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Waveform inversion by one-waywave eld extrapolation

Jeff Shragge

ABSTRACT

Forward modelingin frequeng-domainwaveforminversionis oftenimplementedising
nite difference(FD) methodsHowever, the costof FD modelingremaingtoo expensve
for typical 3D seismicdatavolumes. One-way wave eld extrapolationis an alternatve
forward-modelingstrateg)y considerablycheapetto implement. This approachthough,
comeswith caveatsthattypically includelower accurag at steeppropagatioranglesin
laterally varying media, a dif culty for incorporatingsourceradiationpatterns,andan
inability to propagateurning or multiply re ected waves. Eachof thesefactorscanplay
arole in determiningthe succes®r failure of awaveforminversionanalysis.This study
examineghe potentialfor usingone-way Riemanniarwave eld extrapolation(RWE) op-
eratorsin the forward modelingcomponentof frequeng-domainwaveform inversion.
RWE modelingis carriedout on computationamesheslesignedo conformto the gen-
eral direction of turning-wave propagationwhich enablesthe calculationof the direct
arrivals, wide-anglere ections andrefractionsimportantfor a successfulvaveformin-
version. The waveform inversion procedureotherwiseclosely resemblesconventional
frequeng-domainapproachesForward modelingtestresultsindicatethat RWE wave-
forms matchfairly well with thosegeneratedy FD modelingat wider offsets. Prelim-
inary testsof a RWE waveform inversionschemedemonstratets ability to invert FD-

generatedyntheticdatafor moderatg10%) 1D velocity perturbations.

INTRODUCTION

AccuratelyimagingtheEarth's subsuréceusingseismiovave eld datarequiresstimatinge-
alistic velocity pro les. Mostinformationusedto ascertairvelocity models howvever, derves
from two sourcesinvertinga subsebf theseismicwave eld (e.qg., rst-arrival tomographyor
waveforminversion),or from a measureof migrationimagequality (e.g.,residualmigration
or migrationvelocity analysis). All approacheare neverthelessubjectto the non-linearity
of the seismicimaging problemand often requiremultiple iterationsof velocity estimation,
migration and imagequality assessmertiefore corverging toward a well-resohed velocity
modelandseismicimage.

Oneestablishedlata-domairapproachor velocity estimationis ray-based,rst-arrival,
travel-timetomographywhereearliestarrival timespredictedy alinearizedheoryarematched
to thosepicked from data. Travel-time discrepanciegor residuals)are back-projectedilong
calculateday-pathdor all sourceandrecevercombinationgo obtainavelocitymodelupdate.
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Although iterative ray-basedomographyis computationallyef cient andcandemonstrably
recover longerwavelengthvelocity pro le structure,it hasa limited ability to resohe ner-
scalemodel components Although this shortcomingis partially addressedby more "wave-
like" correctionsto the asymptoticray theory a more accuratg(but more expensve) way to
improve invertedvelocity model resolutionis using methodsderived from nite-frequency
approaches.

A popularalternatve to ray-basedomographyis waveform inversion basedon wave-
equationtomography Assuminga linearizedtheory this approachaimsto matchwaveforms
modeledby band-limitedpropagatioroperatorgo acquiredseismicdata.Importantly higher
resolutionvelocity modelscanbe recoreredwherea greaterpercentagef the seismicwave-

eld is usedin theinversion.(In fact,velocity modelsdevelopedfrom ray-basedomography
often are the startingmodelsfor waveform inversion.) Waveform inversioncan be imple-
mentedn eitherthetime domain(Tarantola,1984;Bunksetal., 1985;Mora, 1987;Shippand
Singh,2002)or in thefrequeny domain(PrattandWorthington,1989;Liao andMcMechan,
1996; SirgueandPratt,2004)andfor eitheracousticandelasticwave equations.Frequeng-
domainapproachebave thebene t thatonly alimited numberof frequenciesieedbeinverted
(PrattandWorthington,1989),usuallystartingatlower frequencieshenmoving up asparsely
sampledspectrum.Moreover, becauselataaremorelinearwith respecto modelparameters
atlowerfrequenciesgonvergencetowardtheglobalminimumis morelik ely (SirgueandPratt,
2004).

Two drawbacksto the generalwaveform inversionprocedureare the memoryrequire-
mentsandcomputatiorcompleity requiredto solve the 3D forwardmodelingproblem.Most
frequeng-domainprocedureemploy nite-dif ferenceqFD) to solve the acousticor elastic
wave-equationand often implementa LU decompositiorof the correspondinglyarge, but
relatvely sparsejmpedancematrix. The memoryrequiremenfor a LU decompositiorof a
2D matrix is roughly proportionalto nx*, wherenx is the averagemodel spacedimension.
This canbe loweredto roughly nx® using graphtheoretictechniquesable to exploit matrix
sparsity(SteklandPratt,1998). The memoryrequiremenfor 3D problem,however, theoret-
ically risesto approximatelynx®, which remainstoo costly for commonexplorationmodel
sizes.However, novel iterative approachemaybeableto reducethe costof 3D FD modeling
(see.e.g.,Plessix(2006)).

