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4.1 Extrapolation of Magnetotelluric Wave Fields

by Robert H. Brune & Jon F. Claerbout

4.1.I. Electromagnetic Waves: Frequency Domain Finite Difference Techniques

We will first consider transverse electric waves, then the transverse

magnetic case. Maxwell's equations are (in MKS):
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We assume D = 0 in equation (2) and remember Ohm's law, J =0 E,

and that B =y H . Equation (2) by components is (using superscripts

for components):

- ay B%m) = o0 : (3a)
-3 B*/m) = o0 | (3b)
-3 (B*u)+3 (B/m) = o8 (3c)

Take B to have time dependence Bo e W ; eq. (1) by components is then:
-azEy = iw B . (4a)
3 B = iw B (4b)

Substitute equations (4) into (3c):
-9, [ am e (/w1 + 3 [ w3, ®/iw 1=0¢

For u as a function of x only, we have (using subscripts for derivatives):

y y Y o 28y . o= s 1/2
E. t E, (ux/u) E_ L7 E s L= ({H wu o) (5)

Now, let's consider a perturbation technique:

E = Q (x, z) eizz
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Then:
y _ iz
) Ex QX e
e = Q eiR,z
XX XX
y _ 02 ifz
EZZ ( sz +24i2g Qz L7Q) e

(7a)

(7b)

(7¢)

Substituting equations (7) into (5) and dropping sz (parabolic approximation)

yields:

Qp -~ (/W = -21i8q

This equation can be solved by Crank Nicolson technique.

to solve (8) where ux = 0 is given in Example A.

Before going on, let's consider the parallel development for the

transverse magnetic problem. Writing equation (1) by components:

3_E* = 0
-3_E° = o0
y
-3, E* + 3 Ef = —i1wd®
X z
where B has e'-imt time dependence. Similarly, equation (2) by
components is:
-3 (8/m) = of
3. (B/u) = o E®

X

Substituting equations (10) into equation (9c) gives:
L3

3 [ o /) 1+ 3, [ /o) o @/ 1= -iws

(8

A sample program

(9a)

(9b)

(9¢)

(10a)

(10b)

(11)
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Now, let's take 0 , | to be functions of x only:

y y y
B, + Bl + B (-2 @/w - (d/0))

+B (= (1 /W) +2 (ux/u)2 + (00 /uo) + %) = o (12)

The equation can now be solved by perturbation:

B = Q (x, z) eilz with £ = 2(x)
Thus
B = (o +12 z Q) e'*?
Bix = (Q +2i28 zQ - zi 22 q) itz
BZZ = (q_+21i2% q, - 22 q) itz

Substituting into (12), dropping sz » and cancelling the exponential:

-Zill,Qz = Q_ +Q (2i%z+C)
(13)
+Q(-2izz+iGC+D)
where
C= (-2 (ux/u) = (0, /0) )
D=(-C (ux/u) - (uxx/u))

A more practical problem is to reconsider (from equation (11)):

3, [ (/o) 3 B ] + 3, [ /o) 3, ] = 1pw B (14)
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with the realistic assumptions that | is constant and O is a function

of x and z. We then have:

2z + Bxx - (cx/c) Bx - (oz/c) Bz =-ipgowB =-2°8 (15)
Now, we use a perturbation:
Z
B = Q ei¢ s, where ¢ = 5. 2 dz (16)
0
B, = (Q +1i¢_q) et (16a)
By = (Q +21¢ Q +Qio_ + (¢r2net (16b)
B, = (q +120q)¢? | (16¢)
B = (Q_+2i2Q +Q[if + G 0?]) (16d)
zZZ 2z Z V4

Substituting equations (16) into equation (15) and cancelling the exponential:

(-21%+(0,/00)q, = Q +Q (21¢ - (0 /) ‘
, : 2 . .
+Q (14, +1i Ppie = (07 - (0 /0) 1 ¢ - (02/0) i) @17
A program to solve this is given in Example B. The use of equation (16) in

B is not the ideal; Part III deals with further frequency domain techniques

which appear to work better.
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4.1.7I. Electromagnetic Waves: Time Domain Recursions

First we note that all the solutions in Section I were in the
frequency domain. In this section we want to consider similar problems
in the time domain. Initially let's consider how to solve the one

dimensional equation:

Q, = (-tww % q o))

First we change notation: drop superscripts for components and subscripts
for derivatives. Then let's use superscripts for 2z coordinate and
subscripts for time, t , coordinate. Using finite differences with this

notation we can write:

(Mo ) = -2 (W2 eyt (MY
7 N~
denote as A, denote as S
a constant
or,
(1+a4s) Q" = (1-a35)d 2)

There are two ways to proceed from here. Both will require the development
of time domain coefficients for the half order derivative operator S.
Example C gives this development for both half order derivative and
integral operators.

The first way to solve equation (2) is the more obvious, but is

relatively expensive. Rewrite equation (2) in time domain as:
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Rearranging we get a recurrence relation for increasing time and depth

] PN+1

[1+A So N

=[1-As]PI: - A I s [P

0

Appendix D contains a program for this equationm.
However, there is an alternate way to solve equation (2). First
we observe from equation (2) that to get, for example Q{ from Qo we

have:

1 1-AS 0
¢ = 73 @

Hence, we might then postulate QN to be of the form indicated for Ql,

i.e.,

QN=UN-ASVN 3)
N N
N+asv |

Substituting equation (3) into equation (2):

¥ _as v - 1-as oasW

¥y as 1+4Ss W+asvV

Matching even and odd powers of S in either the numerator or denominator

(note: same recursion for both numerator and denominator):

even: UN+1 UN + (A S)2 VN

odd: VN+1 = UN + VN

This recursion is still in the frequency domain, as is equation (2).

We use the bilinear approximation:

2 1-2z
s° = 2 =

where z is the 2z transform variable to write: .



1 N+1 N N 2 N N
U§+ Ut—l + Ut + U 1 + 2A° [V - Vt—l ]
and (4 a,b)
+1 _ N
Vf = Ut Vf

At this point we see to solve equation (2) for any given z 1level, we
use the recursions of equations (4 a,b) to obtain U, V at the desired
level, then find Q by equation (3). Note that in equation (3) we have
the half order operator S for which we obtained the time domain
representation in Example C.

If we desire to solve equation (2) for all 2z then there is no
advantage to the technique just discussed. However, to solve for a deep
z 1level only, we have only to perform the recursions of equations
(4 a,b) for intermediate =z 1levels. A program is given in Example E.

Having outlined a one dimensional time domain solution that was
based on assuming a solution of the form of equation (3), let's now
consider the two dimensional problem:

-1

Q = Q (5)
z 2(- iwuo)l/z XX

Examples are equation (8) or equation (11) of section I with u , ©

constant. Proceeding as in the one dimensional case:

+ N A 1/2 N +
P AREY 'L Sy QUL VO S O A T A
4 o 1/2 !
(-iwAt)
W———/ \—’N,\_/) L’v\/
denote as A2 denote as S second
difference
operator
(I+A,ST) QN+1 = (I-A,ST) QN (6)

2
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Rewriting in time domain:

t
N N
sty = -a, (s i+ s (Qllteql N M

(I+A
t=0 T t-1 t-T

2

This recursion in z and t then requires a solution for the tridiagonal
operator T on the left hand side. A program for this "expensive"
solution is given in EXample F.

The extension of the one dimensional technique to give a recursion
on U and V would be desirable. However, there apparently are
problems in this approach. Consider how we might want to get from Q0

to Q2 by equation (6):

Q1 = (I+4,ST y (- Ay ST) Qo
then,
2 -1 -1 0
Q = (I+ A2 ST) (1I- A2 ST) (I+ A2 ST) (I- A2 ST)Q
(8)
Now, if (I + A2 S '1‘)-1 and (I - A2 S T) were to commute, then we
could write:
(I+4,8T W Q' = (1-a,sT W0

If this were the case, then we could develop an algorithm as for the one
dimensional case: however, the two terms in question do not commute.

We might be lead to try to expand (I + A2 S '1‘)-1 in a power series:

(I+A, ST )'1 = I-(A,5T)+ (A, ST )2 - @4, s T)3 + oo

2

Disregarding questions of convergence, etc., we see to substitute into

equation (8) so that we have products like:

[I- (5T + 4 )2 - (4,8 ™+ ] [I-AST]

2



k
All the terms now commute, but we have terms like T with large k
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there is no gain in efficiency, even if the power series is valid.

