIVE,PCSITIVE ANC
C ZERC CCMTRIBUTURS.
2 IMIN = IN ({KkK+1)/2 )
T = SLGFE (IMIN )
LERC = Q.

CC 7 K=1,KK

FCLO = ANMAXLL ABSC X AnNiERK} 0 3 » ABSL Y{ IN(K) ) )} )
IF ( SLCFEQ IMKIY N =T ) 4 4 5 4 21

ZERD = ZERC + vCLC

(8]

IN(K) =0
ce TG 7

4 IK(K) = - IN(K)
FOLD = -BCLD
IF( IS )y 7 4 8 4 &

21 IF (1S ) & 9 5 4 7

& SUM = SULVM + FCLD

5 SUM = SUM + +COLD

7 CUNTINUE

C CHECK Tu ostt iF W& FAVE THE SCLUTION 4 OTHERWISE
C UPLCATE aRrAY Liv 9y WHICH PCINTS TC VIABLE CANCIDATES

SLM = 5L - [S8*Z2EK(C
IF ( ABS( SUNM )} JLEs cbBruU ) Gu TU 1C
IS = SICN ( 1. 5 SUNM )
SLM = SULM - JS*7ERC
KKK = KK
KK = 0
CC ¢ K=1 , KKK
I O IN(K) ) 1L v S ¢ 1e¢

11 IF (IS5 ) B 4 6 4 6

1z IF (IS )} S5 4+ 6 4, ¢

& kK = KK + 1
IN { KK ) = IABS ({ IN(K) J

G CCMTINUE
IF { KK 4Cte 1 3 CT Tu 2

1C R TURN
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SUBROUTINE MESFZCOAINSySPECIMyAyRyV) 29,

FEAL SPECINS)s2(NM),RIM) 30,

C %% %%k 31.
C THIS SUBKCUTINE CIVES TrE MAAImMUM ENTRUOPY LCG-SPECTRUM 32.
CH %% 33,
C NE=NUNMBcor (F FFEQUEMNCY PJINTS 34.
C SPECINS)= 10%LCCLIC(SPECTRUM) +CUnNSTANT / THE CCUNSTANT IS 35.
C SUCE THAT ThHe SPECTRLM®'S AVERAGE IS =1 36.
C Afri= M=LLOUNG PRECICTICN ERRUR FILILTER 37.
C V= NURMALYZEL FRECICTION ERROGR VARI ANCE (SIGNMA#x2=y* {AVERAGE-POWER) 8.
C  K(M}=WORK AKRRAY IT CONTAINS THe AUTUCORRELATION OF A(M) _ 39,
CHd*x% 40 .
EL 5 I=1,¥ 41,
pl=M-] 42 .

FR=0. 43.

LC 1 J=1,1 44 .

I RR=RE+A{JIXA(MI+J]) 45.

5 K(MI+1})=RF 46,

CH ¥ k% 47 .
C THE SPECTRUM (S COMPLTEU USING THE JENKINS-WATTS ALGCRITM 48 o
%k %ok 49,
LrPE=10.*ALOC1IC(V) 50.

C %k % k% 51.
C NECTE THAT NORMALIZEL SPECIRUM = SPeCTRLM CF v/a(Z) 52 .
CHAd% 53.
W=341415S3/(NS-1) 54 .
MZ=M+2 55.

LT 3 J=14NS 56 .

vi=0. 57

vi=C. 58 .
C=2%CES(UJ-10%w) 59 .

LT 2 K=2,4V 60.
V2=0%V1-VC+k (VZ~K) 6l.

vo=Vvl 62 .

2 vl=v2 63.

3 SPEC(JI=DBPL-1C*ALCGIU(K{LI+VLI*(-VC-V]) 64.
FETUKEN 65.

END 66.



