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Waveform inversionby one-waywave�eld extrapolation

Jeff Shragge

ABSTRACT

Forwardmodelingin frequency-domainwaveforminversionis often implementedusing
�nite difference(FD) methods.However, thecostof FD modelingremainstooexpensive
for typical 3D seismicdatavolumes. One-way wave�eld extrapolationis an alternative
forward-modelingstrategy considerablycheaperto implement. This approach,though,
comeswith caveatsthat typically includelower accuracy at steeppropagationanglesin
laterally varying media,a dif�culty for incorporatingsourceradiationpatterns,andan
inability to propagateturningor multiply re�ectedwaves.Eachof thesefactorscanplay
a role in determiningthesuccessor failureof a waveforminversionanalysis.This study
examinesthepotentialfor usingone-wayRiemannianwave�eld extrapolation(RWE) op-
eratorsin the forward modelingcomponentof frequency-domainwaveform inversion.
RWE modelingis carriedout on computationalmeshesdesignedto conformto thegen-
eral direction of turning-wave propagation,which enablesthe calculationof the direct
arrivals, wide-anglere�ections andrefractionsimportantfor a successfulwaveform in-
version. The waveform inversionprocedureotherwiseclosely resemblesconventional
frequency-domainapproaches.Forward modelingtest resultsindicatethat RWE wave-
forms matchfairly well with thosegeneratedby FD modelingat wider offsets. Prelim-
inary testsof a RWE waveform inversionschemedemonstrateits ability to invert FD-
generatedsyntheticdatafor moderate(10%)1D velocityperturbations.

INTRODUCTION

AccuratelyimagingtheEarth'ssubsurfaceusingseismicwave�eld datarequiresestimatingre-
alistic velocitypro�les. Most informationusedto ascertainvelocitymodels,however, derives
from two sources:invertingasubsetof theseismicwave�eld (e.g.,�rst-arri val tomographyor
waveforminversion),or from a measureof migrationimagequality (e.g.,residualmigration
or migrationvelocity analysis).All approachesareneverthelesssubjectto the non-linearity
of the seismicimagingproblemandoften requiremultiple iterationsof velocity estimation,
migrationand imagequality assessmentbeforeconverging toward a well-resolved velocity
modelandseismicimage.

Oneestablisheddata-domainapproachfor velocity estimationis ray-based,�rst-arri val,
travel-timetomography, whereearliestarrival timespredictedbyalinearizedtheoryarematched
to thosepicked from data. Travel-timediscrepancies(or residuals)areback-projectedalong
calculatedray-pathsfor all sourceandreceivercombinationstoobtainavelocitymodelupdate.
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Although iterative ray-basedtomographyis computationallyef�cient andcandemonstrably
recover longer-wavelengthvelocity pro�le structure,it hasa limited ability to resolve �ner -
scalemodelcomponents.Although this shortcomingis partially addressedby more"wave-
like" correctionsto the asymptoticray theory, a moreaccurate(but moreexpensive) way to
improve invertedvelocity model resolutionis using methodsderived from �nite-frequency
approaches.

A popularalternative to ray-basedtomographyis waveform inversionbasedon wave-
equationtomography. Assuminga linearizedtheory, this approachaimsto matchwaveforms
modeledby band-limitedpropagationoperatorsto acquiredseismicdata.Importantly, higher-
resolutionvelocity modelscanberecoveredwherea greaterpercentageof theseismicwave-
�eld is usedin theinversion.(In fact,velocity modelsdevelopedfrom ray-basedtomography
often are the startingmodelsfor waveform inversion.) Waveform inversioncan be imple-
mentedin eitherthetimedomain(Tarantola,1984;Bunksetal.,1985;Mora,1987;Shippand
Singh,2002)or in thefrequency domain(PrattandWorthington,1989;Liao andMcMechan,
1996;SirgueandPratt,2004)andfor eitheracousticandelasticwave equations.Frequency-
domainapproacheshavethebene�t thatonly alimited numberof frequenciesneedbeinverted
(PrattandWorthington,1989),usuallystartingat lower frequenciesthenmoving upasparsely
sampledspectrum.Moreover, becausedataaremorelinearwith respectto modelparameters
at lowerfrequencies,convergencetowardtheglobalminimumis morelikely (SirgueandPratt,
2004).

Two drawbacksto the generalwaveform inversionprocedureare the memoryrequire-
mentsandcomputationcomplexity requiredto solve the3D forwardmodelingproblem.Most
frequency-domainproceduresemploy �nite-dif ferences(FD) to solve the acousticor elastic
wave-equation,andoften implementa LU decompositionof the correspondinglylarge, but
relatively sparse,impedancematrix. Thememoryrequirementfor a LU decompositionof a
2D matrix is roughly proportionalto nx4, wherenx is the averagemodelspacedimension.
This canbe loweredto roughly nx3 usinggraphtheoretictechniquesable to exploit matrix
sparsity(ŠteklandPratt,1998).Thememoryrequirementfor 3D problem,however, theoret-
ically risesto approximatelynx6, which remainstoo costly for commonexplorationmodel
sizes.However, novel iterativeapproachesmaybeableto reducethecostof 3D FD modeling
(see,e.g.,Plessix(2006)).

