Appendix A

Second-order reflection traveltime derivatives

In this appendix, | derive equations connecting second-order partial derivatives of the reflec-
tion traveltime with the geometric properties of the reflector in a constant velocity medium.
These equations are used in the main text of Ch&éar the amplitude behavior description.

Let z(s,r) be the reflection traveltime from the sous& the receiver. Consider a formal

equality
7(S,r) =11 (S,X(S,1)) + 2 (X(S,1).T) (A.1)

wherex is the reflection point parametet, corresponds to the incident ray, andorresponds
to the reflected ray. Differentiating (A.1) with respecstandr yields

ot 0ty dT 9X
— = 44— A.2
ds 0S + aX 0S (A-2)
0T 0T 0T 90X
— = — 4 —— A.3
or or + ox or (A-3)

According to Fermat’s principle, the two-point reflection ray path must correspond to the
traveltime stationary point. Therefore

—= (A.4)
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for anys andr. Taking into account (A.4) while differentiating (A.2) and (A.3), we get

9%t
3s2
9%t
ar2
9%t
asar

where

B1

Differentiating equation (A.4) gives us the additional pair of equations

B 82r1+ 9x
982 1%s
B 32z2+ dX
T or2 2or
aX aX
= _— = B —,
1 ar 2 Js
9%ty %12

T 9sox ' 2 arax

C—+B1 = 0,

C——I—Bz = 0,

where

9%t B 321'1 821'2
X2 ax2 o ax?

(A.5)
(A.6)

(A7)

(A.8)

(A.9)

Solving the system (A.8) - (A.9) fo%’s‘ andg—;‘ and substituting the result into (A.5) - (A.7)
produces the following set of expressions:

9%t
9s?
927
ar2
927
asar

%11 12,
= Ge B
0%t —1Rp2.
= ez C P

= —-c! B1B>.

(A.10)
(A.11)

(A.12)



In the case of a constant velocity medium, expressions (A.10) to (A.12) can be applied directly
to the explicit equation for the two-point eikonal

V(X —y)?+7%(x)

v

T(y,X) = r2(X,y) = (A.13)

Differentiating (A.13) and taking into account the trigonometric relationships for the incident
and reflected rays (Figuf?), one can evaluate all the quantities in (A.10) to (A.12) explicitly.
After some heavy algebra, the resultant expressions for the traveltime derivatives take the form

dt 011 siney 9t 0y Sinay (A14)
s 9s v ar ar v ] '
drn _ siny 9tz siny | (A.15)
X wvcosy = 9X  vcosw '
92 cosw siny .
B: = L. = —-1- alld sinay | ; (A.16)
0sdxX v D cosx Ccosw
921y COStp siny
B, — — —1+—=sin : Al7
2 orox vDcosx ( * Ccosx 012) ( )
cofy cosy .
BiBp=———:B B,=-2 2a--1) ; A.18
1B2= 553 BLt B2 Da? ( ) (A.18)
3%ty cogy+DK 3%,  cosy+DK
= Soq | = CoSuo ; A.19
X2 vD coSua b 5x2 v D coSu 2 ( )
9%t1  9%m cosy+DK
=——4+—=2C08y ——. A.20
ax2 = 9x? ¥ v D coS« ( )

HereD is the length of the normal (central) ray;s its dip angle ¢ = “13%2, tana = Z/(x)),
y is the reflection angle(y = "‘2;;‘1) K is the reflector curvature at the reflection point
(K =Z7"'(x) cos°’oc), anda is the dimensionless function afandy defined in ¢7?).
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The equations derived in this appendix were used to get the equation

021, 9%t 92t cofy cody [ sifa+ DK
fn =4 T 4

— — = , A.21
ay2  9h2 asor + v2 v2  \cofy + DK) ( )

which coincides with??) in the main text.



