Chapter 1

Offset continuation for reflection seismic data

In this chapter, | develop the theory of a regularization operator that is particularly suited for
reflection seismic data. As discussed in Chap®an ideal regularization results from a data-
space differential equation that we assume to be satisfied by the input data. Laplace’s equation
is appropriate for certain kinds of potential-field data, and the biharmonic equation applies to
smooth elastic-type surfaces. A special differential equation is required to characterize the
predictable features of seismic reflection data.

Fortunately, such an equation does exist. | introduce it in this chapter and study its theo-
retical properties. The equation describes the procesffgdt continuationwhich is a trans-
formation of common-offset seismic gathers from one constant offset to another (Bolondi et
al., 1982). Bagaini et al. (1994) identified offset continuation (OC) with a whole family of
prestack continuation operators, such as shot continuation (Schwab, 1993; Bagaini and Spag-
nolini, 1993), dip moveout as a continuation to zero offset, and three-dimensional azimuth
moveout (Biondi and Chemingui, 1994a; Biondi et al., 1998).

The Earth subsurface is a three-dimensional object, while seismic reflection data from a
multi-coverage acquisition belong to a five-dimensional space (time, 2-D offset, and 2-D mid-
point coordinates). This fact alone is a clear indication of the additional connection that exists
in the data space. The offset continuation equation expresses this connection in a concise math-
ematical form. Its theoretical analysis allows us to explain the data transformation between
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2 CHAPTER 1. OFFSET CONTINUATION FOR REFLECTION SEISMIC DATA

different offsets. A simple example is the diffraction point response shown in Figure 1.1 and
analyzed theoretically later in this chapter.

As early as in 1982, Bolondi et al. came up with the idea of describing offset continuation
and dip moveout (DMO) as a continuous process by means of a partial differential equation
(Bolondi et al., 1982). However, their approximate differential operator, built on the results of
Deregowski and Rocca’s classic paper (Deregowski and Rocca, 1981), failed in the cases of
steep reflector dips or large offsets. Hale (1983) writes:

The differences between this algorithm [DMO by Fourier transform] and previ-
ously published finite-difference DMO algorithms are analogous to the differen-
ces between frequency-wavenumber (Stolt, 1978; Gazdag, 1978) and finite-dif-
ference (Claerbout, 1976) algorithms for migration. For example, just as finite-
difference migration algorithms require approximations that break down at steep
dips, finite-difference DMO algorithms are inaccurate for large offsets and steep
dips, even for constant velocity.

Continuing this analogy, one can observe that both finite-difference and frequency-domain
migration algorithms share a common origin: the wave equation. The new OC equation,
presented in this chapfeand valid for all offsets and dips, plays a role analogous to that
of the wave equation for offset continuation and dip moveout algorithms. A multitude of
seismic migration algorithms emerged from the fundamental wave-propagation theory that is
embedded in the wave equation. Likewise, the fundamentals of DMO algorithms can be traced
to the OC differential equation.

In the first part of the chapter, | prove that the revised equation is, under certain assump-
tions, kinematically valid. This means that wavefronts of the offset continuation process cor-
respond to the reflection wave traveltimes and correctly transform between different offsets.
Moreover, the wave amplitudes are also propagated correctly accordingttagremplitude
criterion (Black et al., 1993). The amplitude and phase preservation is additionally confirmed

1To my knowledge, the first derivation of the revised offset continuation equation was accomplished by
Joseph Higginbotham of Texaco in 1989. Unfortunately, Higginbotham’s derivation never appeared in the
open literature.
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Figure 1.1: Common-offset sections of a diffraction point response (superimposed on the same
plot). Top: after NMO. Bottom: before NMO. The offsets are 0, 1, 2, 3, 4, and 5 km. The
offset continuation equation describes the data transformation between different offsets (see

the left plot in Figure 1.5).ofcon-spik [ER]
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by a direct theoretical test, where | represent the input common-offset data by the Kirchhoff
modeling integral (Bleistein, 1984). The first two asymptotic orders of accuracy are satisfied
when the offset continuation equation is applied to the Kirchhoff data.

In the second part of the chapter, | relate the offset continuation equation to different
methods of dip moveout. Considering DMO as a continuation to zero offset, | show that DMO
operators can be obtained by solving a special initial value (Cauchy-type) problem for the
OC equation. Different known forms of DMO (Hale, 1991) appear as special cases of more
general offset continuation operators.

INTRODUCING THE OFFSET CONTINUATION EQUATION

Most of the contents of this chapter refer to the following linear partial differential equation:

2P 9%P 9%P
-5 ) =the—er - 1.1
(ay2 ahZ) " dt,oh (1)

Equation (1.1) describes antificial (non-physical) process of transforming reflection seismic
dataP(y,h,t,) in the offset-midpoint-time domain. In equation (1.h)stands for the half-
offset b = (r — s)/2, wheres andr are the source and the receiver coordinatgsy the
midpoint (y = (r +s)/2), andt, is the time coordinate after normal moveout correction is

=) .

The velocityv is assumed to be known a priori. Equation (1.1) belongs to the class of linear

applied:

hyperbolic equations, with the offsktacting as a time-like variable. It describes a wave-like
propagation in the offset direction.



Proof of validity

A simplified version of the ray method techniquefvery et al., 1977; Babich, 1991) can
allow us to prove the theoretical validity of equation (1.1) for all offsets and reflector dips by
deriving two equations that describe separately wavefront (traveltime) and amplitude transfor-
mation. According to the formal ray theory, the leading term of the high-frequency asymp-
totics for a reflected wave recorded on a seismogram takes the form

P(y,h,ta) & An(y,h) Ra (th — (Y. h)) , (1.3)

whereA, stands for the amplitud®,, is the wavelet shape of the leading high-frequency term,
andr, is the traveltime curve after normal moveout. Inserting (1.3) as a trial solution for (1.1),
collecting terms that have the same asymptotic order (correspond to the same-order derivatives
of the waveletR,), and neglecting low-order terms, we obtain a set of two first-order partial

3t \ 2 3t \ 0tn
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differential equations:

Equation (1.4) describes the transformation of traveltime curve geometry in the OC pro-
cess analogously to how the eikonal equation describes the front propagation in the classic
wave theory. What appear to be wavefronts of the wave motion described by equation (1.1)
are traveltime curves of reflected waves recorded on seismic sections. The law of amplitude
transformation for high-frequency wave components related to those wavefronts is given by
equation (1.5). In terms of the theory of partial differential equations, equation (1.4) is the
characteristic equation for (1.1).
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Proof of kinematic equivalence

In order to prove the validity of equation (1.4), itis convenient to transform it to the coordinates
of the initial shot gathers=y—h,r =y+h, andr = /72 + 4U—rf. The transformed equation

takes the form
, (r—9)?\[dt drt 1 drot
— ) =2-9)1([=———]) . 1.6
<T+ v2 )<8r ds U v2  9r ds (1.6)

Now the goal is to prove that any reflection traveltime functign,s) in a constant velocity
medium satisfies equation (1.6).

