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SUMMARY Using a Taylor series expansion, the depth wavenumi@rde-
Wavefield linearization using the Born approximation is based on pends linearly on its value in the reference medilkm X and the
the assumption of small slowness perturbation. We investigate thelaterally varying slowness(x, y, z) in the depth interval under con-
limits of the Born approximation when applied to wave-equation sideration
migration velocity analysis (WEMVA) and propose new schemes

which allow for larger slowness anomalies, while enhancing accu-

racy and stability. The new schemes are based on linearizations of ) )
exponential functions using bilinear and implicit approximations. S represents the constant slowness associated with the depth slab
We demonstrate the feasibility of our new operators on a synthetic between the two depth int¢erva|§’6k§Z represents the derivative
example with variable background and strong slowness anomalies.
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of the depth wavenumber with respect to the reference slowness

INTRODUCTION and can be implemented in many different ways. Our choice is to
implement it using the Fourier-domain method derived by Huang

Migration methods using wavefield continuation techniques, com- et al. (1999).

monly referred to as wave-equation methods, have enjoyed a re-

newed interest in the recent years, since the limitations of Kirchhoff The wavefield downward continued through treeckgroundslow-

migration became apparent (Geoltrain and Brac, 1993; Audebert etnesss, (X,Y,z) can be written using an expression similar to the

al., 1997; O’'Brien and Etgen, 1998). one for the full wavefield as

Migration velocity analysis based on downward continuation meth- _ [k L dig | ( _&)}AZ

ods, also known awave-equation migration velocity analysisa Wy (24 AZ) = W(2)e #F s g P . (4)
promising technique designed as a companion to wave-equation

migration (Biondi and Sava, 1999). The main idea of WEMVA  \yi this definition, the full wavefieldw (z+ AZ) depends on the

is to use downward continuation operators for migration veloc- b 3 ;
. . e o ackground wavefiel@, (z+ Az) through the relation
ity analysis (MVA), as well as for migration. This is in contrast g b(2+42) g

with other techniques which use downward continuation for migra- dky
tion but traveltime-based technigques for migration velocity analysis W(z4 AZ) = We (24 AZ e_l Ts |gug 2587 5
(Clapp, 2001; Liu et al., 2001; Mosher et al., 2001). (2+42) b(2+42) ' ®)

WEMVA benefits from the same advantages over traveltime esti- Where As represents the difference between the true and back-
mation methods as wave-equation migration benefits over Kirch- ground slownessess = s — s,.

hoff migration. The most important among them are the accurate

handling of complex wavefields which are characterized by multi- BORN WAVE-EQUATION MVA
pathing, and the band-limited nature of the imaging process, which pefining thewavefield perturbatioms W (z+ Az) as the difference
can handle sharp velocity variations much better than traveltime- petween the wavefield propagated through the medium with cor-
based methods (Woodward, 1992). Complex geology, therefore, isyect velocity, W (z+ Az), and the wavefield propagated through
where WEMVA is expected to provide the largest benefits. the background mediunW,, (z+ Az), we can write

The problem we address in this paper is that, in its original form,
WEMVA is based on wavefield linearization in the perturbation re-
gion using the Born approximation. This leads to severe limitations
on the magnitude and size of the anomalies that can be resolved.
This means that, in principle, it cannot operate successfully exactly
in the regions of highest complexity.

AW(z+AzZ) = W(z+AZ)—Wp(z+A2)

—ide|  asa
Wb(z+Az)[e s sy 2_1]. (6)

Equation (6) represents the foundation of the wave-equation migra-
In this paper, we introduce new methods of wavefield linearization tion velocity analysis method (Biondi and Sava, 1999). The major
designed to overcome the limitations imposed by the Born approx- problem with Equation (6) is that the wavefieddw and slowness
imation. Our method is based on linearization of the exponential perturbationsAs are not linearly related. Therefore, for inversion
function containing the slowness perturbation, using more accurate purposes, we need to find a linearization of this equation around
approximations. The resulting operator is more accurate and alsothe reference slowness,.
more stable in areas of high contrast. The cost is practically identi-

cal to that of the Born linearized operator. Biondi and Sava (1999) choose to linearize Equation (6) using the
Born approximationd® ~ 1+i¢). With this choice, the WEMVA

DOWNWARD CONTINUATION MIGRATION Equation (6) becomes

In migration by downward continuation, the wavefield at depth

Az, 'W(z+ Az), is obtained by phase-shift from the wavefield at AW(Z+AZ) = Wy (z+ AZ) | —i dke AsAz|.  (7)

depthz, W (2): ds |s_g

W(z+AZ) = W (2)e KzAZ, (1)
) ) . ) ) The problem with the linearization in Equation (7) is its assumption
This equation corresponds to the analytical solution of the ordinary of small phase perturbations
differential equation
q 1+ig~ lim &9,
i —0
d—ZW(z) = —ik;W(2). ) ¢
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Figure 1: Explicit, bilinear and implicit approximations plotted on
the unit circle, compared to the exact exponential solution.

ation
250 750 1250 1750 2750

which for our operator translates into small slowness perturbations.
This fact is more apparent if we recall that this linearization corre-

sponds to an explicit numerical solution of the differential equation '
(2), which is notoriously unstable unless we take small propagation
steps.
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The main consequence of the limitations imposed by the Born ap-
proximation is that WEMVA can only consider small perturbations
in the slowness model, which are likely inadequate for real prob- Figure 2: Synthetic model. Reflectivity model and a few angle-
lems. Since non-linear inversion is still not feasible for the large gathers corresponding to the vertical grid in the upper plot (top two
sized problems typical for seismic imaging, we seek other ways of panels). Background slowness model and slowness perturbation
linearizing Equation (6) which would still enable inversion within  (bottom two panels).

the framework of linear optimization theory.

