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Approximations to the Wave Propagation Transfer Function

Philip Schultz

In homogeneous media, propagation of a wave disturbance can be expressed
in terms of a linear spatial filter. To see this let us consider a mono-
chromatic wave disturbance, p( x,z,&8 ), in two dimensions and write

p( x,z,w ) = s'P( k_»Z,0 ) elkxX dk_ (1)

—0

where equation (1) expresses the Fourier transform over the horizontal
coordinate. Now we wish to find a relation between P( kx,z,w ) and

PO( kX,O,w ), so we use equation (1) in the monochromatic wave (Helmholtz)

equation,
w2
( axx + azz ) p( x,z,0 ) = ;2 p( x,z,0 ) . (2)
This reduces to
d2 wz 2
E;Q P( kx,z,w ) + ( ;E-— kx ) P( kx,z,w ) =0 (3)

Equation (3) is a familiar one~-dimensional ordinary differential equation,

a solution to which we can write immediately as

b2 2
1&/22 - kX z
P(k ,z,0 ) = PO( k ,0,w ) e . (4)

Equation (4) expresses the desired result where we identify

o c2 X (5)
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with a transfer function in the x-transform domain. Since this operation
becomes a convolution in the x domain, we can identify the transform of
expression (5) with the response of a point aperture in the x-dimension to
an incident monochromatic wave.

We graphically show expression (5), which is an exact solution, for
purposes of comparing later with approximations. Figures 1 show this
function numerically transformed over various parameters.

The first approximation considered here is a binomial approximation

to the square root operator for small kX . We have
Z o S
exp[ i = - kz] ¥ exp[i—(1- 5 ) z ] (6)

Notice that expression (6), unlike (5), maintains a propagation-like

2 2
2w
solution for kx > =y - Clearly, one would like ki > 92 to give
c c

evanescent behavior, so it is found to be advantageous to truncate to zero

2 wz
the expression (6) for kx > Ty -

c

An interesting feature of this approximation is that its rational
form allows an exact Fourier transform to be done. Although transforms
can easily be done over both kx and W , shown belcw is the transform

over k  only.
X

i 9( 1 - —z
o © w2 _ 27T c 2cz 4 7

Equation (7) represents the response in the x-z plane for a monochromatic
wave impinging on a point aperture in the x-dimension. To look at the

geometric form that lines of constant phase take, we let
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2
W wWx
-2+ — - LR constant
c 2cz 4

which reduces to

( z-z )2 2
o X
+ = 1 (8)
2 2
z 2z
o
Equation (8) gives an ellipse in the x-z plane for constant w . In

other words, one of the effects of the approximation is to replace circular
wavefronts with elliptical ones. This is the same wavefront distortion
that is caused by the Fresnel approximation. In the Fresnel approximation,
. q 2,2 .
the distance r =¥x"+z is approximated by
XZ
z( 1+ —)& r = ct
2
2z
which, for constant time, gives elliptical wavefronts with similar geo-
metries.
Expression (6) and various Fourier transformations can be seen in

figures 2.

The last approximation is given by

3 k22
r (-3 55
2 W 4 wz
exp [1Y =, - kx z| = exp |1 P (9)
c (l-l-k c )
4 2
V]

Equation (9) suffers similar problems of non-evanescent behavior at
2
2

w . i s s , . :
kx > ~5 » S0 truncation again is imposed. This expression and its
c

Fourier transforms are depicted in figures 3.
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