We leave economic techniques for our two dimensional problem as an

open question.

4.1.11I. Electromagnetic Waves: Further Frequency Domain Techniques

Equation (15) of part I is: ( TM; gradient in x,z for 0 ; u

constant):

let B

zZZ

B
2z

- -2 i
(sz+2iZQz—2 Q) e

0x
t BT B
ilz
ilz
e
iiz
e

Substituting into (1):

(o, +2ilq - Q) +Q, -0

ag

z —3 —
- B = 2B (1)

Dropping Q 2 and rearranging:
z

(21%2--2)q,+Q

Now Q

Lo

it

Be

B
X

XX
-ifz

—iiz
e

- i%z
e

4

2 /2

(imuc)l

Lz

g g

z . 7 2 -
x——o—(Qz+15LQ)+SLQ 0

: ag
Q + (& -1 —ii'—(—f)q = 0 (2)
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Substituting into equation (2):

% = % 2 =2 - oz'
( 2 4% - 7;-)( Bz -1i2B) + Bxx - 7;-Bx + (7 -2 - it 7;-)3 =0
Rearranging: -
c’z = 0x 2, =2
( < - 2 12 ) Bz = Bxx -5 Bx +(24°+2 )B 3

Finally, we take the important step of replacing £ by & . This is
justified because dropping sz was a "local" approximation, i.e. it
depended on the "goodness' of ei'le locally to make sz small. Using

2 instead of % in (3) should locally improve the approximation:

g g 2

z . = .4 |
(0—2152.)BZ—Bxx 013x+251.13 )

Example G gives a program for equation (4).

By dropping sz to get equation (2) we are limiting the validity
of our calculations to propagation in directions that are close to the
z-axis. To increase this range of angles we may solve (2) for Qz , then

differentiate to find an approximation to the sz term that was dropped.

For simplicity let:

O'Z -
A = ?-212
o] (5)
- 272 7 -2
E = 28" -2 -1 2 5
. - oo, , = 0.0,
X 02
oo, - ¢,
D=
2
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Then we substitute the approximation to sz’ into equation (4); using

equations (5) and rearranging, we get:

o

X
E .ZE; 2% TN D_ % (D C
Qz(A-A)+sz( A )+Qxxz(A)_Qxx(l-AZ)-'-c%((?z(-A_Z-]%-X)
299 - 18D
+oE+ —2— - B, (6)

A A
This eqﬁation could be solved efficiently. However, we choose to follow
through with the development at the beginning of Part III in order to increase

accuracy. We will go back to an equation in B and then set the 2's to &'s .

First we write:

]
~
[>~)
i
=
=]
~
]

%,

L}
~~

o

|
e
=l
[~]
N

Qxxz XXz XX

Qx R Qxx , and Qz are as before.

Substituting into equation (6) gives:

o

X
_E _ 3 o > 1 .7
(A n )( Bz i2 B) + ( A )<( sz —.12 Bx ) + (—X')( Bxxz - if Bxx )
: o 228 - 1%D
-2 x{Dd_ _4/_C —z ~ _ED
(1 A-’-)(BXXH(OSAZ 1} R) @) (e —p— -y
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Rearranging and setting 2 to & we get:

ag
X
E o 1, D 1
Bl A TR ) TR B TR T Bl R
% . p i
+ Bx( 7;'[ ;E -1+ ] - —-) + B( E + —'[ 22 - iD] - X§-+ if [A- —ﬂ )y (M

Now let's consider the problem of multiply reflected waves as in a
layered structure. We can first solve for downgoing propagation; then

we consider:

B = B +B

Q+ ellz + Q—e -ifz

We aré writing B as the sum of its upgoing and downgoing parts, each as

a perturbation about a complex exponential. Next:

B =(Q*’+:LEQ+)eiIZ+(Q'—i§6)e'mz
z z _ z
_ + =+ -2 + ilz - =2 - -ifz
Bzz = ( sz + 2 i Qz -2 Q e + ( sz - 2ig Q -27Q e
_ + i%z - -1@2
By = 0 Qe
+ llz -i%z

BXX-Q +07(X

Substituting into equation 15 of Part I,

+ - =2 i2% - - - 22 .
o, +248q -1 Q)™ & (o0 -217T¢ -7 q )]

zZz 4

+ 127 - o + 12% -
+[%Xe z+(%{X]—.§E[QXe Z+Qx]

o] - 1 - - - i20 -
- 2@ + 12 ¢He® 4 Q) - 11 Q)1 = - %[ gt 122 4 g7 )
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. - . + +
Dropping QZz and all terms in Q except sz_ (in other words we drop

those terms in Q+ for which we have solved when finding the downgoing

wave) °
= g o]
+ 128z - T _ 2 - - (__X
Q. € +Q, (-2 - 7)) +Q +Q (-5)
2 -0
+Q (22 -2+ iz~7§ ) = 0

This is then an equation for the upward propagation with a source term that

+
involves Q_ _ .
zz

Now

Q- = B eizz

Q = (B +il B ) o1tz

Q, = (B +2ilB - ) it
also Q+ = B+ e_isz

Q:z = B:z - 2 i% B: B

Substituting into equation (8) gives:

g g

n z - - X - -, .2, 2
(212 + 5 ) Bz- = Bxx 5 Bx +B (L +2 )

+

- + =2 4+
+ ( Bzz - 2 1% Bz -4 B ) 9

Finally, we again set the 2's tog . A program and some comments on

the problems encountered in this approach are found in Example I.
L
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Example A: Frequency Domain Finite Difference Technique for T.E. or T.M.

with Constant Y4 and O .

The program uses an implicit scheme with 2 1levels in 2z (Crank Nicolson):

1000

20

21
2000

30

40
10
3000

IMPLICIT COMPLEX (C) :
DIMENSION CD ( 40), CE ( 40)y CF ( 40}, CQ ( 40)y IPLOT ( 40)
READ {5,1000) NX, NZ, OMEGA, RMU, SIGMA

WRITE (6,10G0C) NX, NZ, OMEGA, RMU, SIGMA 1\‘“““’ X
FORMAT (1X, 19, 110, 3F10.5)

PROD= OMEGA*RMU%STGMA : ¥2! AxzAz2=)
CA= ~CMPLX(.3535535,,3535535) 7 SQRT(PROD) d

CC = CA 4 Z

CB = l.O-Z.O*CA

N1 = NX-1

DO 20 1I=1,15
= 99. . .
?8&)'}(1) = 39 Tnitial conditions
DO 21 I=16,4NX
CQll) = 0.0
IPLOTI(I) =0
WRITE (6,2000) (IPLOT(I),yI=1,NX)
FORMAT (/1X,4013)
CXX= CMPLX(=e707107+.707107)%SQRT{PPOD)
DO 10 J=1,4NZ
CO(1) = —-CA*CQI2)+{1.0+2.0%CAY*CQ(1)
COINX)Y = (1.0+240%CA)*CQINX)-CA%CQ(N1)
DO 30 1I=2,N1
col(ny = —CAXCQII+1)+{1.042,0%CAI*CQ(1)-CA*CQ(I-1)
CALL TRIZ2 (CA,CByCCyNXyCQsCDyCE,CF)
CWMS = J*CXX

DO 40 K=1,NX
IPLOT{K) = REALICQIKI*CEXP(CWmMS) ) § Clot *‘“‘,P‘”t
WRITE {6,3000) (IPLOT(I),I=1,NX) of solution
FORMAT (1X,4G13)
RETURN T s

. END

10

20

SUBROUTINE TRI2 (AyByCyNyT4DyELF)
TRIDIAGONAL SOLUTION WITH ZERO SLOPE ROUNDARY CONDITIONS.