An alternateway to lower the forward modelingcostsis to replaceFD modelingwith an
extrapolationschemébasedon propagatorsierived from one-way wave-equationsAlthough
one-way wave eld extrapolationis not asaccuratethe numericalcostof a 3D implementa-
tion is roughly nsnx3(l ogx(nx))? (Biondi, 2006),wherens is the numberof shots.Moreover,
the memoryrequiremenis now of a similar or lower orderof magnitudeandis no longer
the impedingconstraint. Accordingly, wave eld extrapolationpotentially offers signi cant
computationaand memorysavings andis worth examiningin the context of waveform in-
version. One-way extrapolation,neverthelesscomeswith caveats. For example,long-offset
seismicdatausually contain turning waves, wide-anglere ections, and forward-scattering
from shorterwavelengthstructurethatcarryimportantandcomplementarynformationabout
velocity structure. However, accuratelymodelingthesewaveswith corventionalwave eld
extrapolationtechniquesemainsdif cult (thoughnot impossible,seeZhanget al. (2006)).
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One approachis to use Riemannianwave eld extrapolation(Sava and Fomel, 2005) on a
generalizedcoordinatemeshorientedin the generaldirection of turning-wave propagation.
Becauseahesegrids aredesignedo incorporatethe bulk of the turning-wave propagatiordi-
rectly into the coordinatesystemiit allows the userto implementlower-orderextrapolation
operatorahile achieving moreaccurateglobalpropagationln addition,onecanavoid mod-
eling atdepthgyreateithanthoseof thedeepesturningwaves,beyondwhich thetransmission
wave eld is insensitve to velocity variations(Mulder andPlessix,2006).

This paperexaminegheuseof one-way Riemanniarwave eld extrapolation(RWE) oper
atorsin the forward modelingcomponentf frequeng-domainwaveforminversion. The pa-
perbeginswith agenerakeview of the PrattandWorthington(1989)approachSubsequently
| describethe implementatiorof RWE forward modelingand presentresultsof testson the
SMAART JV Plutol.5datasethatindicatethatRWE waveformsarefairly well matchedwith
thosefrom FD modelingatwider offsets.l thendiscusgesultsof a RWE waveforminversion
schemeand demonstratéts ability to invert for a moderatg(10%) 1D velocity perturbation
assumingana priori constantvelocity background.

REVIEW OF FREQUENCY-DOMAIN WAVEFORM INVERSION

This sectionreviews the basicstepsof non-linearfrequeng-domainwaveforminversion.The
readerwishing to have a moreformal overview is referredto PrattandWorthington(1989),
Liao andMcMechan(1996), SirgueandPratt(2004),andreferencesherein. The technique
describechereinis modeledafterthe algorithmof PrattandWorthington(1989)andusesthe

notationof SirgueandPratt(2004). Additional stepsin theinverseapproacharedravn from

time-domairwaveforminversionmethodof Mora (1987).

Forward modeling

The initial stepin frequeng-domainwaveforminversionis to prescribethe forward model.
| assumedhatwave propagatioris adequatelygovernedby the acousticwave equation;thus,
ary forward-modelingorocedurewill generatea monochromaticscalarwave eld, 9, thatis
an (approximateomplec-valuedsolutionto the Helmholtzequation,

L9(sx;!)D rZCC!Z—(ZX) 9(sx;!')D (s X), (1)

whereL is the Helmholtzoperatorr 2 the Laplacianoperatoy! angularfrequeng, c(x) the
assumedelocity pro le in spatialdomainx, sthesourceposition,and theDiracdeltafunc-
tion operator Note thatthe waveform inversionproblemis non-linearin modelparameters,
m(x) D ¢ 2(x), which | will solve usingan iterative inversionapproach.Discussionof the
speci ¢ approacho solvingequationl beingpresenteds deferredto thefollowing section.

Thenext stepis to compargehemodeledvave eld solutions9 ¢c(s,r;! ), totheobsered
data,9 ons(S,r;! ), wherer is therecever position. This procedurdeadsto a residualwave-
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eld, 19 (sr;! ), de ned asthedifferencebetweerthetwo wave elds
19 (sr;!')D 9cac(sr;!) 9ops(sr;!). (2)

Theresidualsarea measuref waveform t andwill be back-projectedo generatea velocity
model update. Note that no assumptioris explicitly madeabouta linear relation (i.e. the
Bornapproximations explicitly avoidedin theforwardmodelingproblem)(SirgueandPratt,
2004);however, if modelparameteraretoofarremovedfrom thetruevelocitymodel,thenthe
monochromatievave elds in equatior2 will cycle-skipgiving erroneousesidualsHowever,
becauseycle-skippingis morelikely at higherfrequenciesthe approachis generallymore
stableatlower frequencies.