An alternateway to lower theforwardmodelingcostsis to replaceFD modelingwith an
extrapolationschemebasedon propagatorsderivedfrom one-way wave-equations.Although
one-way wave�eld extrapolationis not asaccurate,the numericalcostof a 3D implementa-
tion is roughlynsnx3(l og2(nx))2 (Biondi, 2006),wherens is thenumberof shots.Moreover,
the memoryrequirementis now of a similar or lower orderof magnitude,and is no longer
the impedingconstraint. Accordingly, wave�eld extrapolationpotentiallyoffers signi�cant
computationalandmemorysavings andis worth examiningin the context of waveform in-
version. One-way extrapolation,nevertheless,comeswith caveats.For example,long-offset
seismicdatausually contain turning waves, wide-anglere�ections, and forward-scattering
from shorterwavelengthstructurethatcarryimportantandcomplementaryinformationabout
velocity structure. However, accuratelymodelingthesewaveswith conventionalwave�eld
extrapolationtechniquesremainsdif�cult (thoughnot impossible,seeZhanget al. (2006)).
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One approachis to useRiemannianwave�eld extrapolation(Sava and Fomel, 2005) on a
generalizedcoordinatemeshorientedin the generaldirectionof turning-wave propagation.
Becausethesegridsaredesignedto incorporatethebulk of theturning-wave propagationdi-
rectly into the coordinatesystem,it allows the userto implementlower-orderextrapolation
operatorswhile achieving moreaccurateglobalpropagation.In addition,onecanavoid mod-
elingatdepthsgreaterthanthoseof thedeepestturningwaves,beyondwhichthetransmission
wave�eld is insensitive to velocityvariations(MulderandPlessix,2006).

Thispaperexaminestheuseof one-wayRiemannianwave�eld extrapolation(RWE) oper-
atorsin theforwardmodelingcomponentof frequency-domainwaveforminversion.Thepa-
perbeginswith ageneralreview of thePrattandWorthington(1989)approach.Subsequently,
I describethe implementationof RWE forward modelingandpresentresultsof testson the
SMAART JV Pluto1.5datasetthatindicatethatRWE waveformsarefairly well matchedwith
thosefrom FD modelingatwideroffsets.I thendiscussresultsof aRWE waveforminversion
schemeanddemonstrateits ability to invert for a moderate(10%) 1D velocity perturbation
assumingana priori constantvelocitybackground.

REVIEW OF FREQUENCY-DOMAIN WAVEFORM INVERSION

Thissectionreviewsthebasicstepsof non-linearfrequency-domainwaveforminversion.The
readerwishing to have a moreformal overview is referredto PrattandWorthington(1989),
Liao andMcMechan(1996),SirgueandPratt(2004),andreferencestherein. The technique
describedhereinis modeledafterthealgorithmof PrattandWorthington(1989)andusesthe
notationof SirgueandPratt(2004). Additional stepsin theinverseapproacharedrawn from
time-domainwaveforminversionmethodof Mora (1987).

Forward modeling

The initial stepin frequency-domainwaveform inversionis to prescribethe forward model.
I assumethatwave propagationis adequatelygovernedby theacousticwave equation;thus,
any forward-modelingprocedurewill generatea monochromaticscalarwave�eld, 9 , that is
an(approximate)complex-valuedsolutionto theHelmholtzequation,

L9 (s,x; ! ) D
�

r 2 C
! 2

c2(x)

�
9 (s,x; ! ) D � � (s� x), (1)

whereL is theHelmholtzoperator, r 2 theLaplacianoperator, ! angularfrequency, c(x) the
assumedvelocitypro�le in spatialdomainx, s thesourceposition,and� theDiracdeltafunc-
tion operator. Note that the waveform inversionproblemis non-linearin modelparameters,
m(x) D c� 2(x), which I will solve usingan iterative inversionapproach.Discussionof the
speci�c approachto solvingequation1 beingpresentedis deferredto thefollowing section.

Thenext stepis to comparethemodeledwave�eld solutions,9 calc(s,r ; ! ), to theobserved
data,9 obs(s,r ; ! ), wherer is thereceiver position. This procedureleadsto a residualwave-
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�eld, 19 (s,r ; ! ), de�ned asthedifferencebetweenthetwo wave�elds

19 (s,r ; ! ) D 9 calc(s,r ; ! ) � 9 obs(s,r ; ! ). (2)

Theresidualsarea measureof waveform�t andwill beback-projectedto generatea velocity
modelupdate. Note that no assumptionis explicitly madeabouta linear relation (i.e. the
Bornapproximationis explicitly avoidedin theforwardmodelingproblem)(SirgueandPratt,
2004);however, if modelparametersaretoofarremovedfromthetruevelocitymodel,thenthe
monochromaticwave�elds in equation2 will cycle-skipgiving erroneousresiduals.However,
becausecycle-skippingis morelikely at higherfrequencies,the approachis generallymore
stableat lower frequencies.