Let SandR be the source and the receiver locations, @nbe a reflection point for that
pair. Note that the incident rag O and the reflected ra@ R form a triangle with the basis on
the offsetSR(I = |SR = |r —s|). Leta be the angle o560 from the vertical axis, and
be the analogous angle &O (Figure 1.2). The law of sines gives us the following explicit
relationships between the sides and the angles of the tri&QIR

coswy
SO =|SR—F————, 1.7
SOl = | HSIn(az—al) (1.7)
cosu
RO = |SR———. 1.8
IROJ = | Rsin(az—al) (1.8)
Hence, the total length of the reflected ray satisfies
COSw; + COSx cosx
vr = SO +|RO| = |SR 22Xt Cos2 - c0st (1.9)

sin(es —a1) siny

Herey is the reflection angley = (a2 — «1)/2), anda is the central ray anglex(= (a2 +
a1)/2), which coincides with the local dip angle of the reflector at the reflection point. Recall-
ing the well-known relationships between the ray angles and the first-order traveltime deriva-
tives

0T SinO{]_

9T _ , 1.10
as v ( )
ot . Sinotz (l 11)
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we can substitute (1.9), (1.10), and (1.11) into (1.6), which leads to the simple trigonometric
equality

cos <a1;a2>+sin2 (Otl;az) = 1—sinasinas . (1.12)
It is now easy to show that equality (1.12) is true for anyanday, since

sifa—sib=sin@+b)sin@—b).

Figure 1.2: Reflection rays in a con-
stant velocity medium (a scheme).

ofcorocorayNR]

Thus we have proved that equation (1.6), equivalent to (1.4), is valid in constant velocity
media independently of the reflector geometry and the offset. This means that high-frequency
asymptotic components of the waves, described by the OC equation, are located on the true
reflection traveltime curves.

The theory of characteristics can provide other ways to prove the kinematic validity of
equation (1.4), as described by Fomel (1994) and Goldin (1994).

Comparison with Bolondi’'s OC equation

Equation (1.1) and the previously published OC equation (Bolondi et al., 1982) differ only
with respect to the single terl%i% However, this difference is substantial.



8 CHAPTER 1. OFFSET CONTINUATION FOR REFLECTION SEISMIC DATA

From the offset continuation characteristic equation (1.4), we can conclude that the first-
order traveltime derivative with respect to offset decreases with a decrease of the offset. At
zero offset the derivative equals zero, as predicted by the principle of reciprocity (the reflection
traveltime has to be aevenfunction of offset). Neglectin@f—g in (1.4) leads to the character-
istic equation

dTn 2 d0Tn
h(=") = —¢, =" 1.13
(ay) o (1.13)

which corresponds to the approximate OC equation of Bolondi et al. (1982). The approximate
equation has the form

%P %P
h - tn .
0y?2 ot, oh

(1.14)

Comparing (1.13) and (1.4), note that approximation (1.13) is valid only if

0Tn 2 0Tn 2
— — . 1.15
(8h> < (ay) (1.19)
To find the geometric constraints implied by inequality (1.15), we can express the traveltime

derivatives in geometric terms. As follows from expressions (1.10) and (1.11),

at dt 9t  2Sinacosy

— = 44— == 1.16
ax or + as v ( )
ad 0 0 2cosxsin
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Expression (1.9) allows transforming equations (1.16) and (1.17) to the form
0 0 Sino cosx cot

o T gy ZXEO T (1.18)
oy oy v2
7 dt  4h sirfa
nh T _4h ) 1.19
" oh T v2 ( )

Without loss of generality, we can assum&o be positive. Consider a plane tangent to a true
reflector at the reflection point (Figure 1.3). The traveltime of a wave, reflected from the plane,



has the well-known explicit expression

2
T = —+v/L2+h2coa , (1.20)

v

wherelL is the length of the normal ray from the midpoint. As follows from combining (1.20)
and (1.9),

L
Ccosx coty = he (2.21)

We can then combine equalities (1.21), (1.18), and (1.19) to transform inequality (1.15) to the
form

L
h LK — = Z COtw y (122)
SIiNa

wherez is the depth of the plane reflector under the midpoint. For example, for a dip of 45
degrees, equation (1.14) is satisfied only for offsets that are much smaller than the depth.
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Figure 1.3: Reflection rays and
tangent to the reflector in a con-
stant velocity medium (a scheme).

| ofcon-ocobol [NR]

Offset continuation geometry: time rays

To study the laws of traveltime curve transformation in the OC process, it is convenient to
apply the method of characteristics (Courant, 1962) to the eikonal-type equation (1.4). The
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characteristics of equation (1.4)ifcharacteristics with respect to equation (1.1)] are the tra-
jectories of the high-frequency energy propagation in the imaginary OC process. Following
the formal analogy with seismic rays, | call those trajectotiie® rays where the wordime

refers to the fact that the trajectories describe the traveltime transformation (Fomel, 1994). Ac-
cording to the theory of first-order partial differential equations, time rays are determined by
a set of ordinary differential equations (characteristic equations) derived from equation (1.4) :

dy  2hy dy Y
dt,  tyH 'dt, t,’
dh 1 2h dH Y2

dh __1_ 20 dH_ ¥ 1.23
an - H % dn  H (1.23)

whereY corresponds tc%’—);1 along a ray andH corresponds tc?(f—h” In this notation, equa-
tion (1.4) takes the form

h(Y?2—H?) = —t,H (1.24)

and serves as an additional constraint for the definition of time rays. System (1.23) can be
solved by standard mathematical methods (Tenenbaum and Pollard, 1985). Its general solution
takes the parametric form, where the time varidhles the parameter changing along a time

ray:

y(t) =C1—Cot? ; h(ty) =tn,/C5t2+Cs3; (1.25)

Cztn h
Y(th) = ; H(th) = 1.2
="g" i Hl)=gr (1.26)

andC,, C,, andCj3 are independent coefficients, constant along each time ray. To determine
the values of these coefficients, we can pose an initial-value (Cauchy) problem for the system
of differential equations (1.23). The traveltime cumygy; h) for a given common offse

and the first partial derivativ%%" along the same constant offset section provide natural initial
conditions for the Cauchy problem. A particular case of those conditions is the zero-offset
traveltime curve. If the first partial derivative of traveltime with respect to offset is continuous,

it vanishes at zero offset according to the reciprocity principle (traveltime must be an even



11

function of the offset):

CAL] Y (1.27)

(o) =m(y:0), 51| =
h=0

Applying the initial-value conditions to the general solution (1.26) generates the following
expressions for the ray invariants:

to (Yo) hy 1
Ci = y+h—=yy,— ; Co= =- 7 ,
! y Yo t)(yo) > t2H to (Yo) to(Yo)
h 1
G = _ (1.28)

wH ()

wheret] (yo) denotes the derivativg%. Finally, substituting (1.28) into (1.26), we obtain an
explicit parametric form of the ray trajectories:

hyY t2 —t3 (yo)
t) — 2 _12) — 1'% :
yi(t)) = Y+—t§” (n— 1)_yo+—to()/o)t()(yo)

< (1.29)
ht? h Y2 t2 —t2 (yo)

i) = St (tnz tf H)=tf—1 TR
ty tn (to (Yo) t§(Yo))

Hereys, hy, andt; are the coordinates of the continued seismic section. The first of equa-
tions (1.29) indicates that the time ray projections to a common-offset section have a parabolic
form. Time rays do not exist fdf,(yo) = O (a locally horizontal reflector) because in this case
post-NMO offset continuation transform is not required.

