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OT FIEPEBOOTHKA

Pa3BHTHe BbIHHCAHTeAbHOH TeXHHKH H HHCAeHHbIX MeTOAOB aHaAH3a
OTKpbIAO lIIHpOKHe nepcneKTHßbl HCnOAb3OBaHHH HX AAH nOßblllieHHH

schc^eKTHBHOCTH peuieHHH o6paTHbix 3aAau reO(J)H3HKH. Mohcho 6e3
npeyßeAH^eHHH cKa3aTb, hto AaAbHeftuiHH nporpecc pa3BeAOHHOH
reocj)H3HKH HeBO3MO}KeH 6e3 uiHpOKoro BHeApeHHH b npaKTHKy pas-
BeAOHHbix pa6oT caMbix coßpeMemibix mctoaob MaiHHHHoft o6pa6oTKH
reochH3HHecKHX AaHHbix.

C MOMeHTa Bbixo^a nepßbix Ha pyccKOM H3biKe khht no o6pa6oTKe
ceflcMHqecKHX 3anHcefi Ha 3BM1 npouiAO okoao bocbmh AeT. 3to
6bIAO BpeMH 6ypHOTO pa3BHTHH MeTOAOB o6pa6oTKH reoc|)H3HHecKHX
h oco6eHHO ceiicMHHecKHX 3anHceii Ha 3BM. Hoßbie bchhhh b TeopHH
k npaKTHKe o6pa6oTKH reoc[)H3HHecKHX AaHHbix HauiAH OTpanteHHe
b pHA,e oTenecTßeHHbix h nepeßOAHbix pa6oT, BbimeniiiHX b nocAeA-
HHe ro^bi. CpeAH hhx cAeAyeT OTMeTHTb MOHorpacf)HH 11. Pa6nHepa
h B. ToyAAa «TeopnH h npHMeHeHHe UHcf)poßOH o6pa6oTKH CHraaAOB»
(Mnp, 1978), H. K. KoHApaTbeßa «JlHHeHHbie o6pa6aTHßaioHi,He eh-
CTeMbi b ceiicMopa3BeAKe» (HeApa, 1976), X). B. THMOHiHHa «Hm-
nyAbCHan ceiicMHHecKaH roAorpacJ)HH» (HeApa, 1978) h AP- npeAAa-
raeMan BHHMaHHio HHTaTeAH KHnra H3BecTHoro aMepHKaHCKoro
yqeHoro RmoHa O. KAaep6oyTa npeACTaBAneT co6oh AOCTaTOHHO chc-
TeMaTH3HpOBaHHOe H3AOH<eHHe COBpeMeHHbIX MeTOAOB o6pa6oTKH AaH-
HHX reocf)H3HqecKHx Ha6AK)AeHHH Ha 3BM.

B KHHre nocAeAOBaTeAbHo H3AaraK>TCH HAen h MeTOAbi AHCKpeT-
hoto aHaAH3a h MaTpuHHoro HCHHCAeHHH, a TaKJKe cnoco6bi o6pa6oT-
kh reochnsHHecKHX AaHHbix: ot pa3AHHHoro pOAa OAHOMepHbix h
AByxMepHbix chHAbTpaHHH ao peuieHHH oSpaTHOH saAa^H c noMouijbio
AH(J)Cj)epeHHHaAbHbIX ypaBHeHHH B HaCTHbIX npOH3BOAHHX H HX KO-
He^HO-pasHOCTHbix aHaAoroß. OrpaHHHeHHbifi 06-beM khhth h 6oAb-
iuan HacbiuieHHOCTb cc pa3HOo6pa3HbiMH chaKTaMH, ecTecTBeHHO,
npHBeAH k TOMy, hto MHorne yTBepH<AeHHH b Hen AaHbi 6e3 AoKa3a-
TeAbCTB. OAHaKO 3TO, nO-BHAHMOMy, eAHHCTBeHHbIft CnOCO6 CO3AaTb
AOCTaTOHHO noAiioe pyKOBOACTBO no MeTOAaM o6pa6oTKH reocJ)H3HHe-
ckoh HHcJ)opMaHHH b neAOM. KpoMe toto, KHHra oneHb noAe3Ha aah
MHTaTeAH, KOTOpbifl MOH<eT caMOCTOHTeAbHO aHaAH3HpoBaTb npeAAa-
raeMbie MeTOAbi, HAen h AOKa3aTeAbCTBa. 3toh me ueAH CAyntaT
MHoroHHCAeHHbie ynpancHeHHH, npnßOAHMbie b KOHue nOHTH KamAoro
pa3AeAa. CpeAH hhx ecTb h oneHb npocTHe, h BecbMa TpyAHbie. Rah
nocAeAHHx o6biHHO AaioTCH yKa3aHHH, o6Aeniaioui.He peuieHHH. He-
CMOTpH Ha CpaBHHTeAbHO He6OAbUIOH 06T»eM H KOHCneKTHBHbIH BO
MHOTHX MeCTaX XapaKTep H3AOH<eHHH, B KHHre HapHAy C AOCTaTOHHO

1 1. Ilucppoean o6pa6oTKa ceftcMHqecKHx AaHHbix. M., HeApa, 1973.
2. X). B. Tumouiuh. Ochobh AHippaKUHOHHoro npeodpa3oßaHHH ceftcMHqecKHx

3anHceft. M., HeApa, 1972.



noAHbiM ocßemeHHeM coßpeMeHHoro coctohhhh Teopnu h npaKTiiKH
o6pa6oTKH reochHSHHecKHX AaHHbix Ha 3BM 6oAbUioe BHHMaHHe yAe-
AeHO paCCMOTpeHHK) MaTeMaTHHeCKHX MeTOAOB! TeOpHH AHCKpeTHOTO
aHaAH3a h CTaTHCTHKH, Teopnu MaTpnu H MeTOAa HaHMeHbUIHX KBaA-
paTOB h t. n. Bee sto noAroTaBAHBaeT HHTaTeAH k noHHMaHHio 6oAee
caojkhhx MaTeMaTHHeCKHX 3aAan o6pa6oTKH reocf)H3HHecKHx AaHHbix
na 3BM.

KHHra HMeeT AOBOAbHO HpKO BbipanceHHyio HHJKeHepHyio Hanpaß-
AeHHOcTb, b Heft npHBOAHTCH 11 MauiHHHbix nporpaMM Ha OopTpaHe,
peaAH3yiom.HX ocHOßHbie npoueAypbi o6pa6oTKH AaHHbix. B Heft
yAaHHO coneTaiOTCH AOCTOHHCTBa yne6HHKa h MOHOrpachHH. 3to no-
SBOAneT HaAenTbCH, hto OHa npHßAeneT BHHMaHHe iunpoKoro Kpyra
cneuHaAHCTOB-reochH3HKOB: HHHceHepoß, HaynHbix pa6oTHHKOB, npeno-
AaßaTeAeft h CTyAeHTOB By3oß.
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nPEAHCJIOBHE

3Ta KHHra paccHHTaHa Ha HHHceHepoß h HayHHbix pa6oTHHKOB. Haul
onbiT pa6oTbi b CTeHchopACKOM yHHBepcHTeTe noKa3aA, hto oAHOce-
MecTpoßbift Kypc no Teopnu HHH<eHepHbix cHCTeM Aerao ycBaHBaeTCH

h 6yAeT noAe3eH KancAOMy, kto HHTepecyeTCH MauiHHHbiM MOAeAHpo-

BaHHeM H aHaAH3OM AaHHHX B Cj)H3HHeCKHX HayKaX. ECTeCTBeHHO,
hto 3Ta KHiira OTpaxaeT HaynHbie HHTepecbi aBTOpa, KOTOpbie Ha-

npaßAeHbi rAaBHbiM o6pa3oM Ha ceftcMOAorHnecKHe HccAeAOBaHHH.
BMecTe c TeM 3a BOCbMHAeTHHft nepHOA HccAeAOßaTeAbCKoft h npeno-
AaßaTeAbCKoft AeHTeAbHOcra MeHH HHTepecoßaAH MHorue 3aAaHH 06-
-pa6oTKH reoc|)H3HHecKHx AaHHbix. ElpeAnoAaraeTCH, hto KHHra 6yAeT
CKopee yne6HHKOM, neM HaynHoft MOHorpachnen. IIpHBOAHMbie bo Bcex

pa3AeAax ynpanuieHHH AOCTynHbi AHuaM, HeAaBHO okohhhbuihm
HHCTHTyTbI. BoAbUIHHCTBO ynpa}KHeHHft AOA^KHO 6blTb AOCKOHaAbHO
npoßepeHO.

H b AOAry y orpoMHoro MHOH<ecTBa Apy3eft, KOAAer h npeJKHHX
VHHTeAeft 3a MHoroe, neMy h HaynnACH. H nueA mhoto nAOAOTBopHbix
6eceA co Cthbom Chmhcohom, 3hapk> Po6hhcohom h RmonoM Byp-
roM no aHaAH3y BpeMeHHbix phaob. TeA MaAAeH HayHHA MeHH mho-
roMy H3 toto, hto HanncaHO b stoh KHHre o caohctmx cpeAax, ho
Bamnee Bcero, hto oh yBAeK mchh Toft MbicAbio, hto npnuiAO BpeMH
3aHHTbCH caohcthmh cpeAaMH. RmoH LIIepByA h OpeHCHC Miop
lIO3HaKOMHAH MeHH C TeOpHeft CeftCMHHeCKOft pa3BeAKH MeTOAOM OT-
pan<eHHbix boah h hckotophmh HeopTOAOKcaAbHbiMH cnocoSaMH
MbIUIAeHHH 0 Heft. MhOTO CTyAeHTOB OKa3aAO MHe 60AbUiyK) nOMOULb
b o6HapyHceHHH HeTOHHOCTeft b TeKCTe h ynpa^KHeHHHX. Oha lllyAbu,
Ron K. PuAeft h Cthb .HorepTH noAroTOBHAH pncyHKH b 3aKAK)HH-

TeAbHbix rAaßax. Mhcchc Cio3aHa 3pAHH OTnenaTaAa noHTH Becb
TpyA h npHAOHCHAa SoAbuine ycHAHH aah oKOHHaTeAbHOro ochopMAe-
hhh pyKonncH. Moh meHa, BAOXHOBAHAa mchh Bee sto BpeMH
Ha ocymecTßAeHHe 3aMbicAa.

51 6AaroAapeH 3a chuHaHCOßyio noAAep>KKy, noAyHeHHyio 3a no-
CAeAHHe BOceMb AcT, rAaBHbiM o6pa3oM CTeHchopACKOMy yHHBep-
CHTeTy h KoMnaHHH no pa3BeAKe HechTeHOCHbix paftoHOß (Chevron
Oil Fild Research Company), a Taoce OoHAy HechTHHbix nccAeAOßa-
hhh AMepHKaHCKoro XHMHHecKoro o6uiecTßa (Petroleum Research
Fund of the American Chemical Sosiety), HaunoHaAbHOMy choHAy



no HayKe h BeAOMCTBy BBC no HayHHbiM HCCAeAOBaHHHM (Air Force
Office of Scientific Research). HeAaBHHH noMonib ot chupM, cy6cHAH-
pyiomHX cTeHchopACKyio nporpaMMy HCCAeAOBaHHft (Stanford Explora-
tion Project — SEP), no3BOAHAa 6bicTpo pa3BHTb o6pa6oTKy ceftcMH-
hcckhx AaHHbix Ha ocHOBe BOAHOBOro ypaBHeHHH; STOMy Bonpocy
nocßHUieHa nocAeAHHH rAaßa. 3th cfwpMbi cAeAytomne: Amoco, Arco,
Chevron, Continental, Digicon, Dutch Shell, ELF (France), Exxon,
GSI, INA (Yugoslavia), Mobil, Petrofina (Belgium), Petty Pay,
Preussag (Germany), Seiscom Delta, Seismograph Service, Shell,
Sun, Teledine, Texaco, Total (France), Union, U. S. Geological
Survey, United Geophysical, Western Geophysical.
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BBEAEHHE

06pa6oTKa reocJ3H3HHecKHX AaHHbix — sto npHMeHeHHe 3BM npn
aHaAH3e pe3VAbTaTOB reochH3HHecKHx Ha6AK>AeHHH. OcHOßHoft 3aAa-
neft reocpH3HKH hbahctch 6oAee Tonnoe onpeAeAeHne BHyTpeHHero
CTpoeHHH 3eMAH. TaM, rAe 6ypeHHe HepauHOHaAbHO hah hcbosmojkho,
npoBOAHTCH ceftcMHHecKHe, 3AeKTpoMarHHTHbie h rpaßHTauHOHHbie
H3MepeHHH c ueAbio noAyneHHH Heo6xoAHMbix cßeAeHHft Ha ocHOBaHHH
AaHHHX 3THX H3MepeHHH. CHCTeMaTHHeCKH npHMCHHH 3aKOHbI (J)H3HKH
h CTaTHCTHHecKne MeTOAbi, mohcho peuiHTb HeKOTOpbie 3aAanH HHTep-
npeTauHH AaHHbix reocJ)H3HHecKHX Ha6AK)AeHHft c noMombio 3BM.
KorAa KOAHHeCTBO Ha6AIOAeHHft HeBeAHKO, TO HX MO2KHO CHHTaTb
coßnaAaioui;HMH c nepeMeHHHMH napaMeTpaMH b H3BecTHbix aHaAH-
THHeCKHX peUieHHHX ypaBHeHHH KAaCCHHeCKOH (J)H3HKH. OAHaKO b Ha-
CTOHUiee BpeMH noAynaiOT orpoMHbie MaccHßbi AaHHbix Ha6AK>AeHHH,
KOTopbie coAepncaT HaMHoro 6oAbuie CBeAeHHft o 3eMAe, neM Te, ko-
Topbie MoryT MOAeAHpoßaTbcn nocpeACTBOM aHaAHTHHecKHX peuieHHH.
TaX, 06bIHHblft MOpCKOft KOpa6Ab, BeAVIUHft HCCAeAOBaHHH MeTOAOM
OTpaHCeHHHX BOAH, MOHteT COSupaTb OKOAO TpHAAHOHa (10 12 ) 6HT
HHChopMaUHH B MeCHU.

TaKHe 6oAbuiHe o6T»eMbi AaHHbix Tpe6yK>T KaK cTaTHCTHHecKOH
o6pa6oTKH, TaX h bo3moh<hocth noAyneHHH TeopeTunecKHX peuieHHH
aah MHoronapaMeTpHHecKHX MOAeAeft 3eMHoft Kopbi. HcnoAb3oßaHHe
UHcppoßbix 3BM aah CTaTHCTHHecKoro aHaAH3a reocpH3HHecKHx AaH-
Hbix HanaAocb rpynnoft reocj)H3HHecKoro aHaAH3a (GAG) b 1953—-
1957 rr. npn MaccanyceTCKOM TexHOAoniHecKOM HHCTHTyTe [I]. Teo-
peTHHecKne pacneTbi b reocbH3HKe HanaAH uinpoKo npHMeHHTbcn
c 1954 r., KorAa HopMeH Xsckcaa [2] ony6AHKOBaA H3BecTHyio
CTaTbK), B KOTOpoft H3AO2KHA BO3MOJKHOCTb BbIHHCACHHH nOAH CeftCMH-
HeCKHX BOAH AAH 3eMHOft KOpbl, MOAeAHpyeMOft npOH3BOAbHbIM HHCAOM
nAOCKHX napaAAeAbHbix CAoeB, KamAbm H3 KOTOpbix o6AaAaeT npo-
HSBOAbHbIMH VnpyrHMH napaMeTpaMH. STO nO3BOAHAO HCnOAb3OBaTb
noAHyio chopMy cHrnaAa ceftcMnnecKoft boahh npn HCCAeAOBaHHH
MOAeAH 3eMHOft KOpbl C npoH3BoAbHoft CAOHCTOCTbK) (nOA «CAOHC-
TOCTbK>» nOHHMaeTCH, HTO CBOftCTBa nopOAH HBAHIOTCH cbVHKUHeft
TOAbKO OAHOH KOOpAHHaTH, o6bIHHO TAySUHbI HAH paAHyCa). MeTOAbi
XscKeAAa HHTeHCHBHo pa3BHBaAHCb 6oAee 20 nocAeAHHx act, TaX
hto Tenepb moh<ho AerKO onpeAeAHTb pe3yAbTaT pacnpocTpaHeHHH
CeHCMHHeCKHX H 3AeKTpOMarHHTHHX HMnyAbCOB OT npOH3BOAbHOrO
HCTOHHHKa B AK)6oft CAOHCTOft MOAeAH 3eMHOft KOpbl. BMeCTe C TeM
OKa3aAOCb, HTO CAOHCTbie CpeAH AerKO 3aMeHHK)TCH OAHOpOAHHMH
cpeAaMH, hbahioiuhmhch Han6oAee npocTHMH MOAeAHMH b reochH-
3HKe.

CeftcMorpaMMH nacTO coAepncaT 3anncH cotch KOAe6aHHH, npo-
HCXOJKAeHHe 60AbUIHHCTBa H3 KOTOpbIX HeBO3MOH<HO 06-bHCHHTb. BbIAH
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pa3BHTH h AeTaAbHO pa3pa6oTaHH mctoahkh pacneTa ceftcMorpaMM
aah MOAeAeft caohcthx cpeA co CAynaftHHMH H3MeHeHHHMH napaMeT-
POB nAaCTOB. YAHBHTeAbHO, HO npH nOBTOpHOM BO36yH<AeHHH KOAe-
6aHHft CeftCMOrpaMMH nOAHOCTbIO nOBTOpHIOTCH CO BCeMH CBOHMH
cao>khhmh, Heo6T>HCHHMHMH AeTaAHMH. Rame ceftcMorpaMMH OT
SeMAeTpHCeHHH BOCnpOH3BOAHTCH B TOM CAyHae, KOTAa 06AaCTb HC-
TOHHHKa MaAa. TaKHM o6pa3oM, bboa cAynaftHHX nepeMeHHbix b aHa-
AH3 AaHHHX HaCTO CAV2KHT TAaBHHM 06pa30M AAH VCHAeHHH COOT-
BeTCTBHH AaHHHX peaAbHHM CAOHCTHM MOAeAHM.

B npoTHßonoAOH<HocTb HauiHM xopomo pa3pa6oTaHHHM MeTOAaM
H3yneHHH caohcthx cpeA Han6oAee HHTepecHH b HacTOHmee BpeMH
HCCAeAOBaHHH OTKAOHeHHH CTpOeHHH 3eMAH OT CAOHCTOH MOAeAH.
OCHOBHHMH BOnpOCaMH npH 3TOM HBAHIOTCH: KOHTpOAb 3a Apeft(|)OM
KOHTHHeHTOB, noHHMaHHe npHHHH 3eMAeTpHceHHft h noHCK 3aAe>Keft
HecpTH h MHHepaAOB. TaKHM o6pa3oM, 3aAaHH o6pa6oTKH reochH3HHe-
CKHX AaHHHX AeJKaT B 06AaCTH COrAaCOBaHHH nOAeBHX AaHHHX
C AByX- H TpeXMepHHMH HeOAHOpOAHHMH MOAeAHMH 3eMHOft KOpbl.

06pa6oTKy reocj)H3HHecKHx AaHHbix mojkho HanaTb c H3yneHHH
BpeMeHHoro npeACTaBAeHHH cnniaAOß onpeAeAeHHOft cpopMH c no3H-
UHft TeopHH c})HAbTpoB h cneKTpaAbHOro aHaAH3a. 3Aecb oneHb BamHH
MaTeMaTHHecKne orpaHHHeHHH, HaKAaAbraaeMbie npHHunnoM npnHHH-
HOCTH. B AaAbHeftlUeM MOAeAH 3eMHOft KOpbl pa3AHHHOft CAOKHOCTH
CTpOHTCH C yneTOM 3TOrO npHHUHna. yCTOftHHBOCTb BHHHCAeHHft nacTO
onpeAeAneTCH cTporocTbio hx BbinoAHeHHH. 3aTeM paccMaTpHßaioTCH
ocHOßHbie noHHTHH pa3peuiaiom,eH oiocoShocth, cTaTHCTHKH h TeopHH
MaTpnu co MHOHcecTBOM npHMepoß. 3to noAroTaBAHBaeT HHTaTeAH
k noHHMaHHio o6meft Teopnu MeTOAa HaHMeHbuinx KBaApaTOB, nrpa-
jomero, 6e3ycAOBHO, npHHUHnnaAbHyio pOAb npn corAacoßaHHH skc-
nepHMeHTaAbHHX AaHHHX C TeOpeTHHeCKHMH MOAeAHMH. IToKa OH
nrpaeT enie BaHiHyio poAb, ho eMy npoTHBOCTOHT MeTOAH c bhcokhm
pa3pemeHneM (MaKcnMyMa SHTponnn) h 6oAee TOHHbie mctoah
(LpHopMa h AHHeftHoe nporpaMMHpOßaHHe).

CorAacHO TaKOMy pa3BHTHio HAeft cbyHAaMeHTaAbHoft o6pa6oTKH
AaHHbix nocAeAyioniaH nacTb khhth nocßHnieHa moacahm 3eMHoft ko-
pbi c nocTeneHHO Bo3pacTaK)meft cAonmocTbio. PaccMaTpHßaioTCH
npen<Ae Bcero MHoroKpaTHO-OTpaJKeHHHe nAOCKne boahh b caohcthx
cpeAax Ha ocHOBe npHHunnoß HenpepHßHocTH, npHHHHHOCTH h coxpa-
HeHHH SHeprHH (6e3 npHBAeneHHH Apyrnx npHHUHnoB). BoAHOßbie
noAH MoryT 6biTb paccHHTaHH Ha ocHOBe 3HaHHH CTpyKTypn h napa-
MeTpoß cpeA, a CTpoeHHe cpeAH onpeAeAeHO Ha ocHOBe boahoboto
noAH. 3aTeM paccMaTpHßaeTCH 6oAee oSnian TeopHH cJ)H3HKO-MaTe-
MaTHHecKHX MeTOAOB peuieHHH 3aAan aah caohcthx cpeA h hccac-
Aviotch ocHOßHbie xapaKTepHbie nepTH KOHeHHO-pa3HOCTHoro moacah-
poßaHHH AHchchepeHUHaAbHbix ypaBHeHHH B HaCTHHX npOH3BOAHHX.
3aKAK)HHTeAbHbie rAaBH nocßHiueHH pacnpocTpaHeHHK) boah h 06-
-paSoTKe AaHHbix Ha ocHOBe AHchchepeHUHaAbHbix ypaßHeHHft b nacT-
hhx npoH3BOAHbix. H pa3pa6aTHßaA 3TH Bonpocbi CO CBOHMH nOMOIU-
HHKaMH B TeHeHHe nOCAeAHHX UieCTH ACT B CTeH(J)OpACKOM yHHßepcii-
TeTe [3—B, 36, 37]. B HacTOHmee BpeMH stot MaTepnaA b cyiUHOCTH



HeH3BecTeH yneHHM h HHH<eHepaM, He pa6oTaioiUHM b o6AacTH reo-
cJ)h3hkh. OcHOBHan 3aAana cxoma c 3aAaneft roAorpachnn. Boahoboc
noAe Ha6AK>AaeTCH Ha nAOCKocra (noBepxHOCTH 3cmah) c ueAbio
CO3AaHHH AByX- HAH TpeXMepHOft MOAeAH paCCeHBaiOIUHX 06b.eKT0B,
pacnoAO>KeHHHx no OAHy CTOpOHy (cHH3y) haockocth. OcHOßHbie
Bonpocbi h HcnoAb3yeMan TexHHKa coßepuieHHO OTAHHaiOTCH ot npn-
MeHneMbix b onTHnecKoft roAorpachHH. CKopocTHan HeoAHopoAHOCTb
cpeAH, AHchpaKUHH, nurepchepeHUHH h MHoroKpaTHoe OTpaHceHHe —
xapaKTepHbie nepTH npouecca pacnpocTpaHeHHH ceftcMHHecKHX
boah — npaKTHHecKH He BCTpenaiOTCH b noBceAHeBHOM onbiTe. Ha-
npHMep, rAa3 AerKO o6MaHHBaeTCH b 3epKaAbHoft KOMHaTe hah npn
B3rAHAe b aKßapnyM.

MaTepnaA no o6pa6oTKe AaHHbix Ha ocHOBe boahoboto ypaßHe-
HHH 6bicTpo ycTapeßaeT h ero Heo6xoAHMO nepenncHßaTb. npo-
rpaMMa CT3HC})OpACKHX HCCAeAOBaHHft B o6AaCTH pa3BeAKH HHHe
noAAepn<HBaeTCH AecHTbio HechTHHHMH KOMnaHHHMn CLLIA, BOceMbio
pa3BeAOHHHMH OpraHH3aUHHMH, HeTbipbMH HechTHHHMH KOMnaHHHMH
b EBpone n hx cfwAHaAaMH. MHorne H3 sthx rpynn caMH npoBOAHT
HCCAeAOBaHHH. nosTOMy b nocAeAHHX pa3AeAax h npnAaßaA ocodoe
3HaneHHe ochobhhm BonpocaM, npeHe6peran AeTaAHMH.

HaAeeMCH, hto KorAa-HnoyAb mh 6yAeM b coctohhhh HcnoAb3o-
BaTb boahh, Bo3HHKaioui,He npn 3eMAeTpHceHHHx, aah noAVHeHHH
ceftcMnnecKHx H3o6paH*eHHft. TorAa mh cMonceM yBHAeTb nepßbie
HeTKHe KapTHHH 3eMHOft Kopn Ha TAy6HHaX 10 KM H 6oAbiue.
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1. IIPEOBPA3OBAHHH

FlepßHft uiar aHaAH3a AaHHbix — H3yneHHe cnoco6oß npeACTaBAeHHH
BOAHOBHX CHrHaAOB- H 06pa60TKa HX UHChpOBOft BHHHCAHTeAbHOH
MauiHHoft. BpeMH h npocTpaHCTBO o6hhho paccMaTpHBaiOTCH KaK
nenpepbißHbie BeAHHHHH, ho aah aHaAH3a hbachhh h npoueccoß
c noMouibio 3BM Heo6xoAHMo AHCKpeTH3HpOBaTb hx. 3Ta onepauHH
na3HBaeTCH TaKH<e npeo6pa3oßaHHeM hx b UHcbpoßyio chopMy, hah
KBaHTOBaHneM. XI,HCKpeTH3auHH HenpepbißHOft chyHKUHH BHanaAe chh-
TaAacb BbiHyngieHHOH Mepoft, yxyAuiaiomeft pe3yAbTaTH h hcoSxoah-
moh AHuib nocTOAbKy, nocKOAbKy AaHHbie Ha6AK>AeHHft He BcerAa
HBAHIOTCH H3BeCTHHMH aHaAHTHHeCKHMH ChyHKUHHMH. OAHaKO nOCAe
HaKOnAeHHH HeKOTOpOrO OnblTa pa6OTH C AHCKpeTHHMH ChyHKUHHMH
CTaAo hcho, hto MHome MaTeMaTHHecKue noHHTHH Aerne BOCnpHHH-
MaiOTCH npn onHcaHHH hx b AHCKpeTHOM BpeMeHH, neM b HenpepHß-
hom. HanpHMep, b 3t06 rAaße paccMaTpHßaeTcn Z-npeo6pa3oßaHHe
h noKa3bmaeTCH ero 3KBHBaAeHTHOCTb npeo6pa3oßaHHio Oypbe.
Z-npeo6pa3oßaHHe AerKO noHHTb Ha ocHOBe SAeMeHTapHoft aAre6pn,
TorAa KaK npeo6pa3oßaHHe Oypbe Tpe6yeT 3HaHHTeAbHoro onbiTa
B BHHHCAeHHHX.

1.1. AHCKPETHbIE AAHHbIE H Z-nPEOBPA3OBAHHE

PaccMOTpHM chyHKUHK) BpeMeHH, H3o6pa>KeHHyio Ha pnc. 1.1. Rah
aHaAH3a ary Ha6AK)AeHHyio chyHKUHio c noMombio 3BM Heo6xoAHMO
annpoKCHMnpoßaTb KaKHM-An6o o6pa3oM Ta6AHueft nnceA. 06biHHbift
nyTb aah SToro — Bbipa3HTb b UHchpax hah H3MepnTb 3HaneHHH chyHK-
UHH b(t) b paßHoyAaAeHHbix Apyr ot Apyra TOHKax Ha och BpeMeHH.
Rah Hamero npHMepa unchpoßoe npeACTaBAeHHe HenpepbißHOft chyHK-
UHH mohcho 3anHcaTb b BHAe BeKTopa

EcTecTBeHHO, hto npn b3hthh otchctob b 6oAee 6ah3khx Apyr k Apy-
ry TOHKax, mh noAVHHAH 6u 6oAee tohhvk) annpoKCHMaunio chyHKunn.
riOMHMO BeKTopa chyHKUHK) BpeMeHH MOJKHO npeACTaBHTb TaKJKe
B BHAe nOAHHOMa, KO9(pCpUU,UeHTaMU KOTOpOTO HBAHIOTCH 3HaHeHHH
b(t) b nocAeAOBaTeAbHHx TOHKax no och BpeMeHH. ,Hah paccMaT-
pnßaeMoro npHMepa HMeeM

3tot noAHHOM peaAH3yeT Z-npeo6pa3oßaHHe chyHKUHH b(t). KaKoft
CMHCA HMeeT BeAHHHHa Z B 9TOM nOAHHOMe? BeAHHHHa Z He npHHH-
MaeT HHCAeHHHX 3HaneHHH; CMHCA BeAHHHHH Z COCTOHT B TOM, HTO
OHa HBAHeTCH onepaTopoM eAHHHHHoft 3aAep>KKH. Rah npHMepa pac-

bt =(...0,0, 1,2,0,-1,-1,0,0,...)

S(Z) = l+2Z-f0Z2—Z3—Z4. (1.1.1)
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CMOTpHM nOAHHOM

KoachchHUHeHTH KOTOporo H3o6pa>KeHH rpachnnecKH Ha pnc. 1.2. 3to
tot me CHraaA, hto h Ha pHC. 1.1, ho 3aAep>KaHHHH Ha eAHHHuy
BpeMeHH. KaK bhaho, BpeMeHHan cjjyHKUHH bt 3aAepJKHBaeTCH Ha
n eAHHHU BpeMeHH, ecAH noAHHOM B(Z) yMHoncaeTCH Ha BeAHHHHy

PHC. 1.1. JJ,HCKpeTHoe npeACTaßAeiiHe
HenpepbißHon (Pvhkhhh BpeMeHH qepe3
OAHHaKOBbie BpeMeHHbie HHTepßajibi

PHC. 1.2. KO3(p(pHUHeHTH nOAHHOMa
ZB(Z) CABHHyTH Ha OAHH OTCHeT KO-
3^)(pHHHeHTaMH nOAHHOMa B(Z)

Zn. OnepaTop 3aAepn<KH Z HMeeT 6oAbuioe 3HaneHHe b aHaAH3e boa-
hobhx npoueccoß yme noTOMy, hto boahh 3aTpaHHBaiOT HeKOTopoe
BpeMH Ha npoxo>KAeHHe ot oahoh tohkh npocTpaHCTßa k Apyroft.

OnepaTop 3aAep>KKH no3BOAHeT TaKHce CTponTb 6oAee cAOHCHbie
ChyHKUHH BpeMeHH H3 60Aee npOCTHX. ripeAnOJIOXHM, HTO b(t) Bbl-
pa^KaeT chyHKunlo aKycTHnecKoro AaBAeHHH hah ceftcMorpaMMy, Ha-
6AK>AeHHyio nocAe oTAaAeHHoro B3pbißa. TorAa b(t) Ha3braaeTCH
UMnyAbCHou peaKqueu. Ecah nepe3 £=10 BpeMeHHbix cahhhu nocAe
nepßoro nponcxoAHT BTopoft B3pbiß, to CAeAyeT OJKHAaTb chyHKUHio
AaBAeHHH y(t), H3o6pa>KeHHyio Ha pnc. 1.3.

C noMombio Z-npeo6pa3oßaHHH 3Ty chyHKUHio mojkho 3anncaTb
B BHAe

Ecah 6h 3a nepBHM hctohhhkom bkahdhhach 6u ctok noAOBHHHoft
CHAH, TO

Ecah CHraaAH hctohhhkob nepeKpbraaiOT Apyr Apyra bo BpeMeHH
[hto 6hao 6u npH CTeneHH B(Z), 6oAbuieft 10], to CHraaAH HaKAa-
AbmaiOTCH Apyr Ha Apyra b o6AacTH nepeKpHTHH. npeAnoAonceHHe,
HTO OHH CVMMHpVIOTCH 6e3 KaKOrO-AH6o B3aHMOAeftCTBHH, Ha3HBaeTCH
donyiuenueM AuueiiHOCTU1. 3to AonymeHHe oneHb nacTO noATBep-
KAaeTCH npaKTHKoft. B ceftcMOAorHH, HecMOTpn Ha doAbuiyio HeoA-

1 B OTeqecTßeHHofi AHTepaType sto Ha3HBaeTCH npnHHHnoM ahhchhoh cynepno-
3HHHH hah npocTO npHHHHnoM cynepno3HHHH (TlpuM. nepee.).

ZB (Z) =Z+ 2Z2—Z4—Zs,

Y(Z)=B(Z)+Z"B(Z)

Y{Z)=B(Z) \-Z"B(Z).
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HopoAHOCTb 3eMHoft KOpbi h pa3AHHHe cAaraiouiHX cc nopoA, ceftcMH-
necKne boahh, npoxoAH nepe3 3eMAio, He B3aHMOAeftcTByK>T Apyr
c ApyroM, t. c. ohh VAOBAeTBopnioT npHHunny AHHeftHoft cynepno-
3HUHH. HeAHHeftHOCTH npOHBAHIOTCH AHUIb npH BO3MyiUeHHHX 60Ab-
uioft aMnAHTyAH. HeAHHeftHOCTb He BO3HHKaeT npn ycAOHCHeHHH
reoMCTpHH cpeAH.

Tenepb npeAnoAO>KHM, hto b momcht BpeMeHH /=0 bkaiohhach
HCTOHHHK, a B MOMeHT t= 1 — CTOK nOAOBHHHOH CHAH, a 3aTeM

kit)

PHC. 1.3. CnraaA ot AByx b3phbob,
pa3AeAeHHbix npOMentyTKOM b 10 Bpe-
MeHHbix eAHHHH

B MOMeHT BpeMeHH /=3 — BTOpoft HCTOHHHK B HeTßepTb CHAH nep-
Boro. 3Ta nocAeAOBaTeAbHOCTb co6biTHft onpeAeAHeT «hctohhhk>
HMnyAbCOB

Z-npeo6pa3oßaHHe ajw TaKoro HCTOHHHKa HMeeT bha

X(Z)=\-±-Z+ \z\
Ha6AK>AeHHHft CHraaA yt aah stoh nocAeAOBaTeAbHOCTH hctohhhkob
h ctokob, npHHHTbift ceftcMonpneMHHKOM, HMeeT Z-npeo6pa3oßaHHe
Y(Z), 3aAaHHoe cacavioiuhm o6pa3oM:

FlocAeAHee ypaßHeHHe HAAiocTpnpyeT npHHunn, AejKauinft b ocho-
Be TeopHH AHHeftHHX CHCTeM, KOTOpblft TAaCHT, HTO BHXOA Y(Z) MO"
mer 6biTb BbipanceH KaK bxoa X(Z), yMHOHceHHbift Ha HMnyAbCHVio
peaKUHio B(Z) cpeAH.

CymecTßyeT MHOTO npHMepOB AHHeftHHX CHCTeM. X AHHeftHHM eh-
CTeMaM othochtch, b HacTHOCTH, uiHpoKHft KAacc SAeKTpOHHbix ueneft.
CAOJKHbie AHHeftHbie CHCTCMH COCTaBAHIOTCH nOAKAIOHeHHeM BHXOAa
OAHOft CHCTeMbI Ha BXOA APyroft. npeAnOAOJKHM, HTO HMeiOTCH ABe
AHHeftHbie cncTeMbi, xapaKTepH3yeMbie noAHHOMaMH B(Z) h C(Z)
cooTBeTCTBeHHO. Bo3HHKaeT Bonpoc, HBAHIOTCH ah ABe kom6hhhpo-
BaHHHe cncTeMbi, npHßeAeHHbie Ha pnc. 1.4, sKBHBaAeHTHHMH. npn-
MeHHH Z-npeo6pa3oßaHHe, AerKO noKa3aTb, hto sth Ane cncTeMbi
SKBHBaAeHTHH, TaX KaK npoH3BeAeHHe noAHHOMOB KOMMVTaTHBHO, t. c.

*'*=(h —2". °»T-)

y (Z) =fl (Z) - 4-B(Z) + (Z) =

=(\--^+^)B{Z) =X(Z)B(Z). (1.1.2)

Yl (Z) = [X(Z)B(Z)]C(Z)=XBC; (1.1.3)
Y2 (Z) = [X(Z)C(Z)]B(Z)=XCB=XBC. (1.1.4)
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PaccMOTpHM CHCTeMy c HMnyAbCHOft peaKuneft B(Z)=2—Z—Z2.
3TOT nOAHHOM MO2KHO pa3AO>KHTb Ha MHOHCHTeAH 2—Z—Z2 =
= (2 +Z)(l—Z), BBHAy Hero BO3MO>KHH TpH SKBHBaAeHTHbie CHCTe-
Mbl, noKa3aHHHe Ha pnc. 1.5. TaX KaK ak>6oh noAHHOM mojkho pa-AOJKHTb Ha MHO>KHTeAH, TO AK)6yK) HMnyAbCHyK) peaKUHK) MOJKHO

PHC. 1.4. Jl,Be SKBHBaAeHTHKe (pHAbT-
pyjomne cncTeMbi

PHC. 1.5. TpH SKBHBaAeHTHbie (pHAb
Tpyromne CHCTCMH

CMOAeAHpOBaTb nOCAeAOBaTeAbHOCTbK) AByXHAeHHHX chHAbTpOB, AH
HeftHHX OTHOCHTeAbHO Z.

AOAHCHa AeAaTb 3BM, hto6h nepeMHOHCHTb ABa Z-npeo6pa-
-30BaHHH? OnAbTp 2+ Z Mor 6h 6biTb 3aAaH b MauiHHe nyTeM 3ano-
MHHaHHH KoschchnuHeHTOß (2, 1). FloaoShhm o6pa3oM A^IH (hHAbTpa

I—Z1 —Z 3anoMHHaiOTCH HHCAa (1, —1). nporpaMMa yMHOHceHHH noAH-
homob AOAHCHa npeo6pa3oßaTb sth hcxoahhc AaHHbie b nocAeAOßa-
TeAbHOCTb (2, — 1, — 1). riocMOTpHM, KaK npOHCXOAHT npouecc
BHHHCAeHHH b o6meM CAynae, HanpHMep, aah BbipaHteHHH

(1.1.5)

(1.1.6)

npnpaßHHßaH KOschchnuueHTH npn nocAeAOßaTeAbHbix CTeneHHX Z
nOAVHHM:

(1.1.7)

(1.1.8)

X(Z)B(Z) = Y(Z);

(xQ +xiZ+x2Z2+ ..)(bo-ybxZ+b2Z2-y ...)=
= (yo-\-yiZ+y2Z 2 + . . .)

2 ;

#*=2 xk-i bi-
i=o
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BbipajKeHHe (1.1.8) Ha3HBaeTCH ypaenenueM ceepTKU. TaKHM 06-
-pa3OM, npOH3BeAeHHe AByx hoahhomob BbipancaeTCH TaKnce noAn-
HOMOM, KOSChcJ)HUHeHTH KOTOporO HaXOAHTCH C nOMOUIbK) CBepTKH.
npocTan MauiKHHan nporpaMMa Ha OopTpaHe, KOTopan AeAaeT cßepT-
Ky, BKAionaH KpaeßHe schcheKTH Ha o6onx KOHuax, npHßeAeHa Ha
pnc. 1.6.

DIMENSION X(LX),B(LB),Y(LY)

PHC. 1.6. MaiHHHHaji nporpaMMa
AJIH peaAH3aUHH CBepTKH

CAeAyeT oTMeTHTb, hto X(Z) h Y(Z) He o6n3aTeAbHO aoa>k-
HH 6blTb CTpOTO nOAHHOMaMH; OHH MOrVT COAepH<aTb KaK nOAOJKH-
TeAbHbie, TaX h OTpHuaTeAbHbie CTeneHH Z, t. c.

(1.1.9)

HcnoAb3oßaHHe OTpnuaTeAbHbix cTeneHeft Z b X(Z) h Y(Z)
no3BOAneT onpeAeAHTb CHraaAH ao MOMeHTa t=Q (aah OTpnuaTeAb-
Hbix BpeMeH). SchcheKT HcnoAb3OBaHHH OTpHuaTeAbHbix CTeneHeft Z
b chHAbTpe coßepuieHHO OTAHHeH. BbipanceHHe (1.1.8) noKa3HBaeT,
HTO BHXOAHOft CHTHaA Z/fe, KOTOpblft nOHBAHeTCH B MOMeHT BpeMe-
HH k, — sto AHHefiHan KOM6nHauHH TeKymnx h npeAHAyuiHX bxoahhx
CHTHaAOB, T. C (xiy i^k) . EcAH 6bl cJ)HAbTp B (Z) BKAIOHaA HJieH
THna b-i/Z, to bhxoa tf\ b momcht BpeMeHH k 6ha 6h AHHeftHOH
KOMSHHauneft TeKymnx n npeAHAymnx bxoaob, a TaKH<e Xu+\ BXOAa,
KOTopbift b AeftcTBHTeAbHOCTH cmc He noAyneH b momcht k. TaKoft
chnAbTp Ha3bmaeTCH chH3HHecKn HepeaAU3yembiM chnAbTpoM, TaX KaK
b peaAbHbix ycAOBHHx b AaHHHft MOMeHT oh He MOHceT pearnpoßaTb
Ha BO36y>KAeHHe, KOTopoe cmc He bo3hhkao. OAHaKO HepeaAH3yeMbie
chnAbTpbi H3peAKa noAe3HH b MainnHHOM MOAeAHpOBaHHH, rAe Bee
AaHHbie npeAßapnTeAbHO 3anncaHH.

ynpajKHeHHH

1. nycTb 3aAaH hoahhom B(Z) = \-\-ZA-Z2 A-Z 3-\-Zk. H3o6pa3HTe rpaipHqecKH Koatp-
(pHHHeHTbi B(Z) b cpyHKHHH CTeneHefi Z, a TaKHte KO3(p(pHHHeHTH nOAHHOMa B2(Z).

2. Ecah x t= cos Mot, rAe t onpeAeAeHo b o6meM BHAe BeAHqHHofi bt = (bo; b\)
h Y(Z)=X(Z)B(Z), KaKOBH A h B b (popMyAe yt=A cos (dot-\-B sin ©of?

3. AoKasaTb, hto ecAH Xt=eosco0/ h bt==(b0 , b\, ..., b n ), to y t BcerAa HMeeT
(popMyAy A cos ©or-j-J3 sin © of.

LV = LX+LB-1

DO 10 I=I,LY

10 Y(I) = 0.

DO 20 I=I,LX

x(Z) = ...^+x r̂ +XQ-yx1z+ ...

Y(Z) = ...!^-yy-^-Jry0 :+yxZ +
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1.2. C8513b Z-IIPEOEPA3OBAHHSI
C 4>yPbE-nPEOBPA3OBAHHEM

Mh onpeAeAHAH Z-npeo6pa3oßaHHe KaK

(1.2.1)

(1.2.2>

3to noxoHce Ha HHTerpaA Oypbe, h, ohcbhaho, mohcho CAeAaTb npe-
AeAbHHft nepexoA aah noAyneHHH ero H3 cyMMH HHTerpaAa. C Apy-
roft cTopoHH, HHTerpaA Oypbe

(1,2.3)

npHBOAHTCH k cyMMe (1.2.2), ecAH b(t) He hbahctch HenpepbißHOft
chyHKuneft BpeMeHH, a onpeAeAHeTCH Bbipa>KeHHeM

(1.2.4)

rAe 6 — AeAbTa-chyHKUHH JtnpaKa.
B npeAHAymeM *pa3AeAe mh bhacah, hto aah nepeMHonceHHH AByx.

noAHHOMOB Heo6xoAHMo cßepHyTb hx KOschchnuHeHTH. TaKoft me npo^
uecc Ha H3HKe Oypbe-npeo6pa3oßaHHH 03HanaeT, hto npon3BeAeHne
B HaCTOTHOft 06AaCTH COOTBCTCTByeT CBepTKe BO BpeMeHHoft 06AaCTH.
Xoth o npeo6pa3oßaHHn Oypbe o6hhho AyMaioT KaK 06 HHTerpaAe,
KOTOpblft TpyAHO HAH HeBO3MOJKHO BHHHCAHTb, Z-npeo6pa3oßaHHe'
BcerAa npome, npaKTHHecKH oho TpHBnaAbHO. noAynnTb
Z-npeo6pa3oßaHne, AOCTaTOHHO npHCBOHTb nocAeAOBaTeAbHHM toh-
KaM AaHHbie CTeneHH Z. Hmch noAHHOM B(Z), momno ccHAaTbcn Ha
nero KaK Ha BpeMeHHyio hah nacTOTHyio chyHKUHio, b 33bhchmocth
OT TOTO, nOCTpOeHH AH KOSChchnUHeHTH nOAHHOMa AH6O BHHHCAeHH

h nocTpoeHH 3HaHeHHH B(Z=eia>) aah pa3AHHHbix nacTOT co. CAeAyeT
OTMeTHTb, HTO, nOCKOAbKy CO MeHHeTCH OT HVAH AO 2jl, BeKTOp
Z=e /<0 =cos co-fisin co AeAaeT oahh o6opoT no eAHHHHHoft OKpyjK-
HOCTH B HanpaßAeHHH lipOTHB HaCOBOft CTpeAKH.

Ecah ocymecTßAeHne Z-npeo6pa3oßaHHHpaßHo3HaHHonpncßoeHHio
CTeneHeft Z nocAeAOBaTeAbHHM TOHKaM BpeMeHHoft chyHKUHH, to
oclpaTHoe Z-npeo6pa3oßaHHe aoahcho 6HTb npocTo HAeHTHchnKauneft
KOSChchHUHeHTOB npH pa3AHHHHX CTeneHHX Z C pa3AHHHHMH TOHKaMH
bo BpeMeHH. KaK MOH*eT STa npocran HAeHTnchnKauHH KOSchchnuHeH-
tob AaßaTb TaKoft me pe3yAbTaT, KaK, ohcbhaho, 6oAee cAOHCHan

B(Z)=2^'.
t

Ecjih CAeAaTb 3aMeHy Z= e"°, to noAVHHM „cyMMy Oypbe"

B(Z)=B(e ia)=21bte
iwt .

t

+00

B(<d)== \b(t)e iwtdt
—OO

b(t) = k h(t-k),
k
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-onepauHH o6paTHoro npeo6pa3oßaHHH Oypbe? 06paTHoe npeo6pa3o-
BaHne Oypbe HMeeT bha

(1.2.5)

FlpejKAe Bcero otmcthm, hto HHTerpnpoßaHHe Zn BAOAb eAHHHHHOH
"OKpyncHOCTH hah c b HHTepßaAe — it <©< -j-% AaeT HyAb, ecAH

~n^=o, noTOMy hto KOCHHycoHAa h CHHyconAa hbahiotch KoAe6aTeAb
HHMH ChyHKUHHMH, T. C

(1.2.6)

B TepMHHax Hauieft AHCKpeTHoft BpeMeHHoft chyHKUHH o6paTHoe
npeo6pa3oßaHHe Oypbe (1.2.5) HMeeT bha

KaK bhaho, H3 Bcex HAeHOB HHTerpaAa (1.2.7) npu yneTe chopMy-
AH (1.2.6) OCTaeTCH TOAbKO OAHH HAeH C KOSChchHUHeHTOM bt, a Bee
OCTaAbHbie OCUHAAHpyiOT H yHHHTOH<aiOTCH. ApyrHMH CAOBaMH,
HMeeTCH TOAbKO oahh KOschchHuneHT npn HAeHe c HyAeßoft CTeneHbio,
KOTopbift AaeT BKAaA b HHTerpaA, npHBOAH BHpan<eHHe (1.2.7) k BHAy

(1.2.8)

3to noKa3HBaeT, hto o6paTHoe npeo6pa3oßaHHe Oypbe coßepuieHHO
HAeHTHHHO BbipajKaeTCH KoschchnuHeHTaMH npH CTeneHHX Z.

B stoh KHHre, KaK h bo mhothx Apyrnx, npHHHTO, HTO BpeMH,
npoxoAHmee Me>KAy OTcneTaMH AaHHbix At=\, hbahctch eAHHnueft.
Rah npHMeHeHHH AaHHoro Bbipa>KeHHH k apvthm 3HaneHHHM At Heo6-
XOAHMO 3aMeHHTb co Ha coA/, t. c.

C noMonibio Z-npeo6pa3oßaHHH mh noAynaeM cneKTp, 3aAaHHHft
b AHana3oHe ot 2ji ao co^. B npeAeAe BeAHHHHa At g CTpeMHTCH k Hy-
ak), a dig HMeeT, KaK h HHTerpaA Oypbe, Te me 6ecKOHeHHbie npeAeAH.

npn annpoKCHMauHH HenpepbißHOft AHCKpeTHoft chyHKUHH Heo6-
XOAHMO Bbl6paTb HHTepBaA Bbl6opKH (AHCKpeTH3aUHH) Atg AOCTa-

oo

—00

It It

rr- I e ina>d<o—— \ (cos nva -j- i sin#©) d©=

\0 n — ueAoe hhcao, HepaßHoe HyAK).

It

ftk—i j(...+6le-^ +60+ 61e
+/w +...)e-;-W (1.2.7)

It

+1t

bt=~^ bt\ dm=bt.
—n

coA=coftA^=cogA^, (1.2.9)
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TOHHO MaAHM. H3BeCTHblft pe3yAbTaT 3aKAK)HaeTCH B TOM, HTO eCAHJ
cneKTpaAbHbie cocTaßAHiouiHe CHraajia Ha nacTOTax, npeßbiuiaiouiHX.
HeKOTopyio nacTOTy co m ax, He HecyT 3aMeTHoft SHeprnn, to He 6yAeT
ouryTHMoft noTepn HHchopMauHH, ecAH HHTepBaA Bbi6opKn (mar KBaH-
TOBaHHH no BpeMeHH) paßeH A/=Jt/G)m ax. ApyrHMH CAOBaMH, KOCH-
HycoHAa AOAH<Ha 6biTb KBaHTOBaHa no KpaftHeft Mepe b AByx TOHKax
Ha nepnoA (AAHHy boahh). Phc. 1.7,anoKa3bmaeT, hto HeAOCTaTOHHO
nacToe KBaHTOBaHHe cHHycoHAH nacTO 6bmaeT npHHHHoft Toro, htq

OHa KanceTCH chhvcohaoii c 6oAee hh3koh nacTOToft. nosTOMy MaK-

0
cos

t

PHC. 1.7. npHMep HeAOCTaTOHHO qacToro KBaHTOBaHHH CHHycoHAH no BpeMeHH (a)
h MHeMOHHqecKan TaSAHna, HAArocTpnpyiomaH BAHHHne Oypbe-npeo6pa3oßaHHH Ha
CBOHCTBa qeTHOCTH (HeqeTHOCTH) H AeHCTBHTeAbHOCTH (MHHMOCTH) (pyHKHHH (6)

CHMaAbliaH HaCTOTa KBaHTOBaHHH COm ax==Jt/A/, nO3BOAHK>maH BOCCTa-
HOBHTb CHTHaA HCTHHHOH HaCTOTH, Ha3HBaeTCH HaCTOTOH CBepTKH 1.
BocnpoH3BeAeHHe 6oAee bhcokhx nacTOT ocymecTßAneTCH c noHH-
H<eHHeM nacTOTH. Ha npaKTHKe KBa3HCHHycoHAaAbHbie CHraaAH Beer-
Aa KBaHTyiOTCH 6oAee neM b AByx TOHKax Ha nepnoA. CooTßeTCTßyio-
mee TeopeTHHecKoe o6ocHOßaHne aah KBaHTOBaHHH b BOCbMH h 6oAee
TOHKax Ha nepHOA npnBOAHTCH b pa3AeAe 2.8.

B AaAbHeftmeM HceAaTeAbHo paccMOTpeTb HeneTHO-HeTHbie chmmct-
pHH c ueAbio oueHKH hx bahhhhh Ha npeo6pa3oßaHHe Oypbe.
nacTb et chyHKUHH BpeMeHH bt onpeAeAHM BbipanceHneM

a HeqeTHyio nacTb

(1.2.11)

OyHKUHH HBAHeTCH CyMMOft STHX HeTHOft H HeHeTHoft HacTeft. CKAa-
AHBan BbipanceHHH (1.2.10) h (1.2.11), noAVHHM

PaccMOTpnM npocTyio, AeftcTßHTeAbHyio, neTHyio chyHKUHio BpeMeHH
BHAa (b-v bO, bi) = (\, 0, 1). Ec npeo6pa3oßaHHe Z+l/Z=2coso>
HBAHeTCH HeTHOft chyHKUHeft CO, TaX KaK COS CO = cos (—co). PaCCMOT-
pHM AeftcTßHTeAbHyio, HeneTHyio chyHKUHio BpeMeHH (b- U b O, b { )=
=(— 1, 0, 1). Ec npeo6pa3oßaHHe Z— l/Z=2(sinco) /i hbahctch
mhhmhm n HeneTHbiM, TaX KaK sin co = — sin( — co). AHaAorHHHO npe-

1 NacTOToft HaftKBHCTa (HpuM. nepee.).

re~* *- RE
CDS T

_
xc-* =»- IE
ro >^sin^< RO
io -^si.rr^ 10

c,= (1.2.10)

bt — b_ t

bt=etot. +ot . (1.2.12)



*o6pa3oßaHHe mhhmoh HeTHOft chyHKUHH (i; 0; i) HBAHeTCH mhhmoh
'HeTHOft chyHKuneft i cos co, a npeo6pa3oßaHne mhhmoh HeneTHoft chyHK-
UHH (—i, 0, i) HBAHeTCH AeftcTßHTeAbHoft h HeneTHoft chyHKuneft.
flyCTb r H i OTHOCHTCH X AeftCTBHTeAbHHM H MHHMHM BCAHHHHaM
(pnc. 1.7,t5), c h o OTBenaiOT hcthhm h HeneTHHM BeAHHHHaM, a hhjk-

HHH H BepXHHH CTpOKH COOTBeTCTByiOT BpeMeHHOH H HaCTOTHOft ChyHK-
UHHM.

BoAee CAOH<Hbie BpeMeHHbie chyHKUHH moh*ho noAynnTb cAOH<eHHeM
AByx paccMOTpeHHbix HaMH paHee AHCKpeTHbix chyHKunft. TaX KaK
CyMMH HeTHHX (hyHKUHft HBAHIOTCH HCTHHMH H T. A-, TO Ta6AHUa,
npeACTaBAeHHan Ha pnc. 1.7,t5, npHMeHHMa ko BceM BpeMeHHHM
chyHKUHHM. OTMeTHM, HTO npOH3BOAbHaH BpeMeHHaH (hyHKUHH npHHH-
MaeT bha 6f=(re+ro)(+f(ie+io)f. npn npeo6pa3oßaHHH b t KantAan
H3 neTbipex nacTeft npeo6pa3yeTcn oTAeAbHO b cootb6tctbhh c Ta6-
AHueft.

YnpaJKHeHHe
!06hHHO (pyHKHHH OnpeAeAHeTCH TOAbKO BO BpeMeHHOH AH6o TOAbKO B qaCTOTHOH

■o6AacTH. Ecah oaho H3BecTHO, to Apyroe onpeAeAneTCH c noMombio npeo6pa3oßa-
>hhh. nycTb Tenepb noAOBHHa HHcpopManHH onpeAeAeHa bo BpeMeHHoft o6AacTH npn
ycAOBHH, hto bt=o npn a noAOBHHa — b qacTOTHoft odAacTH nyTeM 3aAaHHH
b Heft AeftcTßHTeAbHoft qacTH RE+RO. KaK mojkho onpeAeAHTb ocraAbHyio qacib
tpyHKHHH?

1.3. EbICTPOE nPEOEPA3OBAHHE 4>yPbE

Sanncaß BbipanceHHe

tioavhhm KaK BpeMeHHyio chyHKUHio, TaX h cc npeo6pa3oßaHne Oypbe.
Ecah rpachnnecKH H3o6pa3HTb KoschchnuHeHTH (b 0, b\, ...), to noAy-
HHM BpeMeHHyio ChyHKUHio. EcAH BHHHCAHTb H nOCTpOHTb rpachHK
BbipaH^eHHH (1.3.1) Ha MHOJKeCTBe AeftCTBHTeAbHHX CO, TO nOAVHHM
pe3yAbTaT npeo6pa3oßaHHH. Otmcthm, hto aah AeftCTBHTeAbHHX
nacTOT co BeAHHHHa Z HMeeT eAHHHHHyio aMnAHTyAy, t. c. HaxoAHTCH
Jia eAHHHHHoft OKpyxHocTH. TaX KaK co HenpepHßHan nepeMeHHan,
a b 3BM OHa BcerAa KOHeHHa, to BO3HHKaeT Bonpoc: KaK Bbi6paTb
KOHeHHoe hhcao 3HaHeHHft nacTOTH coft A-nn nocTpoeHHH rpachnKa?
XD6hhho Bbi6HpaiOT paBHOMepHO pacnpeAeAeHHbie nacTOTH. CaMan
HH2KHHH HaCTOTa MOHCeT 6blTb paßHa HVAK). [OTMeTHM, HTO
Z (<$ =$) =eio=\]. BbicoKan nacTOTa co =2ji[Z(co= 2jt)= e iU=l]
Momer He paccMaTpHßaTbcn, TaX KaK BbipanceHHe (1.3.1) AaeT ajih
Hee to me 3HaneHHe, hto h aah HyAeßoft nacTOTH. Bbi6Hpan paBHO-
MepHo pacnpeAeAeHHbie b stom HHTepßaAe nacTOTH, HMeeM:

(1.3.2)

TAe M — HeKOTOpoe ueAoe hhcao. 06o3HaHHM 5(Z(coft )) nepe3 B h
50

B(Z)=b0+biZ+ ..., (1.3.1)

(0, 1, 2, ... , M — I)2*©fc = -^ ; ! 1k M >
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Rah nacTHoro cAynan A^-tohchhoh chyHKUHH BpeMeHH, KorAa
N=4, BHpajKeHHe (1.3.1) mo>kho npeACTaBHTb b BHAe npon3BeAeHHH
MaTpnu:

VB0 -\ ri 1 ill
B x 1 W W2 W* bx
B, "~ I W2 W*W° b. ' (1.3.3)
Bt I 1 W3 W° W*

rAe
(1.3.4)

Heo6H3aTeAbHO BbiSnpaTb N=M, KaK sto AeAaAOCb b Bbipance-
hhh (1.3.3), ho sto vaooho. npn stom He 6yAeT noTepn o6mHOCTH,
TaX KaK BcerAa mojkho npn6aßHTb HyAH k chyHKunn BpeMeHH nepeA
noACTaHOBKoft cc b chopMVAy (1.3.3). YAodcTBO Bbi6opa N=M 3a-
KAionaeTCH b tom, hto MaTpnua b BbipanceHHu (1.3.3) 6yAeT KBaApaT-
hoh h tohho o6paTHMoft. B caMOM AeAe, AerKO noKa3aTb, hto
BbipajKeHne, o6paTHoe chopMyAe (1.3.3), 6yAeT HMeTb bha

1 1 1 ~TB{

l/W l/W2 l/W B
\/W2 l/W4- \/W s B
l/W3 l/W6 l/W" __B:

(1.3.5)

TaX KaK BeAHHHHH l/W H W HBAHIOTCH KOMnAeKCHO-COnpHJKeH-
HHMH, TO H MaTpHUH B Bbipa>KeHHHX (1.3.3) H (1.3.5) — KOMnAeKCHO-
conpH>KeHHbie. npaKTHnecKH HeT cymecTßeHHbix MaTeMaTHHeCKHX
pa3AHHHH MeH<Ay BpeMeHHHMH H HaCTOTHHMH ChyHKUHHMH. 3Ta «ABOft-
CTBeHHOCTb» 6biAa 6h 6oAee BbipanceHHoft, ecAH 6h HcnoAb3OBaACH
MacuiTa6HHft KoschchnuHeHT N~l/2 , b Kan<AOM H3 Bbipa>KeHHH (1.3.3)
h (1.3.5), a He 1 b chopMyAe (1.3.3) h AM b chopMyAe (1.3.5). OTMe-
thm, hto BpeMeHHbie h HacTOTHbie chyHKUHH MoryT 3aMeHHTb Apyr
Apyra b MHeMOHHHecKoft Ta6AHue, onncbraaioiueft chmmctphh. Rencr-
BHTeAbHO, npnßeAeHHoe paHee vTBepHCAeHne o tom, hto npoH3BeAe-
Hne AByx chyHKunft nacTOTH paBHO CBepTKe cooTBeTCTBViouiHX hm
AByx chyHKunft BpeMeHH, HMeeT ABoftcTßeHHyio chopMVAHpoBKy, koto-
pan TAacHT, hto npoH3BeAeHHe AByx chyHKunft BpeMeHH paBHO CBepTKe
cooTßeTCTßyiomnx hm AByx chyHKunft nacTOTH. Mh He npHBOAHM
3AeCb AOKa3aTeAbCTBa STOft ABOftCTBeHHOCTH, nOCKOAbKy OHa COCTaB-
AneT npeAMeT khht no MaTeMaraKe h Teopnn chctcm. OAHaKO npeA-
AaraeM HHTaTeAio no bo3mo>khocth ySeAHTbcn b tom, hto b ak>6oh
TeopeMe noHHTHH «BpeMH» h «nacTOTa» hbahiotch B3anMo3aMeHHe-
MHMH.

npn nocTpoeHHn rpachnKa npeo6pa3oßaHHH Bh aah (k=o, 1, . . �. . ., M— l) 3HaneHHH co^ Ha och nacTOT H3MeHHK)TCH b AHana3oHe
o^coft<:2jt. 6oAee ecTecTBeHHHM OKa3bmaeTCH npeACTaßAeHne
ero b HHTepßaAe —jis^gxX TaX KaK npeo6pa3oßaHne nepHOAHHHO

We2=e2" iIM.

- bO -
-b N°2
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c nepHOAOM 2ji, to 3HaneHHH Bk b HHTepßaAe ji^co<;23t mohcho
npocTO nepeMecTHTb b HHTepBaA —ji^co<lo.

COOTBeTCTBeHHO AAH 3HaHeHHH CO, paBHHX

ITpeHMymecTßO paccMaTpnßaeMoro HHTepßaAa coctoht b tom, hto
aah HenpepbißHbix bo BpeMeHH cnrHaAOB, KBaHTOBaHHbix no BpeMeHH
AOCTaTOHHO nacTO, 3HaneHHH Bh noAynaioTCH MaAeHbKHMH Ha o6ohx
KOHuax. Ecah CHraaA hbahctch AeftcTBHTeAbHHM, to AeftcTßHTeAbHaa
nacTb Bk HMeeT neTHyio cHMMeTpnio OTHOCHTeAbHO 80,B0, a MHHMaa
HaCTb — HeHeTHVK). npH STOM AOCTaTOHHO BHBeCTH AHUIb nOAOBHHy
3iiaHeHHft. Bbi6op HeneTHoro 3HaneHHH N no3BOAHA 6h noMecTHTb
co =0 CTporo b cepeAHHy HHTepßaAa. OAHaKO HHTaTeAb BCKope yBHAHT,
noneMy mh HcnoAb3yeM neTHoe hhcao otchctob AaHHbix.

OnepauHH yMHOJKeHHH MaTpnun Ha BpeMeHHoft BeKTop b Bhipame-
hhh (1.3.3) Tpe6yeT A^2 nepeMHonceHnft n caohcchhii. RaAee b stom
pa3AeAe onncbmaeTCH ocTpoyMHbift mctoa, Ha3BaHHHft 6hctphm npe-
o6pa3oßaHHeM Oypbe, no3BOAHiomHft BbinoAHHTb nepeMHOJKeHHe
MaTpnu 3a N\og2 N onepaunft yMHonceHHH n cyMMHpoBaHHH. TaX KaK,
nanpHMep, log2 1024 paßeH 10, to sto AaeT orpoMHyio skohomhio
MauiHHHoro BpeMeHH.

Ochobhoii cTaHAapTHbift 6aok b 6hctpom npeo6pa3oßaHHH Oypbe
Ha3HBaeTCH yABoeHHeM. 3aAaß pnA (x0 , xv . . ., xN-i) h ero AncKpeT-
Hoe npeo6pa3oßaHHe Oypbe (X0 , Xv . . ., Xjv-i), a TaKJKe Apyroft pHA
(yo, yi,---,yN-i) n ero npeo6pa3oßaHiie Oypbe (y0 , «Vi, . . .,
HaftAeM npeo6pa3oßaHHe pHAa yABoeHHOft aahhh, noAyneHHOro nepe-
AOBaHneM hachob sthx AByx phaob:

npouecc yABoeHHH HcnoAb3yeTcn mhoto pa3bo BpeMH npouecca bh-
HHCAeHHH 6bicTporo npeo6pa3oßaHHH Oypbe. KaK npeAnoAaraeTcn
H3 cAOBa ydeoeuue, 6yAeT yAo6HO cnnTaTb, hto N hbahctch ueAHM
hhcaom, KOTopoe o6pa3yeTcn Bo3BeAeHneM 2 b HeKOTopyio ueAyio CTe-
neHb. nycTb A^=B=23 . HaHHeM c pa36HeHHH Hauiero 8-ToneHHoro
PHAa Xq, Xi,...,X7 H,a BOCeMb pa3AHHHHX OAHOTOHeHHHX pHAOB. HpH-
MeHeHHe npeo6pa3oßaHHH Oypbe k KancAOMy OAHOToneHHOMy pHAy
AaeT TOHKy. Ha CAeAyiomeM uiare yAsoeHne npHMeHneTCH 4 pa3a aah
noAyneHHH npeo6pa3oßaHHH neTHpex pa3AHHHbix phaob H3 AByx tohck
(x0 , x 4), (xi, x 5), (x2 , xc) h (X3, x 7). 3aTeM npnMeHHM yAßoeHne cmc
ABamAU ajih noAyneHHH npeo6pa3oßaHnft AByx pa3AHHHbix phaob h3
neTHpex ToneK (x0, x 2, X*, x 6) h (x v x 3, x 5, x 7 ). HaKOHeu, npHMeHHB
yAßoeHne cmc pa3, noAynnM npeo6pa3oßaHHe hcxoahoto pnAa H3
BOCbMH TOHeK (#O, X\, x 2, . . ., x 7).

TaKHM o6pa3oM, npn N=B mo>kho HaHecTH nocAeAOBaTeAbHO

Bißr>B(>B IBQBiB2B-i

3* * * p. * 7i 3*—«i --j-, 2", — 1~. U» X' X' T-

z«= (xo, yo, X\, y\, . . ., Xn~i, t/jv— i) -



OcTaeTCH paccMOTpeTb AeTaAH npouecca yABoeHHH. nycTb

npeo6pa3OBaHHHMH AByx A^-tohchhhx phaob no onpeAeAeHHio hb-
jihiotch

npeo6pa3oßaHHeM pHAa c nepeAyioiUHMHCH HAeHaMH zf=(A;0, */o,
xv y\, . . ., xN-\, yN-\) no onpeAeAeHHio, noAyHHM

Rah noAyneHHH Zh H3 Xh h y^ noTpe6yiOTCH ABe chopMVAbi: oAHa aah
k=o, 1, . . ., N—\ h Apyran aah k=N, N+\, . . ., 2N— 1.

80-nepßbix,

Pa3o6beM cyMMy Ha ABe nacTH, yKa3HBaH, hto Xj yMHoasaeTCH Ha
neTHbie CTeneHH V, a yj — Ha HeneTHbie:

OcTaßmyiocH noAOBHHy hachob Zk noAyHHM cacavioiuhm o6pa3oM:

V = cie
i2 *l2N=Wl/2; (1.3.6]

VN=eu=-l. (1.3.7)

** = 2 xiv%ik (*=a lj
-'

iV ~ 1) ;
j=o

N-l
F*=2 yiy2ik =0' I-»1 '-» N ~ {y

i=o

2AJVI
Zk = 2 Z/V* (/t=0, 1,..., 2JV-1).

/=o

2iV—l

I=o

**= 2V8/*+ v* 2 yy2ik =xk+ykyk . i\.w
i=o j=o

2iV—l 2N— 1

zh = 2 ziylk = 2 2 <y/(m+A°z=o f=o

(k =N, N+{,..., 2N-U k-N =m= 0, 1,..., N- 1);
2N— 1 j 2N—l N—l

zk= 2 *tvtm(yy= 2 ziV lm {-iy=2xjVilm -
-I=o I=o j=o

N-l_ Vm 2yjV^m =Km-Xm -VmYm;
!=o

Zk = Xk
_

N -Vk~ NYk_N (k =N,NAr \,...,2N-\). (1.3.9)

23
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Ilepßoe BHHHCAeHHe Ha MauiHHe no STOMy aAropHTMy npon3BeAeHO
BepHOM TepSepTOM, KOTopnft uinpoKo npnMeHHA ero npn HHTepnpe-
TauHH AaHHbix ceftcMHnecKoro MeTOAa oTpaHteHHbix boah. Oh 3anpo-
rpaMMnpoßaA ero Ha 3BM IBM 1401 b 1962 r. B. Tep6epT HHKorAa
He ny6AHKOBaA CBoero MeTOAa. Oh 6ha 3aHOBO HaftAeH h ony6AHKO-
BaH KyAH H TbIOKH B 1965 T. TaKHM 06pa30M, OH CTaA H3BeCTeH KaK

SUBROUTINE FORK(LX,CX, SIGN€)
C FAST FOURIER 2/15/69
C LX
C CX(K) = SQRTCI/LX) SUM (CX(J)*-EXP(2*PI*SIGNI*I*(J-1)* (K-l) /LX) )
C J=l FOR K=I, 2,..., (LX=2** INTEGER)

PHC. 1.8. nporpaMMa 6bicTporo npeo6pa3oßaHHH Oypbe

aAropnTM KyAn — TbioKH [9]. nporpaMMa, BbmoAHHiomaH 6wcTpoe
npeo6pa3oßaHHe Oypbe (b MOAHchnKauHH BpeHHepa), npHßeAeHa Ha
PHC. 1.8. nOBTOpHHH BH3OB STOft npOTpaMMH npHBOAHT X BOCCTa-
HOBAeHHio hcxoahhx AaHHbix. npn nepBOM o6pameHHH onepaTop
SIGNI AOAHceH 6biTb paßeH +1, a npn btopom o6pameHHH — 1. One-
paTop LX AOAH<eH 6biTb CTeneHbio abohkh.

ynpajßHeHHe

IlpOßepbTe, HBAHeTCH AH B CAyqae npOH3BOAbHOft pa3MepHOCTH N\N MaTDHHa B bw-
paJKeHHH (1.3.5) b caMOM AeJie o6paTHoft no OTHomeHHio k MaTpHHe b Bbipan<:e-
HHH (1.3.3).