The InverseProblem

Theapproachto solvingthewaveforminversionproblemfollowedhere(PrattandWorthing-
ton, 1989) is basedon minimizing the residualmis�t at eachsuccessive frequency, E(! ).
AssuminganL2 norm,themis�t is de�ned

E(! ) D
1
2

X

s

X

r

19 � (s,r ; ! )19 (s,r ; ! ), (3)

where19 � denotescomplex conjugateof wave�eld 19 . In this study, I approachthemin-
imization of E(! ) throughcomputingthe negative gradient,or the directionof greatestde-
creaseof the mis�t function, with respectto the variation in model parameters.If model
parametersarerepresentedby m(x), thenthedescentdirectionis de�ned by

g(x) D �r mE D �
@E

@m(x)
. (4)

Thegradientvector, g(x), is consideredanimageof themodelspaceandcanbeusedto update
themodelparameterestimatesaccordingto

mnC1(x) D mn(x)C  n(x)gn(x), (5)

where n(x) is thesteplengthdiscussedbelow, andsubscriptn indicatesthecurrentiteration
number.

Gradient Vector De�nition

Methodsfor calculatingthegradientwithoutexplicitly computingthepartialderivativesof the
dataarewell established(Lailly, 1983;Tarantola,1984;PrattandWorthington,1989;Prattet
al., 1998). Themain resultin the time-domaininversionliteratureis that thegradientvector
canbecomputedbyazero-lagcorrelationof thewave�eld propagatedforwardfrom thesource
point, Pf (s,x; ! ), andtheresidualwave�eld propagatedbackwardsfrom thefarthestreceiver
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location toward the sourcepoint pasteachsuccessive receiver, Pb(x,r ; ! ). The frequency-
domainequivalent to this zero-lagcorrelationis the multiplication of thesetwo wave�elds
accordingto

g(x;w) D � ! 2
X

s

X

r

Re
�
P�

f (s,x; ! )Pb(s,x,r ; ! )
�
, (6)

where Re indicatesthe real componentof the multiplication result. The summationover
sourcesandreceiversis donefor eachnon-lineariterationateachfrequency. Following Sirgue
andPratt(2004)in assuminga point sourceof unit amplitudeandzerophase,the forward-
propagatedwave�eld Pf is givenby

Pf (s,x; ! ) D G0(s,x; ! ), (7)

while back-propagatedwave�eld Pb is de�ned by

Pb(s,x,r ; ! ) D G�
0(x,r ; ! )19 (s,r ; ! ), (8)

whereG0(s,x; ! ) andG0(x,r ; ! ) representthemonochromaticGreen's functionsfor anexci-
tationat thesourceandreceiver pointsin themedium,respectively. Hence,the full gradient
vectorexpressionis

g(x; ! ) D � ! 2
X

s

X

r

Re
�
G�

0(s,x; ! )G�
0(x,r ; ! )19 (s,r ; ! )

�
. (9)

Note that G�
0(x,r ; ! )19 (s,r ; ! ) representsthe back-projectionof the dataresidualsand is

similar to a "migrationwith theresidualwave�eld data"(Mora,1987).

ConjugateGradient De�nition

The useof conjugategradientshelpsto speedconvergenceby choosinga directionthat is a
linearcombinationof thepastandcurrentsteepestdescentvectors(Luenberger, 1984). Fol-
lowing Mora (1987),I usea conjugategradientapproachgivenby PolakandRibiére(1969)

cn D gn C g�
n

(gn � gn� 1)
g�

n� 1gn� 1
, (10)

wherecn is the conjugategradientupdate.Note that this is equivalentto the formulationin
Mora (1987)wheredataandmodelspacecovariancesarerepresentedby identity operators.
Equation5 thusmodi�es to

mnC1(x) D mn(x)C  n(x)cn(x), n � 2,

D  n(x)gn(x), n D 1. (11)

Thecomputationof conjugategradientdirectionin equation11 comesessentiallyat no cost
becausethepreviousgradientvector, gn� 1, easilycanbestoredin memory.
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Step-lengthDe�nition

After computingthe (conjugate)gradientvector, onemustcalculatethe steplength,  n(x),
usedto updatemodelparameters(equation5). This computationis not straightforward be-
causethe acousticwave equationis non-linearin modelparametersm(x) D c� 2(x) andthe
Frechétderivativesarenever explicitly calculated.Oneapproachis to usea linear approx-
imation techniquebasedon perturbationmethods(Mora, 1987). This involves calculating
an approximateFrechétderivative, F̂ , by performingan additionalforward modelingusing
a setof modelparametersperturbedby a scaledversionof thecomputedconjugategradient
(i.e. mn(x) C � cn(x)) andcomparingtheresultwith the initial forwardmodeleddata.This is
summarizednotationallyas

F̂n D L(mn C � cn) � L(mn) D 9 pert � 9 ori g, (12)

where9 pert and9 ori g arethe perturbedandoriginal wave�elds, respectively. Perturbation
scalingfactor � is constrainedto be within 1% of the currentmodelparametervalues. The
step-lengthis thengivenby Mora (1987)

 n D
c�

ngn
1
� 2 F̂ �

n F̂n C c�
ncn

. (13)

Again,thestep-lengthin equation13is equalto thatin Mora(1987)wherecovariancematrices
arerepresentedby identityoperators.