COMPLEX Ay By Cy Ty Dy E, F, DEN
DIMENSION T { N)y D L N)y E ( N}y F ( N)

N1l = N-1
E(l) = 1,0
F(1) = 0.0
00 10 I=2,N1
DEN = B + CxE(I-1)
E(I) = -A/DEN .
FOI) = (D(I) - CxF(I-1) ) / DEN

TIN) = FIN1) /7 (1.0-E{N1l) )
D0 20 J=1,N1
I = N-J
TOI) = ECD)*T(I+1) + F(I)
RETURN
END
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Sample output from program above

nErnNN~OO0O

OO~ T INOO

COrHmMAITINOVLO0

COINETIFONN~NGOO

OO-"-‘P*N\T

MOV OVLNINTO NN ~OOO

I- 1= 1- 1- 1-0
I-0 0 0 0 o
0 0 0 0 0 O
0 0 0 0 0 1
¢ 0 1T 1 1 1
T 1T 1 ¢ 2 2
2 ¢ ¢ ¢ ¢ ¢
€ € € € % 4
€E Y % 4 g g
¥ s ¢ 9 9
S § 9 9 1
S 9 9 L 8 8
9 9 L 8 6 01
9 L 8 6 6 01
9 L 8 6 01 21
L L 8 6 01 21
9 L 8 0T 11 €1
S 9 L 6 11 %1
€ & L 6 11 €1
0 ¢ s 8 21 g1
-3 1 € 9 o1
0 0 0 0 0 2
06 0 0 0 0 o

243 1dA0 Lousnbaiay suo 103 uorinTos ay3 sjusssidoi T

pue ut) 3juauodwod

- 1= 1- 1- 1-
- 1- I- 1- 0
0 0 0 0 O
¢ 0 6 0 1
0O 0 1T 1 O
T 1 1 2 ¢
¢ ¢ 2 2 2
E £ € % g
Y ¥ § g g
S ¢ 9 L |
9 L L I 8
L 1 6 01 01
8 6 01 01 21
6 01 21 %1 €1
TT 21 €1 %1 11
¢l %1 91 L1 91
el $T 91 81 €2
Y1 L1 61 02 02
ST 91 61 €2 82
LT G2 22 22 +e
91 61 %2 0t €¢
61 1¢ 22 %¢ zg
91 €2 62 €€ 2¢
9%y

O 0

'SUOTITPUOD Laepunoq ay3z sjussaidoa moi doy ayg,

€~ €- 2-
€~ 2- 2-
Z- z- 2-
z- 2- 2-
- 2- 1-
Z- 1- 1-
o 1- 0
-0 0
0 0 0
0 1 0
zZ 1 2
T 4 2
S ¢ ¢
€ L s
8 S 8
9 ot 8
11e 11
6 %1 €1
Y1 €1 1
Y1 LT 81
81 81 61
0z 12 52
12 92 42
82 %2 2¢
2z 9¢ 0¢
6€ 92 0%
2Z 6% 8¢
€S ST 9%
L1 19 €5
2L 61 5%
0 66 66
00010°0=

€~
2-
2-
2~
1-
1-
¢
0
0
1
l
€
S
9
g8
6
A
el
L1
81
x4
e
g
it
Qt
Y
184
€S
18]
£9
66

2-
2~
Z2-
2~
1~
1~
g

0

0

1

4

Y

S

L

8

01
1
1
L1
61
1 %4
174
| £
£e
6¢t
Y
Sy
sS
5
St
66

-
2~
Z2-
-
1-
1-
o
0
1
I
13
Y
g
L
8
11
el
sl
81
12
e
8e
43

1%

Yy
15
LS
29
8
66

2-
2~
Z-
Z-
1~
1-
0
0
1
4
€
Y
9
L
6
11
el
91
61
ée
74
62
122
333
14
LYy
SS
65
89
L8
66

2~
Nl
Nl
-
1~
0
0
0
1
Z
€
V4
9
L
01
11
%1
L1
02
€l
92
1¢
133
0%
S
18
LS
29
23
68
66

Z2-
-
2-
1-
-
0
V]
0
1
[4
€
g
9
8
1
21
St
L1

02 12
YC 42
lZ 82
A
9¢ L€
AARS
Ly 8%
€S 9¢
09 29
99 69
8l 18
16 16
66 66

00000° 1! 00000°1=m o€ =N

*auetd

4

X

Z-
2~
s
1-
1~
0
¢
0
1
4
k4
S
L
6
11
el
91
61
2
9
O¢
SE
0%
9y
Zs
64
89
8L
98
26
66

*(3aded jo suerd jo 3no ~

H 10 § 9sidasueil e jo sopnifrdue jo jo1d ® st 3ndino STYJL

PANOOODCMNM~MOQN - OMO O MAECM;MNTMED OO~ ~N NN
COOOMVINE TN M OOttt I I I I |
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Example B: Frequency Domain Finite Difference Technique for T.M.

with U constant and ¢ a function of x, z .

Equation (17) of section I in finite difference notation with superscripts

on Q for z-coordinate and subscripts on Q for x-coordinate:

ao
212 N+1
- A oAz](Q -Q)-[E‘](Q -2Q+Qxl Qg
1 Cc2
c —2Q§+QN+1)
. > 2 dz - 80 JOQ. QN ML Qv
ZA 4obx ol T L1t Qg T G

c3

) .
. ) d 0 30

+1/2[ 1az‘q’+1§axxz dz —{gaxz dz}—? §Bldz—-——12 ]( QX+Q )
—

w——*‘ 4"./
C4

Cl, ..., C4 are as used in the program; rearranging, we get the tridia-

gonal system:

N+1

N+1 N+1
[ -C2+cC3] Qx—l + [ Cl+2*%C2-2C4] Qx + [ - C2 - C3] Qx+l

_ _ N _ N N
=l[c2-03)q  +[Cl-2%xC2+cCch)Q +[C2+0C3]Q,,

There is one final detail to be taken care of: we have a one way wave
equation and we have "secondary sources'" at the contrasts in o . It
is necessary to halve these secondary sources since we are modeling only

3

that secondary energy propagated in one direction.
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SWATFIV ’
IMPLICTT COMPLEX (C)
REAL CABS
DIMENSION SIG ( 32, 40), SIGX ( 22), SIGZ( 32), CL ( 30, 2),
* CLZ ( 30)y CLS ( 30), CLXS ( 30}, CLXXS ( 30, CQ ( 3m),
* CP { 30, 40)y, CA { 30), CB { 306}, CC ( 30), CD { 30), CE ( 3D},
* CF ( 30), IPLOT ( 30), CLX ( 30), CLXX { 30)
READ (5,1000) NX, NZ, DX, DI, RMU, OMEG
WRITE (6,100C) NX, NZ, DX, DZ, RMU, OVMEG
1000 FORMAT (1X4GSe4, 7G1N.4)
CALL SIGIN (NX,NZ,SIfB)
NX1 = NX-1
DDX = 1.0/DX
DDDX = DDX%DCX
OPhZ = 1.2/D12
RMOG = PMU*OQMEG
Cl = CMPLX{0.0,1.0)
D} 5 IX=1,NX
CQlIX) = G9.,0
CPIX,1) = CQ(IX)
CLS{IX) = {0.,0,0.0)
CLXS(IX) = (9.0,0.0)
CLXXS({IX) = (Ga0y2.0)
DUM = RMOG*SIG(IX,1)
5 CLIIXy2) = CSOQORT(CHMPLX{0.0,DUM) )
DO 190 IZ=2,4NZ
DO 29 IX=2,NX1
20 SIGX(IX) = (SIGUIX+1,1Z)4SIG(IX+1,12-1)-SIG(IX~-1,12)
* =SIGIIX-1,1Z-1) ) *,25%DDX
SIGX(1) = D.0
SIGX(NX) = d.0
03 30 IX=1,NX
SIGZITX) =(SIG{IX,1Z)-SIG(IX,1Z=-1))%DNZ
CLIIXy1) = CLUIX,2)
DUM = RMOGASIG(IX,12)
CLIIXy2) = CSART{CMPLX(0.CyDUM) )
30 CLZ(IX) = CL{TXy2)-CL(IX,1)
DO 40 IX=2,NX1
CLXUIX) = (CLUTX+1,1)+CLUIX+1,2)=CLUIX=1,1)=CL{TIX=1,2) )
* - *425%D0X
40 CLXX{IX) = (CLAIX+1, 1)+CLITIX+1,2)-CLLIX,1)-CLATIX,1)=-CL{IX,2)
* “CLUIX92)4CL{TIX=141)+CLLIX=1,42) ) *,5%DDDX
CLX{INX) = (0.040.N)
CLXX(1) = (0.049.0)
CLXX{NX) = (0.0,0.4)
DO 53 1X=1,NX
CLSUIX) = CLSUIX)+o5%(CLAIX,1)4CL(IXy2) )%D2Z
CLXSEIX) = CLXSUIX)+CLX{IX)=%D2Z
CLXXSTUIX) = CLXXSUIX)+CLXX{IX)%®CZ
kakxkxxx TN COL 73-80 DENOTSS TERMS WITH .S FACTARS FQOR HALF SQURCE
SIGAVY = 2.0 / (SIGIIXsIZ)+SIGUIX,TZ-1) )
N Cl = =CI*{CLOIX,10+CLIIX,2))%DDZ + SIGZ(IX)*DDZ*,S%STIGAV] Aok dek
C2 = 0«5%DDNX
€3 = 5%DDX*(CI*CLXS(IX)=-o5%SIGX{IX)*SIGAV])
C4 = J5*CI®(CLZIIX)I+CLXXS{IX)=(STIGX(IX)*SIGAV] )
* ®CUXSUIX)=(STISZ(IX) * SIGAV1 PR GSE(CLITX,1)+CL(IX,2) ) )
* =eSHCLXS{IX)*=%x2