COMPLEX CX(LX),CARG,CEXP,CW,CTEMP
J=l
SC=SQRT(I./LX)
DO 30 I=I,LX
IF(I.GT.J) GO TO 10
CTEMP=CX(J)*SC
CX(J)=CX(I)*SC
CX(I)=CTEMP

10 M=LX/2
20 IF(J.LE.M) GO TO 30

J=J-M
M=M/2
IF(M.GE.I) GO TO 20

30 J=J+M
L=l

40 ISTEP=2*L
DO 50 M=l,L
CARG=(O.,I.)*(3.I4IS926S*SIGNI*(M-1))/L
CW=CEXP(CARG)
DO 50 I=M,LX,ISTEP
CTEMP=CW*CX(I+L)
CX(I+L)=CX(I)-CTEMP

50 CX(I)=CX(I)+CTEMP
L=ISTEP
IF(L.LT.LX) GO TO 40
RETURN
END
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1.4. 4>A3OBAfl h rpynnoßAfl 3AAEP>KKH
MHorne chnAbTpH cHAbHO h3mchhk)t cnrHaAH, npoxoAHUine nepe3 hhx.
Apyrae me chnAbTpn He3HaHHTeAbHO H3MeHHK)T cnmaAH hah BOo6me
hx He H3MeHHK)T. Ko BTopoft H3 ynoMHHyTbix KaTeropnft npHHaAAen<aT
npeo6pa3oßaTeAH (npneMHHKH) h perncTpaTopbi. B TaKHX CAynanx

PHC. 1.9. CHHycoHAa sin co/ Ha bxoac
(pHAbTpa h 3aAepHcaHHaH CHuycoHAa
sin(coi—*p) Ha ero BbixoAe

OCHOBHHM BHAOM H3MeHeHHH CHTHaAa HBAHCTCH 3aAepHCKa erO BO
BpeMeHH. Oahh H3 cnocoSoß onpeAeAeHHH 3aAep>KKH chnAbTpa 3a-
KAioHaeTCH b noAane Ha bxoa cfwAbTpa cHHycoHAaAbHoro CHraaAa h
cpaBHeHHH ero cha3H c cha3oft BbixoAHoro CHmajia (pnc. 1.9). Ecah
cnmaA Ha BxoAe sin (at, a Ha BbixoAe sin(co/—cp) , to TaX Ha3bißaeMan
cha3oßaH 3aAep>KKa tv HaxoAHTCH cacavioiuhm o6pa3oM:

HHTepecHee TaX Ha3HßaeMan
aHaAoroM rpynnoßoft ckopocth
B caMOM AeAe, npn MOAeAHpOBaHHH boahobhx npoueccoß Ha 3BM
pacnpocTpaHeHHe boah, cKaaseM, ot tohkh A ao tohkh B, MomeT 6biTb
HMHTHpoBaHO c noMombio chnAbTpa. KorAa chopMa cnraaAa, Ha6AKD-
AeHHOrO B TOHKe A, OTAHHaeTCH OT chopMH CHTHaAa B TOHKe B, HO
oiH6aiomaH SHeprnn b tohkc A noxonca Ha 3aAepHcaHHyio ornCaio-
myio SHeprnn b tohkc B, TorAa BO3HHKaeT cnTyaunn, AJin KOTopoft
noHHTiie rpynnoßoft ckopocth, xapaKTepH3yiomeH CKopocTb pacnpo-
cTpaHeHHH orH6aiomeft SHeprnn, mojkct 6biTb oneHb noAe3HHM.

ripH CVMMHpOBaHHH AByx KOCHHyCOHAaAbHHX CHrHaAOB C 6AH3-
khmh nacTOTaMH BO3HHKaiOT 6hchhh (nyAbcauHH) (pnc. 1.10). KorAa
CHTHaA TaKOft ChopMH npOXOAHT Hepe3 CJ3HAbTp, TO KaH^iaH H3 HaCTOT
MOHceT npno6pecTH pa3AHHHyio 3aAep>KKy, b pe3yAbTaTe nero orn-
6aiomaH hah KOAe6aHHH 6vavt HMeTb 3aAepHCKy, KOTopan OTAHHaeTCH
ot cha3oßbix 3aAepnceK o6enx nacTOT. 3aAep>KKa orndaiomeft hah
rpynnoßan 3aAep}KKa He MonceT paßHHTbcn cpeAHeMy 3HaneHHK) cha-
30bhx 3aAepHceK sthx AByx nacTOT. 3to mohcho noHHTb H3 CAeAyio-
mero. npeAnoAO^KHM, hto chopMa bxoahoto HMnyAbca xt HMeeT bha

HcnoAb3yn TpHroHOMeTpnHecKoe tohcacctbo, 3anHuieM

(1.4.3)

tp HaXOAHTCH CAeAVIOUIHM oopa3oM:
sin(tot — <p) = sin» (t — tp);

<ot- ?=mt-<»tp ; (1 4
lP CO "

Ha3HßaeMan rpynnoßan 3aAepjKKa. OHa hbahctch
oft ckopocth b TeopHH pacnpocTpaHeHHH BOAH.
i MOAeAHpoBaHHH boahobhx npoueccoß Ha 3BM

xt=cos (Oit+ cosa>2t. (1-4.2)

r, CO. -4- 0), , CO, — COo jxt — 2 cos ?-| 2 f cos - 2?.
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Bhahm, hto cyMMa abvx KocHHycoß npeACTaBAneT cooofi npoH3BeAe-
Hne KOCHHyca cpeAHeft nacTOTH Ha KOCHHyc noAOBHHH pa3HOCTH sthx

nacTOT. TaX KaK nacTOTH b3hth 6ah3khmh Apyr k Apyry, to comho-

JKHTeAb pa3HOCTHOH HaCTOTH MCAAeHHO H3MCHHCT aMnAHTyAy CpeAHeft
nacTOTH. Tenepb noTpe6yeM, hto6h BbixoAHofi cnraaA chHAbTpa

npn stom AeAaeTcn Aonymeime, hto KOAe6aHHH o6eHX nacTOT He

3aTyxaiOT. YneT 3aTyxaHHH no AnchchepeHunaAbHOMy 3aKOHy ajih

a>r io2

o\senx nacTOTHbix KOMnoHeHT 3HaHHTCAbHO ycAOHUiHA 6h aHaAH3. Hc-
noAb3yH TpHroHOMeTpHHecKoe tohcacctbo b chopMyAe (1.4.4), noAy-
HHM

=2cos(-^^-J^^)cosp^-Ji^). (1.4.5)

nepenncaß mhohchtcab, xapaKTepn3yiomHft nyAbCaunio aMnAHTy-
AH KOAe6aHHH, B 0603HaHeHHHX BpeMeHHOft 3aAepHCKH tg, HMeeM

HAH

TorAa rpynnoßan 3aAep>KKa onpeAeAHTCH BbipanceHHeM

(1.4.6)

Ha npaKTHKe o6hhho Ha6AK)AaioTCH He ABe hhcthc KOCHHyconAH,
a KOAe6aHHH, 3aHHMaK>m,He HeKOTopyio noAOcy nacTOT. EtosTOMy
rpynnoßan 3aAepncKa HBAHeTCH HacTOTHO-3aBHCHMoft chyHKuneft h 3a-
AaeTcn BbipanceHneM tg=d(p/da). Oa3oßbift yroA cp mohcho onpeAeAHTb
KaK apKTaHreHc othouichhh mhhmoh h AeftcTßHTeAbHoft nacTeft npe-
o6pa3oßaHHH Oypbe: cp(co)=arctg[lm£(co)/Re£(co)]. HHorAa vao6-
ho HcnoAb3oßaTb onpeAeAeHHe KOMnAeKCHoro AorapnchMa.
TorAa

y t =cos (co jt—9i) +cos (co2r— cp2) . ( 1.4.4)

PHC. 1.10. TpacpHK aMnAHTyAHO-MOAy-
AHpOBaHHHX KOAe6aHHft BHAa COS COit-}-
-+ COS 0)2?

cos (-=^2L* - J^-)=cos\^p- (t - g

(to, — to2) tg = <p, — <p2 .

t __ fx — <? 2
__ a?

£ co x — to2 Ato '

B =re*; In s=ln| r |-f In c*== In|r | +[«>.
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MTaK,

(1.4.7)

y^oSHHM npH6AH>KeHHeM B BHHHCAeHHHX A^H AHCKpeTHHX 3HaHeHHH
B HBAHeTCH chopMyAa

Ba^KHHM acneKTOM Teopnu pacnpocTpaHeHHH boah hbahctch pa-JiHHHe MeiKAy cha3oßoft n rpynnoßoft ckopocthmh. Ohh cxoahh c cha-
30Boft h rpynnoßoft 3aAepH£KaMH. HanpnMep, ecAH boahh pacnpo-
CTpaHHIOTCH BAOAb AByXMepilOft nOBepXHOCTH, TO (ha3oßaH ChyHKUHH
MomeT 6biTb 3aAaHa KaK

3Aecb KoopAHHaTH (x 0 , yo) onpeAeAHiOT MecTonoAOHceHne bxoahoto
CHTHaAa chHAbTpa, a (x, y) — MecTO Ha6AK>AeHHH cha3H (noAo6HO
BHXOAy ChHAbTpa). BeAHHHHH kx H k y 03HaHaiOT «npocTpaHCTßeHHbie
HacTOTH», t. c. kx ecTb 2n, AeAeHHoe Ha AAHHy boahh, H3MepeHHyio no
och x. CooTHomeHHe MOKAy co, kx h k y ycTaHaBAHBaeTCH MeTOAaMH
TeopeTHnecKoft cJ3H3hkh. 06hhho oho moh<ct 6nrb 3aAaHO b chopMe

IlocKOAbKy CKopocTb ecTb paccTOHHHe, AeAeHHoe Ha BpeMH, to cha3o-
Byio CKopocTb no HanpaßAeHHK) x moh<ho onpeAeAHTb KaK

rpynnoßan CKopocTb Ann x-KOMnoHeHTH

IIOAOJKHM, HTO f/=Z/0 - TOTAa (hopMVAa (1.4.9) npHBOAHTCH X BHAy

OTKyAa (b AHchchepeHunaAbHOM BHAe)
dkx 1
o<f X Xq

C yneTOM chopMVAH (1.4.11) sto AaeT

<V*W*-*.>£|^£: (1-4.12)

TaKHM o6pa3oM, BeKTopHan rpynnoßan CKopocTb ecTb (d(o/dkx,
dto/dky). HHorAa chn3HHecKaH TeopHH TaX cAonoia, hto cooTHOuieHHe,
noAo6Hoe Bbipa>KeHHio (1.4.10), HeAb3H HaftTH b hbhoii chopMe h

<P= Imln#;

'.=£-*£#»*<-»«^YS-.

i.^-Llm f^li-. (1-4.8)

cp(#, y) =kx(x—x 0 ) +ky(y—y0) . (1.4.9)

©=G)(£X, ky). (1.4.10)

/\J \ X Xq CO

r>J'-3&t-<t-.&Tr- <lAll>
y=kx (X—Xq).
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BMecTO Hero ncnoAb3yeTCH HenßHan 3aBHCHMOCTb .F(cd, kx , k y). B Ta-
KOM CAyHae B COOTBeTCTBHH C H3BCCTHHM COOTHOUieHHeM H3 TeopHH
HaCTHHX npOH3BOAHHX HMeeM

da> dF/dkxac — :
dkx dF/dm '

B SKcnepnMeHTaAbHoft reochH3HKe noHHTne ckopocth noHTH BcerAa
CBH3HBaeTCH c rpynnoßoft CKopocTbio, c KOTOpoft nepeMemaeTCH

PHC. 1.11. npHMep AByx boah / h
2 3ByKOBOrO AaBAeHHH, KOTopne
eqHTaioTCH pe3yAbTaTOM HAepHoro
B3pbißa b A3HH (ohh 6hah 3aperH-

T* CTpHpOBaHH B KaAHCpOpHHH OAHHMTo,fMsap H3 MHKpoSaporpacpoß aßTopa)

SHepTHH. Ha pHC. 1.11 npHCVTCTByeT H3AHUIHHft «uiyM» (o6hhhhh
b SKcnepnMeHTaAbHoft reochn3HKe), OAHaKO mojkho BHAeTb, hto bo-MymeHHe npOHBAneTCH CHanaAa b BHAe KOAeSaHHft c 6oAbuiHM nepHO-
Aom, a 3aTeM yme b BHAe KOAe6aHHft c kopotkhm nepnoAOM. rpyn-
noßan CKOpOCTb HaXOAHTCH nyTeM AeAeHHH pacCTOHHHH Ha BpeMH
pacnpocTpaHeHHH boahh. Oa3oßbie ckopocth mo>kho H3ynaTb, hmch
ABe CTaHUHn Ha6AK)AeHHH HeAaAeKo Apyr ot Apyra h H3MepnH Bpe-
MeHHyio 3aAep>KKy HeKOTopbix cneuHchnnecKHx nepeceneHnft HVAeßoft
ahhhh. npHHHHa, no KOTopoft CTaHUHH pacnoAaraioT HeAaAeKo Apyr
ot Apyra, 3aKAK)HaeTCH b tom, hto chopMa boahh HenpepHßHO H3Me-
HHeTCH h ecAn CTaHUHH otctoht CAHUIKOM AaAeKO Apyr ot Apyra, TO
He 6yAeT bo3moh<hocth onpeAeAeHnn Tex nepeceneHHft HVAeßofi
AHHHH, KOTOpbie AOAHCHH cpaBHHBaTbCH.

1.5. KOPPEJIfIUHfI H CnEKTPbI

CneKTp BpeMeHHoft chyHKunn ecTb BO3BeAeHHoe b KBaApaT npeo6pa-
30BaHne Oypbe stoii chyHKUHH. B CAynae AeftcTßHTeAbHoft chyHKUHH
npeo6pa3oßaHHe Oypbe HMeeT neTHyio AeftcTßHTeAbHyio nacTb RE h
HeneTHyio MHHMyio nacTb 10. B3hb KBaApaTH MOAyAeft, HMeeM:

(RE+ i 10) (RE—i 10)= (RE) 2 + (IO) 2.
KBaApaT HeneTHoft chyHKunn TaX me KaK n KBaApaT neTHoft chyHKunn
HBAHeTCH, OneBHAHO, neTHoft chyHKuneft. TaKHM o6pa3oM, cneKTp
AeftcTßHTeAbHoft chyHKunn BpeMeHH ecTb neTHan chyHKunn, TaX hto ero
SHaneHHH b o6AacTn noAOHCHTeAbHHx nacTOT coßnaAaioT c ero 3Ha-
hchhhmh b o6AacTH OTpHuaTeAbHHx nacTOT. nosTOMy HeT oco6oro
CMHCAa BHAeAHTb oTpHuaTeAbHHe nacTOTH. Xoth 6oAbniHHCTBO
BCTpeHaiomnxcH Ha npaKTHKe chyHKunft BpeMeHH hbahiotch AeftcTßH-
TeAbHHMH, paccMOTpeHHe KoppeAHunn h cneKTpoß He 6yAeT MaTeMa-
THHecKn noAHHM 6e3 chyHKunft BpeMeHH c KOMnAeKCHHMH 3Hane-
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HHHMH. KpOMe TOTO, KOMnAeKCHbie ChyHKUHH BpeMeHH BeCbMa nOAC3HbI»
bo MHornx cJ)H3HHecKHX 3aAanax. B KanecTße npnMepa paccMOTpHM
BeKTOpHblft AByXKOMnOHeHTHbIft HHAHKaTOp CKOpOCTH BCTpa: OAHa
KOMnoHeHTa, HanpaßAeHHan Ha ceßep, perHCTpnpyeT nt, a Apyran,
HanpaßAeHHan Ha 3anaA, 3anHCHBaeT Wt- Tenepb, ecAH cocTaBHTb.
BpeMeHHOft pHA C KOMnAeKCHHMH 3HaHeHHHMH Vt=nt+ iWt, TO MOAVAH

h cha3oßbie yrAH KOMnAeKCHHx nnceA hmciot ohcbhahvio chH3HHecKyio
HHTepnpeTauHio. IlepßaH nacTb npeo6pa3oßaHHH (RE+xIO) otho-
chtch k nt , a BTopan (RO +iIE) — k Wt. OAHaKO cneKTp
(RE +RO) 2+ (IE + IO) 2 He hbahctch hh hcthhm, hh HeneTHHM, a He*
paBeHCTBo V(-f-co) =7^.V(— co) aoajkho HMeTb KaKoe-TO 06'bHCHeHHe.
ZIeftCTBHTCAbHO, OHO HMeeTCH, H CMHCA ero COCTOHT B TOM, HTO +CO-
cooTBeTCTByeT BpameHHio no nacoßoft CTpeAKe, a — co — BpaiueHHio
B npOTHBOnOAOHCHOM HanpaßAeHHH. LlTO6bI yBHACTb STO, nOAOHCHM^
HTO «f=COs(cOo^ +Cp) H

wt =>— sin^^-f-?). TorAa vt =c ' (<o°'+tp)
) a npeo6pa3oßaHne Oypbe

HMeeT bha

(1.5.1)

(1.5.2)
CneKTp 82 (co— co 0) noKa3aH Ha pnc. 1.12. H, Hao6opOT, ccah 6u wt
HMeAo bha sin(coo^+cp), to cneKTp 6ha 6u AeAbTa-chyHKuneft np»— coo, o3HaHaiomeft, hto BeKTop ckopocth BeTpa HanpaßAeH b Apyryio
CTOpoHy. B reocf)H3HKe hmciotch h Apyrne npHMepn KOMnAeKCHbix
BpeMeHHHX pHAOB.

1. BAHHHHe rpaBHTauHOHHoro npHTH>KeHHH JIyHH Ha ynpyryio
3eMAK) BH3HBaeT AOKaAbHbie HaKAOHH nOBepXHOCTH 3eMAH. HaKAOH
b HanpaßAeHHH ceßep — lor Mor 6u onpeAeAHTb BpeMeHHoft pnA Xt,
a HaKAOH b HanpaßAeHHH 3anaA — boctok — BpeMeHHoft pnA yt. TorAa.
pHA XfA-iyt CTpeMHACH 6h HMeTb oaho 3HaneHHe BpameHHH b ceßep-
hom noAymapHH n npoTHßonoAonoioe 3HaneHHe — b kokhom noAy-
urapHH.

2. BepTHKaAbHbie n ropH3oHTaAbHbie ABHHceHHH ceftcMorpacha
laKme COCTaBAHIOT KOMHAeKCHbIft BpeMeHHOH pnA.

3. HyTauHH och 3eMHoro uiapa BOKpyr yrAOßoft mthobchhoh och
(HeHAAep Yo66ah).

4. Kpyroßan noAHpn3auHH sAeKTpoMarHHTHoft boahh.

PHC. 1.12. CneKTp KOMn/ieKCHoro Bpe
MeHHoro pHAa c—'e—'

V(co) =
+Je-' (<0°m) c'u>^;

—op

V(to) =S((o-to0)e-l>.



30

nocMOTpHM, KaK BbipajKaeTcn cneKTp nepe3 Z-npeo6pa3oßaHne.
HycTb cneKTp

Bbipa3HM sto b noHHTHHX Z-npeo6pa3oßaHHH no TpeM TOHKaM:

R («») =(b0 + b xe-l«+b2e-l2«) (b 0 +fa*+ b2e i2y, (1.5.4)

/?(«,) =B(-i-)fl(Z). (1.5.6)

Jl,ah onpeAeAeHHH KoschchnuneHTOß i?(Z) HHTepecHO nepeMHOJKHTb
noAHHOMH 2? (1/Z) h B(Z):

(1.5.7)

KoschchnuHeHT r ft npn Zk onpeAeAneTCH BHpaxeHHeM
(1.5.9)

YpaßHeHHe (1.5.9) H3BecTHO KaK aeroKOppeAHHUOHHan chopMVAa.
3HaneHne chyHKUHH aBTOKOppeAHUHH rk npn 3aAepHCKe, paßHoft 10,
ecTb r lO. OHa hbahctch Mepoft noAodnn BeAHHHHH bt caMoft ce6e npn
CABHre Ha 10 cahhhu BpeMeHH. B doAbuinHCTße cAynaeß BeAHHHHa
bt AeftcTßHTeAbHan. npn stom c noMombio BbinncAeHnft no chopMVAaM
(1.5.7) HAH (1.5.9) MO>KHO y6eAHTbCH, HTO aBTOKOppeAHUHOHHHe
KOSChc|)HUHeHTbI TaKHCe HBAHIOTCH AeftCTBHTCAbHHMH BeAHHHHaMH,
a rk=r-k. TorAa, orpaHHHHßancb AeftcTBHTeAbHHMn BpeMeHHHMH
.pHAaMH, HMeeM:

Oypbe ot r k. (1.5.14)
TaKHM o6pa3oM, pa3AOHceHHe chyHKunn aBTOKOppeAHUHH no koch-

HycaM paBHO KBaApaTy MOAyAH Oypbe-npeo6pa3oßaHHH. PeuieHHe

#(a))= |£(a>)| 2 =B(to)£(co). (1.5.3)

R(*) =(bQ+^+^)(bQ +bxZAr b2Z2 y,
<

(1.5.5)

R (Z) = +(Mo+M,)+(6A +bA +bA)+{bX + 3A) z+MiZ

R (Z) = r-ji-yr^ +r0 +r x Z +r2Z2 . (1.5.8)

i

R(Z) =r.+ri (z+^+rt (P +±.y, (1-5.10)

R {Z) =r0 +r, (e iw +c"'") +r2 (c<2"+c~i2 J, (1.5.1 1)

R (Z) =r O -\- 2r, cos to -f- 2r2 cos 2co; (1 .5. 1 2)

P (Z) = 2irk cos km. (1.5.13)
k
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stoh 3aAann aah HenpepbißHoro BpeMeHH othochtch k HandoAee
TpyAHHM TeOpeMaM. H3BeCTHH ABa pa3AHHHHX BHHHCAHTeAbHHX Me-
TOAa pacneTa cneKTpa: 1) cHanaAa bhhhcahiot KoschchHuneHTH /■&
c noMombio BbipajKeHHH (1.5.9), a 3aTeM chopMnpyiOT cyMMy kochhv-
COB B COOTBCTCTBHH C (hopMVAOH (1.5.13); 2) BHHHCAHIOT BeAHHHHH
B(Z) AAH HeKOTOpHX 3HaHeHHft Z Ha eAHHHHHOH OKpVJKHOCTH H
yMHOHcaiOT noAyneHHbie HHCAa Ha KOMnAeKCHO-conpHJKeHHbie. Bhhhc-
AeHHH nOBTOpHIOT A^IH MHOHCeCTBa 3HaHeHHft Z Ha eAHHHHHOft OKpV^K-
hocth. BTopoft MeTOA 6oAee BbiroAeH, TaX KaK npn bhhhcachhhx
mojkho HcnoAb3oßaTb 6bicTpoe npeo6pa3oßaHHe Oypbe.

noHHTHH aßTOKoppeAHunn h cneKTpa AerKO o6o6maioTCH KaK Ha
noHHTHH B3anMHoft KoppeAHUHH h B3aHMHoro cneKTpa. PaCCMOTpHM
ABa Z-npeo6pa3oßaHHH i4(Z) h B(Z). TorAa B3anMHHft cneKTp C(Z)
onpeAeAneTCH BbipanceHHeM

Ecah KaKoft-An6o H3 KOSchchHuneHTOß Ck b C(Z) npeßbimaeT Bee
OCTaAbHbie, TO TOBOpHT, HTO (hopMH BOAH at H bt AOCTaTOHHO nOXOHCH,
ecAH OAHa H3 hhx HMeeT 3aAep}KKy Ha k cahhhu BpeMeHH no otho-
uieHHio k Apyroft.

ynpa^KHeHHfl
1. FIpeAnOAOJKHM, HTO CeftCMHHeCKHft HMnyAbC 06pa30BaH KOMnAeKCHHMH HHCAaMH.
CnpaßeA.'iHßO ah npn sthx ycAOBHnx aBTOKOppeAHHHOHHoe cooTHomeHHe rfc = r_i?
Hbahiotch ah npn stom BeAHqHHH r^ h R(a>) AeftcTBHTeAbHHMH hah KOMnAeKc-
HHMH?

2. nycTb Xt — HeKOTopan AeftcTßHTeAbHan (pyHKHHH BpeMeHH. nycTb yt=xt+3 —
Apyran cpyHKHHH BpeMeHH. flocTpofiTe cpa3bi B3anMHOro cneKTpa npoH3BeAeHHH
X(l/Z)Y(Z) b cpyHKHHH qacTOTH, BbiqHCAeHHoro Ha 3BM, b npeAnoAOHceHHH, hto
apKTaHreHCH Jiexar b ochobhhx KBaApaHTax —n/2<arctg<+A;/2. HaHecHTe Mac-
uiTafibi no ochm.

3. Ecah B3aHMHO noMeHHTb hohhthh BpeMeHH h nacTOTH, to KaKHM CTaHeT
cmhca cneKTpa?

1.6. IIPEOEPA3OBAHHE THJIbEEPTA
OnAbTp, npeo6pa3oßHßaiomHft chhvch b KocHHycH, Ha3HBaeTCH
cpHAbTpoM co CABnroM cha3H Ha 90° hah KBaApaTypHHM chnAbTpOM.
BoAee KOHKpeTHO, ecAH bxoahoh HMnyAbc npeACTaBAneT co6oft
COs(cOl-r-cpi), TO BHXOAHOft CHTHaA AOAHteH HMeTb BHA COS(cO^ ++cpi+ji/2). TaKoft chHAbTp noAe3eH npn nocTpoeHHn orH6aiomeft Bpe-
MeHHoft chyHKunn. flycTb X(Z) 03HanaeT Z-npeo6pa3oßaHne pHAa
AeftCTBHTeAbHHX 3HaHeHHft, a Q(Z) — KBaApaTypHHH (J)HAbTp, h nycTb
Y(Z)=Q(Z)X(Z) onncHßaeT cnrHaA Ha BbixoAe KBaApaTypHoro
chHAbTpa. TorAa orn6aiomyio chyHKunn BpeMeHH mohcho onpeAeAHTb
BHpajKeHneM cet= (x2t-\-y2t ) l/ 2. C Apyroft ctopohh, mohoio nocTponTb
KOMnAeKCHyio chyHKUHio BpeMeHH Ut=xt-{-iyt, Z-npeo6pa3oßaHHe ko-
Topoft HMeeT BHA

TorAa vut ut npeACTaBAneT co6oft KBaApaT orn6aiomeft chyHKUHH. AHa-
AornHHo cha3y cpf , HBAHiomyiocH chyHKUHeft BpeMeHH, mo>kho onpeAe-

C(Z) =a(4^B(Z). (1.5.15)

U(Z)= [\+iQ(Z)]X(Z).
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AHTb BbipaJKeHHeM cpt= arctg(#*/**). MrHOBeHHan nacTOTa ecTb dq>/dt.
OHa MOJKeT 6HTb noAyneHa cacavioiuhm cnoco6oM:

Tenepb, HMen HeKOTOpoe npeACTaBAeHHe 06 HcnoAb3OBaHHH chHAbTpa
c cha3OBHM cabhtom Ha 90°, HaftAeM HHCAOBbie 3HaneHHH qt. Onepa-

PHC. 1.13. xapaKTepHCTH-
Ka cpHAbTpa, cMemaromero <pa3y Ha 90°.

PHC. 1.14. KoacpcpHUHeHTH KBaApaTyp-
HOrO (pHAbTpa

Uhh AHchchepeHUHpOßaHHH no BpeMeHH o6AaAaeT Tpe6yeMbiM cbohct-
bom CABHra cha3bi Ha 90°, KOTopbift mh nmeM. norpeuiHOCTb AHchcfpe-
peHUHpOßaHHH 3aKAK)HaeTCH B TOM, HTO 60Aee BHCOKHe HaCTOTH
ycHAHBaiOTCH no cpaßH,eHHio c 6oAee hh3khmh. B nacTHOCTH,

TaKHM o6pa3oM, AnchchepeHunpoßaHHe no BpeMeHH cooTBeTCTByeT
BeCOBOMy MHOJKHTeAK) — ICO B HaCTOTHOft o6AaCTH. MHOJKHTeAb — MD
HMeeT hvjkhvio HaM cha3y, ho HCKaHteHHVio aMnAHTyAy. TpeSyeMHH
Becoßoft MHO>KHTeAb paßeH Q (co) =—tco/|co|. Oh HBAHeTCH CTyneHHa-
toh chyHKuneft, noKa3aHHoft Ha pnc. 1.13.

ripeo6pa3yeM Q(co) bo BpeMeHHyio o6AacTb
it On

(pt= Imlnw,;
d<f T 1 da , 2 ut — ut- x
<# « dt At ut -yut- x

f(t)=sF(a>)e-i" t d<0;

$=s j — i<oF (to) e~~ia) dto.

—* —X 0
i /„—i<on 0 a—tun lit \ . .=i (WL-W|0 )=2r„(-l +c'"*+ c—- 1) =

{0 AAH n HeTHHX

ajih n HeneTHUX
%n

Pe3yAbTaT noKa3aH Ha pnc, 1.14.
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TaX KaK CBoftcTßa chHAbTpa coxpaHHioTcn aah OTpHuaTeAbHbix n, TO
oh, oneBHAHO, HBAHeTCH cj)H3HHecKH HepeaAHsyeMHM CJ)HAbTpOM
(chHAbTpoM, KOTopbift Tpe6yeT 6yAymnx bxoahhx cHraaAOB aah cj)op-
MHpoBaHHH TeKymero BHxoAHoro
npoBOAHAOCb aah HenpepbißHoro
to chujibTp Mor 6h HMeTb chopMy

CHTHaAa). Ecah 6h HCCAeAOBaHHe
BpeMeHH, a He aah AHCKpeTHoro,
1//, t. c. chyHKUHio, KOTopan HMeeT

PHC. 1.15. <I>HAbTp l-\-iQ(Z) AeftCTBHTeAbHHH H OAHOCTOpOHHHH B qaCTOTHOft 06
AaCTH, HO KOMnAeKCHblft H AByXCTOpOHHHH BO BpeMeHHoft OOAaCTH

PHC. 1.16. npeo6pa3oßaHHe THAbrJepTa hah KBaApaTypHan cpHAbTpauHH co eryneH-
qaToft BecoßOft cpyHKHneft b qacTOTHoft odAacra.
/ — Becoßan PyHKUHH; 2 — <sypbe-npeo6pa3oßaHHe (<J>n); 3 —o6paTHoe Oypbe-npeo6pa3oßa-
HHe (Oil-1)

PHC. 1.17. HMnyAbc nAioc i, npouieAUinft qepe3 cpHAbTp, CABHraioiHHH ero Ha 90°,
HBAHeTCH AeHCTBHTeAbHOft CTyneHbKOft B qaCTOTHOft 06AaCTH

oco6eHHOCTb npn 0 n HHTerpaA KOTopoft no +t pacxoAHTCH.
CBepTKa c KoschchnuHeHTaMH chnAbTpa qn nosTOMy oneHb HeyAo6Ha,
TaX KaK 6ecKOHeHHaH nocAeAOBaTeAbHOCTb cxoahtch oneHb MeAAeH-
ho. CBepTKa c chHAbTpoM q Ha3HßaeTcn npeo6pa3oeanueM ruAbdepra.

Bo3BpaTHMcn k chHAbTpy l+i'Q(Z). KaK noKa3aHO Ha pnc. 1.15,
STOT (hHAbTp HBAHCTCH CTyneHHaTOft (hVHKUHeft B HaCTOTHOft OfiAaCTH.
Onepaunio cha3oßoro cABHra Ha 90° npome Bcero ocymecTßHTb b nac-
tothoh o6AacTH. Rah stoto CHraaji 3anHCbmaeTCH b bhac Xt + i-0 h
npeo6pa3yeTCH b nacTOTHyio o6AacTb, 3aTeM yMHoncaeTCH Ha ctv-
neHbKy, noKa3aHHyio Ha pnc. 1.15. HaKOHeu, o6paTHoe npeo6pa3oßa-
nne AaeT xt + iyt. npeo6pa3oßaHHe neTHoft, HeneTHoft, AeftcTßHTeAb-
Hoft h mhhmoh nacTeft noKa3aHO Ha pnc. 1.16.

OyHKunn I+iQ nrpaeT oco6yio poAb b aHaAH3e TeopeTHnecKHX
BpeMeHHbix phaob, KOTopbift, KaK 6yAeT noKa3aHO b nocAeAyiomnx
pa3AeAax, CBH3HBaeTcn c npHHunnoM npHHHHHOCTH. Ha pnc. 1.17 no-
Ka3aHH OCHOBHbie CBOHCTBa STOft ChyHKUHH.



ynpajKHeHHH

2. HcnoAb3yn MaTpnuy SncTporo npeo6pa3oßaHHH Oypbe, mojkho npeACTaBHTb
KBaApaTypHblft (pHAbTp Q((0) BeKTOp-CTOA6HOM:

yMHoxeHneM ero Ha MaTpnuy o6paTHoro npeo6pa3oßaHHH noKa^KHTe, hto npeo6pa3o-
BaHHe nponopHHOHaAbHO othouichhio (cos nk/N)/(sin nk/N). HeMy paßeH MacuiTad-
Hbift MHOKHTeAb? noAcqHTaftTe ero a-hh k<k.N, noAaraa, qTO b npeAeAe N-*-00.
[YKasaHHe. l+x+x2+ ... +x*T= (l—xN-i)/(l—x)].

/ 1 1
1. CBepHHTe CHraa.i BHAa (2/rc) ''', c~, 0, fO, — 1, 0, 1, 0f

1 1 \
~3" i 0, ~JT $ . . . J c caMHM co6ofi c noMombio qacTnqHbix ApoSeft. KaK o6T>HCHHTb

TOT (paKT, qTO pe3VAbTaTOM CBepTKH HBAHeTCH (... ,0, 0, — 1, 0, 0, ...)? ( YKa3a-
-1 1 1 \

HHe. nVB=l + -g-+-2-5+19 + ...J.
—1(0, 1, 1, 1, ..., 0, —1, —1, —1, .... —l) r
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2. OXIHOCTOPOHHHE oyhkuhh

Bee chH3HnecKne chctcmh hmciot to o6mee cbohctbo, hto ohh He
npoHBAHKOT ce6n ao BO36y>KAeHHH. TaKHM o6pa3oM, HMnyAbCHan pe-
aKUHH AK)6OH cf)H3HHeCKOiI CHCTCMH HBAHeTCH OAHOCTOpOHHeft (hyHK-
HHeft bo BpeMeHH (oHa Hcne3aeT npn B TeopHH chctcm TaKan
cj)yHKUHH chnAbTpauHH Ha3BaHa chH3HnecKH peaAH3yeMoft. npn pac-
npocTpaHeHHH BOAH STO CBOHCTBO CBH3aHO C npHHUHnOM npHHHHHO-
CTH, corAacHO KOTopoMy hh OAHy BOAHy HeAb3H HanaTb perHCTpnpo-
BaTb ao MOMeHTa cc BO36yn<AeHHH. TonKa 3ana3AHBaHHH BpeMenn
/=0 nrpaeT oco6yio n Ba^KHyio poAb. npn stom MHorne tohkhc
Bonpocbi 6yAyT HaMHoro noHHTHee npn paccMOTpeHHH hx Ha ochobc
AHCKpeTHoro BpeMeHH, neM npn HenpepbißHOM BpeMeHH. KorAa peaK-
uhh chHAbTpa npoHBAHeTcn b MOMeHT BpeMeHH /=0 h nocAe Hero, TO
MH TOBOpHM O (JlHAbTpe, HTO OH HBAHeTCH (|)H3HHeCKH peaAH3yeMHM
HAH npHHHHHHM (KaV3aAbHHM) '. CAOBO «Kay3aAbHblU» CBOHCTBeHHO
ci)H3HKe, rAe HanpHH^eHHe mo}kct BH3HBaTb (npaKTHnecKn) OAHOBpe-
MeHHyio AechopMauHio h Hao6opoT. OAHaKO CAeAyeT BepHyTbcn k 60-
Jiee tohhhm cAOBaM «peaAH3yeMbift» (chH3HnecKH) h «OAHOCTopon-
HHft», KOTAa TeOpHH (J)HAbTpOB npHMeHHCTCH AAH OnHCaHHH SKOHOMH-
nCCKHX H COUHaAbHHX CHCTeM, B KOTOpbIX OAHOBpeMeHHOCTb
AOCTaTOHHO OTAHHaeTCH OT npHHHHH H CAeACTBHH.

Hto6h Aynme noHHTb npHHHHHbie chnAbTpbi, paccMOTpHM 3aAany onpe-
ACAeHHH ChyHKUHH TaKOTO ChHAbTpa. JIonyCTHM, HTO BHXOAHOH CHTHaA
y>, chHAbTpa bt H3BecTeH, a bxoahoh cnraaA xt HeH3BecTeH (pnc. 2.1).

3Ta 3aAana nacTO BO3HHKaeT b npneMHO-perncTpHpyiomeft chctc-
Me. HanpHMep, bhxoahoh cnraaA ceftcMonpneMHHKa hbahctch Hane-
ceiiHoft Ha ahct 6yMarn AHHHeft, no KOTOpoft ceftcMOAor mohcct
onpeAeAHTb cMemeHne, CKopocTb hah ycKOpeHHe nonBH. Rah Toro
lito6h yHHHTO>KHTb chHAbTpnpyioiuee AeftcTßHe chHAbTpa B(Z), no-
HHTaeMCH HaftTH ApyrOH (|>HAbTp 2 A(Z), KOTOpHH BOCCTaHOBHT Ha
BHXOAe HCXOAHHH CHTHaA, KaK sto noKa3aHO Ha pHC. 2.2.

Rah Haxon<AeHHH KoschchnuHeHTOß chHAbTpa A (Z) AOCTaTOHHO
onpeAeAHTb KoachchHUHeHTH npn cTeneHHX Z b Bbipan<eHHH
B(Z)A(Z) =l. Ecah B (Z) TpexnAeHHbift chnAbTp, to 6yzieM HMeTb

1 BepHee, yAOBAeTBopHiouiHM npHHHnny npnqHHHocTH. (HpuM. nepee.).
2 TaKOft (pHAbTp 06biqH0 Ha3bIBaK)T 06paTHHM HAH HHBepCHHM (no OTHOHie-

hhk) k npeAHAyuieMy) . (nptiM. nepee.)

2.1. HHBEPCHbIE <t>HJIbTPbI

(a0 + aiZ+a2Z2 +a3Z3+ . . .) (b Q+bx Z+b2Z2) =1. (2.1.1)
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KoSChchHUHeHTH npH Z°, Z l, Z2 , .. . B BbIpaJKeHHH (2.1.1) HMdOT BHA

143 chopMyAH (2.1.2) mojkho Bbipa3HTb a 0 nepe3 60. 3aTeM H3 (2.1.3)
mo>kho BHpa3HTb Q,\ nepe3 a 0 h sft, a H3 (2.1.4) HaftTH a 2 nepe3 a\, a 0

PHC. 2.1. OHAbTp C HeH3BeCTHHM BXOA"
HHM CHrHaAOM.
X(Z) — HeH3BecTHbift cnrHaji; Y(Z) — H3Becr-
Hbift cnrnaji

PHC. 2.2. HHBepcHbift (o6paTHbift)
(pHAbTp A (Z) no OTHOUieHHK) X (pHAbT-
py B(Z)

h bh- AHaAoraHHo b o6m,eM cAynae ah mohcho HaftTH nepe3 ak-\, ak -2
h bh. B nacTHOCTH, KOschchnnneHT ah mohoio onpeAeAHTb H3 Bbipance-
hhh (2.1.7) no peKypcnßHoft chopMyAe:

PaccMOTpHM npnMep, KorAa B(Z) = \—Z/2. HcnoAb3yn ypaBHeHHH
BHAa (2.1.2) — (2.1.7), 6HHOMHHaAbHyio TeopeMy, AeAeHne noAHHOMOB
hah chopMVAy TeftAopa pa3AOHceHHH chyHKunft b CTenenHbie pnAH,
iioavhhm:

KaK BHAHO, HHCAO KOS(h(hHUHeHTOB (J)HAbTpa 6eCKOHeHHO, HO OHO
clbicTpo y6HBaeT, BBHAy nero annpoKCHMauHH sthx phaob Ha 3BM
He npeACTaBAneT TpyAHOCTeft. OAHaKO CHTyannn He TaX npocTa aah
chnAbTpa BHAa B(Z) = \ —2Z:

KoschchHUHeHTH SToro pnAa 6e3rpaHHHHO Bo3pacTaiOT. BbixoAHbie
CHraaAH chHAbTpa A(Z) HeorpaHHneHHO cnAbHO 3aßncnT ot bxoahhx
cnmaAOß, 6cckohchho OTCTaiomnx bo BpeMeHH. [HanoMHHM, hto

aob 0 =1; (2.1.2)

«A+*A =0; (2-1-3)
«A+*A+*A (2- 1-4)
a 3b 0 -ya2bx +ax b2 =0; (2 1.5)

«A+M+«A = 0 ' <2.i.6)

*A +«*-,*. +*A-A=& (2-1-7)

m ; ra-jw m^yAiu^iM

2

~"2 ak~i bi

ak =-^\ . (2.1.8)

A(2) ="-xAjjf = 1 + 1-+T-+X+ " " " (2.1-9)

A(Z)= X
X_ 2Z =\-y2ZAr 4Z2 -y%zi + \§z*-y?>2Z*-y... (2.1.10)
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TeKymnft bhxoahoh cnraaA chHAbTpa A(Z) ecTb aO, vMHOHteHHoe Ha
TeKymnft bxoahoh cnraaA xt, uak>c ct\, yMHOJKeHHoe Ha npeAHAymnft
bxoahok[ cnraaA xt-i, n t. a., TaX hto an coxpaHneT naMHTb o cnr-
naAax, AeftcTßOßaßuinx b npeAHAymnx n cahhhu BpeMeHn]. Cmhca
SToro 3aKAK)naeTCH b tom, hto HeKOTopne chnAbTpbi B(Z) He hmciot
IipHTOAHbIX AAH HX annpOKCHMaUHH KOHeHHHX o6paTHbix chHAbTpOB

PHC. 2.3. Pa3AOH<eHHe noAHHOMHaAbnoro npeACTaBAeHHH (pHAbTpa B(Z) Ha pHA
AByXHAeHHHX CpHAbTpOB, Ka>KAblft H3 KOTOpbIX HMeeT CBH3aHHblft C HHM 06paTHblft
(pHAbTp.
1 — KO3(p(pHUHeHTH nojiHHOMa B{Z); 2 — Koaip^HUHeHTbi, o6paTHbie KoatpcpHijHeHTaM nojurao-

Ma B(Z)

A(Z), onpeAeAHeMbix H3 cooTHomeHnft (2.1.2) — (2.1.8). Mh nmeM
nyTH noAyneHHH xopouinx chnAbTpoß H3 nAoxnx. Rah ABVXHMnyAbC-
Horo (ABynAeHHoro) chHAbTpa KpHTepnft 3aKAK)naeTCH b tom, hto
nepßbift HAeH b B(Z) 6oAbme BToporo. BoAee CTporoe MaTeMaTHne-
cKoe onncaHHe CHTyaunn onpeAeAneTcn kophhmh B(Z), t. c. 3Hane-
HHHMH ZO, npH KOTOpbIX B (Z) =0. RAH CAynaH I—Z/21 —Z/2 HaXOAHM, HTO
Zo=2. CooTBeTCTBeHHO ajih I—2Z1 —2Z HMeeM Zo=l/2. Ecah KopHH Z0
ypaBHeHHH B(Z)=0 b o6meM cAynae SAeMeHTapHoro ceftcMnnecKoro
HMnyAbca c KOMnAeKCHHMH Koschc})HUHeHTaMH Aen^aT BHyTpn eAHHHH-
Horo Kpyra Ha KOMnAeKCHoft haockocth, to chyHKunn \/B(Z) 6yAeT
pacxoAnmeftcH. Ecah KopeHb jie^HT BHe eAHHHHHoro Kpyra, to o6pa-
meHHan chyHKUHH \/B(Z) 6yaeT orpaHHneHHa.

HanoMHHM, hto noAHHOM (MHoroHAeH) B (Z) CTeneHH N Momno
pa3AO>KHTb Ha MHO>KHTeAH b N noACHCTeMax h hto B3aHMHoe pac-
noAOJKeHHe sthx noACHCTeM He HMeeT 3HaneHHH (pnc. 2.3). BeponTHO,
ecAH npn stom ak)6oh H3 N KopHen chyHKunn B(Z) oKanceTCH BHyTpH
eAHHHHHoro Kpyra, to mo>kho npeAnoAon<HTb, hto bo3hhkhvt TpyA-
hocth c peaAH3auneft 3to npeAnoAonceHne CTporo AOKa3H-
BaeTcn TeopeMoft 06 a6coAK)THoft cxoahmocth phaob b TeopHH KOMn-
AeKCHoro nepeMeHHoro. 3Ta TeopeMa TAacnT, hto npon3BeAeHne a6co-
aiotho cxoAHmnxcn phaob cxoahtch h, Hao6opoT, npoH3BeAeHHe
ak)6hx cxoAnmerocH h pacxoAnmerocn phaob pacxoAHTcn. Xtpyroe
AOKa3aTeAbCTBO OCHOBHBaeTCH Ha TOM, hto CTeneHHoft pnA AAH
1/5(Z) CXOAHTCH BHyTpH OKpVIKHOCTH BOKpyr HanaAbHOft TOHKH C pa-
AnycoM, paBHHM paccTOHHHio ot HanaAbHoft tohkh ao nepßoro (6ah-
H\aftiuero) noAioca [HyAb chyHKUHH B(Z) c HanMeHbinnM moavacm].
CxoAHMOCTb chyHKUHH A (Z) b eAHHHHHOM Kpyre 03HaHaeT B TepMH-
liaX TeOpHH CpHAbTpOB, HTO KOSChchHUHCHTH ChyHKUHH A(Z) yMCHb-
niaiOTCH. TaKHM o6pa3oM, ecAH Bee HyAH B(Z) Ae>KaT BHe eAHHHH-
Horo Kpyra, to H3 coothouichhh (2.1.8) noAynnM cxoAnmnftcn pea-
AH3yeMbift o6paTHHft (J)HAbTp.
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MOJKHO AH HTO-HH6yAb Boo6me CAeAaTb, eCAH OAHH HAH HeCKOAbKO
KopHeft B(Z) HaxoAHTcn BHyTpn eAHHHHHoro Kpyra? Otbct Ha stot
Bonpoc noACKa3bmaeT CAeAyiomnft npHMep:

YpaßHeHHe (2.1.11) HBAHeTCH pa3AOHceHneM b pnA no CTeneHHM 1/Z,
t. c. phaom TeftAopa OTHOcnTeAbHO 6ecKOHeHHO yAaAeHHon tohkh.
Oh cxoahtch npn Z=co ak>6hm cnoco6oM k Kpyry c paAnycoM 1/2.
3to 03HanaeT, hto o6pameHHbift pHA aoahcch cxoAHTbcn Ha cahhhh-
hom Kpyre, ecAH KoschchHuneHTH orpaHHHeHH. B TepMHHax TeopHH
4)HAbTpOB STO 03HanaeT, HTO 06paTHblft (J)HAbTp AOAHCeH 6blTb TaKHM
chHAbTpoM, KOTopbift pearapyeT Ha 6yAymne no BpeMeHH bxoahhc
CHraaAH n, cAeAOBaTeAbHO, hbahctch chnsHHecKH HepeaAH3yeMHM, ho
MO>KeT 6blTb HCnOAb3OBaH npH MaUIHHHOM MOAeAHpOBaHHH.

nosTOMy b o6meM CAynae HaAO pa3AO}KHTb B(Z) Ha mhohchtcah,
cooTßeTCTßyiomHe AByM o6AacTHM: B (Z) =BBIie (Z)BBIi(Z) , rAe BBm
coAep^KHT kophh, Aexaiune 3a npeAeAaMH eAHHHHHoro Kpyra, a BBH

coAep>KHT kophh, pacnoAo>KeHHHe BHyTpn Hero. TorAa oSpameHHe
nacTH chHAbTpa B BW Bbipa^KaeTCH KaK pHA TeftAopa b OKpeCTHOCTH
HanaAa OTcneTa, a o6pameHHe nacTH chHAbTpa BBU BbipaJKaeTCH KaK
pnA TeftAopa Ha 6ecKOHeHHOCTH. noAHoe BbipanceHne aah 1/5(Z)
na3HBaeTCH pasAOKeHneM JlopaHa aah \/B(Z); oho cxoahtch Ha
KOAbue, oKpyn<aiomeM eAHHHHHbift Kpyr. CAynan c HyAHMH Ha caMoft
eAHHHHHoft OKpyxHOCTH npeACTaBAHiOT onpeAeAeHHyio npo6AeMy.
B HeKOTopbix CAynanx TpyAHOCTeft He BO3HHKaeT, ho HHorAa pacno-
AO>KeHHe KopHen Ha oKpynmocTH hah Aan<e b6ah3h Hee 03HaHaeT, hto
onpeAeAeHHan BHHHCAHjreAbHaH cxeMa Ha npaKTHKe He 6yAeT xopomo
pa6oTaTb.

HaKOHeu, paccMOTpHM npHMep H3 MexaHHKH. Hanpn>KeHHe (Aaß-
AeHHe) b MaTepnaAe Mon<eT 6biTb npeACTaBAeHO nepe3 xt , a Aeqbop-
MauHH (H3MeHeHHe 06-beMa) — nepe3 yt. CAeAyiomne ABa yTßepncAe-
hhh SKBHBaAeHTHH, t. c. b HeKOTopbix cHTyauHHX ohh 06a cnpaßeA-
ahbh, a b Apyrax — o6a HeßepHH.

yreepofcdeHue 1. HanpnxeHHe b MaTepnaAe mojkho npeACTaBHTb
ahh6hhoh KOM6HHauneft TeKymnx h npouiAbix AechopMaunft. AHaAO-
ihhho AechopMauHio mo>kho onpeAeAHTb Ha ocHOBe TeKymnx h npo-
UIAHX HanpHHieHHH.

yTeepofcdenue 2. OnAbTp, KOTopbift CBH3bmaeT Hanpn>KeHHH c Ae-
chopMauuHMH h Hao6opoT, HMeeT BCe nOAKDCH H HyAH BHe eAHHHHHoro
Kpyra.

ynpa>KHeHHH

1. HaftAHTe (J)HAbTp, odpaTHbift no OTHomeHHio k (pHAbTpy (2— 5Z+2Z2). Mo>kho
cpa3y yMeHbuiHTb KOAHqecTBO CTeneHeft Z BbicoKoro nopHAKa, ho ToqHoe Bbipa>KeHHe
Ajih KoatpcpHHHeHTOß Aio6oft CTeneHH Z npeAnoqTHTeAbHee (pa36HeHHe Ha qacra —
noAe3Hbift, xoth h He o6H3aTeAbHbift npneM). CAeAaftTe Ha6pocoK HMnyAbCHoft peaK-
HHH CJDHAbTpa.

2. noKaxHTe, qTO yMHonceHHe Ha (1 —Z) b AHCKpeTHOM BpeMeHH aHaAoraqHO

AH(p(pepeHHHpoßaßHio no BpeMeHH npn HenpepbißHOM BpeMeHH. noKa>KHTe, hto AeJie-

1— 2Z 2ZI — 1/2Z ~~ 2Z 1 1 2Z + (2Z) 2 +" " " -(2-l-H)
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HHe Ha (1 —Z) anaAornqHO HHTerpnpoßaHHio. KaKHe npeAeAH AOAHceH HMeTb
HHTerpaA?

3. OnHHiHTe o6uj,hh MeTOA dnpeAeAeHHH A (Z) h B (Z) no pa3AOH{eHHio b pnA
TeftAopa B (Z)/A (Z) =C\ + C\Z + C 2Z2 + . . . + C^Z00 , r fle B (Z) h A (Z) hb-

ahiotch MHoroqAeHaMH neH3BecTHbix CTeneHeft n w m cooTBeTCTBeHno. Ilpi-iMeHHTe

TaftTecb peuiHTb 9Ty 3aAaiy ao Tex nop, nona bh HeAOCTaToqHo 3naKOMH c onpeAe-
AHTe:iHMH. [YKa3aHHe. OnpeAeAHTe KoacpcpHHHeHTH (pHJibTpa B (Z) — A (Z) C (Z)].

B pa3AeAe 2.1. noKa3aHO, hto cxoAHMOCTb pnAa TeftAopa a«th chyHK-
UHH \/B(Z) b Kpyre |Z| = 1 sKBHBaAeHTHa OTcyTCTBnio y chyHKunn
B (Z) KopHeft BHyTpn eAHHHHHoro Kpyra. noKanceM, hto sth ycAOBHH
SKBHBaAeHTHH TaK>Ke onpeAeAeHHOMy noßeAeHnio cha3H chyHKunn
B (Z) B eAHHHHHOM Kpyre. PaCCMOTpHM (ha3OBHH CABHT, BHOCHMbIft
AByHAeHHHM (J)HAbTpOM:

no onpeAeAeHHio, cha3oft hbahctch apKTaHreHC OTiionieHHH mhhmoh
HaCTH X AeftCTBHTeAbHOft.

TpachHK cha3H KaK chyHKunn nacTOTH bhtahaht coßepmeHHO pa3
ahhho aah p<l n aah p>l. Ha pnc. 2.4. AaH CAynaft p>l.

Phc. 2.4. HeftcTßHTeAbHan h MHHMan
qacTH Z-npeo6pa3oßaHHH cpyHKHHH

1 — Z/(\,25ei2KI3)

PHC. 2.5. noßeAeHne tpa3H AByxqAeH-
Horo tpHAbTpa, npeACTaBAeHHoro Ha
pHC. 2.4, B KOMnAeKCHOft o6Aac"

Oa3a HBAHeTCH apKTaHreHCOM BeAHHHHH Imß/Reß. npome Bcero
CAeAHTb 3a noBeAeHHeM cpa3bi Ha KOMnAeKCHOft haockocth B. 3to
noKa3aHO Ha pnc 2.5.

Oa3a KaK chyHKunn nacTOTH H3o6pan<eHa Ha pnc. 2.6. Otmcthm,
hto cha3a cp npn co =0 HMeeT TaKoe me 3HaHeHne, KaK n npn co =2jt.

13 3 3 3
stot MeTOA k cAyiiaio C (Z) =-n *~ Z — ~q~Z2 ~~ 16 Z3— ~32 Z4 ~ """ He nbl_

2.2. MHHHMAJIbHO-<I>A3OBbIE OYHKUHH

S== 1 - -|-=1 - p-V {w-Wo) =1 - p" 1 cos (co _tto)o o ) - /p- 1 sin (to - co0)

(2 0 =pc'u>o)
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3to cAeAyeT H3 Toro, hto AeftcTßHTeAbHan h MHHMan nacTH chyHKunn
HMeiOT nepnoA 2it. CnTyaunn h3mchhtch, ecAH BHyTpn eAHHHHHoro
Kpyra noHBHTCH HyAb, t. c. KorAa p<Cl. /leftcTßHTeAbHaH n MHHMan

PHC. 2.6. Oa3oßan xapaKTepncTHKa
AByXHAeHHOrO MHHHMaAbHO (pa3oßorochHAbTpa [cp=arctg(lm/Re)]

Phc. 2.7. ZleftcTßHTeAbHaH h MHHMan
qacTH qacioTHoft xapaKTepncTHKH AByx-
HAeHHOrO HeMHHHMaAbHO tpa3oßoro
cpHAbTpa 1 — 1,25Ze~/2,t/3

nacTH chyHKunn aah SToro CAynan H3o6panceHH Ha pnc. 2.7, a KOMn
AeKCHan nAOCKOcTb Ha pnc. 2.8.

Oa3a cp yBeAHHHBaeTcn Ha 2jt, b to BpeMH KaK co H3MeHneTCH
b HHTepßaAe ot 0 ao 2jt, nocKOAbKy oKpynoiocTb oxßaTbmaeT HanaAO

PHC. 2.8. noßeAeHne cpa3bi b komh
AeKCHOH nAOCKOCTH

PHC. 2.9. Oa3oßan xapaKTepncTHKa
AByXHAeHHOrO HeMHHHMaAbHO tpa3oßoro
tpHAbTpa [tp=arctg(lm/Re)]

KoopAHHaT. Oa3oßan xapaKTepncTHKa paccMaTpnßaeMoft chyHKunn no-
Ka3aHa Ha pnc. 2.9. CAynaft p>l, KorAa cp(co) =cp(co +2jt), Ha3HßaioT
MunuMaAbHo oa3O6btM (oh cooTBeTCTByeT MUHUMyMy 3adepoKKu) .
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Tenepb paccMOTpHM caojkhhh chnAbTp

(2.2.1)

no npaBHAaM nepeMHOHceHHH KOMnAeKCHHX nnceA cha3oßan xa-
paKTepncTHKa chyHKUHH B(Z) paßHa cyMMe cha3oßbix xapaKTepHCTHK
COMHOHCHTeAeft HHCAHTeAH MHHVC CyMMy cha3OBHX XapaKTepHCTHK
coMHOHCHTeAeft 3HaMeHaTeAH. nocKOAbKy mh paccMaTpHßaeM 4>H3H-
necKn peaAH3yeMbie chnAbTpbi, to Bee comhohshtcah 3HaMeHaTeAH
AOAHCHH 6blTb MHHHMaAbHO (ha3OBHMH H, CAeAOBaTeAbHO, (ha3oßaH
xapaKTepncTHKa 3HaMeHaTeAH 6yAeT cyMMoft kphbhx, hoao6hhx
H3o6pa)KeHHHM Ha pnc. 2.6. Comhohchtcah hhcahtcah MoryT 6HTb
hah He 6biTb MHHHMaAbHO cha3OBHMH. nosTOMy cha3oßaH xapaKTe-
pncTHKa hhcahtcah 6yAeT cyMMoft kphbhx, noAo6Hbix H3o6pan<eH-
hhm hah Ha pnc. 2.6, hah Ha pnc. 2.9. Ecah KaKHe-An6o COMHOHCH-
TeAH HMeiOT $a3oßbie xapaKTepncTHKH, noAo6HHe H3o6pajKeHHHM Ha
pnc. 2.9, to cyMMapHan cha3oßaH xapaKTepncTHKa 6yAeT noxonca Ha
xapaKTepncTHKy, npeACTasjieHHyK) Ha pnc. 2.9, TeM, hto cha3a
b TOHKe co= 2jt 6oAbme cha3H b tohkc co=0. TorAa chnAbTp 6yAeT
HeMHHHMaAbHO cha3OBHM.

2.3. nAPAJIJIEJIbHOE BKJHOHEHHE 4>HJIbTPOB

H3BCCTHO, HTO npn nOCACAOBaTeAbHOM BKAIOHeHHH (hHAbTpOB nOAH-
homh, onncbißaiomHe hx xapaKTepncTHKn, nepeMHOJKaiOTCH. Mohcho
npeAnoAOXHTb, hto Ana noAHHOMa A(Z) h G(Z) cyMMnpyiOTcn, ecAH
ohh cooTBeTCTByioT chnAbTpaM, BKAioHeHHHM napaAAeAbHO (pHC. 2.10).

PHC. 2.10. napaAAeAbHoe BKAioqeHHe CpHAbTpOB

KorAa chHAbTpn bkaiohchh napaAAeAbHO, hx Z-npeo6pa3oßaHHH
cyMMnpyiOTcn. Mh bhacah, hto nocAeAOBaTeAbHOCTb chnAbTpoß hb-
ahctch MHHHMaAbHO (J)a3oßoft TOTAa, H TOAbKO TOTAa, KOTAa Ka^KAblft
HAeH npOH3BeACHHH MHHHMaAbHO (f)a3OBHH. nOAyHHM AOCTaTOHHOe
(ho He Heo6xoAHMoe) ycAOBHe, npn kotopom cyMMa A(Z)~yG(Z)
6yAeT MHHHMaAbHO (J)a3oßoft. npencAe Bcero npeAnoAoncnM, hto
chnAbTp A (Z) — MHHHMaAbHO cha3oßbifi. TorAa mohcho 3anHcaTb

CAeAOBaTeAbHO, Bonpoc o tom, hbahctch ah cyMMa A(Z) +G(Z)
MHHHMaAbHO cha3oßofi, npeBpaTHACH b Bonpoc 0 TOM, HBAHIOTCH ah
o6a chHAbTpa, A(Z) h 1+ G (Z) /A (Z) , MHHHMaAbHO cha3OBHMH. PaHee

B(Z) = {f~ Cx\{f~ c\--v ; (Z —ax ) (Z—a2 ) ...

i4(Z)+ G(Z) = 4(Z)[l + -^-" .
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mh npeAnoAaraAH, hto A(Z) MHHHMaAbHO cha3oßHft. nepeA TeM, KaK
3aAaßaTbcn BonpocoM o tom, hbahctch ah chnAbTp \-\-G(Z)/A(Z)
MHHHMaAbHO cha3OBHM, Hy>KHO ySeAHTbcn b tom, hto oh peaAH3ye-
Mblft. nOCKOAbKy (J)HAbTp \/A(Z) npeACTaBAHeTCH (iIO yCAOBHK))
TOAbKO nOAOHCHTeAbHHMH CTeneHHMH Z, TO CJ)HAbTp G (Z) jA (Z) TaKJKe
HBAHeTCH peaAH3yeMHM. B AaAbHeftmeM 6yAeT noKa3aHo AOCTaTOHHoe

PHC. 2.11. noßeAenne cpa3bi noAOKH-
TeAbHOH AeftCTBHTeAbHOH (pyHKUHH B
HHTepßaAe +jt/2

yCAOBHe MHHHMaAbHOft (ha3OBOCTH ChHAbTpa l +G(Z)/A(Z), 3aKAK)Ha-

lomeecn b tom, hto cneKTp chHAbTpa A npeßoexoAHT cneKTp chnAbTpa
G na Bcex nacTOTax 1. ApyrHMH cAOBaMH, aah AK)6oft AeftcTßHTeAbHoft
HaCTOTH Co|y4|>>|G|. TaKHM 06pa30M, eCAH H3o6pa3HTb KpHByK)
G(Z)/A(Z) Ha KOMnAeKCHOft nAOCKOCTH AAH AeftCTBHTeAbHHX CO
b AHana3oHe o^co^2jt, to OHa 6yAeT AOKaTb BCiOAy BHyTpn eAH-
HHHHoro Kpyra. Ecah Tenepb npn6aßHTb eAHHnuy, hto6h nepeftTH
k \-\-G(Z)/A(Z) , to cooTßeTCTßyiomaH Kpnßan BcerAa 6yAeT HMeTb
nOAOHCHTeAbHVK) AeftcTßHTeAbHyio nacTb (pnc. 2.11). nocKOAbKy sTa
Kpnßan He MomeT oxBaTHBaTb HanaAO KoopAHHaT, to cha3a stoii
ChyHKUHH AOA>KHa 6blTb TaKOft H<e, KaK H y MHHHMaAbHO cha3oßoft
ChyHKUHH. HTaK, MOJKHO AO6aBAHTb AOnOAHHTeAbHVK) HHChopMaUHK)
(uiyM) k MHHHMaAbHO cha3oßOMy ceftcMHnecKOMy HMnyAbcy, ho ao-
6aBAHTb cc yMepeHHO. 3Ta HecKOAbKo a6cTpaKTHan TeopeMa HMeeT
nenocpeACTßeHHoe (J)H3HHecKoe cacactbhc. npeACTaBHM ce6e BOAHy,
xapaKTepn3yiomyK)CH MHHHMaAbHO cha3OBHM cnraaAOM A(Z), H3Ay-
HeHHyio hctohhhkom n 3aperncTpHpoßaHHyio npHexMHHKOM nepe3 He-
KOTOpoe BpeMH. B erne 6oAee no3AHee BpeMH npnxoAHT OTpanceHHHH
ot 6AH3Aexamnx o6b.eKTOB cnraaA n TaKn<e peracTpnpyeTCH npneM-
hhkom. npneMHHK perHCTpnpyeT Y(Z) —A(Z) -\-ZnaA(Z), rAtn onpe-
AeAneT 3aAepn<Ky OTpajKeHHoro cnraaAa oTHOCHTeAbHO npnxoAa
chpoHTa npnMoft boahh, a a npeACTaBAneT yMeHbUieHne aMnAHTyAbi
OTpa>KeHHoro cnrHaAa. yBHAeTb, hto Y(Z) hbahctch MHHH-
MaAbHO cha3OBHM cnrHaAOM, 3aMeTHM, hto MOAyAb Zn paßeH eAH-
HHue ii KoschchnnneHT OTpa>KeHHH a AOAmen 6biTb MeHbine eAHHHUbi
(hto6h H36en<aTb BeHHoro ABHxeiiHH). npn stom Zna^4(Z) nrpaeT
pOAb ChyHKUHH G(Z). TaKHM 06pa30M, MHHHMaAbHO (ha3oßblft cnrHaA

1 B OTeqecTßeHHoft AHTepaType BMecTO TepMHHa «cnei<Tp cpHAbTpa» ofibiqHO ynOT-
pe6AaeTCH TepMHH «qacTOTHan xapaKTepncTHKa (pHAbTpa». (Hpum. nepee.)
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BMeCTe CO CBOHM OTpa>KeHHHM CHTHaAOM TOme HBAHeTCH MHHHMaAbHO
chasoßHM. B AaAbHenmeM paccMaTpHBaiOTCH CHTyaunn pacnpocTpaHe-
HHH boah, b kotophx yHHTbmaiOTCH MHoroKpaTHO-OTpa>KeHHHe cnr-
HaAH (ao 6ecKOHeHHOCTn).

ynpancHeHHH

1. HaflAHTe ABa HeMHHHMaAbHO <pa3oßbix ceftcMHqecKHx HMnyAbca, cyMMa kotophx
6yAeT MHHHMaAbHO 4>a3oßOft.

2. nycTb noAHHOM A (Z) CTeneHH N HBAHeTCH MHHHMaAbHO (pa3oßbiM. nycTb
A / (Z)=ZNA(I/Z). HaflAHTe Ha KOMnAeKCHOft Z haockocth kophh (pyHKHHH A (Z),
KOTopan Ha3HBaeTCH MaKCHMaAbHO cpa3OBbIM cnrHaAOM. [YKa3aHHe. PaccMOTpHTe
CHaqaAa npocToft cAyqafl A (Z) = ao+aiZHai]-

3. npeAnoAOJKHM, qTO noAHHOM A (Z) — MaKCHMaAbHO (pa3oßbifl, a ereneHb no-
AHHOMa G(Z) MCHbuie ah6o paßHa CTeneHH nOAHHOMa A(Z). rjonycTHM, qTO \A\>
>\G\. noKan<HTe, qTO cyMMa noAHHOMOB A (Z) n G(Z) HBAHeTCH MaKCHMaAbHO
(pa3oßOft (pVHKHHeft.

4. nyCTb nOAHHOM A (Z) — MHHHMaAbHO (pa3oßblft. TAG HaXOAHTCH KOpHH (pyHKUHH
A(Z)A-cZNA(I/Z) b Tpex CAyqanx: |c|<l; |c|>l; |c| =l? [VKa3aHHe. Kopun
nOAHHOMa HBAHIOTCH HenpepbißHOft (pyHKUHeft KO3(j)(pHUHeHTOB nOAHHOMa.]

2.4. nOJIO>KHTEJIbHbIE fIEHCTBHTEJIbHbIE OYHKUHH

RBe noAo6nbie chyHKUHH, Ha3HßaeMbie cpyHKU.u.eii noAHOii npoeodu-
moctu Y(Z) h cpyHKU,ueu noAHoeo conpoTueAeuun (nMneAaHca) /(Z),
BCTpenaiOTcn bo mhothx chH3HHecKnx 3aAanax. B SAeKTpoHHKe ohh
HBAHIOTCH OTHOUieHHHMH TOKa X HanpHJKeHHK) H HanpH>KeHHH X TOKy;
b aKycTHKe noAHHM conpoTHßAeHneM Ha3HBaeTCH OTHOuieHne AaßAe-
HHH X CKOpOCTH. ECAH B paCCMaTpHBaeMOH SACKTpHHeCKOft CeTH HAH
aKycTHHecKoft o6AacTn He coactjjkhtch hctohhhkob SHepran, to pac-
CMaTpilßaeMbie BeAHHHHH HBAHIOTCH AeHCTBHTeAbHHMH H nOAOH*H-
TCAbHHMH. Mto6h yBHAeTb sto Ha npHMepe H3 MexaHHKH, MOHCHO
cnnTaTb H3BecTHHMH npHAO>KeHHyio CHAy F(Z) h Ha6AK)AaeMyio pe-
3VAbTHpyiomyio CKopocTb V(Z) . B Teopnn cj)HAbTpoB noAo6Hoe pac-
CMOTpeHHe 3aKAK)HaeTCH B TOM, HTO F (Z) HBAHCTCH BXOAHHM CHrHa-
aom chHAbTpa Y(Z), Aaiomero Ha BbixoAe cnraaA V(Z). TorAa

OnAbTp V(Z) HBAHeTCH, oneBHAHO, peaAH3yeMHM. Ecah sto BepHO,
to mohcho CAeAaTb Hao6opoT, t. c. 3aAaTb CKOpOCTb H Ha6AIOAaTL
CHAy, TaX KaK AOAJKHa cymecTßOßaTb cxoAHmancn peaAH3yeMav
chyHKUHH I(Z):

nocKOAbKy chyHKunn V h I npeAnoAaraiOTcn o6paTHHMH no OTHome-
hhk) Apyr k Apyry, a TaK^Ke orpaHHHeHHHMH h peaAH3yeMHMH, to
06e OHH AOAHCHH 6blTb MHHHMaAbHO (ha3OBHMH.

npejKAe neM paccMaTpHßaTb chH3HKy hbachhh otmcthm, hto ecAH
KOMnAeKCHoe hhcao a+ib HMeeT noAon<HTeAbHyio AeftcTßHTeAbHyio
nacTb a, to AeftcTßHTeAbHan nacTb nncAa (a~yib)~ l , t. c. a/ (a 2J\-b2 )
iaKme hbahctch noAOJKHTeAbHoft. HcnoAb3yn a-\-ib aah npeACTaBAe-

V(Z) = Y(Z)F(Z). (2.4.1)

F(Z)=I(Z)V(Z). (2.4.2)



HHH BeAHHHHH V(Z) HAH I(Z) Ha eAHHHHHOM Kpyre, BHAHM, HTO eCAH
OAHa H3 STHX BeAHHHH (ah6o V, Ah6o I) HBAHeTCH AeftCTBHTeAbHOH
h noAon<;HTeAbHOft, to n Apyran BeAHHHHa o6AaAaeT tcmh me cßoft-
CTBaMH.

PaccenHHan MomHOCTb W Bbipan^aercH npon3BeAeHneM chah Ha
CKOpOCTb, t. c.

3to mojkho 3anncaTb b TepMHHax Z-npeo6pa3oßaHHH b CAeAyiomeM
BHAe:

Bbipan<eHHe b cKofiKax Y'(Z) +Y(1/Z) BbirAHAHT BHeniHe KaK cneKTp,
nocKOAbKy KoschchnuneHT npn HAeHe Zk paßeH KoschchnuHeHTy npn
Z~h, HTO yKa3HBaeT Ha CHMMeTpHK) aBTOKOppeAHUHOHHOft ChyHKUHH.
BBeAeM o6o3HaneHHe

h npeo6pa3yeM BbipanceHne (2.4.4) k bhav

(2.4.6)

noAHHTerpaAbHan chyHKunn b chopMyAe (2.4.6) hbahctch npo-
H3BeAeHneM cneKTpa npoH3BOAbHoft noAonoiTeAbHOH hcxoahoh chah
h R(Z). Ecah paccenHneMomHOCTH cnnTaeTCH noAOHcnTeAbHHM Ha
Bcex nacTOTax (aah Bcex FF), to, ohcbhaho, chyHKunn R(Z) AOAHOia
6biTb noAOJKHTeAbHoft Ha Bcex nacTOTax; TaKHM o6pa3oM, R(Z) b ca-
MOM AeAe HBAHeTCH CneKTpOM. nOCKOAbKy TOAbKO HTO VCTaHOBAeHO,
hto cyMMa y(Z)+y(l/Z) AOAHCHa 6biTb noAOHCHTeAbHoft Ha Bcex
nacTOTax, to OKa3HßaeTcn, hto BeAHHHHa Y(Z) He hbahctch npon3-
BOAbHHM MHHHMaAbHO (J)a3OBHM CJ3HAbTpOM. AeftcTßHTeAbHan HaCTb
chyHKunft KaK Y(Z), TaX h y(l/Z) HMeeT BHA

HocKOAbKy AeftcTßHTeAbHan nacTb cyMMH AOAHCHa 6biTb noAOJKH-
TeAbHoft, to, oneBHAHO, AeftcTßHTeAbHan nacTb KajKAoft H3 paBHHX
nacTeft TaKnce AOAnma 6biTb noAOXHTeAbHoft.

W= ... +/0»o+/ifi+tar+ - - - (2.4.3)

W=y KO3S(j)HUHeHTa npn Z° W (y\F {Z) +Fiy\V (Z)~\;

w=^--L +\\v (A) F w+F {A) v M\ d°>-

{2AA)

IE

HcnoAb3yn BHpa>KeHHe (2.4.1) aah 3aMeHH V(Z), noAyHHM

w= -im iF (iir) \Y (Jz)+ Y {Z) ] F iZ) fr
1C

R(Z) =Y(Z)^Y(^ (2.4.5)

w=AA
+ jR W F {i)F W d°>
—It

Re [Y(Z)\ =Re fo (4-)]= +*■ cos °+ 0. cos 2»+ -
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Ecah H3yHaeMbift npeAMeT hah MexaHH3M hbahctch naccnßHHM
(He coAep>KamHM hctohhhkom SHepran), to paccenHne SHepran
AOAJKHO 6blTb nOAOHCHTeAbHHM B AK)6OM npOMeJKVTKe BpeMCHH OT
MHHyc 6ecKOHenHocTH ao Aio6oro MOMeHTa BpeMeHH t. OnpeAeAHM
Bbipa>KeHHe aah SHepran, paccenHHoft b stom HHTepßaAe BpeMeHH.
Rah npocTOTH 6vacm cnnTaTb cnAy n CKopocTb ncne3aiomHMH npn
t=o. flycTb KOHeu BpeMeHHoro HHTepßaAa BKAionaeT TOHKy t=2 h
ne BKAionaeT TOHKy t=3.

OnpeAeAHM

(2.4.7)

Rah onpeAeAeHHH coßepuieHHoft 3a Bee BpeMH pa6oTH mojkho nponH-
TerpnpoßaTb BbipanceHHe (2.4.6) no bccm nacTOTaM. HtoSh HaftTH
pa6oTy B BbISpaHHOM BpeMeHHOM HHTepßaAe, hco6xoahmo 3aMeHHTb
F Ha F' h npoHHTerpnpoßaTb BbipanceHne (2.4.6) no BceM nacTOTaM,
a HMeHHO:

(2.4.8)

KaK mh yme bhacah, b stom HHTerpaAe HcnoAb3yeTCH TOAbKO Kosch-
chHUHeHT npn Z° b noAHHTerpaAbHOM BbipanceHKH. BbmeAeM sto.
flpen<Ae Bcero co6epeM KoschchnuHeHTbi npn CTeneHnx Z b npoH3BeAe-
hhh R(Z)Ff (Z). TorAa

Rjih noAyneHHH KOschchnuHeHTa npH Z° b BHpaJKemiH F'(\/Z)X
X[R(Z)F/(Z)] HeO6XOAHMO yMHOHCHTb BepXHHft H3 npeACTaBACHHHX
Bbime phaob Ha /'0, BTopoft pHA Ha f\ h TpeTHft pHA Ha \'2. Pe3yAbTaT
MO>KHO npeACTaBHTb B OHeHb KOMnaKTHOM BHAe:

rr0 r_j r_ 2
" rf0 "1 T2ya yx #2"] f" h

W2 =-y [fofJJ r, r0 r- x f, =~2 'Wo ft fi U\ 2#o Vi ft
Lr2 r, r0

JL /2 * *-y 2 yx 2y0 -i Lf2

(2.4.9)

KBaApaTHHHan chopMa pa3MepHOCTH 3X3 b chopMyAe (2.4.9) AOAJKHa
6blTb nOAOHCHTeAbHOft (T. c. W2>o AAH npOH3BOAbHOH ft). BMecTe
c TeM noAo6Hbie KBaApaTHHHne chopMH pa3MepHOCTH txt b BHpaHie-
HHHX AAH Wt TaKme AOAmHU 6blTb nOAOHCHTeAbHHMH.