The actual parameter that determines a particular time ray is the reflection point location.
This important conclusion follows from the known parametric equations

to(X) = t,seax =t,(X) 1+u2(t;(x))2,

(1.30)
Yo(X) = X+ ut,tana = x+ u?t,(x)t/(x),

wherex is the reflection pointy is half of the wave velocityy = v/2), t, is the vertical time
(reflector depth divided by), and« is the local reflector dip. Taking into account that the
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derivative of the zero-offset traveltime curve is

d_to _ to(x) _ sina _ t/ () (1.31)
dyo  Y5(X) u /1+u2 (t;(x))z
and substituting (1.30) into (1.29), we get
tf -2 (x) .
y1(t) m ;
‘ (1.32)
2_ 42
2oy < @ BoE0
) ey

wheret?(t;) = t2 + h2(ty) /u?.

To visualize the concept of time rays, let us consider some simple analytic examples of its
application to geometric analysis of the offset-continuation process.

The simplest and most important example is the case of a plane dipping reflector. Putting
the origin of they axis at the intersection of the reflector plane with the surface, we can express
the reflection traveltime after NMO in the form

t(y,h) = pvy?—h?, (1.33)

wherep = 25‘%, ande is the dip angle. The zero-offset traveltime in this case is a straight
line:

to(Yo) =P Yo (1.34)

According to equations (1.29), the time rays in this case are defined by

t2 t2 _ p2y2 y2 —h2
t1)= ——; h3(t)=t21 "9 yy= : 1.35
ya(t2) 2% 1(t) =t Iy Yo y (1.35)

The geometry of the OC transformation is shown in Figure 1.4.
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Figure 1.4: Transformation of the reflection traveltime curves in the OC process: the case of
a plane dipping reflector. Left: Time coordinate before the NMO correction. Right: Time
coordinate after NMO. The solid lines indicate traveltime curves at different common-offset

sections; the dashed lines indicate time ragfcon-ocoplr [NR]

The second example is the case of a point diffractor (the left side of Figure 1.5). Without
loss of generality, the origin of the midpoint axis can be put above the diffraction point. In this
case the zero-offset reflection traveltime curve has the well-known hyperbolic form

JZ2+ Y3
(1.36)

to(Yo) = "

wherez is the depth of the diffractor angl= v/2 is half of the wave velocity. Time rays are
defined according to equations (1.29), as follows:
u?t2 — 72 , Ut — 722

tr—z
yi(ts) = —=——; UPt3(ty) = UPt{ 4 hi (tr) = U tf —— . (1.37)
Yo Yo

The third example (the right side of Figure 1.5) is the curious case of a focusing elliptic
reflector. Lety be the center of the ellipse afmdbe half the distance between the foci of
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Diffraction Point Elliptic Reflector

-7.5 -5 -25. 0.2.5 5 7.5 -1 -0.5 0.
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Figure 1.5: Transformation of the reflection traveltime curves in the OC process. Left: the case
of a diffraction point. Right: the case of an elliptic reflector. Solid lines indicate traveltime
curves at different common-offset sections, dashed lines indicate time |@fgen-ococry

INR]

the ellipse. If both foci are on the surface, the zero-offset traveltime curve is defined by the
so-called “DMO smile” (Deregowski and Rocca, 1981):

toy0) = 1 /2 — (y - Y0, (139)

wheret, = 2z/v, andz is the small semi-axis of the ellipse. The time-ray equations are

h? t2-t2 t2 h?  t2-t2

() =y B ) = (1 L0 e
y—yo & "7 &\ (y-v)? &

Wheny; coincides withy, andh; coincides withh, the source and the receiver are in the foci

of the elliptic reflector, and the traveltime curve degenerates to afeit,. This remarkable

fact is the actual basis of the geometric theory of dip moveout (Deregowski and Rocca, 1981).
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Proof of amplitude equivalence

This section discusses the connection between the laws of traveltime transformation and the
laws of the corresponding amplitude transformation. The change of the wave amplitudes in
the OC process is described by the first-order partial differential transport equation (1.5). We
can find the general solution of this equation by applying the method of characteristics. The
solution takes the explicit integral form

tn 2 2 -1
An (tn) = Ao (to) exp( /t |:h (aa—yfz“ _ %) (fn %) } dfn> . (1.40)

The integral in equation (1.40) is defined on a curved time ray, A(th) stands for the
amplitude transported along this ray. In the case of a plane dipping reflector, the ray amplitude
can be immediately evaluated by substituting the explicit traveltime and time ray equations
from the preceding section into (1.40). The amplitude expression in this case takes the simple
form

tn
ol = Aot exp(— [ ) = Aol (1.a1)

0 n

In order to consider the more general case of a curvilinear reflector, we need to take into
account the connection between the traveltime derivatives in (1.40) and the geometry of the
reflector. As follows directly from the trigopnometry of the incident and reflected rays triangle
(Figure 1.2),

r—s COSx Siny cosy

h = =D , 1.42
2 cofa —sirfy (1.42)
r+s coS « Sina
= —=X+D—rn—w———, 1.43
Y 2 cofa —sirfy (1.43)

Yo = X+ D sina, (1.44)
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whereD is the length of the normal ray. Lej =2 D /v be the zero-offset reflection traveltime.
Combining equations (1.42) and (1.44) with (1.9), we can get the following relationship:

. . 1/2
,_Tn_ _ coscosy sirfa sirfy _ h (1.45)
0 (Coga_sinzy)l/z cofa —sirfy /h2—(y—yo)2 ’

which describes the “DMO smile” (1.38) found by Deregowski and Rocca (1981) in geometric
terms. Equation (1.45) allows a convenient change of variables in (1.40). Let the reflection
angley be a parameter monotonically increasing along a time ray. In this case, each time ray
is uniquely determined by the position of the reflection point, which in turn is defined by the
values ofD anda. According to this change of variables, we can differentiate (1.45) along a
time ray to get

dn sifa

o = 2008y (cody —sita) 0 ©S7) (1.46)

-1
Note also that the quantity (rn aaig) in equation (1.40) coincides exactly with the time ray
invariantCs found in equation (1.28). Therefore its value is constant along each time ray and
equals

d0Tn -1 v2
h — = 1.47
<Tn Bh) 4 sirfa ( )