The InverseProblem

The approachto solvingthe waveforminversionproblemfollowed here(PrattandWorthing-
ton, 1989) is basedon minimizing the residualmis t at eachsuccessie frequeng, E(! ).
Assumingan L norm,themis t is de ned

X X
E(! )D% 19 (sr;!)19 (sr;!), 3)

S r

wherel9 denotescomplex conjugateof wave eld 19 . In this study | approachthe min-
imization of E(! ) throughcomputingthe negative gradient,or the direction of greatestde-
creaseof the mis t function, with respectto the variationin model parameters.If model
parametersarerepresentetly m(x), thenthe descentirectionis de ned by

@
@n(x)’

Thegradientvector g(x), is considereé@nimageof themodelspaceandcanbeusedto update
themodelparameteestimatesccordingto

gx)Dr nED 4)

Mpc1(X) D Mp(X)C  n(X)gn(X), )

where ,(x) is the steplengthdiscussedelow, andsubscriptn indicatesthe currentiteration
number

Gradient Vector De nition

Methodsfor calculatingthegradientwithoutexplicitly computingthepartialderivativesof the
dataarewell establishedLailly, 1983; Tarantola,1984;PrattandWorthington,1989;Prattet
al., 1998). The mainresultin the time-domaininversionliteratureis thatthe gradientvector
canbecomputedy azero-lagcorrelationof thewave eld propagatedorwardfrom thesource
point, P;(s,x;! ), andtheresidualwave eld propagatedackwardsfrom the farthestrecever
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locationtoward the sourcepoint pasteachsuccessie recever, Py(x,r;! ). Thefrequeng-
domainequialentto this zero-lagcorrelationis the multiplication of thesetwo wave elds
accordingo
X X
gx;w)D 12 Re P (sx;! )Po(sx,r;!) (6)

S r

where Re indicatesthe real componentof the multiplication result. The summationover
sourcesndreceversis donefor eachnon-linearterationateachfrequeng. Following Sirgue
and Pratt(2004)in assuminga point sourceof unit amplitudeand zerophase the forward-
propagatedavave eld Ps is givenby

Pi(s,x;! ) D Go(s,%;! ), (7
while back-propagatediave eld P, is de ned by
Po(s,x,r;! ) D Gy(x,r;! )19 (sr;!), (8)

whereGo(s,x;! ) andGo(x,r;! ) representhe monochromatic€sreens functionsfor an exci-
tation at the sourceandrecever pointsin the medium,respectiely. Hence,thefull gradient
vectorexpressions
X X
g(x;!)D 172 Re Gy(s,x;!)Gy(x,r;!)19 (sr;!) . 9)

S r

Note that Gy(x,r;! )19 (s,r;! ) representshe back-projectionof the dataresidualsandis
similar to a"migrationwith theresidualwave eld data"(Mora, 1987).

Conjugate Gradient De nition

The useof conjugategradientshelpsto speedcornvergenceby choosinga directionthatis a
linear combinationof the pastandcurrentsteepestlescenwectors(Luenbeger, 1984). Fol-
lowing Mora (1987),l usea conjugategradientapproactgivenby PolakandRibiére(1969)

caD gn C QnM1 (10)

O 190 1

wherec, is the conjugategradientupdate. Note that this is equivalentto the formulationin
Mora (1987)wheredataand model spacecovariancesare representedby identity operators.
Equation5 thusmodi es to

Mhc1(X) D Mh(X)C n(X)Cn(x), N 2,
D n(X)gn(X), nD 1. (11)

The computationof conjugategradientdirectionin equationl1 comesessentiallyat no cost
becausehe previousgradientvector g, 1, easilycanbe storedin memory
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Step-lengthDe nition

After computingthe (conjugate)gradientvector one must calculatethe steplength, n(x),
usedto updatemodel parametergequation5). This computationis not straightforward be-
causethe acousticwave equationis non-linearin model parametersn(x) D ¢ 2(x) andthe
Frechétderivativesare never explicitly calculated. One approachis to usea linear approx-
imation techniquebasedon perturbationmethods(Mora, 1987). This involves calculating
an approximateFrechétderivative, F, by performingan additionalforward modelingusing
a setof modelparameterperturbedby a scaledversionof the computedconjugategradient
(i.,e. my(x) C cn(x)) andcomparingtheresultwith theinitial forward modeleddata. This is
summarizedotationallyas

lfn DL(mM,C cn) L(Mn)D9pert 9origs (12)

where9 pert and9 orig arethe perturbedandoriginal wave elds, respectrely. Perturbation
scalingfactor is constrainedo be within 1% of the currentmodel parametewralues. The
step-lengths thengivenby Mora (1987)

ChOn

D?-
"7 1E F.Cce

(13)

Again,thestep-lengthn equationl3is equalto thatin Mora (1987)wherecovariancematrices
arerepresentedly identity operators.