\U npn
" 10 npn f>2

— it

Z°: rf. +r.j^+r.J',;
Z': rj'. +Rfc +r^f'v
Z 2 : rj\ +r tf[t +rft.
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B 3aKAK)HeHHe OTMeTHM: CBOHCTBO nOAOJKHTeAbHOCTH II AeftCTBH-
TeAbHOCTn b nacTOTHoft o6nacTH 03HanaeT, hto cyMMa y(Z) +y(l/Z)
noAoncHTeAbHa aah aio6oh AencTßHTeAbHoft nacTOTH co, a cbohctbo
HOAOHiHTeAbHOCTH H AeHCTBHTeAbHOCTH BO BpeMeHHOH o6AaCTH 03Ha-
naeT, hto Bee MaTpnubi pa3MepHOCTn txt, noAo6Hbie npnBeAeHHOH

PHC. 2.12. OcHOßHbie (pyHKUHH BpeMeHH.
f — BCe (fyHKIJHH BpeMeHH; 2 — OAHOCTOpOHHJie
/pyHKUHH BpeMeHH (yAOßjieTßopflfomne npHHiinny
npHHHHHOCTH); 3 — CpyHKUHH c orpaHHHe.HHofl 3Hep-
THeft ((pH3HHecKH pea;iH3yeMbie); 4 — 4'Vhkh,hh
c SecKOHeiHoft sHeprneft; 5 — uHHUMPjibao cpa3oßbie;
6 — noAAaroiAHecH o6pameHHio; 7 — nojiHaa npoBO-
AHMOCTb hjih nojiHoe conpoTHß^eHne; 8 — hojiojkh-
TejibHue, AeflcTßHTejibHbie

b chopMyAe (2.4.9), hbahiotch noAOJKHTeAbHO onpeAeAeHHHMH. Ha
pnc. 2.12 npHBeAeHH pe3yAbTaTH paccMOTpeHHH cbohctb sthx KAac-
COB ChyHKUHH.

Ynpa>KHeHHsi

1. B MeXaHHKe CHAa H CKOpOCTb CBO(SOAHOft CAHHHqHOft MaCCbl Bbipa>KaiOTCH 3aBHCH-
t

MOCTHMH dv/dt= f HAH V= I fdt. BbIHHCAHTe paCCeHHHyiO MOIUHOCTb KaK (pyHKUHK)
—oo

qacTOTH, ecAH HHTerpaA annpOKCHMnpyeTCH CBepTKoft H3 (0,5, 1, 1, 1, ...). [YKasa-
HHe. Pa3AOXHTe (I+Z)/2(1—Z) no noAOH<HTeAbHHM CTeneHHM Z.]

2. npHBeAHTe npHMep npocToft (pyHKUHH, KOTopan 6biAa 6h MHHHMaAbHO (pa3o-
BOft, He 6yAyHH nOAOJKHTeAbHOfi H AeHCTBHTeAbHOft.

2.5. y3KOIIOJTOCHbIE <&HJIbTPbI

OHAbTpn nacTO ncnoAb3yioTCH aah H3MeHeHHH cneKTpa perHCTpnpye-
mhx cnraaAOß. Rjih bxoahoto cnraaAa X(Z) chHAbTpa B(Z) n bhxoa-
Horo cnraaAa Y(Z) HMeeM Y(Z) =B (Z) X(Z)_h cooTBejcTBeHHO aah
conpnKeHHoro no Oypbe bhxoahoto cnraaAa F(l/Z) =B(\/Z)X(\/Z).
riepeMHo>KHß STH ABa Bbipa>KeHHH, nOAyHHM COOTHOUieHHe

KOTopoe noKa3bmaeT, hto cneKTp bxoahoto cnraaAa, yMHonceHHbift Ha
cneKTp chHAbTpa, paßeH cneKTpy bhxoahoto cnraaAa. 06hhho
chnAbTpn xapaKTepn3yiOTCH chopMoft hx cneKTpa. EtpHMepbi cneKTpoß
lieKOTOpHX CpHAbTpOB noKa3aHH Ha pnc. 2.13.

B AaAbHeftmeM HaM nacTO npnAeTcn HMeTb acao c CHHycoHAaAb-
HHMH BpeMeHHHMH ChyHKUHHMH, Z-npeo6pa3oßaHHe KOTOpbIX HMeeT
BHA

(2.5.1)

YY=(BB)(XX),

_^U_„= 1 i Ze iWo -y ZV'2u)° 4-
-1 Ze"°°
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OyHKUHH BpeMeHH, cooTßeTCTßyioman STOMy Z-npeo6pa3oßaHHK), HMeeT

BHA e""^, HO OH3 „BKAK>HaeTCH" B MOMeHT BpeMeHH =0. JXeftCTBH-
TeAbHO, Aeßan nacTb BHpan<eHHH (2.5.1) coAepn<HT noAioc tohho Ha
eAHHHHHOH OKpy>KHOCTH, TaX HTO pHA HaXOAHTCH Ha ITJaHHUe JA&KJN
o^AacTHMn cxoahmocth h pacxoAHMocTH. 3to mo>kct npHBecTH k na-
paAOKCaAbHHM CHTyaUHHM [MOJKHO 6HAO 6bl pa3AOHCHTb (hyHKUHK)
(2.5.1) b pnA TaX, hto6h cHHycoHAa BHKAiOHaAacb npn t=o], KOTO-

y3KOnO/WCHbILI
CpLUTbmp

PHC. 2.13. CneKTpbl pa3AHHHHX (pHAbT- iocpujJbmp c nuKOM
Ha nbedecmane,0GB

iv

pnx mh 6yAeM H36eraTb nyTeM CMemeHnn noAioca c eAHHHHHOH
oKpyncHOCTn Ha He6oAbiuoe paccTOHHHe c 3a cc npeAeAH. flycTb

(2.5.2)

OyHKUHH BpeMeHH, cooTßeTCTßyioman BeAHHHHe B(Z), paßHa HyAK)

npn /= 0 h paßHa e~"°° /(l -f-e)' npH i^>Q. 3to — 3aTyxaiomaH eh-

iiycoHAaAbHan chyHKunn, KOTopan nocTeneHHO y6bißaeT co BpeMeHeM
no 3aKOHy (1 + c) -'. KoschchHUHeHTH cc noKa3aHH Ha pnc. 2.14. Be-
POhtho, xoth no3AHee sto 6yAeT AOKa3aHO, CBepTKa c KoschchHuneH-
TaMH Bbipa>KeHHH (2.5.2), H3o6pan<eHHHMH Ha pnc. 2.14, ecTb onepa-
uhh y3KonoAOCHoft chnAbTpaunH. Ecah noAioc nepeMemaeTCH Bee
Cjinme k eAHHHHHOH OKpy>KHOCTH, to noAOca nponycKaHHH chHAbTpa
ciaHOBHTcn yme, a KoschchnuHeHTH B (Z) . cnaAaiOT Bee MeAAeHHee.
Hah BbinoAHeHHH CBepTKH HeoSxoAHMo yceKaTb pnA (2.5.2), t. c.
oT6pacbißaTb CTeneHH Z Bbiuie onpeAeAeHHoro npaKTnnecKoro npeAe-
Aa. 3to npHBOAHT k TOMy, hto CBepTKa c noMombio KOSChchHUHeHTOB
chHAbTpa B(Z) OKa^HßaeTcn HeßbiroAHoft. 3HaHHTeAbHO 6oAee sko-
HOMHHHHM CnOCO6OM y3KOnOAOCHOft (hHAbTpaUHH HBAHCTCH AeACHHe
noAHHOMOB Ha chyHKUHio A(Z). Rah BbixoAHoro cnraaAa Y(Z) 3ann-
uieM

Y(Z)=B(Z)X(Z); (2.5.3)

Y^=W)-- v-SA)

Z° =(l-fs)eitt, °, TorAa

fl (z)=-X(zj^nr^- 1 + "£;+[-§:)'+" "
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YMHOxafl o6e nacTH BbipanteHnn (2.5.4) Ha chyHKUHio A(Z), HMeeM:

Y(Z)A(Z)=X(Z). (2.5.5)
Rah onpeAeAeHHOCTn noAoncnM, hto Xt n yt paßHbi HyAK) npn £=0.
Tenepb OnpeAeAHM KoschchnuneHTH npn nocAeAOßaTeAbHbix CTene-
hhx Z:

06mee BbipanceHHe HMeeT bha

(2.5.6)

PHC. 2.14. KO3(p4)HUHeHTH BpeMeHHOH
(pyHKHHH, HMeiomeft npocToft noAioc,
AencaucHft b6ah3h eAHHHqHoft OKpyn<-
hocth 3a cc npeAeJiaMH b TOHKe

(2.5.7)

Peuian nocAeAHee BbipanceHne OTHOCHTeAbHO yh, noAynnM

(2.5.8)

ypaßHeHHe (2.5.8) mohcho ncnoAb3oßaTb aah onpeAeAeHnn yh, ecAH
H3BecTHH yh-i, yk-i,... TaKHM o6pa3oM, sto peuieHHe peKypcHBHO
h ohg He 6yAeT pacxoAHTbcn, ecAH at hbahiotch KOschchnuHeHTaMH
MHHHMaAbHO cha3oßoro nOAHHOMa. ITpaKTHHecKH 6ecKoHeHHan Bepx-
hhh rpaHHua cyMMH yceKaeTcn, KaK TOAbKO HCTomaeTcn 3anac Kosch-
chHuneHTOß y hah y Y(Z). Rah npnMepa paccMOTpHM chyHKUHio
B(Z) = l/A(Z) = l/(\ —Z/Zq), cyMMa KOTOpoft HMeeT TOAbKO oahh

000© -^0'
0100+ 0001 =xx ;
020 o+ 010, +0002 =x 2;

0300+ 0201+ 0102+ 0003 = X,

00

0)fe0o+ 2i yk-iai=Xk .
i=l

Z0 = 1,le/7t/5

00

fc--^;
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HAeH. OHAbTpauuH TaKHM cnoco6oM Ha3bmaeTcn q^uAbTpat^ueu c 06-
-pamou ceß3bto. Rah y3KonoAOCHofi chnAbTpauHH stot cnoco6 skoho-
MHHHee CJ)HAbTpaUHH C nOMOUJbK) CBepTKH, TaX KaK nOAHHOM A(Z)
HMeeT HaMHoro MeHbUie KoschchHUHeHTOß, neM noAHHOM B(Z) =
= \/A(Z). HaKOHeu, paccMOTpHM cneKTp nOAHHOMa B(Z). HMeeM

H

CAeAOBaTeAbHO,

(2.5.9)

3Ty chyHKUHK) MOHCHO AOCTaTOHHO tohho annpoKCHMnpoßaTb Bbipance-
HHeM l/[e2-j-(co— co0 ) 2]. TpachnK chyHKunn (2.5.9) noKa3aH Ha
pnc. 2.15.

Tenepb noHHTHO, noneMy STa chyHKunn Ha3HßaeTcn y3KonoAOCHHM
chHAbTpoM. 3tot chnAbTp nponycKaeT oneHb y3Kyio noAOcy nacTOT h
ocAaSAneT Bee Apyrae. IllnpHHa noAocn nponycKaHHH (nacTOTHoro
OKHa) stoto chHAbTpa paßHa Aco^2e. BpeMeHHoe okho At=l/e, t. c.
paBHO nocTOHHHoft BpeMeHH 3aTyxaHHH CHHyCOHAH bt .

npaKTHnecKHM HeAOCTaTKOM paccMaTpHßaeMoro chHAbTpa hbahct-
ch to, hto npn noAane Ha ero bxoa AeftcTßHTeAbHoro cnraaAa cnraaA
Ha BbixoAe 6yAeT KOMnAeKCHHM. B to me BpeMH bo mhothx npnAO-
JKeHHHX (J)HAbTp C AeftCTBHTeAbHHMH KOSChchHUHeHTaMH OKa3HBaeTCH
6oAee npeAnoHTHTeAbHHM.

Oaho H3 npHSAHHceHHH 3aKAK)HaeTCH b tom, hto6h 3aMeHHTb
(hHAbTp [1, c "*f(l +*)}" 3aAaHHbIH BO BpeM6HHOH 06A3CTH, KOMnAeKC-
HO-COnpHHCeHHHM [cJDHAbTpOM [1, e~ ®*/(l +«)J. CAO}KHblft COCTaBHOH
onepaTop bo BpeMeHHoft o6AacTH Tenepb HMeeT bha [1, (2 cos co0)/(l+
+8), l/(l+e)2] H HBAHeTCH AeftCTBHTCAbHHM. [OTMeTHM, HTO KOM-

i4(Z) = l -4-=l —r~=l - -T-i(1 + c ) e tu>o I + c

49-'-^
Ayz) A^= { l --TT^)(i --r+T-)=

=i + -n+F_i+. (c"' <""",) + c' "~,>> = ' +
I 1 2 cos (co — ca0) _ i i_ 1 2 "|

"*" 0 + *)2 " H7^ =1 + (i ye)2 rqri-r

I
1 2 r. , x 1 /. 1 \2 4 . , ft)— 0).+—[1 - cos («» - co,)] =(1 - _J +IT7 sin2 —^

B(A)B(Z) = tl+iV .V Z / v ' a>— 6)0V ' s 2 + 4(l+e)sln2
o
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HAeKCHO-conpHJKeHHan chyHKunn stoto chHAbTpa b nacTOTHoft oSAacTH
HMeeT bha B(\/Z), a bo BpeMeHHoft — B(Z) =fro+£>IZ+. . . ] . CocTaß-
HOft chnAbTp mohcho 3anHcaTb B BHAe npOH3BeAeHHH B(Z)B(Z).
CneKTp SToro chHAbTpa paßeH [B(Z)E(\/Z)) [B(Z)B(1/Z)] . Mo>kho
AerKO yAOCTOBepHTbcn b tom, hto cneKTp B(Z) noAo6eH cneKTpy B(Z),
HO MaKCHMyM erO HaXOAHTCH B TOHKe —CO O BMeCTO TOHKH +CO0 . TaKHM

PHC. 2.15. CneKTp, cooTßeTCTßyiomHft
(pyHKUHH C npOCTHM nOAIOCOM B TOHKe
Z§;=(l+s)e'"*

PHC. 2.16. CneKTp AByxnoAiocHoro
CpHAbTpa, B KOTOpOM OAHH nOAIOC Ta-
Koft nee, KaK y cpHAbTpa, . noKa3aHHoro
Ha pnc 2.15, a BTopoft — conpnxeH
c nepBHM

o6pa3oM, cocTaßHoft cneKTp HBAHeTCH npoH3BeAeHHeM cneKTpa, noKa-
3aHHoro Ha pnc. 2.15, Ha tohho TaKoft me cneKTp, o6pameHHbifi BAOAb
ocn nacTOT. 3to noKa3aHo Ha pnc. 2.16.

ynpa>KHeHHH
1. npocToft onepauHeft c o6paraoft CBH3bio hbahctch y t=(l—e)yt~iAxt. 3ra one-

pauHH na3HBaeTCH HHTerpHpoBaHHeM c yreqKoft (3aTyxaHHeM). ITpeAJioxHTe BHpa-
>KeHHe a^ih onpeAeAeHHH BHXOAHoro CHrHaAa y t b 3aMKHyTOft cpopMe, ecAH xt — He-
KOTopuft HMnyAbc. HeMy paBHO BpeMH 3aTyxaHHH t b BaiueM peuieHHH (BpeMH, koto-
poe Tpe6yeTCH ajih TOro, qTo6n BHxoAHoft CHraaA yt yMeHbiHHAcn ao 3HaqeHHH
e_1#o)? MeMy paBHO x ajih MaAHX c, HanpHMep c= 0,l; 0,001 hah 0,0001?

2. KaKOBH yAaAeHHa noAiocoß BHpanceHHH 1/(1— 0,1Z+0,9Z2 ) ot eAHHHqHOH
OKpyn<HOCTH? paBHH 3HaqeHHH BpeMeHH 3aTyxaHHH cpHAbTpa h ero pe3OHaHC-
HOH qaCTOTH?

3. HaftAHTe TpexqAeHHbift AeftcTßHTeAbHHft cpHAbTp c o6paTHoft cßH3bio, nponyc-
KaiouiHft HHTepBaA qacTOT 49— 51 Tv ashhhx Ha6AK)AeHHft, KBaHTyeMbix b 500 Tog-

Kax/c. fAe pacnoAaraiOTCH noAiocH? KaKOBo BpeMH 3aTyxaHHn sroro cpHAbTpa?

2.6. OA3OBME OHJIbTPbI

B pa3AeAe paccMaTpHßaiOTcn cbHAbTpn c nocTOHHHHMH cahhhhhhmh
cneKTpaMH, t. c. B(Z)B(\/Z) =\. ApyrHMH CAOBaMH, b nacTOTHoft
o6AacTH chnAbTp B(Z) npHHHMaeT chopMy e l!p(<o\ rAe cp — AeftcTßH-
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reAbHan chyHKunn, KOTopan Ha3HßaeTcn cpa3uebiM cObuzom. Hcho, hto
BB=\ AAH BCeX AeftCTBHTeAbHHX Cp. RjlH nOCTpOeHHH ChHAbTpa C AK)-

6hm TpeSyeMHM cha3OBHM cabhtom AOCTaTOHHO CAeAaTb npeo6pa3o-
-eaHHe Oypbe chyHKUHH c bo BpeMeHHyio o6AacTb. Ecah cp(co)
npoH3BOAbHO, to noAynaioiuaHCH chyHKUHH BpeMeHH HBAHeTCH b o6meM
CAynae AByxcTopoHHeft. TaX KaK Hac HHTepecyiOT TOAbKO chH3HHecKH
peaAH3yeMbie npoueccn, to xoTeAOCb 6h 3HaTb, KaKoft KAacc chyHKUHH

PHC. 2.17. npHMep xapaKTepncTHKH
HIHpOKOnOAOCHOrO CpHAbTpa, nOAKDC
(X) KOToporo Ae>KHT BHe eAHHHHHoro
Kpyra, a HyAb (O) — BHyTpn Hero, no-
Aioc h HyAb AenoT Ha oahom paAHyce

cp(co) cooTBeTCTByeT oahoctopohhhm chyHKUHHM BpeMeHH. Upoiue Ha-
naTb c OAHonoAiocHoro cha3oßoro chHAbTpa, HMeiomero oahh HyAb.
TorAa 6oAee caojkhhc cha3oßbie chnAbTpbi mo>kho cocTaBHTb c no-
Mombio KacKaAHoro bkaiohchhh STHX npOCTHX cf)HAbTpOB. PaCCMOTpHM
(hHAbTp

3tot npocToft CAynaft chyHKunft BHAa ZNA(\/z) /A(Z), rAe j4(Z) —
noAHHOM CTeneHH, MeHbineft ah6o paßHoft N. Otmcthm, hto cneKTp
ChHAbTpa pt B AeHCTBHTeAbHOCTH HBAHCTCH He 3aßHCHmeft OT HaCTOTH
nOCTOHHHOft H HMeeT BHA

Ymhokhm HHCAHTeAb h 3iiaMeHaTeAb Aeßoft Apo6n Ha Z. TorAa

(2.6.3)

JlerKO noKa3aTb, hto paBeHCTBo P(l/Z)P(Z)=l xapaKTepHo aah
o6mero CAynan chHAbTpa P(Z) =ZNA(\/Z) /A (Z) . Ecah Z0 BbiSpaHo
BHe eAHHHHHoro Kpyra, to 3HaMeHaTeAb Bbipan<eHHH (2.6.1) mohcho
pa3AO>KHTb no nOAO>KHTeAbHHM CTeneHHM Z. 3TOT pHA 6yAeT CXOAHTb-
cn Ha eAHHHHHOM Kpyre. 3to 03HanaeT, hto chH3HnecKan peaAH3ye-
MocTb sKBHBaAeHTHa pacnoAOKeHHK) Z0 BHe eAHHHHHoro Kpyra. ITo-
AO>KHB HHCAHTeAb BHpa>KeHHH P (Z) paBHHM HyAK), BHAHM, HTO HyAb
Z=\/Zq HaxoAHTCH BHyTpn eAHHHHHoro Kpyra. 3Ta cHTyaunn noKa-
3aHa Ha pnc. 2.17. !4to6h noKa3aTb, hto hoaioc h HyAb pacnoAaraiOTcn
npn stom na oahom paAHyce, Bbipa3HM Z0 b noAHpHbix KOopAHHaTax,

Zifoo ==roe "

P (Z)=l~z7z7* (2-6-1)

pfx \ p z jlz-1Bz-vz^
S z i i — y(zz0) z — i /z0

Pfr)^°r-Siw ai'
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H3 pa3AeAa 2.2 (o MHHHMaAbHO cha3oßbix chyHKunnx) cAeAyeT, hto
HHCAHTeAb b P He HBAHeTCH MHHHMaAbHO cha3OBHM h ero cha3a yße-
AHHHBaeTcn Ha 2jc npn H3MeHeHHH co ot 0 ao 2jt. TaKHM o6pa3oM,
cpeAHHH rpynnoßan 3aAep>KKa cicp/cico noAon<HTeAbHa. OaKTHnecKn
noAoncHTeAbHoft oKa3HßaeTcn He TOAbKO cpeAHHH 3aAepn<Ka, ho h
rpynnoßan Ha Bcex nacTOTax. Mto6h noHHTb sto 3aMeTHM, hto

(2.6.4)
d dZ d .~ d

dco rfco dZ dZ '

Oa3y paccMaTpHßaeMoro cha3oßoro chHAbTpa (hah AK)6oro kom-
nAeKCHoro HHCAa) mohcho 3anncaTb b BHAe

cp=lmlnP(Z). (2.6.5)
TaX KaK |P|=l, to AeftcTßHTeAbHan nacTb AorapnchMa ncne3aeT, h,
CAeAOBaTeAbHO, aah cha3oßoro chHAbTpa (TOAbKo) mojkho npeo6pa3o-
BaTb BbipajKeHne (2.6.5) k BHAy

(2.6.6)
HcnoAb3yn chopMVAy (2.6.4), HaftAeM rpynnoßyio 3aAep«Ky:_ _^==/7 ii_7/ [_ vz* \_ 1. ! z/Zq __

8— d* l£, dz—*\z- i/2p"i - z/z0 )-i- i/^z^i-z/Zq —

BbipaH<eHHH (2.6.7) HBAHCTCH nOAOJKHTCAbHHM AeHCTBH-
TeAbHHM hhcaom (TaX KaK | ZOl > 1 ) , a 3HaMeHaTeAb HMeeT chopMy
A(\/Z)A(Z), T. c. HBAHeTCH CneKTpOM, H TaK>Ke HOAOHCHTeAeH. TaKHM
o6pa3oM, mh noKa3aAH, hto rpynnoßan 3aAepncKa stoto chn3HHecKH
peaAH3yeMoro cha3oßoro chHAbTpa BcerAa noAOHCHTeAbHa.

Ecah Tenepb nocAeAOBaTeAbHo c hckotophm chHAbTpoM bkaiohhtb
cha3oßHft chnAbTp, to cyMMa cha3 h rpynnoßan 3aAepn<Ka cocTaßHoro
chHAbTpa, ecTecTBeHHO, aoahchh 6HTb 6oAbuie rpynnoßoft 3aAep>KKH
HcxoAHoro chHAbTpa. ITo TeM me coo6panceHHHM MHHHMaAbHO cf)a3o-
Bbift chnAbTp AOAnceH HMeTb MeHbuiyio rpynnoßyio 3aAep>KKy, neM ajo-

6oft Apyroft chnAbTp c TaKHM me cneKTpoM.
B 3aKAK)HeHHe OTMeTHM, HTO cha3OBHH (j)HAbTp C OAHHM nOAIOCOM

h oahhm HyAeM nponycKaeT Bee nacTOTHHe KOMnoHeHTH c nocTOHH-
HHM KOSChchnUHeHTOM VCHAeHHH H cha3OBHM CABHTOM, KOTOpbIH MOHCeT
peryAnpoßaTbcn noAonceHHeM noAioca. Bn6op Z0 b6ah3h eAHHHHHOH

ZIO) dZ .1(0 .rye= e ; ,—=ie =tZ;

?= -LInP(Z, =+ln^=+[ln(z-J-)-ln(l-JL);

1 - Z/Zq +_(! - 1/Z0Z) (Z/Zq) __ I- 1/ZqZq 26?
(1-1/Z0Z)(1-Z/Z0) (1-1/Z0Z)(1-Z/Z0)'
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OKpy>KHOCTH npHBOAHT X TOMy, HTO HaH6OAbIHHe (ha3oßbie CABHTH
KOHueHTpnpyiOTCH okoao nacTOTH, Ha KOTOpoft pacnoAaraeTcn noAioc.
PacnoAonteHHe noAioca Ha 6oAbuioM pacCTOHHHH ot eAHHHHHoro Kpy-
ra BH3HBaeT yBeAHHeHHe Anana3oHa 3aAepn<eK aah 6oAee bhcokhx
nacTOT. BoAbuine cha3oßbie cabhth hah rpynnoßbie 3aAep}KKH mojkho

peaAH3oßaTb nyTeM nocAeAOßaTeAbHoro BKAioHeHHH HecKOAbKnx oaho-
nOAIOCHHX (j)HAbTpOB.

ynpancHeHHH

/13 3 3 \
1. BpeMeHHan cpyHKUHH pt = l-w- t j- 1 g-J —-.---

f ... I hbahctch npn-

MepoM cpa3oßoro cpHAbTpa. PaccqHTaftTe HecKOAbKO 3HaqeHHft cc aBTOKoppeAHUHOHHoft
cpyHKHHH (ajih pa3HHX 3aAepn<eK) nyTeM cyMMHpoBaHHH HecKOAbKnx 6ecKOHeqHHX
pHAOB.

2. HapwcyHTe rpacpHKft aMnAHTyAH, cpaau n rpynnoßoft 3aAepHCKH cpa3oßoro
cpHAbTpa (1 — ZOZ)f(Z9 —Z), rAe Ze =(1+ c) cieiw* ne — MaAO. 06o3HaqbTe Ha
KpHßoft Han6oAee Ba>KHbie napaMeTpn.

3. noKancHTe, hto KoacpcpHUHeHTH <pa3oßoro cpHAbTpa, o6pa3oßa_HHoro nocAeAO-
BaTeAbHHM BKAIOHeHHeM CpHAbTpOB (1 —Z<jZ) /(ZO—Z)0—Z) H (1 —Z0Z)/(Z(j—Z), HBAHIOT-
CH AeftCTBHTeAbHHMH.

4. HeKOTopan HenpepbißHan cpyHKHHH BpeMeHH hbahctch HenpepbißHOft bo Bpe-
MeHH HMnyAbCHoft peaKHHeft <pa3oßoro cpHAbTpa. OnnuiHTe 3Ty cpyHKHHio bo BpeMeH-
Hoft H B qaCTOTHOft o6AaCTHX. nOMeHHHTe MCCTaMH CAOBa «BpeMH» h «qacTOTa»

b onHcaHHH aToft cpyHKHHH. KaKOB cpH3HqecKHft cmhca TaKoft chyHKUHH? Hto npo-
H3oftAeT c yTBep>KAeHHeM: «rpynnoßan 3aAepjKKa cpa3oßoro cpHAbTpa noAO>KHTeAbHa».

5. TpacpHK rpynnoßoft 3aAep?KKH xg (u>) ajih ypaBHeHHH (2.6.7) cBHAeTeAbCTByeT
o tom, hto BeAHHHHa x g noAOHiHTeAbHa ajih Bcex qacTOT. KaKyio 06AaCTb 3aHHMaeT
xg b HHTepßaAe o<co<2n;. [VKasaHHe. 3tot Kaßep3HHft Bonpoc bh aoahchh pe-
niHTb b yMe.]

2.7. PE>KEKTOPHbIW d>HJIbTP H 4>HJIbTP
C nHKOM HA nbEAECTAJIE
B HeKOTopbix cAynanx Tpe6yeTcn noAaBHTb oneHb y3Kyio noAocy na-
CTOT, OCTaBAHH OCTaAbHyK) HaCTb CneKTpa npaKTHHeCKH HeH3MeHHOft.
3to Heo6xoAHMo, HanpHMep, aah hckak)hchhh HaBOAOK b 50 Tv ot
ceTH nepeMeHHoro TOKa. TaKoft chnAbTp Ha3HßaeTcn penceKTOpHbiM
(3arpaHCAaiomHM) h mojkct 6biTb AerKO peaAH3OBaH nyTeM He3HaHH-
TeAbHOTO H3MeHeHHH (J)a30BOrO ChHAbTpa. B (ha3OBOM chnAbTpe noAioc
h HyAb HMeiOT paßHoe (AorapnchMnnecKn) OTnocnTeAbHoe paccTOHHHe
ot eAHHHHHoro Kpyra. HaM HeoSxoAHMo noMecTHTb HyAb 6ah>kc
k Kpyry. EipaKTHHecKH hct npHHHH, MeinaiouiHx noMecTHTb HyAb npn-
mo Ha OKpyn<HOCTH. B stom CAynae nacTOTa, Ha KOTopoft pacnoAaraeT-
ch HyAb, b cneKTpe bxoahhx AaHHHX noAaßAneTcn. Ecah hct Heo6xo-
AHMOCTH nOAHOCTbK) nOAaBHTb HOKeAaTeAbHbie HaCTOTH, TO HyAb
MO>KHO nOMeCTHTb B HenOCpeACTBeHHOft 6AH3OCTH OT OKpyJKHOCTH
(BHyTpH hah BHe cc) . Flo Mepe yAaAeHHH HyAH ot okpvhchocth Bna-
AHHa b cneKTpe pexceKTOpHoro chHAbTpa CTaHOBHTcn MeHee TAy6oKoft
Ao Tex nop, noKa HyAb He oKanteTcn AaAbuie ot Kpyra, neM noAioc.
TorAa BnaAHHa CTaHOBHTcn Bbi6pocoM (nnKOM) : noAynnßUinftcn TaKHM
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o6pa3oM chnAbTp 6yAeM Ha3HßaTb cpuAbTpoM c nuKOM na nbedecraAe.
Oh bo mhotom noxon< Ha y3KonoAOCHbift chnAbTp. XapaKTepncTHKii He-
KOTOpbIX H3 STHX (|)HAbTpOB npHBeACHH Ha pHC. 2.18 H 2.19. Pa3AHHHe
Men<Ay chHAbTpoM c nHKOM Ha nbeAecTaAe n y3KonoAOCHHM chHAbTpoM
3aKAK)HaeTCH B aCHA*TITOTHHeCKOM nOBCAeHHH BAaAH OT HaCTOTH COo-

nepßbift H3 HHX HMeeT B STOH
o6AacTH nAOCKyio nacTOTHyio
xapaKTepncTHKy, a BTopoft —
cnaAaiomyK) c vßeAnneHHeM mo-
AyAH pa3HOCTH (co —co 0) . 3to
AeAaeT chnnbTp c nHKOM na
nbeAecTaAe 6oAee yAoSHHMAAH
CO3AaHHH c|)HAbTpOB CO CJIO>K-
Hoft chopMon cneKTpoß nyTeM
nocAeAOßaTeAbHoro BKAioneHiiH
OAHOnOAIOCHHX chHAbTpOB.

SX x
o

/ 2 J 4 5

PHC. 2.18. noAOHieHHe noAiocoß h HyAeft
AJIH HeKOTOpHX npOCTHX CpHAbTpOB.
OKpyHCHOCTH HBAHIOTCH eAHHHqHHMH
OKpy>KHOCTHMH Ha Z-nAOCKOCTH.
<I>H^bTpbi: / — y3KonojiocHbifl, 2 —(pa3oßbift, 3 —pesceKTopHbift, 4 — nocTOHHHbift, s—c5 — c nHKOM Ha
nbeAecTajie

y3KOnOAOCHbie (J)HAbTpH H
chHAbTpbl C KpyTHM Cpe3oM
AOA>KHH npHMeHHTbCH C OCTO-
pO>KHOCTbK). BO3MOHCHOe OCAO>K-
HCHHe 3aKAK)HaeTCH B TOM, HTO

BbixoAHbie cHraaAH sthx chnjib-
Tpoß MeAAeHHO 3aTyxaiOT bo
BpeMeHH. Ecah aah HeKOTopbix
CAynaeß sto He HMeeT 3HaneHHH,
TO AAH ApyrHX — STO Ba>KHO.
OneBHAHO, ecAH npOAOA>KHTeAb-
HocTb c6opa AaHHbix MeHbme
HAH CpaBHHMa C AAHTCAbHOCTbK)
HMnyAbCHoft peaKUHH y3Kono-
AocHoro chHAbTpa, to nepexoA-
Hbie schcheKTbi b Hanane SKcne-
pnMeHTa He 6yAyT ycneßaTb 3a-
TyxaTb. Tohho TaX me BnaAHHa
xapaKTepncTHKH ChHAbTpa,
ycTpaHHiomero KoneSaHnn c na-
ctotoii 50 Tv, He AOJimna 6biTb
cahuikom y3Kofi. CnraaAH H3
BbixoAe noAOcoßoro chHAbTpa
(KOTopbift Aerne peaAH3oßaTb
c noMombio 6biCTporo npeoSpa-
30BaHHH Oypbe, neM cnoMombio
HecKOAbKnx noAiocoB) TaKme
HMeiOT onpeAeAeHHyio CKopocTb
3aTyxaHHH bo BpeMeHH, KOTopan

PHC. 2.19. 3aBHCHMOCTH aMnAHTyAH OT
qaCTOTbI AJIH AeHCTBHTeAbHHX BO BpeMeH-
Hoft ofiAacTH y3KonoAOCHoro cpHAbTpa (YP.)
n cpHAbTpa c nHKOM na nbeAecTaAe (Fin).
KaKAblft (pHAbTp HMeeT OAHH nOAIOC B TOH-
Ke Zq= 1,2eMt'/ . BTopoft hoaioc b TO'-iKe
Z0 = 1,2e~iK'3
B HeKOTOpHX SKCnepHMeHTaX MOKeT 6blTb CAHUIKOM MaAOH. B paAHO-
AOKaUHH H CefICMOAOrHH MCTOAOM OTpa>KeHHHX BOAH UeHHOCTb (3Ha-
HHMOCTb) cnraaAa He CBH3aHa c ero chaoh. OTpa>KeHHbie CHraaAH,
npHXOAnmHe c 6oAbuiHM BpeMeHeM 3ana3AHBaHHH, MoryT 6biTb oneHb
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CAa6bIMH, HO OHH COAepHOT HHChopMaUHK), KOTOpaH OTCyTCTByeT b 60-
Aee-paHHHX OTpanteHnnx. ripn HcnoAb3OBaHHH chHAbTpa co cahuikom
KpyTHM cpe3oM nacTOTHoft xapaKTepncTHKH nepexoAHbift npouecc
ChHAbTpa, BH3BaHHblft paHee npnUieAUIHMH CHAbHHMH BOAHaMH, MonceT
npOAOAHCaTbCH AOCTaTOHHO AOATO H 3aHHTb BpeMH, B TeHCHHe KOTOpOTO
npnxoAHT 6oAee no3AHHe cAa6bie OTpa>KeHHHe CHraaAH.

ynpancHeHHH

1. PaccMOTpHTe cHMMeTpHqHbift (HepeaAH3yeMbift) cpHAbTp, KOTopbift nponycKaeT
Bee qacTOTH MeHbuie co0 c eAHHHHHHM KoacpcpHUHeHTOM ycHAeHHH. NacTOTH, npeßH-
iuaioiUHe. coo, noAHOCTbio 3aTyxaiOT. Hejviy paßHa CKopocTb 3aTyxaHHH aMnAHTyAH bo
BpeMeHH AJIH 3TOrO CpHAbTpa?

2. SHepran boah, pacnpocTpaHHioiUHXCH ot ToqeqHoro HCToqHHKa, 3aTyxaeT
o6paTHO nponopHHOHaAbHO KBaApaTy pacCTOHHHH (ccpepnqecKoe pacxojKAeHHe) .
AMnAHTyAa cnaAaeT KaK KopeHb KBaApaTHHft H3 SHepran. 3to noApa3yMeßaeT onpe-
AeAeHHyio CKopocTb 3aTyxaHHH SHepraH bo BpeMeHH. CKopocTb 3aTyxaHHH bo BpeMe-
HH TaKan nee, KaK h npn OTpan<eHHH boah ot haockhx rpaHHH pa3AeAa. KaKoft CTe-
neHH BpeMeHH t nponopuHOHaAbno 3aTyxaHne aMnAHTyAH raraaAOß? SHepran boah,
pacceHßaeMbix ToqeqHHMH OTpajKaTeAHMn b o6paTHyio CTopoHy, t. c. b CTopoHy
HCToqHHKa, 3aTyxaeT o6paTHO nponopuHOHaAbHO paccTOHHHio b qeTßepToft CTeneHH.
HeMy paBHO 3aTyxaHHe bo BpeMeHH?

3. OScyAHTe BO3MOH<HOCTb HcnoAb3OBaHHH cpHAbTpa H3 ynpaxHenHH 1 AJIH AaH-
HHX H3 ynpan<HeHHH 2.

4. CKOHCTpyHpyftTe OAHOnOAIOCHbIft peJKeKTOpHHft CpHAbTp c oahhm HyAeM ajih
noAasAeHHH qacTOT b HHTepßaAe 49—51 Tu. AaHHbix, KBaHTOBaHHbix b 500 ToqKax/c.

2.8. EHJIHHEHHOE nPEOEPA3OBAHHE

Z-npeo6pa3oßaHne h npeo6pa3oßaHHe Oypbe CBH3aHH cooTHomeHHHMH
2 =e"° h i'cD = lnZ. Oco6eHHOCTb sthx coothouichhh coctoht b tom,
hto npocTbie OTHonieHHH noAHHOMOB CTeneHeft Z He nepeßOAHTcn
b oTHOUieHHH noAHHOMOB CTeneHeft co h Hao6opoT. npn6AHH<eHHoe
Bbipa>KeHHe

AerKO pa3peuiaeTcn OTHOCHTeAbno Z

(2.8.2)

Bbipan<eHHH (2.8.1) h (2.8.2) nacTO OKa3HBaiOTCH noAe3HHMn. Ohh
HBAHIOTCH VCCHeHHHMH TOHHHX pa3AO>KeHHft B CTeneHHbie pHAH

(2.8.4)

- /?o=2Tt! (2- 8- 1 )

7 1 + to/ 2

1— m/ 2'

-to = [L^|++ii^§^+i-. . .] ; (2.8.3)

7 __ t-co_ em/2 __ 1 + to/2 + (to/2)2/2! + ...~ e-'<»/2 1 — to/2+ (to/2)2/2! — ...'"
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Rah toto hto6h Z-npeo6pa3oßaHHe chyHKUHH B(Z) 6hao MHHH-
MaAbHO (J)a3OBHM, AK)6oft H3 KOpHeft Zn ypaBHeHHH B(Z)=0 AOAJKeH
HaxoAHTbcn BHe eAHHHHHoro Kpyra. TaX KaK

TO AAH nOAVHeHHH MHHHMaAbHO (J)a3OBOH ChyHKUHH MHHMaH HaCTb
Im (coo) AOA)KHa 6biTb OTpnuaTeAbHoft. ApyrHMH CAOBaMH, co 0 AOAH*Ha
pacnoAaraTbcn b HHHCHeft noAynAOCKOCTH. CAeAOBaTeAbHO, 3aßncn-

MOCTb Z=e"° OTo6pan<aeT bhcuihiok) nacTb eAHHHHHoro Kpyra Ha
HHHCHKHO nOAynAOCKOCTb. PaCCMaTpHBaH pHC. 2.20 H 2.21, bhahm, HTO

0
2

-2

PHC. 2.20. HeKOTopne THnnqHbie toh-

kh Ha Z-, CO- H G)-nAOCKOCTHX

E £ 27m-i-0,693; if
F 2 277-/1-0,693/ -if

SnAHHeftHoe npnoAH^KeHne (2.8.1) hah (2.8.2) TaKjKe oTo6pan<aeT
BHeuiHioio nacTb eAHHHHHoro Kpyra Ha hh>khk)io nOAynAOCKOCTb.

TaKHM o6pa3oM, xoth 6HAHHeftHan annpoKCHMauHH hbahctch He-
kotophm npn6AHH<eHHeM, OHa oSecnenHßaeT tohhoc coxpaHeHne MH-
HHMaAbHO cf)a3OBHX CBoftcTß chyHKUHH. 3to OHCHb Ba>KHO, nOCKOAbKy
npeo6pa3oßaHne ycToftnHßoro AnchchepeHunaAbHoro ypaBHeHHH b pa-HocTHoe ypaßHeHHe c noMomjbio BbipanceHKH (2.8.1) npHBOAHT k vctoh-
HHBOMy pa3HOCTHOMy ypaBHeHHK). Mojkho npHBecTH mhoto npnMepoß,
KorAa annpoKCHMauHH npoH3BOAHoft no BpeMeHH yMHOKenneM Ha
I—Z1 —Z npeo6pa3yeT ycToftnnßoe AnchchepeHUHaAbHoe ypaßHeHHe b He-
ycTofiHHßoe pa3HocTHoe ypaßHeHHe.

CooTHouieHne (2.8.1) vao6ho 3anoMHHTb, ynHTHBan, hto — i'co co-
OTBeTCTByeT AnchchepeHunpoßaHHio no BpeMeHH npeo6pa3oßaHnn
Oypbe, a I—Z1 —Z hbahctch onepaTopoM nepßoft pa3HOCTH, BeAHHHHa
1-j-Z b 3HaMeHaTeAe «ueHTpnpyeT» Bbipa>KeHHe OTHOcHTeAbHo Zi/2 .

t4to6h noKa3aTb, hto 6nAHHeftHan annpoKCHMauHH hbahctch hh3-
KOHaCTOTHHM npn6AH>KeHHeM, yMHOJKHM HHCAHTeAb H 3HaMeHaTeAb
BHpajKeHHH (2.8.1) Ha Z~ l/2:

YpaßHeHHe (2.8.5) noApa3yMeßaeT CKopocTb KBaHTOBaHHH c nacTOToft
b OAHy BHfiopKy Ha 1 c. ripn Bbi6ope npoH3BOAbHoft nacTOTH KBaHTO-

Z 0 = exp {/ [Re (»,) +i Im(»,)]}, a | ZO l = c~lm {<°o) ,

1 — zZ oj— 2irn— i* In Z w= 2/

A 1 2-rrn +■ 0
B i Inn + 7r/2
C — 1 27771 f 7T
D —I Inn — tt/2

Z-l/2_ Z l/2 sinco/9 -iu>= 2 —tto—V; =- 2i-no':; » = 2tga>/2. (2.8.5)Z~1/2y Z l/2 cosco/2 fe v '
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BaHHH A^ npn6AH>KeHHe (2.8.5) npno6peTaeT bha

(2.8.6)

TpachnK SToro npn6AH>KeHHH noKa3aH Ha pnc. 2.22. Ohcbhaho, no-
rpeuiHOCTb Mon<Ho CAeAaTb cKOAb yroAHO MaAoft nyTeM AOCTaTOHHoro

CO-ruiocKOcmb

yBeAHHeHHH HaCTOTH KBaHTOBaHHH, T. c. Bbl6HpaH At AOCTaTOHHO
MajibiM. H3 pnc. 2.22 bhaho, hto norpeuiHOCTb 6yAeT cocTaBAHTb AHHib
HeCKOAbKO npOUeHTOB, eCAH Bbl6paTb At AOCTaTOHHO MaAHM TaX, HTO-
-6h comaxA/^l. LInTaTeAH, xopomo 3HaKOMbie c TeopeMon CBepTKH,
BcnoMHHT, hto OHa AaeT MeHee CTporoe orpaHHneHHe ComaxA/<C«.
OneBHAHO, hto TeopeMa CBepTKH cahuikom CAa6a aah CAynaeß, bkaio-
naiomnx SnAHHeftHoe npeo6pa3oßaHHe.

uAt^ 2tga>At/2.

PHC. 2.21. PacnoAO>KeHHe
THnHHHHX TOHCK (H3 pHC.

2.20) Ha Z-, co- h co-nAO-
CKOCTHX
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Tenepb paccMOTpHM b KanecTße npnMepa chyHKUHio c noAiocoM
l/(— i'co) Ha HyAeßoft nacTOTe. 3to cootbctctbvct HHTerpHpoßaHHio.
Ho npHHHHaM, KOTOpHe BCKOpe CTa.HyT HCHHMH, paCCMOTpHM chyHKUHK)
(c He3HannTeAbHO OTAnnaiomHMCH ot paHee yKa3aHHoro noAiocoM)

rAc e — MaAan BeAHHHHa. FIpHMeHHH 6HAHHeftHoe npeo6pa3oßaHHe,
noAynnM:

(2.8.8)
Ha OCHOBaHHH (hopMyAH (2.8.8) MO>KHO 3aKAK)HHTb, HTO ChyHKUHH P
bo BpeMeHHoft o6AacTH HBAHeTCH AeftcTßHTeAbHoft, a KorAa c ycTpeM-

PHC. 2.22. TpacpHKH npHdAHKeHHoro
6HAHHeftHoro npeo6pa3oßaHHH

AHeTCH X HyAK), OHa npHHHMaeT bha (0,5, 1, 1, 1, ...). Bbi6op noAO-
>KHTeAbHoro 8 AaeT CTyneHbKy b noAon<HTeAbHOM BpeMeHH, TorAa KaK
OTpnuaTeAbHoe c AaeT CTyneHbKy b oTpnuaTeAbHOM BpeMeHH. Cbohct-

PHC. 2.23. CBoftcTßa onepaTopa HHTerpHpoBaHHH

/>.==' ... 1 , , (2.8.7)

p 1 = 1/2 (I+Z) _ 1/2 (I+Z)r ~" 2[(l-Z)/(l+Z)]+e " l-Z + e[(l+Z)/2] —(l + e/2)-Z(l-e/2)



Ba stoh chyHKunn noKa3aHH Ha pnc 2.23. HHTepecHO oTMeTHTb, hto
ecAH BpeMeHHyio h nacTOTHyio o6Aacra BCiOAy noMeHHTb MecTaMH, to
mh noAyHHM HHTerpHpyiomnft (KBaApaTypiibifi) chnAbTp, xapaKTepn-
cthkh KOToporo noKa3aHH Ha pnc. 1.17.

ynpancHeHHe

B peuieHHH AH(pcpy3HoHHbix 3aAaq qacTO BO3HHKaeT MHOKHTeAb F((d)—>l/(—to) 1/ 2.
rj,AH onpeAeAeHHH 3KBHBaAeHTHOft onepauHH CBepTKH HaflAHTe cpH3HqecKH peaAH3ye-
Moe, AHCKpeTHoe bo BpeMeHH npeACTaßAenHe f t (pyHKUHH F(oi) c noMombio oto>k-
AeCTBAeHHH KO3(p(pHUHeHTa npH OAHHaKOBHX CTeneHHX Z B Bbipa>KeHHH

Bbipa3iiTe qncAenHO 3HaqeHne /o nepea //.

(/0 +fxz + f2z2 y...y= i/(-to) =^-2- (i +z)/(i - z).
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3. OAKTOPH3AUHST CnEKTPA

KaK mh vbhahm no3H<e, cymecTßyeT 6ecKOHenHoe hhcao BpeMeHHbix
chyHKunft, cooTßeTCTßyiouinx AK)6oMy 3aAaHHOMy cneKTpy l. OaKTopn-
3auneft cneKTpa 6yAeM Ha3HßaTb mctoah Haxo>KAeHHH eAHHCTBeHHoft
chyHKunn BpeMeHH, KOTopan o6AaAaeT 3aAaHHHM cneKTpoM n b to
HCe BpeMH HBAHeTCH MHHHMaAbHO (f)a3OBOH. MHHHMaAbHO (ha3oßbie
(hyHKUHH HaXOAHT UIHpOKOe npHMeHeHHe. TOAbKO TaKHe (pyHKUHH MO-
ryT 6biTb HcnoAb3oßaHH aah chHAbTpaunn c o6paTHoft cßH3bio. 3th
chyHKUHH 6yAyT nacTO nonßAHTbcn b 3aAanax pacnpocTpaHeHHH boah
B nOCAeAVIOIUHX TAaBaX. MHHHMaAbHO (ha3oßbie ChyHKUHH BO3HHKaK)T

b TeopnH npeACKa3aHHH n peryAHpoBaHHH no 3aAaHHOMy cneKTpy.
B AaAbHeftmeM 6yAeT noKa3aHO, hto aah MHHHMaAbHO cha3oßoft chyHK-
UHH xapaKTepHa HacKOAbKo bo3Mohcho nAOTnan KOHueHTpauHH sHep-
rnn okoao MOMeHTa t—o. 3Ta chyHKunn onpeAeAneT HaHMeHbinee 3Ha-
neHHe Ancnepcnn npn pacnpocTpaHeHHH boah b cpeAe c norAomeHneM.
OHa HaxoAHT npnMeHeHHe TaoKe b TeopHH AByxMepHoro noTeHunaAa,
KorAa no Ha6AK)AeHHHM MOAyAH BeKTopa noAH Heo6xoAHMO onpeAe-
AHTb ero KOMnoHeHTH.

B rAaße paccMaTpnßaiOTCH neTHpe pa3AHHHbix MeTOAa onpeAeAe-
hhh MHHHMaAbHO cha3oßoro ceftcMHHecKoro HMnyAbca no 3aAaHHOMy
cneKTpy. 3th mctoah npeACTaBAHiOT pa3Hbie bo3mo>khocth noHHMaHHH
cyuiHOCTH chaKTOpH3auHH cneKTpa n MHHHMaAbHoft cha3H.

3.1. METOA KOPHEH
OyHKUHH BpeMeHH (2, 1) HMeeT TaKoft me cneKTp, KaK h chyHKunn
BpeMeHH (1,2). Hx aßTOKoppeAnunoHHan chyHKunn HMeeT bha (2, 5,2).
3TO 06CT0HTeAbCTB0 HCnOAb3yeTCH AAH HCCAeAOBaHHH MHO>KeCTBa
BCeX (hyHKUHft BpeMeHH C TaKHMH aBTOKOppeAHUHOHHHMH (hyHKUHHMH
h cneKTpaMH. Mo>kho CHHTaTb, hto AK)6an AeftcTßHTeAbHan chyHKUHH,
o6pameHHan bo BpeMeHH, 6yAeT HMeTb TaKyio me aßTOKoppeAnunoH-
Hyio chyHKUHio, hto h nepßOHanaAbHan chyHKunn. Ha caMOM AeAe,
b HeKOTopbix oSAacTnx MoryT BCTpenaTbcn h KOMnAeKCHbie BpeMeHHbie
Phah; nosTOMy Heo6xoAHMO cchopMyAHpOßaTb 6oAee TOHHoe VTBep>K-
AeHne, hto AK)6oft ceftcMHHecKHft HMnyAbc n ero KOMnAeKCHo-conpn-
-SKeHHoe o6pameHne bo BpeMeHH o6AaAaiOT oahh3kobhmh aBTOKOppe-
AHUHOHHHMH ChyHKUHHMH H CneKTpaMH. npOBepHM STO AAH npOCTHX
AByxToneHHbix chyHKunft BpeMeHH. CneKTp chyHKunn (bQ , b{) HMeeT bha

(3.1.1)

1 AMnAHTyAHOMy cneKTpy. (TlpuM. nepee.)

B (-]-) B (Z) = (bt +± ) (b0 At b x Z) = A + M>t) +b&Z.
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ConpH}KeHHO-o6paiueHHaH BpeMeHHan chyHKunn (Bi, b0 ) c Z-npeo6pa-
-30BaHHeM bz(Z)=bi-{-boZ HMeeT cneKTp

(3.1.2)

KaK BHAHO, CneKTpbl (3.1.1) H (3.1.2) AeftCTBHTCAbHO HBAHIOTCH tohc-
AecTBeHHHMH. Tenepb xeAaTeAbHO pacnpocTpaHHTb sto cbohctbo Ha
chyHKunn BpeMeHH c TpeMn h 6oAee TOHKaMH. Mo>kho ocymecTßHTb
o6o6meHHe TpexTonenHbix chyHKunft, HanpHMep, BHAa B(Z)=bo-{-
-~ybiZ-yb2Z2. npHMeHHB ocHOßHyio TeopeMy aAre6pn (KOTopan

yTßepn<AaeT, hto MHoronAeH CTeneHH n HMeeT pobho n KopHeft), pa-AO>KHM B(Z) Ha MHOHCHTeAH:

(3.1.3)

CneKTp SToro BHpajKeHHH HMeeT bha

(3.1.4)

OneBHAHO, HTO b2 MO>KHO yMHO>KHTb Ha AK)6oe KOMnAeKCHOe HHCAO
C eAHHHHHHM MOAyAeM. HpH STOM CeftCMHHeCKHft CHTHaA (3.1.3) H3Me-
hhtch, a ero cneKTp (3.1.4) ocTaHeTcn npe>KHHM. OcTaAbHbie nneHH
(Z t—Z) b chopMyAe (3.1.4) mojkho npeACTaBHTb KaK npon3BeAeHne
coMHoncHTeAeft b chopMe (Zi— 1/Z) (Zi—Z). Ho stot MHO>KHTenb no-
XOJK Ha MHO>KHTeAb (3.1.1). OvHKUHeft BpeMeHH AAH (Zi—Z) HBAHeT-
CH (Zi— 1), a cc KOMnAeKCHO-conpn>KeHHaH oSpameHHan chyHKunn
BpeMeHH HMeeT bha (— l, Zi). TaKHM o6pa3oM, ak)6oh MHoncHTeAb
(Zi—Z) b chopMyAe (3.1.3) mohcho 3aMeHHTb MHO>KHTeAeM (—l+-
-yZiZ). B o6meM cAynae BbipanceHHe (3.1.3) MonceT HMeTb N mhojkh-

TeAeft [(Zi—Z), i=l, 2, . . . , N] . Jlio6aH hx KOM6HHaunn mojkct 6biTb
o6pameHa. CAeAOBaTeAbHO, cymecTßyeT 2^ pa3AHHHbix ceftcMnnecKHx
cnmaAOß, KOTopne Moryr chopMHpoßaTbcn nyTeM nepecTaHOBOK, n
BCe STH CHTHaAH HMdOT OAHH H TOT me CneKTp. PaCCMOTpHM eAHHHH-
Hbift Kpyr Ha KOMnneKCHoft nnocKOCTH. CoMHOKHTeAb (Zi—Z) 03Ha-
naeT, hto Zi HBAHeTCH KopHeM KaK chyHKunn B(Z), TaX h cc cneKT-
pa R(Z). Ecah 3aMeHHTb (Zi—Z) Ha (—l-yZiZ) b chyHKunn B(Z),
to TeM caMbiM KopeHb Zi H3 chyHKunn B(Z) ycTpaHneTcn n 3aMeHneT-
ch Z=l/Z\. KopHH cneKTpa R(Z) npn stom He mchhiotch, noTOMy hto
BeAHHHHH Zj h 1/Zj hbahiotch nepBOHanaAbHHMH KOpHHMH cneKTpa
R(Z) h npn 3aMeHe npocTO nepexoAHT Apyr b Apyra. TaKHM o6pasoM,
eCAH (hyHKUHH B(Z) HMeeT KOpHH Zi B KOMnAeKCHOft nAOCKOCTH, KO-
Topbie pacnoAaraiOTcn rAe yroAHO, to cneKTp R(Z) AOAmen HMeTb Bee
KOpHH Zi H, KpOMe TOTO, KOpHH 1/Z*. 3aMeHa AK)6orO OTAeAbHOTO Kop-
HH Zi Ha 1/Zr H3MeHHeT chyHKUHK) B(Z), HO He OKa3HBaeT BAHHHHH

Br^)Br (Z) =(b^^)(bx^b0Z)^ b-^-y(bQb0 -^bA)Arbx bQZ.

B(Z)=b 2 (Zi-Z)(Z2-Z).

R(Z) =Bj
[ -pjB(Z) =b 2 b 2 (z 1 - l~yZl -Z)U2 -^{Z2 -Z).
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Ha cneKTp R(Z). Onepaunio 3aMeHH kophh Z; Ha KopeHb 1/Z,- mo>kho
3anncaTb b BHAe

(3.1.5)

M.HO>KHTeAb nepeA B(Z) hbahctch chasoßHM chHAbTpoM, paccMOTpeH-
HHM BHUie. npHHHMaH STO BO BHHMaHHe, AerKO yCTaHOBHTb, HTO (hyHK-
UHH B' (Z) HMeeT TaKoft me cneKTp, KaK n chyHKUHH B(Z). B caMOM
Acne, HeT HHKaKnx peaAbHbix npHHHH, MeniaioniHX Zi 6hiih KopHeM
chyHKunn B(Z). Ecah Z, hbahctch KopHeM B(Z), to B' (Z) 6yAeT
MHoroHneHOM; b npoTHBHOM CAynae sto 6yAeT 6ecKOHenHbift pnA.

Tenepb OnpeAeAHM chyHKunio B(Z) no 3aAaHHOMy cc cneKTpy
R(Z). Otmcthm, hto KopHH cneKTpa R (Z) hbahiotch no onpeAeAeHHio

peineHHHMH ypaBHeHHH R(Z)=Q. Ecah yMHO>KHTb R(Z) Ha ZN [rAe
R(Z) MonceT HMeTb 3aAaHHyio CTeneHb BnAOTb ao N], to ZnR(Z) hbah-
ctch nOAHHOMOM H peuieHHH Zi ypaBHeHHH ZNR(Z)=O 6yAyT TaKHMH
>Ke, KaK h peuieHHH ypaBHeHHH R(Z)=O. Haxo>KAeHHe Bcex KopHeft
stoto nOAHHOMa hbahctch xoth h TpyAHoft, ho cTaHAapTHoft npoueny-
poft. npeAnoAaran cc BbinoAHeHHon, mo>kho 3aTeM npOßepHTb, hbah-
iotch ah Bee kophh Zi h l/Zi napHHMH. Ecah TaKHe napn He oxBaTH-
BaiOT Bee KOpHH, to chyHKunn R (Z) He HBAHeTCH peaAbHHM cneKTpoM.
B cnynae napHbix KopHeft KancAOMy HyAio BHyTpn eAHHHHHoro Kpyra
AOA>KeH cooTBeTCTBOBaTb HyAb BHe ero (pnc. 3.1). TaKHM o6pa3oM,
HTO6bI CAeAaTb (hyHKHHIO B(Z) MHHHMaAbHO 4>a3OBHM CeHCMHHeCKHM
CHTHanoM co cneKTpoM R(Z), cneAyeT co6paTb Bee KopHH, AOKamne
BHe eAHHHHHoro Kpyra. TorAa chyHKunn B(Z) npno6peTaeT bha

3thm 3aßepuiaeTcn HaxoniAeHHe MHHHMaAbHO cha3oßoro ceficMnne-
ckoto CHmana no 3aAaHHOMy cneKTpy. KorAa A^ bcahko, to sto He-
yAO6HO AAH BHHHCAeHHft H HBAHCTCH HeAOCTaTKOM no CpaBHCHHK)
c ApyrHMH MeTOAaMH, KOTopne noKa He o6cy>KAanHCb. 3HaneHHe
MeTOAa KopHeft coctoht b tom, hto oh AeMOHCTpnpyeT HeKOTopne
OCHOBHHe npHHUHnn.

1. Ka>KAOMy cneKTpy cooTBeTCTByeT MHHHMaAbHO cha3oßbift ceft-
CMHHeCKHH CHTHaA, KOTOpblft HBAHeTCH eAHHCTBeHHHM C norpeLUHOCTbK)
AO KOMnneKCHoro MacuiTaSHoro KoschchnuneHTa c eAHHHHHHM MonyneM

B'(Z) =f^yfy-B(Z).

PHC. 3.1. KopHH cpyHKUHH B(\\Z)B(Z)

B(Z)=b N (Z—Zi)(Z—Z2)...(Z—ZN). (3.1.6)
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2. CymecTßyeT 6ecKOHenHoe MHo>KecTßo chyHKUHH BpeMeHH, coot
BeTCTßyiomnx AK)6oMy 3aAaHHOMy cneKTpy.

3. He Bee chyHKunn hbahiotch noTeHUHaAbHHMH aBTOKOppennuHOH-
HHMH ChyHKUHHMH.

MeTOA KopHeft b chaKTopH3auHH cneKTpoß 6bin pa3BHT, no-BHAHMo-
My, SKOHOMHCTaMH B 1920-x n 1930-x it. Pha cchaok Ha sth paHHiie
pa6oTH mo>kho HaftTH bo BceMHpHO H3BecTHoft KHHre p. YonAa «CTa-
HHOHapHbie BpeMeHHbie pnAH» [10].

ynpa>KHeHHn

1. KaK MOJKHO HaftTH MaCUlTa6Hblft MHOJKHTeAb b N B BbipaH<eHHH (3.1.6)?
2. BbiqncAHTe aBTOKoppeAHUHOHHbie cpyHKUHH ajih KascAoro H3 cAeAyioucnx qeTH-

pnx ceficMHqecKHX HMnyAbcoß (4, 0, — 1), (2, 3, —2), (— 2, 3, 2), (1, 0, — 4).
3. Ha6AioAeHHHft SHepreTHnecKHft cneKTp cooTBeTCTByeT cpopMyAe P(co)=3B+

+10 cos co— 12cos2co. Kanne ceftcMiiqecKHe n.vinyAbCbi OTBeqaiOT aTOMy cneKTpy?
KaKoft H3 hhx HBAHeTCH MHHHMaAbHO cpa3OBHM? [VKa3aHHe. cos 2co=2 cos2 co— 1;
2 cos co=Z+l/Z; HcnoAb3yfiTe KBaApaTnqHyio cpopMyAy.]

4. noKajKHTe, qTO ecAH ceftcMHqecKHft HMnyAbc bt = (bo, b\, . . ., b n ) HBAHeTCH
AeftcTBHTeAbHHM, to KopHH ero cneKTpa R cocTaBAHiOT qeTBepKH (KBaApynoAH) ZO,
1/Zo, Za h 1/Zo. PaccMOTpHTe cAyqaft KopHeft, pacnoAOKeHHHx ToqHo Ha eAHHHqnoM

Kpyre h Ha AeftcTßHTeAbHoft och. KaKOBO HaHMeHbmee qncAO TaKHX KopHeft?

32. TEOPEMA POBHHCOHA O 3AAEP>KKE SHEPfHH [11]

noKan<eM, hto MHHHMaAbHO cha3oßbift ceftcMnnecKHft cHraan HMeeT
MeHbiuyio 3aAepncKy SHepran, neM ak)6oh Apyroft, oahoctopohhhh cen-
CMHHecKHft CHraan c TaKHM me cneKTpoM. 3to 03HanaeT, hto sHeprnn,

PHC. 3.2. noAHan 3HeprHH cnraaAa
B CpHAbTpe B HHTepßaAe BpeMeHH OT
0 ao t.

1 — BCe HyjlH BHe OKpyJKHOCTH; 2 — HeKOTO-
Pbie HyjlH BHyTpH OKpyJKHOCTH

cyMMHpyeMan ot HyAH ao Aio6oro MOMeHTa BpeMeHH, aah MHHHMaAb-
HO q>a3oßoro ceftcMHHecKoro cnraaAa 6ojibiue hjih paßHa sHeprnH
b tom me HHTepßaAe ak>6oto Apyroro ceHCMHHecKoro cnrHana c TaKHM
>Ke cneKTpoM (pnc. 3.2).

CpaBHHM ABa ceftcMnnecKHx cnraaAa PBH h P BHe, KOTopne HAeH-
THHHH BO BCeM, 3a HCKAIOHCHHeM OAHOTO HyAH, KOTOpblft AOKHT BHe(^BHe) h BHyTpH (PBH) eAHHHHHoro Kpyra. 3to mo>kho 3anncaTb KaK

TAe b 6oAbUie s, a P hbahctch npon3BOAbHoft chyHKuneft CTeneHH n.

P*nz(Z) = (b+sZ)P{Z);
P**(Z) = {s+bZ)P(Z),
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Tenepb cocTaBHM Ta6nnuy haghob nccAeAyeMoro BbipanceHnn (Ta6n. 1).
Pa3HOCTb, KOTopan npHBOAHTcn b npaßoft rpache TafiAHun, oneBHAHO,KOTopan npHBOAHTcn b npaBOH rpacpe Taoni

IAOXHTeAbHa.

P p Pa Pa
BHe rBH BHe BH

bp0 sp0 (b 2 —s 2 ) p2
0bpi+sp0 spx + bp0 (b2 -s2 )(p2x -p2

0)

bpk + sPk-i spk ybpk - x (b 2 — s2 )(p2k — p2 k
_ x )

sp„ bpn (b 2 — s2 ) (—p2
n)

AOKa3aTb, HTO MHHHMaAbHO cha3oßbift CeHCMH
3aAep>KKy SHepran, BbinHCAeunn r

jTopnioTCH aah Kan<Aoro kophh ao Tex nop,
■ 3a npeAenn eAHHHHHoro Kpyra.

BcerAa nono>KHTenbHa
Ta6a h v a 1

t

0
1

(b 2 -s2)p 2
Q

(b2 -s2)p\

k (b2 -s 2 )p\

n + 1 0

AOKa3aTb, HTO MHHHMaAbHO cha3oßblft CeHCMHHeCKHft CHTHaA
AaeT HanMeHbuiyio 3aAepn<Ky SHepran, BbinHCAeunn rnaßHoro apry-
MeHTa noBTopniOTCH aah KantAoro KopHH ao Tex nop, noKa Bee ohh
He bhhavt 3a npeAeAbi eAHHHHHoro Kpyra.

ynpaMHeHHe

ZloKaxHTe npeAuiecTßyiomyio TeopeMy (o MHHHMyMe 3aAep>KKH aHeprHH) ajih kom-
nAeKCHbix 3HaqeHHft b, s n P. [lipeAynpeJKAeHHe. Hto cnpaßeAJMßo: PBB(s-ybZ)P,
hah PBS=(s-\-bZ)P?)

3.3. METOH TEnjIHUA

MeTOA Tennnua chaKTOpH3aunH cneKTpa ocHOBaH Ha oco6hx cbohct-
Bax MaTpnu Tennnua [12]. PaccMOTpHM npnMeHeHHe MaTpnun Ten-
AHua aah ocymecTßAeHHH chaKTOpH3auHn cneKTpa. B AaAbHefiuieM
6yAeM MHoroKpaTHO ccbinaTbcn Ha onncbißaeMyio 3Aecb anre6py. Ecah
Tpe6yeTcn npeACKa3HBaTb BpeMeHHbie phah (cnraaAbi), to sto mo>k-
ho ocymecTßHTb c noMombio TaX Ha3HßaeMoro npedcKasueawu^eao
cpiiAbTpa, KOTopbift HaxoAHTCH KaK peuieHHe chctcmh ypaßHeHHft Ten-
AHua. HopMaH JIeBHHcoH b cBoeM npHAon<eHHH k KHHre «BpeMeHHbte
pxdbi» HopSepTa BHHepa Bnepßbie 03HaK0MHA HH>KeHepOB c MaTpnueft
TenAHua. Ro stoto OHa 6bina mnpoKO H3BecTHa n npHMeHnnacb m/ib-
ko b SKOHOMHKe. HoHBAeHHe cc cHanana b skohomhkc coßepuieHHo
ecTecTBeHHO, TaX KaK b Heft paccMaTpHßaiOTcn AaHHbie, 3aAaHHbie
b AHCKpeTHbix TOHKax bo BpeMeHH, TorAa KaK b HH>KeHepHOM AeAe
MHCAb O AHCKpeTHOM BpeMeHH 6bUia B HeKOTOpoft CTeneHH HCKyCCTBCH-
Hoft ao noHBAeHHH unchpoßbix 3BM. Heo6xoAHMocTb npeACKa3aHHH
b SKOHOMHKe OHeBHAHa. B ceftcMOAornH 6oAbuinft HHTepec npeACTaB-
AneT He npeACKa3aHHe boahoboto npouecca caMO no ce6e, a ouin6Ka

t

k=o
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npeACKa3aHHH. npn Hcnonb3oßaHHH OTpanceHHbix boah paccMaTpHßae-
Man CHTyauHH cxonta Ha paAHonoKaunoHHyio, rAe BpeMH 3aAepn<KH
npHMO nponopunoHaAbHo cf)H3HHecKOMy paccTOHHino. 3to cnpaßeAAH-
bo aah odnoKpaTHO (nepeuHHo)-orpameHHhix bojih. Cepbe3Hoe ocnont-
HeHHe BO3HHKaeT Ha npaKTHKe npn pa3BeAKe b mcakhx Mopnx, rAe
HHTeHCHBHbie 3ByKOßbie boahh pacnpocTpaHHiOTcn BnepeA n Ha3aA,
nonepeMeHHO OTpan^ancb ot noBepxHOCTH h AHa Mopn. 3th boahh
Ha3HBaiOTCH MHoeoKparHO-oipameHHhiMH l . Pa3AeAeHHe nepßHHHbix n
MHOroKpaTHO-OTpanceHHHX boah bo3moh<:ho Ha ochobc npeACKa3aHHH.
J3,eftCTBHTeAbHO, MOMeHT HOHBAeHHH MHOTOKpaTHO-OTpajKeHHOft BOAHH
mo>kho npeACKa3aTb Ha ocHOBe paHee npHHHTbix OTpaxeHHbix cnraa-
aob. B to me BpeMH nepßHHHbift oTpaHceHHHft cnraan TaKHM cnoco-
6om HenpeACKa3yeM. TaKHM o6pa3oM, noAe3Hyio HHchopMaunio HeceT
b ce6e Ta nacTb cencMorpaMMH, KOTopan hbahctch HenpedcKa3yeMoii 2.
3BM, npeAHa3HaHeHHbie aah HHTepnpeTauHH AaHHbix ceftcMHHecKoii
pa3BeAKn, o6hhho peuiaiOT 3a AeHb okoao 100 000 chctcm cobmccthhx
ypaßHeHHft Tennnua.

Apyroft BancHoft oSnacTbio npnMeHeHHn anreSpbi, CBH3aHHoft
c MaTpnnaMn Tennnua, HBAneTcn cneKTpanbHbift aHann3 c bhcokhm
pa3pemeHHeM, Heo6xoAHMbift, HanpHMep, aah onpeAeAeHHH sHepreTH-
HecKoro cneKTpa cHraanoß Ha ocHOBaHHH KopoTKoft Bbi6opKH AaHHbix
(bo BpeMeHH hah b npocTpaHCTße) . 06menpHHHTbie cTaTHCTHnecKne h
MHnceHepHbie no3HaHnn no STOMy npeAMeTy ocHOßbmaioTCH Ha Aony-
meHHHX, KOTopne nacTO OKa3HBaK)TCH HenpneMAeMHMH reochn3HHecKH.
3Ty cHTyauHio xopomo H3ynnA Rmon Bypr, ncnoAb3oßaß HeKOTopne
cneuHchnnecKHe CBoftcTßa MaTpnu Tennnua aah pa3pa6oTKH CBoeft
npoueAypn MaKCHManbHo-SHTponHHHoro cneKrpanbHoro aHaAH3a, onn-
cbißaeMoft b oahom H3 nocAeAyiomHx pa3Aenoß.

Apyroft o6nacTbio, rAe MaTpnun Tennnua nrpaiOT ocHOßHyio ponb,
HBAHeTCH MaTeMaTHHeCKan C|)H3HKa, C nOMOmbK) KOTOpoft OnHCHBaiOTCH
cnoHCTbie cpeAH. reochH3HKH nacTO HcnoAb3yiOT Monenb 3cmah b BH-

Ac coBOKynHOCTH nnocKux nnacTOß hah b BHAe KonueHTpHnecKHX cche-
pnnecKHX nponnacTKOß, me Ka>KAHft nponnacTOK hah nnacT HBAHeTCH
OAHOpOAHHM. OAHaKO, KaK STO HH yAHBHTCAbHO, BO MHOTHX KHHT3X
no MaTeMaTHnecKoft (f)H3HKe He ynoMHHaiOTCH MaTpnun Tennnua. 3to
nponcxoAHT noTOMy, hto ohh nocßHnieHH npxMMM 3aAanaM, t. c". pac-
neTaM boah (hah noTeHunanoß), Ha6AK)AeHHbix b cpeAax c H3BecTHHM
CTpoenneM. B reochn3HKe me nac HHTeDecyiOT He TOAbKO npHMbie, ho h
06partible 3aAann, b KOTopnx boahh Ha6AK)AaiOTCH Ha noBepxHOCTH
3eMAH, a mh xothm onpeAeAHTb cTpoeHHe cpeAH BHyTpn 3eMAH.
B nocAeAyiomnx pa3Aenax paccMaTpHßaeTcn peuieHHe o6paTHoft 3a-
Aann c noMoiubio MaTpnun TennHua.

3anaAHM HeKOTopyio chyHKUHio BpeMeHH xt, KOTopan Mon<eT 6biTb
MHHHMaAbHO cha3oßofi hah He 6biTb eio. OnpeneAHM cc cneKTp Bbipa-

1 MHoroKpaTHo-OTpa>KeHHbie boahh, BO3HHKaioiUHe b MeAKoft BOAe, o6biqHo Ha-
-3bißaioT peßepSepauHOHHbiMH BOAHaMH. (IJpUM. nepee.)