Appendix B

Solving the Cauchy problem

To obtain an explicit solution of the Cauchy proble??{??) for equation ??), it is convenient
to apply the following simple transform of the wavefidhd

P(tn,h,y) = Q(ta,h, y)ta H(tn) . (B.1)

Here the Heavyside functioH is included to take into account the causality of the reflection
seismic gathers (note that the tirge= 0 corresponds to the direct wave arrival). We can
extrapolateQ as an even function to negative times, writing the reverse of (B.1) as follows:

Q(tnh,h,y) = Q(—tn,h,y) = P(Ital, h,y)/[tal . (B.2)

With the change of function (B.1), equatioPd transforms to

92Q 32Q ?Q 9Q 9 aQ 9Q
h =h t —=—|h—+th— ). B.3
dy?2 anz T 5t9n T an 8h< 8h+n8tn) (83)
Applying the change of variables
t2 h?
P = E y V= 2—,[2 (B.4)
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and Fourier transform in the midpoint coordingte

G(p.v.k) = f Q(p.v,y) exp(iky)dy, (B.5)

| further transform equation (B.3) to the canonical form of a hyperbolic-type partial differential
equation with two variables:

32Q
ap v

+k?Q=0. (B.6)

Figure B.1: Domain of dependence
of a point in the transformed coordi- 0.6

nate system,appen-rim [NR]

The initial value conditionsq?) and (??) in the{p, v} space are defined on a hyperbola of
the formpv = (%)2 = constant. Now the solution of the Cauchy problem follows directly
from Riemann’s method (Courant, 1962). According to this method, the domain of depen-
dence of each poinfo,v} is a part of the hyperbola between the poimsg} and{g,v}

(Figure B.1). If we letX denote this curve, the solution takes an explicit integral form:
~ 1~ h3 1. h?
Q(/O!V) - EQ(/O!E)'FEQ(EJ))

1 30Q(p1, - IR(p1. v 0.
5 [ (Rouomip ) PO Gy i TEOL L) g
2 )z dp1 dp1

! 3Q(p1, ~ IR(p1,v1; 0,
_ EL(R(plyvl;puv)%lvl)_Q(pl,vl)W) dU]_. (B?)



HereR is the Riemann’s function of equation (B.6), which has the known explicit analytical

expression

R(owv1;p,v) = Jo (2k/(pr—0) (11— 1)) | (B.8)

where Jy is the Bessel function of zeroth order. Integrating by parts and taking into account
the connection of the variables on the cuBewe can simplify equation (B.7) to the form

Q(p,v) = Qo(p,v) + Qu(p,v), (B.9)
where
~ 0 ~
Solp) = o f R(p1,v1; 0, v) Oor, v1) dpr (B.10)
P Jx _
Bi(o) = - f R(on i) D gy (B.11)
b V1

Applying the explicit expression for the Riemann functiBn(B.8) and performing the
inverse transform of both the function and the variables allows us to rewrite equations (B.9),
(B.10), and (B.11) in the original coordinate system. This yields the integral offset continua-
tion operators in thét,, h,k} domain

P(tn,h,K) = H (tn) (Po(tn,h,K) +tn Pi(tn,h,K)) , (B.12)

where

Py = g (W PO (Jta] k) Jo [ k (hz h%) (t2—12) | dt (B.13)
T Itn Jhy/mtn 1D 0 t2  t2 n = ' 1, .

~ tn ~ h2 h? d
P, = / ha PO (1ta],k) Jo [ K (-2——§> (12—t
(h1/h)t th 1 t
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P (ty, k) = /P(lj)(tl,yl)exp(—ikyl)dyl(j:0,1), (B.15)

P(tn,h,k) = /P(tn,h,y)exp(—iky)dy(j:0,1). (B.16)

The inverse Fourier transforms of equations (B.13) and (B.14) are reduced to analytically
evaluated integrals (Gradshtein and Ryzhik, 1994) to produce explicit integral operators in the
time-and-space domain

P(tn,1,y) =gt —hy) "

(Po(tn,h,y) +tn Pi(ta, h,y)) , (B.17)

where

P( )(|t1| y1) dtrdy;

Po(tn,h,y) = TS // \/ - , (B.18)

t2_t1) —(y—w1)?

P(l)(|t1| y1) dtidy;

Pi(tn,h,y) = // \/h/t : (B.19)

2—1f) = (y—y1)?

The range of integratio® in (B.18) and (B.19) is defined by the inequality

h> hi\ > ., 2
z (t2—t?) —(y—y1)?>0. (B.20)
nooY

Equations (B.17), (B.18), and (B.19) coincide wift?), (??), and (?) in the main text.



Appendix C

The kinematics of offset continuation

In this Appendix, | apply an alternative method to derive equat®#), (which describes the
summation path of the integral offset continuation operator. The method is based on the fol-
lowing considerations.