Generalapproachto waveform inversion

The above sectionpresentedthe approachto frequency-domainwaveform inversionusedin
thisstudy. Thegeneralcomputational�o w is describedthepseudo-codein �gure 1. Theproce-
durebeginswith theforwardwave�eld modeling(equation1) for the�rst non-lineariteration
at the�rst frequency. Wave�eld residualsarethencomputed(equation2) andback-projected
throughoutthe model volume (the adjoint of equation1), enablingthe computationof the
single-sourcegradientvector(equation9). This procedureis repeatedfor all shotpointsuntil
thetotalgradient�eld is computedby stackingsingle-sourcegradientpro�les. Theconjugate
gradientdirectionis thencalculatedfrom thecurrentandpastgradientvectors(equation11),
andthe steplengthis computedby summingthe forwardmodelingresultsof the linearper-
turbationFrechétmatrix (equation12). This processis repeatedfor the desirednumberof
iterations,or until convergenceis reached.The entire processis then repeatedat the next
highestfrequency until inversionof all chosenfrequenciesis complete.

SOLVING THE FORWARD MODELING PROBLEM

A key developmentin frequency-domainwaveform inversionmethodologywould be estab-
lishingamorerapid,yetaccurate,forwardmodelingapproachfor generatingHelmholtzequa-
tion solutions.This is importantbecause,for eachnon-lineariterationandfrequency, forward
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Figure 1: Flow chart describingthe
processing�o w for waveform inver-
sion. jeff1-�o wchart [NR]
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}
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modelingis required(at least)threetimes: i) forward-propagatingwave�eld Ps to generate
data9 calc; ii) back-projectingwave�eld residualsPr ; andiii) calculatingsteplength . In
this study, I solve the forward modelingproblemusingmoreef�cient, thoughlessaccurate,
one-wayextrapolationoperators.Thecentralsuppositionis thattheloweraccuracy associated
with one-way operatorswill be morethanoffset by ef�ciency gainsand lower memoryre-
quirementsof �nding waveforminversionsolutions.A morefundamentalquestionis whether
one-wayoperatorsaresuf�ciently accurateto permitwaveforminversion.Demonstratingthis
assumption's validity is a key resultof this paper.

One useful strategy for developingeffective one-way operatorsis to considerpropaga-
tion in a coordinatesystemgeometryother thanCartesian.For example,onecanspecifya
sideways-tilted,ray-like meshwherethe extrapolationaxis is predominatelyorientedin the
directionof turning-wave propagation.In this referenceframe,thebulk of wave�eld continu-
ationoccursat low anglesto theextrapolationaxiswhereone-wayoperatorsremainaccurate.
Wave�eld propagationonnon-Cartesiangridsfallsunderthepurview of RWE,whichincorpo-
ratesmeshgeometrydirectly into theHelmholtzequationthroughadditionalspatiallyvarying
coef�cients. The differentialgeometryusedto describecoordinatesystemtransformations
in generalspaceis presentedin AppendixA, while the operatorsusedin the one-way RWE
approacharedevelopedin AppendixB.

Figure2 illustratesthegeometrictransformationbetweenCartesian(two left panels)and
RWE domains(two right panels).Theupperleft panelshowsa coordinatesystemmeshover-
lying partof thePlutovelocitymodel.Theupperright panelshowsthismeshunfoldedto form
a regular grid, underlyingwhich is the interpolatedvelocity pro�le. (The RWE coef�cients
in AppendixB describethestretchingeffectsgeneratedby this transformation.)Thebottom
right panelshows four superimposedwave�eld snapshots(at 1.0s,2.2s,3.4sand4.6s)for a
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Figure2: Illustrationof thewaveforminversionforwardmodelingapproach.Theleft (right)
panelsrepresentthe Cartesian(Riemannian)viewpoint. Upper left: Pluto velocity pro�le
overlain by a dipolar coordinatesystemmesh. Upperright: Unstretchedcoordinatesystem
from upperleft panelunderlainby theinterpolatedvelocity pro�le. Lower right: Four super-
imposedbroadbandwave�elds (at 1.0s,2.2s,3.4s,and4.6s)propagatedthroughthevelocity
modelin theupperright. Lowerleft: Wave�elds from thelowerright interpolatedto Cartesian.
jeff1-FMexample [ER]
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pointsourcepropagatedoutwardfrom theleft sideof themodel.Notethatwhile someenergy
is lost - for example,at boundariesandsteeplydippingenergy - thebulk of thewave�eld is
extrapolatedat low anglesthroughthemodel.Thebottomleft panelshowsthewave�eld from
the bottomright interpolatedbackto a Cartesianmesh. The rapid near-horizontaladvance-
mentof thewave�eld throughthesalt is evident,asarethetop-saltre�ectionsarriving at the
freesurface.