2 CAeAyeT OTMeTHTb, qTO KpaTHO-OTpa>KeHHHe boahh TaK>Ke AaiOT HeKOTopyio
noAe3Hyio HHfpopMauHio, HanpHMep, o norAOLueHHH n paccenHHn boah b cpeAe h t. n.
(TlpuM. nepee.)
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nceHHeM R(Z)=X(\/Z)X(Z). KaK 6nno noKa3aHo paHee, ecnn 3aAaH
TOAbKO cneKTp R(Z), to HeT bo3moh<hocth onpeneAHTb, 6nn ah oh
BHHHCACH AAH MHHHMaAbHO Cpa3OBOH (hyHKUHH HAH AAH HeMHHHMaAb-
HO cha3oßoft. Mohcho npeAnono>KHTb, hto cymecTßyeT MHHHMaAbHO
cha3oßan_ chyHKunn B(Z), cooTßeTCTßyiomaH AaHHOMy cneKTpy, t. c.
R(Z)=E(I/Z)B(Z). TaX KaK B(Z) no npeAnonoKeHHio hbahctch
MHHHMaAbHO cj)a3oßoft chyHKuiieft, to OHa HMeeT HeKOTopyio oSpaTHyio
chyHKUHio A(Z) = \/B(Z), KOTopyio mo>kho HaftTH cnenyiouiHM
o6pa3oM:

(3.3.1)

(3.3.2)

Rah onpeAeAeHHH chyHKUHH A (Z) hco6xoahmo npnpaßHHTb Koschchn-
UHeHTbi npn CTeneHnx Z. HanpHMep, aah cAynan, KorAa chyHKunn
A (Z) HBAHeTCH KBaApaTHHHoft (ao\-aiZ-ya 2Z2 ), KoschchnuneHT npn
Z° b Bbipa>KeHHH (3.3.2) HMeeT bha

roao-yr-iai-yr-2a2=b0. (3.3.3a)

KoschchnuneHT npn Z 1 cootbctctbchho paßeH

r2ao-yriai-yr0a2=o. (3.3.3b)
OSTjeAHHHH hx, nonynnM coßMecTHne ypaBHeHHH

(3.3.4)

H3 nocneAHero Bbipan<eHHH hcho, KaK o6o6mnTb ero aah chctcmh
coßMecTHbix ypaßHeHHft npOH3BOAbHon pa3MepHOCTH. TnaßHaH Anaro-
Hanb MaTpnun conepn<HT r0 bo Bcex no3HUHnx. AnaroHaAb, pacnono-
nceHHan noA rnaßHoft AHaroHanbio, BciOAy coAepncnT r\. Ben MaTpnua
3anoAHeHa aHaAorHHHO. TaKan MaTpnua Ha3HßaeTcn MaTpnueft Ten-
nnua. nycTb a'k=ak/ao. HanoMHHM, hto cornacHO anropHTMy nene-
hhh MHoroHAeHOB& o=l/ao. 3anaAHM noAon<HTeAbHoe hhcao v= l/aoao.
Tenepb, pa3Aennß BeKTopn c o6enx ctopoh BbipancemiH (3.3.4) Ha ao,
nonynnM xopouio H3BecTHyio chopMy sthx ypaßHeHHft:

3to BbipajKeHne AaeT Tpn ypaBHeHHH aah Tpex HeH3BecTHnx a\, a'2
h v. Rah npHBeneHHH Bnpa>KeHHH (3.3.5) k bhav, yAo6HOMy aah npH-

R (Z)=g(+)s(Z)=^Li
R(Z)A(Z)=B(±)=b0 -y b^-y...

/*i«o+roai+r_ia2=o, (3.3.36)
n, HaKOHeu, KoschchnuneHT npn Z2 paßeH

r0 r- X r- 2 #0 b0
r x r a r. x ax — 0| .
r 2 rx r0 -* *- a 2 -" *- 0

"r0 r_j /-_ 2 "J r1 "1 v '

r, r0 r_, a', = 0 (3.3.5)
r2 r| '"o <*'* 0-*
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MeneHHH cTaHAapTHbix nporpaMM peuieHHH chctcm ypaBHeHHH, Hy>KHo
pa3AeJiHTb BeKTOpbi c o6enx ctopoh nocjieAHero paBeHCTBa Ha v.
nocjie peuieHHH ypaBHeHHH nojiynHM KO3(p(pHUHeHT 00,o0, ynHTHBan, hto
oh HMeeT MOAVJib, paBHHH \\Yv -> a ero f^ 333 npoH3BOJibHa, TaX me
KaK h npn <paKTopH3auHH cneKTpoß MeTOAOM Kopneft.

3AeCb HeCCHMHCT MOT 6U BOCKJIHKHyTb, HTO nOJIHHOM A (Z) =ao+
-\-a\Z-\-a2Z2 , HaiiAeHHbiH H3 peuieHHH chctcmh cobmccthhx ypaßHe-
HHH, He 06H3aTeJIbH0 AOJI>KeH 6blTb MHHHMajibHO (pa3OBHM, TaX HTO
Mbl He MOTJIH 6H HenOCpeACTBeHHO BHHHCJIHTb B(Z) H3 3aBHCHMOCTH
B(Z) = \/A(Z). Oh mot 6h VTBep>KAaTb, hto npn peuieHHH, BepoHT-
HO, BO3HHKHyT TpyAHOCTH, OCO6eHHO, eCJIH pa3MepHOCTb CHCTeMbI
(3.3.5) He 6buia B3HTa AOCTaTOHHo 6ojibiuoH. B AencTßHTejibHocTH me
3KcnepHMeHTaTopbi AaBHo 3HaiOT, hto neccHMHCTH He npaßbi. J\qk2l-
3aTb sto mojkho AOCTaTOHHo jierKo coBMecTHo c onncaHHeM MaHIHH-
Horo ajiropHTMa, KOTopbift ncnojib3yeTCH ajih peuieHHH CHCTeMbI ypaß-
HeHHH (3.3.5).

CTaHAapTHbie MauiHHHbie ajiropHTMH ajih peuieHHH chctcm ypaß-
HeHHH TpeSyioT 3aTpaT BpeMeHH nponopunoHajibHO BejiHHHHe n3 h
ofiijeMa MauiHHHOH naMHTH nponopuHOHajibHO BejiHHHHe n2. MauiHH-
hhh ajiropHTM JIeBHHCOHa [13] ajih MaTpnu Tenjinua Tpe6yeT 3aTpaT
BpeMeHH nponopunoHajibHO BejiHHHHe n2 h 06'beMa naMHTH nponop-
UHOHajibHO BejiHHHHe n. 3aMeTHM, hto MaTpnua Tenjinua coAep>KHT
MHOTO OAHHaKOBHX SJieMeHTOB. JIeBHHCOH HCnOJIb3OBaJI 3Ty cneuH(pH-
necKyio chmmctphio MaTpnu Tenjinua ajih pa3pa6oTKH cßoero «6hct-
poro» MeTOAa (noAo6Horo BnO).

3tot MeTOA ocHOBaH Ha npn6jiHH<eHHH, Ha3HBaeMOM peKypcnen.
CymHOCTb TaKoro noAXOAa 3aKJnonaeTCH b tom, hto, 3aAaß peuieHHe
CHCTeMH ypaBHeHHH pa3MepHOCTH k)K.k, mh yKa3HBaeM KaK HaHTH
peuieHHe chctcmh pa3MepHOCTH (&+l)X(&+l)- CHanajia Heo6xoAH-
mo nojiynHTb peuieHHe ajih k=\; 3aTeM cjieAyeT noßTopHo (peKypcHß-
ho) npHMeHHTb cHCTeMy rpopMyji, yßejiH^Hßan k Ha eAHHHuy Ha Ka>K-
AOM 3Tane. IToKajKeM, KaK ocymecTßjiHercH peKypcnn ajih (pyHKHHH
AencTßHTejibHoro BpeMeHH (rk—r-k), hah ot chctcmh ypaBHeHHH
pa3MepHOCTH 3X3 k cncTeMe pa3MepHOCTH 4X4. 06iuhh cjiynan npeA-
jiaraeM ajih pa3pa6oTKH HHTaTeJiio.

3aAaAHM CHCTeMy ypaBHeHHH pa3MepHOCTbK> 3X3 h TorAa cc pc-
uieHHe

(3.3.6)

3aTeM onpeAeJiHM BejiHHHHy c npn
AaHo c):

33AaHHOM rz (hjih r3 , ecjin 3a-

Ir0 r, r2 r 3 1 1 1

(3.3.7)

>" r, r, "I J* I"1 ro "]
r, r, a, = 0 .

'r r,2 r0 Lag J q-'

V

0
0
0

'i r0 rx r2 a,
r2 r, r0 rt \\ a 2

Lr3 r2 Tj rO JL °
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nepßbie Tpn ctpokh b BHpa»eHHH (3.3.7) TaKHe me, KaK h b chctc-
Me (3.3.6); nocjieAHHH cTpoKa npeACTaßJineT co6ofi HOBoe onpeAeJie-
HHe BejiHnHHH c. PeKypcnn, no JleßHHcoHy, noKa3HBaeT, KaK nojiynHTb
peuieHHe a' ajih chctcmh ypaBHeHHH pa3MepHOCTH 4X4, KOTopan no-
xo>Ka Ha CHCTeMy (3.3.6), ho HMeeT 66jibuiyio pa3MepHOCTb:

v
0
0
0

(3.3.8)

Ba>KeH cjieAyiomnft npneM: Ha c
nncbmaiOT «o6pameHHyio» CHCTeMy
MaTpHHaMH 3aTpyAHHTeJIbHH), HaAO

BHpa^KeHHH (3.3.7) 3a-OCHOBaHHH

ypaBHeHHH
3anncaTb b

fl (eCAH AeHCTBHH HaA
Bbipa^eHHe (3.3.7) KaK

CHCTeMy ypaBHeHHH, a 3aTeM npoAejiaTb o6pauj,eHHe cTeneHefl HeH3-
BecTHbix h nopHAKa ypaBHeHHH:

PeKypcnn no JleßHHcoHy 3aKJnonaeTCH b BHHHTaHHH cmc HeH3BecTHOH
nacTH c 3 Bbipa>KeHHH (3.3.9) H3 (popMyjibi (3.3.7) TaX, hto6h npjiy-
HHTb b pe3yjibTaTe chctcmh (3.3.8). TaKHM o6pa3oM,

CAeJiaTb npaßyio nacTb Bbipa^KeHHH (3.3.10) noxojKefi Ha npa-
Byio nacTb chctcmh (3.3.8), hco6xoahmo y6paTb hh>khhh 3JieMeHT.
Jljih 3toto AOCTaTOHHO nojioxcHTb Cz=e/v. 3to npeAnojiaraeT, hto
v'=v—cse=v—e2/v=v[\ —(e/v) 2 ]. TaKHM o6pa3oM, peuieHHe chctc-
mh pa3MepHOCTH 4X4 nojiy^eHO H3 peuieHHH chctcmh pa3MepHOCTH
3X3 cjieAyiouiHM nyTeM:

m n i -o-T

a'i L_ fa2l > — — a2 I- (3.3.12)
a'2 \ a 2 v \ ax

L«. J o -1 - i

Mh noKa3ajiH, KaK nojiynHTb peuieHHe chctcmh ypaBHeHHH TenjiH-
ua pa3MepHOCTH 4X4, 3Han peuieHHe chctcmh ypaBHeHHH Tenjinua
pa3MepHOCTH 3X3. PeKypcHH no JleßHHcoHy npeAnojiaraeT Bbinojme-

r0 rx r2 r3

rx rQ rx r2 a
r% rx r0 rx a

-r3 r2 rx r0 a

'">"
rx r2 r3 . 0 , c '

"'''"' " = ° " (3.3.9)r 2 r, r0 r, a, 0 '
._/3 r2 r, r0 1 _ _v _

r0 rx r2 r3 1 0 T v c
rx r9 r x r 2 ax _ a 2 I I 0 _ 0 6)
/■2 r, r0 rx a2ax 0 0

.J% f2 fi f«_ _0 _ _ 1 _!' _ £ _ _ v _

e-iWa-;; (3.3.H)
J'-O

B'^tjl -(e/v)2]. (3.3.13)
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Hue TaKHx uiaroß, HanHHan c pa3MepHOCTH IXI ao pa3MepHOCTH

PaccMOTpnM cmc pa3BHHHCJieHHH, hto6h yBHAeTb, noneMy (pyHK-
uhh A(Z) OKa3HBaeTCH MHHHMajibHO rpa3oßoft. J\jin Ha^ajia otmcthm,
hto BejiHHHHH y=l/aoao h v''=l /'a'\a!"o BcerAa nojiOH<HTejibHH. H3
(popMyjibi (3.3.13) cjieAyer, — \<.e/v<i-\-\. (To, hto BejiHHHHa

c—e/v orpaHnneHa eAHHHuen, 6yAeT noKa3ano no3>Ke b cbh3h c TeM,
hto KO3(p(f)HHHeHTH OTpaxeHHH bojih lawme orpaHHneHbi) . ,fl,ajiee
BbipanceHHe (3.3.12) mojkho 3anncaTb b BHAe nojiHHOMa

H3BeCTHO, HTO BeJIHHHHa Z3 HMeeT eAHHHHHHH MOAyJIb Ha eAHHHHHOH
OKpy^KHOCTH. AHaJIOTHHHO (AJIH AeHCTBHTeJIbHHX BpeMeHHHX pHAOB)
cneKTp (pyHKUHH A(Z) paßeH cneKTpy (pvhkhhh TorAa (cjie-
Ayn TeopeMe aAAHTHBHoro cjiojkchhh noMex c MHHHMajibHO rpa3OBHM
CeHCMHHeCKHM CHTHaJIOM) , eCJIH (pyHKHHH A (Z) HBJineTCH MHHHMajib-

HO (pa3OBOH, TO H (pyHKHHH A'(Z) TaK>Ke 6yAeT MHHHMajibHO (pa3OBOH.
CjieAOßaTejibHO, cjieAyiomne TpH yTBep>KAeHHH SKBHBajieHTHH.

1. R(Z) HMeeT (pop My X (-j-)x(Z).
2. |c A|<l.
3. OyHKHHH A (Z) HBJineTCH MHHHMajibHO (pa3OBOH.
Ecjih xoth 6h oaho H3 sthx yTBep>KAeHHH HecnpaßeAJiHßO, to Bee

ohh HecnpaßeAJiHßH. IlporpaMMa ajih BHHHCJieHHH bcjihhhh ak h Ck

PHC. 3.3. MaiHHHHan nporpaMMa, bh-
nojiHHiouiaH peKypcHio, no JleßHHcoHy.
npe^nojiaraeTCH, hto Bxo/iHoe 3Haqe-
HHe r HopMajiH3oßaHO AeJieHHeM Ha rO.

KoMnjieKCHaa apncpMeTHKa Heo6«3a-
TejibHa

210 E=E+R(I)*A(J-I+1)
C(J)=E/V(J-1)
V (J)-V( J-l) -E*CONJG(C (J) )
JH-(J+l)/2
DO 220 I=I, JH
BOT=A(J-I+l)-C (J) *C0NJG (A(I) )
A(I)=A(I)-C(J)*CONJG(A(J-I+l))

no Tk npHßeAeHa Ha pnc. 3.3. B rjiaße 8, nocßnmeHHOH BonpocaM pac-
npocTpaHeHHH bojih b cjiohcthx cpeAax, npHBOAHTcn nporpaMMH ajih

BHHHCJieHHH Tk no 3aAaHHHM Clk HJIH Ck-

ynpajKHeHHH
1. riycTb BepxHAH CTpoKa b cHCTeMe coßMeeTHbix ypaBHeHHH TeiMHita pa3MepHOCTH
4X4, noAo6HOH CHCTeMe (3.3.8), HMeeT bha

2. KaK H3MeHHTb cnoco6 JleßHHcoHa ajih cjiyqan KOMnjieKCHbix BpeMeHHbix cpyiiK-
HHH? B HaCTHOCTH, VAQ BCTpeHaiOTCH KOMnjieKCHO-COnpHJKeHHbie BejIHWHHbI B (popMV-
Jiax (3.3.11), (3.3.12) h (3.3.13)?

A'(Z)=A(Z)— (e/v)Z3A(lfz). (3.3.14)

COMPLEX R,A,C,E,BOT,CONJG
C(l)=-1.; R(l)=l.; A(l)-1.; V(l)-1.

200 DO 220 J=2,N
A(J)=O.
E=o.
DO 210 I=2, J

220 A(J-I+l)=BOT

(ll l \11, 4-, ~r-16-, —- 4 I. KaK BwqncJiHTb akl
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3. IlycTb BejiHHHHa Am (Z) o6o3HaqaeT HeKOTopbiH nojiHHOM, KO3(p(pHHHeHTbi ko-
Toporo hbjihiotch peuieHHHMH cHCTeMbi ypaBHeHHH TenjiHHa pa3MepHOCTH my^m. \~lo-
Ka^KHTe, hto ecjiH Bh(Z)=ZhAh(Z- 1), to cooTHouieHne

03HaHaeT opToroHajibHocTb nojiHHOMOB B m (Z) hZn Ha e/inHMHoft oKpyjKHocTH npH
nojioiKHTe^bHO B3BeuieHHoH (pyHKHHH R. Hcnojib3yH stot pe3y;ibTaT, o6i.HCHHTe, no-
qeMy nojiHHOMbi B m vBn opToroHajibHbi, t. c.

[yKa3aHHe. CHa^aJia paccMOTpnTe CJiyqaft n^.m, a 3aTeM Bee n]. MaTpHHbi TenjiH-
Ha paccMaTpHBaiOTCH b MaTeMaTHqecKoft jiHTepaType Ha TeMy 06 opToroHajibHOCTH
nOJIHHOMOB Ha eAHHHHHOH OKpy>KHOCTH. ABTOp OCO6eHHO pCKOMeHAyeT no 3TOMy
Bonpocy KHHry ATKHHCOHa [14].

3.4. 3KCnOHEHUHAJIbHO-JIOrAPH<i>MHHECKHH
METOfI BHTTJIfI [15]

B ocHOBe MeTOAa (paKTopH3aHHH cneKTpa jiokht 3aMeHa cTeneHHbix
pHAOB oahoto BHAa Ha pHAH Apyroro BHAa. KaK h b MeTOAe KopHeft,
3TO XOpOUIO AJIH H3yneHHH, HO HeyAO6HO AJIH BHHHCJieHHH. HaHHeM
C HeKOTOpOH 3aAaHHOH aBTOKOppeJIHHHOHHOH fpyHKHHH rt, i\Ae

Ecjih |/?|>»2 Ha eAHHHHHoft OKpy>KHOCTH, to Heo6xoAHMo pa3AejiHTb
fpyHKHHio Ha stot MacuiTa6HHH MHO>KHTejib. rioACTaBHM stot CTeneH-
hoh pnA b CTeneHHOH pHA AJin Jiorapn(pMa

Ha npaKTHKe sto Tpe6yeT mhoto ycHJinft, ho mojkct 6biTb npoAejiaHo
aBTOMaTHnecKH Ha 3BM. Tenepb BBeAeM BpeMeHHOH pnA u+t, nojiyneH-
hhh nyTeM HCKJHoneHHH OTpHuaTejibHbix CTeneHeft Z H3 U(Z):

FIoACTaBHM ero b CTeneHHoft pnA ajih SKcnoHeHTbi:

OyHKHHH B(Z) HBJineTCH Tpe6yeMHM MHHHMajibHO (pa3OBHM ceflcMH-
necKHM cnrHajioM co cneKTpoM R(Z). JJ[jih HarjiHAHOCTH paccMOTpHM

2k
1 *»v,pnm = -£- 1 # (Z) #m (Z) Z-n du> npn n<im

o

2«
V,finm = j*&Bn ( Z) Wn[\~\ **>

6

R(Z)=. . .+r- lZ- l+r0+rlZ+r2Z2+. .

U (Z) =InR (Z) =(R - 1) - (R^>+ (-~-^- -
... + w_ 12- 1

+"0 +"iZ+"2Z2 + ... (npn o</?<2)

f/+ (Z)-=^-+ttIz-H«,z»+...

B(Z) = c"+ < z>= 1+C/+ +
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cjieAyiouiHe TOJKAecTBa:

TaKHM o6pa3oM, nojiynaeM pa3Jio>KeHHe R(Z) na Tpe6yeMbie conpn-
HceHHbie nacTH. HaKOHeu, nocMOTpnM, noneMy (pyHKHHH B(Z) =
=eXp [U+(Z)] HBJIHeTCH MHHHMajibHO (pa3OBOH. ,3,JIH 3TOTO AOCTaTOH-
HO 3HaTb O pHAe U+(Z), HTO OH OrpaHHHeil H He CQAepJKHT OTpHUa-
TejibHbix cTeneHen Z. CymecTßyeT ABa AoKa3aTejibCTßa.

riepßoe AoKa3aTejibCTßo cjieAyeT H3 toto, hto MHHMan nacTb
b U(Z) Ha eAHHHHHofI OKpyn<HOCTH xapaKTepH3yeT (pa3OBHH yroji Be-
JIHHHHH B(Z). JJ,JIH TOTO HTO6bI (pyHKUHH B (Z) 6blJia MHHHMajibHO

(pa3OBOH, cc (pa3a He AOJiJKHa yßejinnnßaTbcn npn BpameHHH Z no
eAHHHHHOMy Kpyry Ha KpaTHbie 2jt 3HaneHHH; ApyrHMH cjiOBaMH, (pa3a
AOJi>KHa 6biTb nepHOAHHHOH c nepHOAOM 2jt. Ohcbhaho, hto (pa3a
4>vhkuhh u\ sin co+«2 sin2©+. . . yAOßjieTßopneT 3TOMy ycjioßHio.
BTopoe AoKa3aTejibCTßo 6ojiee a6cTpaKTHO. 3aMeTHM, hto cymecTßyeT
eAHHCTBeHHan BO3MO>KHOCTb ajih (pyHKHHH B (Z) =exp [l/+(Z0)] 06-
-paTHTbcn b Hyjib npn HeKOTOpOM 3HaHeHHH ZO, KOTAa pHA U+(Z0 )
paßeH — oo; ApyrHMH cjiOBaMH, sto bo3mo>kho, ecjiH pHA £/+ (Z) pac-
xoahihhhch. OAHaKo sto HeBO3MOH<Ho BHyTpH eAHHHHHoro Kpyra, TaX
KaK MH HCnOJIb3OBajIH AJIH (pyHKHHH U(Z) JIOrapH(j[)MHHeCKHH pHA,
KOTOpbIH a6COJIKDTHO CXOAHTCH Ha CAHHHHHOH OKpyjKHOCTH; 3TO 03Ha-
naeT, hto pHA U+(Z) cxoahtch (orpaHnneH) BHyTpH Kpyra. ITocKOJib-
Ky (pyHKHHH B(Z) He Mon<eT HMeTb Hyjieft BHyTpH cahhhhhoh OKpy>K-
HOCTH, TO OHa AOJI/KHa 6blTb MHHHMajibHO (pa3OBOH.

ynpajKHeHHH

1. KaK mojkho nojiynHTb (pyHKHHio B(Z), ecjiH \R\>2 Ha eAHHHqHoft okp\okhocth?
2. FlojioxHM, hto U + (Z)=aZ. J\nn 3HaqeHHH a=— 1, 0,1, 100 h i H3o6pa3Hre

(pyiiKHHH BpeMeHH, cß»3aHHbie c B(Z). HapncyHTe TaKJKe hx cneKTpbi. HaftAHTe
cpej,H hhx 0/j.hh, KOTopufl noxox Ha rayccoßyio KpHßyio.

3. CeflcMorpaMMbi MoryT SbiTb cnetZTpaAbno ypaeneHbi nyreM ;i,ejieHHH Oypbe-
npeo6pa3oßa.HHH KaKAoft ceflcMorpaMMbi Ha cc Mo/tyjib h nocjie,nyiomero yMHO»ceHHji
Ha cpe/iHHH MO/j,yjib. 3to paßHocnjibiio CBepTKe c noMombio CHMMeTpHqHoro cpHjibTpa.
KaK mojkho onpeACJiHTb cneKTpajibHoe ypaBHHBaHHe ceflcMorpaMMbi c noMombio 4>h-
3HH6CKH peajlH3yeMMX (pHJIbTpOB?

4. PaccMOTpHTe KO3(p(pHHHeHTbi npoH3BOAHoft no Z (pyHKHHH In B{Z) — U(Z)
h Haft^HTe penyppeHTHbie cooTHouieHHH ajih onpe^eJieHHH uh no 3aAaHHOMy bk h
Ajih onpeAejieHHH bk no 3aAaHHOMy u&.

R (Z) = exp [In R (Z)\ = exp I -f+J] u*Z*+-^- +|j «AZ* j
-oo +1 ■

= exp(-?-+2 a*z*) exp(-r+fj a*z*)=
-oo * +1 '

== exp[c/ + (-i-)J exp [U + (Z)\ =B (-£\ B (Z).
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3.5. METOfI KOJIMOrOPOBA [16]

Ecjih b 3BM BBeAeHH KOScjxpHUHeHTH (x0
, xv x 2,...) nojiHHOMa

X(Z), to roßopnT, hto mh „pa6oTaeM bo BpeMeHHOft o6jiacTH a. Ecjih
Mb! H3O6pa3HM nOJIHHOM X (Z) HeKOTOpHM HHCJIOM TOHTK Ha eAHHHHHOH
OKpy>KHOCTH, to HMeeM HHCJia BHAa X(et<o°jX(etW1 , ..., X(e "), koto-
pne Ha3HBaK)TCH npeACTaßjieHHeM nojiHHOMa X(Z) b nacTOTHoft o6jia-
cth. B to me BpeMH 6bicTpoe npeo6pa3oßaHHe Oypbe HBJineTCH oneHb
3KOHOMHHM CpeACTBOM nepeßOAa pyHKHHH H3 BpeMeHHOH o6jiacTH
b cneKTpajibHyio (nacTOTHyio) h o6paTHo. EtosTOMy npHMeHeHHe Me-
TOAa (paKTOpH3aUHH BhTTJIH B HaCTOTHOH o6jiacTH npeAnoHTHTejibHO.
KpoMe toto, noncHHM (paKTOpH3auHio cneKTpa yme c Apyrofi tohkh
3peHHH.

HsiHHeM c HeKOTOpOH (pyHKHHH BpeMeHH hjih Z-npeo6pa3oßaHHH
X(Z)=xo+xiZ+. . . 06o3HanHM nepe3 Xk npeo6pa3oßaHHe (pyHKUHH
BpeMeHH, t. c. X(Z), bhhhcjichhoh ajih HeKOToporo HHCJia (k=o,
1, ..., n) TOHeK Ha eAHHHHHOH OKpy>KHOCTH. PaCCMOTpHM TO>KAeCTBa

Tenepb npH6aBHM k Uk h bhhtcm rjiaAKyio npoH3BOJibHyio (pyHK-
HHio Q&:

Tenepb rjiaBHHH Bonpoc 3aKJiioHaeTCH b tom, KaKofi bha AOJi>KHa
HMeTb (pyHKHHH (J)fe, qTO6bI TapaHTHpOßaTb npeo6pa3oßaHHe (pyHKHHH
Bk B MHHHMajibHO (pa3oßyK) OAHOCTOpOHHIOIO (pyHKUHK) BpeMeHH. ITpH
paCCMOTpeHHH MeTOAa BHTTJIH MH OTMeTHJIH, HTO BaJKHeHIHHMH CBOH-
CTBaMH pHAa U+(Z) hbjihiotch ero orpaHHHeHHocTb h o6pameHHe

RE PHC. 3.4. OnpeAeJieHHe (pa.3OBOH (pyHK-

i C ie IE ">j^ ro R0 OFT — Oypbe-npeo6pa3oßaHHe; / — $Yhku,hh,.
\ paßHan h npoTHßOnojioiuias no 3Ha*y .h.th

*" <^ OTpHU,aTeJitHbix 3HaqeHHft t

\

BpeMeHHoft (pyHKUHH ut b Hyjib npn t=o. TeM caMHM mh npeAnojia-
raeM, hto (pyHKHHH <I>k AOJi>KHa 6biTb Bbi6paHa TaKHM ospa3oM, hto6h
cyMMa Uk+i®k, npeo6pa3oßaHHan bo BpeMeHHyio o6jiacTb, Aaßajia
b pe3yjibTaTe BpeMeHHyio (pyHKHHio u+t, paßHyio Hyjno npn OTpHua-
TejibHbix 3HaneHHHX BpeMeHH. 3to MOJKeT 6biTb CAejiaHO cnoco6oM,
noKa3aHHHM Ha pnc. 3.4.

llto6h yBHAeTb, KaK Jierno Ha caMOM Aejie HaHTH MHHMyio HeneT-
Hyio nacTb 10, Bbi6epeM HHTerpHpyioHiHH (pujibTp H3 pa3AeJia 2.8 (6h-
jiHHeHHoe npeo6pa3oßaHHe) h H3o6pa3HM ero Ha pnc. 3.5.

=XA=e'"^=e^.

Rk = exp \- (Uk - i®k ) J exp ~±- (Uk + i®k ) = BkBk .
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JXjih onpeAejieHHH (pyHKHHH <bk BO3bMeM (pyHKHHio Uk bo Bpe-
MeHHOH o6jiacTH, t. c. nojiynHM ut, a 3aTeM yMHO>KHM cc Ha achctbh-
TejibHyio CTyneHnaTyio BpeMeHHyio (pyHKUHio, noKa3aHHyio Ha pnc. 3.5.
TorAa nojiynHM v+t=u0 , u\, . . . , tcm caMHM npeAnojiaraeTcn, hto
b nacTOTHOH o6jiacTH npoH3BeAeHa CBepTKa (pyHKunft Uk h Bk=o-\-i\

PHC. 3.5. riapbi TpaHC(popMaHHH, Hcnojib3(yeMbix b npeo6pa3oßaHHH THJibSepTa

X(<P HJIbTP c <Pa3OBHM CABHTOM Ha 90°). TaKHM 06pa30M, (pyHKHHH
O HafiAeHa.

PaCCMOTpHM BHOBb OnepaHHK) HCKJIIOHeHHH BCeX OTpHHaTeJIbHHX
CTeneHeft Z b (pyHKUHH U(Z), KaK sto 6hjio cAejiaHo b npeAHAymeM
pa3Aejie npn nocTpoeHHH (pyHKUHH U+(Z). JXnn npocTOTH paccMOTpHM
cjiynafl AeHCTßHTejibHbix rt; TorAa h (pyHKUHH tit AeHCTBHTejibHa:

Tenepb cocTaBHM HOByio (pyHKUHio <D nyTeM 3aMeHH KOCHHycoB Ha
cHHycbi b npeAHAymeM BbipajKeHHH:

3aMeTHM, hto onepauHH 3aMeHH cos t Ha sin t Mon<eT paccMaTpHßaTb-
CH KaK (pHJIbTpaUHH C (pa3OBHM cabhtom Ha 90°. B paccMaTpHßaeMOM
cjiynae 3aMeHa cos co Ha sin co AaeT pe3yjibTaT, 3aKjnoHaioiHHHCH
B TOM, HTO U+(Z) HMeeT TOJIbKO nOJIO^KHTCJIbHbie KO3(f)(pHUHeHTH
npn Z.

OaKTopH3auHH cneKTpa mctoaom KojiMoropoßa oneHb 6hctpo
peajiH3yeTCH Ha 3BM, TaX KaK b hem MoryT npHMeHHTbcn 6bicTpbie

U(Z) =. . .+M 1Z- 1+Wo+"i^+«2Z2+. . . ;

U=uo cos o+2«i cos (0+2«2 cos 2(o+. "

o=2«i sin co+2w2 sin 2co+. .
06T>eAHHHH (pyHKHHH U h i<s), nojiynHM (pyHKUHio c7+0:

-^(L/ +/s)=-I-"o+ 2 Z2 + ...=^+ (Z).
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npeo6pa3oßaHHH Oypbe. ripHHHHnHajibHHM HeAocTaTKOM stoto mcto-
Aa HBJIHeTCH TO, HTO pe3yjlbTaT CyMMHpOBaHHH BAOJIb BCefl eAHHHHHOH
OKpyjKHOCTH BcerAa He3HaHHTejibHo OTjinnaeTcn ot pe3yjibTaTa hhtc-
rpHpoßaHHH no OKpyjKHOCTH. KorAa cneKTp npocT, a hojiioch pacno-
jiojKeHH oneHb 6jih3ko k eAHHHHHOH OKpyn<HocTH, MeTOA TenjiHHa
MOHceT oKa3aTbcn 6ojiee yAOBJieTBopHTejibHHM. npocTan nporpaMMa
AJin 4>aKTopH3aHHH cneKTpa npHßeAeHa Ha pnc. 3.6. nojiynaeMbiH c cc

LX MUST BE A POWER OF 2.
PRINT THE TEST EXAMPLE.
FOURIER TRANSFORM.

10 CX(I)=.S*CLOG(CX(I)*CONJG(CX(I))) FORM THE LOG OF THE SPECTRUM
BEGIN THE HILBERT TRANSFORM
LX MUST BE EVEN

DOUBLE VALUES AT POSITIVE TIME
ZERO VALUES AT NEGATIVE TIME
END HILBERT TRANSFORM

INVERSE FOURIER TRANSFORM
PRINT MINIMUM PHASE WAVELET.

IN: ( 0.0, 0.0), ( 0.0, 8.0), (16.0, 0.0), ( 0.0, 0.0),

OUT: (15.6,-0.0), ( 0.0,-8.7), (-0.4,-0.0), ( 0.0,-0.7),

PHC. 3.6. nporpaMMa, BbinojiHHioiHaH (paKTopH3auHK> cneKTpa c noMombio Sbicrporo
npeo6pa3oßanHH Oypbe h npeo6pa3oßaHHH THjibdepTa. KoMnjieKCHbift pacieT o6H3a-
TejieH

noMombio pe3yjibTaT HBJineTCH npnSjiHmeHHHM, TaX KaK HHTerpnpo-
BaHHe no eAHHHHHOH OKpy>KHOCTH annpoKCHMHpyeTcn CyMMHpOBaHHeM
no neTbipeM TOHKaM.

ynpasiHeHHH

1. HaHecHTe Ha pnc. 3.4 /i,onojiHHTejibHbie cTpejiKH, KOTopbie noTpeSyiOTca npn pa6o-
Te C KOMnjieKCHbIMH (pyHKHHHMH BpeMeHH.

2. KaKoft cmmcji 6yjieT HMeTb noHHTHe MHHHMajibHO {pa3oßofl (popMbi cHrnajia,
ecjiH BpeMeHHyio h o6jiacTH B3aHMHO noMeiiHTb?

3. noKa>KHTe, KaK npoH3BecTH o6paTHOe npeo6pa3oßaHHe rHjib6epTa, OTbiCKHBan
v no 3aAaHHOMy (p. KaK 06-bHCHHTb tot (paKT, hto Hejib3H nojiynHTb BeJiHHHHy «0?

4. PaCCMOTpHTe MO/iejlb HaCTH 3eMJIH, B KOTOpOH X HBJIHeTCH KOOpAHHaTOH
B HanpaßJieHHH Ha ceßep, +z npe^craßjiHeT Bbicoiy nap, noßepxHocTbio 3eMjiH,
a MarHHTHbie Tejia pacnpe^eJieHbi b 3eMjie TaKHM o6pa3oM, hto ohh He co3,n,aiOT kom-
noHeHTbi MarHHraoro nojin b HanpaßJieHHH c BOCTOKa Ha 3ana/L IloKa3aTb, hto b pac-
CMaTpHBaeMOM cjiyqae MarHHTHoe nojie h n&A noßepxHocTbio 3cmjih mojkho npe^-
CTaBHTb BbipanceHHeM

r^e F(k) — HeKOTopbifl cneKTp npocTpaHCTßeHHbix nacTOT.
a. KaK BbuiHCjiHTb KOMnoHeHTy hx(x, 0) no 3a,n.aHHOH KOMnoHeHTe hz {x, 0) h

Hao6opoT, Hcnojib3yH npeo6pa3oßaHHe Oypbe?

LX=4
WRITE(6,FMT) (CX(I) , I=I,LX)
CALL FORK(LX,CX,I.)
DO 10 I=I,LX

CALL FORK(LX,CX,-1.)
K=LX/2
DO 20 J=2,K
CX(J)=CX(J)+CX(J)

20 CX(LX+2-J)=o.
CALL FORK(LX,CX,+I.)
DO 30 I=I,LX

30 CX(I)=CEXP(CX(I))
CALL FORK(LX,CX,-l.)
WRITE(6,FMT)(CX(I),I=I,LX)

LEAVE T=o ALONE

EXPONENTIATE

+00

**<*"*>]„ ffw [-») Iwi'*,
hz (x, z) J J [ I k I J

—oo



75

6. 3a,n.aHa KOMnoHeHTa h z(x, 0); KaK BbiHHCJiHTb BejiHHHHy ht(x, z)?
b. 3aMeTHM, hto npn 2= 0

a TaKJKe, hto F(k) (\k\-\-k) HBjiaeTCH OAHOCTopoHHeft (pyHKHHen ot k. C noMombio
MarHHTOMeTpa nojiHoro nojin mo>kho H3MepHTb BejiHHHHy

MOJKHO CKa3aTb OTHOCHTejIbHO BO3MO>KHOCTH OnpeAeJieHHH (pyHKHHH F(k)
H3 STOrO BbipaxeHHH?

r. KaK onpe^eJiHTb eAHHCTBeHHHM o6pa3oM 3HaneHHH bcjihhhh hx(x) h h z (x)
no 3aziaHHoH (pyHKHHH w(x)w(x).

3.6. nPHHUHfI nPHHHHHOCTH H PACnPOCTPAHEHHE BOJIH

ripHHHHn npHHHHHOCTH, 03HaHaK)HJ,HH OTCyTCTBHe peaKHHH CHCTCMH
Ao HacTynjieHHH BHeuiHero BO3AefIcTBHH, HaKjiaAHßaeT onpeAejieHHbie
orpaHHneHHH Ha npHpoAy pacnpocTpaHeHHH bojih. IIpHHHHn npHHHH-
hocth nacTO HapyuiaeTcn bcjicactbhc:

1) npH6jiHn<eHHH b TeopHH, KOTopne AeJiaioTcn ajih cc ynpomeHHn;
2) HenpaßHAbHoro noASopa KpHßbix npn onncaHKH 3KcnepHMeH-

TajibHbix AaHHbix;
3) npn6jiH>KeHHH, bboahmhx b npouecce npeo6pa3oßaHHH AH(p(pe-

peHUHajibHbix ypaBHeHHH b pa3HOCTHbie ypaBHeHHH.
HapyuieHHH npHHunna npHHHHHOCTH, no-BHAHMOMy, nacTO hbjihkdt-

ch pe3yjibTaToM HejiorHHHoro npnfijiHjKeHHH cneKTpajibHbix nacTOT,
HaxoAHHj,Hxcn 3a rpaHHuaMH AHana3oHa, npeACTaßJimouiero npaKTH-
necKHH HHTepec. rio-BHAHMOMy, TaKHe npH6jiHH^eHHH nacTO npnoSpe-
TaioT 3HaneHHe bcjicactbhc oneHb cjia6ofi cxoahmocth npeo6pa3oßaHHH
THJib6epTa. Mto KacaeTCH nyHKTOB 1 h 2, to yKa3aHHbie b hhx Hapy-
uieHHH npHHunna npHHHHHOCTH MoryT oKa3aTbcn onpaBAaHHHMH 6jia-
roAapn hh3khm 3aTpaTaM Ha pacneTH b cpaBHeHHH c 3aTpaTaMH Ha
60Jiee TOHHHH aHaJIH3. B OTHOUieHHH nyHKTa 3 H BHHHCJieHHH 8006m,e
cjieAyeT CKa3aTb, hto BbrreKaiOHiee H3 Hero HapyuieHHe npHHunna
npHHHHHOCTH o6hhho HMeeT KaTacTpo(pHHecKHe nocjieACTBHH. HanpH-
Mep, Aa>Ke ecjiH pa3HOCTHbie ypaBHeHHH AaiOT npaßHJibHoe peuieHHe
b o6jiacTH HHTepecyiomnx Hac nacTOT, to Ha Apyrnx nacTOTax noHTH
BcerAa Ha6jiK>AaeTCH orpoMHbifi poeT SKcnoHeHTH, nojiHocTbio pa3py-
uiaiomHH Tpe6yeMoe peuieHHe.

BojibuiHHCTßo TeopHfl pacnpocTpaHeHHH bojih pa3pa6oTaHo b na-
ctothoh o6jiacTH ajih OAHopoAHHx cpeA. Ecjih ohh onHcaHH b AeKap-
TOBOH CHCTeMe KOOpAHHaT, TO KOHeHHHH pe3yjlbTaT COCTOHT B TOM, HTO
pacnpocTpaHeHHe bojihh BAOJib och x onHCHßaeTcn Bbipa>KeHHeM

BojiHOßan Teopnn npeAycMaTpnßaeT BHpa>KeHHe bcjikhkhh k
nacTOTy h Apyrne <pH3HHecKHe napaMeTpn, TaKHe KaK CKor>oc P e3

TyxaHHe h t. a- PaccMOTpHM bha (pyHKHHH &(co) nocjie

+00

w (x) =hz (x) + ihx (x) = f eikxF (k) (\k\ +k) dk
—oo

h2x (x) -f- hhz2z (x) ■= w (x) w(x).

Y(x) =Y(0)eikx. (3.6. IV
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h nocMOTpHM, yAOBJieTBopneT jih oHa npHminny npHHHHHOCTH. JXpyrn
MH CJIOBaMH, COOTHOHieHHe (3.6.1) nOAOSHO CHCTeMe (pHJIbTpOB, H3O6panceHHOH Ha pnc. 3.7, rAe Y(0) npeACTaßjineT bxoahoh cnniaji (pnjib
Tpa, Y(x) — bhxoahoh cnrHaji, a e ikx — (pHJibTp, KOTopbifi MOAejiH
pyeT 34)(peKT pacnpocTpaHeHHH bojihh. Bonpoc 3aKjiioHaeTCH b tom

V(x) PHC. 3.7. MoaeJinpoßaHHe pacnpocTpa-
HeHHH BOJIHH C nOMOUI,bIO (pHJIbTpOB

HBJIHIOTCH JIH (pHJIbTpbl OAHOCTOpOHHHMH. 3TO 3aBHCHT OT KOHKpeTHO-
TO BHpa>KeHHH BejIHHHHbI &(©).

CHanajia paccMOTpHM npocToft cjiynafl, KorAa (pyHKUHH &(co)
cnpaßeAJiHßa ajih Bcex AeHCTßHTejibHbix nacTOT o). TorAa (pyHKUHH
eikx cooTBeTCTByeT (pa3OBOMy rpHJibTpy. Oh cjDHSH^ecKH peajiH3yeM,
KaK 6hjio noKasaHO paHee (cm. cTp. 52), TorAa h TOJibKo TorAa, KorAa
k((ii)x HBJineTCH MOHOTOHHO BO3paCTaiOHI,eH (pyHKHHeft HaCTOTH (0.

3aTeM npeAnojioncHM, hto (pyHKUHH &(co) KOMnjieKCHan. 3to 3Ha-
hht, hto 6yAeT 3aTyxaHHe. OneBHAHo, hto npHHUHn coxpaHeHHH 3Hep-
thh Tpe6yeT, hto6h AeflcTßHTejibHan nacTb BbipajKeHHH ikx 6ujia
OTpHHaTeJIbHOH.

OnpeAejiHM (pyHKUHio P(Z) KaK (pH3HHecKH peajiH3yeMHH (pa3o-
BHH (pHJibTp, a (jryHKHHK) B(Z) KaK (|)H3HHeCKH peaJIH3yeMHH MHHH-
MajibHO (pa3OBHH ceHCMHHecKHH cnrHaji. Jlio6yio (pH3HHecKH peajiH-
3yeMyio (pyHKHHio mojkho npeACTaBHTb b bhac B(Z)P(Z). IloTpe6yeM
TaKoro npeACTaBjieHHH (pyHKHHH e ikx :

npoH3BOAH onepaHHK) jiorapH(pMHpoßaHHH h Hcnojib3yn cp ajih 060-
-3HaneHHH (pa3H, HMeeM:

Pa36Hßan sto BbipajKeHHe Ha AeftcTßHTejibHyio h MHHMyio nacTH,
nojiynHM:

Tlpe^Ae Bcero, Ha ocHOBe 3aTyxaHHH —kiX—\n \B\ mojkho c no-
Mombio npeo6pa3oßaHHH THJib6epTa BbinncjiHTb (pa3y <pB- Ecjih cc
BbinecTb H3 krx, to ocTaeTcn (pa3OBHH cabht <pp (pa3oßoro (|)HJibTpa.
BcnoMHHM H3 pa3Aejia 2.6 (o (pa3oßbix (pHJibTpax), hto TaKoii (pHJibTp
<^vAeT (|)H3HHecKH peajiH3yeMHM TorAa h TOJibKo TorAa, KorAa (pa3a

,<JJ yßejiHHHßaeTcn c nacTOTOH. B 3aKjnoHeHHe otmcthm,
cP p iVi_ npHHunna npHHHHHOCTH ajih (pyHKHHH &(co) coctoht
qT° iHHCJieHi'? (J333151 <Pj>( 0) ) h b peuieHHH Bonpoca o tom, HBJineTCH jih
B fa mohotohho BOSpacTaiomeii ajih Bcex nacTOT.

B (Z) P (Z) =e'**=exp [i (k2+iki) x] . (3.6.2)

In |£|+i<pß+«pp=—kiX-\-ik Tx. (3.6.3)

In I £ I =^=—kiX;
q>P=krx— q>B -
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Bojibiuan nyTaHHHa BO3HHKaeT npn yneTe 3aTyxaHHH bojih, koto-
pbie, BepoHTiio, HMeioT bha ki^d) 2 (rayccoßo 3aTyxaHHe) hjih kitt
« | co I (HHOiyia Ha3HßaeMoe 3aTyxaHHeM c hoctohhhoh Ao6poT-

HOCTbK) Q). IIpHHHHa 3TOH nyTaHHHH 3aKJIK)HaeTCH B TOM, HTO 3TH
(pyHKHHH He HHTerpHpyeMH, nosTOMy ohh He HMeiOT cxoahihhxch npe-
o6pa3oßaHHH THJib6epTa; t. c. (pa3a q>B OKa3HßaeTcn decKOHeHHOH.
3tH (pyHKHHH COOTBeTCTByiOT BpeMeHHHM HMnyjibcaM, noxon<HM Ha
rayccoßH BpeMeHHbie (pyHKHHH exp (—t2 ), KOTopne He paBHH Hyjiio
HH B KaKHe MOMeHTH BpeMeHH. TaKHe (pyHKUHH He MoryT paccMaTpn-
BaTbcn b cTporoft cbh3h c jiioShm (pH3HHecKH peajiH3yeMHM npouec-
com; oAHaKO ohh AaiOT npeßocxoAHbie npaKTHHecKHe npn6jiH}KeHHH.
B AencTBHTejibHOCTH (pH3HHecKoe 3aTyxaHHe SHeprnn o6hhho cbh3h-
BaeTcn c HBjieHHeM pejiaKcauHH, oSjiaAaiomeH kohchhhm BpeMeHeM.
Xljih nacTOT, jien<aiHHX HHH<e nacTOTH pejiaKcauHH, 3aTyxaHHe mojkct

Ka3aTbcn HeonpeAejieHHo Bo3pacTaiom,HM c nacTOTOH, OAHaKO b Aeft-
CTBHTejibHOCTH 3aTyxaHHe yMeHbuiaeTcn ajih nacTOT, npeßbiniaiomHx
xapaKTepncTHHecKyio nacTOTy pejiaKcauHH. 3aTyxaHHe jaume co3AaeT
HCKajKeHne (pa3OBOH ckopocth H3-3a Ao6aBJieHHH opa3H q>B k (pa3e qpP,
HO B 60JIbIHHHCTBe CJiyHaeß CHHTaeTCH, HTO HCKa>KCHHe CJIHUIKOM Ma-
AO, HTO6bI erO MOHCHO 6bIJIO H3MepHTb.

Tenepb paccMOTpHM npHMep MOAejiHpoBaHHH pacnpocTpaHeHHH
bojih Ha 3BM. npocTeftuiHM npHMepoM HBJineTCH pacnpocTpaHeHHe
bojih 6e3 3aTyxaHHH. TorAa k=(d/v, r&e v — CKOpocTb pacnpocTpaHe*
hhh bojih b cpeAe. JXo nocTpoeHHH (pHJibTpa, KOTOpbift 6yAeT nepeHo-
cHTb bojihh Ha 6ojibuioe paccTOHHHe, nonpodyeM nepeHecTH hx Ha He-
6ojibuioe paccTOHHHe Ax. TaKoft (pHJibTp mojkho 6yAeT Hcnojib3oßaTb

// pa3ajih MOAejiHpoBaHHH pacnpocTpaHeHHH bojih Ha Sojibiuoe pac-
ctohhhc paßHoe X—NAx. Hcnojib3yeM SnjiHHeHHoe yceneHHe cTeneH-
hoto pnAa ajih noKa3aTejibHOH (pyHKHHH:

v

(3.6.4)v
l—2

h 6HAHHeftHoe npeACTaBJieHHe ajih

(3.6.5)

C nOMOUIbIO 3THX BHpaH^eHHH C yHeTOM 3aBHCHMOCTH k=(o/v, a TaK-
me o6o3HaHeHHH a=Ax/vAt nojiynHM

(3.6.6)

e"^

Mt^2(~~y

'"* -. Jttu
I+g (Z +W _ (Z + l)+a(Z-l)

c c — /Z-l\— (Z + l)-a(Z-l) —
(l-fl) + (l-f a)Z
(l+a) + (l-fI)Z '



noceAHHH *opra
nP HO6P eTaeT bha

~ -l/Z0 + Z (3.6.7)
elkAx^-r=zTz7-

n C\C\7\ 6vneT MHHHMajibHO (pa3OBOH
Bum aHaneHatem. b^P 8*""" 6VieT'L/hVkh peajiaaye-HM, earn
(byHKUHeii, to cpaaoßbra *HJil.ip Oyfler cph £c H npomuibie ana-

MeHHB BXOAHHX CHrHBJIOB «WT f^*?^ OCH +v, EcJl„ „eo6.XOAHMO
BOJina pacnpocTpaHaexcfl \H^mnonolm^ciopo«y B npocipaH-
nanpaßHTb .aaHHy.O Boray 3"^°"* H0 Chtb orpTOMeaMM*,

"J^?^" "« BXO«Horo «*«..

YnpajKHeHHe w ajth

yK a3aHHe. riycTb ft = w/o h, c*w>

-+toA<— 2lmln^l— 27j*
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4. PA3PEIUAIOmAH CFIOCOBHOCTb

npn noHCKax nojio>KeHHH onara 3eMJieTpnceHHH hjih 3anemn He(pTH
o6biHHa HeKOTopan HeonpeAeJieHHOCTb b ycTaHOBjieHHH MecTa, CKameu
(Ax, Ay, Az), cBH3aHHan c norpeuiHOCTHMH H3MepeHHH h cpH3HHecKH-
mh pa3MepaMH uejießoro 06'beKTa. npn H3MepeHHH sjieKTpHHecKoro
Hanpn>KeHHH norpeuiHOCTb H3MepeHHH paßHa Ay. CnrHaji nojie3HOH

ceftcMHHecKOH bojihh 3aHHMaeT nojiocy nacTOT Aco. BpeMH boshhkho-
BeHHH 3eMJieTpnceHHH HMeeT HeonpeAeJieHHOCTb, saßHcnmyio ot ajih-
TeJibHOCTH tojihkob A^. TejiecKon AHaMeTpoM Ad HMeeT b jiynuieM cjiy-
qae pa3pemaiomyK> CHJiy, H3MepneMyio onpeAeJieHHHM yrjiOBHM hh-
TepßajioM AO. npn H3MepeHHnx JKejiaTejibHO yMeHbuiHTb bcjikhkhh
Ax, Ay, Az, Ad, Ay, Aco, At h A9ao bo3mo>kho MeHbuinx 3HaneHHH.
OueHKH (Mepn) pa3peuiaioiHeH choco6hocth (Ha3HßaeMbie AHcnep-
chhmh, AonycKaMH, HeonpeAejieHHOCTHMH, nojiocaMH, npoAOJDKHTejib-
HOCTHMH, npOTHJKeHHOCTHMH, AHana3OHaMH H T. A-) HHOTAa B3aHMO-
AeftcTßyioT Apyr c ApyroM TaKHM o6pa3oM, hto JiioSan MOAH(pHKauHH
SKcnepHMeHTa, yMeHbuiaioman OAHy H3 hhx, AOJi^Ha c Heo6xoAH-
MOCTbio yBejiHHHBaTb Apyryio hjih HeKOTopyio KOM6HHaHHio Apyrnx.
B rjiaße o6cyjKAaiOTCH o6hhho BCTpenaiomHecH CHTyaHHH, KorAa 803-
HHKaioT noAo6Hbie npoTHßopeHHßbie bjihhhhh.

B 3toh rjiaße BejiHHHHa At Hcnojib3yeTcn ajih o6o3HaneHHH ajih-
TeJIbHOCTH CHTHaJia BO BpeMeHH, a BeJIHHHHa x — ajih o6o3HaneHHH
HHTepsajia BpeMeHH Me>KAy TOHKaMH bh6opkh (KBaHTOBaHHn). B Apy-
rnx rjiaßax At coßnaAaeT c x, t. c. HHTepßajioM Bbi6opKH (uiaroM
AHCKpeTH3auHH no BpeMeHH).

4.1. MACTOTHO-BPEMEHHOE PA3PEUIEHHE
H3BecTHHH b KBaHTOBofi MexaHHKe «npHHUHn HeonpeAejieHHOCTH»
HBJineTCH cjieACTBHeM Ha6jnoAeHHH, noKa3aßuiHx, hto 3-jieMeHTapHbie
HacTHHH BeAyT ce6n noAo6Ho BOJiHaM c nacTOTaMH, nponopHHOHajib-
HHMH MOMeHTaM KOJIHHeCTBa ABH>KeHHH HaCTHH. 3aKOHH KjiaccHHe-

ckoh MexaHHKH no3BOJiHK)T npeACKa3HBaTb SyAymee noBeAeHHe Mexa-
HHHeCKOH CHCTeMbI nyTeM SKCTpanOJIHHHH OT H3BeCTHOro coctohhhh h
MOMeHTa KOJiHHecTBa ABHH<eHHH. OAHaKO BCJieACTBHe bojihoboh npn-
pOAH MaTepHH, o6jiaAaK)meH momchtom KOJiHHecTBa ABHH<eHHH, npo-
nopuHOHajibHHM HacTOTe, TaKoe npeACKa3aHHe Tpe6yeT oAHOBpeMeH-
Horo 3HaHHH AByx BejiHHHH: nojion<eHHH Tejia h nacTOTH bojihh.

CHHycoHAajibHan BOJiHa HMeeT tohho onpeAejieHHyio nacTOTy, ho OHa
3aHHMaeT 6ecKOHeHHO ajihhhhh HHTepßaji Ha och BpeMeHH. C Apyroft
CTOpOHH, AeJlbTa- (pyHKUHH OKHMaeTCH B TOHKy Ha och BpeMeHH, HO
coAepXHT Bee nacTOTH. MaTeMaTHnecKHH aHajiH3 npHHunna Heonpe-
AejieHHocTH npeßpam,aeTcn, TaKHM o6pa3oM, b aHajiH3 cbh3h (pyHKUHH
co cbohmh npeo6pa3OBaHHHMH Oypbe.
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TaKofi aHajiH3 HaHHHaercn c onpeAeJieHnn npoAOJi>KHTejibHOCTH
cnrnajia h 3aHHMaeMoft hm nojiocn nacTOT. JJjiHTejibHocTb 3aTyxaio-
uieH SKcnoHeHHHajibHOH (pyHKHHH 6ecKOHeHHa, ccjih noA AJiHTejib-
HOCTbK) nOHHMaTb HHTepBaJI HeHyJieBHX 3HaHeHHH (pyHKHHH. OAHaKO
noHTH ajih Bcex npaKTHnecKHx uejieft HHTepßaji cyiuecTBOBaHHH stoh
(pyHKHHH bo BpeMeHH BH6HpaeTcn ao MOMeHTa, KorAa aMnjiHTyAa cur-
Haj/a yMeHbiuaeTcn b e pa3no cpaßHeHHio c nepßOHaHajibHHM 3Hane-
HHeM. J\jin mhothx cpyHKHHH 3TOT HHTepßaji onpeAejineTCH paccTon-
HHeM Men^Ay TOHKaMH Ha och BpeMeHH hjih Ha och nacTOT, b kotophx
KpHßan (hjih cc ornSaiomaH) cnaAaeT ao nojiOBHHH MaKCHMajibHoro

3HaneHHH. Bbi6op TaKoro HHTepßajia ocHOBaH Ha tom, hto npOMen<y-
tok BpeMeHH A^ hjih AHana3oH nacTOT Aco aojijkch 3aKJiioHaTb b ce6e
66jibHiyio (ocHOßHyio) nacTb nojmoH SHeprHH cnraajia, ho Heo6n3a-
TejibHo bck) cc. ToHHoe onpeAeJieHHe bcjihhhh At h Aco HecKOJibKO
npoH3BOAbHO h c uejibio ynpomeHHH aHajiH3a oho mohcct 6biTb pa-JIHHHHM. 06lHHH npHHUHn COCTOHT B TOM, HTO AJIH JIK)6oH (pyHKHHH
HHTepßaji BpeMeHH A^ h AHana3oH (nojioca) nacTOT Aco cBH3bmaK)TCH

COOTHOHieHHeM

(4.1.1)

BbipanceHHe (4.1.1) jierKo npoßepHTb ajih mhothx nacTHbix cjiynaeß,
ho oneHb TpyAHO AOKa3aTb KaK o6hj,hh npHHunn. OAHaKO sto npo-
Aejiaji J\. Ta6op [17J. Oh onpeAeJiHji bcjihhhhh A^ h Aco nepe3 bto-
pbie MOMeHTH.

rioAo6HHM, a bo3mohcho, 6ojiee Ba>KHHM, neM npoH3BeAeHHe Bpe-
MeHHOTO H HaCTOTHOTO HHTepBaJIOB, nOHHTHeM HBJIHeTCH 3aBHCHMOCTb
Me>KAy noAOcoft nacTOT h BpeMeHeM HapacTaHHH (pyHKHHH OTKJiHKa
chctcmh. BpeMH napacTaHUß OTKJiHKa chctcmh A^ onpeAejineTCH He-
CKOJIbKO npOH3BOJIbHO, HaCTO KaK npOMeHtyTOK BpeMeHH MOKAy MO-
MeHTOM BO36y}KAeHHH CHCTCMH H MOMeHTOM, KOTAa OTKJIHK CHCTeMbI
AOCTHraeT hojiobhhh cßoero MaKCHMajibHoro 3HaHeHHH. B npHHHHne
OTKJIHK CHCTeMbI B HIHpOKOH nOJIOCe HaCTOT MOH<eT 6blTb CJieACTBHeM
KaK 6bicTporo bo BpeMeHH 3aTyxaHHH, TaX h 6bicTporo bo BpeMeHH
HapacTaHHH npouecca b CHCTeMe. Crpoeoe ebinoAnenue HepaßeHCTßa
(4.1.1) xapaKTepHo ajih chctcm, b kotophx onpeAejieHHoe BpeMH Ha-
pacTaHHH npouecca 6bicTpo cMeHneTcn paBHHM BpeMeHeM ero 3aTyxa-
hhh. Cjia6oe eunoJiHeHue HepaßeHCTßa (4.1.1) mohcct cBH3HBaTbcn
c vBejiHHeHHeM HepaßeHCTßa BpeMeH HapacTaHHH h 3aTyxaHHH npouec-
ca b CHCTeMe, a TaKH*e mo^kct 6biTb cjicactbhcm Apyrnx KOMSHHauHH
HapacTaHHH h 3aTyxaHHH npouecca, b tom HHCJie pe3yjibTaTOM cjiynaH-
hhx KOM6HHauHH. MHorne CHCTeMH pearnpyioT Ha Bo36yn<AeHHe oneHb
6bICTpO nO CpaBHCHHK) CO CKOpOCTbK), C KOTOpOH OHH BnOCJieACTBHH
3aTyxaiOT. BbiAejiHß TaKHe chctcmh, mojkho Tenepb nonbiTaTbcn no-
jiynHTb HepaBeHCTBO (4.1.1) ajih BpeMeHH HapacTaHHH h hjhphhh
nojiocbi nacTOT. riepßHM uiaroM HBJineTCH bh6op onpeAeJieHnn Bpe-
MeHH HapacTaHHH. 3tot Bbi6op orpaHHHeH He TOJibKo CTpeMjieHHeM
k hchocth h nojie3HocTH, ho h Heo6xoAHMocTbK) o6ecneHeHHH npocTO-

AcoA^2tc.
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rH nocjieAyioiuero aHajiH3a. BpeMH HapacTaHHH
00

(4.1.2)

rAe b(t) — otkjihk paccMaTpHßaeMofi cpyHKHHH. HBJineTCH
HopMHpyiomHM MHO>KHTejieM. 3HaMeHaTejib noKa3bmaeT, hto At onpe-
AejineTCH nepe3 nepßbift, OTpHHaTejibHHH momcht. HanpHMep, ecjiH

b(t) — CTyneHnaTan cpyHKunn, to HHTerpaji b 3HaMeHaTejie pacxoAHT-
cn, Aaßan Heo6xoAHMoe BpeMH HapacTaHHH A^=o. Ecjih BejiHHHHa

b2(t) pacTeT jiHHeHHO ot Hyjin ao tQ, a 3aTeM paßHa Hyjiio, to BpeMH
HapacTaHHH paBHo to/2, hto TaKH*e cooTBeTCTByeT pa3yMHOMy onpe-
AejieHHio.

Xoth MeTOA Z-npeo6pa3oßaHHH OKa3HBaeT orpoMHyio noMomb npn
H3yneHHH CHTyauHfl, rAe pacxoAHMocTb (BHAa 1/7) nrpaeT ocHOßHyio
pojib, oh o6jiaAaeT TeM HeAOCTaTKOM, hto HapyuiaeT cpopMajibHoe co-
OTBeTCTBHe Men<Ay o6jiacTbK> BpeMeHH h oSjiacTbio nacTOT. BepOHTHo,
stot HeAOCTaTOK He HBAHeTcn npHHHHnHajibHHM, Tan KaK BcerAa
mo>kho nepeftTH k npeAejibHOMy npoueccy, b kotopom o6jiacTb ah-
cKpeTHoro BpeMeHH CTpeMHTCH k HenpepHßHocTH. Hcnojib3o-

BaTb aHajiHTHHecKyio npocTOTy Z-npeo6pa3oßaHHH, paccMOTpHM aboh-
CTBeHHOCTb 3aAaHH 0 BpeMeHH HapacTaHHH. BMeCTO (pyHKHHH BpeMeHH,
KBaApaT KOTOpoft TOHfAecTBeHHo paßeH Hyjiio ajih OTpHuaTejibHbix 3Ha-
neHHH BpeMeHH, paccMOTpHM cneKTp E(\/Z)B(Z), kotophh paßeH
Hyjiio ajih OTpHHaTejibHbix nacTOT. OnpeAejiHM, KaK 6ncTpo pacTyT
3HaneHHH stoh cneKTpajibHon (pyHKHHH, HanHHan c nacTOTH co=o.
3TO Heo6xOAHMO AJIH OUeHKH AJIHTeJIbHOCTH A^ KOMnjieKCHOH (pyHKHHH
BpeMeHH bt. ToHHee, hcoSxoahmo onpeAeJiHTb caMyio hhjkhkho cyme-
CTBeHHyio ajih AaHHoro cneKTpa nacTOTHyio KOMnoHeHTy co=Aco, t. c.
HaiiTH BHpaxceHHe, aHajiorHHHoe (popMyAe (4.1.2), b cneKTpajibHOH
oSjiacTH

+00

f BBdio
(4.1.3)

—00

Be3noTepn oSihhocth mo>kho npeAnojion<HTb, hto stot cneKTp Hop-
MajiH3oßaH TaKHM o6pa3oM, hto HHTerpaji b HHCJiHTejie paßeH cahhh-
He. ApyrHMH cjiOBaMH, Hyjießan 3aAep>KKa (pyHKHHH aßTOKoppejinuHH
AJin bt paßHa +1. TorAa

+00

i= \^Bd,. (4.1.4)
—00

f b2 (t) dt
At=-^00 >

t~J-b*(t)dt
0

A —°°Aco =-+00
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Tenepb BcnoMHHM 6HAHHeftHoe npeo6pa3oßaHHe, KOTOpoe AaeT pa3-
jiHHHHe Bbipa^KeHHH Z-npeo6pa3oßaHHH ajih (pyHKHHH (—i(o)-1. Oaho
H3 hhx, o6hhho Hcnojib3yeMoe HaiiH, HBJineTCH HHTerpajioM BHAa
(...0, 0, 0,5, 1, 1, ...). Mh MorviH 6h Hcnojib3oßaTb TaKJKe Bbipa>Ke-
HHe — (...1, 1, 1, 0,5, 0, 0, 0, ...). HajiHHne nojnoca, pacnojion<eH-
HOTO npHMO Ha eAHHHHHOH OKpy>KHOCTH npH Z=l, npHBOAHT X HeKO-
TOpOH HeOAHO3HaHHOCTH. FIoCKOJIbKy 1//C0 HBJIHCTCH MHHMOH HCHeTHOH
HaCTOTHOH (pyHKHHeH, TO MH Bbi6epeM pa3Jion<eHHe TaX, hto6h OHO
6hjio HeneTHOH (pyHKHHeH BpeMeHH, 3aAaHHOH b bhac

FIpHBOAH HHTerpaji (4.1.4) k HHTerpajiy Ha cauhkhhoh OKpy>KHocTH,
6yAeT HMeTb (b o6o3HaneHHHX Z-npeo6pa3oßaHHn):

-fit

=i^ 2 -Z-i Ar Z^Z2 -y...)B^B(Z)d^. (4.1.6)
T.

IlocKOJibKy b stom HHTerpaAe Hcnojib3yeTcn KoscpcpHHHeHT npn cTene-
hh Z° cßoero apryMeHTa, to

(4.1.7)

rAe rt — aßTOKoppejinuHOHHan cpyHKHHH ajih bt. Ilpeo6pa3yeM Bbipa-
jKeHHe (4.1.7) k BHAy

(4.1.8)

CyMMa b BbipanteHKH (4.1.8) noxoma Ha HHTerpaji, onpeAeJinioiuHH
njiouiaAb noA cpyHKHHeii \rt\. IlpeACTaßbTe, hto (pyHKUHH \rt\ zaue-
HeHa Ha npnMoyrojibHyio (pyHKUHio paBHOH njiomaAH. 3to onpeAeJiH-
JIO 6bl AfaßTo AJIH (pyHKUHH |rt| . JIK)6aH aBTOKOppeJIHHHOHHaH (pyHK-
HHH yAOßjieTßopneT HepaßeHCTßy rt<.r0 (HopMnpoßaHHoe r0=l).
TaKHM o6pa3oM, mh pacuinpHJiH HepaBeHCTBO (4.1.8) cjieAyiomHM
o6pa3oM:

(4.1.9)

HaKOHeH, Heo6xOAHMO CBH3aTb AJIHTeJIbHOCTb CpyHKHHH BpeMeHH At
c AJiHTejibHOCTbK) cc aBTOKoppejiHHHOHHofi pyHKHHH A^bto- Boo6me
roßopn, jierKo HaftTH AJiHHHyio cpyHKHHio BpeMeHH, HMeiomyio kopot-

(_to) -. = (-—z--z-'+°+ '+ g+ ->. (4.1.5)

+ oo

JL«* [-i-L.BBd<*> =Aco J — ico
—oo

Aco^V" Kr -« - rt) +(r -2 - r2) + ...].

oo oo

Vim (-/-,) <V|r,|.Aco 7j \ " Li
t—\ t=\

oc

t=\
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Kyio aBTOKoppejiHHHOHHyio cpyHKHHio. HanpHMep, mo>kho B3HTb npo-
H3BOJibHyio KopoTKyio cpyHKHHio BpeMeHH h cßepHyTb cc c ajihhhhm
(pa3OBbIM (pHJIbTpOM. IIOJiyHeHHaH TaKHM CnOCO6OM HOBaH (pyHKUHH
BpeMeHH 6yAeT ajihhhoh, ace aBTOKOppeAHHHOHHan cpyHKHHH — ko-
POtkoh. Ecjih (pyHKHHH BpeMeHH HMeeT n HeHyjießbix tohck, to cc aBTo-
KoppejinuHOHHan (pyHKHHH 6yAeT HMeTb 2n— 1 HeHyjießbix tohck. One-
BHAHO, HCBO3MOJKHO nOJiyHHTb AJIHHHyK) aBTOKOppeJIHHHOHHyiO cpyHK-
HHK) AJIH KOpOTKOH (pyHKUHH BpeMeHH. Hejlb3H Aa>Ke npOCTO CKa3aTb,
hto aBTOKoppejiHHHOHHan (pyHKHHH BABoe AJiHHHee nepßOHanajibHOH
cpyHKHHH BpeMeHH, nocKOJibKy OHa AOJi>KHa npHHaAJiencaTb k Kjiaccy
Cy>KaK)HI.HXCH X KOHHaM CpyHKHHH. J^JIH TOTO HTOSbI nOCTpOHTb CpyHK-
UHK) BpeMeHH C BO3MOJKHO 60Jiee AJIHHHOH aBTOKOppeJIHUHOHHOH CpyHK-
UHefi, jiynuie Bcero cKOHueHTpHpoBaTb 3HeprHio cnrnajia b AByx MaK-
cHMyMax —no oAHOMy Ha Kamjxou KOHue cpyHKHHH BpeMeHH. JXame
H3 3Toro yTpHpoßaHHoro npHMepa bhaho, hto

FIoACTaBJiHH BHpan<eHHe (4.1.10) b cpopMyjiy (4.1.9), nojiynHM coot-
HomeHHe HeonpeAeJieHHocTH:

A/Aco^l. (4.1.11)

B 6ojiee npHBHHHofi cpopMe npHHunna HeonpeAeJieHHocTH Hcnojib3y-
iotch nacTOTHan nepeMeHHan /=2co h BejiHHHHa At, cooTßeTCTßyiomaH
cKopee dAureAbHocTu otkaukcl, neM ero epemenu napacTanuß. TorAa
cooTHomeHHe HeonpeAeJieHHocTH HMeeT bha

AtAf^l (At — AJiHTejibHOCTb) . (4.1.12)
Bbi6op BejiHHHHH 2jx b KanecTße MacuiTa6Hpyioui,ero mhokhtctih ajih
npeo6pa3oßaHHH epeMenu napacTanuß b dAureAbHocrb otkaukcl yKa-
3HBaeT Ha npH6jiH>KeHHHH xapaKTep npHBOAHMbix Bbiuie HepaBeHCTB.

ynpa»HeHHH

1. PaccMOTpHTe cpyHKHHio s(Z)=( [1 —i(Z/Z0) n]/i[l—Z/Zo], b npe/tejie ycTpeMjiaa Z0
k eAHHHHHOH OKpyncHOCTH. H3o6pa3HTe cpyHKHHio BpeMeHH h KBa^paT cc aMnjIHTyAbl.
H3o6pa3HTe nacTOTHyio cpyHKHHio nacTOTH h KBa^paT cc aMnjiHTyAbi. BbiSepHTe A/
h At.

2. BpeMeHHoft pHA, cocTaßJieHHbifi H3 AByx nacTOT, mojkho 3anncaTb b BHAe bt =
A cos coi^+B sin coi^+Ccos to2^+-D sin (02/. IloKa>KHTe, KaK paccnHTaTb aMnjiHTynw

PHC. Y4.1.

h*- f3
H (pa3bl AByX CHHyCOHAaJIbHbIX KOMnOHeHT, eCJIH BejIHHHHbI A, B, C, JX, COi H CO
3aAaiibi.

3. PaccMOTpHTe cpyHKHHio qacTOTbi, rpacpHK KOTopoft npHße^eH Ha pnc. Y4.1.
OnnuiHTe npH6jiHH<eHHO cooTBeTCTByioHiyK) eft cpyHKHHio BpeMeHH, yKa3aß MOMeHTH
BpeMeHH, OTBeiaioiHHe BejiHHHHaM l//i, l/f2 h l// 3. noerapaHTecb H36e>KaTb ajire6-
paHHecKHx BbiqHCJieHHfl. H3o6pa3HTe npH6jiH3HTejibHbiH pe3yjibTaT

A^AW>. (4.1.10)
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SaAana ajih HCCjieAOBaHHH

Mon<eTe jih Bh HaHTH MeTOA onpeAeJieHHH Aco h At ajih oahoctopoh-
HHX CeHCMHHeCKHX CHTHajIOB TaKHM o6pa3oM, hto6h HepaBeHCTBO, co-
oTßeTCTßyiomee npHHHHny HeonpeAeJieHHocTH, cTaHOBHJiocb paBeHCT-
BOM TOJIbKO AJIH MHHHMajibHO Cpa3OBHX CHTHaAOB?