C3 = ,5%C3 ook v ok
C4 = .5%C4 ¥ o e ok
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51 CALIX)

= =C2+C3
! ' : CBIIX) = Cl+C2+C2-C4
53 CCLIX) = -C2-c3
54 ' TF{IXe%Qel «ORe IXeFEQeNX) GO TO 60 _
55 CD(IX) = (C2-C3)%CQlIX~1) +{C1-C2-C2+C4) *CQIIX)
* +(C24C3)*CQIIX+1)
56 60 © IF{IXeEQW.1) CD(1) = (C1-C2-C24C4) *CQUIX)+{C2+4C3)%#CQ{ IX+1)
57 50 IF (IXeZQaNX) CO(NX) = (C2-C3)*CQIX=1)+(C1-C2-C2+C4 ) *CQIIX)
58 CALL TRI3Z(CA,CByCCyNX+sCQyCDyCE,CF)
59 DO 10 IX=1,MX
60 19 CPOIX,1Z) = CQUIX)=CEXP(CI*CLS(IX) )
61 DO 70 1Z=1,NZ
62 DO 75 IX=1,NX
63 75 TPLOT(IX) = CABS{CP(IX,IZ) )
64 70 WRITE (6,43900)(IPLOAT(IX), IX=1,NX)
65 3000 FORMAT (1X,4313)
66 RETURN
67 END
68 SUBROUTIME SIGIM (NX4MZ,SIG)
69 DIMENSION SIG ( 1, 1)
70 READ (5,1200) S1,S2
71 WRITE (6,1000) S1, S2
T2 1CCO FORMAT (1X,FG46497F17,.6)
73 D0 10 1Z=1,NZ
T4 DO 20 IX=1,15
75 20 SIGIIX,I1Z) = S1
7 DO 10 IX=16,NX
T . 10 SIG(IX,IZ) = S2 y
78 RETURN
79 . END
80 SUBROUTIME TRI3 (A,B,CyNyTyDyE,F)
C
c TRIDIAGOMAL SCLUTION WITH ZERQO SLOPS BOUMDARY CONDITIONS AND
c NCNCONSTAMT ENTRIES ALONG THE DIAGONALS. '
c :
81 COMPLEX Ay By Cy Ty Dy E, F, DEN ,
82 DIMENSION T ( N)y D ( N)y E ( N}, F { Nly A (. Ny B L N}y C ( N)
83 N1l = N-1
R4 E(1) = 1.0
85 F(1) = 0.N
86 DO 10 I=2,Nl1
87 DEN = B(I) + C(I)*C(1-1)
88 E(I) = -A(1)/DEN
89 10 FOI) = (D(I) - CUI)*F(I-1) ) / DEN
90 TIN) = F(N1) / (1.0-T(N1) )
91 DO 23 J=1,N1
92 I = N=-J
93 20 TOI) = ECI)=T(I+1) + F(I)
4 +tRETURN

85 END
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The values here are complex amplitudes over the x , z plane for two
abutting quarter spaces of conductivities .01 on left and .0l15 on right.
The contours should decrease monotonically from right tovleft. The excessive
"droop" of the contours at, and to the left of the vertical contact appears
to be due to "incorrect" propagation of energy from secondary sources along

doesn't work.

the contact. Essentially, the method in this Example

NX=30 NZ=40 1.000 1.000 1.090 1.000

0.71359% 1.915200 BX o2 H w
99 99 99 99 99 99 99 99 99 G99 G§§ 99 99 g9 99{99 ga SQ 93 99 99 99 99 99 99 99 99 g9 99 99
92 92 92 92 92 92 92-92 92 92 92 92 92 92 91{91 91 S1 97 92 93 97 9 92 90 99 9 9° Q) 9n
85 85 85 85 85 85 35-85 B5 85 8S 85 85 85 85[84 84 83 33 83 83 83 83 83 83 83 83 83 83 83
80 B0 80 80 81 80 AN 79 79 79 79 79 19 79 79|78 77 17 77 76 76 76 76 76 76 76 76 16 76 76
T4 T4 T4 T4 T4 T4 T4 T4 T4 T4 74 T4 T4 74 14172 7L 7L 7L 10 T2 70 72 10 706 712 70 13 69 69
69 69 €9 69 69 69 69 69 69 &9 59 K9 K9 69 691KT &6 &6 &5 65 65 b4 64 64 b4 64 64 64 64 64
64 64 64 64 64 64 64 64 B4 64 64 64 65 65 65162 61 &1 60 60 67 59 59 59 59 S9 58 58 58 58
60 60 60 63 6C 6C 67 62 6T 60 61N 6D 63 61 61|57 57 56 S6 55 55 55 54 54 5& S4 5S4 54 54 54
56 56 56 56 56 56 56 56 56 S6 56 56 57 57 57153 S3 52 52 51 S1 S5C 50 S50 S0 49 49 49 49 49
52 52 52 52 52 52 52 52 52 52 53 53 53 53 53150 49 48 48 47 47 47 46 46 46 46 45 45 45 45
48 48 48 48 438 48 49 49 49 49 49 49 S50 S0 50146 46 45 44 44 43 43 L3 42 42 LD 4D 42 42 42
45 45 45 45 45 45 45 46 46 46 46 45 4T 47 470143 42 42 41 41 49 40 39 39 39 39 3g 38 38 38
42 42 42 42 42 42 42 43 43 43 43 44 44 44 44145 .40 29 38 38 37 37 37 36 36 36 35 35 35 135
39 39 39 39 39 4G 40 40 40 40 41 41 41 42 42{38 37 26 36 35 35 34 34 33 33 33 33 33 33 33
37 37 37 37 37 37 37 37 38 38 38 39 39 39 29|35 35 24 33 33 32 32 31 31 31 32 3r 37 31 39
34 34 34 34 35 35 35 35 35 3& 36 36 37 37 3733 32 32 31 31 30 3G 29 29 28 28 28 28 29 28
32 32 32 32 32 33 33 33 33
30 30 33 30 3% 31 31 31 31
28 28 28 29 29 29 29 29 30
27 27 27 27 27 271 27 28 28 >
25 25 25 25 25 26 26 26 26 19 19
26 24 24 24 24 24 24 25 25 18 18
23 23 23 23 23 23 23 23 24 17 17
21 21 21 21 22 22 22 22 22 16 16

I~ L 21 21 21 21 19 15 15
19 19 19 19 2o = a2 18 14 14
18 18 18 19 19 19 19 19 19 17 13 13
18 18 18 18 13 18 18 18 18 16 12 12
17 17 17 17 17 17 17 17 18 15 12 12
16 16 16 16 16 16 16 17 17 14 11 11
15 15 15 15 16 16 16 16 16 13 11 11 11
15 15 15 15 15 15 15 15 15 12 11 . 10 10
14 14 14 14 14 14 14 14 14 14 15 15 15 15 15412 11 11 13 17 1G 1C 1C 16 10 1C 10 10 11 19
14 14 14 14 14 14 14 14 14 14 14 14 14 14 14{11 10 10 1C 10 .9 9.9 9 9 9 9 9 9 g
13 13 13 13 13 13 13 13 13 13 1313 13 13 14{10 10 9 9 9 9 9 9 9 9 9 9 9 g g
13 13 13 13 13 13 1212 12 1212121212139 9 9 8 8 8 8 8 8 8 8 8 8 8 8
1212 1212 1212 12121212 11111112129 8 8 8 8 38 8 8 8 8 8 B8 8 8 8
12 12 121212 1t 11 1t 11 11 11 11 1 1111}8 8 7 7 7 7 7T 7 1?7 71T T 7T 1T 1T 7
11 11 11,11 11 11 11 1018010 1€ 16 18 1917 7 7 6 6 6 6 7 7 7 1 7 7 1 7
11 11 11711 11 10 1012810 9 9 9 9 9 9l 7 6 6 6 6 6 6 6 6 6 6 1T 7T 7T 7
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Example C: ~Time Domain Coefficients for Half Order Derivative and Integral.