General approachto waveform inversion

The above sectionpresentedhe approacho frequeng-domainwaveform inversionusedin
thisstudy Thegeneratomputationalo w is describedhepseudo-coda gure 1. Theproce-
durebeginswith theforwardwave eld modeling(equationl) for the rst non-linearteration
atthe rst frequeng. Wave eld residualsarethencomputed equation?) andback-projected
throughoutthe model volume (the adjoint of equationl), enablingthe computationof the
single-sourcgradientvector(equatior9). This procedurds repeatedor all shotpointsuntil
thetotal gradienteld is computedoy stackingsingle-sourcgradientpro les. Theconjugate
gradientdirectionis thencalculatedrom the currentandpastgradientvectors(equationll),
andthe steplengthis computedby summingthe forward modelingresultsof the linear per
turbationFrechétmatrix (equation12). This processs repeatedor the desirednumberof
iterations,or until corvergenceis reached. The entire processs thenrepeatedat the next
highestfrequeng until inversionof all choserfrequenciess complete.

SOLVING THE FORWARD MODELING PROBLEM

A key developmentin frequeng-domainwaveform inversionmethodologywould be estab-
lishingamorerapid,yetaccurateforwardmodelingapproactior generatingHelmholtzequa-
tion solutions.This is importantbecausefor eachnon-lineariterationandfrequeng, forward
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For all frequencies {
For all non-linear iterations {
For all shots {
Forward model wavefield
Compute residuals
Back-propagate residuals

Compute single-shot gradient
Figure 1: Flow chartdescribingthe
processingo w for waveform inver- Sum total gradient vector
sion. jeff1- o wchart [NR] Calculate conjugate gradient
For all shots {
Compute single-shot step-leng

}
Sum total step-length
Update model

modelingis required(at least)threetimes: i) forward-propagatingvave eld Ps to generate
data9 c4¢; i) back-projectingvave eld residualsP;; andiii) calculatingsteplength . In
this study | solwe the forward modelingproblemusingmoreef cient, thoughlessaccurate,
one-way extrapolationoperatorsThecentralsuppositions thattheloweraccurag associated
with one-way operatorswill be morethanoffset by ef ciency gainsandlower memoryre-
quirementf nding waveforminversionsolutions.A morefundamentatjuestions whether
one-way operatorsaaresufciently accuratgo permitwaveforminversion.Demonstratinghis
assumptiors validity is a key resultof this paper

One useful strategyy for developing effective one-way operatorss to considerpropaga-
tion in a coordinatesystemgeometryotherthan Cartesian.For example,one canspecify a
sidevays-tilted,ray-like meshwherethe extrapolationaxis is predominatelyorientedin the
directionof turning-wave propagationln this referencdrame,thebulk of wave eld continu-
ationoccursatlow anglesto the extrapolationaxiswhereone-way operatorgemainaccurate.
Wave eld propagatioronnon-Cartesiagridsfalls underthepurvien of RWE, whichincorpo-
ratesmeshgeometrydirectlyinto the Helmholtzequatiorthroughadditionalspatiallyvarying
coefcients. The differentialgeometryusedto describecoordinatesystemtransformations
in generalspaces presentedn AppendixA, while the operatorsusedin the one-wvay RWE
approacharedevelopedin AppendixB.

Figure?2 illustratesthe geometrictransformatiorbetweenCartesiantwo left panels)and
RWE domaing(two right panels).The upperleft panelshavs a coordinatesystenmeshover-
lying partof thePlutovelocity model. Theupperright panelshowvs this meshunfoldedto form
aregular grid, underlyingwhich is the interpolatedvelocity pro le. (The RWE coefcients
in AppendixB describethe stretchingeffectsgeneratedy this transformation.)The bottom
right panelshaws four superimposedavave eld snapshotgat 1.0s,2.2s,3.4sand4.6s)for a
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Figure2: lllustration of the waveforminversionforward modelingapproach.Theleft (right)
panelsrepresenthe Cartesian(Riemannian)viewpoint. Upper left: Pluto velocity pro le
overlain by a dipolar coordinatesystemmesh. Upperright: Unstretchedcoordinatesystem
from upperleft panelunderlainby theinterpolatedvelocity pro le. Lowerright: Four supef
imposedbroadbandvave elds (at 1.0s,2.2s,3.4s,and4.6s) propagatedhroughthe velocity
modelin theuppermright. Lowerleft: Wave elds from thelowerrightinterpolatedo Cartesian.
|jeff1-FMexample [ER]
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pointsourcepropagateadutwardfrom theleft sideof themodel. Notethatwhile someenegy
is lost - for example,at boundariesand steeplydipping enegy - the bulk of thewave eld is
extrapolatedatlow angleshroughthemodel. Thebottomleft panelshavsthewave eld from
the bottomright interpolatedbackto a Cartesianmesh. The rapid nearhorizontaladwance-
mentof thewave eld throughthe saltis evident,asarethetop-saltre ectionsarriving atthe
freesurface.