Finally, as shown in Appendix A,

2 2 i
. (a T 9 rn) _ cosy <S|n2a+ DK) | (1.48)

dy2  9h2 v2  \cogy+ DK

whereK is the reflector curvature at the reflection point. Substituting (1.46), (1.47), and (1.48)
into (1.40) transforms the integral to the form

/tn H (0 _ 9% I\ | 4y
. ay2 ~ anz ) \"an =
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1 [cosy 1 1
-2 - d(coy’ 1.49
2/008% (C0§y/—sin2a coy’ + DK) (cos'y’) (1.49)

which we can evaluate analytically. The final formula for the amplitude transformation takes
the form

A AO,/co§y—sin2a <C032y0+DK)1/2
n = =
/€0y —sirfa cogy + DK

tocosy [cofyo+ DK\Y?
Tnh COSyp \ c0y + DK

(1.50)

In case of a plane reflector, the curvatltdas zero, and (1.50) coincides with (1.41). Equa-
tion (1.50) can be rewritten as

A, = — 0% (1.51)

h/Co2y + DK ’

wherec is constant along each time ray (it may vary with the reflection point location on

the reflector but not with the offset). We should compare equation (1.51) with the known
expression for the reflection wave amplitude of the leading ray series term in 2.5-D media:

_ Cr(y)¥

A ’
G

(1.52)

whereCpg stands for the angle-dependent reflection coefficiéng the geometric spreading

ycog2y + DK
T,

cosy

G=v (1.53)

andV includes other possible factors (such as the source directivity) that we can either correct
or neglect in the preliminary processing. It is evident that the curvature dependence of the
amplitude transformation (1.51) coincides completely with the true geometric spreading factor
(1.53) and that the angle dependence of the reflection coefficient is not provided by the offset
continuation process. If the wavelet shape of the reflected wave on seismic seBjjans [
equation (1.3)] is described by the delta function, then, as follows from the known properties
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of this function,

d
AS(t—t(y,h) = ‘d—ﬂ AS (tn — Ty, h)) = tl AS(th— (). (L54)

which leads to the equality

t
An=Ar. (1.55)

n

Combining equation (1.55) with equations (1.52) and (1.51) allows us to evaluate the ampli-
tude after continuation from some initial offdgs to another offseh,, as follows:

_ Cr(y0)¥o

A
1 G,

(1.56)

According to equation (1.56), the OC process described by equation (1.1) is amplitude-preserving
in the sense that corresponds to Born DMO (Liner, 1991; Bleistein, 1990). This means that
the geometric spreading factor from the initial amplitudes is transformed to the true geomet-

ric spreading on the continued section, while the reflection coefficient stays the same. This
remarkable dynamic property allows AVO (amplitude versus offset) analysis to be performed

by a dynamic comparison between true constant-offset sections and the sections transformed
by OC from different offsets. With a simple trick, the offset coordinate is transferred to the
reflection angles for the AVO analysis. As follows from (1.45) and (1.9),

‘L’2

-~ —cosy . (1.57)

T 10
If we include the% factor in the DMO operator (continuation to zero offset) and divide the
result by the DMO section obtained without this factor, the resultant amplitude of the reflected
events will be directly proportional to cgs where the reflection anghe corresponds to the
initial offset. Of course, this conclusion is rigorously valid for constant-velocity 2.5-D media
only.

Black et al. (1993) suggest a definition of true-amplitude DMO different from that of Born
DMO. The difference consists of two important components:
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1. True-amplitude DMO addresses preserving the peak amplitude of the image wavelet
instead of preserving its spectral densitythe terms of this chapter, the peak amplitude
corresponds to the pre-NMO amplituddrom formula (1.52) instead of corresponding
to the spectral density amplitud®,. A simple correction facto{; would help us take
the difference between the two amplitudes into account. Multiplicatior%b;an be
easily done at the NMO stage.

2. Seismic sections are multiplied by time to correct for the geometric spreading factor
prior to DMO (or, in our case, offset continuation) processing.

As follows from (1.53), multiplication by is a valid geometric spreading correction for plane
reflectors only. It is the amplitude-preserving offset continuation based on the OC equa-
tion (1.1) that is able to correct for the curvature-dependent factor in the amplitude. To take
into account the second aspect of Black’s definition, we can consider the modified Safch

that

P(y,hta) =t P(y,h,tn) . (1.58)

Substituting (1.58) into the OC equation (1.1) transforms the latter to the form

— e ) =ty — ——. 1.59
ay2  9h? "dt,oh  9h (1.59)

(azﬁ 32ﬁ> 2P 9P
Equations (1.59) and (1.1) differ only with respect to the first-order damping %ﬁanhis
term affects the amplitude behavior but not the traveltimes, since the eikonal-type equa-
tion (1.4) depends on the second-order terms only. Offset continuation operators based on (1.59)
conform to Black’s definition of true-amplitude processing.

CONFIRMATION OF OFFSET CONTINUATION ON KIRCHHOFF DATA

Another confirmation of the kinematic and amplitude validity of the offset continuation equa-
tion follows from applying the equation to the Kirchhoff modeling approximation.
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The Kirchhoff modeling approximation

In this subsection, | discuss the Kirchhoff approximate integral representation of the upward
propagating response to a single reflector with separated source and receiver points. | then
show how the amplitude of this integrand is related to the zero-offset amplitude at the source
receiver point on the ray that makes equal angles at the scattering point with the rays from
the separated source and receiver. The Kirchhoff integral representation (Haddon and Buchen,
1981; Bleistein, 1984) describes the wavefield scattered from a single reflector. This represen-
tation is applicable in situations where the high-frequency assumption is valid (the wavelength
is smaller than the characteristic dimensions of the model) and corresponds in accuracy to the
WKBJ approximation for reflected waves. The general form of the Kirchhoff modeling inte-
gral is

US(r’S’w):/E R(x;r,s);—n[U|(s,x,w)G(x,r,w)]dE, (1.60)

wheres andr stand for the source and the receiver locationstenotes a point on the re-
flector surfacex; R is the reflection coefficient &; n is the upward normal to the reflector
at the pointx; andU, andG are the incident wavefield and Green’s function, respectively
represented by their WKBJ approximation,

Ui(s,X,0) = F(o)Ass,x)e*™sEX) (1.61)
G(X,r,w) = A(xr)eer®n, (1.62)

In this equationzs(s, X) and Ag(s, X) are the traveltime and the amplitude of the wave propagat-
ing fromsto x; 7 (x,r) and A, (x,r) are the corresponding quantities for the wave propagating
fromx tor; F(w) is the spectrum of the input signal, assumed to be the transform of a band-
limited impulsive source. In the time domain, the Kirchhoff modeling integral transforms
to

us(r,s,t)z/; R(x;r,s)%[As(s,x)Ar(x,r)f(t—rs(s,x)—rr(x,r))]dx, (1.63)
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with f denoting the inverse temporal transfornfafThe reflection traveltimes, corresponds
physically to the diffraction from a point diffractor located at the poimin the surface&, and
the amplitudesAs and A; are point diffractor amplitudes.