The time domain representation of the half order operators is obtained
by matching coefficients of various powers of the complex variable

z; e.g.:

(' 1 )2 - 1+z
1/2 777 2(1-2)

-~ (-iwAt)

letting SI(z) be the half order integral operator:

2 (1-2) [(1+311z+312z2+.--)2]= 1+ 2z
letti b, = = SI
or, e ng i 3 i
<] k, k
(1-2)[ & =z ( I bk—i bi )] = 1+ 2
k=0 i=0

Matching coefficients of z0 and z gives b0 =b =1

For zk , k>1, we have:

k , k-1

r b . b, - I b . b, =0

i=0 k-i i 1=0 k-1-i i
Rearranging:

‘ k-1

R T S IR L R i T

‘With bo known we have:
1 k-1
e T2 PPt B CPig m g ) by

Given the coefficients, SIi » for the half order integral operator,

we can find the half order derivative:

(:i_w[\t)l_/z (-1wbdt) = (Hodte)/?
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or, in terms of 2z transforms:

2 1-z _ 2
(51 + I, z + ST, z° + «.) 2 14z = (SDy + D, z + SD, z° + ...)

Matching coefficient of z0 after multiplying through by (1 + z) gives

sp, = v 2

The pbefficients of zk y k21 give:

2 (Ss1I, ~-SI

= +
M SD_+ SD,

k k-1

thus:

D = -SD_, +2 (S -ST )

Program is:

1 DHIENSTON S1(20),5D(20),5S1(39),5SD(39)

2 DATA SS1,S5D/758%0./ - 0

3 LS=1n

4 LSS=2+[5-1 » - TEST

5 CALL RNUSI(LS,SI,SD)

6 DN 10 1=1,LS PRBGRANM

7 DO 10 J=1,LS

3 Kel+J-1

9 SSI(K)=SSI(K)+S1(1)*S](.))

10 10 SSD(X)=SSD(K)I+SD(1)+51(J)

11 PRINT 20, (S1(1),SS1(1),SD(1),SSD[1),1=1,L5)

12 20 FORMAT(LFO.4)

13 STOP Y

14 END

15 SUBROUTIMNE RAUGH(M, ST, SD)
c COEFFICIENTS OF S1(Z)»S1(2)=.5,1.,1.,1.,1..
c COLFFICIENTS OF SD(Z)#SN(Z) = 24(1-737¢1+7)

16 DINENSION S1(M),SD(M)

17 S1(1)=1,

13 S1(2)=1,

19 DO 20 K=3,H

. 20 NSUM=K-1
21 Sut=0,
22 DO 10 1=2,nsUN

23 10 SUH=SUM+(SI(K-I+1)-S!(K-l))*Sl'(l)
24 20 SI(K)=(SI1(K-1)-5UM)/2.
25 SQRT2=SORT(2.)
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26 NO 30 K=1,N
27 30 SI(K)=SI(K)/SQRT2
28 SD(1)=SQRT2
29 N0 40 K=2,;

30 Lo SD(K)==SD(K=1)+2+(SI(K)-SI(K~-1
31 RETURN &
32 END

ST SDATA s
0.7071 0.5060 1.4142 1.0000
0.7071 1.0000 ~1.4142 0.0000
0.353%6 1.0000 N.7071 -0,00090
0.3536 1.0900 -0,7071 6.0000
0.2652 1.0000 0.5303 -0.0000
0.2652 1.0000 =0.5303 n.00N0
0.2219 1.0000 0.4419 -0.0000
0.2210 1.0000 =0.4419 0.0000
0.1953 1.0900 6.3367 -0.0000
0.1a33 1.0000 -0.3267 0.0000
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Example D: '"Expensive" Time Domain Technique for =182 Q and
P q 2

Comparison to Analytic Green's Functions

The analytic Green's function (Morse & Feshbach, p. 894) is given
by the statement function, G , and the "expensive" solution for the
same one dimensional diffusion problem is given in the subroutine G 1.
However, a direct compariosn is not possible (due to differences in
definition for Green's function).

Thus we compare Feshbach's function, GF s at z = 2 with the
result of propagating Feshbach's functionvat z=1 bacross the interval

2=l to 2=2 by our method:
G (z=2) = [Gp(z=)] % [G;(z=1)]

where G1 is our function. The comparison is good as shown by the

example. Feshbach's function is defined such that
[ Gp(z=1) ] =« [ Gp(z=1) 1 # [ Gp(z=2) 1]

as we discovered by a numerical convolution and as undoubtedly can be

verified theoretically.

Program:
1 DIMENSION Tl(lOU)pTN(lOO)oP(lOO)yPN(lCO)pSI(?OO);SD!\00)
2 G(IX,IT)=SQRT(3.1416/IT)*Z/AJ*EXP(-AO*AO*IX*[X/(Q*IT))
3 A0=3.1416
4 NT=30
5 NI=4
6 T1(1)=D.
7 IN(1)=0.
8 P(1)=0.
9 DO 10 [T=2,NT
a4 TIHIT)=G(1,17-1)
TN(IT)=G(2,1T-1)
10 CONTINUE
DZ=1./N2
CALL GLINT,P,NZ,DZ,A0)
CO 70 1T=1,NT

bt s pos e et
VI € W N

DOT=0.
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17 00 60 [S=1,IT

13 6C DOT=00T+PLISI*TLLIT-IS+1)

19 70 PN(IT)=D0OT

20 PRINT 40, (Tl(IT),P(IT)yTN(IT) PN(IT),IT L, NT)
21 40 FORMAT({4F12e5) .
22 stToP

23 END

24 SUBROUTINE GL{NT,P,NZ,0Z,A0)}

25 DIMENSION PINT)

26 DIMENSION PN(S0),SD(50),S1(5D)

27 CALL ROUGHINTST,SD)

28 DT=1.

29 DO 10 IT=1,NT

30 10 PLIY)=0.

31 Plli=1.

32 Al=,.5%D2%A0/ SQRTIOT)

a3 DO SO 1Z=1,NL

34 PN{1)=P{1)%(1.~A1%SDI1) )/ Le+AL*SD{1))
35 00 30 1T7=2,NT

26 SUM=Q.

37 DO 20 1=2,IT

38 J=17-1+1

39 20 SUM=SUMESDLTI=(PNII) +P L J))
40 30 PNUITI=(P{IT)={1.,-41%50(1))~ Al*SU“)/(1+Al*<D(I))

41 D0 50 IT=1,NT

42 50 PLIT)=PN(IT)

43 RETURN

44 END

Output: (comparison is between columns 3 and 4)

GF(z=1) o Gl(z=1) GF(z=2) [GF(z=l)]*[G1(Z=l)]
H.0)000 0.C0668 0.00000 0.02000
N.09569 0.046291 0.00006 0.0006%
0.23235 - 0.09724 0.00574 0.02565%
", 28622 0.09273 0.02427 0.02119
0032446 0.05131 0.04785 0.06578
l 0.30807 0.0%5384% N, 07010 0.05946
0.3053% 0.03954 0.08892 2.08859
0429979 0.03125 0.10413 0.10442
+ 0.29306 0.03367 0.11618 0.11645
0.23594% 0.01842 0.12562 0.12613
0.27880 0.02963 0.13299 0.13343
0.27186 0.C1080 0.13879 '0.13921
0.26519 0.02650 0.14311 0.14355%
0.25885 0.00607 0.14648 0414692
0,25284 0.02391 0. 14901 0.14942
0.,24716 0.00325 0. 15089 0.15126
0.24178 0.02173 0.15223 C.15259
0.23670 0.00126 0.15314 0.15346
. 0.23189 0.01986 0.15371 0.15402

(continued)




3 [ 22734
0,.,22303
0.21894
0e21505
t.21135
0.20783
N.,20447
0.20126
0.19819
De 195 26
0419246
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-0.,00026
0.01823
-0.00116
C.01681
-0.00177
0.01557
-0.CC218
0.01446
-0. 002’1’5
0.01348
-0.00262