ALTERNATIVE LINEARIZATION
dkz

As noted earlier, the linear approximation as a function ofthe To simplify Equation (6), we defing = —i 3 Az, and so
s=5
i6 ) the WEMVA equation becomes
e’ ~1+i¢ 8)
corresponds to aexplicit numerical solution to the differential AW ="Wp [eﬂ As—l]- (11)

equation (2). However, this is neither the only possible solution
nor the most accurate. Furthermore it is only conditionally stable. The linearizations corresponding to the explicit, bilinear and im-

We can, however, solve Equation (2) using other numerical schemed’ licit solutions respectively are

Two possibilities arémplicit andbilinear numerical solutions, where

we approximate respectively AW ~ WyBAs

i 1 ~ WbZZﬂAASs

d6 ~ = ©) ;ﬁs

o 2+i0 . ~ Wbil—ﬂAs' (12)
2—i¢

Apparently, just the first equation in (12) provides a linear relation-

o . . . ship betweemA'W and As. However, a simple re-arrangement of
In the context of partial differential equations, the bilinear approx- terms in each leads to

imation (10) is known under the name of Crank-Nicolson method

and has been extensively used in migration by downward continu- AW
ation using the paraxial wave equation (Claerbout, 1985). Figure 1

compares the approximations in Equations (8), (9) and (10) as a

function of the complex phase. Both the explicit and implicit

solutions are characterized by amplitude and phase errors, while

the bilinear solution leads just to phase errors.

Q

B[ Wp] As

Q

B [ww%Aw] As

BIWp+ AW] As. (13)
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Figure 3: Slowness anomaly of 1% relative to the background. Figure 4: Slowness anomaly of 20% relative to the background.
From top to bottom: stacked image, angle-domain common im- From top to bottom: stacked image, angle-domain common im-
age gathers, and inversion using the explicit, bilinear and implicit age gathers, and inversion using the explicit, bilinear and implicit
operators. operators.

For MVA, both the backgroundWy) and perturbation wavefields ~ where different members are obtained using appropriate values of

(AW) are known, so it is not a problem to incorporate them in the parametef € [0, 1]. All forms of Equation (15), are approxi-

the linear operator. In any of the cases described in Equation (13), mations to the exact non-linear relation (11), therefore they are all

the approximations can be symbolically described by the generic likely to break for large values of the slowness perturbation or fre-

equation quency. Nevertheless, these approximations enable us to achieve
d~Lm, 14) higher accuracy in slowness estimation as compared to the simple

. ] . Born approximation.
where the datd is the wavefield perturbation, and the models

the slowness perturbation. The same operate used for inver- The physical interpretation of the paramegein Equation (15) is
sion in all situations, and the only change is the wavefield that is that of fraction of the depth step\¢) inside any given depth slab
fed into the linear operator. Therefore, the new operators are notwhere we linearize the known wavefields from its top and bottom
more expensive than the Born operator. with respect to the background slowness. For exangpie, 3,1
. . . . . correspond respectively to linearizations at the bottom, middle and
Al '”.‘ear. relationships in Equation (13) belong to a family of ap- top of the slab. The case &f= 0 corresponds to the Born method,
proximations of the general form while £ = 1 resembles what is known in the scattering literature as
wavefield renormalizatioWang, 1997), when the entire wavefield
AW~ B[Wo+EAW]AS, (15) and not only the background wavefield is involved in scattering.
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Finally, we note that Equation (15) cannot be used for forward These numbers, however, are model dependent, because we have
modeling of the wavefield perturbatiodsWw, except for the par- to consider both the magnitude and size of the anomaly: a small
ticular caset = 0, since the output quantity is contained in the anomaly of large magnitude can have a similar effect as a large
operator itself. However, we can use this equation for inversion for anomaly of small magnitude.

any choice of the parametér
Improved WEMVA operators are needed to move beyond the Born

EXAMPLES approximation and better handle the non-linearity of image pertur-

. . ) ) ) bations. We propose new versions of the WEMVA operator which
We demonstrate the technique outlined in the preceding section Us-4re more appropriate for the case of large/strong slowness anoma-
ing a synthetic example. The model (Figure 2) consists of a high jies. Our new operators involve linearization using bilinear and
velocity body incorporated in a background with strong but smooth jmpjicit approximations to the exponential function. With the new
lateral velocity variation. operators, we not only improve accuracy but we also maintain sta-
b- bility of the inversion scheme at much higher values of the slowness

Our example shows the results of inversion for a regularized pro :
anomalies.

lem which is symbolically summarized by the fitting goals:

Finally, we note that our new operators come at practically no

AR LAs (16) additional cost compared with the Born-linearized operator. Im-

0 ~ AAs, a7 portantly, they improve both the accuracy and stability of wave-
equation migration velocity analysis.

&

whereAR s the image perturbation related to the wavefield pertur-
bationA W through an imaging conditiom\s is the corresponding
slowness perturbatior, is one of the linearized WEMVA opera-
tors in Equation (15) and is a roughening operator.
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