The main goal of this section is to test the compliance of representation (1.63) with the
offset continuation differential equation. The OC equation contains the derivatives of the
wavefield with respect to the parameters of observasgn andt). According to the rules of
classic calculus, these derivatives can be taken under the sign of integration in formula (1.63).
Furthermore, since we do not assume that the true-amplitude OC operator affects the reflection
coefficientR, the offset-dependence of this coefficient is outside the scope of consideration.
Therefore, the only term to be considered as a trial solution to the OC equation is the kernel of
the Kirchhoff integral, which is contained in the square brackets in equations (1.60) and (1.63)
and has the form

k(s,r,x,t) = Ag(s,r,Xx) f (t — 75 (S,1,X)) , (1.64)

where
t5r(S,r,X) = 15(S,X)+ 1 (X,r), (1.65)
Asc(s,r,X) = As(S,xX) A (x,r) . (1.66)

In a 3-D medium with a constant velocity the traveltimes and amplitudes have the simple
explicit expressions

. ps(S,X) . 1
75(S, X) = . . Ag(s,X) = ym—— 5 (1.67)
‘L’r(X,I’)Zpr(:’r) , A,(x,r):wl(xr), (1.68)

whereps andp, are the lengths of the incident and reflected rays, respectively (Figure 1.6). If
the reflector surfac® is explicitly defined by some function= z(x), then

ps(8,X) =+ (X =82+ 22(x), pr(X,r) = V(r —x)2+Z2(x). (1.69)
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Figure 1.6: Geometry of diffraction in a constant-velocity medium: view in the reflection
plane. ofcon-cwpgetﬁ[NR]

| then introduce a particular zero-offset amplitude, namely the amplitude along the zero
offset ray that bisects the angle between the incident and reflected ray in this plane, as shown
in Figure 1.6. Let us denote the square of this amplitudéfyThat is,

1

As follows from equations (1.66) and (1.67-1.68), the amplitude transformation in DMO (con-
tinuation to zero offset) is characterized by the dimensionless ratio

As_ P (1.71)
Ao pspr

wherepg is the length of the zero-offset ray (Figure 1.6).

As follows from the law of cosines,

\/p§+p5—2pspo cosy + \/Pr2+,0§_2,0r po COSy =

= \/P2+ 0P —2pspr cos (L.72)
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wherey is the reflection angle, as shown in the figure. After straightforward algebraic trans-
formations of equation (1.72), we arrive at the explicit relationship between the ray lengths:

(ps =+ pr) po — cosy . (1.73)
2 ps pr
Substituting (1.73) into (1.71) yields
Agr 70
— = —COoSy , 1.74
A~ SO (1.74)

wherery is the zero-offset two-way traveltimey= 2 po/v).

What we have done is rewrite the finite-offset amplitude in the Kirchhoff integral in terms
of a particular zero-offset amplitude. That zero-offset amplitude would arise as the geometric
spreading effect if there were a reflector whose dip was such that the finite-offset pair would
be specular at the scattering point. Of course, the zero-offset ray would also be specular in this
case.

Kirchhoff model and the offset continuation equation

Equation (1.1) describes the process of seismogram transformation in the time-midpoint-offset
domain. In order to obtain the high-frequency asymptotics of the equation’s solution by stan-
dard methods, we can introduce a trial asymptotic solution of the form (1.3).

If we then rewrite the eikonal equation (1.4) in the time-source-receiver coordinate system
as (1.6), we can easflyerify that the explicit expression for the phase of the Kirchhoff integral
kernel (1.65) satisfies the eikonal equation for any scattering goidere,zs, is related tor,
ast is related td, in equation (1.1).

The general solution of the amplitude equation (1.5) has the form

An=AO

r0003y< 1+ poK )1/2 (1.75)

T coy + po K

2using Mathematica
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which is a particular form of the previously derived equation (1.50) for continuation from zero
offset. Since the kernel (1.64) of the Kirchhoff integral (1.63) corresponds kinematically to the
reflection from a point diffractor, we can obtain the solution of the amplitude equation for this
case by formally setting the curvatuke to infinity (setting the radius of curvature to zero).
The infinite curvature transforms formula (1.75) to the relationship

An 70
— = — COSy . 1.76
A~ 7 SO (1.76)

Again, we exploit the assumption that the sigriahas the form of the delta function. In
this case, the amplitudes before and after the NMO correction are connected according to the
known properties of the delta function, as follows:

th

Asr 8 (t — 75r(S,1,X)) = ‘a—t Asr 8 (th — (S, 1, X)) = And (th — (S, 1, X)) a.77)

t=tgr

with

Ar= A (1.78)

Tn
Combining equations (1.78) and (1.76) yields

Ay 70
— = — cosy, 1.79
A~ OO (1.79)

which coincides exactly with the previously found equation (1.74).

It is apparent that the OC differential equation (1.1) and the Kirchhoff representation have
the same effect on reflection data because the amplitude and phase of the former match those
of the latter. Thus, we see that the amplitude and phase of the Kirchhoff representation for
arbitrary offset correspond to the point diffractor WKBJ solution of the offset-continuation
differential equation. Hence, the Kirchhoff approximation is a solution of the OC differen-
tial equation when we hold the reflection coefficient constant. This means that the solution
of the OC differential equation has all the features of amplitude preservation, as does the
Kirchhoff representation, including geometrical spreading, curvature effects, and phase shift
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effects. Furthermore, in the Kirchhoff representation and the solution of the OC partial differ-
ential equation by WKBJ, we have not used the 2.5-D assumption. Therefore the preservation
of amplitude is not restricted to cylindrical surfaces as it is in Bleistein’s and Cohen’s (1995)
true-amplitude proof for DMO.

THE CAUCHY PROBLEM AND THE INTEGRAL OPERATOR

Equation (1.1) describes a continuous process of reflected wavefield continuation in the time-
offset-midpoint domain. In order to find an integral-type operator that performs the one-step
offset continuation, | consider the following initial-value (Cauchy) problem for equation (1.1):

Given a post-NMO constant-offset section at half-offget h

P(tn,1,Y)lh=n, = P (tn,y) (1.80)

and its first-order derivative with respect to offset

aP(tn:hay)

= PWt,,y), 1.81
5h b 1 (th,y) ( )

find the corresponding section®t,, y) at offset h.

Equation (1.1) belongs to the hyperbolic type, with the offset coordimékeing a “time-

like” variable and the midpoint coordinayeand the time,, being “space-like” variables. The

last condition (1.81) is required for the initial value problem to be well-posed (Courant, 1962).
From a physical point of view, its role is to separate the two different wave-like processes
embedded in equation (1.1), which are analogous to inward and outward wave propagation.
We will associate the first process with continuation to a larger offset and the second one
with continuation to a smaller offset. Though the offset derivatives of data are not measured
in practice, they can be estimated from the data at neighboring offsets by a finite-difference
approximation. Selecting a propagation branch explicitly, for example by considering the
high-frequency asymptotics of the continuation operators, can allow us to eliminate the need
for condition (1.81). In this section, | discuss the exact integral solution of the OC equation
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and analyze its asymptotics.