Theremainderof this sectiondescribeshow I performforwardmodelingusingRWE op-
erators. I presentthe rationalefor usinga dipolar coordinatesystem,detail an approximate
approachfor incorporatingsourceradiationpatternsandfree-surfacere�ections,anddescribe
a wave�eld injectionapproachto back-propagatewave�eld residuals.

Dipole Coordinates

One simplifying factor for an RWE approachis using a coordinatesystemthat is (nearly)
orthogonal,suchasthatdevelopedfrom a potential�eld distribution (Shragge,2006b). Ac-
cordingly, thecoordinatesystemusedin thefollowing investigationsis a (nearly)orthogonal
meshderivedfrom theelectrostaticspotential�eld distribution,8 , of a dipolesourceformed
by two staticcharges

8 (x) D
1

p
(x � x1)2 C � 2(z� z1)2

�
1

p
(x � x2)2 C � 2(z� z2)2

, (14)

wherex1 D [x1,z1] andx2 D [x2,z2] arethelocationsof thetwo unitary-valuedstaticcharges,
and� is anellipticity factorinducinga verticalstretch.

A dipolar coordinatesystemcanbe derived from equation14 by computingthe equipo-
tentialsurfacesandassociated�eld lines.Figure3 illustratesthis for adipoleof 4 km spacing
anda � =1 ellipticity factor. Thepotential�eld distribution nearbythesingularitiesbecomes
nearlyradially symmetricandmimicstheshapeof a wave�eld emerging from a point source
in a homogeneousmedium. For simplicity, I force the initial extrapolationsurfaceto be a
circulararcthatdirectlymatchesthepointsourcewave�eld. Althoughthis introducesaslight
non-orthogonalityinto anotherwiseorthogonalmesh,this is takeninto accountby theRWE
theory(Shragge,2006a). In addition, I have situatedthe sourcepoint 50m below the free-
surfacein orderto simulateghostre�ections commonlyfound in marinedata. The forward
modeledwave�eld, 9 (s,r ; ! ), is thusgeneratedby extractingfrom thewave�eld thevaluesat
thereceiver locationson thecenterline parallelingthefreesurfaceat thesourcedepth.

Radiation Patternsand Free-surface

Two additionalfactorsthatwarrantcommentaretheeffectsof sourceradiationpatternsand
thefree-surface(seesketchin �gure 4). A dipolarcoordinatesystemcanpartiallyaccountfor
theseeffects. I generatethe initial sourcewave�eld by extractingthe direct arrival wavelet
from a receivernearbythesourcepointandspreadingit acrossthe180� arcto form a radially
symmetricwave�eld. To imparta morerealisticradiationpattern,I thenintroduceanangular
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Figure 3: The coordinate system
used in the forward modeling tests
derived from the potential �eld and
�eld lines of an electrostaticdipole.
jeff1-DipoleRays[ER]

cosineradiationamplitude�lter that helpsensurethat the wave�eld haszeroamplitude(at
leastinitially) at thefreesurface.

Free-surfaceeffectscanbe approximatelyincorporatedby allowing wavesto propagate
in a vertically mirroredvelocity model. Figure 5 illustratesthe expectedarrivals from the
mirroring procedure.Thetop panelshows theexpectedre�ectedandghostarrival polarities,
while the bottom shows the rays modeledwith the mirrored velocity approach. Note that
negatingtheradiationpatternin themirroredvelocitypanelgeneratesaneffectivefree-surface
ghost, including the R=-1 free-surfacere�ection coef�cient. First-ordermultiples are also
present,but have incorrectpolaritiesthat could causeproblemsin the inversion. Multiples
arisingfrom deeperre�ectors, though,arrive later andareroutinely windowedout from the
data.

Forward modelingexamples

Figure6 presentsforward modelingresultsfor the Pluto dataset.The left andright panels
show the wave�eld generatedby a fourth-orderFD andRWE modeling,respectively. The
�nite-dif ferencePlutodataon theleft is thepressure�eld componentcalculatedin anelastic
model.TheRWE datain theright panelaregeneratedaccordingto equationB-14. Notethat
there�ectionsapparentnearzero-offset in theleft panelarecompletelyabsentfrom theright
panel. This is becausethe algorithmcannotpropagatere�ected wavesdirectly upwardson
near-vertical pathsbecausepropagationanglesare too steepto the extrapolationaxis. The
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Figure5: Sketchshowing thevelocity
mirroring processthat enablescom-
putationof the free-surfacere�ected
ghost. Top panel: Expectedray ar-
rivals. Bottom panel: Calculatedar-
rivalsusingthemirroredvelocity ap-
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wave�elds at fartheroffsets(i.e. > 16kft), though,becomeincreasinglysimilar bothkinemat-
ically anddynamically.