The summation path of an integral (stacking) operator coincides with the phase function
of the impulse response of the inverse operator. Impulse response is by definition the operator
reaction to an impulse in the input data. For the case of offset continuation, the input is a
reflection common-offset gather. From the physical point of view, an impulse in this type of
data corresponds to the special focusing reflector (elliptical isochrone) at the depth. Therefore,
reflection from this reflector at a different constant offset corresponds to the impulse response
of the OC operator. In other words, we can view offset continuation as the result of cascading
prestack common-offset migration, which produces the elliptic surface, and common-offset
modeling (inverse migration) for different offsets. This approach resemble that of Deregowski
and Rocca (1981). It was also applied to a more general case of azimuth moveout (AMO) by
Fomel and Biondi (1995). The geometric approach implies that in order to find the summation
pass of the OC operator, one should solve the kinematic problem of reflection from an elliptic
reflector whose focuses are in the shot and receiver locations of the output seismic gather.

9
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In order to solve this problem , let us consider an elliptic surface of the general form

h(x) = v/d?— B (x —x)2, (C.1)

where O< 8 < 1. In a constant velocity medium, the reflection ray path for a given source-
receiver pair on the surface is controlled by the position of the reflection goiftermat’s
principle provides a required constraint for finding this position. According to Fermat’s prin-
ciple, the reflection ray path corresponds to a stationary value of the travel-time. Therefore, in
the neighborhood of this path,

aT(s,r,x)

= 0, (C.2)

wheres andr stand for the source and receiver locations on the surface; ertthe reflection
traveltime

V00 +E=2? , VR200+( =%

v v

t(s,r,x) = (C.3)

Substituting (C.3) and (C.1) into (C.2) leads to a quadratic algebraic equation on the re-
flection point parametex. This equation has the explicit solution

£2+ H?—h2+sign2 — H) /(62— H2—h?)° — 4H2R?

25(1-p) ’ (€4

X(s,r) =x"+

whereh=(r —s)/2,§ =y—x', y=(s+r)/2, andH? = d? (% — 1). Replacingk in equation
(C.3) with its expression (C.4) solves the kinematic part of the problem, producing the explicit
traveltime expression

2_ 2
NCETEr .
v 1-8
7(S,r) = | : (C.5)
2 2
}\/4h +BF+GP . oo
v 1-8
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where

f=V-x2-H2 , g=(s—x)2—H2,
F=VH? —(r—x)2 , G=yH2—(s—x)?.

The two branches of equation (C.5) correspond to the difference in the geometry of the
reflected rays in two different situations. When a source-and-receiver pair is inside the focuses
of the elliptic reflector, the midpoing and the reflection point are on the same side of the
ellipse with respect to its small semi-axis. They are on different sides in the opposite case
(Figure C.1).

Figure C.1. Reflections from an el-
lipse. The three pairs of reflected rays
correspond to a common midpoint (at
0.1) and different offsets. The fo-
cuses of the ellipse are at 1 and -1.

(appen el R

If we apply the NMO correction, equation (C.5) is transformed to

E/i\/4h2—(f+g)2 for h?> H?2
vy 1-5

Tn(S,r) = . (C.6)

: %\/4h2-|-(F—i-G)2 for h? < H?
1=

Then, recalling the relationships between the parameters of the focusing ellixsand 3

and the parameters of the output seismic gather (Deregowski and Rocca, 1981)

tr%
U oy = ,H=h, C.7

V2
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and substituting expressions (C.7) into equation (C.6) yields the expression

Zt—"h,/4h§—(f+g)2 for h% > h?

t1(S1,r1;S, 1, th) = : (C.8)
to
ﬁ\/4h§+(F+G)2 for h2 <h?

where

f=v{i—r)(ri—s),9=V(s—-r)(s1—9),
F=JI—-r)1—-9,G=y(s1—-r)(s—51).

It is easy to verify algebraically the mathematical equivalence of equation (C.8) and equa-
tion (??) in the main text. The kinematic approach described in this appendix applies equally
well to different acquisition configurations of the input and output data. The source-receiver
parameterization used in (C.8) is the actual definition for the summation path of the integral
shot continuation operator (Schwab, 1993; Bagaini and Spagnolini, 1993, 1996). A family of
these summation curves is shown in Figure C.2.
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Figure C.2: Summation paths of the integral shot continuation. The output source is at -0.5
km. The output receiver is at 0.5 km. The indexes of the curves correspond to the input source

location.|appen-sh({CR]
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