4.2. CTATHCTHKO-BPEMEHHOE PA3PEIUEHME

Ecjih 6h Bh noA6pocHJiH MOHeTy 100 pa3, to bo3mo>kho, hto Bh no-
AynnjiH 6h tohho 50 «opJioB» h 50 «pemeK». Bojiee BeponTHO, hto sth
HHCJia 6hjih 6h Me>KAy 60—40 h 40— 60. KaKoe THnHHHoe otkjiohc-

HHe ot 50 ojKHAajiH 6h Bh yBHAeTb? B cpeAHeM 3Ta BejiHHHHa aojijk-
Ha paßHHTbcn 50, ho noHTH BcerAa H3 cjiynaHHoft Bn6opKH nojiynaiOT
Apyroe 3HaHeHHe, KOTOpoe Ha3HßaeTcn ebi6opoHHbijn cpednuM. Mh,
BeponTHO, xoTejiH 6h 3HaTb, KaKyio pa3HHuy cjieAyeT ojKHAaTb memjiy
BH6opOHHHM CpeAHHM H HCTHHHHM CpeAHHM 3HaHeHHHMH. CpeAHHH
KBaApaT 3toh pa3HOCTH Ha3HBaeTCH ducnepcueu eu6opoHHoeo cped-
ueeo. JXjw oneHb Sojibuioft bh6opkh BnSopoHHoe cpeAHee aoji>kho
6HTb nponopuHOHajibHo 6oJiee 6jih3khm k HCTHHHOMy cpeAHeMy, nev
ajih MeHbuieft bh6opkh. 3to TaK»:e npHBOAHT k coothouichhio Heonpe-
AeJieHHocTH Me>KAy BepoHTHOH norpeuiHocTbio ohchkh cpeAHero h pa-MepoM (06-beMOM) Bbi6opKH.

«HcTHHHoe 3HaHeHHe» cpeAHefi bcjikhkhh mojkho HaHTH, noA^pa-
cbman MOHeTy n pa3h mhcjichho npeACTaßJinn ce6e n cTpeMHiHHMcn
k 6ecKOHeHHOCTH. Bojiee yAodHHM cnocoSoM onpeAeJieHHH «hcthhho-
ro 3HaHeHHH» HBJineTCH stot BOo6pan<aeMbiH 3KcnepHMeHT, npoBeAeH-
HHH pa3AeJIbHO B TOJKAeCTBeHHHX yCJIOBHHX HeorpaHHHeHHHM HHCJIOM
jHOAeft (aHcaM6jieM). Stot npneM no3BOJiHT HaM onpeAeJiHTb cpeAHHe
3HaHeHHH BeJIHHHH, KOTOpbie H3MeHHK)TCH co BpeMeHeM.

riojie3HOCTb TaKoro HCTOJiKOBaHHH aHcaM6jin nacTO noAßepraeTcn
Cepbe3HOH KpHTHKe KaK TeOpeTHKaMH C nO3HHHH CTaTHCTHKH, TaX H
3KCnepHMeHTaTOpaMH, npHMeHHIOIHHMH CTaTHCTHHeCKHe MeTOAH. TeM
He MeHee b 6ojibuieH nacTH reocpH3HHecKOH jiHTepaTypbi HcnoJib3yeTcn
stot npneM, npeAnojiaraeTcn cymecTßOßaHHe Heo6o3pHMoro aHcaM6-
jih. Ctopohhhkh Hcnojib3oßaHHH aHcaMdjieii (nocjieAOßaTejiH rn66ca)
HMeioT npeHMyuiecTßO nepeA cbohmh npoTHBHHKaMH (nocjieAOßa-
TeAHMH Bafteca), 3aKJiioHaioui,eecH b tom, hto hx MaTeMaTHHecKHH
annapaT jierne ycßaHßaeTcn (h noHHTHee).

IlpeACTaßHTejibHoe cpeAHee no aHcaM6AK), Ha3bisaeMoe MaTeMa-
THHCCKHM OJKHAaHHeM, 0603HaHHM CHMBOAOM E. HHAeKC CyMMHpOßa-
hhh no aHcaM6jiio HHKorAa He yKa3bmaeTCH b hbhom BHAe; npeAno-
AaraeTCH, hto KamAan cJiynaflHaH BejiHHHHa o6jiaAaeT hm. TaKHM
o6pa3oM, HCTHHHoe cpeAHee b momcht BpeMeHH t mojkho onpeAeJiHTb

Ecjih cpeAHee He MeHneTcn bo BpeMeHH, to mojkho HanncaTb

mt=E(xt). (4.2.1)

m=E(xt) (ajih Bcex t). (4.2.2)
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JXjia. Hac npeACTaßjineT HHTepec rawme cbohctbo cJiyHaHHOH Be-
ahhhhh xt, na3bißaeMoe ducnepcueil, KOTopan HBJineTCH Mepon otkjio-

HeHHH ot cpeAHero:

CjiynaHHbie BejiHHHHH Xt MoryT onpeAejiHTbcn TaKHM o6pa3oM, hto
BeJIHHHHH 0" HJIH tfl, HAH 06e OAHOBpeMeHHO, HBJIHIOTCH JIH6O CpyHK-
HHHMH BpeMCHH, Jlh6o KOHCTaHTaMH. ECJIH o6e BeJIHHHHH KOHCTaH-
TH, TO HMeeM

TlpH BHHiicjieHHHx KOHKpeTHbix BbipaxeHHH E bcact ce6n KaK 3HaK
cyMMnpoBaHHH, a hmchho:

(4.2.5)

3aMeTHM, hto HHAeKc cyMMnpoBaHHH He 3aAaH, TaX KaK cyMMa 6e-
peTcn no aHcaM6jiK>, a He no BpeMeHH.

riycTb Tenepb cjiyHaHHan BejiHHHHa Xt HBJineTCH BpeMeHHHM
pHAOM, COCTaBJieHHHM H3 (paBHOMepHO pacnpeAeJieHHHX, He3aBHCHMO
BbI6paHHHX) CJiyHaHHHX HHCejI TaKHM 06pa30M, HTO BeAHHHHH tTI H O"
He 3aBHCHT OT BpeMeHH. npeAnOJIOHCHM, HTO HMeeTCH Bbl6opKa H3 n
ToneK cAynaHHOH BejiHHHHbi (cpyHKHHH) xt h AeJiaeTcn nonbiTKa onpe-
AeJiHTb cc cpeAHee 3HaneHHe m. TorAa mojkho oueHHTb m cpeAHee
3HaH6HHe CAynaHHOH BejiHHHHbi m c noMombio cpopMyjibi

(4.2.6)

HecKOjibKo 6ojiee tohhhm mctoaom ohchkh cpeAHero HBJineTcn onpe-
AejieHHe B3BeuieHHoro cpeAHero. nycTb wt onpeAejineT Ha6op Becoß,
HOpMaJIH3OBaHHHX TaKHM 06pa30M, HTO

2w*=l. (4.2.7)

TorAa 6ojiee TOHHan oueHKa cpeAHero m c yneTOM Becoß HMeeT bha

(4.2.8)

OqeBHAHo, hto (popMyjia (4.2.6) HBJineTcn nacrabiM cJiynaeM Bbipa-
xeHHH (4.2.8), KorAa 3HaHeHHH Bcex Becoß OAHHaKOBbi: wt=l/n (t=
=1,2, ...,n).

Uejibio 3Toro pa3Aejia HBJineTcn onpeAeAeHHe BeponTHOH 6jih3octh
°HeHKH cpeAHero m cjiynaHHOH BejiHHHHbi k HCTHHHOMy cpeAHeMy m
AJIH Bbl6opKH AJIHHH tl. OaHO H3 BO3MOSKHHX BHpaJKeHHH AJIH OHpe-

d*t=E[(xt—mt)2]. (4.2.3)

o2=E[(xt—m)z]. (4.2.4)

n

£^=(lim/i->oo)-i- Jj
1

«

t=\

m^=l>wtxt .
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AeJieHHH 3Toro otkjiohchhh Am HMeeT bha

(4.2.9)
(4.2.10)

Tenepb, ncnojib3yn tot cpaKT, hto m=>mZwt=Zwt m, 3anHiueM:

(4.2.11)

(4.2.12)

(4.2.13)

3Aecb chmboji MaTeMaTHnecKoro onuiAaHHH E 03HanaeT 3HaK cvmmh-

poßaHHH h ero mojkho BHecra noA 3HaKH cyMM no / h no s. TorAa

(4.2.14)

BjiaroAapn cJiynaHHOCTH bcjihhhh xt h xs MaTeMaTHnecKoe oxHflaHHe
b npaßofi nacTH, t. c. cyMMa no BceMy ancaMSAio, AaeT HyAb, ecJin He

BbinoJiHneTCH ycJioßHe s=t. Ecjih s=t, to MaTeMaTHnecKoe o>KHAaHHe
HBJineTcn AHcnepcHeft, onpeAeJiaeMOH cooTHomeHHeM (4.2.4). TorAa

(4.2.16)

HAH

(4.2.17)

Tenepb paccMOTpHM stot KOHeHHHH pe3yjibTaT ajih cjiynan, KorAa
KajKAMH H3 Becoß HMeeT 3HaneHHe l/n, t. c.

(4.2.18)

3to HaH6ojiee Ba>KHoe cbohctbo cjiynaftHbix nnceji He hbjihctch,

BeponTHO, oneBHAHbiM. Zljih cjiynan Hyjiesoro cpeAHero oho MOxeT
6biTb BHpa>KeHO cjieAyiou;eH (ppa3oii: «n cJiynauHbix nnceji c cahhhh-
HHMH MOAyJIHMH npH HX CJIOKCHHH o6pa3yK)T BCJIHHHHy, 6jIH3KyK)
X KBaApaTHOMy KOpHK) H3 n».

(Am) 2 =E [(m - m)2 ];
(Amf^E{\rZw txt )-m}2 }.

(Am)2 --=E\\^wt (x t -m) '|;
(Aw)2 = E I [2 wt (x t - m)] [2 w* (■*« - m)

\{* J L* J
(Am) 2 =E\2i2iWt ws (xt -m)(xs -m) .

>*
s J

(Am) 2 =22 wt wsE l(xt -m) (xs -m)\.
t s

(Am)«=22°W 18.«. 4-2- 15)
t s

(ar/i)2= 2 a,2
<°

2

t

A/TC =o/2 aM "

■ n -11/2

L j
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npn nonHTKax bhhhcjihtb cpeAHee 3HaneHne pHAa cJiynaftHbix Be-

AHHHH C MeHHIOHIHMCH BO BpeMeHH CpeAHHM npHXOAHTCH CTaJIKHBaTb-

ch c cpyHAaMeHTajibHOH ahjicmmoh. Ecjih BKJiioHHTb b cyMMy mhoto
HHceJi, hto6h o6ecneHHTb Majiyio bcjikhkhv >Am, to 3a BpeMH H3Mepe-

HHH BejiHHHHa m UOmeT 3aMeTHO H3MeiIHTbCH. B npOTHBOnOJIO>KHOCTb
sTOMy oneHKa cpeAHero 3HaneHHH m, nojiyneiiHan Ha ocHOBaHHH ko-

pOTKOH Bbl6opKH H3 3TOTO me pHAa, MO>KeT CHJIbBO OTKJIOHHTbCH OTCHJIbBO OTKJIOHHTbCH OT

HCTHHiioro cpeAHero m (onpeAeneHHoro no
BceMy aHcaM6jno c 6ecKOHeHHHM hhcjiom _\ jl
HJieHOB B JIK)6OH MOMeHT BpeMeHH). 3to
npeACTaßJineT co6oh ocHOßHyio AHJieMMy,
nepeA KOTopon ctoht, HanpHMep, 6np>Ke-
Bofl MaKJiep, KorAa kjihcht tobopht eMy:
«TaX KaK neHa ynacTKa (3cmjih) Ha pbm-

Ke MeHneTcn, to h xony, hto6h bh upoAa-
JIH MOe HMyHieCTBO B TOT MOMeHT, KorAa
ero ueHa npeBHCHT cpeAHioio npoAa>KHyio
HeHy».

ripeAnojio>KHM, hto Bbi6opKa H3 Bpe-
MeHHoro pnAa npoH3BOAHJiacb Ka>KAbie
t ceKyHA n hto At=n% o6o3HanaeT AJiHHy
Bbi6opKii. TorAa BbipanceHHe (4.2.18) mo>k-
ho 3anncaTb b BHAe

(Am) 2At=a2x. (4.2.19) PHC- 41 - BnHOMHHajibHbie
v KoacpcpHHHeHTH, pacnpeAejieH-

Hbie no 3aKOHy rayccoßoft
j^ cbyHKHHH. ripeACTaßJieHbi ko-OneBHAHO, >KejiaTejibHO, htoOh 3HaneHHH altpHHHeHTbi npn Z< ajih
Am n A^ 6hjih cKOjib yroAHo MajibiMH. cpyHKHHH (0,5+0,5Z)20

Ecjih nepßOHaHajibHbie cjiynaHHbie HHCJia xt
KoppejiiipoßaHH Apyr c ApyroM, HanpHMep, ecjiH xt hbjihiotch npn-
6jin>KeHHeM HenpepbißHOH cpyHKHHH, to cyMMa sthx n nnceji He cbo-
Ahtch k KopHio H3 n. 3to Bbipa>KaeTCH cjieAyiomHM HepaBeHCTBOM:

(Aim) 2A^a2r. (4.2.20)
HepaBeHCTBO (4.2.20) mojkho Ha3BaTb cooTHomeHHeM HeonpeAeJieHHo-
cTH Me>KAy TOHHOCTbio h pa3peuieHHeM bo BpeMeHH.

PaccMaTpHßan Apyrne Ha6opn Becoß, mo>kho npeAJio>KHTb cpH3HHe-
ckh 6ojiee o6ocHOBaHHoe onpeAeJieHHe BejiHHHHbi A^, neM At=nx. Ha-
npHMep, ecjin Beca wt 3aAaiOTCH c noMombio AHCKpeTH3npoBaHHOH
rayccoßOH cpvhkhhh, KaK noKa3aHO Ha pnc. 4.1, to mo>kho 6hjio 6h
Bbi6paTb b KanecTße At OTpe3OK BpeMeHH, pa3AejiniomHH tohkh c no-
JiOBHHHHM sHaneHneM aMnjiHTyAH, tohkh, b kotophx aMnjiHTyAa cna-
AaeT b e pa3, BpeMeHHoft HHTepßaji, 3aKJiioHaioiHHH b ce6n 95% hjio-

iHaAH, a TaKH<e MHon<ecTßo Apyrnx «pa3yMHbix» onpeAejieHnft. Ecjih
3aAan MajieHbKHH pa36poc b onpeAejieHHH bcjikhkh Am h At, to He-
paßeHCTßo (4.2.20), oneBHAHO, He moh^t crporo co6jnoAaTbcn.

3aAaß Bbi6opKy cJiynaiiHoro BpeMeHHoro pHAa xt c HyjießHM cpeA-
hhm, mo>kho onpeAeJiHTb Apyroft pHA yt KaK yt=xlt. 3aAana onpeAe-
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jiennn AHcnepcHH a2=p AJi* pnAa xt TOJKAecTBeHHa saAane onpeAejie-

hhh cpeAHero m ajih pnAa yt . Ecjih Bbi6opKa KopoTKan, to BO3HHKaeT

norpeiuHOCTb Ap onpeAeJieHHH AHcnepcHH. TaKHM oSpasoM, cTporo

roßOpn, 6hjio 6h >KeJiaTejibHO ajih cpeAHero nncaTb:

OAH3KO B CBH3H C TCM, HTO AHCHCpCHH G 2 H3CTO HeHSBeCTHa AJIH TOTO

hjih Apyroro pnAa, to hcoSxoahmo ncnojibsoßaTb oueHKy AHcnepcHH

or, t. c.

KoHenno, cooTHomeHHe (4.2.23) na chmom AeJie HeßepHo, TaX KaK

B AeftCTBHTeJIbHOCTH MH AOJIH<HbI nP H6aBHTb KaKyK)-TO BeJIHHHHy, HTO-

-6h noKasaTb AonojiHHTejibHyio HeonpeAeJieHHOCTb, o6ycjioßJieH-

Hvio norpeuiHOCTbio oueHKH ~0. 3Ta norpeiuHOCTb oueHKH 6yixeT
OHHTb HMeTb HOrpeiHHOCTb H T3K AO SeCKOHCTHOCTH. Mto6h AeHCTBH-
TeJibHO noAyHHTb npaBHJibHHH pesyjibTaT, Heo6xoAHMO snaTb *vhk-

hhk) pacnpeAeJieHHH hjiothocth BeponTHOCTH ajih pacneTaßcex^ {x ),

KOTopne Tpe6yiOTCH. OyHKUHio pacnpeAeJieHHH BeponTHOCTH mojkho

JIH6O BHHHCJIHTb H3 OCHOBaHHH AaHHHX HSMepeHHH, AH6O Bbl6paTb
TeopeTHHecKH. Ha npaKTHKe b cHJiy npHHHH, paccMaTPHßaeMbix b cjie-

Ayiomen rjiaße, nacTO Bbi6HP aeTCH rayccosa cpyHKHHH. Moxho noKa-
3aTb, HTO

Ap-p/J. (4.2.24)

BosBeAH nocJieAHee BbipanceHHe b KBaApai c yneTOM paBeHCTBa At-
=nx, nojiynHM

3to nepaßencTßO npHMeHHexcfl b cjiynae, kofasi cAynaHHbie HHCAa xt

ne hbjihkdtch HOJiuocTbio nenpeACKasyeMHMH. Ecjih snaneHHH Xt an-
npoKCHMnpyiOT nenpepbißHyio cpyHKHHio, to ohh xopoiuo npwxaay*
mw a HeoaBCHCTBO ajih hhx nacTHHHO ocjiaOJineTcn.

%yS I KoppeAHHHH noAo6na Kocnnycy. Kocnnyc onpeaeaaeT
yroji Me>KAy abymh BeKTopaMH. Oh saAaeTcn cnajinpHbiM npoH3BeAe-

iweM Asyx BeKTopoß, AeJieHHHM na npoHSßeAemie hx MOAyJien, t. c.

Ovhkhhh KoppejiHHHH BbipamaeTcn iioao6hhm me o6pa3OM, sa ne-
SSSEe* xoro, hto x n *-c*a«pHi* cjiynaftHbie nepeMCHBHe.

m =mz±iAm; (4.2.21)

m=m±ofVJT. (4-2.22)

m=m±^\VTi. (4.2.23)

f^\AL^\ (4,2.25)
\P J 2,

(xy)
" [(xx) (yy)] 1/2

OyHKUHH KOppeJIHUHH
E(xy)

°-~ [E(x2)E(y2 )]l l*



89

Ha npaKTHKe noHTH HHKorAa He BCTpenaeTCH aHcaMQjiefl cJiynanHbix
BeJiHHHH. nosTOMy b npaKTHHecKHx 3aaaHax cpeAHee no aHcaM6jno
npnxoAHTcn 3aMeHHTb cpeAHHM no BbiSopKe. 3Ta 3aAana BO3HHKaeT
AAH Majibix BH6opoK h Han6ojiee npKO HJiJiiocTpHpyeTCH bh6opkoh,
BKAIOHaiOIHeH TOJIbKO OAHH SJieMeHT. TOTAa KOppeJIHHHH BblSopKH

He3aBHCHMO OT TOTO, KaKOe H3 3HaHCHHH CJiyHaHHHX HHceA cJieAyeT
B3HTb: x hjih y. Ha caMOM AeAe OKa3HßaeTcn, hto 3HaneHHH cpyHKHHH
KOppejiHHHH Bbi6opKH c 6yAyr BcerAa paccenHH AOCTaTOHHo AaJieKO
OT HyJIH.

3to, HecoMHeHHO, oStdHchhct MHorne jiojKHbie «otkphthh». npo-
SjieMa onpeAejieHHH cMemeHHn h AHcnepcHH Koppejinnnn HBJineTcn
cAon<HOH, ho, no-BHAHMOMy, CJieAyeT OH<HAaTb, HTO CMeiHeHHH h ahc-
nepcHH c HMeiOT nopnAOK \\\' n ajih bh6opkh o6T>eMa n.

ynpa^HeHHH

1. ripeAnoJioJKHM, hto oneHKa cpeAHOro no Bbi6opKe cjiyqaftHbix qnceji npoH3Be-
AeHa TpeyrojibHoft B3BeniHßaiomeH cpyHKHHeft, t. c.

HaflAHTe TaKofl MacuiTaSHbifl MHOJKHTejib 5. hto E(m)=m. BbiHHCJiHTe Am. Onpe-
AeAHTe AonycTHMMfi HHTepßaji At. HccjieAyfiTe cooTHomeHHe HeonpeAeJieHHocTH.

2. CpeAHee 3HaneHHe cjiyqaflHoro pnAa Xt, HMeiomero nepeMeHHoe bo BpeMeHH
cpeAHee 3HaneHHe, MonceT oueHHBaTbCH c noMombio ypaBHeHHH c odpaTHofi cbh3bio

a. Bbipa3HTe mt KaK cpyHKHHio ot xt, xt-i . . ., He 3aßHCHmyio ot m*_i.
6. HeMy paBHO acpcpeKTHßHoe BpeMH ycpeAHeHHH A/?
b. HaflAHTe MacuiTadHbifl MHOJKHTejib b TaKHM o6pa3oM, htooh npn mt=m,

BunoAHHAOCb ycjioßHe E(tfit)=tn.
r. rioACHHTaftTe cjiynaflHyio norpeuiHocTb Am=[E(m—m)2]1/2 (pe3yjibTaT erpe-

MHTCH X o(e/2) 1/2 npH CTpeMJieHHH 8 X HyJHO).
A. paBHO b stom cjiynae (Am) 2At?

4. OnpeAejiHTe noBeAeHHe pnAa Xi c He3aBHCHMbiMH 3HaneHHHMH h cpeAHHM no
BpeMeHH, paBHbIM HyJHO, C nOMOIHbIO BepOHTHOCTeft AOCTHHfeHHH pa3JIHHHbIX aMnJIH-
TyA. BbiHHCAHTe E(Xi), E(x^u), (AP) 2. Ecjih bh H3ynajiH Kypc Teopnn BepOHTHOCTeft,
to HcnoAb3yflTe rayccoßy cpyHKHHio hjiothocth BeponTHOCTH ajih npeACTaBJieHHH
PHAa Xi.
yKa3aHHe:

H

£=_*<( HiI*l \y\ —

n
m= 5 2 (n — 0 xt-

i=o

mt =(1 —z)mt -i + bxt-

1
3. rioKa>KHTe, hto (AP) 2 =— [E (x4 ) — a 4 ].

p^7h°-'2"

jx c ax — 2"+1a/J X V
o
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4.3. HACTOTHO-CTATMCTHHECKOE PA3PEUIEHHE

Ha6jiK)AeHHH 3a ypoBHeM Mopn b TeneHne AJiHTeAbHoro nepnoAa Bpe-
MeHH MO2KHO BHpa3HTb B TepMHHaX HeCKOJIbKHX CTaTHCTHHCCKHX CpeA"
hhx 3HaneHHH, TaKHX KaK cpeAHHH BbicoTa m n AHcnepcHH or2. ilpyrHM
Ban<HbiM bhaom cTaTHCTHnecKoro cpeAHero Hcnojib3yeMHM b TaKHX
reo(pH3HHecKHX BpeMeHHHx pnAax HBJineTcn anepaeTUHecKUu cneKTp.
HeKOTopne MaTeMaTHnecKHe moacjih 06'bHCHHioT TOJibKo cTaTHCTHne-
CKHe cpeAHHe hcxoahhx AaHHbix, a He caMH AaHHbie. j3,jih toto hto6h
y3HaTb 0 bo3MO}khhx jiOßyuiKax h noHHTb neKOTopne ocHOßHbie orpa-
HHHeHHH npn Hcnojib3oßaHHH SHepreTHnecKHx cnexTpoß, paccMOTpHM
CHanana HAeajiH3HpoBaHHHH npHMep.

nycTb xt 6yAeT BpeMeHHHM phaom, cocTaBJieHHHM hs ne3aBHCHMo
Bbi6paHHbix cjiynaHHbix HHceji. npeAnojio>KHM, hto HMeeTcn n tskhx
HHceji. TorAa mo>kho onpeAeJiHTb MHoronjien X(Z), onHCHBaioiHHH
9Ty Bbi6opKy Aa-HHHX

Tenepb HaflAeM cneKTp SHeprHH ] R(Z) ajih stoh bh6opkh cjiynanHbix
HHceji B BHAe

R(Z)=^X^X(Z). (4.3.2)

Pa3HHua MencAy sthm h 6ojiee paHHHM onpeAejieHneM cneKTpa cocto-
HT B TOM, HTO 3HepdeTUHeCKUU CneKTp HMeeT AeJIHTeJIb n, KOTOpblft
KOMneHcnpyeT JiHHeHHoe yßejinneHHe o>KHAaeMoro pe3yjibTaTa npo-
nopHHOHajibHo AOBOJibHO npoH3BOJibHOMy o6i>eMy Bbl6opKH n.

3HepreTHnecKHH cneKTp onpeAejineTCH MaTeMaTHHecKiiM oncHAaHH-
eM BeJIHHHHH R:

Mon<eT noKa3aTbcn, hto npn npaKTHHecKOM onpeAejieHHH BejiHHH-
Hbi R BbipanceHHe (4.3.2) AonycKaeT ycTpeMjieHHe n b 6ecKOHeHiiocTb
OAHaKO TaKoe 3aKJHoneHHe oihhSohho. PaccMOTpeHHe stoto Bonpoca
HBJineTCH ochobhoh tcmoh HacTonmero pa3Aejia. B nacTHocTH, Ha
ocHOBaHHH pnc. 4.2 mo>kho 3aKJiK)HHTb, hto cpyHKHHH R (Z) o6jiaAaeT
HaMHoro 66jibUiHM ypoBHeM uiyMOB, neM cpyHKHHH R(Z), bbhay qero

(4.3.4)

Ajih noHHMaHHH stoto npnpaßHHeM KoacpcpHHHeHTH npn OAHHaKOBbix
CTeneHHX Z b coothoiuchhh (4.3.2). TorAa

1 ToHHee, cneKrpajibHyio njiOTHOCTb. (IJpuM. nepee.)

X (Z) =XoJrxxZ+x2Z2+ . . . +xn_
1Z»- 1. (4.3. 1 )

R(Z) =E[R(Z)). (4.3.3)

R(Z)^\\mß(Z).
«-VQO

n—k— 1

?k =~ Vi *tXt+k (*= -«+!.""■. «-!)" (4.3.5)
/=o
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3to iio3BoJine.T HaM nepenncaTb Bbipa>KeHHe (4.3.2) b BHAe aghctbh-
TeJibHoro BpeMeHHoro pHAa (npn xt=xt)'-

HccJieAyeM (4.3.6) ajih 6ojibUiHx n. Ann stoto Heo6xoAHMo Hcnojib-

30BaTb HeKOTopbie cTaTHCTHHecKHe cBOHCTBa cJiynanHbix HHceji. nycTb
cJiynaHHbie HHCJia hmciot Hyjießoe cpeAHee 3HaneHHe m==E(xt) h 06-
-jiaAaiOT H3BecTHon nocTOHHHOH AHcnepcneH o2 =E(x2t). BcnoMHHM
Hauie npeAnojiojKeHHe o He3aBHCHMOCTH CJiynanHbix BejinnnH, KOTopoe

PHC. 4.2. AMnjiHTyAHbie cneKTpbi [R(Z)] ll2 Bbi6opoi< H3 n cJiynaHHbix HHceji.

OyHKUHH ocuHJiJiiipyioT c o,o,HHaKOBOH aMnjiHTyAoft KaK npH «=512, TaX h npn n=32. npn
n-voo cieayeT oJKHAaTi. HeorpaHimeHHoro yBe.iHneHHH nacTOTH KOJie6aHHH

03Hai iaeT, hto E(x txt+s)=o, ecjin s=^o. BcjieACTßHe cJiynaHHOCTH ko-
Jie6anHH mh aojijkhh on*HAaTb, hto fQ cTaHeT paßHon AHcnepcHH a 2,

cjion<eHHOH c KOMHOHeHTon cjiynaHHoro Kojie6aHHH, KOTopan yMeHb-
uiaeTcn c yßejiHneHHeM o6T.eMa bhSopkh nponopHHOHajibHo \tV~n :

(4.3.7a)

AHajiorHHHO r x aoji>kho CTaTb paBHHM hvjik), ho b cootb6tctbhh c on-
peAejieHneM (4.3.5) CJieAyeT DSKRAaTb nonBJieHHH cpjiyKTyauHOHHOH
KOMnoHeHTH. TorAa

(4.3.76)

ft— 1
/?=?0 + 2 2^cosfc». (4.3.6)

7 =o2 ±^LVn

, n — 1 a 2
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Ann k-ro 3HaneHHH cpyHKHHH KoppejinuHH k>\ oJKHAaeTcn cpjiyKTya-
uhh:

Ha pnc. 4.3 noKa3aH rpacpHK 3HaHeHHft rh, paccHHTaHHHH no BHpa-
meniiK) (4.3.7) ajih nacTHoro HaSopa cJiynaHHbix nnceji. Tenepb mo>k-
ho 6hjio 6h npeAnojio>KHTb, hto npn n-^oo cpjiyKTyaHHOHHbie cocTaß
jimomne HCHe3aK>T h Bbipa>KeHHe (4.3.2) npHHHMaeT npeAeJibHyio

PHC. 4.3. flo.noH<HTejibHbie 3ana3AH-
BaHHH aBTOKOppejIHHHOHHOH CpyHKHHH
ajih 36 cJiynaftHbix nnceji

(popMy: P=a2 . OAHaKO TaKoe 3aKJiioHeHHe HeßepHO no toh npHHHHe,
hto, xoth Ka^Aan, oTAeJibHo B3HTan cpjiyKTyauHOHHan cocTaßJimomaH

cnaAaeT KaK 1/j/Vz, BbipanieHne (4.3.6) npeAycMaTpHßaer cyMMnpo-
BaHHe n TaKHX cocTaßjimouinx. X cnacTbio, sth cocTaßJinioiHHe cny-
HafIHHM o6pa3oM norauiaioT Apyr Apyra, BBHAy nero cyMMa He pac-
xoahtch KaK \^n . HanoMHHM, hto cyMMa n nnceji co cJiyHaiiHbiMH
3HaKaMH H eAHHHHHHMH MOAyJIHMH HBJineTCH MaTCMaTHHeCKHM O>KH-

AaHHeM cyMMH cjiynaimbix hhccji h paßHa dzY^n . TaKHM o6pa3oM,
cyMMa (4.3.6) npHBOAHTcn k BHAy

3to— ochobhoh pe3yjibTaT, 3aKjnoHaiomHHCH b tom, hto sHepreTH-
HeCKHH CneKTp, BbIHHCJICHHHH Ha OCHOBaHHH HJIOTHOCTH SHepiHIH BH-
6opKH cjiynaHHHX nnceji, (pjiyKTynpyeT ot nacTOTH k nacTOTe h ot
BbiSopKH k Bbi6opKe TaX me cnjibHo, KaK h oJKHAaeMHH cneKTp.

JXojimno 6biTb hohhtho, hto npn «->oo mh He npHxoAHM k Teope-
THnecKOMy pe3yjibTaTy P=cr2. npoSjieMa 3aKJiioHaeTCH b tom, hto
npn yßejiHneHHH n pacTeT pa3peuieHHe no nacTOTe, a He cTaTHCTHHe-
CKoe pa3peuieHiie. Ajih yßejinneHnn cTaTHCTHHecKoro pa3peuieHHH He-
o6xoahmo ocymecTßHTb ycpeAHeiiHe no aHcaM6jiio. CymecTßyiOT ABa
cnocoSa ycpeAHeHim: 1) B3HTb Bbi6opKy hs n tohck h pa36HTb cc
na k cerMeHTOB paßHoft ajihhh no n/k tohck b Ka>KAOM, a 3aTCM
BHHHCJiHTb R((£>) ajih Ka>KAoro cerMeHTa h npocyMMHpoßaTb #(co),
nojiyneHHbie ajih Bcex k; 2) onpeAeJiHTb R(a>) ajih bhSopkh H3 n
tohck He3aßHCHMbix aMnjiHTyA, 3aMeHHB Ka>KAyio H3 hhx cpeAHefi

7b = + n ~ k 4= (4 3.7b)* n Vn '

R^(l± J^LV =(l ± l)o2 . (4.3.8)> V n J
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HO k TOHCK B HX 6jIHH<aHHieH OKpeCTHOCTH. npn HCnOJIb3OBaHHH JIK>
6oro H3 AByx cnoco6oß 6yAeT ycTaHOBJieH(o, hto Af=o,sk/nx n
(AP/P) 2 =o6paTHOMy HHCJiy CTeneHeft cboSoah, b cpeAHeM paBHOMy
1 jk. TaKHM o6pa3oM, HMeeM

Ecjih HeKOTOpbie AaHHbie He Hcnojib3oßajiHCb hjih HcnoJib3oßajiHCb He-
-3(pcpeKTHBHO, to nojiynHM oSbiHHoe ycjiOßHe:

FIpH HajiHHHH b HauieM pacnopnHceHHH AOCTaTOHHoro nncjia AaHHbix
(n c^ocTaTOHHO BeJiHKo) mo>kho nojiyHHTb Jiio6oe n<ejiaeMoe cTaTH-
CTHHecKoe pa3peuieHHe. C Apyrofi ctopohh, yßejiHHeHne CTaTHCTHne-
CKoro pa3peuieHHH AOCTnraeTcn 3a cneT yMeHbuieHHn paspeuieHnn no
nacTOTe h Hao6opoT.

TaKHM o6pa3oM, bh ycTaHOBHJin npaßHJia o6MeHa paspeuieHnn He
TOJibKo Men<Ay BejiHHHHaMH lAf h Ap, ho TaoKe h c bcjihhhhoh At=
=nx, xapaKTepn3yioui,eH npoAOJDKHTejibHOCTb Bbi6opKH AaHHbix bo
BpeMeHH. nojiaran Tenepb, hto npOAOJi>KHTejibHOCTb bh6opkh AaHHbix
bo BpeMeHH onpeAejineTCH bcjikhkhoh A/=«t, nojiynHM HepaßeHCTßo:

3to HepaßeHCTßo 6yAeT 06-bHCHeHo b AaJibHeftuieM. B cjieAyiomeM
pa3Aejie oho 6yAeT nojiyneHo 3aHOBo Ha ochobc Apyroro noAxoAa.

B aHajiH3e BpeMenHbix phaob cymecTßyeT noHHTHe KorepeHTHOCTH,
KOTopoe aHajiorHHHo noHHTHio KoppejiHHHH, onpenejieHHOMy b pa3Ae-
jjte 4.2. TaM 6hjio ycTaHOBJieHO, hto cpyHKHHH Koppejinunii ajih AByx
CJiynanHbix nepeMeHHHx x n y HMeeT bha

c
_ E (xy)

Ecjih xt h yt — BpeMeHHbie pHAH, to ohh MoryT HMeTb MOKAy co6on
COOTHOUICHHe, KOTOpoe 3aBHCHT OT BpeMeHHOH 3aAep?KKH (CABHra
Me^KAy hhmh), Bbi6opa MacuiTa6a hjih Aan<e c})HjibTpaHHH. HanpHMep,
BO3MOJKHO, hto Y(Z) =F(Z) X(Z) +\N(Z) , rAe F(Z) — cf)HJibTp, am—
He3aBHCHMHH HiyM. 06o6lHeHHe nOHHTHH KOppeAHHHOHHOH CpyHKHHH
npHBOAHT k cjieAyiomeMy onpeAejieHHio (pyHKHHH KOzepeHTHOcm:

[E(XX)E(YY)] 1/2 '

ECJIH CpyHKHHH KOppeJIHHHH HB/IHCTCH AeHCTBHTeJIbHOH H CKaJIHpHOH,
TO (pyHKHHH KOrepeHTHOCTH — KOMnJieKCHaH H Bbipa^aeT 3aBHCHMOCTb
(pyHKHHH KOppeJIHUHH OT HaCTOTH. npH (})OpMHpOBaHHH OUCHKH KOTe-
peHTHOCTH BcerAa cymecTßeHHoe 3HaHeHne HMeeT ycpeAHeHHe no He-

A t iAP \ 2 1Af(ij=i^-

AfA*oy>4. (4.3.9)

[E(x 2)E(y2)] 1 l2
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KOTopoMy aacaM.6jiio. Otmcthm, hto ecjiH ycpeAneHHe no aHcaM6jiio
6yAeT onymeHO, to BHHHCJieHHe KBaApaTa cpyHKHHH KorepeHTHOCTH
AacT cjieAyioiHHH pe3yjibTaT:

KOTopbift KOHCTaTHpyef, hto KBanpaT (pyHKUHH KorepeHTHOCTH paßeH
+ 1 He3aBHCHMo ot AaHHbix. HocKOJibKy (pyHKHHH KoppeJiHHHH npaK-
THHecKH BcerAa HMeeT HeHyjießbie 3HaHeHHH, to, cjieAOßaTejibHO, h
KBaApaT (pyHKHHH KorepeHTHOCTH TaK>Ke cMemeH ot Hyjin.

4.4. HACTOTHO-BPEMEHHOE PA3PEILIEHHE
C yHETOM CTATMCTHKH

MHorne BpeMeHHbie (pyHKHHH He hbjihiotch cosepiueHHo cJiynanHbiMH
npn nepexoAe ot tohkh k tohkc, ho CTaHOBHTcn Bee 6ojiee cJiynaHHH-
mh, neM AJiHHHee oTpe3OK BpeMeHH, na kotopom ohh paccMaTpHßa-
iotch. nonyjinpHofi MaTeMaTHnecKOH MOAeJibio, BonjiouiaioiHeH sto
cbohctbo, HBJineTcn cpopMHpoßaHHe TaX Ha3HßaeMbix cTcmuonapHbix

PPiC. 4.4. MoAeJib reHepHpOBaHHH CJiynanHbix BpeMeHHbix p^aob.
Xtxt — c^ynaftHbie nncjia; f t — (pHJibTp; yt — cnyqateue BpeMeHHbie pham

epeMeHHUx pndoe nyTeM nponycKaHHn cJiyqaftHbix nnceji nepe3
cpHjibTp, KaK sto noKa3aHo Ha pnc. 4.4. Bcjihhhhh xt Ha BXOAe (pHJib-
Tpa MOryT 6blTb He3aeUCUMbIMU CAtJHdUHbIMU miCACtMU HJIH «6eAblM
ceeTOM^^. 3th ABa TepMHHa 03HaHaK)T na upaKTHKe noHTH oaho h
to me, ho nepßbin TepMHH TOHHee; oh 03HanaeT, hto Xt HHKaK He
CBH3aHO c xs, ecjiH t=£s, TorAa KaK TepMHH «6ejibiH CBeT» 03HanaeT,
hto E(xtxs)=o, ecjin t^s. Ecjih ft — cpHjibTp hh>khhx nacTOT, to cny-
HaHHbift BpeMeHHoft pnA yt na BbixoAe cpHJibTpa 6yAeT H3MeiiHTbcn
OT TOHKH X TOHKe 3HaHHTCJIbHO MCA.JieHHee, HeM HCXOAHbie cjiynaHHbie
HHCJia. 3to o6hhhhh cjiynaii npn (popMHpOBaHHH HenpepHßHbix cpyHK-
HHH BpeMeHH. nojiyHeHHHH cJiynaHHHH BpeMeHHOH pnA MOH*er dbiTb
Ha3BaH cTat^uonapHbiM CAynauHbLM epeMennbiM pndoM, ecjiH stot
cpHjibTp h cßoficTßa CJiynanHbix inceji (TaKHe KaK cpeAHee 3HaneHHe
m hjih AHcnepcHH a) He hsmchhiotch bo BpeMeHH. CTaunoHapHocTb
nacTO npeAnojiaraeTcn Aa>Ke TorAa, KorAa ona He mokct 6biTb cTporo
BbinojmeHa.

3Ta MOAejib 6yAeT nojie3Ha no3AHee npn paccMOTpeHHH 3aAanH
npeACKa3aHHH SyAyiHen tohkh ajih BpeMeHHoro pnAa Ha ocHOBe 3Ha-
hhh npouijibix 3naHeHHH pnAa. CeflHac mh Hcnojib3yeM cc ajih nojiy-

1 Abtop npHMeHHeT TepMHH «6ejibifl cb6t» (white light) ajih o6o3naMeHHH CJiy-
naiiHoro Ha6opa CHHycoHAaJibHbix KOJie6aHnft, orpaHHHeHHbix bo BpeMeHH. (FlpuM.
nepee.)

\c\ 2 =cc= .(xmxn^= i. i,1 ' (XX) (YY) '
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neHHH cneKTpa BpeMeHHoro pnAa yt, 3aAaHHoro bhSopkoh H3 n tohck
pnAa yt. nycTb ajih Hanana 3aAaHO oneHb TOHHoe 3HaneHHe ajih
cneKTpa BpeMeHHoro pHAa yt. TorAa

Y(Z)=F(Z)X(Z) (4.4.1)
h conpn^eHHoe c hhm

(4.4.2)

nepeMHOHon BbipanceHHH (4.4.1) h (4.4.2), nojiynHM

(4.4.3)

B npeAHAymeM pa3Aejie ycTaHOBJieHO, hto E (XX)=g2 . nojiaran ahc-
iiepcHK) oz paßHofl eAHHHne, nonyHHM, hto ojKHAaeMHH 3HepreTHHe-
ckhh cneKTp BbixoAHoro CHrnajia V HBJineTcn sHepreTHnecKHM cneK-
ipOM c|)HJibTpa F. 06m,aH CHTyaunn H3o6pan<eHa Ha pnc. 4.5. Ba>KHHH

PHC. 4.5. OnpeAeJieHHe cneKTpa
/ — ainnjiHTyAHbiH cneKTp BbifiopKH «6eJioro» inyina; 2 — aMnJiHTyAHbift cneKTp (pHJibTpa; 3
Hecr^aaieHHbift 3HepreTHqecKnft cneKTp Bbi6opKH AaHHbix Ha BbixoAe cpHJibTpa

Bonpoc coctoht b tom, nacKOJibKO xopoiuo mo>kho onpeAeJiHTb cneKTp,
HMen Bbi6opKy H3 n tohck BpeMeHHoro pnAa yt. PaccMOTpHM Tpn
cnoco6a c pa3JiHHHHMii BbiHHCJiHTejibHHMH cxeMaMii, o6jiaAaioui,ne
OAHaKO OAHHMH H TeMH me OCHOBHHMH OrpaHHHCHHHMH.

nepßHii cnoco6 Hcnojib3yeT nocjieAOßaTejibHocTb cpHjibTpoß, KaK
noKa3aHo na pnc. 4.6. KorAa cJiynaHHbie HHCJia Bo36yn<AaiOT y3KO-

TfrM±)*(-r>

y(^)y(Z)=x(^}^(Z)F(-!r ;f(Z).
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nojiocHbiii chnjibTp, cnrHaji Ha ero BHxoAe OTHacTH noAo6eH cnHycoH-
Ac. BMecTe c TeM oh OTJinnaeTcn ot Hee oahhm BamnhiM cbohctbom.
CnHycoHAa HMeeT nocTOHHHyio aMnjiHTyAy, a aMnjiHTyAa BbixoAHoro
cnraajia y3KonojiocHoro (J)HJibTpa mchhctch b mnpoKOM AHana3oHe.
3to HJijnocTpHpyeTCH pnc. 4.7. npn y3KOH nojioce nponycKaHHH

PHC. 4.6. OnpeAeJieHHe cneKTpa cjiynaftHoru pHAa.
yt — BpeMeHHofl pha; vt — btjxoa cpmif.Tpa; wf — Becoßbie cpyHKUHH; p t — hckomhS cneKTp; / —
y3KonojiocHbiH (pHJibTp; 2 —KBaApaTop; 3 — HHTerpaTop c 3aTyxaHHeM

(pHJibTpa aMnjiHTyAa H3MeHneTcn Me&AeHHG. Ecjih HMnyjibCHan pe-
aKHHH (pHJibTpa HMeeT AJiHTejibHocTb A/<p, to aMnjiHTyAa BbixoAHoro
cHTHajia b MOMeHT BpeMeHH t 6yAeT cjiynanHbiM o6pa3oM cBH3aHa
c aMnjiHTyAoft b momcht BpeMeHH t+At%. TaKHM o6pa3oM, npn CTaTH-

PHC. 4.7. BbifiopKa H3 1024 cjiynaHHbix nnceji ao (1) h nocjie (2) y3KonojiocHofi
cpHjibTpaHHH. OnjibTp onncbißaeTCH Bbipa>KeHHeM

CTHHecKOM ycpeAHeHHH HaAeHCHOCTb cpeAHero 3HaHeHHH yBejiHHHBaeT
He KOJiHHecTBO BpeMeHHbix ToneK, a hhcjio HHTepBaAOB Ats. CjieAOßa-
TeJibHo, BpeMH 3aTyxaHHH HHTerpaTOpa A£H CJieAyeT Bbi6npaTb 6oAb-
UIHM, HeM Ats=\/Af. H3MeHHHBOCTb Ap bhxoahoto CHrHajia p yMeHb-

(1 — Z)/[(l —Z/Z„) (1— Z o)] npn Z0 = 1,02eilt/5
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uiaeTcn c yBejiHHeHHeM Atn. nocKOJibKy BejiHHHHa Vt HMeeT He3aßH-
CHMbie 3HaHCHHH Ha BpeMeHHbix HHTepßajiax, paBHHX npHMepHo A/(p=
=\/Af, to «CTeneHH cbo6oah», crjian<eHHHe no BceM AHana3oHaM,
mo>kho 3anncaTb KaK Atil /Ats=AfAtIx. OTHOCHTejibHan H3MeHHHBOCTb
Aplp o6paTHo nponopHHOHajibHa KBaApaTHOMy KopHio H3 iincjia CTe-
neHen cbo6oah h, cjieAOßaTejibHo, onHCHßaeTcn BbipanieHHeM

npeACTaBJIHH 3TO BHpaJKCHHe B (pOpMe OOHHHOrO HepaßeHCTßa,
HMeeM

(4.4.4)

HepaßeHCTßo (4.4.4) yKa3HBaeT Ha HeonpeAeJieHHOCTb Tpex napaMCT-
poß, KOTopan HBJineTcn ochoboh npn oueHKe SHepreTHnecKHX cneKTpoß
cjiynaKHbix cpyHKHHH. Asa cnoco6a onpeAejieHHn SHepreTHHecKoro
cneKTpa BpeMeHHoro pnAa yt no Bbi6opKe ajihhh n hbjihiotch TaKHMH
>Ke, KaK h onncaHHbie b pa3AeJie 4.3 cnoco6n onpeAejieHHn cneKTpa
«6ejioro cßeTa». AeftcTßHTejibHo, cooTHOineHHe (4.4.4) HMeeT TaKon
me bha, KaK h BbipanteHne (4.3.9).

06bIHHO 3TOT (paKT 06"bHCHHeTCH TCM, HTO AJIH AOCTHJKeHHH pa3pe-
uieHHH no nacTOTe Af npn oTHOCHTejibHOH tohhocth Apjp Heo6xoAHMa
BpeMeHHan Bbi6opKa npoAOJincHTejibHocTH At^\j [Af(Apjp) 2]. Xoth
3Ta HHTepnpeTauHn HBJineTCH KoppeKTHofi, oHa HenpHroAHa ajih pn-
Aob c ocTpbiM pe3onaHCOM, 3anHcaHHbix b TeneHHe KOpOTKoro npo-
Men<yTKa BpeMeHH. B stom eJiynae Bbi6opKa AaHHbix oKa3HßaeTcn
npeACKa3yeMoft Ha 3aMeTHbix paccTOHHHnx ot cc kohhob, t3k hto
3Cp(peKTHBHHH HHTepßaji At B HCKOTOpOH CTeneHH (BO3MO>KHO, 3aMCT-
HOft) npeBOCXOAHT AJIHHy Bbl6opKH. * "

ynpa>KHeHHH
1. AaHHbie njiaßHO CXOAHJIHCb X HyJHO Ha KOHHaX Bbl6opKH npHHHTO yMeHb-
maTb aMiuiHTyAbi cnrnajiOß Ha cc KOHHax. Bbi6epHTe Becoßyio cpyHKHHio yMeHbuieHHH
aMnjiHTyA h npnSjiHHceHHO onpeAejiHTe cc BJiHHHHe Ha BejiHHHHbi At, Af h (Ap/p) 2.

2. OTBeTbTe Ha Bonpoc H3 nepßoro ynpajKHenHH npn ycjiOBHH, hto yMeHbuienbi
aMnjiHTyAM Ha Koimax aBTOKoppejiHHHOHHOH cpyHKHHH, a He y BbidopKH AaHHbix.

4.5. UEHTPAJIbHAH nPEfIEJIbHAfI TEOPEMA

UeHTpajibHan npeAejibHan TeopeMa hbjihctch, BeponTHO, caMOH Ba>K-
HOH TeopeMOH B TeopHH BepOHTHOCTCH H CTaTHCTHKH. Bhboa ueH-
TpanbHOH npeAejibHoft TeopeMH 06'bHCHHeT, noneMy rayccoßa cpyHK-
UHH BepOHTHOCTCH T3K HaCTO BCTpeHaCTCH B npaKTHKC.; He TUJIbKO
b (pH3HKe, ho iaKme h b 6nojiorHHecKHx, h b oSiuecTßeHHHx HayKax.
He Mo>KeT 6biTb yneHoro-SKcnepHMeHTaTopa, He 3Haiomero ochob-
hhx HAefi, BbiTeKaiouiHX H3 3toh TeopeMH. Xoth 3TOT pe3yjibTaT OHeHb
cjio>KeH h Aa>Ke b HacTonui.ee BpeMH HBJineTCH npeAMeTOM aKTHBHbix
HCCJieAOBaHHH, OCHOBHyK) HACK) MO2KHO H3JIO>KHTb AOCTaTOHHO npOCTO.

\p I - AfA* H "

A^fJVl.
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Oahh h3 choco6ob nojiynenHH cjiynaKHbix uejinx HHceji c noMombio
H3BeCTHOH CpyHKHHH BepOHTHOCTH COCTOHT B TOM, HTO6H 3anHCaTb
Hejine HHCJia Ha ajihhhhx y3KHx nonocKax oyMarn h noMecTHTb hx
b uuinny. 3aTeM HyntHo BHTacKHBaTb no oahoh 6yMa>KKe 3a 1 pa3.nocne 3Toro KajKAHH pa3KJiaAHTe 6yMa>KKy o6paTHo b uuinny. Be-
pOHTHOCTb BHTamilTb UeJIOe HHCJIO i 3aAaeTCH OTHOUieHHCM HHCJia
6yMa>KeK at, coAepHcamjix uejioe hhcjio i, k o6meMy HHCJiy 6yMa-
mew. OneBHAHO, hto cyMMa no i HHceji ai nojimna 6biTb eAHHHHHOH.
Apyrofi cnoco6 nojiyneHHH cjiynaKHbix hhccji 3aKJHOHaeTcn b tom, hto-
-6h noA^pacbißaTb OAHy H3 napn HrpajibHbix KOCTeii. TorAa Bee a,
paBHH Hyjiio, KpoMe cti=ci2=ct3=ait=as=ae= -g-. BeponTHocTb bh-

naAeHHH nocjie nepßoro 6pocKa uejioro HHCJia i, nocne BToporo 6poc-
Ka — uejioro HHCJia / paßHa a{aj. Ecjih me BHTacKHBaTb no ABe 6y-
Man<KH hjih noA6pacbißaTb napy koctch, to BeponTHocTb paBeHCTBa
cyMMH AByx uejibix hhccji i h / BejiHHHHe k onpeAejineTCH Bbipaxe-
HHeM

(4.5.1)

TaX KaK sto ypaßHeHHe HBJineTcn cßepTKon, to mojkho paccMOTpeTb
cmhcji cjieAyiouiero Z-npeo6pa3oßaHHn:

B TepMHHax Z-npeo6pa3oßaHHH BeponTHocTb BbinojiHeHHn paBeHCTBa
i-\-j=k cjiyncHT KO3(p(pHHHeHTOM npn Zh b BbipanceHHH

C(Z)=A(Z)A(Z). (4.5.3)

OneBHAHO, ecjiH cjiojkhth n CJiynanHbix nnceji, to BeponTHocTb toto,
ito hx cyMMa paBHneTCH k, 3aAaeTcn KOscpcpHUHeHTOM npn Zk b CJie-
ayK>meM ypaBHeHHH:

UeHTpajibHan npeAejibHan TeopeMa Teopnn BeponTHOCTeH rnaciiT, hto
npn n-^oo MHoronjieH G(Z) npHHHMaeT oco6hh bha. HpaKTHHecKH
He3aBHCHMO ot xapaKTepa MHoronjieHa A(Z) rpacpHK KOscpcpHUHeHTOB
MHoronjieHa G (Z) c poctom n Bee 6ojiee npHOJinnoeTcn k orH6aio-
men rayccoßoft (pyHKHHH. nocMOTpnM, noneMy sto nponcxoAHT. Haiue
paccMOTpenne 6yneT MaTeMaTHHecKH HeAOCTaTOHHO ctpothm, TaX KaK
TeopeMa He BcerAa cnpaßeAJiHßa. CymecTßyiOT aHOMajibHbie cpyHK-
HHH A, KOTopne He npnBOAHTcn k (pyHKUHHM G, cTpeMHUiHMcn k ra-
yCCOBHM (hyHKHHHM. HeKOTOpbie H3 aHOMaJIbHHX (pyHKUHH HHOTAa
BHe3anHO hohbjihiotch b npnjion^eHHHX, oAHano He 6yAeM paccMaTpn-
BaTb TaKHe npHMepn.

PaccMOTpHM (pyHKUHio A (Z) ajih AencTßHTejibHbix nacTOT co. Ecjih
co=o, to cyMMa hjichob (pyHKHHH A (Z) uomeT 6biTb HarjiHAno npeA-
CTaßJieHa Ha KOMnjieKCHOH njiocKOCTn KaK cyMMa BeKTopoß a^ exp mv,
npnneM Bee ohh HanpaßJieHH BAOJib och AencTßHTejibHbix 3HaneHHH.

i

A(Z)=. .. +a-iZ-l +a0 +aiZ+a2Z2+ ... (4.5.2)

G(Z) =[A(Z)] n. (4.5.4)
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Ecjih co#o, to BeKTOpn yKa3HBaiOT pa3JiHHHbie HanpaßJieHHH
(pnc. 4.8).

OpH BO3BCAeHHH BeAHHHHH A(e"°) B n-K) CTeneHb 3HaHCHHH 0),

npeACTaßJiniouiHe HaH6ojibiHHH HHTepec, pacnonaraiOTCH okojio na-
ctoth (o=^o, b oSjiacTH KOTOpofl A HMeeT HaH6ojibiuee 3HaHeHHC Aeno
b tom, hto b jik)6oh oSjiacTH, rAe A Majio, An 6yAeT KpaiiHe Mano.

EduHUQHan. OKpyxcuocmb

B6JIH3H HaCTOTH CO=o HJIH HpH Z=l MOmUO pa3JIO>KHTb A(Z) B CTe
neHHon pHA no CTeneHHM co:

(4.5.5)

3aMeTHM, hto Ko3ch(pHHHeHTbi SToro cTeneHHoro pnAa nponopuHO-
HajibHH MOMeHTaM mi cpyHKHHH BeponTHocTeii, t. c.

(4.5.6)

(4.5.7)

(4.5.8)

(4.5.9)

(4.5.10)

npn BO3BeAeHHH MHoronjieHa A(Z) b «-io CTeneHb 6yAeM nojia-

raTb, hto TOJibKo nepßbie Tpn HJieHa 3aAaHHoro pa3Jion<eHHH b ctc-
neHHoft pnA 6yAyT Ba>KHHMH. (3to npeAnojionceHHe cTanoßHTcn Heco-
CTOHTeJIbHHM, eCJIH JIK)6OH H3 MOMCHTOB CpyHKHHH BepOHTHOCTH paßeH
6eCKOHeHHOCTH). TaKHM 06pa30M, X CpyHKHHH G npHMCHHMH TOJIbKO
Han6ojiee BaxHbie CBoftcTßa (pyHKHHH A, a hmchho: cc cpeAHee 3Ha-
HeHHe m=mi h BTopoft momcht m 2. Ecjih sto AeftcTßHTejibHO TaX, to

PHC. 4.8. Oio)KeHHe KOMn/ieKCHbix
micen af^ia>k

A fJ«>\ A I IdA I , d2A CO2 ,A(e )=4|. +*r m +-7^ -2r+
|0 0

A(ei «)=%ake iku> ;
k

A(l)= i ak =m0 =l;
k

dA \H -u„ '"*
, - =yikak = im-

k

d2A I \i , 2
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MO3KHO BHHHCJIHTb CpyHKHHIO G, 33MCHHB CpyHKHHIO A HeKOTOpOH
(pyHKHHeft B, HMeiouieH to me caMoe cpeAHee 3HaneHHe H tot me
BTOpOH MOMeHT, HTO H CpyHKHHH A. MoHCHO HCnOJIb3OBaTb AJIH 3TOTO
npocTenuiyio HaHAeHHyio cpyHKHHio. npHMepoM TaKoft (pyHKHHH mo-
mer cnyncHTb TaX Ha3HßaeMaH 6HHOMHHajibHan cpyHKHHH BeponTHO-
CTH, 3aAaHHan b BHAe .

(4.5.12)

npoßepHM cc nepßbifi h BTopoft momchth:

CjieAOßaTeAbHo, cr CJieAyeT Bbi6paTb TaX, hto6h yAOBJieTBopHTb ycno-
BHK)

Hejib3H o>KHAaTb, hto m h a o6n3aTejibHO OKan<yTCH hcjihmh HHcna-
mh, nosTOMy BbipanieHHe (4.5.11) He o6n3aTejibHo 6yAeT Z-npeo6pa-
-30BaHHeM B 06bIHH0M CMHCJIC B AeHCTBHTejIbHOCTH 3TO He HMeeT 3Ha-
neHHH, TaX KaK BbipajKeHne (4.5.11) 06'bHCHHeTCH cjieAyiouiHM o6pa-
30m:

1) BeponTHocTb nojiyHeHHH HHCJia ra +cr paßHa 1/2;
2) BeponTHocTb noJiyneHHH HHCJia m—a paßHa 1/2;
3) BeponTHocTb noJiyneHHH Jiio6oro Apyroro nncjia paßHa Hyjno.

Tenepb, bo3boah BbipajKeHne (Za -)-Z-a) b az-io CTeneHb, nojiynHM pnA
CTeneHeS Za , KOSCpcpHHHeHTH npn kotophx pacnpeAeJieHbi chmmctphhho
OTHocHTejibHO Z b HyjießOH cTeneHH h hmciot MOAyJiH, 3aAaHHbie 6h-
HOMHajIbHHMH KO3Cp(pHUHCHTaMH. KO3(p(pHUHeHTH MHOTOHJieHa Bn(Z)
npeACTaBJieHH Ha pnc. 4.9.

nOKaHCeM, HTO AJIH 60JIbUIHX/2 6HHOMHaJIbHbie KO3(p(pHUHeHTH aCHM-
nTOTHHecKH npH6jiHH<aiOTCH k rayccoßHM. npn6jiH>KeHHe k 3TOMy
npeAeny HBJineTcn HecKOJibKO cjio>khhm. Ohcbhaho, cyMMa CJiynanHbix
uejibix nnceji 6yAeT pacxoAHTbcn KaK Y n- Bto n<e BpeMH Koscp-

/ l \n
(pHHueHTH npn cTeneHHx Z b Bbipa^eHHH f-s—f-Z/2 yMeHbuiaiOTCH

no Mepe yßejiHHeHnn HHC./ia KOscpcpHHHeiiTOß (c poctom n) . HanoM-

B= z"t*- +z->. (�.5.11)
c*e* (m+3) o> _j_ gt (m—j) it

5= 2

m2=m2+cT2. (4.5.17)

to ~~ 2
t[(m+o)et' (m"t- g "+(« — a)e' m—a71—aj) a>i

(4.5.13)

dB
-jr- =tm\Ota .0 (4.5.14)

dto2 2
o

> (4.5.15)

S& =—(m +°).
0

(4A l6)
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HHM, HTO B aHaJIH3e BpeMeHHHX pHAOB HCnOJIb3OBaJiaCb HOACTaHOBKa
Z=exp(i'coAo. 06hhho mh BH6npaeM A/=l, hto HMeeT cmhcji KBaH-
TOBaHHH AaHHbix b uejioHHCJieHHbie MOMeHTH BpeMeHH. B cjiynae npn-
MeHeHHH Z-npeo6pa3oßaHHH b TeopHH BepOHTHOCTeft Bbi6op At=l
o6ycjiOßJieH TeM, hto Bbi6paHHbie cjiyHaiiHo HHCJia, 3anHcaHHbie Ha
noJiocKax 6yMarn, 6hjih ucjihmh. Tenepb HaAQ npocyMMHpoßaTb n

mn

3THX CJiynanHbix hhccji. Uejiecoo6pa3HO npiißecTH nx k HOBOMy Mac-
uiTa6y nyTeM AeJieHnn Kan<Aoro H3 hhx Ha ]/ n. 3to mohcho cAenaTb
c noMoiHbio noACTanoBKH

KoscpcpHuneHT npn Zk jxaex BeponTHocTb noJiyneHHH nncjia k\Yn "
BO3BOAH Bbipa>KeHHe (Z 3~\-Z~~ C!)'2b n-K> CTeneHb ajih onpeAejieHHn
cpyHKHHH pacnpeAeJieHHH BepoHTHOCTen cyMMbi n He3aBHCHMO BbiSpaH-
hhx nnceji, nojiynHM:

OrpaHHHHßancb nepBHM hjichom pa3Jion<eHHH KOCHHyca b pHA, HMeeM:

Hcnojibsyn xopouio h3bccthhh cpaKT, hto (\-\-xjri) n^ex, HMeeM ajih
6ojibuiHx n:

[B(Z)\ n^e-^12. (4.5.18)
BeponTHocTb toto, hto hhcjio t 6yAeT pe3yjibTaTOM cyMMnpoßaHnn,

Tenepb HaxoAHTcn c noMOHibio o6paTHoro npeo6pa3oßaHHH Oypbe
cpyHKHHH (4.5.18). Pe3VJibTaT npeo6pa3oßaHHn Oypbe rayccoßOH
cpyHKHHH (4.5.18) mojkho HaiiTH no Ta6jiHue HBrerpajioß. Oh TaK>Ke
HBJineTCH rayccoßOH cpyHKHHen BHAa

* (f\ — l p-'J /2c»

4.6. fIOBEPHTEJIbHbIE HHTEPBAJIbI

BcerAa Banmo HMeTb HeKOTopoe npeACTaßjieHHe o cJiynaHHbix no-
rpeuiHOCTHX h 06 hx bjihhhhh Ha pe3yjibTaTH HCCJieAOBaHHH. npH
HeM Heo6xoAHMO CBH3aTb sto npeACTaßjieHHe c ApyrHMH, HanpHMep,

\ flPHC. 4.9. KoacpcpHHueHTbi MHoroiJieHa TvWr
[Zm (Z a + Z_T)/2]«

Z === exp (iioAt) = exp(mjYn ).

|B(zr=( 2̂--)"=(cos^)".

[j><z)r*(jv£)' ;
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b cpopMe cJieAyiomero yTBep>KAeHHH:

npn cnopHOM Bonpoce mojkct BO3HHKHyTb Heo6xoAHMocTb onpeAene-
hhh BeponTHOCTH toto, hto npaßHJibHoe cpeAHee 3HaneHHe cjiynaHHOH
BeJIHHHHH JIOKHT B yCTaHOBJieHHOM HHTepßaJie, HJIH, APyrHMH CJIOBa-
mh, ecTb jih yBepeHHOCTb b tom, hto m jiexHT b HHTepßane

npe>KAe neM OTBeTHTb Ha sth Bonpocn, HeoSxoAHMo cAenaTb HecKOjib-

ko npeAnojion<eHHH h VTBep>KAeHHH OTHOCHTeJibHo (pyHKHHH BeponT-
HOCTH, KOTOpbiM noAHHHniOTCH CJiynaHHbie norpeniHOCTH. YTBep>KAe-
HHe, hto norpeiHHOCTH He3aBHCHMbi Apyr ot Apyra, Han6ojiee pncKO-
BaHHoe. Ecjih ohh He hbjihiotch He3aBHCHMHMH, hto 6bißaeT Han6ojiee
HaCTO, TO MQHCHO HCnpaßHTb HHCJIOByK) BeJIHHHHy ft, HBJIHIOmyiOCH
OHeHKOH HHCJia He3aßHCHMbix norpeuiHOCTeH. Mh yme AeJiajiH hchto
noAoSHoe npn aHajiH3e BpeMeHHbix pHAOB, KorAa BbidnpajiH b KanecT-
Be BejiHHHHbi n He hhcjio ToneK BpeMeHHoro pHAa, a hhcjio HHTepßa-
jiob c AJiHTejibHocTbio A^. BTopan Sojibuian onacHocTb npn onpeAejie-
HHn AOBepHTejibHoro HHTepßana 3aKjnonaeTCH b npeAnojionceHKH, hto
BCJieACTBHe ueHTpajibHoii npeAejibHoft TeopeMH TeopnH BeponTHocTeft
h HeAOCTaTKa JiyniueH HHCpopMauHH norpeniHOCTH pacnpeAejieHH
b cooTBeTCTBHn c rayccoßOH cpyHKHHeft BeponTHOCTH. Ecjih b AeiicT-
BHTejibHOCTH norpeuiHocTH Aamibix BKJiiOHaiOT rpy6bie norpeuiHOCTH,
oSycjioßJieHHbie, HanpHMep, npocneTaMH nejiOßeKa hjih CBH3aHHHe
C TpyAHOCTHMH HCKJUOHCHHH BJIHHHHH nepeXOAHHX npOIieCCOB B 3JlCK-
tpohhom oOopyAOBaHHH, to npeAnojio>KeHHe o pacnpeAejieHH norpeui-
HOCTeH B COOTBCTCTBHH C rayCCOBOH (pyHKUHeH BepOHTHOCTH HBJineTCH
coßepnieHHO HenpaßHjibHHM h mojkct npnßecTH k cepbe3HHM oihh6-
KaM HHTepnpeTauHH reocpH3HHecKHX AaHHbix. HeKOTOpbie nojie3Hbie

npneMH ycTpaHeHHH TaKoro poAa norpeuiHOCTeH HaHAeHH b o6nacTH
HenapaMeTpHHecKOH CTaTHCTHKH [18].

nojie3HO nepecMOTpeTb Bonpoc o cpeAHeM c uejibio 3aMCHH noHH-
thh cpeAHero 6ojiee npeAnoHTHTejibHHM noHHTHeM o MeAHaHC Me-
AnaHa mi onpeAejineTCH KaK BejiHHHHa, KOTopan npeAnojioncHTejibHo
6yAeT MeHbuie bcjihhhh oahoh hojiobhhh coBOKynHocTH CJiynanHbix
HHceji h 6oJibine bcjikhkh npyron hojiobhhh stoh coBOKynHOCTH.
Bo mhothx cjiynanx MeAnaHa npaKTHnecKH 3aMeHneT cpeAHee apncp-
MeTHnecKoe. MennaHa iienyßCTßHTejibHa k oTcneTaM AaHHbix, KOTopne
H3-3a rpy6oii norpeniHOCTH CTpeMHTcn k 6ecKOHeHHOCTH. AeHCTBH-
TenbHo, MeAHaHa h cpeAHee cJiyHannoH cpvhkuhh coßnaAaiOT, KorAa
(pyHKHHH BepOHTHOCTH CHMMeTpHHHa. AjIH OUeHKH MeAHaHH tUt Bbl-
dopKH H3 n nnceji (xi, I=l, 2, . . � n) mo>kho nepenncaTb sth HHCJia,
paCCTaBHB HX B nopHAKe BO3paCTaHHH, a nOTOM Bbl6paTb HHCJIO H3
cepeAHHH 3toh nocjieAOßaTejibHocTH, cnnTan ero ouchkoh MeAna-
hh fhi. B nacTHOCTH, nycTb nepeynopHAoneHHbie CJiynaHHbie nncjia xx
o6o3HaneHH nepe3 xi, vjxe Jc'i^Jtff+i. TorAa mi=x/

n/2. TaKHM o6pa3oM,
6e3 3HaHHH CpyHKHHH pacnpeAeJieHHH njIOTHOCTH BepOHTHOCTH ajih

m — m± ojYn "

m — Am <C.m<Cm-{- Am.



cJiynaHHHx nepeMeHHbix Xi, mo^kho BbinncjiHTb BeponTHocTb Toro, hto
HCTHHHoe 3HaneHHe Me.AHaHH mt HaxoAHTcn b HHTepßane

(4.6.1)

HanpHMep, nycTb a=l h «=lOO. Mohcho yTßepacAaTb, hto Tenepb
MH B COCTOHHHH paCCHHTaTb BepOHTHOCTb TOTO, HTO HCTHHHOe 3HaHe-
Hne MeAHaHH mx jiokht b HHTepßajie 40— 60-npoueHTHjien HauiHX
AaHHbix. npneM coctoht b cJieAyiomeM: onpeAennM HOByio cJiynaii-
Hyio nepeMeHHyio

CTyneHnaTan (pyHKHHH fCT=+l, ecjiH x>mu n paßHa Hyjiio, ecjiH

x<mx . Hoßan cjiynaHHan nepeMeHHan y c paBHOH BeponTHOCTbio
npHHHMaeT TOJibKo ABa 3HaneHHH, paßHbie Hyjiio n eAHHHue. TaKHM
06pa30M, H3BeCTHa cc CpyHKHHH BepOHTHOCTH, XOTH, BO3MO>KHO, HCH3-
BecTHa (pyHKHHH BeponTHOCTH ajih cJiynaHHon nepeMeHHOii x. Onpe-
AeJIHM

TaX KaK KaxAoe yi HBJineTcn HyjieM hjih eAHHHueii, to s aoji>kho
6biTb uejibiM hhcjiom, 3aKJiK)HeHHHM MOKAy HyjieM h n. KpoMe TOTO,
BeponTHocTb toto, hto cJiynaiiHaH nepeMeHHan s npHHHMaeT 3Hane-

(l \"
~2—|-Z/2 j .

Tenepb BeponTHocTb toto, hto 5 jiemm b HHTepßane n/2—a ]/«<
<s<n/2+a Vn, JierKo onpeAejineTCH nyTeM cyMMHpoBaHHn Tpe-
6yeMbix KOscpcpHHHeHTOB npn CTeneHHx ZK 3ra BeponTHocTb no onpe-
AejieHHio paßHa bcpohthocth toto, hto MennaHa mi Jie>KHT b HHTep-
Bane, 3aAaHHOM BbipanceHiieM (4.6.1). Ajih a, paßHbix 1 n 6ojibuinx
n, 3Ta BepOHTHOCTb 6jIH3Ka k 95%.

x' �_ <m,< x' ,r- .n/2—a.Vn ' n/2+a.Vn

y=f CT (x—mi). (4.6.2)

n

5=2 v*
i=l
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5. MATPHUbI H MHOrOKAHAJIbHbIE
BPEMEHHbIE Pfl/Jbl

3HaHne MaTpnu HMeeT 6ojibHioe 3HaneHHe ajih MOAejiHpoBaHHH Ha
3BM KaK b (pH3HnecKHx, TaX h b o6iHecTßeHHbix HayKax. TaX KaK
3TOMy Ba>KHOMy npeAMeTy nocßnmeHH npeKpacHbie yne6HHKH ', to
Ham 0630p 6yAeT KpaTKHM. 06paTHM BHHMaHHe Jinuib Ha Te cßoftcTßa
MaTpnu, KOTopne noHaAo6nTcn b nocjieAyiouj,Hx rnaßax. ByAeM H3-
6eraTb AOKa3aTejibCTßa, n, xoth npHBOAHMbie AaHHbie aoji>khh 6biTb
nojie3HH ajih HaH6ojibUiero HHCJia cnynaeß, b hhx 6ynyT BCTpenaTbcn
cneunajibHbie MaTpnubi (KOTopne mh 6yAeM onycKaTb KaK aHOManb-
Hbie), ajih kotophx HauiH nocTpoeHHn 6yAyT HenpHMeHIIMHMH. Ha
npaKTHKe Heo6xoAHMO BcerAa npoßepnTb pe3yjibTaTH BHHHCJieHHH.
X con<ajieHHK), TaX Ha3HßaeMbie aHOMajibHbie cnynan BO3HHKaiOT Ha
npaKTHKe AOBOJibHO nacTO. Hpn bo3hhkhobchhh 3aTpyAHeHHfl c Ma-
TpnuaMH nepBOH peaKHHeft HccjieAOßaTejieft HBJineTcn nonbiTKa yße-
JIHHHTb TOHHOCTb BHHHCJieHHH. OAHaKO OnblT aBTOpa CBHAeTCJIbCTByeT
O TOM, HTO (J)H3HHeCKH 3HaHHMbie paCHCTH peAKO Tpe6yK)T BHCOKOH
tohhocth. HHorAa Ka>KeTcn, hto Heo6xoAHMa 6ojiee BHCOKan toh-
HocTb. 3to nacTO HBJineTcn cjicactbhcm toto, hto 3aAana nnoxo no-
CTaßJieHa cpH3HHecKH. B KoppeKTHbix 3ananax npn Apyroft opraHH3a-
HHH BHHHCJieHHH BHCOKaH TOHHOCTb MOKCT He Tpe6oßaTbCH. TaX HJIH
HHane, b AajibHeHHieM 6yAeM paccMaTpHßaTb HopMajibHbie cjiynan, ho
HHTaTeJIb AOJIJKeH nOMHHTb, HTO Ha npaKTHKe MOTVT BCTpeTHTbCH aHO-
MajibHbie cjiynan, KOTopne cTaHyT cepbe3Hoft npoßepKofl ero MaTeMa-
THHeCKHX 3HaHHH H npOHHHaTeJIbHOCTH (HHTyHHHH).