0.15399

0.15404
0.15320
0, 15361
0.15319
0.15267
0.15207
0.15139
0.15067
0.14990

0.14909

Ne15425
70415431
0.15413
0.1538¢4
0.15338
0.15287
0.15223
0.15157
0.15031
0.15006
0.1%922
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Example E: Time Domain Recursion for Qz = 1i8Q

The program:

DIMENSION U ( 30, 9), V ( 30y 9)y Q ( 563, ST { 30), SD ( 303y,
* DUM ( 59), RMIM ( 30), RDEN ( 30), UU ( 30), YV ( 30)
READ (5,1000) NZyNT9yDZ4yDT4SIGMA,RMU
1000 FORMAT (86G10.4)
Al = .5 % D2 * SQRT{RMUXSIGMA / DT)
A1SQ = Al % Al
WRITF (6,1000) NZyNTyDZyNT,SIGMA,RMU, AL
DO 19 IT=1,NT

ULIT,1) = Qa0 BounAary conditions
10 VIIT,1) = 0.0 A "
DO 20 1Z=1,NZ and initlal conditions
UCL,1Z) = 0.0
20 VI1,1Z) = 9.0

-Ul2y1) = 1.0
CALL RNYGH (NT, ST, SD)
0N 30 12=2,M7
DN 30 IT=2,MT

UGIT,1Z) = =(1T=1,12) + UCIT,1Z-1) + W(IT-1,12-1)
* + 2.0%A1SQEIVI 1T, 1Z-1)-V{IT-1,12-1) )
30 VIIT,1Z) = U(1T,1Z-1) + V{IT,12-1)
D7 40 IT=1,MT
DUA(IT) = "2 .
DO 40 1S=1,1T ) recursion
K = TT—1S+1
42 DUMCIT) = DUM(IT) + SDUIS)I*V(K,NZ)*A1
DO 100 1T=1,NT .
PMUMIIT) = ULTT,NZ)-DUM{IT) Find Q from
100 RDEN(TIT) = UCIT,NZ)4DUM(IT) w,v ot desired
Q(1l) = 0.0
Q(2) = RNUM(2) / RDEN(2) 2 level

DO 110 I7=3,NT
TEMP = 0.0
DI 129 1£=3,1T
120 TEMP = TEMP+RDEN(ISI*UIT-15+2)
110 O(IT) = (PNUM(TIT)=TEMP)/RDEN(2)
DA 52 IT=1,NT
50 WRITE (6,4,2000) Q(1T)
2000 FORMAT (20X, F15.5)
RETURN
END
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The results here for z=1 may be compared to column "2 of the output

in Example D.

NZ2=2 5 NT=300 . 2500
o2

2= (skin Acrtk)

= 1.900)

020600
CeCNFAB
0.04291
0.09724
£.29273
0.NF181
D.053R4
N.03944
7.03125
CeD3367
0001842
0.32963
JeJ10¥83
C.02£50
0.00607
0.02392
C.00275
6.02173
0.001086
0.01986
‘Q.TGCE(D
0.01823
-0'00116
C.D1681
-C.00177
0.01556
-3.07218
N.01446
=0.uN 245

0.01248 +

r23.142

VNN

¢</

FS 3.142 A20,3927
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Example F: "Expensive'" Two Dimensional Time Domain Technique

The program uses equation (7) of section II. The comparison is similar
to that for the one dimensional case. We compare Feshbach's Green's
function, GF s, at z = 2 with the result of propagating GF from

z=1 to z =2 by our technique:
Gp (2=2) = [ Gy (z=1) ] % [ G (z=1) ] 1)

GF is given in the statement function G 2 (z) . In the comparisog,
the left and right columns correspond to the left anq right sides of
the comparison above. The impulse is at the left side ; x axis to
right, t axis down. The numbers along the top are degrees off vertical

from the source impulse. The fairly good agreement up to 45° may be

spurious in that there is a periodicity to the sources, i.e. for x

max
on the right hand side there are sources at x=0 and at x=4xmax .
1 DIMENSION E(17)2FU1T),D{LT7),SIM{1T),DEG(1T}
2 DIMEMSTION QUL7,60) ,QN{L1T350), TILLTyHD) TR LT,6)
3 DIMENSION ST{6D),SDI6D),THEOL60)
4 G2U L) =1C Qe xEXP{=AQRAQU U XX +2%Z2 1%, 25/ TY /1T
5 NX=17 : -
6 XMAX=4,
1 DX=XMAX/{NX~1,) .
8 NT=60 T
9 DT=1. e
13 AO=4,
11 ™ DO 10 IT=1,NT
12 DO 10 IX=1,NX
13 X={IX-1.)=DX
14 TLIIX,ITI=G2(1,)
15 THOIXy1T)=G21{2.)
16 10 (LAQEIX,ITi=T1(TXyIT)
17 CALL GLINT,THZQ»49425,A0)
N 18 PRINT 2;.‘9 ((Tl(IX'IT),IX=1'NX).IT=1,NT)
19 20 . FORMATI(?! INPUTS'/({17F643))
20 CALL ROUGHINT,SI1,SD)
21 NZ=4

22 .. DZ=14/NZ
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23 [ D0 60 I7=1,N2

24 . Al=.25%DZ/DX/0X*SQRT{DT) /A0

25 DO 30 IX=1,NX

26 30 . _LQNLIX, 1) =0,

27 DO 55 17=2,NT-

28 00 40 IX=1,NX

29 SUMETIX) =STILI=QUIX,IT)

30 00 40 1S=2,1IT

31 JS=1T-1S5+1 :
32 401 [LSUMITIX) =SUALTIXI+ST(ISI*(QNIIX,JS)I+Q{1X,JS))
33 DIL1)=Q( L, IT)=AL*{2%SUM({1)-2%SUM(2))

34 NX1=NX~1 '

35 [oo 50 14=2,NX1 .

36 501 LOUIX)=Q0IX, IT)=AL*(=SUMIIX=1)¢245SUM{IX)-SUM{IX+1))
37 B=1+A1%ST(1)*2,

34 A=—=A1%ST(1)

39 C==-A1%SI(1)

4y CALL TRI(A 3B 4CoMNX)QNILyIT) D,E4F)

41 55\_ CONTINYE

42 (00 60 IX=1,MNX

43 DO 60 IT=1,NT

a6 160 WQtIx,IT)=qnl1X,1T)

45 DO 80 1X=1,NX

th D0 80 IT=1,NT

47 DOT=00

43 Em 70 IS=1,17

49 70 |[{DOT=DOT+THEO(IS)*Q(IX,IT-IS+1)

50 80 \LaAN(IX,1T)=DOT

51 DO 88 IX=1,NX

52 88 (CEGIIX)=ATAMN((IX~1)%DX/2.)%150./3.1416
53 PRINT 89, (DEG(IX),IX=1,NX)

54 89 FORMAT(9F13.0)

55 PRINT 90, ({TN(JI+T),QH{JyI)yd=1,9 )yI=1,NT}
56 90  FORMAT(® COMPARISOMN®/9(1Xs2F643))

s7 sToP

58 END
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Example G: Program for Strong Contrast Techniques

Consider

N Az
B = Bx Ax

Then equation (4) of part III becomes:

ag
z . N+l N . _ Az _ N+1
( e 212 )( Bx - Bx ) = ; 2[( Bx+1 2BX+ Bx—l ) +
Ax
N
( Bx+1 2Bx+ Bx-l >
N TS WS TR L S TR YL
LA © x+1 x-1 x+1 x-1
Az, ,2, 2., N N+l
+2(2+2)(Bx+3x )
Rearranging
gL _ bz _ Az 3&1
x-1 2Ax2 4Ax O
N1, %z - A Az, 2, 22
+ B [ =-280+ 5 -5 (25 2)]
X g 2
Ax .
N+1 Az Az °x
+ B [ — ]
x+1 2Ax2 4Ax O
o
N Az Az °x
= B__.I + 1
x-1 2Ax2 4Ax ©
N, %2 - Az pz, 2, =2
+ B[ —-28 -7+ S0+ 8 )]
Ax
+BN [_A_z____Q_AZ_k]
x+1 2 4Ax o
2Ax