The waveformsinput to the inversionalgorithmat explorationscaleareusually limited
to the �rst few hundredmillisecondsafter the �rst arrival. Hence,examiningthe matchbe-
tweenFD andRWE waveformsin this time interval providesinsight into the quality of the
forwardmodelingresults.Figures7 and8 presentwaveformcomparisonsat four wide-offsets
(> 15kft) andfour near-offsets(< 15kft), respectively. Bothwaveformsarelow-pass�ltered to
a frequency bandtypically usedfor exploration-scalewaveforminversion(high cornerof 12
Hz). At far offsetstheRWE waveformsmatchthosefrom theFD modelingto a gooddegree,
especiallydirectly after the �rst arrival. The matchesat neareroffsetsarefairly poor asex-
pectedgiventheobviously disparatenatureof thewave�elds shown in �gure 6, thoughshow
improvementswith increasingoffset.

Back-projection by wave�eld injection

The next stepis to develop a procedurefor back-projectingthe residualwave�eld. I usea
waveforminjectionapproachbasedonequationB-15thatis theadjointoperationof extracting
datafrom thewave�eld at acquisitiondepth.An initially zero-valuedwave�eld is propagated
backwardsfrom thefarthestreceiver towardthesourcepoint. As thewave�eld reacheseach
successive receiver location,theresidualat thatpoint is injectedinto theglobalwave�eld and
extrapolatedto thenext step. This processis repeatedfor all receiversbackto the �nal step
closestto the sourcepoint. Note that the one-way formulationprecludesback-projectionof
wave�eld interactionsoccurringatadistancefartherthanthecurrentextrapolationstep.(This
is theequivalentto aninability to propagateaturningwaveupwardto thesurfacein downward
continuation.)

Calculatingthe gradientterm in equation9 is possibleafter specifyingthe forward and
back-propagationmodelingoperations.Figure9 presentsanexampleof a gradientvectorfor
a sourceandreceiver pair separatedby 4 km over a mirroredhalf-spacevelocity model(up-
perleft panel).Theupperright panelshows a monochromaticwave�eld propagatedforwards
from thesourcepoint,while thelower right panelshows thewave�eld back-propagatedfrom
the farthestreceiver. The multiplication of thesetwo wave�elds is shown in the lower left
panel. Woodward (1992),who discussesa similar experiment,termsthe result in the lower
left "a wavepath"- or the monochromaticanalogof a ray-pathin the in�nite-frequency ap-
proximation.Notethatthesimilarity betweenthewavepathin �gure 9 andthatof Woodward
(1992),whoseapproachis basedona Rytov approximation.

INVERSION RESULTS

This sectiondetailsthe testsof the waveform inversionproceduredescribedabove on a 1D
syntheticdatamodel(left panelof �gure 10). Thevelocity perturbationis centeredat 1 km
depth,is 0.2km thick, andis 10%greaterthanthebackground�eld of 2 kms� 1. Thegoalof
thewaveforminversiontestis to reconstructthevelocityperturbationstartingfrom aninitially
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Figure6: Comparisonof thePlutodatasetwave�eld generatedby a fourth-order�nite differ-
enceapproach(left panel)andthewave�eld generatedby theRWE modelingapproach(right
panel)for a sourcepositionat80 kft. jeff1-DataCompare[ER]
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Figure7: Examplesof waveformmatchingfor variouswide offsets,with thecorresponding
residualsfor thewave�elds shown in �gure 6. Topleft: 17kft offset;top right: 19.5kft offset;
bottomleft: 22kft offset;andbottomright: 24.5kft offset. jeff1-WideOffsets [ER]
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Figure8: Examplesof waveform matchingfor variousnearoffsets,with the corresponding
residualsfor thewave�elds shown in �gure 6. Top left: 8 kft offset; top right: 10 kft offset;
bottomleft: 12kft offset;andbottomright: 14kft offset. jeff1-NearOffsets [ER]
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Figure 9: Wavepathexample following Woodward (1992). Top left: Half-spacevelocity
model usedfor synthetictests. Top right: Forward-propagatedwave�eld. Bottom right:
Back-projectedwave�eld for a singlereceiver at 4km offset from sourcepoint. Bottom left:
Wavepathformedby multiplying wave�elds in top andbottomright panels. jeff1-wavepath
[ER]
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constantvelocity model of 2 kms� 1. The true velocity pro�le was input to the SU �nite
differencemodelingpackage(Stockwell,1997),which generateddataconsistingof a linear
directarrival andtwo re�ection hyperbolasof opposingsign(right panel).

Figure10: Model usedfor thewaveforminversiontest(left panel)andthedatageneratedby
FD modeling(right panel). jeff1-ModelData [ER]

Syntheticdataweresubjectto initial preprocessing,includinglow-pass�ltering (highcor-
nerof 12Hz),windowing to eliminateboundaryartifacts,andzeroingtraces< 2 km from the
sourcepoint. I appliedthethelatterprocedurebecausetheRWE modelingprocedurecannot
generateaccuratewave�eld datanearerto thesourcepoint. A subsetof frequenciesranging
from 3-12Hz in roughly0.25Hz intervalswereselectedfor inversion.