The integral solution of problem (1.80-1.81) for equation (1.1) is obtained in Appendix B
with the help of the classic methods of mathematical physics. It takes the explicit form

P(tr,h,y) = f/ PO(ty, y1) Go(ty, h1, yi;tn,h, y) dty dy;

+ f f Pt y1) Ga(te, ha, ya;tn, h,y) dtadys (1.82)

where the Green’s functiorSp andG; are expressed as

. H(t,) o H(@)}
Go(t1,h iy, h = —h —— 1.83
o(t1,h1,y1;t0,h,y) signt — hy) . { 76 | (1.83)
. H(tn) | tn {H(®)}
G1(ty,he, y1:tn, h, = signh—h h—= 31—t , 1.84
1(t1,h1, y1;th, hyy) ignh — hy) r "2\ /o (1.84)
and the paramete is
O(ts, he, y1itn,h, y) = (h2/t2 — h?/t2) (12— 12) — (y1 - y)? . (1.85)

H stands for the Heavyside step-function.

From equations (1.83) and (1.84) one can see that the impulse response of the offset con-
tinuation operator is discontinuous in the time-offset-midpoint space on a surface defined by
the equality

O(t1, h1, y1;ta,h,y) =0, (1.86)

which describes the “wavefronts” of the offset continuation process. In terms of the the-
ory of characteristics (Courant, 1962), the surfée- O corresponds to the characteristic
conoid formed by the bi-characteristics of equation (1.1) — time rays emerging from the point
{tn,h,y} = {t1,h1,y1}. The common-offset slices of the characteristic conoid are shown in the
left plot of Figure 1.7.
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Figure 1.7: Constant-offset sections of the characteristic conoid - “offset continuation fronts”
(left), and branches of the conoid used in the integral OC operator (right). The upper part
of the plots (small times) corresponds to continuation to smaller offsets; the lower part (large

times) corresponds to larger offsetstcon-cor [CR]

As a second-order differential equation of the hyperbolic type, equation (1.1) describes
two different processes. The first process is “forward” continuation from smaller to larger
offsets, the second one is “reverse” continuation in the opposite direction. These two pro-
cesses are clearly separated in the high-frequency asymptotics of operator (1.82). To obtain
the asymptotical representation, it is sufficient to note %at%? is the impulse response

of the causal half-order integration operator and :2“"22) is asymptotically equivalent to
—a

H(t—a)
J2a./t—a
becomes

(t,a > 0). Thus, the asymptotical form of the integral offset-continuation operator

P®(t,,h,y) = DY / wS (& hp, 1) POOE (€ hy, h, o), yi — £) dg

+ 1Y / wB(E;hy, b, t) PPO®(E hy,hot),y1 —£)ds . (1.87)
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Here the signs+” and “—" correspond to the type of continuation (the sigrhef hy), Di/tzn

and Ii/tzn stand for the operators of causal and anticausal half-order differentiation and in-
tegration applied with respect to the time variabjethe summation path&™® (&;hy, h, t,)

correspond to the two non-negative sections of the characteristic conoid (1.86) (Figure 1.7):

t, [U+V
t1=9(i)(§;h1,h,tn):ﬁn —— (1.88)

whereU = h?+h? —£2, andV = ,/U2—4h2h3; £ is the midpoint separation (the integration

parameter), and)(()i) andwgi) are the following weighting functions:

1 60 hy,hty)

(%) RANERATR ]

w = , 1.89

0 V2 VAT ( )
1 h

= Vinhy (1.90)

V21 VOB (E; h, hty)

Expression (1.88) for the summation path of the OC operator was obtained previously by Sto-
vas and Fomel (1993, 1996) and Biondi and Chemingui (1994a,b). A somewhat different form
of it is proposed by Bagaini and Spagnolini (1996). | describe the kinematic interpretation of

formula (1.88) in Appendix C.

In the high-frequency asymptotics, it is possible to replace the two terms in equation (1.87)
with a single term (Fomel, 1996). The single-term expression is

P& (ty,h,y) = DY f wE(E by, h,tn) POO®E b, hyt), v — £) dk (1.91)
where
0()(&;hy,h,ty) h? —h?—£2
+) _ ’ y1htn 1
w = \/ o V32 , (1.92)
0C)(€;hy,h,ty) h? —h? 4 g2
w(_) (éa 1, 1n) 1 +$ (193)

J2mt, V3/2
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A more general approach to true-amplitude asymptotic offset continuation is developed by
Santos et al. (1997).

The limit of expression (1.88) for the output off$eapproaching zero can be evaluated by
L'Hospitale’s rule. As one would expect, it coincides with the well-known expression for the
summation path of the integral DMO operator (Deregowski and Rocca, 1981)

tn h]_

tlze(—)(g;hl,Otn)_||m—,/U v \/7 (1.94)
52

| discuss the connection between offset continuation and DMO in the next section.

OFFSET CONTINUATION AND DMO

Dip moveout represents a particular case of offset continuation for the output offset equal to
zero. In this section, | consider the DMO case separately in order to compare the solutions
of equation (1.1) with the Fourier-domain DMO operators, which have been the standard for
DMO processing since Hale’s outstanding work (Hale, 1983, 1984).

Starting from equations (B.12)-(B.14) in Appendix B and setting the output offset to zero,
we obtain the following DMO-like integral operators in ttkék domain:

P(to,0,k) = H(to) (Po(to, k) +to Pi(to,K)) , (1.95)

where

Po(to, K) = ——/ PO (Ita] k) JO(kT ,/tl—t0> dt; , (1.96)

~ kh dt
P1(to, k) = — hl P(l)(|t1| k) ‘]O( n 1 tl to) —21 , (1.97)
to 1 tl
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the wavenumbek corresponds to the midpoint axysandJy is the zeroth-order Bessel func-
tion. The Fourier transform of (1.96) and (1.97) with respect to the time variglézluces

to known integrals (Gradshtein and Ryzhik, 1994) and creates explicit DMO-type operators in
the frequency-wavenumber domain, as follows:

= [~ i t1| A
Po(wo, k) =1 f Pl(o)(|t1|,k)Mdt1, (1.98)

e A

sin(wo [t1] A) dt

, 1.99

B(wok) =i f hy PO (1ta] k)
—o0

where

| (khy)?
A= 1+ﬁ, (1.100)

Pj(wo.k) = / P (to, k) exp(woto) dto . (1.101)

It is interesting to note that the first term of the continuation to zero offset (1.98) coincides
exactly with the imaginary part of Hale’s DMO operator (Hale, 1984). However, unlike Hale’s,
operator (1.95) is causal, which means that its impulse response does not continue to negative
times. The non-causality of Hale’'s DMO and related issues are discussed in more detail by
Stovas and Fomel (1996) and Fomel (1995).