Theremainderof this sectiondescribesow | performforward modelingusingRWE op-
erators.| presenthe rationalefor usinga dipolar coordinatesystem,detail an approximate
approachor incorporatingsourceradiationpatternsandfree-surficere ections,anddescribe
awave eld injectionapproacho back-propagatevave eld residuals.

Dipole Coordinates

One simplifying factor for an RWE approachis using a coordinatesystemthatis (nearly)
orthogonal suchasthat developedfrom a potential eld distribution (Shragge2006b). Ac-
cordingly, the coordinatesystemusedin the following investigationss a (nearly)orthogonal
meshderivedfrom the electrostaticpotential eld distribution, 8 , of adipole sourceformed
by two staticchages

1 1
8(X)D p

P(X Xl)2C 2(Z 21)2 p(x X2)2C 2(2 22)2’ (14)

wherex; D [X1,21] andxz D [x2,Z2] arethelocationsof thetwo unitary-valuedstaticchages,
and isanellipticity factorinducinga verticalstretch.

A dipolar coordinatesystemcanbe derived from equation14 by computingthe equipo-
tentialsurfacesandassociateceld lines. Figure3 illustratesthisfor adipoleof 4 km spacing
anda =1 ellipticity factor The potential eld distribution nearbythe singularitiesbecomes
nearlyradially symmetricandmimicsthe shapeof awave eld emeging from a point source
in a homogeneousnedium. For simplicity, | force the initial extrapolationsurfaceto be a
circulararcthatdirectly matcheghe pointsourcewave eld. Althoughthisintroducesaslight
non-orthogonalitynto an otherwiseorthogonalmesh,this is takeninto accounty the RWE
theory (Shragge2006a). In addition, | have situatedthe sourcepoint 50m below the free-
surfacein orderto simulateghostre ections commonlyfound in marinedata. The forward
modeledwave eld, 9 (s,r;! ), is thusgeneratedby extractingfrom thewave eld thevaluesat
thereceverlocationson the centerline parallelingthefree surfaceat the sourcedepth.

Radiation Patterns and Free-surface

Two additionalfactorsthat warrantcommentarethe effectsof sourceradiationpatternsand
thefree-surice(seesketchin gure 4). A dipolarcoordinatesystemcanpartially accountor
theseeffects. | generatehe initial sourcewave eld by extractingthe direct arrival wavelet
from arecevernearbythe sourcepointandspreadingt acrosshe180 arcto form aradially
symmetricwave eld. To imparta morerealisticradiationpattern,| thenintroduceanangular
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cosineradiationamplitude Iter that helpsensurethat the wave eld haszeroamplitude(at
leastinitially) atthefreesurface.

Free-surdce effects can be approximatelyincorporatedoy allowing wavesto propagate
in a vertically mirrored velocity model. Figure5 illustratesthe expectedarrivals from the
mirroring procedure . Thetop panelshawvs the expectedre ected andghostarrival polarities,
while the bottom shows the rays modeledwith the mirrored velocity approach. Note that
negatingtheradiationpatternin themirroredvelocity panelgenerateaneffective free-surbce
ghost,including the R=-1 free-surficere ection coefcient. First-ordermultiplesare also
presentbut have incorrectpolaritiesthat could causeproblemsin the inversion. Multiples
arisingfrom deeperre ectors, though,arrive later andare routinely windowed out from the
data.

Forward modeling examples

Figure 6 presentdorward modelingresultsfor the Pluto dataset. The left andright panels
shav the wave eld generatedy a fourth-orderFD and RWE modeling,respectrely. The
nite-dif ferencePlutodataon theleft is the pressureeld componentalculatedn an elastic
model. The RWE datain theright panelaregeneratecccordingto equationB-14. Note that
there ections apparennearzero-ofsetin theleft panelarecompletelyabsenfrom theright
panel. This is becausedhe algorithm cannotpropagateae ected wavesdirectly upwardson
nearvertical pathsbecauseropagatioranglesare too steepto the extrapolationaxis. The
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Figure4: Sketchshawving factorscomplicatingmodelingwave eld propagatiorwith one-way
extrapolationoperators.Properlymodelingwave elds requiresgeneratingnmultiple arrivals
- direct, wide-anglere ections and ghosts- aswell ashandlingthe free-surbceand source
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wave elds atfartheroffsets(i.e. > 16kft), though,becomancreasinglysimilar both kinemat-
ically anddynamically

The waveformsinput to the inversionalgorithm at exploration scaleare usually limited
to the rst few hundredmillisecondsafterthe rst arrival. Hence,examiningthe matchbe-
tweenFD and RWE waveformsin this time intenal providesinsightinto the quality of the
forwardmodelingresults.Figures7 and8 presenwaveformcomparisonsitfour wide-offsets
(> 15kft) andfour nearoffsets(< 15kft), respectiely. Both waveformsarelow-passlitered to
a frequeny bandtypically usedfor exploration-scalevaveforminversion(high cornerof 12
Hz). At far offsetsthe RWE waveformsmatchthosefrom the FD modelingto agooddegree,
especiallydirectly afterthe rst arrival. The matchesat neareroffsetsarefairly poor asex-
pectedgiventhe obviously disparatenatureof thewave elds shaovn in gure 6, thoughshowv
improvementswith increasingpffset.