Figure11 presentsthe waveform inversionresultsafter 5 non-lineariterations. The left
panelshows the �nal estimatedperturbation,while the multiple pro�les in the right panel
show thecumulative velocity perturbationrecoveredat eachintegerfrequency valuebetween
3-12Hz. Therecoveredvelocitypro�le perturbationis centeredalmostat thecorrectlocation.
Signi�cant negative sidelobesarepresentboth above andbelow the trueperturbation.This
observation is somewhatexpectedbecauseit exhibits a similar phenomenonto thatnotedin
the1D experimental�ndings of SirgueandPratt(2004).

The recoveredperturbationevidently doesnot containcertainspatialfrequency compo-
nents. Oneway to betterunderstandthis is examiningthe Fourier spectraof the 1D depth
pro�le (see�gure 12). This panelshows thespatialfrequency contentof boththemodeland
estimatedperturbation.Therecoveredperturbationis lackingenergy at thelower frequencies
andis somewhatoverestimatedatmid-range.Thisobservationsuggeststhattheinversiondoes
notusedatawith either:i) low enoughtemporalfrequencies;or ii) suf�ciently wideoffsetsto
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Figure 11: Waveform inversion result for the model and data shown in �gure 10 after 5
non-lineariterationsin the 3-12 Hz frequency band. Left panel: Recoveredvertical veloc-
ity pro�le. Rightpanel:Verticalvelocitypro�le built upby eachsuccessive integerfrequency.
jeff1-Perturbation[CR]

generatethe"image-stretch"phenomena(SirgueandPratt,2004).

Onedetail importantfor stabilizingthe inversionis to includea near-surface�lter on the
model space. I implementthe �lter as a frequency-dependentvertical maskthat prevents
changesto the velocity modelwithin the �rst Fresnelzoneof the wavepath. The masking
operationis essentialbecauseit rejectsstrongernear-surfaceanomaliesthatleadto signi�cant
non-linearbehavior andcorrespondingwavepathdefocusing.I appliednootherregularization
schemein the inversionproblemsolution; however, additionaltermscould in principle be
included.

CONCLUDING REMARKS

This paperpresentsan alternateforward modelingstepof frequency-domainwaveform in-
versionbasedon operatorsderivedfrom one-way wave-equations.Wave�eld extrapolationis
performedon generalizedcoordinategridsdesignedto conformto thebulk propagationpaths
of turningwaves. Theresultingwaveformsarefairly similar to thosegeneratedby FD mod-
eling at wider offsets. The resultsof waveform inversionon syntheticdatademonstratethe
ability of theapproachto invert for moderatevelocityperturbations.

Thework presentedhereinshowsthattheRWE forwardmodelingapproachhassigni�cant
potential,whichmotivatesadditionalresearchonanumberof topics.While thenext develop-
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Figure 12: Fourier spectraof the
1D modelandrecoveredperturbation
shown in the left panelof �gure 11.
jeff1-Frequencies[ER]

mentstagewould beapplyingthe techniqueto a 2D dataset,it is importantto speculatethat
thisapproachshouldupscaleto 3D seismicdatavolumeswith relativeease.Thisstatementis
supportby theobservation thata singleiterationof waveform inversionshouldtheoretically
beequivalentto a wave-equationmigrationof threefrequenciesin a 3D datavolume.Impor-
tantly, migrationsof this sizeareroutinein industry, which suggeststhat3D RWE waveform
inversionis computationallyfeasible.

The resultsalsomotivateadditionalwork towardsimproving the amplitudeaccuracy of
theone-wayRWE operators.An initial improvementwouldbeincludingtheamplitudefactor
describedby Zhangetal. (2003),which is missingfrom conventionalwave�eld extrapolation
(Claerbout,1985). Useof this term shouldgeneratedatacloserto the amplitudespredicted
by ray theory. Futurework couldalsoimplementtheone-way operatorsof Thomson(2005)
thatderivedfrom a "true-amplitude"one-way wave-equationthat incorporatesre�ection and
multiple-scatteringlosses.
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APPENDIX A

GeneralizedRiemannianGeometry

Geometryin a generalized3D Riemannianspaceis describedby a symmetricmetric tensor,
gi j D gj i , that relatesthe geometryin a non-orthogonalcoordinatesystem,fx1,x2,x3g, to
anunderlyingCartesianmesh,f � 1, � 2, � 3g(Guggenheimer,1977). In matrix form, themetric
tensoris written

�
gi j

�
D

2

4
g11 g12 g13

g21 g22 g23

g31 g32 g33

3

5 D

2

4
g11 g12 g13

g12 g22 g23

g13 g23 g33

3

5 , (A-1)

whereg11, g12, g22, g13, g23 andg33 arefunctionslinking thetwo coordinatesystemsthrough

g11 D
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@� 1

@xk

@� 1
, g12 D

@xk

@� 1

@xk

@� 2
, g22 D
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@xk

@� 3
,

g13 D
@xk

@� 2

@xk

@� 2
, g23 D

@xk

@� 2

@xk

@� 3
, g33 D

@xk

@� 3

@xk

@� 3
. (A-2)