5.1. OB3OP MATPHU,

CncTeMy coßMecTHbix ypaBHeHHH mo>kho 3anncaTb b Bnne

Ax=b, (5.1.1a)

rAe A —KBaApaTHan MaTpnua (npnMoyrojibHbie MaTpnun paccMaTpH-
BaioTcn b rnaße 6; x h b — bcktoph-ctoji6hh. B cnynae MaTpnun A
pa3MepHOCTbio 2X2 Bbipan<eHHe (5.1.1a) HMeeT bha

(5.1.16)

ypaßHeHHe (5.1.16) HMeeT npocTyio reoMeTpHHecKyio HHTepnpeTa-
HHK). 06a CTOJiSua MaTpnun h ctoji6ch b MoryT paccMaTpHßaTbcn
KaK BeKTopn na nnocKOCTH. YpaßHeHHe (5.1.16) noKa3HBaeT, -hto

1 Ha pyccKOM H3biKe no 3TOMy Bonpocy mojkho peKOMeHAOBaTb MHTaTejno KHHrn:
1. EejuiMaH P. BBeAeHHe b Teopnio MaTpHH. M., HayKa, 1976. 2. TaHTMaxep O. P.
TeopHH MaTpHH. M., HayKa, 1967. (flpuM. nepee.)

axx ax 2 x x m b x f axx , ax 2— . x\ j ~f x 2c72 i (7 22 J Oj J I #21 L
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cyMMa npoH3BeAeHHft Xi na nepßbift BeKTop-CTOJi6eH h x 2 Ha BTopofl
BeKTop-cTOJi6eu paßHa BeKTop-croji6Hy b. 3aTpyAHeHHe BO3HHKaeT,
KorAa 06a BeKTop-cTOji6Ha MaTpnun yKa3HBaiOT OAnnaKOßoe Ha-
npaßjieHne.. Ecjih BeKTop b HMeeT Apyroe HanpaßjieHHe, to peuieHHe
ajih Xi h x 2 HafiTH Heßo3Mon<HO. 3to othochtch h k o6ui,eMy cjiynaio.
BeKTop peuieHHH x ypaBHeHHH (5.1.1a) cymecTßyeT, ecjiH bcktop b
jiokht b npoMOKyTKe, o6pa3yeMOM cTOJi6uaMH MaTpnun A. B 6onb-
uiHHCTße npaKTHnecKHx cjiynaeß MaTpnua A h BeKTop-CTOJi6eH b He-
3aBHCHMH, BBHAy Hero pa3y.MHee noTpe6oßaTb, hto6h ctojiSuh Ma-
TpHHbi A o6pa3oßHßajiH npocTpaHCTBO, KOTopoe BKjuonajio 6h npo-
H3BOJibHHH BeKTop b. Ecjih MaTpHua A HMeeT pa3MepHOCTb nXn,
to cc ctoji6hh aojijkhh o6pa3oßHßaTb ft-MepHoe npocTpaHCTBO.
B nacTHocTH, rt-pa3MepHbin napajuiejiennneA c pe6paMH, 3aAaßaeMH-
mh CTOJi6uaMH MaTpnun A, He AOJmeH HMeTb o6T>eM, paßHbin Hyjiio.
3tot 06-beM paßeH onpeAejiHTejiio MaTpnun A.

ApyrnM npHMepoM chctcmh cobmccthhx ypaBHeHHH, KOTopne na-
cto BO3HHKaiOT Ha npaKTHKe, HBJiniOTCH OAHopoAHbie ypaBHeHHH:

Ax=o. (5.1.2)
3Ta CHCTeMa BcerAa HMeeT peiueHne x=o, KOTopoe nacTO Ha3HßaioT
TpHBHajibHHM. t4to6h ypaßHeHHe (5.1.2) HMeno HeTpHßiiajibHoe peuie-
HHe x, onpeAejiHTejib MaTpnun A AOJiaceH CTpeMHTbcn k Hyjiio, noKa-
3bman, hto ctoji6hh MaTpnun A He o6pa3yiOT n-uepnoro npocTpaH-
CTßa. Hnnce mh BepHeMcn k peuieHHio chctcm coßMecTHbix ypaBHeHHH.

HaH6ojiee nojie3HOH oco6eHHOCTbio MaTpnu HBJineTCH to, hto hx
sjieMeHTH MoryT 6biTb He TOJibKo HHCJiaMH, ho h MaTpnuaMH. nosTO-
My 6ojibuiHe MaTpnun moxho pacnjieHHTb Ha 6ojiee MejiKHe noAMa-
TpHHH. HeoncHAaHHHM HBJineTCH to, hto npoH3BeAeHHe AByx MaTpnu
He 3aBHCHT ot toto, 6hjih jih MaTpnun pacHJieHeHH hjih HeT. Pac-
CMOTpHM TO>KAeCTBO

\ ah \ c ]\ S
i j Jab ] \gh]+\ c ]lkt\. (5.1.3)[ de\ f J [d e\ \i i \ I f 1

~ k I -
B o6o3HaneHHHX cyMMHpoBaHHn Jießan nacTb BbipajKennn (5.1.3)
HMeeT BHA

(5.1.4)

B to me BpeMH npaßan nacTi. 03HanaeT

PaBeHCTBa (5.1.4) h (5.1.5) hbjihiotch oAHHaKOBHMH; sto noKa3H-
BaeT, hto pacnjieHeHHe MaTpHHHoro npon3BeAeHHn npocTO H3MeHneT
nopHAOK njieHOß. PacnjieHeHHe MaTpnu peajibHO HHnero He AaeT c Ma-
TeMaTHHeCKOH TOHKH 3peHHH, HO OHO Kpafilie Ba>KHO C TOHKH 3peHHH
BHHHCJieHHH HJIH o6cy>KAeHHH.

C,*=2 AltBlk

/=! /=3
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Tenepb mm Hcnojib3yeM pacnjieHeHHe MaTpnu ajih paccMOTpeHHH
MeTOAa oKaHMJieHHH, npHMenneMoro ajih o6pauiIeHHH 1eHHH MaTpnu. MeTOA
OKaHMJieHHH He CaMHH 6bICTpHH H He CaMHH TOHHHH, HO OH AOCTa-
TOHHO npOCT Aan<e AJIH HeCHMMeTpHHHHX MaTpHU C KOMnjieKCHHMH

BejiHHHHaMH. KpoMe toto, oh no3BOjineT Haft" onpeAeJiHTejib MaTpH-
Hbi H npHMeHHM X OAHOpOAHHM ypaBHCHHHM. MeTOA OKaHMJieHHH pea-
jiH3yeTcn c noMom,bio peKypcHH. nycTb saAaHa MaTpnua, o6paTHan
MaTpnue pa3MepHOCTbio tiy(k. 3tot mctoa no3BOJineT HaHTH MaTpn-
Hy, o6paTHyio MaTpnue pa3MepHOCTbio (^+1)X(^+1)» KOTOpan nojiy-
neHa H3 npeAHAymen MaTpnun pa3MepHOCTbio k\k nyTeM npncoeAHHe-
hhh AonojiHHTejibHbix CTpoKH h cTOji6ua k cc rpaHHuaM. B nacTHocTH,

B npHBOAHMOM HHJKe BHpa^KeHHH (5.1.6) H3BeCTHHMH BejiHHHHaMH HBJlH-
k3tch A, c, f, g h A-1. 3aAana coctoht b oTHCKaHHH bcjihhhh W, x, y
h z:

(5.1.6)

npe>KAe Bcero Hy>KHo nepeMHon<HTb BbiAejieHHne b ypaBHeHHH
(5.1.6) nacTH. Ajih npOH3BeAeHHn nepßoro cTOJi6ua HMeeM

BHpajKeHHe (5.1.7) cTanoßHTcn to^kacctbom. nocne stoto x Bee cmc
ocTaeTcn HCH3BecTHHM, ho mojkho HaHTH ero noACTaHOBKOH cpopMyjin
(5.1.9) b ypaßHeHHe (5.1.8). TorAa

Ajih nojiyHeHHH CTOJi6ua c HeH3BecTHHMH y h z bhhhcjihm npoH3Be-
AeHne ajih BTOporo CTOJi6ua BbipajKeHnn (5.1.6):

yMHOJKHB Bbipan<eHHe (5.1.11) Ha o6paTHyio MaTpnuy A-1, nojiynHM:

y=—A~*f2. (5.1.13)
3to AaeT BeKTop-CTOJi6eH y co CKannpHbiM MHO^KHTejieM z. Ajih onpe-
AejieHHn 3Toro MHOJKHTejin noACTaBHM Bbipa>KeHHe (5.1.13) b ypaß-
HeHHe (5.1.12). TorAa

(5.1.14)

A f 1 fW,y [ I 0 *

AW+fx=l; (5.1.7)

eW +gx=:o. (5.1.8)
npn Bbi6ope b KanecTße W (pyHKHHH

W=A-1(I—fx) (5.1.9)

*=-r/*fV- (5 -U0)

Ay +fz=o; (5.1.11)
ey+ffz=l. (5.1.12)

—eA-ifz +gz=l.
OTKyAa __ 1

Z ~~~g —eA-»f
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AeftcTßHTeJibHo, MO>KHO noKa3aTb, hto onpeAejiHTejib o6paTHOH Ma-
Tpnun HBJiHeTcn npoH3BeAeHHeM 3HaMenaTejiH Bbipa>KeHHH (5.1.14)
Ha Bcex 3Tanax MeTona OKaHMJieHHH. CneAOßaTejibHO, ecjiH b npouec-
ce BbinojiHeHHn peKypcnn 3naMeHaTejib Bnpa>KeHHH (5.1.14) b jik>6oh
MOMeHT o6paiuaeTcn b HyAb, to MaTpnua hbjihctch CHHryjinpHOH (bh-
pOJKAeHHOH) -H BHHHCJieHHH HeJIb3H npOAOJIJKaTb.

PaccMOTpHM KpaTKO peajiH3auHio peKypcHH: OHa HanHHaeTcn
c HJiena, pacnojion<eHHoro b BepxHeM neBOM ymy MaTpnubi. 3to cKa-
jinpHan BejiHHHHa, h cc o6pameHHe npocToe. 3aTeM paccMaTpnßaeTCH

PHC. 5.1. nporpaMMa Ha OopTpaHe
AJiH ofipameHHH MaTpnu mctoaom
OKaHMJieHHH

SUBROUTINE CMAINE(N,B,A)
C A-MATRIX INVERSE OF B

DO 40 I-I.L
C(I)-C(I)/DEL
DO 40 J-I.L

40 A(I,J)-A(I,J)4C(I)*R(J)
RETURN
END

HaCTb, OKaHMJieHHaH CTpOKOH H CTOJI6UOM, KaK 3TO nOKa3aHO B BH-
pan<eHHH (5.1.6), n HaxoAHTcn MaTpnua, o6paTHan k stoh MaTpnue
pa3MepHOCTbio 2X2. npouecc npoAOJinoeTcn, noKa sto hco6xoahmo.
THnHHHHM HBJineTcn BHHHCJienHe BejiHHHHbi z no cpopMyjie (5.1.14),
a 3aTeM o6paTHOH MaTpnun A-1 c yßejinneHHOH Ha eAHHnuy pa3Mep-
HOCTbK):

(5.1.15)

Bnpan<eHHe (5.1.15) noJiyneHO H3 (popMyji (5.1.9), (5.1.10) h
(5.1.13). MauiHHHan nporpaMMa Ha OopTpaHe, BbinojiHrnoman pac-
CMaTpnßaeMoe npeo6pa3oßaHHe, npeACTaßJieHa Ha pnc. 5.1.

noyHHTejibno nocMOTpeTb, KaK BeneT ce6n oSpaTHan MaTpnua A-1,
ecjiH MaTpnua A nocTeneHHo H3MeHneTcn TaKHM o6pa3oM, hto cc
onpenejiHTejib Bnpo>KAaeTCH. Ecjih sneMeHT g MaTpnun b cpopMyjie
(5.1.6) npn6jiH>KaeTCH k cA-If, to H3 Bnpa>KeHHH (5.1.14) CJieAyeT,
HTO Z->OO. HHTepeCHO OTMeTHTb, HTO BTOpOH HJieH Bbipa>KeHHH
(5.1.15) npn stom cTaHOBHTcn AOMHHnpyioiHHM HaA nepßbiM, a 06-
-paTHan MaTpnua CTpeMHTcn k 6ecKOHenHOCTH, yMHonceHHOH Ha npo-
H3BeAeHHe cTOJi6ua c co ctpokoh r.

COMPLEX B, A, C,R.DEL „„ nn,
DIMENSION A(N,N),B(N.N),R(100),C(100)
DO 10 I-I.N
DO 10 J-I,N

10 A(I,J)-0.
DO 40 L-I.N
DEL-B(L.L)
DO 30 1-1,1
C(I)=0.
R(I)-0.
DO 20 J-I.L
C(I)-C(I)+A(I,J)*B(J,L)

20 R(I)-R(I)+B(L,J)*A(J,I)
30 DEL=DEL-B(L,I)*C(I)

C(L)~1.
R(L)—l.

"A-1 i rA _1 f "

A" 1 — +2 [eA-M-l].
Hy" J L— i J



108

06biHHbie (popMyjin AA_I=l hjih A~IA=I ajih npeAejibHo Mannx
z-1 uomno npeACTaBHTb b BHAe

HJIH

B o6hhhom cjiynae (ecjin paHr MaTpnun A—n— 1, ho He A<n— 1),
KorAa hh c, hh r He CTpeMHTcn TOH<AecTBeHHO k Hyjiio, BHpan<eHHH
(5.1.16) h (5.1.17) b npeAene npn z~ I=o HMeiOT bha

Ajih peuieHHH o6hhhoh chctcmh cobmccthhx ypaBHeHHH, noAo6-
hhx (5.1.1), moh*ho cHanana BbinncjiHTb MeTOAOM OKaHMJieHHH MaTpn-
uy, oSpaTHyio MaTpnue A, a 3aTeM yMHon<HTb CHCTeMy (5.1.1) Ha
A-1. Torna

Ecjih b—>~o, to HaHAeM peuieHHe ajih oahopoahhx ypaBHeHHH h 6yAeM
ojKHAaTb, hto z 6yAeT ycTpeMJiHTbcn b 6ecKOHeHHOCTb Ha nocJieAHeM
3Tane npouecca OKaHMJieHHH. (Ecjih sto cjiynHTcn paHbuie, to Hyn<Ho
yMeTb nepeynopnAOHHTb njieHbi). TorAa peuieHHe AaeTcn ctoji6hom c
b BbipanceHHH (5.1.18).

Pha OAHopoAHbix ypaBHeHHH (5.1.19) 6hji bbcach noTOMy, hto
TaKan cncTeMa BO3HHKaeT ecTecTßeHHbiM o6pa3oM npn OTHCKaHHH
CO6CTBCHHHX BeKTOpOB-CTpOK AJIH HCCHMMCTpHHHHX MaTpHH. B CJie-
AyiouteM pa3AeJie paccMOTpHM cBOHCTBa co6cTßeHHbix BeKTopoß Ma-
Tpnu noApo6Hee. Co6ctbchhhh BeKTop-cTOji6eu c MaTpnun A onpe-
AejineTcn peuieHneM ypaBHeHHH

rAe A — co6cTßeHHoe 3HaneHne MaTpnun.
OAHOBpeMeHHO paccMOTpHM raKme ypaßHeHHe ajih co6cTßeHHbix

BeKTopoß-CTpoK MaTpnun:

llto6h ypaßHeHne (5.1.21) hjih (5.1.22) HMeno peuieHHe, aoji>kho
BbinojiHHTbcn ycnoßne det(A—>J)=o. nocne HaxoncAeHHH KopHeft Xj
nojiHHOMa det(A—M)=o moh<ho ccpopMnpoßaTb HOByio MaTpnuy A'
AAH Ka>KAOro Xf.

TorAa peuieHHe BbipanteHHn

nojiyiaeTcn H3 cTOji6ua c Ha nocJieAHeM 3Tane MeTOAa OKaHMJieHHH.
3to co6cTßeHHbin BeKTop-CToji6eu MaTpnubi. noAo6HHM me o6pa3oM
co6cTBeHHHH BeKTop-CTpoKa MaTpnun HBJineTcn cTpoKoft nocjieAHero
3Tana MeTOAa OKaHMJieHHH.

Acr=2- 1/ (5.1.16)

crA=2- 1/. (5.1.17)

Ac=o; (5.1.18)
rA=O. (5.1.19)

x=A-ib. (5.1.20)

Ac=te, (5.1.21)

rA=Xr. (5.1.22)

A'=A—Xjl. (5.1.23)

A'x=o (5.1.24)
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ynpasuieHHH
1. YKajKHTe pa3MepHOCTH Bcex MaTpnu b paBeHCTBax (5.1.7) —(5.1.14).

2. rioKajKHTe, KaK noJiynHTb cpopMyjiy (5.1.15) H3 BbipaiKeHHH (5.1.9), (5.1.10),
(5.1.13) n (5.1.14).

5.2. MATPHHHAH TEOPEMA CHJIbBECTPA

TeopeMa CnjibßecTpa o6ecneHHßaeT 6hctphh pacneT MaTpHHHnx
cpyHKHHH. HaH6ojiee npocTHMH, nacTO BCTpeqaioiHHMHCH MaTpHHHHMH
CpyHKHHHMH HBJIHKVTCH A-1 H A"^ (AJIH 6oJIbHIHX N) . AByMH ApyrHMH
MaTpHHHHMH (pyHKHHHMH, HMeiomHMH Ba^KHoe 3HaneHHe b TeopnH
pacnpocTpaHeHHH boah, hbjihiotch c h Al/2. npeJKAe neM nepeiiTH
k HecKOJibKO a6cTpaKTHOMy AOKa3aTejibCTßy TeopeMH CnjibßecTpa,
npHBeAeM HHCJieHHHH npHMep. PaccMOTpHM MaTpnuy

A=[>l]- =?&»
nycTb Tpe6yeTCH HaiiTH co6cTBCHHbie BeKTopn-CTOJi6HH h co6ctbch-
Hbie 3HaneHHH stoh MaTpHHbi; ohh onpeAejiniOTCH cjieAyiomHM o6pa-
30m:

(5.2.2)

(5.2.3)

nocKOjibKy MaTpnua A HecnMMeTpnHHa, to cc co6cTßeHHbie BeKTopn-
CTpOKH OTJIHHaiOTCH OT BeKTOpOB-CTOJI6uOB H HaXOAHTCH CJieAyiOIHHM
o6pa3oM:

BHAHT, HTO npH yMHOJKCHHH T HJIH C Ha npOH3BOJIbHHH MaC-
UITa6HHH KO3(p(pHHHCHT paBeHCTBa (5.2.6) OCTaiOTCH CnpaBCAJIHBHMH.
TOBOpHT, HTO CO6CTBeHHbie BCKTOpH MaTpHHbi HOpMajIH3OBaHH, eCJIH
MacuiTa6Hbie MHOJKHTejiH Bbi6paHH TaX, hto riCi=l h r2C2=l. Bno-
cjieACTBHH noKan<eM, hto riC2=o h T2Ci=o. 3tot o6iuhh pe3yjibTaT
6yAeT AaH b ynpancHeHHHX.

3—2 1 *I—i T ! '

"i oj 11 J [1 J'
p -2 \ r 2 i=2f l l

1 oj l 1 J [1 .

[-1 2] [| 2 j= l[-12]; (5.2.4)

[1-1] [J -2 ]=2[l-I]. (5.2.5)

3anHHieM ypaBHeHHH (5.2.2) — (5.2.5) b coKpameHHoft (popMe:

Aci=XiCi; (5.2.6a)
Ac2=X2c2; (5.2.66)
riA=Xiri; (5.2.6b)
r2A= 2̂r 2. (5.2.6r)
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PaCCMOTpHM CBOHCTBa MaTpHHbi

3Ta MaTpnua npn BO3BeAeHHH b Aio6yio CTeneHb paßHa caMa ce6e
HanpHMep, cc KBaApaT

r— l 2 2__["— 1 2] r_i 21 r—l 2
[— 1 2. """ —1 2j [— 1 2 " I— 1 2

3TO CBQHCTBO Ha3HBaeTCH HAeMnOTeHHHeH. 3to nponcxoAHT noTOMy,
hto (ciri) (ciri)=Ci(riCi)rI=Ci1=Cir 1. To me caMoe, kohchho, BepHo h
ajih c 2r 2. Otmcthm, hto MaTpnua Cii*i «nepneHAHKyjinpHa» k MaTpnue
c 2r 2:

2 —2] —1 2 _ 0 0
1 — l] [— 1 2J [0 0

TaX KaK BeKTOpn r2 h c 2 nepneHAHKyjinpHH Apyr k Apyry.
TeopeMa CnjibßecTpa rnacHT, hto Aio6yio cpyHKHHio f MaTpnun A

To>KAecTBeHHOCTb MaTpnun moxcho BHpa3HTb Hepe3 CO6CTBCHHbie BCK-
Topn MaTpnun A:

npe>KAe neM paccMaTpnßaTb HCKOTOpne 6onee cjiojkhhc (pyHKHHH,
nocMOTpHM, hto noTpe6yeTcn ajih AOKa3aTCJibCTBa TeopeMH CHjibße-
CTpa. HaM noHaAo6HTcn oahh ochobhoh pe3yjibT3T, KOTOpbin npnßo-
AHTCH BO BCeX KHHTaX nO TCOpHH MaTpHH H TJiaCHT, HTO 60JIbHIHHCTB0
MaTpnu mojkho npHBecTH k AHaroHajibHOMy BHAy. B npHMepe c Ma-
TpnueH pa3MepHOCTbK) 2X2 sto yTBep^KAeHHe npHHHMaeT (popMy:

(5.2.8)

me

(5.2.9)

r i i r , nl r— l 2

mo>kho 3anncaTb B BHAe
f(A)=f(^1)c 1r I +f(X2 )c2r2.

PaccMOTpHM npocTeHiHHH npHMep, KorAa f(A)=A

A=*,C,r.+V.r,=l[:; 2
2 ]+ 2[^ :j]-[f (5.2.7)

CAeAyKHHHH npHMep

06paTHan MaTpnua

A-i t-t T—i 2], 9
_

Ir21 r2 -2i_^_r 0 2
A - 1 [_! 2\ tZ ll LljT 2 |_, 3 "

A.= ,= �M » +2.| 2 -2 1=[' o|
__1 2j ! [l —lj [o \l

"r, ] [X, 0 ]— A[cI |cJ =[ 0 h \>- r2 .

" fi 1 [10— J[c,|c2i=[0 ,;,
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nocKOJibKy MaTpnua nepecTanoßOHHa co cßoeft o6paTHOH MaTpnueft,
to Bbipa>KeHHe (5.2.9) 03HanaeT, hto

(5.2.10)

Ymhojkhm BHpan<eHHe (5.2.8) cnpaßa Ha MaTpnuy-CTpOKy, a cneßa
Ha MaTpHuy-CTOJi6eu. Hcnojib3yn cpopMVJiy (5.2.10), nojiynHM:

(5.2.11)

YpaßHeHHe (5.2.11) npeACTaßjineT co6oh ypaßHeHHe (5.2.7), ho
b cKpbiTOH cpopMe, b HeM jierno y6eAHTbCH, 3anncaß Bbipan<eHHe
(5 2.11) b cjieAyiomeM BHAe:

YHHTHBan opTOHopMnpoBaHHOCTb bcjihhhh Cii^ h c 2r2, nocjieAHee BH-
panceHHe mo>kho ynpocTHTb:

Tenepb hcho, KaK mojkho Hcnojib3oßaTb BbipanceHHe (5.2.11) ajih AO-
Ka3aTejibCTßa TeopeMH CnjibßecTpa ajih jik>6oh nojiHHOMHHajibHOH

(pyHKHHH MaTpHHbi A. HoHHTHO, HTO 3TO CnpaBeAJIHBO AJIH MaTpHU
He TOJibKo pa3MepHOCTbio 2X2, ho h pa3MepHOCTbK> nXn. AHanorHH-
HO MO>KHO paCCMOTpeTb (pyHKUHH MaTpHHbi A B BHAe 6eCKOHCHHHX
Phaob. TaKoe npeACTaßjieHHe cnpaBeAJiHBO noHTH ajih jik>6oh cpyHK-
HHH. PaccMOTpHM TpaHcueHAeHTHne (pyHKHHH, noAo6Hbie cHHycon-
AaJIbHOH, KOCHHyCOHAajIbHOH, SKCnOHeHHHajIbHOH C})yHKHHHM.

3KcnoHeHHHajibHbie (pyHKUHH, ecTecTße^HO, BO3HHKaiOT KaK pe-
uieHHH AH(p(pepeHUHajibHHx ypaBHeHHH. PaccMOTpHM AHcpcpepeHUH-
anbHoe ypaßHeHHe b MaTpHHHOH (popMe

JlerKo npoßepHTb, hto peuienne stoto ypaBHeHHH Mon<eT 6biTb npeA-
CTaßjieHO b BHAe cTeneHHoro pnAa:

3to — cTeneHHOH pnA, onpeAejiniomHH SKcnoHeHHHajibHyio cpyHKHHio.
Ecjih MaTpnua A npHHaAJienoiT k MHoronHCJieHHOH rpynne MaTpnu,

C, C 2* —

\l x 0 1 rr, *

A=[c. jc.l — "11 LO hi [r2 .

A=^!is* a+c °J)lt]=
\h 0] fr, " JO 0 1 [ r, '

= lCi|cJ o i — +lcil c2l o i — ==AlV1 +A»c«r*JL r2j L JLr2.

Tenepb
A2=(XiCiri+X2c2r2)(^iCiri+^2c2r2).

A2=X2iCiri+^,22c2r2.

-^-E=AE. (5.2.12)

A2r2
E = I+ Ax +4f--f ...
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KOTopne npnBOAHTCH k AnaroHajibHOMy BHAy, to sKcnoHeHHHajibHyio
(pyHKUHio 3HaHHTejibHO npoiue Bbipa3HTb c noMombio TeopeMH CHJIb-
BecTpa. Ajih paHee paccMOTpeHHoro hhcjioboto npHMepa HMeeM

3Ta SKcnoHeHHHajibHaH MaTpnua HBJineTcn pemeHneM AHCpcpepeHUH-
ajibHoro ypaBHeHHH (5.2.12) 6e3 yneTa rpaHHHHbix ycjioßHH. B cpH3H-
Ke nacTO BCTpenaeTCH AHCpcpepeHUHajibHoc- ypaßHeHHe

(5.2.13)

noAHHHeHHoe AByM rpaHHHHHM ycjiOBHHM, HaKJiaAHßaeMbiM Ha yi hjih

Ha z/2, jih6o Ha hx coneTanHe. Mo>kho npoßepHTb, hto BbipanceHHe

HBJineTcn pemeHHeM ypaBHeHHH (5.2.13) npn npoH3BOJibHbix nocTOHH-
hhx ki h k2, onpeAejineMbix c noMombio rpaHHHHbix ycjioßHH. Otmc-
THM, HTO KOSCpCpHHHeHTH ki H k2 HBJIHKDTCH BCJIHHHHaMH t}\ (X=o) H
y2 (X=o) COOTBeTCTBeHHO.

HHTepecHan CHTyaunn BO3HHKaeT npn onpeAejieHHn KBaApaTHoro
KopHH MaTpnun. MaTpnua pa3MepHOCTbK) 2X2, noAo6Han MaTpnueA,
6yAeT HMeTb neTbipe KBaApaTHbix KopHH, TaX KaK cymecTßyeT neTbipe
BO3MOSKHHX COHCTaHHH AJIH Bbl6opa 3HaKOB nJIIOC HJIH MHHyC AJIH
YT~t h VX2. B o6meM cjiynae MaTpnua pa3MepHOCTbio nXn HMeeT
2n KBaApaTHbix KopHefi. Bamnoe npHMeHeHne stoto cpaKTa 6yAeTonH-
caHO b cjieAyioiHeft rnaße, rAe paccMaTpHßaeTcn AHCpcpepeHHHajibHbiH
onepaTop (k2-hd2/dx2)i/ 2. noHHTiie KBaApaTHoro KopHH H3 onepaTopa
peAKO o6tdHchhctch b KHHrax, h HeMHorne 3HaiOT, hto oh 03HanaeT.
JlynuiHH cnoco6 HarnnAHO npeACTaBHTb ce6e KBanpaTHbiH KopeHb
SToro AH(p(pepeHHHajibHoro onepaTopa saKJuonaeTcn b tom, hto nym-
HO yCTaHOBHTb erO CBH3b C KBaApaTHHM KOpHCM MaTpHHbi M, HMdO-
mefi BHA

)epeHHHajibHoro onepaTopa saKJuonaeTcn b i
HTb ero cBH3b c KBaApaTHHM KopHeM MaTpn

"l ~i r? ?
1 j I—2 1

1 ( } 1 -2 1
1 J ? ?j

$an MaTpnua HBJineTcn BTopoft pa3HOCTHOH
ifl nacTHoft npOHSBOAHon. nycTb

3Aecb nepnan MaTpnua hbjihctch BTopoft pa3HOCTHOH annpoKCHMa-
HHeft BTOpOH HaCTHOH npOHSBOAHOH. HyCTb

paccMOTpeTb MaTpnuy M, o6o6m,eHHyio ajih cjiynan oneHb
6ojibuioH pa3MepHOCTH TaX, hto6h Kpaeßbie scpcpeKTn mojkho 6hjio

r i 91 r9 9E =c* -\-e2X

—1 2J. ' [l — 1

d ry x _ A y% '

dx Iy2 1 " I if, ,

y% __ eA* rkx
y 2 \ [h

M=&2I +T.
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cHHTaTb MHHHMajibHHMH. B o6meM, mh MO>KeM cAenaTb MaTpnuy M
CKOJib yroAHO 6ojibUiOH pa3MepHOCTH n ajih jiio6oh pa3MepHOCTH
nojiynHTb 2 M KBaApaTHHx KopHeft. npaKTHnecKH Hac 6yAyT HHTepe-
COBaTb TOJIbKO ABa OCHOBHHX KBaApaTHHX KOpHH: OAHH — C nOJIOH^H-
TeJIbHHMH KOpHHMH BCeX CO6CTBeHHHX 3HaHeHHH H BTOpOH — CO BCCMH
OTpHHaTeJIbHHMH KOpHHMH. KaK HaHTH 9TH «rjiaßHbie» KBaApaTHbie
KopHH? 3HaHHTeAbHHH HHTepec npeACTaBAHeT cAynafl, KOTAa MOHCHO
ncnojib3oßaTb 6nHOMHHaJibHoe pa3JioxceHHe:

3tot pe3yjibTaT noATßepncAaeTcn npocTbiM Bo3BeAeHneM b KBaApaT
npeAnojiaraeMoro KBaApaTHoro KopHH. C npyron cTopoHH, oh noA-
TBep>KAaeTCH TeopeMon CnjibßecTpa. CjieAyeT oTMeTHTb, hto npn 803-
BeAeHHH b KBaApaT npeAnojiaraeMoro KBaApaTHoro KopHH Hcnojib3y-
eTCH TOT CpaKT, HTO MaTpHHbi I h T nepecTaHOBOHHH. TaKHM o6pa3oM,
KBaApaTHHH KopeHb AH(p(pepeHHHajibHoro onepaTopa mo>kho HHTep-
npeTnpoßaTb cjieAyioiHHM o6pa3oM:

ecjiH k He HBJineTcn cpyHKHHefi ot x. Ecjih k ecTb cpyHKmin ot x, to
KBanpaTHHH KopeHb AHCpcpepeHHHajibHoro onepaTopa coxpaHneT tot
me CMbicji, ho He bhhhcjihctch TaX npocTO c noMombio 6nHOMHHajib-
Horo pa3Jion<eHHH.

ynpa^HeHHH

1. YMHOJKbTe BbipanceHHe (5.2.6b) cnpaßa Ha c 2 h BbiHTHTe H3 pe3yjibTaTa ypaßHeHHe
(5.2.66), cjießa yMHOJKeHHoe Ha rj. jih ycjiOßne rk\^X2 Heo6xoAHMbiM ajih
Toro, hto6h BeKTOpH ri h c 2 6hjih nepneHAHKyjinpHbiMH? fIBJiaeTCH jih sto ycjiOßHe
AOCTaTOHHbIM?

2. /JoKaJKHTe TeopeMy KefljiH — TaMHjibTOHa, coerOHiuyio b tom, hto ecjiH

TO

3. IloATßep/jHTe, hto b o6meM cjiynae ajih MaTpnubi A pa3MepHOCTbio 2X2, ajih
KOTopoft Xi^ta, BbinojiHHeTCH ycjiOßHe Ciri=(A,2l—A)/CK2—^i), i\ne Xi h X2 — co-CTBeHHbie 3HaqeHHH MaTpnubi A. KaKOBa oSiuan cpopMyjia ajih c 2r2?

4. Mojkho noKa3aTb, hto y cHMMeTpn^Hbix MaTpnu BcerAa ecTb nojiHbift Ha6op
codcTBeHHHx BeKTopoß. Sh-a 3aAana HHorAa BO3HHKaeT ajih HecHMMeTpHHHbix MaTpnu.
HccjieAynTe MaTpnuy

| 1 1— e2

L-l 3

npn e—»-0, hto6h yBHAeTb, noneMy y Hee yTepHH oahh co6cTBeHHbiH BeKTop. TaKan
MaTpnua Ha3bißaeTCH HenpaßHJibHOH. (3tot npHMep b3ht y T. P. MaAAeHa.)

5. MHorne 3aAaHH pacnpocTpaHeHHH bojih b cjiohcthx cpeAax cboahtch k cjie-
AyiomeMy ypaßHeHHio:

m+V= ±k(i+±y2
= ±k(r + )

lk* Jt~~dx~2~) -^+2£~^2_+ ""'

o=/(X)=det (A—XI) =pO+M-f-p2X2+ ... +Pn'Kn ,

f(A)=/70+plA+p2A2-f- ... +pnA"=0.

dx ly2 I U oj [y2 . '



114

KaK 3aBHCHT x ot peuieHHH 3Toro ypaBHeHHH npn nojioncHTejibHOM ab} KorAa ab
OTpnuaTejibHO? FlpeAnojioHCHTe, a h b He 3aBHCHT ot x. IIpHMeHHTe TeopeMy
CnjibßecTpa. Hto Hyattio CAeJiaTb ajih nojiyqeHHH BbiponcAeHHon MaTpnuu? KaKoe
peuieHHe nojiyHHTCH b cjiynae BbiponcAeHHofl MaTpnubi?

6. PaccMOTpHTe MaTpnuy cJieAyiomeH cpopMbi: (I+vv T )~ 1, rAe v — bcktop-ctoji-
6eu, a v T — ero TpaHcnoHHpoßaHHbiii BeKTop. HaftAHTe pasjionceHne b CTeneHHoft pHA
MaTpnubi (I+vv T ) _1 no cTeneHHM vvT. [Otmcthm, qTO (vvT )-v cniHMaeTca ao
vvT , yMHOHceHnoro Ha MacuiTaSHbift MHO>KHTejib. CjieAOßaTejibHO, stot CTeneHHoft
pnA 3HanHTejibHO coKpaiuaeTCH.]

7. CjieAyioman MaTpnua «BeKTopHoro npoH3BeAeHHH» nacTO BCTpe iiaeTCH
b ajieKTpoAHHaMHKe. IlycTb B=(BX, B y, Bz ). TorAa

a. BbinniuHTe 3JieMeHTbi I+U2 .
6. /J,OKa>KHTe, hto U(l+U 2)=o hjih U3=—U.
B. EiyCTb V — npOH3BOJIbHbIH BeKTOp. KyAa HanpaßJieHbl BeJIHHHHH Uv, U2v h

(I+U 2)v?
r. Heuy paßHbi coScTßeHHbie 3HaqeHHH MaTpnubi U? [YKasaHHe. Hcnojib3yHTe

nyHKT 6.]
A. lloieMy cooTHOiueHHe U 3=—U Hejib3H conpaTHTb Ha U?
c. FlpoßepbTe Ha HAeMnoTeHTHOCTb cjieAyiomne npoH3BOAHbie ot MaTpnuu U:

5.3. MATPHHHbIE 4>HJIbTPbI, CnEKTPbI H OAKTOPH3AU.HSI

Asa BpeMeHHbix pHAa 3HaHHTejibHO npeAnoHTHTejibHee oahoto bcjica-
ctbhc BO3MOJKHOCTH BSaHMOAeHCTBHH MOKAy HHMH. 06ui,aH JIHHeHHaH
MOAejib ajih AByx phaob npHßeAeHa Ha pnc. 5.2.

OnepauHio cpHJibTpaunn, npeACTaßJieHHyio Ha stom pncyHKe, moh<-
ho Bbipa3HTb KaK onepauHK) nepeMHonteHnn MaTpnun Ha BeKTop,
b KOTOpoH sjieMeHTH MaTpnun h BeKTopa hbjihiotch Z-npeo6pa3oßa-
HHHMH lIOJIHHOMOB. TorAa

Y X (Z) \BXX (Z)
Y 2 (Z)\ [B2X (Z)

B X2 (Z)\ IXX (Z)-
B22 (Z)\ [X 2 (Z)_ " (5.3.1)

OAHH CpaKT, KOTOpbIH OHeBHAeH, HO MaJIO H3BeCTeH, 3aKJIK>HaeTCH
B TOM, HTO MaTpHHa, SJieMeHTaMH KOTOpOH HBJIHIOTCH nOJIHHOMH, CCTb
He HTO HHOe, KaK nOJIHHOM C MaTpHHHHMH KOSCpCpHUHCHTaMH. 3to
HjunocTpHpyeTCH cneAyiomHM npHMepoM:

Tenepb mh mojkcm o6paTHTbcn k o6paTHoft 3aAane: ecjiH 3anaHH
(pHJibTp B H BHXOAHOH CHTHajI V, TO KaK HaHTH BXOAHOH CHTHajI X?
PeuieHne stoh 3aAann aHajiorHHHo peuieHnio 3aAaHH ajih oTAejibHo

1 f ° —Bz By

VBE I-By Bx 0 _

c,r, -[I + U2 ]; c 2r 2 = -5- («J - U2 ); c 3r 3 = -§- (-tU - U2 ).

I+Z + 2Z2 z in 01 1n „, 2oi Z2
1 1 + z2 J [1 iy~[o oj '[0 ij



B3HToro BpeMeHHoro pHAa. ByAeM cnHTaTb (pHJibTp B(Z) nojiHHO-

MHajibHoft MaTpHueft. H3BecTHO, HanpHMep, hto o6paTHOH ajih jho6oh

MaTpnun pa3MepHOCTbio 2X2 ' I HBJineTcn MaTpnua

r d — b '

[—c a
ad—be

CneAOßaTejibHO, ypaBBCHHe Y=BX mohcho peuiHTb OTHOCHTejibHo X
cJieAyiomnM o6pa3oM:

X-^B^Y,

3naMeHaTejib nocjieAHero BHpaJKemiH hbjihctch cKajinpHOH bcjihhh-

hoh. CKajinpHbie 3HaMeHaTejin mh yme paccMaTpHßajiH paHbuie. Ecjih
Bee HyjiH 3naMeHaTejiH jien<aT BHe eAHHHHHoro Kpyra, to ajih nony-
neHHH o6paTHOH MaTpnubi mojkho HcnojibßOßaTb o6hhhhh CTenenHOH
pnA. B npoTHBHOM cJiynae peuieHHe ne 6yAeT MHHHMajibHO cpa3oßon
(pyHKUHen. TorAa neo6xoAHMo ncnojib3oßaTb pnA JlopaHa.

npn o6o6iueHHH 'Ha MHoroKanajibHbie BpeMeHHbie phah MaTpnua
b HHCJiHTejie HBJineTcn conpnnceHHOH MaTpHueft, a BHaMeHaTejib —
onpeAenHTejieM. Conpnn<eHHaH MaTpnua Mon<eT 6biTb ccpopMHpoßaHa

PHC. 5.2. 06iuan MOAejib JiHHeHHoft
MHoroKaHajibHofi cpHjibrpauHH (Ha npn-
Mepe AByx BpeMeHHbix phaob x\ h x 2,

BBOAHMbIX B MaTpHHy H3 HeTbipex
(pHJIbTpOB)

6e3 ncnojib3oßaHHH KaKHX-Jin6o onepauHH AeJieHHn. ApyrHMH cnoßa-
MH, 3JieMeHTH COHpHHCeHHOH MaTpHHbi UpeACTaBJIHIOTCH b (popMe cyMM
npoH3BeAeHHH. FIo3TOMy MoncHo yTßepn<AaTb, hto KpHTepneM cyme-
CTBonaHHH MHHHMajibHO cpa3oßoro MaTpHHHoro cencMHHecKoro cht-
Hana HBJineTCH to, hto AeTepMHHaHT ero Z-npeo6pa3oßaHHH He HMeeT
nyjien BnyTpn eAHHHHHoro Kpyra.

YpaßHeHHe (5.3.1) onncbißaeT MOAejib, npeACTaßJieHHyio Ha
pnc. 5.2. OAHaKO b HeKOTOpnx cnynanx (norAa cpHjibTp HensßecTeH
h ero Heo6xoAHMO onpeAeJiHTb) 6ojiee noAXOAHiuen HBJineTCH TpaHc-
noHHpOßaHHan (popMa ypaBHeHHH (5.3.1). Ecjih b\ 2 n b 2 \ Ha pnc. 5.2
noMenHTb MCCTaMH, to mo>kho Hcnojib3oßaTb BbipanteHne

rAe _ 822(Z)B
22 (Z) -BX2 (Z) 1 J~[-£21 (Z) £n {Z) \B XX (Z)B22 (Z)-B X2 (Z)B 2X (Z)-

[X, (Z) Y2 (Z)] = [*, (Z) *2 (Z)] [^ll *»| . (5.3.2)
£>21 ti 22
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LlTO6bI o6o6IHHTb nOHHTHe LpHJIbTpaHHH, yCTaHOBJICHHOe AJIH CKa-
jinpHbix BpeMeHHbix pnAOB, Ha BeKTOpHbie BpeMeHHbie pnAH, Hyn<HO cHa-
najia o6o6iuHTb noHHTne cneKTpa. JXjw (pyHKunn BpeMeHH c BeKTOp-
HbIMH 3HaHCHHHMH CHeKTp OHpeAeJIHeTCH T3K Ha3HBaeMOH CneKTpCLAb-
hou MaTpimeu, 3aAaßaeMon cJienyioiHHM o6pa3oM:

CneAyeT OTMeTHTb, hto onepaunn y-imoxeHHS BeKTopa na BeKTop,
onpeAenneMan Bbipa^KCHHeM (5.3.3), 6ojibuie noxoma na «BHemHee»
(BeKTopHoe) npoH3BeAeHne, hem Ha «B,HyTpeHHee» (cKajinpnoe) . Ana-
roHajiH cneKTpajibHon MaTpnun R coAep>KaT aBTOcneKTp Ka>Knoro
KaHana. BHeAHaroHajibHbie sjieMeHTH MaxpHHH coAepHcaT B3anMHbie
cneKTpn AByx KaHajion. TaX KaK BbipamenHe (5.3.3) HBJineTcn BHeui-
hhm npoH3BeAeHneM, to nojiyHCHHan MaTpnua hbjihctch BbipoJKAeH-
hoh. Tenepb hmccto bcjihhhhh [7i(Z)y2 (Z)] ajih noJiyneHHH (pyHK-
HHH BpeMeHH c KOHeHHofi SHeprHeft npeAnojion<HM, hto bxoahhc cHraa-
jih (pHJibTpa [x\(t), x2(t)] b cooTHOuieHHH (5.3.2) npeACTaBJieHH
CJiynaHHHMH HHCJiaMH, nOJiyHeHHHMH He3aBHCHMO ajih KaH<AOH TOHKH
BO BpeMeHH H3 HCKOTOpOH (pyHKUHH BepOHTHOCTH. B 3TOM CJiyHae
y\(t) H y2 (t) HBJIHKDTCH CJiyHaH'HHMH BpCMeHHHMH pHAaMH, a HX
cneKTpajibHan MaTpnua onpeAejineTCH MaTCMaTHHecKHM oncnAaHneM
(cpeAHHM no aHcaM6jno) BHpan<eHHH, noAo6noro cpopMyjie (5.3.3).
TorAa

Aenan noACTanoBKy H3 cpopMyjin (5.3.2), nojiynHM

rpynnnpyn cyMMHpoBaHHe no aHcaM6jno co CJiynaHHHMH nepeMeHHH-
MH, HaHACM:

B-BeAeM b hbhom BHAe npeAnojion<eHHe, hto cjiyHaftHbie HHCJia X\ (t)
Bbi6paHH He3aBHCHMo ot nnceji x2 (t). CjieAOßaTejibHO, E[X2(l /Z) X
X^i(Z)]=o. ripeAnojioJKHM TaKme, hto cjiyHanHbie nncjia Xi(t)
HBJIHIOTCH «6eJIHM CBCTOM», T. C E[Xi (t) Xi (t-\~s) ]=0, eCJIH S#o, H
HMeiOT eAHHHHHyio AHcnepcHio E[x2i(t)]=l. IlosTOMy BbipanceHne
(5.3.4) npno6pcTaeT bha

p B xx B2X 1 0 [Bxx B x2 __ \BXX B2X Bxx Bx2 (5 35)
~BXS B2i \ [0 1 | [B2X 822B22 \ B x2 822B22 [B2X 822B22

r \ f*6r)l r- ; ,
R((D)= '«

r l2 i v y [y|(Z) k,(ZB= Wy- . (6.3.3)
"
r" "22 y

2 f-i-j [Y 2 YX Y2 Y 2

CneAyeT OTMeTHTb, hto onepaunn yinioxceHHH BeKTopa na BeKTop,

V* J

R(a») =E llB_2i X_x \X XX2\ B" Bl2
B X2 822B 22 [ Ij _, B2X 822B22

R= pn 5„ lE xihxxX2}\ Bu 812 - (5.3.4)
-#12 I ) ' .
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Ha npaKTHKe cneKTpajibHbie MaTpnun bhhhcjihkdtch c noMombio Be-

AHHHHH R Ha OCHOBaHHH KOHeHHHX Bbl6opOK AaHHHX. 3TO 3HaHHT, HTO
cyMMHpoßaHne no aHcaM6jno aojijkho MOAejinpoßaTbcn. Ecjih cyMMa
no aHcaM6jiio b BnpajKeHHH (5.3.4) noAoS'Ha cyMMe no oahoh tohkc
(cyMMHpoßaHne OTcyTCTByeT) , to MaTpnua (5.3.4) oKa3HßaeTcn bh-
pon<AeHHOH, noAo6HO MaTpHHe (5.3.3). KaK yKa3Hßajiocb paHee, toh-
HOCTb 3jieMeHToß eneKrpajibHOH MaTpnun pacTeT nponopunoHajibHO
Kopnio KBaApaTHOMy H3 HHCJia sjieMenTOß ancaMßjiH, bxoahlhhx
b cyMMy.

OAHOKaHajibHan cpaKTopn3auHH cneKTpa Aana BO3Mon<HOCTb no-
HHTb MHorne Ba>KHbie 3aAann MaTeMaTiinecKOH cJ)H3Hkh. Mh bhacjih

xaKme, hto AOCTaTOHHo pacuiHpeHHbie noHHTHH . (pHJibTpa h cneKTpa
npHMeHHMH B HeKOTOpOH CTeneHH X MHOrOKaHajIbHHM 3anncHM. Co-
BepnieHHO ecTecTBeHHO, hto mhoto ycnjiHH noHaAo6njiocb ajih pa3BH-
thh MeTOAOB (paKTOpH3aHHH cneKTpoß ajih MHoroKaHajibHbix 3annceH.
3th ycHjinn oKa3ajiHCb ycneiHHbiMH. OAHaKO CJieAyeT npHBHaTb, hto
c tohkh 3peHHn MauiHHHoro MOAejiHpoBaHHH h HHTepnpeTaHHH Ha6jiio-
AeHHbix bojih cneKTpajibHoe pa3Jion<eHHe MHoroKaHajibHbix 3anHcen
oKa3ajiocb He oco6chho nojie3HHM. TeM He MeHee KpaTKo h3jiohchm

nojiyHeHHbie pe3yjibTaTH.
MeTOA KOpHH. ABTOpOM MCTOA KOpHH AJIH OAHHOHHHX 3anHCCH

6hji o6o6meH Ha MHoroKanajibHbie 3anHcn [19]. 3tot mctoa 6ojiee
rpoMO3AOK, neM ajih oahhohhhx 3anHceH. CaMHM nopaßHTejibHHM oKa-
-3aJIOCb TO, HTO nOJIHHOMH C MaTpHHHHMH KOSCpCpHHHCHTaMH MOJKHO
pa3Jion<HTb Ha MHon<HTejiH. HanpHMep, BbipanceHHe

MeTOA Ten jihna. 3tot mctoa HBJineTcn eAHHCTBeHHHM npaKTH-
HeCKHM MeTOAOM AJIH HaXO>KAeHHH o6paniaeMHX MaTpHH MHOTOKa-

p°i +z H» -n +z.r-* « 1
01J ' [14 —11. ' I—sB 28 J

pa3JiaraeTcn Ha mhojkhtcjih uiecTbio cnoco6aMn:

T I 20—7](\ ' I—6 —4j|

\ ' [-10 —2j( I [24 —9jl'

I ' 10 —7 J I I ' 1 4 —4j i '
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HajibHbix cencMHHecKHx curHanoß c 3aAaHHHM cneKTpoM. Heo6xoAH-
Mbie ajire6panHecKne BHKJiaAKH 6yAyT npHßeneHH no3>Ke b pa3AeJie
o npeACKaaanHH MHoroKaHajibHbix BpeMeHHbix phaob.

SKCnOHeHHHaJIbHO-JIOrapHCpMHHeCKHH mctoa h
MeTOA npeo6pa3oßaHHH THJib6epTa. MHorne HBBecTHbie
MaTeMaTHKH, b tom HHcne Hop6epT BnHep, pa6oTajiH HaA npo6jieMOH
o6o6uieHHn 3KcnoHeHUHajibHO-JiorapH4)MHHecKoro MeTOAa hjih MeTOAa
npeo6pa3oßaHHH THjib6epTa. rjiaBHHM 3aTpyAHeHneM 3Aecb hbjihctch

to, hto exp(v4-f-s)=^exp(/4)exp(£), ecjiH TOJibKo bcjihhhhh A h B ne
OKa3HBaK)TCH KOMMyTaTHB'HHMH, T. C AB=BA. 06bIHHO 3TO ycjiOßHe
He BbinojiHneTCH. Xoth STOMy npeAMeTy nocBHiHeHO mhoto cTaTefi
(b HeKOTopnx H3 KOTopbix yTßep>KAa.Tocb, hto hx aBTopaMH 3anaHa
peuieHa), aBTop stoh khhth He 3'HaeT HHKoro, kto KorAa-Hii6yAb Ha-
nncaji 6m nporpaMMy ajih 3BM, pa6oTaioiHyio co cKopocTbio 6ncTpo-
ro npeo6pa3oßaHHH Oypbe, KaK sto ocymecTßJineTCH no MeTony npe-
o6pa3oßaHHn rHjib6epTa ajih OTAejibHoro KaHana.

ynpa^iHeHHJi
1. npn^yMaftTe MaTpnqHbift cpnjibTp, y KOToporo ABa BbixoAHbix cnrHaJia y\(t)

H y2(t) OAHHaKOBbI H OTJIHHaiOTCH TOJIbKO MaCIHTa6HbIM MHOHCHTeJieM. OneBHAHO,
bxoa X He MOHceT 6biTb BOCCTaHOBJieH no Bbixo^y Y. lloKajKHTe, hto onpeaeJiHTejib
3Toro (pHJibTpa CTpeMHTCH k Hyjiio. rioA6epHTe Apyroft npHMep, b kotopom onpeAe-
JiHTejib paßeH Hyjiio Ha oahoh nacTOTe n He paßeH Hyjno Ha KaKoft-HuSyAb Apyroft.
06T>HCHHTe, B KaKOM CMblCJie BXOAHOH CHrHaJI HeJIb3H nOJiy^HTb H3 BbIXOAHOrO (bo
BpeMeHHOH oSjiacTH).

2. JJaHbi TepMOMeTp, H3MepHioiUHH TeMnepaTypy njnoc KoacpcpnuneHT a, yMHO-
>KeHHbift Ha AaßjieHHe, n MaHOMeTp, H3MepHioiHHH AaßjieHHe njnoc KoacpcpHUHeHT 6,
yMHOxeHHbin Ha cKopocTb H3MeHeHHH TeMnepaTypbi bo BpeMeHH; HaftAHTe MaTpHHHbifi
cpnjibTp, KOTopbift npeo6pa3yeT Ha6jnoAeHHbie phah b 3Ha iieHHH TeMnepaTypbi h Aaß-
jieHHH. [yKa3aHHe. Hcnojib3ynTe oAHy H3 cjieAyiomHX AByx annpOKCHMaunn npoH3-
boahoh no BpeMenn: jih6o I—Z1 —Z jih6o 2(1—Z)/(l+Z).]

3. riycTb

npnpaßHHHTe KoacpcpHuneHTbi npn CTeneHHX Z b BbipanceHHH B(Z)A(Z) = I c uejibio
peKypcHßHoro onpeAejieHHn KoacpcpHUHeHTOß nojiHHOMa A(Z) =[B(Z)]-1 .

rl + 2Z Zi
4. HaflAHTe MaTpnuy, ofiparayio MaTpnue 1 Lb BHAe pnAa Tefljiopa hjih

JlopaHa b 3aBHCHMOCTH ot Toro, Kanoe npeACTaßjieHHe Heo6xoAHMO.
5. OnpeAejiHTejib nojiHHOMa c MaTpHHHHMH KoacpcpHuneHTaMH MO>KeT ue 3aßHcerb

OT Z. npHMeHHTeJIbHO X MaTpHHHbIM CpHJIbTpaM 3TO MOJKeT 03HanaTb, MTO 06paTHbIH
(HHBepcHbin) cpnjibTp MO>KeT HMeTb TOJibKo KOHeHHoe mhcjio cTeneHeft Z bmccto 6ec-
KOHe^Horo p«Aa CTeneHeft, KOTOpbiM BcerAa o6jiaAaiOT CKajiapHbie cpnjibTpbi. Flonbi-
TaftTecb HaHTH HanSojiee cjiojkhhh npHMep.

5.4. MAPKOBCKHE IIPOUECCbI
MapKOBCKHft npouecc HBJineTCH em,e oahoh MaTeMaTHnecKoft mo-
Aejibio BpeMeHHoro pHAa. Ao HacToniuero BpeMeHH oh orpaHnneHHO
npHMeHHJicn b reocpH3HKe, ho mh nee me ero paccMOTpHM, TaX KaK oh
Momer 6biTb nojie3eH, n b to me BpeMH o6t>hchhm c noMombio paHee
paCCMOTpeHHHX MeTOAOB.

P 01 , [2 11B(Z)= +ZX ' [3 2j 0 0
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npeAnojiontHM, hto xt mojkct npHHHMaTb TOJibKo uejine 3HaneHHH,
KOTopne 6yAeM Ha3HßaTb coctohhhhmh. nepexoAH bo BpeMeHH ot y-ro
COCTOHHHH X i-My OCyiUeCTBJIHIOTCH B COOTBeTCTBHH C MaTpHHeH BepO-
HTHOCTeH Pi). CncTeMa He HMeeT naMHTH. CocTOHHHe b cneAyioiUHH
MOMeHT BpeMeHH 3aBHCHT OT TCKyiHeTO COCTOHHHH nO BepOHTHOCTHOMy
3aKo«y, ho He 3aBHCHT ot npeAHAymnx COCTOHHHH. KjiaccHnecKHM
HBJineTcn npHMep c jinryuiKOH b BOAoeMe c jihjihhmh. C TenenHeM

PHC. 5.3. JlnarpaMMa cocTOHHHH-ne
pexoAOß

BpeMeHH jinryuiKa npnraeT c oahoto nnaßaiomero JiHCTa jihjihh Ha
ApyroH. OHa Mon<eT npnraTb Ha 6jihh<hhh jihct c 6ojibiueH Bepo-
HTHOCTbio, neM Ha AaJibHHH. Ona mojkct npeAHOHHTaTb 6ojibuine jih-

cth MajieHbKHM, h OHa ne noMHHT tot jihct, Ha KOTOpoM 6bijia no-
cjieAHHH pa3. Coctohhhhmh chctcmh hbjihiotch HOMepa jihctob, ko-
Topne jinryuiKa nocTeneHHO 3anHMaeT, a nepexoAaMH —cc npnncKH.

Ajih Hanajia onpeAejiHM BeponTHocTb coctohhhh m{k), 03HaHaio-
myio BeponTHocTb toto, hto CHCTeMa npHAeT b cocTOHHHe i nocjie k
nepexoAOß, ccjih cc coctohhhc h3bcctho npn k=o. OnpeAejiHM TaKH<e
MaTpnuy nepexoAa Pij. TorAa

BeKTop BepOHTHocTeH HanajibHoro coctohhhh HMeeT bha n(0). TaX
KaK HanajibHoe coctohhhc HBBecTHO, to Bee KOMnoHeHTH jx(0) paBHH

OAHOH (paBHOH 1) B nOJIO>KeHHH, COOTBCT-
cocTOHHHio. AnarpaMMa cocTOHBHH-nepexoAOß

Hyjiio, 3a HCKjiiOHeHHeM

CTByioiueM HanajibHOMy
npHßeAeHa Ha pnc. 5.3

3Ta AnarpaMMa cooTBeTCTByeT cneAyiomeH MaTpnue BeponTHOCTen:

1o ~y o o
i- -

1
0 0 0rt,

2 72

1
1 — 0 072 72

1
0 0-4 2 -4

k+\ k

TaX KaK b Kan<AHH -momcht
TaeM, hto cyMMa sneMeHTOB

BpeMeHH AOJinceH 6biTb nepexoA, to chh-
SJieMeHTOBOb Kan<Aoro cToJi6ua AOJincHa 6nTb cahhhh-

BeKTOp-CTpOKa [HH] HBJineTCH CO6CTBCH-HOH. ApyrHMH CJIOBaMH, Be
HHM BeKTOpOM MaTpHHbi P C eAHHHHHHM CO6cTBeHHHM 3HaHeHHeM.

ne BeKTopa BeponTHOCTen cneAyiomHMOnpeAejiHM Z-npeo6pa3oßaHHe

n(k+l)=Pn(k). (5.4.1)
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o6pa3oM:

B o6o3HaneHHHx Z-npeo6pa3oßaHHH BbipanceHHe (5.4.1) npHHHMaeT
cjieAyiomHH bha:

TaKHM o6pa3oM, mh npeACTaBHJiH o6mee peuieHHe 3aAann b BHAe
cpyHKHHH MaTpnun P, yMHOH<eHHOH na BeKTop HanajibHoro coctohhhh.
OneBHAHO, MoryT BCTpeTHTbcn 3HaneHHH Z, ajih kotophx MaTpnua,
o6paTHan MaTpHue (I—ZP), He cymecTßyeT. 3th 3HaneHHH Zj 3ana-
K)TCH oahhm H3 AByx ypaBHeHHH det (I—ZjP)=o hjih det(P—
—Z_l jl)=o. OneBHAHO, hto 3HaneHHH Z~l

j hbjihiotch co6cTßenHbiMH
3HaHeHHHMH MaTpHHbi P. TorAa, npHMeHHn TeopeMy CnjibßecTpa,
HMeeM:

(5.4.4)

B cjiynae noßTOpmoiunxcn co6cTßeHHbix 3naHeHHH Tpe6yeTcn hckoto-
pan MOAH(|)HKaHHH BbipanieHHn (5.4.4). YpaßHeHHe (5.4.4) hbjihctch,
no cyiHCCTBy, nacTHbiM pa3JiojKeHHeM Ha Apo6n. THnnHHbiH hjich sto-
ro pa3Jion<eHHH HMeeT bha

TaKHM o6pa3oM, KoscpcpHuneHTH npn nocjieAOßaTejibHbix cTeneHHx Z
y6bißaiOT co BpeMeHeM no 3aKOHy (Z~l j)*. Ohcbhaho, hto ecjin Bepo-
HTHOCTH AOJIHCHH 6blTb OrpaHHHeHHHMH, TO KOpHH 1/Zj AOJI2KHH Jie-
maih BHyTpn eAHHHHHoro Kpyra (cm. MHHHMajibHO cpa3oßbie cpyHK-
HHH). Mn yme noKaaajin, hto oahh H3 KopneH Z\ BcerAa eAHHHHHHH.
3to npHBOAHT k ycTaBOBHiBHieMycH (cTauHO'HapHOMy) peuieHHio l'=l.
B HameM nacTHOM npHMepe bcktop BeponTHOCTH «ycTaHOBHBUierocH
coctohhhh» HMeeT bha [0 0 0 1]T. CjieAOßaTejibHO, o6m.ee peuieHHe
HMeeT (popMy

B 3aKjnoneHHe otmcthm, hto Ha npaKTHKe H3peAKa BCTpenaiOTCH He-
npaßHJibHbie MaTpnun (c HenojiHHM Ha6opoM co6cTBeHHHx BeKTopoB),

n(Z)=jx(o)+Zjx(l)+Z2 jr(2)+ ... (5.4.2)

[*(1)+ Z«(2) + ...^ = P[*(o) +Zt: (1) + ...] =

= Z- I [n(Z)-TT(O)] = PIl(Z); (I — ZP)n(Z) =*(0); (5.4.3)
n(Z)= (i-zP)-^(0).

<'-
zp

>-' =£-n^7zr

1-Z/Zy J + Zi +( Zy JT

HMeeT bha [0 0 0 1J J . LjieAOßaTejibHO, 061
«y

r° i ,
4

«<*)«=. 0 [1 11lJ+ 1 c,ry U(0).
1 /=2



k KOTopnM ne npnMeHHMa TeopeMa CHjibßCCTpa. B TaKnx cnynanx
peuieHHH coAepJKaT He tojibko hjichhZ- , ho xaKme h hjichh tZ~l

h t2Z~f. TaKan me CHTyanHH Ha6jnoAaeTcn h ajih o6hkhobch-
HHX AH(p(pepeHHHaJIbHHX ypaBHeHHH C nOCTOHHHHMH KO3(pCpHHHeHTa-
mh. 06hhho peuieHHH noJiynaiOTCH b cpopMe (/v)', rAe n — i-fi KopeHb
noKa3aTeAbHoeo ypaBHeHHH. npHcyTCTBHe noßTopmomnxcH KopHefi
npnBOAHT k peHieHHHM, noAo6HHM (no cpopMe) trU. MaTeMaTHHecKoe
HccJieAOßanne stoh npo6jieMH npHBOAHTcn b pa6oTe CeHeTa [20].
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6. MOfIEJIHPOBAHHE fIAHHbIX
HABJUOfIEHHR METO^OM
HAHMEHbUIHX KBAAPATOB

CorjiacoßaHHe Teopnn h AaHHbix Ha6niOAeHHH cocTaßJineT cymnocTb
HayKH. HaH6ojiee nacTO ajih peuieHHH stoh 3aAanH npHMeHneTcn crjia-

>KHßanne c noMoiHbio MCTOAa HaHMeHbuinx KBaApaTOB. B KBHrax no
sjieMeHTapHHM bhhhca6hhhm o6hhho paccMaTpHßaeTcn erjia^KHßaHne

pa36pocaHHbix tohck, xapaKTepH3yioiuHx AaHHbie Ha6jnoAeHHn, c no-
Mombio npHMoii. 3to He AaeT AOCTaTOHHoro npeACTaßJieHnn o MHon<e-
CTBe npo6jieM, KOTopne MoryT 6biTb penieHH c noMombio MeTOAa
HaHMeHbuinx KBaApaTOB. HeKOTopne reocpH3HHecK!He npHMepn, koto-
pne mh paccMOTpHM, BKjnonaiOT onpeAejienHe MecTonojio>KeHHH onara
3eMjieTpnceHHH, anajiH3 mopckhx bphjihbob n otjihbob, pa3Jio>KeHHe
CHJin 3eMHoro npnTH>KeHHH h MarHHTHbix nojiefi Ha ccpepHnecKHe rap-
mohhkh h HHTCpecHbie npeo6pa3oßaHHH BpeMeHHbix pnAOB. Ecjih npe-
AHAyui,He 3naHeHHH BpeMeHHoro pnAa H3BecTHbi, to mctoa HaHMeHb-
uinx KBaApaTOB no3BOJineT onpeAeJiHTb cpHjibTp, KOTOpnn npeACKa3H-
BaeT HeKOTopne 6yAyuine 3HaHeHHn stoto BpeMeHHoro pHAa. KorAa
BpeMeHHon pnA, KOTopbift 6hji OHeHb xopomo npeACKa3yeM ajih 6onb-
uioro npoMen<yTKa BpeMeHH, BApyr CTaHOBHTcn <HaMHoro xyn<e npen-
CKa3yeMHM, to roßopnT, hto npoH3oniJio «co6hthc». OnjibTp, KOTopbift
noAHepKHBaeT TaKne co6hthh, «a3bißaeTcn (pUAbTpoM, npedcKasbieato-
a{UM otuudKy. Upu noncKe cneHHCpHHecKH pacnpeAejieHHOH bo BpeMeH-
HOM pHAy BOJIHH OH MOJKCT HOMOHb B KOHCTpyHpOBaHHH CpHJlbTpa,
KOTopnn OKHMaeT 3Ty BOJiHy b HeKOTopyio jierKO pacno3HaßaeMyK)
cpopMy, HanpHMep b HMnyjibc onpeAeJienHoro BHAa. TaKOH cpopMiipyio-
HI.HH BOJIHH CpHJIbTp MO>KHO CKOHCTpyHpOBaTb C HOMOLUbK) MeTOAa
HaHMeHbuinx KBanpaTOß. B cjiynae MHoroKaHajibHbix BpeMeHHbix pn-
AOB, nojiynaeMbix necKOJibKHMn naTHHKaMH, perncTpnpyiouiHMH bojihh

b npocTpancTße, mctoa HaHMeHbuinx KBaApaTOB mo>kho Hcnojib3o3aTb
ajih nocTpoeHHH cpHjibTpoß, KOTopne pearnpyiOT TOJibKo Ha onpeAe-
jieHHbie HanpaßJieHHH n ckococth pacnpocTpaHeHHH bojih.

npen<Ae horn H3JiaraTb o6myio Teopnio, paccMOTpHM npocTon npn-
Mep H3 o6jiacTH anajiH3a BpeMeHHbix phaob. HanpHMep, nycTb 3aAaH
bxoahoh cHrnaji x:=(2, l) ajih (pHJibTpa f=(fo, fi). TorAa bhxoahoh
cnrHaji AOJinceH nenpeMeHHo HMeTb bha c=(2fo, fo+2/i, f\). Ann koh-
cTpynpoßaHnH o6paTHoro c|)HjibTpa ncejiaTejibHO, hto6h bhxoahoh cnr-
Haji c no bo3moh<hocth npH6jiH>KajiCH k BejiHHHHe (1, 0, 0). Mto6h
yMenbuiHTb pa3HOCTb MOKAy cpaKTHnecKHM n Tpe6yeMHM bhxoahhmh
cnrnajiaMH, MHiiHMH3npyeM BbipaxenHe:

E(fo, f i )=(2fo-\) 2+(fo+2fl )2+(fl )2 .
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CyMMa E KBaApaTOB norpeuiHOCTeH 6yAeT MHHHMajibHOH, ecjiH bcjih

HHHH /o H /i Bbl6paHH TaX, HTO6bI BbinOJIHHJIHCb yCJIOBHH

CoKpaman upeAHAymHe BbipaJKemiH Ha 2 h npnBOAH hx k craHAapT
Hoft ajih coßMecTHbix ypaBHeHHH cpopMe, nojiynHM

PeuieHHe stoh chctcmh HMeeT bha - Jo_
"f0 ] i l r 5 —21 f 2 "I 21

fi J 21 — 2 5j [0 j~ 4
21

OaKTHHeCKHH BHXOAHOH CHTHajI C (pHJibTpa HMeCT BHA (tjT, +o7 > ~2T/.
hto HBJineTcn HenjioxHM npH6jiHn<eHHeM ajih oncHAacMoro cnrnajia

(1, 0, 0).

6.1. YPABHEHHH BOJlblllE, HEM HEH3BECTHbIX

Ecjih hhcjio jihhchhhx ypaBHeHHH npeßHinaeT hhcjio HeH3BecTHbix,
TO HeBO3MOH<HO HaHTH peuieHHe, KOTOpoe TOHHO yAOBJieTBOpHJIO 6bl
bccm 3THM ypaBHeHHHM }, TorAa HmyT peuieHHe, KOTopoe npH6jiHH<eH-
ho yAOBJieTBopneT BceM ypaBHeBHHM. PaccMOTpHM cJieAyiomyio cncTe-
My ypaBHeHHH, b KOTopon ypaBHeHHH 6ojibiue, neM HeHßßecTHbix; Be-
jiHHHHbi a n c — H3BecTHH, a x — HeHBBecTHa:

(6.1.1)

Xfti_anx . . . anm

Ha6opa BejiHHHH xi, tohho yAOßJieTßopnio-
OnpeAejiHM BeKTop norpeuiHOCTeH et cne-

1 TaKan cncTeMa ypaBHeHHH Ha3bißaeTCH nepeonpeAejienHoft. (flpuM. nepee.)

0 = l)2+2(f. +2f1);

0 = = 2(f.+ 2f1)2+2f 1.

25] fi\ 10 .

axx ax 2. . . axm
a2x a22

aiX

xx
c 2

c„
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AyioiHHM o6pa3oM

Bx=e, (6.1.4)
rAe B — MaTpnua, coAepncaiHan c n a. Ajih i-u norpeuiHOCTH mo>kho
3anncaTb CKajinpHoe npoH3BeAeHHe, a KancAMH H3 BeKTopoß npeACTa-BeKTopoß npeACTa-

Tenepb 6yAeM MHHHMH3HpoBaTb cyMMy KBaApaTOB norpeuiHOCTeH E,
paßHyio BejiHHHHe

BbIHOCH nOCTOHHHHe H3-HOA

#n #12 " " " #im
X, C, *,

#21 #22
X2C2 £2#31

„ Xfn Cn _ @n —.
_Ctnx . . " "nm

BbiKJiaAKH ynpocTHTCH, ecjin nepenncaTb sto ypaßHei
ho HH>Ke (stot npneM B3HT y A>KOHa Bypra):

Ci #v " " " #irn — , — — —1 ex
C 2 #21 x, e 2—c 3

Km &n _
Cn #ni " " "Aran—

3th ypaBHeHHH mo>kho 3anncaTb coKpameHHo b BHAe

3anncaTb CKajinpHoe npoH3BeAeHHe, a Kamjihm H3 bck
BHTb KaK cTOJi6eH. TorAa

" i "1 r btl -

ei =[b ixbi 2...] \ =[1 "*,...]

~ bii ~] r l ~

E=^[\x x ...] bi2 [bix bi 2...] Xl
" (6.1.5)

BbIHOCH nOCTOHHHHe H3-HOA 3HaKa cyMMnpoBaHHH, HOJiyHHM:
( ~-Ci~ \A[.. i -

n aix X x

£=[1,xt xt -..\^V ai2 \-cta ltatt ...Jl *2 . (6.1.6)
(=1

OcTaßuiancH b cepeAHHe BbipascenHH (6.1.6) MaTpnua, KOTopyio 060-
-3HaHHM HCpe3 T/j, HBJineTCH CHMMeTpHHHOH H HOJIOJKHTeJIbHO (TOHHee,



HeoTpHHaTCJibHo) onpeAejieHHOH MaTpnueH, TaX KaK He cyiuecTßyeT
TaKHX x, ajih kotophx BejiHHHHa E OTpnuaTejibHa, nocKOJibKy E npen-
cTaßJineT co6oh cyMMy KBaApaTOB norpeuiHOCTeH ci. BejiHHHHa x Ha-
xoahtch H3 ycjioßHH MHHBMyMa (pyHKHHH E, hto AOCTHraercn npn
dE/dx\=Q, dE/dx2=o, . . ., dE jdxm=Q. Otmcthm, hto npn stom nojiy-
naeTcn TOHHO no OAHOMy ypaBHCHHio ajih Kan<AOH Hen3BecTHon Bejin-

HHHH. 14~T06b1 BHeCTH HCHOCTb B 3TH npeACTaBJieHHH, paCCMOTpHM BH-
pan<eHHe (6.1.6) ajih cjiynan AByx HeH3BecTHbix:

(6.1.7)

npHpaßHHßan k Hyjiio npon3BOAHyio no x\, nojiynHM

(6.1.8)

TaX KaK rij=rji, to o6a njieHa cyMMH b npaßon nacTH paBHH n, cne-
AOBaTejibHo, Bbipa>KeHHe (6.1.8) mojkho nepenncaTb b BHAe

(6.1.9)

AHajiornHHO, AHCpcpepeHunpoßaHHe no x 2 AaeT

(6.1.10)

(6.1.11)

nocjieAHee Bbipa>KeHHe npeACTaßJineT co6on ABa ypaBHeHHH c abvmh
Hen3BecTHbiMH. Ero mo>kho 3anncaTb b 6ojiee TpaAHHHOHHon cpopMe

(6.1.12)

B MaTpnue ypaBHeHHH (6.1.11) He xßaTaeT TOJibKo BepxHefi crpoKH,
hto6h OHa CTajia paßHofi MaTpnue H3 ypaBHeHHH (6.1.7). Hto6h bbc-
cth b Hee 3Ty CTpoKy, mojkho AonojiHHTb BbipanceHHe (6.1.11) cne-
AyiomnM paBeHCTBOM:

"/"oe ''oi r o2 ~\ ~ I

E=[l X x X2\ r xo r xx rX2 j x,
' -

r 1 -i r 0 -

. x 2 J L o -

- x2 J

r 1 -i

Q—~fa~~ 2 lr 20 r 22] *l

ypaBHeHHH (6.1.9) h (6.1.10) mohcho o6"beAHHHTb
1 -I

0 1 (r„ rxx r„1|= x x0 j r2a r2X r22 L x 2 J

rxx r X2 I Xj r lO

r 2l r22 J1 x 2 J L r2o

y=/*oo+>'oi*i+/'o2*2, (6.1.13)
125
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KOTopoe mo>kho paccMaTpHßaTb KaK onpeAeJieHHe hoboh nepeMeHHon
v. npH6aßjiHH paBeHCTBO (6.1.13) CBepxy k BbipanceHHio (6.1.11), no-
jiyHHM:

(6.1.14)

PeiHenneM x ypaßHennn (6.1.12) hjih (6.1.14) hbjihctch TaKan co-
BOKynHOCTb Xh, ajih KOTOpon BejiHHHHa E 6yAeT MHHHMajibHOH. Ajih
noHHMaHHn HHTepnpeTaHHH BejiHHHHbi v mohc'HO yMHOJKHTb o6e HaCTH
BbipameHHH (6.1.14) Ha [1 X\ x 2]. Torna nonynnM

(6.1.15)

CpaßßHßan BbipaxeHHH (6.1.15) n (6.1.7), bhahm, hto v npeA-
CTaßJineT co6on MHHHMajibHoe SHaHenne E.