Back-projection by wave eld injection

The next stepis to develop a procedurefor back-projectinghe residualwave eld. | usea
waveforminjectionapproactbasedn equatiorB-15thatis theadjointoperatiorof extracting
datafrom thewave eld atacquisitiondepth.An initially zero-\aluedwave eld is propagated
backwardsfrom the farthestrecever toward the sourcepoint. As thewave eld reachesach
successie receverlocation,theresidualatthatpointis injectedinto the globalwave eld and
extrapolatedo the next step. This processs repeatedor all receversbackto the nal step
closestto the sourcepoint. Note thatthe one-way formulation precludesback-projectiorof
wave eld interactionsoccurringat a distanceartherthanthe currentextrapolationstep.(This
is theequialentto aninability to propagateturningwave upwardto thesurfacein dovnward
continuation.)

Calculatingthe gradienttermin equation9 is possibleafter specifyingthe forward and
back-propagatiomodelingoperationsFigure9 presentsan exampleof a gradientvectorfor
a sourceandrecever pair separatedby 4 km over a mirroredhalf-spacevelocity model (up-
perleft panel). Theupperright panelshavs amonochromatievave eld propagatedorwards
from the sourcepoint, while the lower right panelshavs the wave eld back-propagatefiom
the farthestrecever. The multiplication of thesetwo wave elds is shavn in the lower left
panel. Woodward (1992), who discusses similar experiment,termsthe resultin the lower
left "a wavepath"- or the monochromati@analogof a ray-pathin the in nite-frequency ap-
proximation.Notethatthe similarity betweerthewavepathin gure 9 andthatof Woodward
(1992),whoseapproachs basedn a Rytov approximation.

INVERSION RESULTS

This sectiondetailsthe testsof the waveform inversionproceduredescribedabove on a 1D
syntheticdatamodel(left panelof gure 10). The velocity perturbations centeredat 1 km
depth,is 0.2 km thick, andis 10% greaterthanthe backgroundeld of 2 kms 1. Thegoalof
thewaveforminversiontestis to reconstructhevelocity perturbatiorstartingfrom aninitially
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Figure6: Comparisorof the Plutodatasetvave eld generatedby a fourth-order nite differ-
enceapproack(left panel)andthewave eld generatedy the RWE modelingapproachright
panel)for asourcepositionat 80 kft. |jeff1-DataCompargER]
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bottomleft: 22 kft offset;andbottomright: 24.5kft offset. jeffl-WideOﬂ‘set# [ER]
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Figure8: Examplesof waveform matchingfor variousnearoffsets,with the corresponding
residualdfor the wave elds shavn in gure 6. Top left: 8 kft offset; top right: 10 kft offset;
bottomleft: 12kft offset;andbottomright: 14 kft offset. jeffl-NearOfset# [ER]
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Figure 9: Wavepathexamplefollowing Woodward (1992). Top left: Half-spacevelocity
model usedfor synthetictests. Top right: Forward-propagatedvave eld. Bottom right:
Back-projectedvave eld for a singlerecever at 4km offset from sourcepoint. Bottom left:
Wavepathformedby multiplying wave elds in top andbottomright panels. jeffl-wavepatd
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constantvelocity model of 2 kms . The true velocity pro le was input to the SU nite
differencemodelingpackaggStockwell,1997), which generatediataconsistingof a linear
directarrival andtwo re ection hyperbola®f opposingsign (right panel).

Distance (m) Distance (m)

1900 2000 2100 2200 2300 0 1000 2000 3000
| | | | | |
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Figure10: Model usedfor the waveforminversiontest(left panel)andthe datageneratedby
FD modeling(right panel).| jeff1-ModelDatd [ER]

Syntheticdataweresubjectto initial preprocessingncludinglow-passltering (high cor-
nerof 12Hz),windowing to eliminateboundaryartifacts,andzeroingtraces< 2 km from the
sourcepoint. | appliedthethe latter procedurédbecauséhe RWE modelingprocedurecannot
generateaccuratevave eld datanearerto the sourcepoint. A subsetf frequenciesanging
from 3-12Hz in roughly 0.25Hz intervalswereselectedor inversion.

Figure 11 presentghe waveforminversionresultsafter 5 non-lineariterations. The left
panelshaws the nal estimatedperturbation,while the multiple pro les in the right panel
shav the cumulatve velocity perturbatiorrecoveredat eachinteger frequeng valuebetween
3-12Hz. Therecoveredvelocity pro le perturbatioris centeredalmostatthecorrectlocation.
Signi cant negative sidelobesare presentboth above andbelow the true perturbation. This
obsenrationis somavhatexpectedbecauset exhibits a similar phenomenono that notedin
the 1D experimentalndings of SirgueandPratt(2004).