As done earlier (Example B) we also halve the secondary source terms since
we have an equation for only one way propagation in z.; & is also used

in place of % .
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$WATFIY

10C0

30

L""P €for each 2 level
~
a

50
€0
3000

*
b

#*

IMFLICTT CCMPLEX (C)

RE 2L CABS

DIMENSINM SIG ( 40, 40), SIGX ( 40), SIGZ ( 40), CP { 40, 40),
Ct  40)y CB { 40)y CC { 40), CD ( 40), C= { 40}, CF ( 40),
TELNT € 40}, CL ( 40), REDA ( 40)

READ (5,1000) NX, NZs CX, DZ, RMU, OMEG

WRITE (A,1000) MX, MNZ, DX, DZ, PMU, OMF

FCEMAT {1X,I9,110,5F104.6)

CALL SIGIN (NX4NZ,SIG)

AX1 = NX-1
NZ1 = NZ-1
ChX = 1.0/DX

PNEX = ODX*CDX

CDZ2 = 1.0/02Z

RMLG = RMII%CMEG

Cl= CMPLX{N.0,1.0)
CLL = CSQRT(CI*RMAG)

0O 10 TIXx=1,NX Twitial conditions
CPIIX,1) = CMDLX(°9.0'O 0)

Cl = DZI*.,5%DDNX

C2 = DZ#*.25%NDYX

C32 = 2.0%C1

C4 = DZ%DNNX

C& = NIx.5

STICX{1) = 0.0

~— SIEX{NX) = 0.0

DC_20 T7=1,NZ1
DO 30 IX=2,MX1
STGX(IX) = o SHODX*(SIGIIX+1,T1Z)+STA(IX+141Z+1)-SI1G(TX-1,17)
SSIG(IX=1,1241) ) / (STG(IX2TZ)4S1G(IXsT241) )
B0 40 IX=1,MNX
OLUTX) = CLLASOOT(LS*(SIGUIX, T2)+SI6(IX, 1241} )
SIGZIIX) = 2.0%0DZ*(SIG(IX 1Z+1)-SIG(IX,12) } 7
4SIG(IX.1Z+41) )
SIGX{IX) = S=STGX{1X} .
SIGZUIX) = J5=SI52(1X)

;
(SIG(1X, 1)

CALIX) = —Cl-C2*SICX(1IX)
LCR{IX) = SIGZ{IX)~-C3%CL{IX)+Ch- CS*(Z.O*CL(!X)**Z)
(CCUTX) = -CL4C2%SIGX(IX)

LN 45 IX=2,NX1

CPETX) = TPUIX=141Z)%(CL1+C25STEXLTY) ) + CP{IX.127)
RUSTGZAIX) =CARCLUIX) —C4405%{2.0%CL{IX)*%2) ) + CP{IX+1,72)
F(CI-C2%SIGX(IX) )

CrUL) = CPL 1.1Z)%(SIGZ{ 1)-C3%CLIIX)-Ca+C5%{2. OxCL{1)**2) )
+ CPL2,1Z) * (C1-C2*SIGX(IX) ) |
CDANX) = CO(MX=1,1Z)%(CL+C2%STGX(NX) ) + CPUNXS IZI*(STIGZINX)
=C3*%CLUITX)-CL4+C5% (2. 0%CL{NX)*%2) )

CALL TRI3 (CALC3,CC o NXsCP{1,1Z2+1),C0.CE,CF)

O €0 1Z=1,NZ
DO 50 IX=1,NX
IPLOTIIX) = CABS(CP(IX,1Z) ) Plot eutput
WRTTF (£,3000) (IPLNT(IX)sI1X=14MX)
FORMAT (1X,4013)

M1
1Z1L

1.0/RMCG

1

DO 100 TIX = lsNX

DIFF = REAL (CP(IX,TZL+1)~-CP(IX,1ZL) )%DDZ




&C
%1
€2
83
54
5%
e
£7
58

56

€C
£1
62
€32
t4
65
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67

£E
£<

7c
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AV = RFAL(CPUIXIZL+1)Y4CP{IX,IZL) ) *,.5
SIGAV = (STGLIXGIZUL+1)4SIC(IX,TZL) }*,.5
100 RHOALIX) = PMIXCIFFXDIFF/(SIGAVHAV) %%2
WRITE {6,2C0C)
2CCO FCEMAT (1H1)
WRITE {6,4C00) (RHNA(TX) 4IX=1,MX}
4C00 FrEMAT (1X.10F12.5)
RF THPN
ENEC
SUERNUTINE SIGIN {NX+NZ,SIG)
DIMENSTION SIG ( 1. 1)
READ (5,130C) S1,S52
WRITE (6,1C00) S1. S2
1000 FrEMAT (1XeFG 6, TF1045)
DN 10 1Z= 1.N2Z
CO 20 1X=1,20

20 SIG(IX,1Z) = S1

DO 10 IX=21sNX

10 SIG(IX,.,1Z) = 82
RE TURN

ENC

On the next page we have a plot of complex amplitudes on the x , z plane:
all appears well, i.e. is continuous, and asymptotically approaches half space

solutions at the left and right edges.
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Example I : Program for Up and Down Going Propagation’

To model upward and downward propagation, we first utilize the techniques
of Example G for the downward propagation, then use equation (9) of Part

II1 for the upward direction. The up-down sequence may be iterated.

Letting B = Bﬁﬁi » equation (9) of Part III is
o BV BV ) (B gV opL N, W1 N
( 2i%+ _5) X x '_ x+l  Tx+1 X X x-1 Tx-1
o} Az 2( Ax )2

g BN+1+ BN BN+l BN

X x+1 x+1 “x-1" “x-1 N+1 N 2 ;2
—0( 4 Ax )+l/2(Bx,+Bx)(2,+,Q,)
pal P2 gL o N N1 a1 g ;2 o
+ (=X A AR ) 28 B )= 5 (BE 4 BY )
2( Az ) X
. +
where we write B* for B
Rearranging:
BN _ Az "x Az ]
x-1 2(Ax)2 o 4Ax
N - 9 Az Az, 2, =2
+ B[ - 2i0-—+ —— -2+ 2 )]
X" o 2 2
(8x)
(¢}
N Az x Az
+ B - £z 4 X_2Z
x+1 2(Ax)2 g 4Az
= BN+1[ Az + EE. Az]
- 2 Ax
x-1 2(%) g 4
2 .
N+ - % Az bz, 2, <2
+ B [ - 2i8- — 7+ 508+ 2 )]
(&x)
g
N+1 Az "x Az &2 1
+ Bx+1 4Ax 1.+ Bx ( )
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- =2 I
s gl =1 248 %?_)+ gl =1, 218 %?_) bopl 1 .
2(Az)

x 2(02)% Az X o2)? Az x

)

Again, we set all s to L. Also, the secondary source terms in

o and o, are halved: half upgoing, half downgoing.

The program is given along with a one dimensional problem of a horizontal
layer. The conductivity contrast is.5 to 1; thus, there is a large reflec-
tion coefficient. The results aren't what we expect: what's the problem?
First we note that the Fresnel approximation is not valid for this type of
contrast. We start with B = Q eiElz and drop sz as small. If

m is constant, then Q has to vary considerably in one or both of the
mediums fdrming a strong contrast. However, we have used m rather

»than m in an equation for B that we got after.transforming Q to B

Be "™ . This doesn't solve the problem here though.

by Q
2 + . 1" " 3
When we estimate sz to find the "source" terms for the upgoing
wave our difference operator will be 3 levels in 2z and thus span across

the contact. The desirable fact that Q was like a perturbation about

imz imz | : .
e rather than _e1m is somewhat clouded by the way we do estimate

Qb .

zz
Thus, upgoing propagation requires '"slowly" variable conductivity.

In fact, for the large conductivity contrasts at the surface and possibly

at some horizontal contact(s) we have to model multiples until amplitudes

décay after several skin depths of propagation.