HHorna yAo6Hee npeACTaBJiHTb Han6ojiee Ba>KHne ypaBHeHHH c no-
MoiHbio pacnjieHeHHbix MaTpnu. B stom cjiynae cj)opMyjia norpeuiHO-
cth (6.1.6) 3anncHßaeTcn b BHAe

(6.1.16)

nocjieAHee ypaßHeHHe pacmenjineTCH na ABa:

(6.1.17)

rAe (popMyjia (6.1.18) npeACTaßJineT co6oh cncTeMy ypaBHeHHH, pe-
uiaeMyio OTHocHTejibHo x. ypaßHeHHe (6.1.18) bboahtch b 3BM. Oho
jierKO 3anoMHHaeTcn 6jiaroAapn 6ncTpoMy n HecTporoMy (oneHb He-
CTporoMy) BHBOAy. nosTOMy HanHeM c nepeonpeAeJiennoro ypasßeHnn
Ax^c; yMHOxeHHe ero Ha AT jiaex Bnpan<eHHe (ATA)x=ATc, koto-
poe coßnaAaeT c cpopMyjioft (6.1.18).

B cpH3HHecKHx npHJio>KeHHHx nepeMeHHan Zj nacTO HBJineTcn kom-
njieKCHon BejiHHHHOH, HanpHMep Zj=Xj-\-iyj. X nepeMeHHon Zj BcerAa
mo>kho npHMeHHTb npeAuiecTßyioiHHn aHajiH3, TpaKTyn 3aAany
TaKHM 06pa30M, KaK eCJIH 6bl BejiHHHHbi Xj H tfi 6bIJIH AeHCTBHTeJIbHH-
mh He3aBHCHMHMn nepeMenHHMH. PaccMOTpeHne BejiHHHH Zj b Kane-
CTBe eAHHoft KOMnjieKCHOH nepeMeHHon AaeT 3HanHTejibHHH Bnurpnin
3a cneT npocTOTH n skohomhh BbinncjienHH. norpeuimocTb E mojkct

paccMaTpHßaTbCH jih6o KaK cpyiHKunn Xj n yj, jih6o KaK cpyHKHHH zs n
2j. Boo6me /=l, 2, . . ., N, ho mh orpaHnnnMcn o6cyn<AeHHeM cjiynan
A'=l, ocTaBHB o6hihh cjiynaft ajih ynpaxcHeHHH. MnHHMyM norpem-

v~\ r roo roi ro2ir i

0 r iO r il rl2 x x

- u_i L r2 Q r 2X r22 J lx2 -

ful f { 1v=[\ x x x2 \ o =[1 x, x 2]R x x ._ 0 J l x 2 -

£=[l|x] r[jl [-c|A] JL
. Ar J L x

V = ere-cre-crAx;

0=- Arc + ArAx, (6.1.18)
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HOCTH HaXOAHTCH H3 CJieAyK>HJ,HX COOTHOIHCHHH:

(6.1.19)

(6.1.20)

yMHoncHB cpopMyjiy (6.1.20) Ha i n npoH3BeAH CJioaceHHe h BHHHTa-
HHe sthx ypaBHeHHH, mojkho noJiyHHTb 6ojiee npocTbie ycjioßHH ajih
MHHHMyMa:

OAHaKO norpeiuHOCTb E o6hhho hbjihctch nojioncnTejibHon Aeft-
CTBHTeJIbHOH KBaApaTHHHOH (pyHKHHefi z h z, a dE/dz— npocTo KOM-
njieKCHo conpHHieHHHM c dE/dz. CjieAOßaTejibHO, ABaycjiOßHH (6.1.21)
n (6.1.22) mojkho 3aMeHHTb jik)6hm H3 hhx. npn pa6oTe c KOMnjieKC-

HHMH nepeMeHHHMH 06bIHH0 MHHHMH3HpyiOT nOJIOJKHTeJIbHyiO KBaA-
paTHHHyio tpopMy cjieAyioui.ero BHAa:

rAe HriAeKc (*) o6o3HanaeT KOMnjieKCHO-conpHHceHHbie TpaHcnoHnpo-
BaHHbie BeKTopn h MaTpnun. TorAa cpopMyjiy (6.1.22) hphboahm
k BbipanceHHio

KOTOpOe H HBJIHCTCH KOMnjieKCHOH (popMOH ypaBHeHHH (6.1.18).
PaccMOTpHM npHMep. npeAnojion<HM, hto nocjieAOßaTejibHOCTb mo-

MeHTOB BpeMeHH U npnxoAa (ppoßra BOJiHbi HBMepneTCH AaTHHKaMH,
pacnojion<eHHHMH na och x b TOHKax Xv nycTb cppoHT bojihh npn6jiH-
n<eHHo HMeeT (popMy napa6ojin ti^a-\-bxi-\-cx2i, rAe xt — H3BecTHne
BejiHHHHbi, a a, b, c — HeHßßecTHbie KoscpcpHuneHTH. Ajih Ka>KAoro
AaTHHKa i HMeeM ypaßHeHHe

KorAa i>3, to ypaBHeHHH 6yAeT 6ojibuie, neM HeH3BecTHbix. Ajih sto-
ro npnMepa BbipanceHHe (6.1.14) npHHHMaeT cjieAyiomnn bha:

n — -^L—^L—+— —-_dE \ dE ■

dx dz dx fe dx dz ~< fc

r) _d^__dE__dz_ , dE_ dz___ .i dE _ dE \
dy "" dz dy dz &V ''~ \dz dz J

o=4f-; <6-L2l )

0= 4£-. (6.1.22)
dz

E(z*, z) = \Az—c| 2=(z*A*—c*) (Az—c), (6.1.23)

0-=-^-= A*(Az-c), (6.1.24)

- 1 -

[-+" IXj X 2;} I flffjQ. (6.1.25)
c

—t, ~] ri r v -

'-r=l X 2- C 0
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3Ty CHCTeMy ypaBHeHHH mohwo peuiHTb cTaHAapTHHMH MeTonaMn ot-
HOCHTejibHO BejiHHHii a, b H c.

riocjieAHHe Tpn CTpoKH b ypaBHeHHH (6.1.26) mohcho 3anncaTb
B BHAe

3to roBopHT o tom, hto BeKTop norpeiHHocTeH ci nnjineTCH nepnenAH-
KyjIHpHHM (HJIH HOpMaJIbHHM) X (pyHKHHHM I,X H X 2, KOTOpHMH npH-
-6jiHJKaiOTCH Hauin AaHHbie. no stoh npnHHHe TaKne ypaBHeHHH nacTO
Ha3HBaK)T HOpMaJIbHHMH ypaBHCHKHMH.

ynpajKHeHHH
1. 06o6m,HTe BbipaxeHne (6.1.24) ajih bojih, Ha6/noAaeMbix b njiooKOCTH (x, y),T.e.
AJIH AByXMepHOH KBaApaTH'IHOH cpopMbi.

2. FlycTb y(t) npeACTaßjiHei co6oft cpyHKHHio KOMnjieKCHbix 3HaneHHft ajih no-
cjieAOßarejibHbix uejinx 3HaieHHH t. liocTpoHTe ajih 3HaHeHiift y(t) no MeTOAy Han-
MeHbinnx KBaApaTOB annpoKCHMHpyiomyio npnMyio yft)xtM-\-st, rAe a=ar-\-io.i,
a 6=pr-i-i|3f. CAejiaiiTe sto AByMH cnoco6aMH: a) npeAnojioncHß, hto ar, a,-, p\
ii 6r Herape He3aßHCHMbie nepeMeHHbie; 6) npeAnojioncHß, hto a, a, |3 h |3 — He3a-
BHCHMbie nepeMeHHbie.

3. YpaßHeHHe (6.1.14) npeAnojiaraeT Bee BejiHHHHbi AeftcTßHTejibHbiMH. 0606mn-
Te sto ypaßHeHHe ajih cjiynan, KorAa Bee BejiHHHHbi KOMnjieKCHbie. IlpoßepbTe,
HBJIHeTCH JIH MaTpHHa SpMHTOBOH.

4. Bojihh HaSjiiOAaeMoro 3eMjieTpnceHHH AOCTnraiOT /-ft ceftcMHnecKoft oScepßa-
TopHH (mnpoTa Xj, AOjiroTa yi) b MOMeHT BpeMeHH tj. Bbijio BbiCKa3aHo npeAnojio-
JKeHHe o tom, hto 3eMJieTpaceHHe Haiajiocb b MOMeHT BpeMeHH t b onare, pacnojio-
»ceHHOM Ha mnpoTe x h AOJiroTe y. TeoperaHeCKOe BpeMH pacnpocTpaHeHHH bojihh

mo>kho HaHTH no TaSjiHHe BpeMeH pacnpocTpaHeHHH bojih T(A), rAe T — BpeMH
pacnpocTpaHeHHH bojihh, a A — HaHSojibuinii ccpepHHecKnft yroji, onpeAeJineMbift bh-
paxeHHeM

Pa3HOCTb Ha6jiK)AeHHoro h TeopeTHHecKoro BpeMeH pacnpocTpaHeHHH bojihh ajih /-ft
CTanHHH b npeAnojio>KeHHH, hto 3eMJieTpHceHHe 3aperncTpHpoßano b tohkc c KOOpAH
HaTaMH (x, y, t),

ej^t+T(Aj)-tj.
Pa3HOCTb BpeMeH b npeAnojioKeHnn, hto 3eMjieTpHceHne npon3ouuio b Tonne (x-\-dx,
y+dy, t+dt),

riojiyqnTe ypaBHeHHH, pa3peuieHHbie OTHOCHTejibHo dx, dy h dt, KOTopne mhhhmh3h-
poßajiH oh cyMMy KBaApaTOB pa3HoCTeft BpeMeH.

5. Cnjia THH<ecTH gj H3MepeHa b N SecnopHAonno pacnojioHceHHbix TOHKax Ha
noBepxHOCTH 3eMjin (mnpoTa Xj, AOjiroTa yj, /=l, N). EIoKaxHTe, hto MaTpnua
HopMajibHoro ypaBHeHHH, KOTopoe annpoKCHMHpyeT 3th AaHHbie ccpepnnecKHMn rap-
MOHHKaMH, MO>KeT 6HTb 3anHcaHa KaK cyMMa ctoji6hob, yMHonceHHHx Ha hx TpaHcno-
HnpoßaHHHe MaTpHHbi, Ka« b npeAHAymeM ynpa>KHeHnn. KaK mojkho 6hjio 6h ynpoc-
THTb 5Ty MaTpnny, ecjin 6h OHa HMejia 6ecKOHenHo mhoto oAHHaKOBO pacnojioHcen-
hhx ToneK AaHHbix? [3aMeHaHHe. CcpepnHecKne rapMOHHKn S cocTaßjiniOT KJiacc
CpyHKHHH BHAa

S m n (x, y)=Pm n (cosx) exp (imy)

"rli r ° iV. Xi et'== 0 . (6.1.27)
;=i L x 2- J L 0 J

FlpeACTaßbTe otbct b BHAe p«Aa (sn= 2 *" ]

cosA= sin y sin i/j+cos y cos yj cos (x—Xj).

IdT dA \e j^t +dt+ T(A j) + [^ Td^^dy-tj.
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ajih (m =—n — 1, 0, 1, . . ., n) h(n=o, 1, . . ., oo), rAe Pm n — npncoeAHHCH-
Hbift nojiHHOM JlencaHApa CTeneHH n h nopnAKa m\.

6. MopcKHe npHjiHBH n otjihbh AOcraTOHHO tohho annpoKCHMnpyiOTCH cnHycon-
AajIbHHMH CpyHKHHHMH H3BeCTHHX HaCTOT. C npHJIHBOM H OTJIHBOM CBH3aHH HaKJIOHH
nOBepXHOCTH 3eMJIH. KoMnjieKCHblft BpeMeHHOH pHA MOJKHO COCTaBHTb H3 HaKJIOHa
noBepxHOCTH b HanpaßJieHHH ceßep — lor njnoc V — 1, yMHOHceHHbift Ha HaKJioH
b HanpaßJieHHH boctok — 3anaA. PaccMaTpnßaeMbifl KOMnjieKCHHft BpeMeHHOft pHA

A'

Aje ' . HaflAHTe CHCTeMy ypaß-

HeHHH, KOTOpyio mojkho pemHTb OTHOCHTejibHo BejiHHHHbi Aj, Aaiomeft HaHjiyHUiee
npn6jiHH<eHHe stoh cpopMyjibi k HafijiioAeHHHM AaHHHM. IIOKajKHTe, hto HeKOTopne
3-JieMeHTH MaTpHHbi HOpMaJIbHOrO ypaBHeHHH HBJIHIOTCH CyMMaMH, KOTOpble MO>KHO
BHHHCJIHTb aHajIHTHHeCKH.

7. 06mee pemeHne ypaBHeHHH Jlanjiaca b unjinHApHnecKHX KOopAHHaTax (r, 0)
ajih noTeHHHajibHoro nojin P, KOTopoe crpeMHTCH k Hyjno npn r—>-<x>, AaeTCH Bbipa-
HceHHeM

HaflAHTe noTeHHHajibHoe nojie, OKpyncaiouiee KBaApaTHbift o6b>eKT, ajih HCTOHHHKa,
HMeiomero eAHHHHHbift nOTeHUHaJi. npoAejiaftre sto nyTeM HaxoxAeHHH N Koacpcpn-
HHeHTOB Am c noMombio MHHHMH3aHHH KBaApaTa pa3HOCTH Me>KAy P(r, 9) H eAHHH-
Heft, npoHHTerpHpoßaHHoft BOKpyr KBaApaTa. ,H,aflTe OTBeT b o6o3HaneHHHx oSpaTHofl
MaTpHHbi HHTerpajiOß. KaKHe KoacpcpHHHeHTbi Am ncnesaiOT HMeHHo BCJieACTBHe chm-
MerpnH?

6.2. BECOBbIE OYHKUHH M OTPAHHHEHHH

AaHHbie HeKOTopnx Ha6jnoAeHHH cnnTaiOTCH HaAen<Hee Apyrnx.
ripH 3TOM MOHCeT BO3HHKH,yTb
hum AaHHHM 6ojibuiHe Beca.

npnnaTb 6ojiee najiem-

CJIOBaMH, MO>KHO yMHOSKHTb
i-e ypaßHeHHe Ha Becoßyio cpyHKHHio

(6.2.1)

TorAa B3BeiueHHan cyMMapHan norpeiuHOCTb

(6.2.2)

CjieAyn MeTOAy, H3Jio>KeHHOMy b npeAHAymeM pa3AeJie, nerKO noKa-
3aTb, hto BejiHHHHa x, KOTopan MHHHMH3HpyeT BBBeuieHHyio norpeiu-
HOCTb E b cooTHouieHHH (6.2.2), OAHOBpeMeHHo yAOBJieTBopneT en-

/=!

v^ e/m9
P(r, 9)=Re V Am?WTx-

m=o

seT BO3HHKH,yTb Heo6xoAHMOCTb npnA
6onbmne Beca. ApyrHMH cjiOBaMH,

Ha Becoßyio cpyHKHHio y wt '.
._ j _.

x x

Vwt\—ci afl a it ,..] *2 =yw^et .

man cyMMapHan KBaApaTHnecKan noi

n

i=l
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CTeMe ypaBHeHHH

I —Ci
an
(Hi

V

0
0

x
X

n

I J}-, (6.2.3)

J
Bn6op BeCOBHX KOSCpCpHHUeHTOB HaCTO HBJineTCH Cytf'beKTHBHHM, H6M
06-beKTHBHHM, OAHaKO eCJIH KaHeCTBO AaHHbIX HeOAHHaKOBO, TO 3TOTO
lieBO3MO>KHO H36e>KaTb. OTCyTCTBHe BeCOBHX KO3(pfpHHHeHTOB W 03Ha-
naeT, HTO OHH paBHH eAHHHHC

3HaHHTejibHHH HHTepec npeACTanjineT cjiynan, KorAa HeKOTopne
ypaBHeHHH aoji>khh 6biTb peuieHbi tohho. TaKHe ypaBHeHHH Ha3Hßa-
K3TCH ypaBHeHHHMH orpaHHHeHHH. Ohh nacTO BO3HHKaiOT H3 TeopeTH-
necKHx npeACTaBneHHH h nosTOMy MoryT b npHHunne He AonycKaTb
KaKon-JiH6o norpeuiHOCTH. OcTajibHbie ypaBHeHHH nacTO BKjnonaiOT

pe3yjlbTaTH H3MepeHHH. IIoCKOJIbKy H3MepeHHe MOHCHO npOH3BOAHTb
MHoro pa3, to jierKO nojiynnTb HaMHoro 6ojibuie ypaBHeHHH, neM He-
H3BecTHbix. TaX KaK H3MepCHHe BcerAa BKjuonaeT norpeuinocTb, to
MeTOA HanMeHbiHHx KBaApaTOB ncnojib3yeTcn ajih toto, hto6h mhhh-
MH3HpOBaTb CpeAHIOK) nOrpeiHHOCTb. LlTO6bI yAOCTOBepHTbCH B TOM,
hto ypaBHeHHH orpaHHHeHHH peuieHbi tohho, mo>kho ncno.TbsoßaTb
oneHb 6ojibuine Becoßbie KoscptpnuHeHTH ajih sthx ypaBHeHHH. llpo6-
JieMa COCTOHT B TOM, HTO nOHHTHe «OHeHb 60JIbIHHe» HCAOCTaTOHHO
xopouio onpeAeneHO. Bccoboh KOscpcpnuHeHT, paßHbin 1010, mokct OKa-
3aTbcn HeAOCTaTOHHHM ajih rapaHTHH, hto ypaBHeHHH orpaHHHeHHH
yAOBJieTBopniOTCH c AOCTaTOHHon TOHnocTbio. C Apyroft CTOpOHH, w=
=1010 Mon<eT npnßecTH k onacnoMy oKpyrjieHHK) npn peuieHHH chctc-
mh ypaßHennft Ha BOCbMnpaspnAHoft 3BM. HanjiyHuiHft noAxoA 3a-
KjHOHaeTcn b tom, hto6h npoaHajiH3HpOßaTb cHTyauHio TeopeTHHecKH
npn w-+oo.

ripHMepoM ypaBHeHHH orpannneHnH hbjihctch paBeHCTBO cyMMn
Xi BejiHHHHe M. ApyrnM orpaHHHeHneM mo>kct 6nTb ycjiOßHe Xi=x2 .
PaccMaTpHßaeMbie ABa ypaBHeHHH orpaHHHeHHH, npnßeAeHHbie k MaT-
PHHHOH (pOpMe, HMdOT BHA

— M 1 111
0 I—lo 0

(6.2.4)

3annuieM o6uiyio CHCTeMy k ypaßHennft orpaHHHeHHH b BHAe
r i i

o
G (6.2.5)

r i n

Ci a lx &i2...]}

1 -
xx
X2

0 j

Xj

x2
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MHHHMH3auHH norpeniHOCTH npn W^-OO B ypaBHe.HHHX

YwQx
Bx

ajire6paHHecKH nono6Ha MHHHMH3auHH norpeniHOCTH b ypaBHeHHHajireopaHHecKH nonooHa MHHHMH3aunn norpeumocTH b ypaßHemiK
Bx^O. Ctpokh b YwG noxo>KH Ha HeKOTopne AonojiHHTejibHne
ctpokh ajih B. Pe3yjibTnpyiomee ypaßHeHHe ajih x HMeeT bha

f. f-~*i * r ?"i ijj a<; (T*.'«.. :».!+2j-i s: \*» ?..,...i X
' j=l . I=l

~ V ~
r i i o

X *" = ° . (6.2.6)(6.2.6)

Tenepb BO3bMeM Bee Wt\ paßHbie 1/e, h ycTpeMHM c k Hyjiio. llycTb
TaK>i<e

(Vb +4-QT G] (x<°> + sx* 1 ) + ...) = v<°) + v( ! ) s + ... (6.2.8)

ripiipaßHHeM Ko3(pfpHUHeHTbi npn CTeneHHX c:

PaßencTßO (6.2.9a) hbjihctch cncTeMoft H3 m ypaBHeHHH c m Hen-BecTHHMH. Oho 6yAeT aBTOMaTHnecKn yAOßJieTßopnTbcn, ecjin yAOBJie-
TBopnioTCH k ypaBHeHHH b cpopMyjie (6.2.5). ypaßHeHHe (6.2.96)
AOJin<Ho BKJHonaTb m HeH3BecTHbix b x(0) njnoc cmc m Hen3BecTHbix
b x( !). Ha caMOM Acne, HeT hco6xoahmocth b m BejinnnHax H3 x( 1} ;
lIOCKOJIbKy k HeH3BeCTHHX H3

l=Gx^ (6.2.10)
6yneT AOCTaTOHHO.

06-beAHHHn ypaBHeHHH (6.2.96) h (6.2.5) n onycKan BepxHHe hh-
AeKcn, nojiynHM KBaApaTHyio MaTpnuy c m-j-k HeH3BecTHHMH:

V

o" Br ß Gr 1 T x

G o JL A
(6.2.11)

x=x(°>+Bx( I>+82x(2>+ . . . ; (6.2.7a)
v=v<°>+ev< I>+e2v<2>+ . . . (6.2.76)

ymiTbißan sto, 3aiiHiueM cpopMyjiy (6.2.6) b BHAe

c- 1 : GrGx(°>=o; (6.2.9a)
e° : Brßx(°)+Gr Gx( 1)=v(°); (6.2.96)

e l , e2 : He Tpe6yK)Tcn.
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CncTeMa ypaBHeHHH (6.2.11) cjiyjKHT OAHOBpeMeHHO ajih onpeAe-
jieHHn HeHBBecTHHx x h X. OHa Mon<eT paccMaTpHßaTbcn n KaK peuie-
HHe sanaHH MHHHMH3aunH KBaApaTHHHoft cpopMbi:

B COOTBeTCTBHH C MCTOAOM MHOJKHTCJieH JlarpaHJKa MOHCHO MHHH-
MH3npoBaTb KBaApaTHHHyio (popMy, noAJienouiyio orpaHHHeHHio, ny-
TCM MHHHMH3aHHH B33MeH 3TOTO CyMMH KBaApaTHHHoft CJDOpMH H
orpannHHßaioiHHx njieHOß, rAe Kamnhm orpaHHHHßaiouiHft hjibh

HBJineTcn npoH3BeAeHHeM ypaBHeHHH orpaHHHeHHH Ha MHOJKHTejib Jlar-
paHno Xi. 3to tohho coßnaAaeT c BbipaxseHHeM (6.2.12). PemeHne
npn stom onHCHBaeTCH ypaßHeHneM (6.2.11). Mhojkhtcjih JlarpaH>Ka
HaCTO BO3HHKaK)T B CBH3H C HHTerpajIhHHMH ypaBHeHHHMH. 3to noHH-

THe nerKO TpanccpopMHpyeTCH b MaTpnHHyio cpopMy nyTCM npn6jiHn<e-
HHH HHTerpHpOBaHHH C nOMOIUbK) cyMMnpoBaHHH.

ynpascHeHHH
npn onpeAeJieHHH pacnpeAeJieHHH njiOTHOCTH ajih rjiyfinHHoro pa3pe3a 3eMHofl KOpH
mojkho 6hjio 6h MHHHMH3HpoBaTb KBaApaT pa3HOc" Me>KAy HeKOTopHMH TeopeTH-
HeCKHMH BejiHHHHaMH (HanpHMep, HaCTOTaMH CBOSOAHOrO KOJie6aHHH 3eMJIH) h Ha-
6jIK)AeHHbIMH AaHHHMH. 06uiaH MaCCa H MOMeHT HHepHHH 3eMJIH XOpOHIO H3BeCTHH
no acTpoHOMHHecKHM AaHHHM. Ecjih pa3AejiHTb 3eMJiro Ha npon3BOJibHbie tohkhc
CJIOH paßHOfl TOJIUIHHH, TO KaKOBH 6yAyT ABa aCTpOHOMHHeCKHX ypaBHeHHH orpaHH-
HeHHH njiOTHOCTH 3thx cjioeß p;? Ecjih 3aAana MeTOAa HaHMeHbuinx KBaApaTOB
HBJineTCH HejiHHeflHoft (KaK 3to nacTO 6bißaeT), to OHa mojkct 6biTb jiHHeapH3oßaHa
c noMombio npeAnojio>KeHHH, hto 3aAaHHbift Ha6op njiOTHOcreft p, hbjihctch xopouieft
rHnoTe3ofl, yAOßJieTßOpHiomefl orpaHHneHHHM h Aaioniefl BO3MO>KHocTb npHMeHHTb
MeTOA HaHMeHbuinx KBaApaTOB ajih BO3MymeHHH dpi. KaKOBH ypaBHeHHH orpaHHHe-
HHH AJIH rfpi?

6.3. yPABHEHHH MEHbIUE, HEM HEH3BECTHHX

CJieAyeT AenaTb, KorAa ypaBHeHHH l MCHbuie, neM Hen3BecTHbix,
OTKa3aTbcn ot peuieHHH? KoHenHo me hct, CJieAyeT ncnojib3oßaTb

npHHHHn ynpom,eHHH. HaftAeM npocTeftmee peuieHHe, yAOßjieTßopnio-
uiee BceM ypaBHeHHHM. TaKan cnTyaunn BO3HHKaeT nacTO. npeAnojio-
muM, hto nocne npoßeAeHnn KonenHoro nncjia H3MepeHnft AenaeTcn
nonbiTKa onpeneJiHTb Henpepbißnyio cpyHKHHio, HanpHMep nnoTHOCTb
p(r) KaK cpyHKHHio rjiy6HHH b 3eMjie. TorAa b 3BM p(r) mojkho
6hjio 6h npcACTaBHTb AHCKpeTHo b N TOHKax rjiy6nHH rt, i=\, 2, . . .. . � N. Ho TOJIbKO H3-3a TOTO, HTO BeJIHHHHy N npHHHMaiOT 60JIblH0H,
nojiynaiOT 6ojibiue Hen3BecTHbix, neM ypaBHeHHH.

MepOH ynpOUieHHH HeH3BeCTHOH (pyHKHHH XI MOHCHO CHHTaTb MHHH-
MajibHoe OTKJiOHeHne cc ot HeKOTopoft H3BecTHoft cpyHKHHH. ApyrHMH

1 TaKan CHereMa ypaBHeHHH Ha3HBaeTCH HeAOonpeAeJieHHofl. (flpuM. nepee.)

£ = Ixr /] ( B
Q
rB fjf I]= i'B'Bi+ .rte+ i

rflr l,

a TaX KaK CKannp Bcerna mo>kho nepeMecTHTb, to

E=xTBTBx+2XTGx. (6.2.12)
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CJIOBaMH, MHHHMHBHpyeM BCJIHHHHy

npn tohhom yAOßJieTßOpennn Ha6jnoAeHHbix AaHHHx hjih ypaßHennft:
orpaHHHeHHH:

Gx=o. (6.3.2)
Apyroft, 6ojiee nonyjinpHOH Mepoft ynpomeHHn (KOTopan He yHHTHsaer
nopnAOK nepeMeHHbix xi) HBJineTcn MHHHMH3aHHn bcjihhhhh

Ecjih MHHHMH3HpOBaTb

V

0
0 '
0

ypaßHeHHe (6.3.4) HMeeT paßHyio

(6.3.3)

(6.3.3) 6es KaKHx-jin6o Orpa-
CHCTeMe ypaßHennft:

Tenepb BBeAeM Asa
BOBbMeM Tpn HeH3-

pa3Aejie, AaeT

cyMMe HHCJia nepe-
MeHHbix h HHCJia orpaHnneHHft. Ero mo>kho peuiHTb hhcjichho hjih

BHanane cbccth k MaTpnue, pa3MepHOCTb KOTopoft onpeAejineTCH hhc-
jiom orpaH-HHeHHft. Pa3o6beM BbipancenHe (6.3.4) Ha ABa ypaBHeHHH:

II

(6.3.6)

BBeAeM coKpameHHyio 3anncb sthx ypaßHeHHft b bhac

E=H(xi—Xi-l )2 (6.3.1)

£=2 A-
Bbipa>KeHHe

HHHeHHft, to x 6yAeT yAOBJieTBopHTb cJieAyiomen ci_
1 Hyjin —— , —

1 x r■ "

i Xl o— 0
; o

Hyjin . _— ' —
H3 liocjieAHero Bnpa>KeHHH CJieAyeT, hto Xi=o. T
ypaBHeHHH orpaHHHeHHH h ajih onpeAejieHHOCTH b
BecTHbix. TorAa MeTOA, onncanHbift b npeAHAymeM

1 —dx —d 21 v
1 gl\ g2l *1 0

1 g\2 g22 x 2 0
1 gu g23 x 3 ~~ 0

—d\ gu gi2 gis 0 0 h 0
._—d 2 g2X g22 g23 0 0 l2_L o _

—dx —d 2 " 1 v
gll g2l *1 0

1 gl2 g22 X 2 0
1 gl3 g23 X 3 "~ 0

gl2 gl3 0 0 l x 0
g22 §23 0 0 _L^2 _ L 0

teeT Da3MeDHOCTb. oaßßviopaaMepHOCTb

"*i ] rgu gaii , -. r° "

*2 + g!2 g22 ' = 0 (6.3.5)
LX3 I lg 13 g23 J L0J

r , I *1 1 r J 1gll gl2 gl3 _ [ "l
£21 g 22 g2 3 d 2L x 3

x+G T?,=o n Gx=d.
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Ymho>khb Bbipa>KeHHe (6.3.5) cjießa Ha G, nonynnM

TIoACTaBHM b Hero ypaßHeHHe (6.3.6)

h noACTaBHM nojiynenHbift pe3yjibTaT CHOBa b ypaßHeHHe (6.3.5).
TorAa

Hepenncaß b pa3BepHyToM BHAe nocjieAHee Bbipan<eHHe, HMeeM:

3to h ecTb KOHenHbift pe3yjibTaT, t. c. MHHHMajibHO om/ioHHioiHeecH
peuieHHe x, ynoßJieTßopniomee HeAOonpeAejieHHoft CHCTeMe, o6pa3ye-
MOft ypaBHCHHHMH orpaHHHeHHH.

ynpajKHeHHH

1. Ecjih onpeAeJiHTb OTKjioHeHHe t noMomjbio Bbipa>KeHHH (6.3.1) bmccto (popMyjibi
(6.3.3), to KaKoft bha npnMeT (popMyjia (6.3.6)?

2. 3aAaHH Macca h momcht HHepuHH 3eMjin. BbinncjiHTe njiorHOCTb Maccn KaK
cpyHKHHio rjiy6HHH, ncnojib3VH npHHiinn MHHHMajibHoro OTK/ioHeHHH, BbipanoeMofl
<popMyjioft (6.3.7). KaKne KpHTHHecKHe 3aMenaHHH ecTb y Bac OTHOCHTeJIbHO stoh
npoueAypn? (YKasaHne: HaHjiynuiee peuieHHe ncnojib3yeT HHTerpajibi bmccto 6ecKO-
HeHHHX cyMM.)

3. Hcnojib3yftTe MeTOAH stoto pa3Aejia c uejibio yMeHbuieHHH b cpopMyjie
(6.2.11) pa3MepHOCTH MaTpnu, KOTopne AOJi>KHbi oCpaiuaTbcn.

6.4. nPEOEPA3OBAHHfI XAyCXOJIAEPA H METOA TOJiyBA [21]

ripn o6cyn<AeHHH MeTOAa HaHMeHbuinx KBanpaTOß mh BcerAa npnxo-
Ahjih k MaTpnuaM b (popMe ATA, KOTopne 3aTeM hco6xoahmo 6hjio
o6pamaTb. MeTOA Tojiy6a, ncnojib3yioiHHft npeo6pa3oßaHnn Xaycxon-
Aepa, KacaeTcn Henocpe-ACTBeHHo MaTpnun A n HMeeT to npenMyme-
ctbo, hto oh BHaHHTejibHO TOHHee mctoaob, o6pamaioiHHx Bbipa>KeHHe
ATA. rio-BHAHMOMy, Tpe6yeTcn nonTH BABoe 6ojibiuan TOHHOCTb ajih
o6pameHHn BbipamenHH ATA, neM Ta, KOTopan Heo6xoAHMa npn pa-
6oTe HenocpeACTßeHHo c MaTpnueft A. Apyroft npHHnnoft ajih H3yne-
hhh MeTOAa Tojiy6a HBJineTcn to, hto BHHHCJieHHe opraHH3yeTCH
b HeM coßepmeHHO npyrHM cnoco6oM. FTosTOMy oh nacTO 6yAeT HMeTb
Te hjih HHbie npenMymecTßa hjih HeAOCTaTKH, KOTopne otjihh3K)tch

ajih pa3JiHHHbix cjiynaeß npHMeHennH.
OTpa>Kaiouiee npeo6pa3oßaHHe, BKJiiOHaiomee npeo6pa3oßaHne

XaycxonAepa, onncnßaeTcn MaTpnueft R=(I —2vv T/vTv), rAe v —
npoH3BOJibHbift BeKTop. OneBHAHO, hto MaTpnua R cnMMeTpnHHa, t. c.

Gx+GGT^=o

d+GGT?,=o.

PeiHHM 3TO Bbipa>KeHHe OTHOCHTeJIbHO X:
X=—(GG^'d

x=Gr (GGr )-I d.

x\ :=[Gr][GGr]-Md]. (6-3.7)
x 3
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R=R T . oKa3HßaeTcn, hto oTpaH*aiomee npeo6pa3oßaHHe HBJineTCH
cbohm co6cTBeHHbiM o6paTHHM npeo6pa3oßaHneM, t. c. R=R -1. lloa-
TBepAHM sto na npHMepe R 2=l:

(6.4.1)

FoßopnT, hto MaTpnua npeo6pa3oßaHnn M ynuTapna, ecjiH MTM=I.
Ecjih Manpnua M HBJineTCH ynHTapHoft, to sto oßHanaen, hto BeKTop
x HMeeT Ty >Ke AJiHHy, hto h BeKTop Mx. 3th ajihhh paßnn x Tx n
(Mx) T(Mx)=xr MTMx=xTlx=xTx, t. c. BbipanoiOTcn oahoii n ion
n<e bcjihhhhoh. OTpa>Kaiou;He npeo6pa3oßaHHH hbjihiotch yHHTapnn-
mh, TaX KaK R_l=RT. Ohh hmciot npocTyio <pH3HHecKyK) HHTepnpe-
Taunio. PaCCMOTpHM OpTOrOHaJIbHyK) CHCTCMy KOOpAHHaT, b KOTOpOH
OAHa H3 KOOpAHHaTHbix oceft HanpaßJieHa BAOJib BeKTOpa v. OTpanoio-
mee npeo6pa3oßaHne H3MeHneT 3HaK stoii KoopAHHaTHoft och BCKTopa
Ha npoTHßonojioJKHbiH (nocKOJibKy Rv= —v), no oho ocTaßjineT 6e3
H3MeneHHft Bee Apyrne KOopAHHaTHbie och BeKTopa. TaKHM o6pa3oM,
H3 reoMeTpHnecKHx coo6pan<;eHHft ohcbhaho, hto OTpanoioinee npe-
o6pa3oßanne coxpaHneT AJiHHy ocn, a npHMeHeHne ero ABa>KAH npe-
o6pa3yeT nepnoHaHajibHbift BeKTop b caMoro ce6n. HaftACM Tenepb
cneunajibHoe oTpa>KaioiHee npeo6pa3oßaHne — npeo6pa3oßaHHe Xayc-
xojiAepa:

me a — npoH3BOJibHbift ajieMeHT.

OnpeAejiHß Tpe6yeMoe npeo6pa3oßaHne, y3HaeM, KaK TpaHccpop-
MnpoßaTb jiio6yio MaTpnuy b MaTpnny b cpopMe BepxHero Tpeyronb-
HHKa

c noMonibio nocjieAOßaTejibHocTH npeo6pa3onaHHH XaycxoJiAepa. To-
Jiy6 oneHHJi 3HaneHHe 3Toro MeTOAa ajih pemeHnn nepeonpeAejieHHbix
cncTeM coßMecTHnx ypaBHeHHH. Oh otmcthji, hto ccjih BeKTop no-
rpeniHOCTH e=Ax—b npeo6pa3yeTcn yHHTapHoft MaTpnueft Ue, to

3aAana MHHHMH3aunH ajihhh (e TUT Ue) 1/2 BeKTopa Ue nyTeM H3Me-
HeHHH BeJIHHHHH X CBOAHTCH TOHHO X TaKOft me 3aAaHe, KaK H MHHH-
MH3auHH ajihhh (e Te) 1/2 BeKTopa oihh6ok c no oTHomeHHio k H3MeHe-

L I _ 2vxT V— I 4vvr 4v (vrv) vr .
\ vr v y vrv """ (vrv) 2

HajibHHH BeKTop b caMoro ceon. rianAeM Tenepb
maiomee npeo6pa3oßaHne — npeo6pa3oßaHne Xayc-

~aaaa~ ~ a a a a ~

oaaa 0 a a a
H 00 a a — 00 a a , (6.4.2)

0 0 a a 000 a
0 0 a a 000 a

aa a a
0a a a
0 0 a a 6A30 0 0a v ;

00 0 0

000 0 _
octh npeo6pa3onaHHft XayexojiAepa. To-
MeTOAa ajih peuieHHH nepeonpeAejieHHbix
inft. Oh OTMeTHji, hto ecjiH BeKTop no-
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H3MeHHjin 6h BejiHHHHy e2 jho6hm H3 cnoco6oß. BepxHHH nacTb npe-
o6pa3oßaHHoft MaTpnun A HBJineTcn BepxHeft TpeyrojibHoft MaTpnueft,
KOTopan ajih Jiio6oro SHanenHn ej mokct 6biTb tohho pemena otho-
CHTejibHo Xi. Peuienne xt, nojiyneHHoe 'mctoaom HaHMeHbuinx KBaApa-
TOB, HBJineTcn eAHHCTBeHHHM, ajih KOTOporo t\ 6yAeT paBHO nyjiio.

BepHeMcn Tenepb k 3aAane OTncKaHnn cneunajibHoro OTpa>Kaio-
iHero npeo6pa3oßaHHH, Ba3HßaeMoro npeo6pa3oßaHneM XayexojiAepa,
KOTopoe BbinojiHneT onepauHK), onncbißaeMyio c noMombio Bbipa>KeHHH
(6.4.2). 3aMeTHM, hto onepaTop b jießoft nacTH cooTHOinennH, npn-
BOAHMoro HH>Ke, HBJineTcn OTpaJKaiOHiHM npeo6pa3oßaHHeM ajih jik>

a,
a 2

(6.4.6)a
at

a
HJIH

(6.4.7)

3to 6yAeT enpaBeAJiHBO TOJibKo ajih s, 3aAaHHoro Bbipan<eHHeM

hhk) Beirropa x. TaKHM o6pa3oM, mohcho HaftTH nocjieAOßaTejibHOCTb
npeo6pa3oßaHuft XayexojiAepa, bphboahihhx BeKTop e=Ax—b k BHAy

~ ~~i ~~ a a a ~ ~ a ~

0a a a

-= in r*i- 1 ■ (6A4>cOO 0 a
0 0 0 Xs a_ _000_ _^_

Otmcthm, hto H3-3a Hyjien b HH>KHeft nacTH npeo6pa3oßaHHoft MaTpn-
-IIH A HeT BO3MOJKHOCTH Bbl6paTb KaKHe-JIH6o 3HaHeHHH Xi, KOTopne
H3MeHHJin 6h BejiHHHHy e2 jiio6hm H3 cnoco6oß. BepXHHH HacTb npe-

1 = (fli _ g),+a.
4 + fl., [0 0(fl,-s) a 4 flj

-2^3-f2(a2
3 -i-a2

4 +a2
5)

s2 — 2sa3 + (a2
3 + a2

4 + a2
5)

S=±(a23+a24+a25) 1/2, (6#48)

ii.h-.z i . mto nnpnaTnn r .hprom uaptu rnnTHninpiiua nr.n-VJ. Ju.-t.*.}. iiu uiicpdiup a jieuun HdtiM cuui nuuiennn, iipn-
OAOAHMoro HH>Ke, HBJineTCH OTpaJKaiomHM npeo6pa3oßaHHeM ajih jiio-

ionoro Bbi6paHHoro 3HaMeHHH s:
-1 - 0 ~

1
2 °1 - { a 3 -sy +a\+a\ a'~s [0 0 (a-s) at a 6]\X

1 ai
- l_ _ «i J

a, o, 0 a,
a 2 a20 a 2

X a3 = «a — az—s — 5 (6.4.5)
a4a4a40

ioOTBeTCTBeHHO, 6CJIH yCJIOBHe (6.4.5) BbinOJIHHeTCH, BeJIH^HHa s(
oji>KHa npHHHTb onpe^ejieHHoe 3Ha^eHHe:h;
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SUBROUTINE GOLUB (A,X,B,M,N)

C A(M,N) ; B(M) GIVEN WITH M>N SOLVES FOR X(N) SUCH THAT
C | | B- AX | | - MINIMUM
C METHOD OF G.GOLUB, NUMERISCHE MATHEMATIK 7,206-216 (1965)
C

IMPLICIT DOUBLE PRECISION (D)
REAL A(M,N),X(N),B(M),U(SO)

C DIMENSION U(M)
C PERFORM N ORTHOGONAL TRANSFORMATIONS TO A( . , . ) TO
C UPPER TRIANGULARIZE THE MATRIX

DSIGMA-DSIGN(DSQRT(DSUM) ,DAI)
DBI=DSQRT (I. ODO+DAI/DSIGMA)
DFACT=I.ODO/(DSIGMA*DBI)

DO 1020 I-KPLUS.M
1020 U(I)=FACT*A(I,K)

c I - UU* IS A SYMMETRIC, ORTHOGONAL MATRIX WHICH WHEN APPLIED
C TO A(.,.) WILL ANNIHILATE THE ELEMENTS BELOW THE DIAGONAL X

DO 2030 J»K,N
c .APPLY THE ORTHOGONAL TRANSFORMATION

C BACK SUBSTITUTE TO RECURSIVELY YIELD X(.)
X(N)=B(N)/A(N,N)
LIM-N-1
DO 4020 I=I,LIM
IROW=N-l
SUM=O.O
DO 4010 J-1,1

4010 SUM=SUM+X(N-J+I)*A(IROW,N-J+l)
4020 X(IROW)-(B(IROW)-SUM)/A(IROW,IROW)

RETURN
END

PHC. 6.1. EloAnporpaMMa crjia>KHßanHH jiaunux MeTO^OM HaHMeHb-
uihx KBaApaTOB (cocTaßJieHa Jj,ohom C. Paujm)

Tenepb nocMOTpnM, noneMy onepaTOp b jießoft nacTH BbipanceHHH
(6.4.5) Mon<eT peajiH3oßaTb npeo6pa3oßaHne, Bbipan<aeMoe (popMyjioft
(6.4.2). Bn6op b KanecTße BeKTopa a TpeTbero CTOJi6na MaTpnubi
b cpopMyjie (6.4.2) bboaht Tpe6yeMbie Hyjin b npaßyio nacTb. B 3a-
KjnoHCHHe Heo6xoAHMo OTMeTHTb, hto TaKoft Bbi6op onepaTopa H He
yHHHTOKaeT KaKHX-jin6o nyjieft, KOTopne yn<e ecTb b Jießoft nacTH
Bbipa>KeHHn (6.4.2). IToAnporpaMMa ajih peuieHHH stoh 3aAann Ha
3BM npeACTaßJieHa na pnc. 6.1. 3Ta nporpaMMa He paccHHTaHa Ha

DO 3010 K-I.N
DSUM=O.ODO
DO 1010 I«K,M
DAJ=A(I,K)

1010 DSUM=DSUM+DAJ**2
DAI=A(K,K)

U(K)=DBI
FACT-DFACT
KPLUS=K+I

YACT=O.O
DO 2010 I=K,M

2010 FACT-FACT+U(I)*A(I,J)
DO 2020 I-K.M

2020 A(I,J)=A(I,J)-FACT*U(I)
2030 CONTINUE

FACT=O.O
DO 2040 I=K,M

2040 FACT-FACT+U(I)*B(I)
DO 2050 I=K,M

2050 B(I)=B(I)-FACT*U(I)
3010 CONTINUE
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KBanpaTHbie MaTpHHbi. Heo6xoAHMo, hto6h BbinojiHHJiocb ycnoßne
M>N. npeo6pa3oßaHHH XayexojiAepa MoryT npHMeHHTbcn TaK>Ke
b 3aAanax c orpaHHneHHHMH. B cncTeMe

mojkho noTpe6oßaTb tohhoto yAOßjieTßopeHnn ajih BepxHero 6jiOKa,
a ajih HHJKHero 6jiOKa — TOJibKo b cmhcjic HaHMeHbuinx KBaApaTOB.
OnpeAejiHM y KaK pe3yjibTa-T nocjieAOßaTejibHocTH npeo6pa3oßaHHft
XayexojiAepa no x. HanpHMep, y=H2 H!X. 3aTeM noACTaBHM x=
= H 1 H 2 H2 HiX = H 1 H 2y b BbipaxeHHe (6.4.9). npeo6pa3oßaHHH Xayc-

cnpaßa MaTpnun b cpopMyjiexojiAepa, npHMenneMbie KaK MHO>KHTejiH

(6.4.9), MoryT 6nTb Bbi6paHH TaKHM c
b BepxHne ABe crpoKH b Bbipan<eHHH (6/

06pa30M, HTO6bI BBeCTH Hyjin
(6.4.9), HanpHMep

i/l
aa 0 0 y 2
aa a a y 3aa a a

y*
nnn n —

rfi
d 2

(6.4.10)aa a a

b2

b3

aa a a

aa a a

Tenepb mojkho ncnojib3oßaTb

>khb Bbipan^eHHe (6.4.10) Ha c
3 npeo6pa3oßaHHn
onepaTop H cneßS

XayexojiAepa, yMHO-
hto6h npHBecTH eroH cneßa

k BHAy
TfIOOO dx

d2
&,
b2

aa 0 0
(6.4.11)aa a a

aa 0 a

aa 0 0 Lb 3 A
TaX KaK BepxHne Asa ypaBHeHHH b cpopMyjie (6.4.10) hjih (6.4.11)
AOji>khh yAOBJieTBopHTbCH tohho, to BejiHHHHbi y\ ii y2 onpeAejieHH
OAHO3HaHHO. rioSTOMy HX Hejlb3H HCnOJIbBOBaTb AJIH AOCTHJKeHHH MH-
HHMajibHoft norpeniHOCTH b hhjkbhx Tpex ypaßHeHnnx. B to n*e BpeMH
BepxHne ABa ypaBHeHHH He HaKJiaAHBaiOT orpaHHHeHHH Ha BejiHHHHbi

t/3 h r/4. CjieAOßaTejibHO, hx mohcho HcnojibßOßaTb ajih noJiyneHHH
MHHHMaJibnoft norpeniHOCTH b Tpex hh>khhx ypaßHeHnnx. HHKaKoe
peryjinpoßaHHe BejinnnH y$ h y± He mojkct H3MeHHTb norpeuiHOCTH
b nocJieAHeM ypaBHeHHH. FIosTOMy sto ypaßHeHHe mojkho He ynnTbi-
BaTb npn onpeAejieHHn bcahhhh yz h y\. TpeTbe n neTßepToe ypaßHe-
HHH mo>kho yAOBJieTBopHTb c Hyjießoft norpeuiHOCTbio, Bn6paß noAxo-
Ahluhm o6pa3oM BejiHHHHbi y3 h y\. 3to aojihcho 6biTb peuieHHe
c MHHHMajibHHM KBaApaTOM norpeiHHOCTH. HMen y, mojkho BepHyTbcn
Ha3aA n HaftTH x c noMombio Bbipan<eHHH x=H!H 2y.

€.5. BbIBOP HOPMbI MOAEJIH
Eui,e HeAaBHo TOHKa apennn Ha MOAennpoßaHHe reocf)H3HHecKHx AaH-
Hbix cocTonjia b tom, hto 3eMjiH npeACTaßJiHJiacb HenpepHßHoft n no-
-3TOMy Hy>KHO 6bIJIO CHHTaTb HHCJIO HCH3BeCTHbIX 6eCKOHeHHHM, a HHC-
JIO Ha6jiK)AeHHft orpaHHHCHHHM. nosTOMy b 3BM TaKan cnTyaunn
.annpoKCHMHpyeTcn chjibho HeAOonpeAejieHHoft chctcmoh coßMecTHbix

mm.*] (6A9)

#1
y 2

y3

y-i
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ypaBHeHHH. Ann noJiyneHHH eAHHCTBeHHoro OTBeTa pemenne aojihcho
3KCTpeMajin3oßaTb 3HaneHHe HeKOToporo HHTerpana. Ha npaKTHKe
cyMMa KBaApaTOB nacTO MHHHMH3HpyeTcn TaKHM cnoco6oM, hto nojiy-
naiOT rnaAKoe pemeHne. TunnnHan MaTeMaTnnecKan cpopMyjinpOßKa
paccMaTpHßaeMoft 3aAaHH 3aKjnoHaeTcn b crvia>KHßaHHH mctoaom Han-
MCHbuiHx KBaApaTOB CHCTeMbI ypaßHennft cjieAyioinero BHAa:

(6.5.1)

rAe BepxHHn 6jiok A o6o3HanaeT HeAOonpeAejieHHbie ypaBHeHHH orpa-
HHHeHHH c BeKTopoM AaHHbix d; HeH3BecTHbie npeACTaßJineT BeX-
Top x; a hh>khhii 6jiok HBJineTcn nojiocoßoft MaTpnueft (Bee Hyjienne
sjieMeHTH KOTopoft rpynnnpyiOTCH okojio AnaronajiH). 3to roBopHT
o tom, hto HeKOTopne 3HaneHHH x npn (j^HJibTpaunn AoJi>KHbi cTpe-
MHTbCH X HyJHO. OHJIbTpOM HaCTO HBJineTCH rpy6blft CpHJIbTp, noAo6-
Hbift, HanpHMep, onepaTOpy nepßoft pa3HOCTH. npn OTcyTCTBHn AaHHbix
onepaTOp nepßoft paBHOCTH npnBOAHT k peuiennK) b bhac nocTOHHnofi,
KOTopan HMeeT jiniub MaTeMaTHHecKnft cmhcji. B to >Ke BpeMH stot
BHHyjKAeHHHH pe3yjibTaT He HMeeT reocpH3HHecKoro cMHCJia, TaX KaK
pemeHne OKa3HßaeTcn cnjibHO crna>KeHHbiM Aa>Ke b ycjiOßHnx, KorAa
peajibHbie Monejin 3eMJin coAepn<aT cTyneHnaTbie pa3pnßbi (TaM, rAe
KOHTaKTHpyiOT ABe OAHOpOAHbie CpeAH C pa3JIHHHHMH CBOIICTBaMH).

OnjibTp nacTO Bbi6Hpae?cn cy6i>eKTHBHO Ha ocHOßaHnn pe3yjibTaTa,
k KOTopO'My npHBOAHT ero npnMeHeHHe. X con<ajieHHio, peuienne qacTo

OKa3HßaeTcn (pyHKuneft, nyßCTßHTejibHoft k cy6i>eKTHBHO b3hthm Be-
caM h (pHjibTpaM. CymecTßyioT o6ui,He TeopnH peuieHHH o6paTHbix
3aAan, no ohh He noAroTaßjiHßaiOT reocpH3HKa k Hcnojib3oßaHHio oco-
-6eHHOCTeft KOHKpeTHoft CHTyaunn hjih Ha6opa AaHHbix.

Oahoii H3 nojie3Hbix KOHuenunft b tcophh o6paTHbix 3anaH HBJineT-
cn noHHTne 06 HHBapHaHTHOCTH CHCTeMH KoopAHHaT. CyTb ero 3aKJiio-
naeTcn b tom, hto aoji>kho 6biTb HOJiyneHO OAHHaKOBoe peuieHne 3a-
Aann, HanpHMep, 06 sjieKTpHnecKoft npoBOAHMOCTn He3aBHCHMO ot
toto, BBeAeHn jih napaMeTpn 3eMJin c noMombio 3aAaHHn Hen3BecT-
HOft 3JieKTpHHCCKOft npOBOAHMOCTH B Ka>KAOft TOHKe AOCTaTOHHO ryCTOH
ceTKH, conpoTHßJienHH Ha ceTKe jih6o KoscpcpnuneHTOß HeKOToporo
pa3Jion<eHHH npn nojiHOM Ha6ope 6a3HCHbix (pyHKunft. Ohcbhaho, hto
crjian<HßaHHe KoscpcpHuneHTOß HH3Koro nopHAKa b HeKOTopoM pa3Jio-
>KeHHH nyTeM npHpaBHHBaHHH k Hyjiio KoscpcpHuneHTOß BbicoKoro no-
pnAKa He HBJineTcn KoopAHHaTHO-HHBapnaHTHbiM noAXOAOM. CMemeHne
Hanajia nojiHHOMHajibHoro pa3Jion<eHHH hjih npnMeHeHHe Apyroro Ha-
6opa 6a3HCHnx cpyHKunft mojkct Bee H3MeHHTb. Kohchho, npn peiue-
hhh o6paTHnx 3aAan reocpH3HKH Heo6n3aTejibHo ncnojib3oßaTb HHBa-
pnaHTHbift k CHCTeMe KoopAHHaT MeTOA. Ho ecjiH oh ne npHMeHneTcn,
to CJieAyeT ocTeperaTbcn bjihhhhh Ha name peuieHne H3MeHeHnn ch-
ctcmh KOOpAHHaT.

ra 1 [d l
i a

0
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PaccMOTpHM HeKOTopne npoHeaypH o6pam,eHHn AaHHbix (peuieHHH
o6paTHbix 3aAan), HHBapnaHTHbie no othoihchhio k CHCTeMe koopah-
naT. OrpaHHHHMcn (f)H3HHecKHMH 3aAanaMH, b KOTopnx MOJKeM onpe-
AeJiHTb nojion<HTejibHyio (pyHKUHio njiOTHOCTH p KaK SHeprnio paccen-
hhh Ha eAHHHuy 06-beMa. 06o3HannM nepe3 p BejinnHny 3Toft SHeprnn
KaK CpyHKUHIO pacCTOHHHH B HaCTHOft MOAeJIH 3eMJIH. MO-
Aejibio HBJineTcn Ta, KOTOpyio mh xothm Haftra, He HMen AaHHbix

H3MepeHHft. B TaKoft MOAejin cßoftcTßa BemecTßa He 3aBHCHT ot pac-
ctohhhh. Tenepb HaM noHaAo6nTCH HeKOTopne cpyHKHHH, KOTopne mh
Ha3oßeM HopMdMU ModeAU. Ohh o6jiaAaiOT CBoftcTßaMH nojion<HTejib-

HOCTH AJIH BCeX (nOJIOJKHTejIbHHX) p H p Yi. MHHHMaJIbHOCTH npH p=
s=p. HeKOTopne npHMepn TaKnx 4)yHKHHft npHßeneHn Ha pnc. 6.2, rAe

06o3HanHM Tenepb noA6npaeMbie npn MHHHMH3auHH CBoftcTßa
3eMJiH nepe3 x, r. c. (pyHKUHio pacCTOHHHH. Mo>kho Bbi6paTb x TaX,
aiToSbl MHHHMH3HpOBaTb HeKOTOpblft o6T>eMHblft HHTerpaji AJIH OAHOft
H3 HopM MOAejin npn ycjioßHH (orpaHHHeHHH), hto 3Ta MOAejib AaeT
pe3yjibTaTH, conn aAaionine c AaHHHMn Ha6jnoAeHnft. HHorAa mh pac-
nojiaraeM pesyjinraTaMH Ha6jnoAeHHft ot /=l, 2, 3, . . ., ns jiOKajiH3o-

BaHHbix HCTOHHHKOB. TorAa HyntHO BHHHCJiHTb HacTHoe pacnpeAejieHHe
SHeprnn pi ajih Kan<Aoro HCTOHHHKa. nocne stoto mojkho mhhhmh3h-
poßaTb cyMMy o6i>eMHbix HHTerpajiOß

PHC. 6.2. MHHHMH3aUHH JIK)6OH H3
AByx (pyHKUHH npH ,/IBHJKeHHH BejiHHH-

Hbi p b HanpaßJieHHH p

Nx (p, p) = \p-p\; N2 (P , p) =<£=£^-i
p

N*(P> P)=~P [n (^) +P-P'> NAP, p) =p\n(JL-\-p +p.
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mmV [N{pJ§ Pj )dV

npn ycjioßHH crjiaJKHßannH Bcex 3HaneHnft AaHHbix. .
CJieAyeT OTMeTHTb, HTO BCe CpyHKHHH HOpMbI MOAeJIH HBJIHIOTCH

OAHOpOAHHMH (pyHKUHHMH liepBOTO nOpHAKa. HpH 3TOM N (ap, Up)=
=aN(p, p) ajih a>o. 3to OBHanaeT, hto N ecTb o6T.eMHan njiOTHOCTb.

He 6yAb 3Toro CBoftcTßa, y Hac bo3hhkjih 6h TpyAHOCTH, CBH3aHHbie
c TeM, hto cyMMa Nk[p, p) no Ba6opy nacTeft 06-beMa AVk hbmchh-
jiacb 6n no Mepe yMeHbineHHH uiara ceTKH. HHBapnaHTHOCTb no otho-
meHHK) k Bbi6opy chctcmh KoopAHHaT o6ecneHHßaeTcn o6hhhhmh npa-
BHJiaMn npeoSpasoßanHH o6"beMHbix HHTerpajiOß H3 oahoii chctcmh
KoopAHHaT b Apyryio.

Tenepb paccMOTpHM npnMep H3 Teopnn cpnjibTpoß, KOTopan OKa-
3HBaeTCH CBH3aHHOH C BbIHHCJieHHeM CneKTpa MeTOAOM MaKCHMaJIbHO-
SHTponHftHoro cneKTpajibHoro aHannsa. Bo3bMeM H3BecTHbift bxoahoh
cneKTp R(Z) n HaftAeM cpHjibTp KOHenHoft ajihhh X(Z)=x0-\-XiZ-\-
--\-x 2Z2 , BbixoAHoft cnmaji KOTOporo HBJineTcn, HacKOJibKo sto TOJibKo
bo3moh<ho, «6ejiHM» b cMbicjie MHHHMH3aHHn HHTerpana N3 no cneK-
Tpy. nycTb cneKTp cpHjinrpa S(Z)=X(I/Z)X(Z). Mh HMeeM p=l,
P=R(Z)S(Z). TaKHM 06pa30M, MHHHMH3aHHH 3aKJIIOHaeTCH B TOM,
hto6h nojiynHTb

npupaßHHßan npoH3BOAHyio 3Toro Bbipa>KeHHH no Xh Hyjiio, HMeeM

nocKOJibKy MHHHMajibHO (pa3oßbie cpyHKHHH MoryT npeACTaBJiHTb jiio-

6oft cneKTp, to Bbi6epeM (pyHKUHio X(\fZ)~l TaKoft, hto6h OHa pa3-
jiarajiacb b pnA BHAa (bo-\-b\\Z-\-b 2\Z2-\- ...). TorAa HMeeM

BcnoMHHM, hto stot HHTerpaji ncnojib3yeT KO3(pcJ)HHHeHT npn Z° apry-
MeHTa. Ecjih npeAnojion<HTb, hto stot (pHJinrp HMeeT orpaHHHenHe
Xk=o npn k^3, to nojiynHM xopomo 3HaKOMyio CHCTeMy Tenjinua:

mm f (- In #S+#S) dm.

o== j(_4-+if)-j.fc=y(--4.+«)z-*jfw*
=jzi-TTW+R(Z)X(z>h

o=Jz-^-^0 +

-r0 r_j r_ 2 -j rx0 -j rb0

r x r0 r_, \ x x = 0
r2 ri r8 JL x 2 J L o
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6.6. HA/AE>KHOE MOAEJIHPOBAHHE

MeAHaHa n cpeAnee 3HaneHne — sto ABa BH;ia CTaTHCTHnecKoro cpeA-
Hero. B HOpMaJIbHOH CHTyaHHH OHH BeAyT Ce6n nOHTH OAHHaKOBO.
B HacTonuiee BpeMH yHCHHe-(pH3HKH ncnojib3yiOT cpeAHee 3iiaHeHne h,
CJieAOBaTenbHO, ne 3HaiOT o «ApaMaTHHHoft» bo3MO>khocth MennaHbi
crjian<HßaTb AeftcTßne rpy6nx norpeiHHOCTeft Ha6jiiOAeHHbix AaHHbix.
B KanecTße npnMepa paccMOTpHM AOporocToniuHft MHoroAiießHbift skc-
nepnMeHT, npoH3BOAHTejibHOCTb KOTOporo — oaho 3HaneHHe Ha pe3yjib-
TaT. B nepßbift AeHb pe3yjibTaT 6hji 2,17, Ha BTOpoft AeHb — 2,14, a na
TpeTHft, nocjieAHnft AeHb — 1638,03. CpeAHee sthx pe3yjibTaToß 547,78,
a MeAHaHa — 2,17. Ecjih «coMHHTejibHbin» pe3yjibTaT, nojiyneHnnft Ha
TpeTHn AeHb, HBJineTcn rpy6oft oihh6koii, to onpeAeJieHne MennaHH
MOJKeT npeAOXpaHHTb OT Hee. CTaTHCTHKH Ha3HBaK)T 3TO CBOftCTBO
MennaHH «Hane>KHocTbK)». B stom pa3Aejie noKan<eM, KaK MHorne
BHAH CrJia>KHBaHHH reO(pH3HHeCKHX AaHHHX MO>KHO cAenaTb HaAe>K-
hhmh. B nacTHOCTH, Bee BbinojiHHeMbie HaMH pacneTH, KOTopne paBHO-
3HanHH peuiennio nepeonpeAeJienHoft chctcmh jiHHeftHbix ypaßHCHnft
c noMombio MHHHMH3aHHH cyMMH KBanpaTOß norpeuiHOCTeft, MoryT
6biTb cAenaHH HaAe>KHbiMH nyTeM MHHHMH3auHH cyMMH a6coniOTHbix
norpeuiHOCTeft. 3aTpaTH Ha BHHHCJieHHH sthm mctoaom nacTO cpaBHH-
Mbi c 3aTpaTaMH na BHHHCJieHHH no MeTony HanMeHbuiHx KBaApaTOB.
nojio>KHTejibHHe norpeuiHOCTH MoryT 6biTb yMeHbuieHbi c noMouibio
pa3JiHHHbix Becoßbix MHO*nTejieft b 6ojibmeft CTeneHH, neM OTpnua-
TejibHbie. 3tot BapnaHT Ha3HßaeTcn HecHMMeTpnHHOH JiHHeftHoft Hop-
MOft. Oco6blM CJiyHaCM HeCHM'MeTpHHHOft JlHHeftHOft HOpMbl HBJineTCH
HepaßeHCTßo. HeyAHBHTejibHO, ecjin OKa>KeTcn, hto Bee 3aAaHii jiHHeft-
noro nporpaMMnpoßaHHH HBJiniOTcn nacTHbiMn cjiyqanMH 3anan He-
CHMMeTpHHHoft JiHHeftHoft HopMH, a MeTOAHKa peuieHHH 3anan MeTO-
AOM HecHMMeTpnHHOH JiHHeftnoft HopMH npome, neM mctoaom jihhch-
Horo nporpaMMnpoßaHHH.

80-nepßbix, noKan<eM, noneMy cpeAnne 3HaneHHH h MeAHaHH cjiy-
qaftHbix BejiHHHH cooTBeTCTByiOT KBanpaTaM n a6cojnoTHHM 3Hane-
hhhm. nycTb Xi Jiio6oe hhcjio. OnpeAejiHM m 2 nyTeM MHHHMH3auHH
cyMMH KBaApaTOB pa3HoCTeft (Ha3HßaeMoft L 2 HopMoft) Men<Ay
m 2 n xc.

.V

m2 \ mmV (m2 — xt )2 . (6.6.1)

npHMoft nyTb Haxo>KAeHHH MHHHMyMa coctoht b npnpaBHHBaHHH
k Hyjiio nacTHoft npOH3BOAHoft cyMMbi no OTHomeHHio k m 2. TorAa

HJIH

(6.6.2)

I=l

o=2 2.K-*i)
«=i

N

2 = 1
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OneBHAHO, hto m 2nonyneHo b TaKOM me BHAe, KaK o6hhho onpene-
jineTcn cpednee 3'HaneHHe cjiynaftHOH BejiHHHHbi. JXajiee, onpeAejiHM
m\ nyTeM MHHHMH3auHH cyMMH a6cojiK)THHX norpeuiHOCTeft (Ha3H-
BaeMoft L\ HopMoft). TorAa

JXjw onpeAeJiennn MHHHMyMa 3Toro Bbipa>KeHHH Heo6xoAHMO npnpaß-
HHTb k Hyjiio nacTHyio npoHBBOAHyio no m\\

3Aecb sgn — cnrHyM-fpyHKHnn, paßHan -f-1, KorAa apryMeHT nojioxtH-

TencH, paßHan — 1, KorAa apryMeHT OTpnuaTeJieH, n JiOKaman Me>KAy
hhmh, ecjin apryMeHT paßen Hyjiio. ypaßHeHHe (6.6.4) roBopHT o tom,
hto BejiHHHHa n%\ AOJiJKHa Bbi6npaTbCH TaX, hto6h OHa npeßbiuiajia xi
Ann A//2 hjichob h 6njia MCHbuie Xi ajih Nj2 hjichob, h hto ecjiH Xi
jiokht nocepeAHHe, to m\—Xi. 3to onpeAenneT Bejinnnny m\ KaK Me-
duany. [Ajih neTnoro nncjia N onpeAeJienne (6.6.3) Tpe6yeT TOJibKo,
hto6h 3HaneHHe f»i jiemajio rAe-Hn6yAb nocepeAHHe Me>KAy AByMH
3HaHeHHHMH Xi].

3aTpaTH na BbinncjieHHe cpeAHero nponopunoHajibHH nncjiy to-
nen N. 3aTpaTH Ha nojiHoe onpeAeJieHHe nepeHHCJieHHbix nnceji paßHbi
N\nN [22], bo npn HaxoiKAeHHH MeAHaHn nojiHoe onpeAeJieHHe He
Tpe6yeTcn. B pa6oTe Xopa [23] onncaH ajiropnTM ajih Haxon<AeHHH
MeAHaHH, KOTopnft Tpe6yeT 3N onepaunft. BbiHHCJiHTejibHbift anro-
Phtm, ocHOßaHHbift Ha anropHTMe Xopa, MoacHO npHMeHHTb ajih onpe-
AejieHHn B3BeiueHHbix MennaH, KOTopne hbjihiotch anajioraMn B3Be-
uieHHbix cyMM. 06HHHO BejiHHHHa 2,17 paccMaTpHßaeTCH KaK MeAHaHa
HHceji (2,14; 2,17; 1638,03), TaX KaK noApa3yMCßaeTcn npnMeHeHHe
OAHHaKOBbix Becoß (1; 1; 1). Ecjih npHMeHHTb Beca (3; 1; 1), to sto
6yAeT SKBHBajieHTHO aaAaHHio nnceji 2,14; 2,14; 2,14; 2,17; 1638,03.
TorAa MCAnana 6yACT paßHa 2,14. OopMajibHo B3BeuieHHyio MeAHaHy
mo>kho onpeAeJiHTb c noMombio mhhhmh33hhh BbipajKennn

mi : mml]\wi\\ m\—xi\. (6.6.5)
OneBHAHO, hto ecjiH Bee Becoßbie mhokhtcjih paßHbi eAHHHHe, to

nocJieAHee BbipaJKCHHe cboahtch k paHee npHBeAeHHOMy. Hcnojib3o-
Baß, HanpnMep, BCCOBoft MHoacHTejib, paßHbift TpeM, nojiynHM TaKoft
me pe3yjibTaT, KaK npn BKjiioHenHH oahoto h toto n<e HJiena tphjkah
c BecoM, paBHHM eAHHHue. Pnc. 6.3 HJiJiiocTpnpyeT onpeAeJieHHe bh-
pa>KeHHn (6.6.5) ajih npocToro cjiynan. H3 Hero CJieAyeT, hto MeAHaHa
Bcer\na paßiia OAHOMy H3 3HaneHHn Xi, Aan<e ecjin Becoßbie MHO>KHTejin

He HBJIHIOTCH HejIHMH HHCJiaMH. EcJIH BCe BeCOßbie MHO>KHTeJIH enn-
HHHHbi, a HHCJia nocjieAOßaTejibHOCTH BnpaßHeHbi (pacnojion<eHH b no-
pHAKe Bo3pacTaHHn nnceji), to norpeiHHOCTb HopMH 6yAeT jienoTb Ha
npnMoft Me>KAy AByMH cpeAHHMn nncjiaMH. TorAa jno6an BejiHHHHa,

N

ml :m'm }̂ \m1 — xi \. (6.6.3)
(=1

0 =2i sgn(m1 -xi ). (6.6.4)
i=\
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jienoman b stom npoMe>KyTKe, yAOßjieTßopneT HameMy onpeAeJieHHio
MeAHaHH, OCHOBaHHOMy Ha MHHHMH3anHH CyMMbl.

3annuieM cnoßa Bbipa^enne (6.6.5), bhcch BejinHnny \wi\ BnyTpb
Apyroft (pyHKunn a6cojnoTHbix bcjihhhh. Torna

SaMeHHM Tenepb o6o3HaHeHnn, npnHHTbie b cTaTHCTHKe, o6o3HaneHHH-
mh, o6hhho ynoTpe6jineMHMH b cobmccthhx ypaßHeHnnx n jiHHeiiHOM

nporpaMMnpoßaHHH. nycTb

C sthmh hobhmh o6o3HaneHHHMH Bbipa>KeHHe (6.6.6) npno6peTaeT
BHA

Bnpa>KeHHe (6.6.7) no3BOJineT peuiHTb cncTeMy nepeonpeAejieHHbix
ypaßHeHnft BHAa

ax^b (6.6.8)
ajih x nyTeM MHHHMH3auHH HopMH L\. B cymHOCTH, sto 3aAana B3Be-
uieHHoft MeAHaHH. Ecjih ypaßßeHHe (6.6.8) peuiaeTcn nyTeM mhhh-

PHC. 6.3. CyMMa B3BeuieHHbix a6co
JIIOTHbIX 3HaHeHHH HOpM.
OyHKUHH, oSoaHa^eHHofl fiyKßOft A, cooTBeT-
CTByeT 0,5 1 m— l|; B — 0,5 |m— s|; C —0,1 \m—2|, a D sibjixsjcsi cyMMofi A, B v C.
CyMMa D MHHHMH3HpyeTCH npH m—2, t. c.
b TOiKe, KOTopoft OTBenaeT peuieHHe C=o=
=0,1 1 m— 2|

MH3aUHH HOpMH L 2 (MeTOAOM HaHMeHbHIHX KBaApaTOB), TO BejiHHHHa
x AOJiJKHa 6biTb cpeAHeß3BemeHHoft x=(a-b) / (a-a) .