The recoveredperturbationevidently doesnot containcertainspatialfrequeng compo-
nents. Oneway to betterunderstandhis is examiningthe Fourier spectraof the 1D depth
pro le (see gure 12). This panelshavs the spatialfrequeng contentof boththe modeland
estimatedperturbation.Therecoveredperturbations lackingenegy at thelower frequencies
andis somavhatoverestimate@tmid-range.Thisobserationsuggestshattheinversiondoes
notusedatawith either:i) low enoughtemporalfrequenciesor ii) sufciently wide offsetsto



46

() yydeq

Shiagge

00¥%
.

008
.

0021
\

0091
\

() yydeq

SEP-125

00¥%
.

008
.

0021
\

0091
\

T T T T T T T T T T T
1850 1900 1950 2000 2050 2100 2150 2200 2250 1850 1900 1950 2000 2050 2100 2150 2200 2250

Velocity (m/s) Velocity (m/s)

Figure 11: Waveform inversionresultfor the model and datashovn in gure 10 after 5
non-lineariterationsin the 3-12 Hz frequeng band. Left panel: Recweredvertical veloc-
ity pro le. Rightpanel:Verticalvelocity pro le built upby eachsuccesste integerfrequeng.
jeff1-Perturbation[CR]

generatehe "image-stretch’phenomengSirgueandPratt,2004).

Onedetailimportantfor stabilizingthe inversionis to includea nearsurface Iter onthe
model space. | implementthe lter asa frequeng-dependentertical maskthat prevents
changedo the velocity modelwithin the rst Fresnelzoneof the wavepath. The masking
operations essentiabecausét rejectsstrongemearsurfaceanomalieghatleadto signi cant
non-linearbehaior andcorrespondingvavepathdefocusingl appliedno otherregularization
schemein the inversionproblemsolution; however, additionaltermscould in principle be
included.

CONCLUDING REMARKS

This paperpresentsan alternateforward modelingstepof frequeng-domainwaveform in-

versionbasedon operatorslerivedfrom one-way wave-equations\Wave eld extrapolationis

performedon generalizecoordinategrids designedo conformto the bulk propagatiorpaths
of turningwaves. Theresultingwaveformsarefairly similar to thosegeneratedy FD mod-
eling at wider offsets. The resultsof waveform inversionon syntheticdatademonstratéhe
ability of theapproacthto invertfor moderaterelocity perturbations.

Thework presentedhereinshavsthatthe RWE forwardmodelingapproachhassigni cant
potential,which motivatesadditionalresearcton a numberof topics. While the next develop-
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mentstagewould be applyingthe techniqueto a 2D datasetjt is importantto speculatehat
thisapproaclshouldupscaleio 3D seismicdatavolumeswith relatve ease This statements

supportby the obsenation that a singleiterationof waveforminversionshouldtheoretically
be equivalentto a wave-equatiormigrationof threefrequenciesn a 3D datavolume. Impor-

tantly, migrationsof this sizeareroutinein industry which suggestshat3D RWE waveform
inversionis computationallyfeasible.

The resultsalso motivate additionalwork towardsimproving the amplitudeaccurayg of
theone-way RWE operatorsAn initial improvementwould beincludingtheamplitudefactor
describedy Zhangetal. (2003),whichis missingfrom corventionalwave eld extrapolation
(Claerbout,1985). Use of this term shouldgeneratadatacloserto the amplitudespredicted
by ray theory Futurework could alsoimplementthe one-way operatorsof Thomson(2005)
thatderived from a "true-amplitude'one-way wave-equatiorthatincorporatese ection and
multiple-scatterindosses.
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APPENDIX A

GeneralizedRiemannian Geometry

Geometryin a generalizedD Riemanniarspaces describedoy a symmetricmetric tensoy
gij D gji, that relatesthe geometryin a non-orthogonakoordinatesystem,fxy, X, X3g to
anunderlyingCartesiarmesh,f 1, 2, 3g(Guggenheimerl977). In matrix form, the metric
tensoris written

3 2 3
011 Q12 013 011 012 013
gj D% 01 OG22 93° D% g1z U2 Gz 2, (A-1)
031 932 033 013 O23 033

wheregi1, 912, O22, 913, U23 andgss arefunctionslinking thetwo coordinatesystemghrough

“eae Y@@ ¥ e e
@ @« @« @« @« @«
013D @@ g23D @, @, 033D @ @5 (A-2)

(Summatiomotation- gij D g11C g22C gs3 - is usedin equationghroughouthis paper) The
associatedor inverse)metrictensoy g', is de nedby g;; D jgj g, wherejgj is metrictensor
matrix determinantThe associatednetrictensoris givenby

N 022033 9%3 013923 012033 012023 013022
g) D=4 gi3023 O12033 O11033 9% O12013 11023 2, (A-3)
012023 013022 012013 Q11023 Q11022 gfz

andwith thefollowing metricdeterminant
n #
011055C 022073 2012023013

O33(011022  9%,)

joi D g33(Q11022  9%) (A-4)

Weightedmetrictensorm' D P jgig'l, is anothemsefulde nition for thefollowing develop-
ment.