Though Hale’s DMO is known to provide correct reconstruction of the geometry of zero-
offset reflections, it does not account properly for the amplitude changes (Black et al., 1993).
The preceding section of this chapter shows that the additional contribution to the amplitude is
contained in the second term of the OC operator (1.82), which transforms to the second term
in the DMO operator (1.95). Note that this term vanishes at the input offset equal to zero,
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which represents the case of the inverse DMO operator.

Considering the inverse DMO operator as the continuation from zero offset to a non-zero
offset, we can obtain its representation in thedomain from equations (B.12)-(B.14) as

~ 3 (Mo kh o
P(tn,h,K) = H(tn)ﬁ /(; Po(tol,K) Jo (t— tr%—tg) dtp, (1.102)
n n

Fourier transforming equation (1.102) with respect to the time varigltdecording to equa-
tion (1.101), we get the Fourier-domain version of the “amplitude-preserving” inverse DMO:

~ H o ~ i A
Bty h k)= 1) O / Bo(wo k) Sl A) g - (1.103)
2m Oty J_o wo A

A= /1+%. (1.104)

Comparing operator (1.103) with Ronen’s version of inverse DMO (Ronen, 1987), one can
see that if Hale’s DMO is denoted &}, H, then Ronen’s inverse DMO 8T D_y,, while the
amplitude-preserving inverse (1.103)Dg H'. HereD; is the derivative operat((r%), and
HT stands for the adjoint operator defined by the dot-product test

(Hm,d) = (m,H"d), (1.105)

where the parentheses denote the dot product:

(my,my) = / f My, Y) Ma(tn, y) din dy .
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In high-frequency asymptotics, the difference between the amplitudes of the two inverses
is simply the Jacobian terrg@, asymptotically equal t({f. This difference corresponds ex-
actly to the difference between Black’s definition of amplitude preservation (Black et al., 1993)
and the definition used in Born DMO (Bleistein, 1990; Liner, 1991), as discussed above.
While operator (1.103) preserves amplitudes in the Born DMO sense, Ronen’s inverse sat-
isfies Black’'s amplitude preservation criteria. This means Ronen’s operator implies that the
“geometric spreading” correction (multiplication by time) has been performed on the data
prior to DMO.

To construct a one-term DMO operator, thus avoiding the estimation of the offset derivative
in (1.90), let us consider the problem of inverting the inverse DMO operator (1.103). One of
the possible approaches to this problem is the least-squares iterative inversion, as proposed by
Ronen (1987). This requires constructing the adjoint operator, which is Hale’s DMO (or its
analog) in the case of Ronen’s method. The iterative least-squares approach can account for
irregularities in the data geometry (Ronen et al., 1991; Ronen, 1994) and boundary effects,
but it is computationally expensive because of the multiple application of the operators. An
alternative approach is the asymptotic inversion, which can be viewed as a special case of
preconditioning the adjoint operator (Liner and Cohen, 1988; Chemingui and Biondi, 1996).
The goal of the asymptotical inverse is to reconstruct the geometry and the amplitudes of the
reflection events in the high-frequency asymptotical limit.

According to Beylkin’s theory of asymptotical inversion, also known asgieeralized
Radon transforniBeylkin, 1985), two operators of the form

D(w) = f X(t, ) M(t) exp[i wp(t,w)] dt (1.106)
and
M(t) = / Y(t, ) D(w) exp[—i wé(t, »)] dow (1.107)

constitute a pair of asymptotically inverse operatdigt) matchingM (t) in the high-frequency
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asymptotics) if

Z(t
X(t,w) Y(t,») = (o) (1.108)
2
whereZ is the “Beylkin determinant”
t
Z(t,w) = 'a—‘” for o = o 22L®) (1.109)
ow at

With respect to the high-frequency asymptotical representation, we can recast (1.103) in
the equivalent form by moving the time derivative under the integral sign:

P(tn, k) ~ Hz(;“) Re[ / A~2P(wo, K) exp(—i wo [ta] A) da)o] (1.110)

—0o0

Now the asymptotical inverse of (1.110) is evaluated by means of Beylkin’s method (1.106)-
(1.107), which leads to an amplitude-preserving one-term DMO operator of the form

~ L
Po(wo, k) = Im [ f BPO (jty],k) exp(i wo [tz] A) dtl] , (1.111)
—00
where
A
B— a2 (a)o Ot )) =At2A2-1). (1.112)
8600 atn

The amplitude factor (1.112) corresponds exactly to that of Born DMO (Bleistein, 1990)
in full accordance with the conclusions of the asymptotical analysis of the offset-continuation
amplitudes. An analogous result can be obtained with the different definition of amplitude
preservation proposed by Black et al. (1993). In the time-and-space domain, the operator
asymptotically analogous to (1.111) is found by applying either the stationary phase tech-
nigque (Liner, 1990; Black et al., 1993) or Goldin’s method of discontinuities (Goldin, 1988,
1990), which is the time-and-space analog of Beylkin's asymptotical inverse theory (Stovas
and Fomel, 1996). The time-and-space asymptotical DMO operator takes the form
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Po(to,y) = D2 / wo(€; 1, to) PLO(0)(§; ha, O,to), y1 — £) dé (1.113)
where the weighting functiom is defined as

to hy(h?2+£2
wolgihto) = [0 ﬁ . (1.114)

OFFSET CONTINUATION IN THE LOG-STRETCH DOMAIN

The log-stretch transform, proposed by Bolondi et al. (1982) and further developed by many
other researchers, has proven a useful tool in DMO and OC processing. Applying a log-stretch
transform of the form

: (1.115)

wheret, is an arbitrarily chosen time constant, eliminates the time dependence of the coeffi-
cients in equation (1.1) and therefore makes this equation invariant to time shifts. After the
double Fourier transform with respect to the midpoint coordiryagnd to the transformed
(log-stretched) time coordinate, the partial differential equation (1.1) takes the form of an
ordinary differential equation,

P P
h(d—+k2P):iQ‘;—h, (1.116)

where

s
=

P(h):// P(t, = t, exp@),h, y) exp( Qo — iky)do dy . (1.117)
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Equation (1.116) has the known general solution, expressed in terms of cylinder functions
of complex orden. = ”T'Q (Watson, 1952)

-
=~

P(h) = C1(n) (kh)* J_;.(kh) + Co(x) (kh)* 3, (kh) , (1.118)

whereJ_; andJ, are Bessel functions, ar@@} andC, stand for some arbitrary functions bf
that do not depend dnandh.

In the general case of offset continuatidy, andC, are constrained by the two initial
conditions (1.80) and (1.81). In the special case of continuation from zero offset, we can
neglect the second term in (1.118) as vanishing at the zero offset. The remaining term defines
the following operator of inverse DMO in the, k domain:

=

(h) = P(0) Z(kh), (1.119)

whereZ, is the analytic function

2
2,09 = ra-»(3) J—/\(X)=0F1(;1—)»;—XZ>

(-1 T(1—i) /x\2n
2 nl C(n+1—2) (E) ’ (1.120)

n=

I" is the gamma function angf; is the confluent hypergeometric limit function (Petkovsek et
al., 1996).