This is a rather basic problem: we are looking for a solution.
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IMPLICIT COMPLEX (C)
REAL CABS
DIMENSION SIG ( 40, 40), SIGX ( 40), SIGZ (- 40), CP { 40, 40),

#* CA { 40), CB { 40)y CC ( 40)y CO ( 40)y, CE ( 40)y CF ( 40),
* IPLCT ( 40), CL { 40), RHOA ( 40), CPU ( 40, 40), CPD ( 40)

READ (5,1000) NXs NZs DXs DZy RMU, OMEG
WRITE (6,1000) NXe NZ, DX, DZ, RMU, CMEG
FORMAT {1X,19,11Ce5F10.6)

CALL SIGIN (NXeNZsSIG)

NX1 = NX~-1

NZ1 = NZ-1

DDX = 1.0/0X
DDDX = DDX%+DDX
DDZ = 1.0/DZ

DDDZ = DDZ*DDZ

RMOG = RMU*OMEG

CI= CMPLX{O«0y10Q)
CLL = CSQRT{CI*RMOG)

DO 10 IX=1,NX Twitiad conditions for
CPUIXs1) = CMPLX(9940+040)" \

Cl = DZ%.5%DDDX downgeing

C2 = DI*.25%DDX :

C3 = 2.0%CI

C4 = DZ*DDDX

C5 = DZ%.5

SIGX(1) = 0.0
SIGX(NX) = 0.0
DO 20 LZ=1,N21
DO 30 IX=2,NX1

SIGX{IX) = S5*DDX*{SIG{IX+1yIZ)+SIG(IX+1,124¢1)-SIG(IX~1,12)

=SIGUIX-1,1Z%1) ) / (SIGUIX,1Z)+SIG(IX,1Z#1) )
DO 40 IX=1,NX
CLUIX) = CLL*SQRT(eS5*(SIGIIX,IZ)+SIG(IX,1Z¢1) ) )

SIGZ(IX) = 2.0%DDZ*{SIG(IXyIZ#+1)=SIGUIXs1IZ) ) 4 (SIGLIX,L2Z)

+SIGIIXyIZ¢1) )
SIGXIIX) = «S5*SIGX(IX)
SIGZI{IX) = .5%SIGZ{IX)

CAULIX) = —=C1-C2%*SIGX(IX)
CB{IX) = SIGZUIX)~C3*CL{IX)+C4—CS5*{2,0*%CL{IX)*%2)
CCLIX) = =C1+C2*SIGXI LX)

DO 45 IX=2,NX1
COUEX) = CPLIIX=1,1Z)*(C1+C2*SIGX(IX) ) + CP{IX,I1Z)
*(SIGZ(IX)-C3*CL{IX)- C4*C5*(2.0*CL(IX)**2) ) + CPULIX+1,I2)
¥{Cl-C2%SIGX(IX)} )
CD(1) = CP( 1+IZ)*(SIGZ( ‘1}-C3*CL{ 1)-C4+CS*{2,0%CL(L)*%2) )
+ CP(2,1IZ) * {CLl-C2*SIGX( 1) )
COINX) = CPUNX=1,IZ)*{CL+C2*SIGXINX) ) + CPINX,TZ)}*({SIGZ{NX)
=C3*CLINX)-C4+(C5%(2.0%CLINX)%%2) )

| 20 CALL TRI3 (CA,CBsCCoyNXsCP(1y12+41),CD4CELCF)
. DO 60 1Z=1,NZ
DO 50 IX=1,NX |

50 IPLOT(IX) = CABSICP{IX,IZ) ) Plet complex \

60 WRITE (6430000 (IPLOT(IX)yIX=1,NX) amplitude of down qoing
3000 FORMAT (1X,40I31)

DO 110 IX=1,NX i "
110 CPU( IX440) = CMPLX( 0. 0, Os 0) Taitial conditiens

[ 00 120 1Zu=1,NZ1 | for upgoing
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1Z_= NZ-12U
DO 130 IX=2,NX1
130 SIGX{IX) = S#*DDX®(STGIIX+1, IZ)4SIGIIX¢1,1Z+1)=SIG(IX~1,1Z)
* | —SIGUIX=1,IZ+1) ) / (SIGUIXoIZ)+SIGIIXo1Z+1) )
FDO 140 IX=1,NX
CLUIX) = CLL*SQRT(<5*(SIGUIX,1Z)+SI1GLIXs IZ¢1) ) )
T | IF (IZ.EQ.NZ1 .OR. 1Z.EQ.1) GO TO 200
S | CPDOIX) = oS*DDDZ¥{CPIX,IZ+214CPIIX, 12=1)0) + CP{IX,IZ+1)%
#[ 2 | (~.5%0DDZ-C3%CLIIX)*DDZ-.5%CLAIX)%%2) + CP(IX,IZ )#%{—«5*DDDZ
|3 | +C3KCL(IX)*DDZ~0 5%CL{IX) %%2)
« |50 10 210
2¢0 ¢ IF{IZ.EQ.NZ1) CPD(IX) = CMPLX(0.0,0.0)
| IF (1Z.EQ.1) CPDIIX) = .5%#DDDZ*CP( IX,3) + CP{IX,2)%{— CLCOZ
#19 | —C3*CL{IX)®DDZ~-. S%CLUIX)®%2) + CPUIX,1)%( .S5S%DDDZ+C3%CL (LX) #
LR DDZ—eS5*CL (I X) %%2)
210 [w | SIGZIIX) = 2.0%DDZ*{SIG(IXyI1Z+1)=SIG(IX,1Z) ) 7 {SIG(IX,12Z)
# | | +SIGUIX, 1Z+1) ) :
§ | SIGX{IX) = «5 % SIGX{IX) :
S |SIGZUIX) = .5 * SIGZ(IX)
s | CALIX) = -CL -C2*SIGX(IX)
& | CBLIX) ==SIGZ(IX) = C3*CL(IX) + C4 — C5%(2.0%CL( IX)*%2)
140 |, LCC(IX) = —Cl + C2%SIGX(IX)
e 00 145 IX=2,NX1 -
145 |J | CDUIX) = CPUCIX-1,1Z+1)*(CL+C2%SIGX(IX) ) + CPU(IX,[Z+1)%
* (=SIGZUIX)I=C3*CLUIX)~C4+C5% (2. 0%CLAIX)*%2)) + CPULIX+L,1Z+1)
* [ %(C1-C2%SIGX(IX) ) + CPD( IX)
COU1) = CPUL1,IZ+1)#{=SIGZ( 1)-C3*CL{ 1)=C4+C5%12.0%CL{ 1)%#2))
%* | + CPU(2,1Z+1)%(C1-C2%SIGX{ 1) ) + CPD{ 1)
"] CDINX) = CPUINXL,IZ+1)#*(CL+C2%SIGX(NX) ) + CPUINXoIZ+1)%*
* | (=SIGZINX)=C3#CLINX)=C4+C5%(2.0%CLINX)*%2) ) + CPL(NX)
120 | CALL TRI3 (CA4CBsCCoNXsCPULLsIZ)yCDsCEoCF)
WRITE {6,2000)
DO 160 12=1,NZ : :
DO 150 IX=1,NX | Plot wupgoing
150 CIPLOT{IX) = CABS(CPULIX,IZ) )
160  WRITE (6,3000) ( IPLOT{IX),IX=1,NX)
WRITE (6,2000)
DO 18C IZ=1,NZ
DO 170 IX=1,NX
CPUIXy1Z) = CPUX,IZI4CPULIX,1Z) Plot combined
170 IPLGTC IX) = CABS(CP(I X,12) ) o and  down
180 WRITE {6,3000) (IPLOT(IX),IX=1,NX) P
RM1 = 1.0/RMOG
IZL = 1
DO 100 IX = 1,NX
DIFF = REAL (CP(IXyIZL+#1)=CP(IX,1ZL) 1¥DDZ
AV = REAL (CP(IX, IZL+L)4CPLIXoIZL) ) %.5 apparent
SIGAV = {SIG(IXeIZL#1)+SIGIIX,0ZL) )%.5
100 RHOA(IX) = RMI*OIFF&DIFF/ (SIGAV#AV) %2 resistivity
' WRITE {6,2000)
2000 FORMAT {1H1)
WRITE (6440001 (RHOACIX), IX=14NX)
4000 FORMAT (1X,10F12.5)
RE TURN

END
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98 SUBROUT INE SIGIN {NXyNZ,SIG)

99 DIMENSION SIG ( 1, 1)
100 READ (5,10C0) S1,5$2
101 WRITE (6,1000) S1, S2
102 1000 FORMAT (1X,F9.6,7F10.6)
103 DO 10 IX=1,NX

104 DO 20 1z2=1,46

105 20 SIGUIX,1Z2) = 51
106 D0 10 1Z=7 ,NZ
107 10 SIGLIXy12) = S2
108 RE TURN

109 END
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