APPENDIX B

One-wayRiemannianwave eld extrapolation

Theacoustiovave-equatiorfor wave eld, U, in ageneralizedRiemanniarspaceas

r2ub !2?(x)U, (B-1)
wherethe! isfrequeng, s is the propagatiorslovnessandr 2 is the Laplacianoperator
1 -
1U Dp:—@ m”@ (B-2)

jg @; @]
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SubstitutingequatiorB-2 into B-1 generateaHelmholtzequatiorappropriatéor propagating
wavesthrougha 3D space

1 @ ;@

p—— mi=— D 13%?U. (B-3)
19 @; @;
Expandinghederwvative termsandmultiplying throughby P jgj yields
@n'’l @ . @U p_—
———Ccm!—-D 1 25°U . B-4
@ @ @ @ /g (B-4)

De ning n; as

. N N N
@' o’ @ @

nj D , B-5
P e e “ e e (B-5)
leadsto a morecompaciotationof equationB-4
@ ., @U P—
n—Ccm!=—-D I 25%U. B-6

Developingawave-equatiordispersiomrelationis achiezedby replacingthepartialdifferential
operatorsaactingonwave eld U with their Fourierdomainduals

mlik, in k, Dp@! 252, (B-7)

wherek ; is the Fourierdomaindual of differentialoperator@(‘?. EquationB-7 representshe
dispersiorrelationshipfor wave eld propagatioron ageneralize®-D Riemanniarspace.

Solvingfor the extrapolation wavenumber

Developing an expressionfor the extrapolationwavenumberrequiresisolating one of the
wavenumbersn equationB-7 (hereinassumedo be coordinate 3). Rearranginghe results
of expandingequationB-7 by introducingindiciesi, j D 1,2,3yields

m*k? C 2m'%  C2m**k, inz k,D
P— :
jgi! %s°Ci nik,Cngk, m'% m*kZ 2m'%k k. (B-8)
An expressiorfor wavenumbeik , canbe obtainedoy completingthe square

mi3  com®k, ing) 2 P (m'3)°

33 2 Al 2q2 2 11
m k ,c e D "jg! % K3 mit (B-9)
2
2 22 (m* 12 2m¥m?3 ; m3n i m*n n
kz m (m—33) k k, 2m B Cik, n m333 Cik, n m333 m‘%'

Isolatingwavenumbek , yields

1
k,D ak, ak,Ciag aj!l® aik® agk’, ark k,Cagik Casik, af,?,
(B-10)
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whereg; arenon-stationarygoefcients givenby

2

2 " 1 13,237 13, F 23 o
¢ 2g2 298¢® 0 mPng nmp mPng ng g
g33 g33 g33 2 m33 m33 2 m33 m33 2 m33 :

A Vv
u 5 u
g23 n3 s %J gll gl3 P 922
ol SR e

13
9
aDQE

(B-11)

Note that the coefcients containa mixture of m'! andg'! terms,andthat positive de nite
terms,ay, as, as andayg in equatiorB-10aresquaredsuchthatthefamiliar Cartesiarsplit-step
Fouriercorrectionis recovered.

For generalD situationsthe coefcients in equationB-11 reduceto

? 13 T ' 13 7 ST
R IR
(B-12)
while a strictly orthogonalD meshleadsto the following coefcients
2 s__ 37
aD40 0 % p% g—; 00 % 0 %5 (B-13)

One-waywave eld extrapolation

Theexpressiorfor k , formsthebasisfor aone-way extrapolationoperatothatcanbeusedto
propagatevave elds on generalizedoordinateneshesThisrequireshatawave eld atstep
3(i.e.,,U( 3,k ,k,!)) bepropagatedo thenextstep 3C1 3(i.e.,U(3C1 3k, k,,!))

accordingo

U(3C1 3,k k! )DU(3k, k,;!)e ksts, (B-14)

The back-projectionof residualsrequiredfor waveform inversioncan be implemented
easilyaccordingo theadjointprocessf equationB-14,

U(3C1 3,k k,!)DU(3k,k,!)ekst s, (B-15)

Note thatthe coefcients above are spatially variantwhich requiresemploying a typical ap-

proach(e.g. split-stepFourier, FFD or phase-screen$dr developingamixed! x domain

exponentialoperators. This study usesthe split-stepFourier approachdetailedin Shragge
(2006a)usingthe extrapolationwavenumbek , de ned by equationB-13.
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