(Summationnotation- gi i D g11C g22C g33 - is usedin equationsthroughoutthispaper.) The
associated(or inverse)metrictensor, gi j , is de�ned by gi j D jgj gi j , wherejgj is metrictensor
matrix determinant.Theassociatedmetrictensoris givenby

�
gi j � D

1
jgj

2

4
g22g33 � g2

23 g13g23 � g12g33 g12g23 � g13g22

g13g23 � g12g33 g11g33 � g2
13 g12g13 � g11g23

g12g23 � g13g22 g12g13 � g11g23 g11g22 � g2
12

3

5 , (A-3)

andwith thefollowing metricdeterminant

jgj D g33(g11g22 � g2
12)

"

1�
g11g2

23C g22g2
13 � 2g12g23g13

g33(g11g22 � g2
12)

#

. (A-4)

Weightedmetrictensor, mi j D
p

jgj gi j , is anotherusefulde�nition for thefollowing develop-
ment.

APPENDIX B

One-wayRiemannianwave�eld extrapolation

Theacousticwave-equationfor wave�eld, U , in a generalizedRiemannianspaceis

r 2U D � ! 2s2 (x)U , (B-1)

wherethe! is frequency, s is thepropagationslowness,andr 2 is theLaplacianoperator

1 U D
1

p
jgj

@
@� i

�
mi j @U

@� j

�
. (B-2)
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SubstitutingequationB-2 into B-1generatesaHelmholtzequationappropriatefor propagating
wavesthrougha 3D space

1
p

jgj
@

@� i

�
mi j @U

@� j

�
D � ! 2s2U . (B-3)

Expandingthederivative termsandmultiplying throughby
p

jgj yields

@mi j

@� i

@U
@� j

C mi j @2U
@� i @� j

D �
p

jgj! 2s2U . (B-4)

De�ning nj as

nj D
@mi j

@� i
D

@m1j

@� 1
C

@m2j

@� 2
C

@m3j

@� 3
, (B-5)

leadsto a morecompactnotationof equationB-4

nj
@U
@� j

C mi j @2U
@� i @� j

D �
p

jgj! 2s2U . (B-6)

Developingawave-equationdispersionrelationis achievedby replacingthepartialdifferential
operatorsactingonwave�eld U with theirFourierdomainduals

�
mi j k� i � i nj

�
k� j D

p
jgj! 2s2, (B-7)

wherek� i is theFourierdomaindualof differentialoperator @
@� i

. EquationB-7 representsthe
dispersionrelationshipfor wave�eld propagationona generalized3-D Riemannianspace.

Solving for the extrapolation wavenumber

Developing an expressionfor the extrapolationwavenumberrequiresisolating one of the
wavenumbersin equationB-7 (hereinassumedto becoordinate� 3). Rearrangingthe results
of expandingequationB-7 by introducingindiciesi , j D 1,2,3 yields

m33k2
� 3

C
�
2m13k� 1 C 2m23k� 2 � i n3

�
k� 3 D

p
jgj! 2s2 C i

�
n1k� 1 C n2k� 2

�
� m11k2

� 1
� m22k2

� 2
� 2m12k� 1k� 2. (B-8)

An expressionfor wavenumberk� 3 canbeobtainedby completingthesquare

m33
�
k� 3 C (2m13k� 1C2m23k� 2 � i n3)

2m33

� 2
D

p
jgj! 2s2 � k2
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�
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m33

�
� (B-9)
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Isolatingwavenumberk� 3 yields
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whereai arenon-stationarycoef�cients givenby
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Note that the coef�cients containa mixture of mi j andgi j terms,andthat positive de�nite
terms,a4,a5,a6 anda10 in equationB-10aresquared,suchthatthefamiliarCartesiansplit-step
Fouriercorrectionis recovered.

For general2D situations,thecoef�cients in equationB-11reduceto
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while a strictly orthogonal2D meshleadsto thefollowing coef�cients
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One-waywave�eld extrapolation

Theexpressionfor k� 3 formsthebasisfor aone-wayextrapolationoperatorthatcanbeusedto
propagatewave�elds on generalizedcoordinatemeshes.This requiresthata wave�eld at step
� 3 (i.e.,U (� 3,k� 1,k� 2; ! )) bepropagatedto thenext step� 3C 1� 3 (i.e.,U (� 3C 1� 3,k� 1,k� 2, ! ))
accordingto

U (� 3 C 1� 3,k� 1,k� 2, ! ) D U (� 3,k� 1,k� 2; ! ) e� ik� 31� 3. (B-14)

The back-projectionof residualsrequiredfor waveform inversioncan be implemented
easilyaccordingto theadjointprocessof equationB-14,

U (� 3 C 1� 3,k� 1,k� 2, ! ) D U (� 3,k� 1,k� 2; ! ) eCik� 31� 3. (B-15)

Note that the coef�cients above arespatiallyvariantwhich requiresemploying a typical ap-
proach(e.g. split-stepFourier, FFD or phase-screens)for developinga mixed ! � x domain
exponentialoperators.This study usesthe split-stepFourier approachdetailedin Shragge
(2006a)usingtheextrapolationwavenumberk� 3 de�ned by equationB-13.
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