The DMO operator now can be derived as the inversion of operator (1.119), which is a
simple multiplication by 1Z,(kh). Therefore, offset continuation becomes a multiplication
by Z,(khy)/Z,(kh;) (the cascade of two operators). This fact demonstrates an important
advantage of moving to the log-stretch domain: both offset continuation and DMO are simple
filter multiplications in the Fourier domain of the log-stretched time coordinate.

In order to compare operator (1.119) with the known versions of log-stretch DMO, we
need to derive its asymptotical representation for high frequé&hcylhe required asymp-
totic expression follows directly from the definition of functi@j in (1.120) and the known
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asymptotical representation for a Bessel function of high order (Watson, 1952):

(r2)* exp(k A1— 22)

A—
3.02) "~

= (1.121)

& T(h+1)(1— 2)1/4 {1+«/1— z2}

Substituting approximation (1.121) into (1.120) and considering the high-frequency limit of
the resultant expression yields

_ (k)2 )" exp K[l— 1_(@)2]
1+y1- (%) } ( ’ >%F(e)eim”(e), (1.122)
> N 1/4

(1- ()

Z;(kh) ~ {

wheree denotes the ratigs",

F(e) = /1+— '1+€2exp<1_— '1-'_62) ’ (1.123)
2/14€2 2

w03 (1-vareen( 205 ) 124

and

Asymptotical representation (1.122) is valid for high frequeficgnd|e| < 1. It can be
shown that the phase functigndefined in (1.124) coincides precisely with the analogous term
in Liner’s exact log DMO(Liner, 1990), which was proven to provide the correct geometric
properties of DMO. Similar expressions for the log-stretch phase factevere derived in
different ways by Zhou et al. (1996) and Canning and Gardner (1996). However, the amplitude
termF (¢) differs from the previously published ones because of the difference in the amplitude
preservation properties.

A number of approximate log DMO operators have been proposed in the literature. As
shown by Liner (1990), all of them but exact log DMO distort the geometry of reflection
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effects at large offsets. The distortion is caused by the implied approximations of the true
phase functiony. Bolondi’'s OC operator (Bolondi et al., 1982) impligge) ~ —é, Notfors’

DMO (Notfors and Godfrey, 1987) implies(e) ~ 1 — /1+ (¢/2)?, and the “full DMO”

(Bale and Jakubowicz, 1987) hgge) ~ 3In[1— (e/2)?]. All these approximations are valid

for smalle (small offsets or small reflector dips) and have errors of the ordef ¢Figure

1.8). The range of validity of Bolondi's operator is defined in equation (1.22).

Figure 1.8: Phase functions of the . //
log DMO operators. Solid line: ex-
act log DMO; dashed line: Bolondi's ” 7z

OC; dashed-dotted line: Bale's full > e

DMO; dotted line: Notfors’ DMO. —

[CR] O 0.2 04 06 08 i°

In practice, seismic data are often irregularly sampled in space but regularly sampled in

time. This makes it attractive to apply offset continuation and DMO operators if€thg
domain, where the frequendy corresponds to the log-stretched time gnid the midpoint
coordinate. Performing the inverse Fourier transform on the spatial frequency transforms the
inverse DMO operator (1.119) to the, y} domain, where the filter multiplication becomes a
convolutional operator:

F(%)

~ h
Plhy) = \/_ l&]<h h2—g2

P2,y — S)eXIO(——In( 52)) de. (1.125)

hi

Here I?(Q) is a high-pass frequency filter:

r(1/2-iQ/2)
VI2T(-iQ/2)

F(Q)= (1.126)

At high frequenmeS:(Q) is approximately equal to-{i £2)/2, which corresponds to the half-
1/2

derivative operato( ) WhICh in turn, is equal to thétn 3t ) term of the asymptotical

OC operator (1.87). The difference between the exact filtand its approximation by the
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half-order derivative operator is shown in Figure 1.9. This difference is a measure of the
validity of asymptotical OC operators.

F .

|3| A 9(F) /P

> 5 - 0. 2B
5 -0.3

1.5 -0.35

1 -0. 4

0.5,/ -0. 45

24 6 8 10099 24 6 8 10070

Figure 1.9: Amplitude (left) and phase (right) of the time filter in the log-stretch domain.
The solid line is for the exact filter; the dashed line for its approximation by the half-order

derivative filter| ofcon-flt| [CR]

Inverting operator (1.125), we can obtain the DMO operator if{fhg/} domain.

DISCUSSION

The differential model for offset continuation is based on several assumptions. It is important
to fully realize them in order to understand the practical limitations of this model.

e Theconstant velocitassumption is essential for theoretical derivations. In practice, this
limitation is not too critical, because the effects of velocity heterogeneity are partially
compensated by the normal moveout correction. DMO and offset continuation algo-
rithms based on the constant-velocity assumptions are widely used in practice (Hale,
1995).
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e Thesingle-modassumption does not include multiple reflections in the model. If multi-
ple events (with different apparent velocities) are present in the data, they might require
extending the model. Convolving two (or more) differential offset continuation oper-
ators, corresponding to different velocities, we can obtain a higher-order differential
operator for predicting multiple events.

e Thecontinuous AV@ssumption implies that the reflectivity variation with offset is con-
tinuous and can be neglected in a local neighborhood of a particular offset. While the
offset continuation model correctly predicts the geometric spreading effects in the re-
flected wave amplitudes, it does not account for the variation of the reflection coefficient
with offset.

e The2.5-Dassumption was implicit in the derivation of the offset continuation equation.
According to this assumption, the reflector does not change in the cross-line direction,
and we can always consider the reflection plane in two dimensions. We can remove the
2.5-D assumption by considering a system of two offset continuation equations, acting
in two orthogonal directions. The first equation would involve in-line midpoint and in-
line offset, and the second equation would involve cross-line midpoint and cross-line
offset.

CONCLUSIONS

| have introduced a partial differential equation (1.1) and proved that the process described
by it provides for a kinematically and dynamically equivalent offset continuation transform.
Kinematic equivalence means that in constant velocity media the reflection traveltimes are
transformed to their true locations on different offsets. Dynamic equivalence means that, in the
OC process, the geometric spreading term in the amplitudes of reflected waves transforms in
accordance with the geometric seismics laws, while the angle-dependent reflection coefficient
stays the same.

The offset continuation equation can be applied directly to design OC operators of the
finite-difference type. To construct integral OC operators, | have posed and solved an initial
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value problem for the offset continuation equation (1.1). For the special cases of continuation
to zero offset (DMO) and continuation from zero offset (inverse DMO), the OC operators are
related to the known forms of DMO operators: Hale’s Fourier DMO, Born DMO, and Liner’s
“exact log DMO.” The discovery of these relations sheds additional light on the problem of
amplitude preservation in DMO.
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