PaccMOTpHM Tenepb TexHHKy peuieHHH npn MHHHMH3auHn Bbipa-
n<eHHH (6.6.5). 3Aecb Heo6xoAHM anropnTM Xopa. Ha ocnoße onnTa
BHAejiHM cnynaftHbie ypaBHeHHH H3 chctcmh (6.6.8), KOTopne tohho
yAOBJieTBopnioTCH. 3th ypaßHennn, Ha3HßaeMbie 6a3HCHHMH (ochob-
HbIMH) ypaBHeHHHMH, MO>KHO 0603HaHHTb CthXonbnK=bk. noACTaBJinn
XonMTH b ypaßHeHHe (6.6.8), nonynnM ypaBHeHHH c nojion<HTejibHbiMH,
oTpnuaTejibHHMH h HyjießHMn norpeniHocTHMH. Ecjih Bbi6paTb cjiy-
naftHbie ypaBHeHHH c atohmth, to mokct OKa3aTbcn, hto rpynna ypaß-
HeHnft c Hyneßoft norpeuiHOCTbio HMeeT AOCTaTOHHO 6ojibnioft Bee, hto-
-6n ypaBHOBecHTb Beca nojio>KHTejibHbix h OTpnuaTejibHHx otkjiohchhii

bo Bcex HanpaßJieHHHX. B npoTHBHOM cjiynae mh aojihchh Bn6paTb
HOBoe 6a3HCHoe ypaßHeHHe H3 Han6ojiee cnjibßon npeACTaßHTejibHoft
nojio>KHTejibHoft hjih OTpHuaTejibHoft rpynnn. X cnacTbio, HeT Heo6-

m/. mmV fw^m — \toi\xi\ =mm\. \^dn — w{x^. (6.6.6)
i i

ai : =wf, bi : = WiXf, x: =m. (6.6.7a, 6, b)

x: mm V \a tx~ 6,|. (6.6.7)
i
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xoahmocth Aanee paecMaTpnßaTb cjia6ne rpynnn, TaX KaK sth ocTaT-
kh He MoryT H3MeHHTb 3HaKH npn MHHHMH3auHH. B stom mo>kho y6e-
AHTbcn Ha ocHOBe reoMeTpnnecKHX npeACTaßjienHft (cm. pnc. 6.3). Mh
BcerAa xothm ABnraTbcn bhh3 no cKJioHy, TaX hto CJieAyeT eiiie pa3
y6eAHTbCH B TOM, HTO CCJIH CJieAyK)UI,aH TOHKa AaHHHX 'HaXOAHTCH' BH-
me HacTonmeft tohkh, to HHKorAa He BO3HHKaeT Heo6xoAHMOCTb npo-
BepnTb BepxHioio TOHKy. TaKHM o6pa3oM, pa3Mep rpynnn ypaßHeHHft,
noAßepraeMbix nccjieAOßaHHio, 6ncTpo yMeHbiuaeTCH. Ha pnc. 6.4 npn-
BeAeHa nporpaMMa ajih 3BM, ocymecTßJiHioiHaH 3Ty onepaunio. 3Ta
noAnporpaMMa HBJineTcn ncKOTopoft nacTbio 6ojiee cjiojkhoii nporpaM-
mh, KOTopan cneunajibHO npeAHa3HaneHa ajih KoppeKTnpoßaHHH AaH-
Hbix, Korna Becoßbie MHoncnTejiH paßHbi Hyjiio, n npeAycMaTpnßaeT
yKa3aHiie Bcex ypaß'HeHnft (nHorAa nx 6ojibine OAHoro), KOTopne yno-
BJieTBOpHIOTCH B KOHUe lipOUeCCa MHHHMH3aHHH.

CjienyiomnM maroM no cjio>khocth hbjihctch paccMOTpeHiie 3Toft
3aAann ajih AByx Hen3BecTHbix. OHeBHAHoe o6o6ui,eHHe Bbipan<eHHH
(6.6.8) AaeT

[;] (6.6.9)
ak c-k bk

ZlonycTHM, hto HHTaTejib JierKo peuiHT ypaßHeHHe (6.6.9) mctoaom
HaHMeHbuinx KBaApaTOB. PeuieHne nyTeM MHHHMH3auHH cyMMH a6co-
jiiothhx norpeuiHOCTeft HanHHaeTcn TaKJKe. HanHeM c onpeAejieHHn
norpeuiHOCTeft

(6.6.10)

3aTeM npnpaßHneM k Hyjiio nacTHbie npoH3BOAHbie BbipaJKeHHH
(6.6.10) no x n y:

(6.6.11a)

(6.6.116)

Tenepb nepeftneM k TpyAHOCTHM. Ecjih CHmyM-cpyHKHiin Bceryia
npHHHMaeT 3HaHeHnn +1 hjih — 1, to Bbipan<eHne (6.6.11a) nonpa3y-
MeßaeT, hto mhojkhtcjih ah mo>kho pa3AejiHTb Ha ABe rpynnn paßHoro
Beca. Hcho, hto b AeHCTBHTejibHOCTn 6ojibman nacTb MaccHBOB hhccji

a, c x I I &,
a 2 c2b2

N

£=2 \bk~ akX-ck y\.

0="^T= J]- % sgn #4- akx- c^);
fe=i

yv

0 =~df=Tj -ck sgn(^ -a^ - c^).
/?=i



He Mon<eT 6biTb TaX c6ajiaHcnpoßana (b nacTHOCTH, ecnn Bee mho-
>KHTejin cti, 3a HCKjuoHenneM oahoto, hbjihiotch uejibiMn HHCJiaMn).
TpyAHOCTH MoryT 6biTb hckjuohchh, ecnn xoth 6h oaho H3 ypaßHe-
Hnft (6.6.9) pemaeTCH tohho TaKH*e, KaK cnrayM-cpyHKUHH CTaHOBHTCH
ajih 3Toro HJiena HeonpeAeJieHHoft BejiHHHHofi. Jlio6oe ajire6paHHecKoe

SUBROUTINE SKEWER(ND,N,W,F,GU,GD, SMALL,K,T, ML,HH)
C SOLVE RANK 1 OVERDETERMINED EQUATIONS WITH SKEW NORM
C INPUTS- N,W,F,GU,GD, SMALL,K. OUTPUTS- K,T,ML,MH.
C FIND T TO MINIMIZE

C WHERE ( GU(K)*(ER-SMALL) IF ER.GT.+SMALL GU.GT.O
C SKEWNORM(K.ER) = ( GD (K)* (ER+SMALL) IF ER.LT. -SMALL GD.LT.O
C ( 0. IF ABS(ER).LE. SMALL.GE.O.
C GU.GD.W.AND F ARE REFERENCED INDIRECTLY AS W(K(I) ) , 1=1,N ETC
C MINIMA WILL BE AT EQUATIONS K(ML) ,K(ML+I), . . .K(MH)

DIMENSION W(ND) ,F(ND) ,K(ND) ,GU(ND) ,GD(ND)
DIMENSION G(1000)
LOW=l
LARGE=N
ML=N
MH=l
GN=O.
GP=O.
DO 50 ITRY=I,N
L=K (LOW+MOD ( (LARGE-LOW) /3+ITRY , LARGE-LOW+1 ) )
IF(ABS (W(L)).EQ.O.) GO TO 50
T=F(L)/(W(L))
F(L)=W(L)*T
DO 10 I=LOW,LARGE
L=K(I)
ER=F(L)-W(L)*T
G(L)=O.
IF (ER.GT.SMALL) G(L)=-W(L)*GU(L)

10 IF(ER.LT.-SMALL)G(L)=-W(L)*GD(L)
CALL SPLIT(LOW,LARGE,K,G,MLT,MHT)
GNT=GN
DO 20 I=LOW,MLT

IF(W(L).LT.O.)GPLX=GPLX-W(L)*GU(L)
IF(W(L).GT.O.)GPLX=GPLX-W(L)*GD(L)
.F(W(L).GT.O.)GMIX=GMIX-W(L)*GU(L)

40 IF(W(L).LT.O.)GMIX=GMIX-W(L)*GD(L)
GRAD=GNT+GPT
IF((GRAD+GPLX)*(GRAD-fGMIX).LT.O.) GO TO 60
IF (GRAD .GE.O.)LOW=MHT+I
IF(GRAD .LE . O . )LARGE-MLT-1
IF(LOW. GT. LARGE) GO TO 60
IF(GRAD .GE.O.)GN=GNT+GMIX
IF(GRAD .LE . O . )GP=GPT-KSPLX- IF((GRAD+GPI,X).EQ.O.)ML=MLT
IF( (GRAD4CMIX) .EQ . O. )MH=MHT

50 CONTINUE

PHC. 6.4. no^nporpaMMa BbiqHCJieHHH B3BeuieHHbix h HecHMMeTpHqHbix MezinaH (He-

-146

C N
C LS = SUM SKEWNORM(K,F(K)-W(K)*T)
C K=l

20 GNT=C?NT+G(K(I))
GPT=GP
DO 30 I=MHT,LARGE

30 GPT=GPT+G(K(I))
GPLX=O.
GMIX=O.
DO 40 I=MLT,MHT
L=K(I)



IC* 147

HeCOOTBeTCTBHe MOJKHO 6bICTpO yCTpaHHTb C nOMOUTbK) pnc. 6.3. 3tot
pe3yjibTaT, cxoahhii c onpenejieHHeM MHHHMyMa ajih OAHoro neH3-
BecTHoro, o6hhho Ha6jnoAaeTcn Ha Kpanx, rAe nepßan npon3BOAHan
pa3pbmHa. AHajiornHHan cHTyaunn BO3HHKaeT n ajih ypaBHeHHH
(6.6.116). 06hhho ajih N ypaßHeHnft n M Hen3BecTHbix hmchho M H3
N ypaßHeHHft tohho yAOBJieTBopniOTCH, hto6h AaTb BO3Mo>KHOCTb
yMeHbiHHTb rpaAneHT norpeuiHOCTH ao MHHHMyMa. B o6nacTH JiHHeft-
Horo nporpaMMnpoßaHHH o6hhho npHHHTO paccMaTpHßaTb jnoooe

Heßbipo>KAeHHoe noAMHon<ecTBO M n3 N ypaßHennH KaK CHCTeMy 6a-
3UCHbix ypaenenuu. cncTeMa H3 M ypaßHennft, KOTopan pe-
uiaeTcn, KorAa norpeniHOCTH MHHHMH3HpoBaHH, Ha3HßaeTcn onruMaAb-
HblM 6a3UCOM.

Xoth jinneftHoe nporpaMMnpoßaHne pa3BHjiocb b ABaAUaTOxM BeKe,
ocHOßHbie ero hack 6hjih xopomo H3BecTHH ao .Hanjiaca b BOceMnaA-
uaTOM BeKe. HanpHMep, b CTaTbe Taycca «Theoria Motus Corporum
Coelestium», KOTopan 6njia ony6jiHKOßaHa b 1809 r. [24], yKa3H-
BaeTcn, hto Jlannac Hcnojib3oßaji Apyroft cnoco6 peuieHHH ahhchhhx
ypaßHeHHft, hhcjio KOTopnx 6ojibuie HHCJia HeH3BecTHHx bcjihhhh, neM
panee npeAJio>KeHHbin Bockobhhcm, a HMeHHO, cnocoo c BbinncjieHneM

pa3HOCTeft, KOTopne cHHTanncb nojio>KHTejibHHMH h aojijkhh 6hjih

6blTb CTOJIb MaJIHMH, HaCKOJIbKO 3TO BO3MOH<HO. Mo>KHO JieTKO nOK3-

END

SUBROUTINE SPLIT (LOW,LARGE, K,G, ML,MH)
C GIVEN G(K(I)),I=LOW, LARGE
C THEN REARRANGE K(I ), I=LOW, LARGE AND FIND ML.MH SO THAT
C (G(K(I)),I=LOW,(ML-l)) .LT. 0 AND

C (G(K(I)),I=«(MH+I),LARGE) .GT. 0.
DIMENSION K(LARGE),G(4I)
ML=LOW
MH=LARGE

IF(G(K(I)).NE.0.O) GO TO 70
60 CONTINUE

CHMMeTpHiiiaa MeAHaHa MacTo Ha3bißaeTCH KBaHTH.ieM)

60 ML=MINO(ML,MLT)
MH=MAXO(MH,MHT)
RETURN

C (G(K(I)),I=ML.MH)=O. AND

10 ML=ML-1
20 ML=ML+I

1F(G(K(ML)))20,30,30
30 MH=MH+I
40 MH=MH-1

1F(G(K(MH)))50,50,40
50 KEEP=K(MH)

K(MH)=K(ML)
K(ML)=KEEP
IF(G(K(ML)).NE.G(K(MH)))GO TO 10
DO 60 I=ML,MH
11= 1

RETURN
70 . KEEP-K(MH)

K(MH)-K(II)
K(II)=KEEP
GO TO 30
END
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3aTb, hto cHCTeMa onpeAejieHHn HeH3BecTHbix bcjihhhh, ocHonaHHan
TOJibKo na stom npHHunne, HeH36e>KBO AOJi>KHa (3a HCKjuoneHneM cne-
unajibHbix cJiynaeß, b KOTopnx stot cnoco6 ocTaeTcn b HeKOTopoft CTe-
neHn HeonpeAeJieHHHM) tohho yAOBJieTBOpHTbcn ajih mhothx ypaßHe-
HHft H3 HHCJia npeAJion<eHHbix, hmcioihhx Hen3BecTHbie BejiHHHHbi.
OcTajibHbie ypaBHeHHH bboahtch b paccMOTpeHne TOJibKo ao Tex nop,
noKa ohh noMoraiOT onpedeAUTb peuienue.

Xl,ajibHeftuiee nccJieAOßaHHe stoii npo6jieMbi n MHoroHHCJienHbie
reocf)H3HHecKHe npHJion<eHHH mojkbo HaftTH b pa6oTe [25].

Tenepb onnmeM npocTyio, ho scpcpeKTHßHyio MeTOAHKy yMenbiue-
hhh MHoropa3Mepnoft noBepxHOCTH norpeuiHOCTeft. nojio>KeHHe tohkh
x Ha jihhhh, npoxoAnuieft nepe3 TOHKy xO, mohcho onpeAeJiHTb c no-
Mouibio CKajinpHoro napaMeTpa t. HanpaßJieHne jihhhh onpeAejieno M
KOMHOHeHTaMn BeKTopa g. TorAa Jiiodyio TOHKy x Ha jihhhh mo>kho
npeACTaBHTb b BHAe

noACTaßjinn BbipanceHHe (6.6.12) b nepeonpeAejienHyio CHCTeMy

Ax^b, (6.6.13)
nojiynHM

(6.6.14a)
(6.6.146)

OnpeAejiHM BejiHHHHbi w n c c noMombio Bbipa>KeHHft
(6.6.15a)
(6.6.156)

TorAa (popMyna (6.6.146) AaeT
w/^e. (6.6.16)

PeuieHHe ypaBHeHHH (6.6.16) nyTeM MHHHMH3auHH cyMMH a6cojiiOT-
hhx norpeuiHOCTeft AaeT TaK>Ke MHHHMyM norpeuiHOCTH BAOJib jihhhh
b BbipanceHHH (6.6.14a). Ho BnpanceHne (6.6.16) npeACTaßJineT co6oft
paHee o6cy>KAaßuiyiocH 3aAany ajih B3BeuieHHoft MeAnaHH. HanoMHHM,
qTo peuieHHe ypaBHeHHH (6.6.16) ajih /, Aaiouiee MHHHMyM a6cojnoTHoft
norpeuiHOCTH, 6yAeT tohho yAOBJieTBopnTb OAHOMy H3 ypaßHeHHft
b CHCTeMe (6.6.16). nycTb t=ek lwk. ZUn stoii BejiHHHHbi / k-e ypaß-
HeHHe H3 CHCTeMH (6.6.16) TaK>Ke 6yAeT tohho yAOBJieTBOpHTbcn. Te-
nepb oho Mo>KeT 6biTb BBeAeHO b hhcjio 6a3HCHbix ypaßHeHHft. noKa-
>KeM Aajiee, KaK Bn6paTb BeKTop g TaX, hto6h oh nocTOHHHo yAOBjieT-
Bopnji &-My ypaßHeHHio (ocTaßancn b k-n rnnepnJiocKOCTH), KorAa mh
noA6npaeM / b cJieAyiomeft HTepaunn.

Tenepb Heo6xoAHMa CHCTeMa 6a3ncHbix ypaßHeHHft. 3to cncTeMa
H3 M ypaßHeHHft, KOTopne BpeMeHHO yAOßjieTßopnioTCH. TorAa, no-
cKOJibKy b 6a3Hc bboahtch HOBbie ypaBHeHHH nyTeM onpeAejieHHn
B3BenieHHoft MeAHaHH, npe>KHne ypaBHeHHH HCKjiionaioTCH. CTpaTernn
HacTOHuiero anropnTMa npocTa: ncKjnoHHTb to H3 ypaßHeHHft, KOTopoe
HMeeT 6oJibuiyio AJiHHy. 06o3HanHM Hauin 6a3HCHbie ypaBHeHHH c no-

x=xo+gt. (6.6.12)

A(xo+go^b;

(Ag) Ax0 .
w=Ag;

e=b—Axo



MOIUbK) BHpa>KeHHH
(6.6.17)

rAe A' — KBaApaTHan MaTpnua.
06paTHyio MaTpnuy no OTHomeHHio k MaTpnne A', KOTopan HaM

noHaAo6nTcn, o6o3HanHM nepe3 B. Tenepb npeAnononcHM, hto mh pe-
luhjih OT6pocHTb p-e ypaßHeHHe H3 6a3Hca MaTpnun A. TorAa ajih

BeKTopa g BHAejiHM p-ft CTOJi6en MaTpnun B. JUh HarnnAHOCTH sthx
BHHHCJieHHH OTMCTHM, HTO TaX KaK A/B =I,TO M — BeKTOp A'g — HB-
JineTCH p-M ctoji6uom TO>KAecTßeHHoft MaTpHHbi. Oo3TOMy y N BeKTopa
W=Ag HMeiOTCH KOMnOHeHTH, paßHbie -j-1, M— l KOMnOHeHT, paßHbix
Hyjiio, h N—M Apyrnx, HeonpeAejieHHnx sneMeHTOB. Ecjih k-e ypaß-
neHne b CHCTeMe (6.6.13) hjih (6.6.16) coxpaHneTcn b 6a3nce CHCTeMbI
(6.6.17), to k-e ypaßHeHHe b CHCTeMe Ag/=d —Ax Tenepb HMeeT bha

0-t=o. (6.6.18)
B nocJieAHeM BbipanceHHH Hyjib cneßa HBJineTcn aneMeHTOM H3 to>kac-
CTBeHHoft MaTpnun, a Hyjib cnpaßa CJieAyeT H3 yTBep>KAeHHH, hto k-e
ypaßHeHHe tohho yAOßJieTßopneTcn. Ohcbhaho, Tenepb mojkho no me-
JiaHHK) Bbl6paTb t TaKHM 60JIbUIHM, HTO6bI nOJiyHHTb HOBHH JIOKaJIb-
Hbift MHHHMyM h k-e ypaßHeHHe BcerAa tohho yAOßJieTßopnjiocb. HMe-
eTcn TaK>Ke ypaßHeHHe BHAa

l-t=o. (6.6.19)
FlocjieAHee paBeHCTBO yAOßJieTßopneTcn TOJibKo npn ycjioßHH, hto t
paBHO Hyjiio. TeoMeTpHqecKH sto 03HanaeT, hto ecnn mh aojijkhh abh-
raTbcn b HanpaßJieHHH MHHHMyMa, to sto ypaßHenne He yAOßJieTßopn-
ctch n, cneAOßaTejibHO, mh bhxoahm H3 cooTßeTCTßyioiueft rnnepnjio-
ckocth. 3to ypaßHeHHe oaho H3 Tex, KOTopne He bxoaht b 6a3HC. Ko-
HenHO, ecnn t—^o, to sto ypaßHeHHe BKjnoqaeTcn b 6a3Hc. FlpeAHAy-
mnft mar noßTopneTcn ao Tex nop, noKa nocne M nocjieAOßaTejibHbix
HTepauHH ypaßHeHHe HCKjnoqaeTcn H3 6a3Hca 6jiaroAapn ero CTape-
hhk) n HeMeAJieHHO BoccTaHaßJiHßaeTcn npn 3to 03HanaeT, hto
6a3Hc He MOHteT 6biTb 6oJiee yjiynmeH h hto mh Hauuin onTHMajibHnft
6a3Hc n oKOHnaTejibHoe peuieHne.

A'x=d',
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7. nPHMEHEHHE METOfIA
HAHMEHbUIHX KBAAPATOB
RJIfl OnPEAEJIEHHH
OOPMbI BOJIHOBOrO UMUyjIbCA

KaK H3BeCTHO, MeTOAbl BbIHHCJIHTeJIbHOft MaTCMaTHKH nO3BOJIHK)T Ha-
xoAHTb KoopAHHaTn 3KCTpeMajibHbix TOHeK Ha KpHßoft. BapnauHOHHoe
HCMHCJieHHe AaeT BO3MO>KHOCTb HaxOAHTb SKCTpeMaJlbHbie (pyHKI{UU.
npH stom HenpepnßHoe npocTpaHCTBO Mon<eT 6biTb annpoKCHMnpoßa-
ho ceTKoft c Hepe3KHMn rpaHHuaMH. npocTpaHCTßeHHan 3aAaia onn-
cbißaeTcn HeorpaHnqeHHHMH MaTpnuaMH, hbjihioihhmhch npo6jieMoft
b BapnaunoHHOM HcqHCJieHnn. OAHaKo stot HeAOcraTOK qacTHHHO kom-
neHCHpyeTCH peryjinpHon cpopMoft MaTpnu. B stoii rnaße 6ynyT pac-
CMOTpeHH npHMepn ncnojib3oßaHHH MeTOAa HaHMeHbuinx KBaApaTOB
npn onpeAejieHHn (popMH BOJiHOBoro HMnyjibca h ycTaHOBJieHHn coot-
HouieHHft Men<Ay rpynnaMH cnmajioß pa3JiHHHoft cpopMn. 3th saAa^H
npHBOAHT X MaCCHBHHM nOAHHM MaTpHUaM, Ha3HBaeMbIM 6JIOKOM
Tenjinua, ajih peuieHHH KOTopnx pa3pa6oTaH oco6nft mctoa.

7.1. nPOrHO3HPyK)IUHE H *OPMHPyK)IHME <DHJIbTPbI

npeAiioJio>KHM, 4to ceftcMnqecKHH cnmaji onncnßaeTcn AaHHbiMH
b=fr0 , bi,...,bn ). Heo6xoAHMo nocTpoHTb cpHJinrp BHAa f=(fo, f\, . . ",.. � fn ). OnpeAejiHM (pHJIHTpaUHK) TaKHM o6pa3oM, hto, KorAa AaHHbie
b nocTynaiOT Ha bxoa cpnjibTpa vf, bhxoahoii CHmajl c onncnßaeTcn
npoH3BeAeHneM MaTpnu

~b0 0 ... 0

bx b0 0

b2 b x b0

Co _
/o

Cx . b2 b x . -c2' '. = " " " (7.1.1)
bn . b 2

Lfm-
- c"+m- 0 bn '.

bn-i

i o ..'(,„_
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3Ty onepauHio nacTO Ha3bißaiOT noAuou ceepTKOu. uMnyAbcnou xapaK-
TepucTUKu cpuAbTpa v exodnou nocAedoeaTeAi hoctu. 3to to me ca-
Moe, hto h HAeHTHcpHKauHH. KO3(p(J)HUHeHTOB npn nepeMHO>KeHHH MHO-
roHJieHOB.

PaccMOTpHM Tenepb cmc oahh ceftcMHHecKHH cnmaji d, hmcioluhh
HecKOJibKO KOMnoHeHT BHAa c ByAeM c^HTaTb Bejinnimy d Tpe6yeMHPvi
BHXOAOM (pHJibTpa, a C AeftCTBHTeJIbHbIM BHXOAOM, HBJIHIOIHHMCH (pyHK-
HHeH bxoahhx AaHHbix b H peaKUHH cpnjibTpa f. Heo6xoAHMO onpeAe-
JiHTb XapaKTepHCTHKy (iHAbTpa f TaKHM 06pa30M, MTO6bI BeJIHHHHH c
h d 6hjih npaKTnqecKH HeoTJiHHHMH Apyr ot Apyra. JXjw 3Toro Bbi6e-
peM f TaX, hto6h KBaApaT ajihhh pa3HOCTHoro BeKTopa c— d hmcji

MHHHMyM (b /2-f-m-|-l-MepHOM npocTpaHCTße) . Bocnojib3yeMcn MeTO-
Aom HaHMeHbuiHx KBaApaTOB ajih peuieHHH CHCTeMbI nepeonpeAejieH-
hhx ypaßHeHHft:

h0 o ... 0

bx h 0

b2 bx b0

i d 0i

-folb 2 6, dx
d 2

(7.1.2)
bn b2

0 bn

blt -t

0 0 bn

Hcnojib3yn «6ncTpnft npn6jiH>KeHHHft mctoa», paccMOTpeHHbift b npe-Hcnojib3yn «obicTpnn npnojiH>KeHHHH mctoa», paccMOTpeHHbin b npe-
AHAyuieft rnaße, mokho yMHOJKftTb Bbipa>KeHHe (7.1.2) cneßa Ha
TpaHcnoHnpoßaHHyio MaTpnuy. B pe3yjibTaTe nonynHM MaTpnuy Ten-
jinua:

~ro r x r2 ... rm / 0 g0

rx r0 r x fx \ gx
r2 r x r0 fa g2= >

, (/A.O)

rm r 0 _[_ fm _ ]_ gm _.

vjxe r k — aßTOKoppejinunoHHan (pyHKunn bxoahhx AaHHbix xk ; gh —
B3aHMOKOPpeJIHHHOHHaH cbVHKHHH BXOAHHX AaHHHX Xk c Tpe6veMHM

jinua:

B3anMOKoppejiHHHOHHan cpyHKHHH bxoahhx AaHHbix Xk c Tpe6yeMHM
bhxoahhm cnmajiOM dk. O TexHHKe BHHHCJieHHH cm. pa3Aen 7.5.

OopMyjin SToro pa3Aena mo>kho nonnTaTbcn ncnojib3oßaTb TaKH<e
AJin npeACKa3aHHH 6yAymnx 3HaHeHnft BpeMeHHoro pnAa no ero npo-

L /OT -1 \ A— un+m —
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hijihm 3HaneHHHM. HanpHMep, nocneAOßaTejibHocTb fi, f2 , . . ., fm mojk-

ho paccMaTpHßaTb KaK cpnjibTp, npomosnpyioiuHft xt +io 3HaneHHe Bpe-KaK cpnjibTp, nporHo3npyioiuHft Xt+io 3HaneHHe Bpe-
MeHHoro pnAa no ero npomjibiM 3HaHeHHHM xt , xt-i, . . ., Xt-m+u ecnn
c noMombio MeTOAa HanMeHbUiHx KBaApaTOB peuiHTb ypaßHeHHe

Xxo I jX0 X- x . " . X- m +x
Xxx Xx X0 X~ m jr2 Jx
XX2 X 2 X x f 2

- x 3 x 2

xl2 x 2 xx (7-1.4)
X 3 X2I . !

MaTpnuy (7.1.4) mojkho npoAOJi>KHTb bhh3 ao Tex nop, noKa hmciotch
AaHHbie. B npHJio>KeHHHx BejiHHHHa t b cpopMyjie (7.1.4) AOJiJKHa npo-
6eraTb Bee npeAHAyuiHe 3HaqeHHH t. PeuieHne ypaßHeHHft ajih cpnjibT-
pa f xapaKTepn3yeT TaKoft BpeMeHHoft pnA, AJin KOToporo cpnjibTp f
mo>kho ncnojib3oßaTb c uejibio npeACKa3aHHH 6yAyiunx 3HaqeHHft toto
me pHAa, He bxoahbuihx b ypaßHeHHe, onpeAejimoiuee c|)HJibTp f.

Ecjih BbicoTa MaTpnun (7.1.4) HaMHoro 6ojibme cc uinpHHn, to
mohcho nonnTaTbcn nonynHTb Tpe6yeMbift KOHenHbift pe3yjibTaT Apy-
thm nyTeM. HcnoJib3yn 3aMeHy

1 " ' (7-1-5)

HaftAeM, hto HanMeHbuiHe KBaApaTH HopMajibHoro ypaBHeHHH o6pa-
3yiOT MaTpnuy Tenjinua, TorAa KaK ajih BnpameHHn (7.1.4) MaTpnun
Tennnua, o6jiaAaiomeH MHoniMH npenMymecTßaMH KaK b TeopeTHHe-
ckom, TaX h b BHHHCJiHTejibHOM njiaHe, He cymecTßyeT.

Oco6nft HHTepec npeACTaßJineT (pHJibTp, onncnßaeMbift ypaßHeHnn-
mh BHAa

(7.1.6)

ben nojiynHTb Tpe6yeMbin KOHe^j

»jib3yn 3aMeHy
" x lO "I ~x0 o o ~r /j

X x x Xx Xq v .
" x 2 xx

X 3 X2f_
■ _J l_ /m

_
,_HynH Hy.iH _
KBaApaTH HopMajibHC

enJiHua, TorAa KaK ajih Bnpance
aiomeft MHoniMH noeHMVUiecTBa

xo Hy/iH
X\ Xq

X 2 Xj Xq . — U

0x 3 x 2 xx . a
0

Xn V amXfi — OT _ q

|_HyjiH xn _
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Tanne (pnjibTpn Ha3HBaioTCH cpuAbTpaMU oiuu6ku npedcKa3anuß
c eduHUHHOM umepeaAe, nocKOJibKy BejiHHHHbi a^, AeftcTßyn Ha nocjie-

AOBaTeJIbHOCTb (Xt-i, Xt-2 , ...), CTpeMHTCH OCJia6HTb BJIHHHHe AaHHHX
Xt. TaKHM o6pa3oM, AeftcTßHe a^ Ha nocjieAOßaTejibHOCTb (x^.\, xt~2 . ■ .)
AaeT B3HToe c o6paTHHM 3HaKOM HaHjiynmee npeACKa3aHHoe 3HaHeHne
BpeMeHHoro pnAa xt na ocHOBe nocneAOßaTejibHOCTH (x t~i, x t-2 , ...).
KaK cneACTBHe Bbipa>KeHHH (7.1.6), HopMajibHbie ypaBHeHHH o6pa3y-
K)T KBaApaTHyio CHCTeMy

r x r2 . . . 1 ,
r 0 rx a,

v

0
0

<h
r, r 0 a 2 (7.1.7)

oLam J

CneAyeT OTMeTHTb, hto ajih pacneTa (pHJibTpa oluh6kh npeACKa3aHHH
Hcnojib3yeTcn TOJibKo (pyHKUHH aßTOKoppejinuHH BpeMeHHoro pnAa,
a He caM pnA. KaK bhaho H3 cpopMyjin (3.3.6), pemeHHHMH sthx ypaß-
HeHHft HBJIHIOTCH KO3CJb(pHHHeHTbI MHHHMajibHO Cpa3oßOrO MHOrOHJieHa.

PeuieHHH ypaßHeHHft Tenjinua (7.1.3) npH AOCTaTOHHO npoH3BOJib-
Hoft npaßon qacTH Heo6n3aTejibHO MHHHMajibHO cpa3oßne. OAHaKO ajih
yCKOpeHHH BHHHCJieHHft B paCCMaTpHBaeMHX yCJIOBHHX MOHCHO COOT-
BeTCTByKDUJ,HM 06pa30M o6o6uiHTb peKypCHßHblft (pHJibTp JTeBHHCOHa.
3to noKa3aHO b pa3A. 7.5 ajih MHoroKaHajibHoro peKypcHßHoro (pnjib-
Tpa JIeBHHCOHa.

ynpajKHeHHH

1. HaflAHTe TpexMjieHHbift (pHJibTp c Hyjießofl 3aAep>KKofl, o6pam,aK)mHfl ceflcMHne-
ckhh HMnyjifac BHAa (1,2). ConocTaßbTe nojiyneHHyio norpemHOCTb c norpeiHHOCTbio
tcto >Ke Bbipa>KeHHH Ann cnrHajia BHAa (2,1). CpaBHHTe cpopMy cHTHajiOB. JXocra-
tohho nojiHoe o6cy>KAeHHe norpeuiHOCTeft MHHHMajibHO KBaApaTHHHHx HHBepcHbix
4>HjibTpoß npHBeAeHO b pa6oTe 126]. B npouecce pacneTa MOJKeT OKa3aTbCH, hto
AJIHHa CpHJlbTpa CTaHOBHTCH SeCKOHeHHOH. 3TO BO3MOXHO, xoth cyMMa KBaApaTOB
norpeuiHOCTeH CTpeMHTCH k Hy/no b AByx cjiy^anx.

a. ripn o6pauj,eHHH c Hyjießofl 3aAep}KKoft, ho TOJibKo b tom cnynae, KorAa ceft-
CMHHecKHH HMnyjibc, KOTopbift AOJi>KeH 6biTb oSpameH, HBJineTCH MHHHMajibHO (pa-
30BHM.

6. Ecjih oopauiaeMbifl ceflcMHHecKHfl HMnyjibc He HBJineTCH MHHHMajibHO (pa3o-
BbiM. TorAa norpeuiHOCTb CTpeMHTCH k Hyjiio, ecjiH bhxoahoA cnrHaji 3ana3AHßaeT
TaX, hto d=(. . ., 0, 0, 1, 0, 0...). PaccHHTaHTe TpexnjieHHbift cpHjibTp c 3ana3AH-
BaHHeM ajih o6pameHHH cnraajia BHAa (1,2), KorAa d=(o, 1, 0, 0) hjih d=
= (0, 0, 1, 0).

2. XIaTHHK AaBJieHHH, noMemeHHbiH b rjiy6oKyio CKBa^HHy, 3anHCbißaeT bhxoah-
mne ceflcMH^ecKHe bojihh, a nepe3 HeKOTopnfl HHTepßaji BpeMeHH t0 Tanne see boji-

hh, ujiymne bhh3, c npoTHßonojio>KHHM 3HaKOM. OnpeAejiHTe 3ana3AHßaHHe h Hafl-
AHTe MHHHMajibHO KBaApaTHHHHH (pHJibTp 6e3 3aAep>KKH AJIHHOfI B tn SJieMeHTOB,
noAaßJiaioHiHfl noßTOpHbift HMnyjibc. (Bh MO*eTe npeAnojiaraTb cymecTßOßaHHe
peuieHHH 6ojibiHHx MaTpnu paccMaTpHßaeMoro THna. IlonHTaflTecb Hcnojib3oßaTb
(pHjibTpH BHAa /ft = a-f-(36, rAe a h p — CKajinpn.) KaKOBa norpeuiHOCTb cpnjibTpa
B 3aBHCHMOCTH OT ero AJIHHH?
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3. ElycTb HMeiOTca AaHHbie b t=( . . � 1,1, —2,1, 1, —2, . . .). HaflAHTe c noMombio
MeTOAa HaHMeHbuinx KBaApaTOB HaujiymuHft OAHOHjieHHbifl (pHJibTp, npeACKa3Hßaio-
mnft 3HaqeHHH bt c Hcnojib3oßaHHeM TOJibKo bcjihhhhh b t-i. HaflAHTe TaK>Ke nan-
JiyHUIHfl AByHJieHHHfI (pHJibTp, HCnOJIb3yK>UIHfI BeJIHHHHH bt-<x H b t -2. AHajIOrHHHHM
o6pa3oM HaflAHTe HaHjiyqiuHft TpexnjieHHbifl (pHJibTp. KaKOBa norpeuiHOCTb (pHJibTpa
b 3aBHCHMOCTH ot BpeMeHH b Ka>KAOM cjiynae?

7.2. BbIHHCJIEHHE CIIEKTPA METO^OM EyPTA [27]

npHHunn HeonpeAeJieHHocTH rnaciiT, hto ecnn cpyHKHHH BpeMeHH Hecer
6ojibuiyio nacTb CBoeft SHeprnn bo BpeMeHHOM HHTepßane At, to cc
oypbe-npeo6pa3OßaHHe (cneKTp) coAepjKHT 6ojibuiyio nacTb CBoeft
SHeprnn b nojioce nacTOT Af^l/At. C Apyroft CTopoHbi, nacTO CMHTaiOT,
mto, HMen npocToft CTauHOHapHbift BpeMeHHoft pnA AJinTejibHOCTbio At,
mojkho nonyHHTb HaHJiynuiee pa3peuieHHe no nacTOTe npn Bbinojme-

hhh ycjioßHH At=\JAf. Pa3JiHHHe Me>KAy 3thmh (popMyjinpoßKaMH 3a-
KJnonaeTcn b tom, hto HcxoAHan (pyHKHHH b nepBOM cjiyqae paßHa
Hyjno BHe HHTepßana At, a bo btopom OHa npoAOJintaeTcn BHe AaHHoro
HHTepßana. Ecjih Bbi6opKa AaHHbix MO>KeT 6biTb npoAOJUKeHa yKa3aH-
hhm o6pa3oM 3a npeAejin 3aAaHHoro HHTepßajia, to pa3peuieHHe A/
no nacTOTe 3HanHTejibHO yMeHbuiHTcn no cpaßHeHHio c 1/A/. TonHee,
pa3pemaiouiaH cnoco6HocTb 3aBHCHT ot npeACKa3yeMOCTH AaHHbix Ha
KOHuax Bbi6opKH. Ecjih HMdoiunftcH cerMeHT CTaunoHapHoro npouec-
ca Kopone aßTOKoppejinunoHHoft pyHKUHH cTauHOHapHoro npouecca,
to npoueAypa onpeAejieHHn cneKTpa, npeAJiojKeHHan ByproM, 3Hann-
TejibHO Jiynme MeTOAa yceneHHoro <Pypbe-npeo6pa3oßaHHH (c kohch-
hhmh npeAenaMH). 3tot cnynaft nacTO BCTpenaeTcn b cpH3HHecKHx
3aAanax, KorAa hmciot Aeno c pe3OHaHCHHMH HBJieHHHMH, BpeMH 3aTy-
xaHHH KOTopnx 3HanHTejibHo 6ojibuie BpeMeHH Ha6jnoAeHHH, hjih npn
H3yneHHH npocTpaHCTßeHHbix cpyHKunft, KorAa Kan^Aan TOHKa b npo-
CTpaHCTBe OTo6pa>KaeTcn (npeACTaßJineTcn) ApyrHM npn6opoM.

Ecjih cneKTp R(Z) BbinncJiHeTcn c noMombio Bbipa>KeHHH
X(\jZ)X(Z), i\ae X(Z) — MHoronjieH, cocTaßjieHHnft ajih N-\-l tohck
C H3BeCTHHMH AaHHHMH, TO KOSCpCpHHHeHTH (pyHKUHH R (Z) paCCHHTH-
BaiOTCH no cpopMyjie

OTMeTHM, HTO r0 paCC^HTHBaeTCH H3 N-\-l HJieHOB, a T\ H3 N HJieHOB
h t. a. Ecjih N HeAOCTaTOHHO 6oJibinoe hhcjio, to o6pa3yeTcn He>Ke-
jiaTejibHnft 3c})cpeKT cMemeHnn. J\jin ycTpaHeHHH 3Toro scpcpeKTa rk

CJieAyeT BbiHHCJiHTb no H3MeHeHHoft cpopMyjie

TpyAHOCTH npHMeHeHHH cpopMyjin (7.2.2), 3aKJiK)HaioTCH b tom, mto
ncnojib3yeMbie ajih onpeAeneHnn 3HaHeHnft rh Bbi6opKH AaHHbix He
RBJIHIOTCH TOHHHMH aBTOKOppeJIHUHOHHHMH CpyHKHHHMH. HanpHMep,

rk =^xj+kx, (7.2.1)
/=o

N—k

I=o



155

cneKTp cnrHana He HBJineTCH nojioncHTejibHHM ajih Bcex nacTOT, peuie-
Hne ypaBHeHHH Tenjinua HMeeT pa3pnß h t. n

npn6jiH>KeHHe Bypra ycTpaHneT Kpaeßne scpcpeKTbi npn Bbmncjie-

hhhx no cpopMyjie (7.2.1), a TaK>Ke cHH>KaeT BeponTHocTb nojiyqeHHH
HenpaßAonoAo6Hbix pe3yjibTaTOß no cpopMyjie (7.2.2). Bmccto bhhhc-
JieHHH (pyHKHHH aBTOKOppeJIHHHH rh AaHHHX OH BHHHCJineT MHHHMajib-

HO (pa3oßbift cpnjibTp ouih6kh npeACKa3aHHH HenocpeACTßeHHO no hc-
xoahhm AaHHHM. Bhxoa 3Toro cpnjibTpa HMeeT «6eJinft» cneKTp. (Ecjih
sto He TaX, to üBeT cneKTpa ' mojkho ncnojib3oßaTb ajih yTOMHeHnn
npeACKa3aHHH). TaX KaK cneKTp bhxoahoto cnraajia paßeH npoH3Be-
jxenmo cneKTpa BxoAHoro cnrHana Ha cneKTp (pHJibTpa, to cneKTp cnr-
Hana Ha BxoAe MonceT 6biTb BHHHCJieH KaK o6pameHHbift cneKTp cpnjib-
Tpa ouih6kh npeACKa3aHHH. Y3Kne cneKTpajibHne MancHMyMbi 3Haqn-
TejibHo Jierne npeACTaBJiniOTCH c noMOiubio 3HaMeHaTejin, neM c no-
MOIHbJO HHCJIHTeJIH.

npeAnojio>KHM, 4to 3aAaH cerMeiiT AaHHbix b BHAe nocjieAOßaTejib-

hocth xo, Xt, . . ., xn. TorAa ABynjieH, onHCbißaiomHft cpHjibTp ouih6kh
npeACKa3aHHH BHAa (\,a) ajih BpeMeHHoro pnAa xt , 3aAaeTcn nyTeM
Bbi6opa BejinqnHbi a, MHHHMH3Hpyiouieft Bbipa>KeHHe

(7.2.3)

X co>KajieHHio, paccMOTpeHHe pa3JiHHHnx npHMepoß noKa3ajio, hto cy-
mecTßyioT BpeMeHHbie pnAH [noAo6Hbie (1,2)], ajih kotophx Bejinqn-

Ha \a\ MO>KeT npeßbiuiaTb eAHHnuy. 3to HenpneMJieMo, TaX KaK cpHJib-
Tpbl OUIh6kH npeACKa3aHHH He HBJIHIOTCH MHHHMajibHO (pa3OBHMH,
cneKTpn Henojio>KHTejibHH n t. a. HanoMHHM, hto paccMaTpnßaeMne
cf)HJibTpn onpeAeneHbi b npeAHAymeM pa3Aene KaK 3aßncniuHe TOJibKo
OT KOppeJIHUHOHHOft (pyHKUHH AaHHHX H He 3aBHCHUIHe OT CBMHX AaH-
HHX. 3to 03HanaeT, hto oahh h tot >Ke (pHJinrp nojiynaeTCH KaK ajih
BpeMeHHoro pnna, TaX h ajih (KOMnJieKCHO-conpn>KeHHoro) o6pameH-
Horo bo BpeMeHH BpeMeHHoro pnAa. CneAOßaTejibHo, omn6Ka npeA-
CKa3aHim 6yAyui,Hx 3HaqeHHft AaHHbix no cpopMyjie (7.2.3) 6yneT yße-
jinneHa 3a cneT ouih6kh npeACKa3aHHn npomjinx 3HaHeHHft. TorAa

(7.2.4)

no3>Ke Mbi noKan<eM, hto MHHHMH3auHH Bbipa>KeHHH (7.2.4) Bcerna
npnBOAHT k 3HaqeHHHM BejiHHHHbi \a\, MeHbuiHM eAHHHHH. CneKTp
MOUIHOCTH, BblHHCJieHHblft C yHeTOM BeJIHHHHH a, HMeeT BHA i?=l/[l-f-
--\-a/Z) (I+aZ)]. nonoca nacTOT A/ mo>kct 6biTb oqeHb y3Koft, ecnn
BejiHHHHa a OHeHb 6jIH3Ka X eAHHHHHOH OKpy>KHOCTH.

EcTecTßeHHoe o6o6m.eHHe cpopMyjin (7.2.4) ajih cpnjibTpoß c 6onb-

1 ToHHee, OTKJioHeHHe ot «6ejioro» cneKTpa. (IlpuM. nepee.)

£(tf) = 2 \x t + axt^\ 2 .

N
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UIHM HHCJIOM HJieHOB (6oJiee AByx) npHBOAHT X MHHHMH3aUHH Bbipa
>Kennn

(7.2.5)
X co>KajieHHio, Bypry yAanocb HaftTH BpeMeHHbie pnAH, ajih KOTopnx
paCCHHTaHHHH C^HJIbTp BHAa A (Z) =1 -j-aiZ+a2Z2 He HBJineTCH MHHH-
MajibHO Cpa3OBHM. npH 3TOM BCJIHHHHa R=IJ [A ( \jZ)A (Z) ] He MOJKeT
npHMeHHTbcn ajih BHHHCJieHHH cneKTpa, TaX KaK 3HaHeHne R(Z) aoji-

>KHO OnpeAeJIHTbCH Ha eAHHHHHOft OKpy>KHOCTH, B TO BpeMH KaK BeJlH-
qnHa \JA (Z) b npeAene k Heft He CTpeMHTCH.

Bypr oTMeTnji, hto peKypcnn JleßHHcoHa BcerAa AaeT MHHHMajib-

HO (pa3oßblft (pHJibTp. C nOMOIUbK) peKypCHH JIeBHHCOHa CpHJIbTp TpeTb-
ero nopnAKa mo>kct 6biTb nocTpoeH H3 cpnjinrpa 2-ro nopnAKa c no-
MOUIbK) BHpa>KeHHH

TaKHM o6pa3oM, Bypr nonasaji, qTo bmccto npHMeHeHnn MeTOAa HaH-
MeHbuinx KBaApaTOB ajih onpeAejieHHn BennnnH am a 2, bxoahuihx
b Bnpa>KeHHe (7.2.5), BennnHHy a mo>kho HaftTH H3 (popMyjin (7.2.4),
a 3aTeM MeTOAOM HaHMeHbuinx KBaApaTOB onpeAeJiHTb BejiHHHHy c.
3to aojijkho 6biTb cAenaHo TaKHM o6pa3oM, hto6h o6ecneHHTb Bbinoji-

HeHHe ycjioßHH, npn kotopom BeJinqHHa \c\ MeHbuie eAHHHun. 3to
rapaHTHpyeT, hto cpHjinrp A (Z) =\-\-aiZ-{-a2Z2 6yAeT MHHHMajibHO

(pa3OBHM. TaKHM o6pa3oM, Bypr npeAJiaraeT npeo6pa3oßaTb Bbipa>Ke-
nne (7.2.5) k BHAy

Tenepb Bbipa>KeHHe (7.2.6), HBJiniom,eecH cyMMoft ouih6ok npeACKa3a-
hhh 6yAyni,Hx n npouijinx AaHHbix, MHHHMH3HpyeTcn c yneTOM Bapna-
unn BejiHHHHbi c. (B cneAyioiueft rnaße 6yAeT noKa3aHO, hto BejinqnHa

c HBJineTCH KOScJDCpHuneHTOM OTpan<eHHn.) Hen3BecTHan BejiHHHHa a
HaxoAHTcn npn MHHHMH3aHHn Bbipa>KeHHH (7.2.4). npeAnojion<HM, hto
BejiHHHHa |c|<l. 06o3HanHM nepe3 e+ BpeMeHHoft pnA x t-{-axt-\, ko-
Topnft HBJineTcn ouih6koh npeACKa3aHHH 6yAyuinx 3HaqeHnft xt , a ne-
pe3 e~ — BpeMeHHoft pnA Xt-2-\-dxt-\ ouih6kh npeACKa3aHnn npouijinx
3HaHeHnft. C yneTOM 3Toro qbopMyna (7.2.6) npHHHMaeT bha

(7.2.7)

N

E(ax , 0,)=2 {\x t Jra xxt _
1 -{~a2x t _

2\ 2 - r̂ \x t _
2 -Ar a 1xt_ x -i-a 2 xt \ 2 }

t=2

-l-i r 1 i r 0

a x = a —C \ a
-a 2 J L 0 LI

N

£(c)=2 {\x t Jr axt-x~c(axt - x -{-Xt- 2 \ 2+
t=2

-\-\x t _i -\r ax t
_ x -c(axt_

l - r̂ xt )\2 }. (7.2.6)

t t

-\-(e. — ce +)(e_ -ce+)}
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HaxoAH npoH3BOAHyio nocneAHero BbipajKennn no c h npHpaßHHßan
cc k Hyjiio, HMeeM:

OiKy^a

(7.2.8)

(Otmcthm, hto BbiHHCJieHHe no cpopMyjie dE/dc=o npnBOAHT k tom>'
n<e pe3yjibTaTy.) To, hto BejiHHHHa \c\ BcerAa MeHbuie eAHHHHH, mo>k-
ho BHAeTb H3 Toro, hto AJiHHa BeKTopa e+±e- BcerAa nojio>KHTejibHa.

B nacTHOCTH,

(7.2.9)

Ecjih mh nepeonpeAejiiiM BejiHqHHH e+ h e_ cneAyioiUHM o6pa3oM:

e_^-e_— ce+, (7.2.106)

to nojiynHM TpexqjieHHbift cpHjibTp ouih6kh npeACKa3aHHH 6yAyiHHx n
npouijinx AaHHbix BHAa (l,a'i, a''2) — (1 ,#—Cai,—c). Tenepb moh<ho
BepHyTbcn k cpopMyjie (7.2.7) h npOAOJi>KHTb cc peKypcHBHO. BeJinqn-
Hbi e_ n e+ KaK peKypcHßHbie npoAOJmeHHH nocTeneHHO CTaHOBHTcn
HenpeACKa3yeMHMH cJiynaftHbiMH nncnaMH. nosTOMy Heo6xoAHM
CpHJIbTp A(Z), KOTOpblft MOH^eT OT(pHJIbTpOBaTb B nOCJieAOBaTejIbHOCTH
X(Z) KaK 6yAyuine, TaX h npouuine 3HaneHnn n CAenaeT cneKTp bh-
xoAa «6ejinM». nocKOJibKy bhxoa HMeeT nocTOHHHbift cneKTp, to
cneKTp bxoahoii nocjieAOBaTeJibHOCTH AOJin<eH cooTBeTCTBOBaTb o6pa-
meHHOMy cneKTpy cpnjibTpa.

Ha pnc. 7.1 npHßeAeHa MauiHHHan nporpaMMa, peajinsyiouian anro-
Phtm Bypra. AaHHbie A' hbjihiotch BeKTOpOM pa3MepHOCTH LX. Bn6op
ycjioßHH LC^.LX HBJineTCH KOMnpoMHccoM MOKAy bhcokhm pa3peiue-
HHeM H 60JIbUIHMH 3aTpaTaMH MaiHHHHOrO BpeMeHH. njIOTHOCTb Tonei<
Ha och qacTOT, KOTopan KOHTpojinpyeTcn ycnoßneM N2OA&^>LX, bh-
6npaeTcn hcxoah H3 yAo6cTBa hx HaHeceHnn h AOJin<Ha 6biTb AOCTa-
TOHHO 60JIbUI0ft AJIH BHAeJieHHH y3KHX CneKTpaJIbHHX JIHHHft.

B nocjieAyiouinx rnaßax mh paccMOTpHM HHTepnpeTauHio npouecca
pacnpocTpaHeHHH bojih Ha ocHOBe anropHTMa Bypra. B cjiohcthx cpe-
Aax napaMeTpn ck HHTepnpeTnpyiOTCH KaK KOscpcpHHHeHTbi oTpance-

c=_ + St 2e.j+
+ —e-e-)

2U+ ±c-|a -0;
t

yi (e +e + ± <?+e_ ± e_e+ -f e_e_) >0;

%(e +e + +e_e_)>2\e_e+\;
t

|C|<l.

e+^e+— ce_; (7.2.10a)
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hhh; BeKTopn e+ n £_ paccMaTpHßaiOTcn cooTBeTCTBeHHo KaK bocxo-
AHuine n HHCxoAHiune bojihh. ByAeT paccMOTpeH TaK>Ke Becb npouecc
pacqeTa nocneAOBaTeJibHOCTH KoscpcpHuneHTOß ck no ceftcMorpaMMaM
ajih Bee 6onee rny6oKo 3ajieraioLUHx BHyTpn 3eMJin HenpepbißHnx no-
BepxHOCTeft n onpenejieHHH KoscpcpHuneHTOß oTpa>KeHnn Ck ajih MOAe-
JIH 3eMJIH.

ynpaniHeHHH
1. PaCCMOTpHTe BpeMeHHOH pjIA H3 AeCHTH TOHCK (1,1,1, — 1, — 1, — 1,1,1,1,— 1).
PaccHHTaftTe hojihhomh TpeTbeft CTeneHH no Z ajih BejiHHHH C n A. CpaBHHTe aBTO-
KoppejiHHHOHHyio (pyHKUHio rt, paccHHTaHHyio no MeTOAy Bypra, c (pynKuneft R(Z),

SUBROUTINE BURGC(LX,X,EP,EM,LC,C,A,N2O4B,S)
C GIVEK A TIME SERIES X(I...LX) GET ITS LOG SPECTRUM 5(1...N2048)

DIMENSION X(LX),EP(LX),EM(LX),C(LC),A(LC),S(N2O4B)
COMPLEX X,EP,EM,C,A,S,TOP,BOT,EPI,CONJG,CLOG

BOT=BOT+EP(I)*CONJG(EP(I))+EM(I-J+I)*CONJG(EM(I-J+1))
30 TOP=TOP+EP(I)*CONJG(EM(I-J+l))

PHC. 7.1. ManiHHHaH nporpaMMa, peajiH3yiouiaH ajiropHTM Bypra

BHHHCJieHHOH nO OrpaHHHeHHOH Bbl6opKe AaHHHX, H C (pyHKHHeft R(Z), BHHHCJieHHOH
C nOMOIIIbK) HHTyHTHBHO 3aAaHHOH Bbl6opKH AaHHHX, paCTHHyTOft BO BpeMeHH OT
MHHyC AO njIIOC 6eCKOHeHHOCTH.

2. MoAH(pHHHpyftTe nporpaMMy, npiißeAeHHyio Ha pnc 7.1, TaKHM o6pa3oM, hto-
6bl paCCHHTaTb H BKJHOHHTb B Hee CKajIHpHHH MHOJKHTejIb V, OTHOCHIUHHCH X CneKTpy.

7.3. AAAriTHBHbIE OHJIbTPbI

AAanTHBHbiM cpnjibTpoM Ha3bißaeTcn (pHJibTp, napaMeTpn KOToporo H3-
MeHHKDTCH BO BpeMeHH B COOTBCTCTBHH C H3MeHeHHeM BO BpeMeHH
(pnjibTpyeMoro BpeMeHHoro pHAa. npeAnojio>KHM, hto npeACKa3HßaeT-
cn cpnjibTp no oAHoft Toqne Bnepenn BpeMeHHoro pnAa. TorAa, ncnojib-

DO 10 1=1,N2048
10 S(I)=0.

A(l)=l.
DO 20 I=I,LX
EM(I)=X(I)

20 EP(I)=X(I)
DO 60 J=2,LC
TOP=O.
BOT=O.
DO 30 I=J,LX

C(J)=2*TOP/BOT
DO 40 I=J,LX
EPI=EP(I)
EP(I)=EP(I)-C(J)*EM(I-J+1)

40 EM(I-J+l)=EM(I-J+l)-CONJG(C(J))*EPI
A(J)=O.
DO 50 I=l, J

50 S(I)=A(I)-C(J)*CONJG(A(J-I+l))
DO 60 I=l, J

60 A(I)=S(I)
CALL FORK(N2O4B,S,+I. )
DO 70 1=1,N2048

70 S(I)=-CLOG(S(I))*2.
RETURN
END
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3yn Ha6op nponuinx 3HaqeHHft BpeMeHHoro pnAa, mo>kho cKOHCTpyn-
poßaTb cpnjibTp, npHMeHeHiie KOToporo ajih bboahmhx b AaHHnft mo-
MeHT AaHHbix no3BOJineT npeACKa3aTb 6yAyuine 3HaneHnn bxoahhx
AaHHHX. Ho npOUieCTBHH HeKOTOporO BpeMeHH, eCTeCTBeHHO, BO3HHKa-
eT Heo6xoAHMOCTb nepecHHTaTb (pnjibTp Ha ocHOBe hobhx bxoahhx
AaHHbix. KaK nacTO aojijkch nepecHHTHßaTbcn (pnjibTp? B npHHHHne
HeT npnHHH, MeuiaioiuHx nepecqnTHßaTb (pHJibTp AOCTaToqHO qacTO,
HanpHMep nocne nocTynjieHHH Ka>KAoft hoboii tohkh bxoahhx AaHHbix.
Ha npaKTHKe qacTOTa nepecqeTa (pHJibTpa o6nqHo orpaHHqnßaeTcn 3a-
TpaTaMii MauiHHHoro BpeMeHH. llto6h paccHHTaTb cpnjinrp ajihhoh n
onepaTopoß Tpe6yeTcn 3aTpaTHTb n yMHOJKeHnft n cjiojKeHnft Ha Kan<-
Ayio HOByio TOHKy bxoahoh nocJieAOBaTejibHOCTH. J^jih nepecqeTa
(pHJibTpa c noMombio peKypcnn JleßHHcoHa Tpe6yeTcn CBbiuie n2 yMHO-
nceHHft h cno>KeHHH. OAHaKO nacTO nojiaraiOT, HTO (pHJibTp Heo6xoAHMO
H3MeHHTb jinuib nocne nocTynjieHHH HeKOToporo He6ojibuioro HHCJia
BXOAHHX AaHHHX. Ho 3TOH npHHHHe BOCnOJIb3yeMCH ajiropnTMOM
aAanTHBHoro cpnjibTpa BHApOBa [28], KOTopnft no3BOJineT H3MeHiiTb
(pHJibTp c noMombio Jinuib n apH(pMeTnnecKHx onepaunft. TorAa hobhh
cpnjibTp MonceT paccHHTbißaTbcn ajih Ka>KAoft tohkh BxoAHoft nocneAO-
BaTeJIbHOCTH AaHHHX.

PaccMOTpHM ajih onpeAeneHHocTH AByqjieHHoe npeACKa3aHne cnTy-
auHH, Korna ouiH6Ka npeACKa3aHHH e t BpeMeHHoro pnAa xt , cocTOHiue-
ro H3 AByx ero npouijinx 3HaneHHft,

cet=xt —bxt-i— ext-2- (7.3.1)

TorAa cyMMa KBaApaTOB ouih6ok npeACKa3aHnn

(7.3.2)

Ecjih napaMeTp b Bn6paH npaßnjibHO, to aoji>kho BnnojiHHTbCH ycjio-
BHe dE/db—o. OAHaKO ecnn CBoftcTßa BpeMeHHoro pnAa xt H3MeHHK)T-

PHC. 7.2. IToBeAeHHe 3HaKa nacTHoft
npoH3BOAHon, KorAa b>bm xn hjih

b<bm m

en bo BpeMeHH. to npoH3BOAHan dE/db Momer OTJinnaTbcn ot Hyjin,
nanpHMep, KorAa b cyMMy (7.3.2) BKJuonaiOTCH HOBne AaHHbie. BejiH-
qnna E HBJiHeTcn nojio>KHTejibHoft KBaApaTHHHoft cpyHKUHeft napaMeT-
pa b. Ecjih BejiHHHHa dE/db cTaHOBHTcn nojio>KHTejibHoft, to napaMeTp
b AOJin<eH 6biTb yMeHbuieH, n, Hao6opOT, ecnn npon3BOAHan CTaHOBHT-
cn OTpnnaTeJibHoft, to BejinqnHa b AOJi>KHa 6nTb yßejinneHa (pnc. 7.2).

£=£ ce2
t = 2(xi -bxt _

1 — cxt _
2 )2.

1
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H3 cjjopMyjibi (7.3.2) nocne AHCpcpepeHHHpoßaHHn no b HMeeM

KaK bhaho, npnpaiueHne npon3BOAHoft 3a cneT Ao6aßJieHHn oTcneTa
b TOHKe Xt paBHO — 2etx t-i. TaKHM o6pa3oM, nonßjineTcn hco6xoah-
MOCTb H3MeHHTb BeJIHHHHH 6 H C CJieAyiOUIHM 06pa30M:

(7.3.4)

3Aecb k —KoscpcpHHHeHT, MaciHTa6HpyiomHft pe3yjibTaT H3MeHeHHii,
bhochmhx b napaMeTpbi b h c 3a oahh TaKT (AHCKpeT). Ecjih Koscpcpn-
uneHT k Bbi6paH oneHb MannM, to HacTpoftKa ocymecTßJineTCH oneHb
MeAJieHHO. npn cjiniHKOM 6ojibiHHx 3HaneHHHx k MHHHMyM JierKo ne-
peftTH; OAHaKO bo3mo>kho, hto npn cJieAyiomeM uiare CHCTeMa nepe-
6pocHTcn o6paTHO. H3MeHeHHe KoscpcpnuneHTa k onpeAejineTCH, b na-
cthocth, Ha ocHOBe H3yneHHn cboSctb BpeMeHHoro pnAa xt .

H3BecTHn MHoroqHCJieHHne Bapnaunn paccMaTpHßaeMoro noAxoAa.
Mo>kho Hcnojib3oßaTb HopMy Li h MHHHMH3npoBaTb, HanpHMep,

(7.3.5)

OKOHqaTejibHoe BnpajKeHne ajih aAanTHpyiouieftcH npoueAypn HMeeT
BHA

c+-c—kxtsgn (cxt—yt ). (7.3.6)
YpaßHeHHe (7.3.5), 6e3ycjioßHO, HBJiHeTcn B3BeiueHHoft MeAnaHoft. Ta-
Koft me, ho 6ojiee HaAe>KHoft npoueAypoft HBJineTCH onpeAeJieHHe oaho-
pOAHoft B3BemeHHoft MeAnaHH

(7.3.7)

KOTopan npHBOAHT k cJieAyiomeMy BbipajKeHnio ajih aAanTnpyioui,eftcH
npoueAypn:

c +- c - k sgn(c - -^-\ . (7.3.8a)

nocneAHee BbipanteHHe HAeHTHHHO cjieAyiom,eMy:

c<-c—&sgn (xt ) sgn (cxt—yt). (7.3.86)
npHMepn, onncHßaeMne BbipanceHHHMH (7.3.5) h (7.3.7), mo>kho npH-
MeHHTb ajih cTauHOHapHbix npoueccoß cnoco6oM, noAo6HHM ncnojib-

30BaHHHM b anropHTMe Bypra. HapnAy c BnpanteHHeM (7.3.7) mo>kho
MHHHMH3HpOBaTb CpyHKHHK)

t

4r=-2 xi-v (7-3.3)
i—co

' b i [ b 1 i , r Xt _,
I — -fter*I c J L * J [xt- 2 .

E(c)=^\cx t -yt \.
t

£=E{l c -HHc -iH}- (7 - 3-9)
t
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3to npHBOAHT k noA6opy BejinqHHH c BHyTpH cooTßeTCTßyiomeft 06-
-jiacTH, noTOMy hto

ajih Bcex t.

ynpa>KHeHHH

1. Ecjih BejiHHHHa xt BbipaKeHa b BOJibrax, to KaKOBa AOJi*Ha 6biTb pa3MepHOCTb
KO3(p(pHUHeHTa &? Ecjih BejiHHHHa x t HMeeT cpeAHioio KBaApaTHHHyio BejiHHHHy 100 B
H HHTepBa.T AnCKpeTH3aHHH BO BpeMHH At=\ MC, TO KaKOBO AOJI>KHO 6blTb 3HaHeHHe
KoacptpHuneHTa k, no3BOjiHiouiee aAanTHpoßaTb (pnjibTp BHApoBa k hobhm ycJiOBHHM
b TeneHne npnMepHO 1 c?

2. 3aAaH BpeMeHHoft pnA xi=(..., 1, 1, 1, 1, — 4, 1, 1, 1, 1, —4, 1, 1, 1, 1,
—4, 1, 1, ...). PaccMOTpHTe npeACKa3aHHe nocjieAOßaTejibHOCTn BHAa, xt +i =cx t.
KaKOB pe3yjibTaT npeACKa3aHHH mctoaom HaHMeHbuinx KBaApaTOB? KaKOB pe3yjibTaT
npeACKa3aHHH AaHHbix ajih HopMH L\ c noMombio B3BemeHHoft h OAHopoAHoft B3Be-
HieHHOH MeAHaHH?

7.4. PACMET MHOrOKAHAJIbHbIX OMJIbTPOB
MHoroKaHajibHbie (pHjibTpn npiiMeHHioTcn AOBOJibHO qacTO. HanpHMep,
c noMombio BeKTop-npeACKa3yiouiero (pnjibTpa mojkho npeACKa3aTb
3HaqeHHH BpeMeHHoro pnAa, ncnojib3yn ero npouuine 3HaHeHHH h npo-
uijibie 3HaneHHH pnAa Apyrnx nocneAOßaTejibHOCTeft. C noMouibio Ma-
TpnqHoro npeACKa3yioui,ero (pHJibTpa mohcho npeACKa3aTb pnA nocjie-

AOBaTejibHOCTeft, Hcnojib3yn hx npouuine 3HanenHH. Ecjih nocjieAOßa-

TeJibHOCTH b rpynne CBH3aHn Me>KAy co6oft (B3aHMO3aBHCHMn), to
rpynnoßoe npeACKa3aHne Jiynuie He3aßHCHMbix npeACKa3aHnft Kan<Aoft
H3 nocJieAOßaTejibHOCTeft b oTAejibHnx KaHanax. Bo3bMeM ajih onpeAe-
jieHHOCTH ABa BpeMeHHbix pnna xt h yt n nonnTaeMcn HaftTH BeKTop-
Hbift cf)HJibTp, Kotopnft npeo6pa3oßaji 6n hx b Tperaft BpeMeHHoft pnA
dt . Ecjih nocneAOßaTejibHOCTb dt cooTBeTCTByeT nocjieAOßaTejibHOCTn
xt +i, to ajih x t Heo6xoAHM cpnjibTp c npeACKa3aHHeM 3HaneHnft qepe3
oahh BpeMeHHoft HHTepßaji. Ecjih nocJieAOßaTejibHOCTb dt npeACTaß-
jineT co6oft 3anncb BepTHKajibHoft cocTaßJimouieft ceftcMnnecKHx Kone-
6aHHft, a xt h yt — ropn3oHTajibHbie cocTaßJiniOLUHe, to AByxKaHajib-
HHH (|)HJIbTp MO>KHO Ha3BaTb SKCTpanOJIHUHOHHHM (|)HJIbTpOM. CHCTe-
Ma ypaßHeHHft, KOTopyio Heo6xoAHMO peuiHTb MeTOAOM HaHMeHbuinx
KBaApaTOB, npHHHMaeT b stom cjiynae bha

-}< MeAHana (6,^, -f-)<+l

tnncb BepTHKajibHOH cocTa
i yt — ropn3oHTajibHbie co
mo>kho Ha3BaTb 3KCTpanoj
\, KOTOpyK) Heo6xoAHMO f
>HHHMaeT b stom cjiynae bi

:~ dx - ~~x x y x
d2x 2 y 2 xx y x
d3 x 3 y 3 x 2 y2 xx y x
a4 x 4 t/4 x 3 y 3 x 2 y2
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3anHiueM CHCTeMy (7.4.1) b coKpameHHOM BHAe
d^Bf. (7.4.2)

TorAa, KaK CJieAyeT H3 npeAHAyiHefi rnaßbi, peuieHHeM chctcmh
(7.4.1) HBJineTcn

PaccMOTpHM o6paiuaeMyio MaTpnuy R. JXjih cpnjibTpa c TpeMH BpeMeH-
hhmh 3aAep>KKaMH

Xt
yt

x -t-yt-

Xt-
L yt-2 A

Bboah o6o3HaqeHHH

X BHAy

(7.4.5)

MaTpnu
B BHAe3X3 hjih Ha cy6MaTpHun 2X2. Ecjih 3aAaTb 6jiokh cy6MaTpnu

(7.4.6)

to MaTpnua (7.4.5), onpeAeJieimaH nepe3 6jiokh BHAa (7.4.6), npnMeT
(popMy

MaTpnua (7.4.7) Ha3HßaeTcn 6aokom TenAuu,a (uau MyAbTUKanaAOM
TenAuiiiO). MaTpnun Tenjinua pa3pa6oTaH oco6nft mctoa peuie-
HHH, KOTopnft paccMaTpHßaeTcn b cjieAyioiueM pa3Aejie.

f=(Br B)-1B rd. (7.4.3)

R = [Xtx t yt xt _ x yt ~ x x t - 2 yt - 2\. (7.4.4)

rxx (l ) —^j xtxt+i ;
t

rxy V) — 2jX*yt +i
t

h noAo6Hbie hm ryx (i) h r vy (i), npnßeAeM MaTpnuy (7.4.4) k

~rxx (0) rxy (0) rxx (-1) rxy (-1) rxx (-2) rXy (-2)
ryx (o) ryy (o) ryx (-\) ryy (-\) ryX (-2) r^(-2)

R== rxx (\)rxy (\) rxx (o) rxy (0) rxx (-1) rXy (-1)
y (1) />(°) r^(°) r««(—;0 ri»M)

r^(2)r^(2) rxx (\) rxy (\) rxx (o) rXy (O)

JyxV) ryy(2) ryx (\) ryy(\) r yX (0) ryy (o) _
Tenepb mojkcm pacnjieHHTb MaTpnuy 6X6 (7.4.5) Ha 6jiokh

KU) = \rxx{z) r^ (t) =Rr (-x),
Iryxi?) ryy (z)\

r/?(0) R(-l) tf(-2)-i
R= /?(i) R(0) R(-l) . (7.4.7)

.*(2) R(\) R(0) _
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MHTaTeJIb, BO3MO>KHO, 3aMeTHJI, HTO MaTpHUa R He 3aBHCHT OT
on^HAae.Moft nocjieAOßaTejibHOCTn d Ha BbixoAe. 3to skohomht Bbinnc-
jieHHH b cjiyqanx, KorAa Tpe6yeTcn HaftTH 6ojiee oAHoro BO3MO>KHoro
BbixoAa, qTO Ha6jnoAaeTcn, HanpHMep, npn Heo6xoAHMOCTH npeACKa-
3aHHn HecKOJibKHx pa3jinqHbix nocJieAOßaTejibHOCTeft hjih HHTepßanoß
6yAyuiHx 3HaqeHHft HeKOTopoft nocjieAOßaTejibHOCTn.

Ynpa>KHeHHe

1. B ynpa>KHeHHHx k rjiaße 2 (pyHKUHH B(Z) h A(Z) 6hjih onpeAejieHH TaKHM
06pa30M, HTO HeKOTOpblft 3aAaHHblft CTeneHHOft pHA C(Z) BbipaHOJICH 3aBHCHMOCTbK)

C(Z) =B(Z) /A(Z). HannuiHTe HopMajibHbie ypaBHeHHH (He pemaH hx), hto6h CAe-
JiaTb 3TO npH6jIHH<eHHO C nOMOUIbIO MHHHMH3aHHH BbipajKeHHH

rAe A=(A0 , A lt A 2), B=(Bo, Bu B2),
c nOMOUibK) peKypcnn JleßHHcoHa, hto
(pa3oßOft.)

npn ycjioßHH A o=l. (Mojkho noKa3aTb
(pyHKHHH A(Z) He HBAHeTCH MHHHMajibHO

7.5. PEKyPCHSI JIEBHHCOHA

PeKypcnn JleßHHcoHa HBJineTCH npocTeftuiHM mctoaom peuieHHH Hop-
MajibHbix ypaßHeHHft. Mojkho noKa3aTb, hto OHa 3KBHBajieHTHa peKyp-
peHTHOMy cooTHOineHHio b TeopHH opToroHajibHbix noJiHHOMOB. npo-
CTOTa MeTOAa JleßHHcoHa 06'bHCHneTCH TeM, hto MaTpnua 01 HMeeT
b AeftcTßHTejibHocTH TOJibKo N pa3JiHHHbix sjieMeHTOB, TorAa KaK 06-
-man MaTpnua MonceT HMeTb N2 pa3jiHHHbix sneMeHTOB.

JIeBHHCOH pa3BHJI CBOft MCTOA AJIH OTAeJIbHHX BpeMeHHHX pHAOB
(ocHOBHan HAen onncaHa b pa3Aene 3.3). OneHb He6ojibuiHe AonojiHH-
TejibHbie H3MeHeHHH hcxoahhx AonyuieHnft no3BOJiniOT ocyiuecTßHTb
peKypcnio ajih MHoncecTßa BpeMeHHbix phaob. HanHeM c HopMajibHoro
ypaBHeHHH oihh6kh npeACKa3aHnn. JXjw MHomecTßa BpeMeHHbix phaob
TaX >Ke, KaK n ajih OAHoro BpeMeHHoro pnAa, npo6jieMa npeACKa3aHHH
H3MeHneTcn npn o6paiueHHH BpeMeHH. Mojkho 3anncaTb o6a HopManb-
Hbix ypaBHeHHH oihh6kh npeACKa3aHHn KaK ajih 6yAyuinx, TaX h ajih
npouijinx 3HaneHHH b BHAe OAHoro ypaBHeHHH (7.5.1).

nocKOJibKy Kpaeßbie scpcpeKra nrpaiOT BamnyK) ponb, noKa>KeM,
hto 3Han si h SB n peuieHne ajih TpexHJieHHoro cpnjibTpa

(7.5.1)

Mo>kho HaftTH peuieHHH s4-' n 0F ajih HeTbipexnjieHHoro (pHJibTpa:

(7.5.2)

min(A £)=2Cs'-2C;-AY,

R 0 R_, R_ 2-i rl 82-iB2-i rV^, 0-

U x Ro R-i A, B, = 0 0 .
R 2 R, R, J A 2 I J L 0 Vfr .

-Ro R_, R_ 2 R-3 "I TI 83-|'B3 -|' rV^ o"|'
R, Ro R_, R_ 2 A, B2 __ 0 0
R 2 R, R 0 R_, A 2 B, "" 0 0
R 3 R 2 R, R 0 J LA 3 /J 0 V b_
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nyTeM cpopMnpoßaHnn jinHeftHbix KOM6HHaHnft BennnnH $4> n SB. 3to
mo>kho CAenaTb nyTeM Bn6opa nocTOHHHbix MaTpnu a h (3 b Bbipa>Ke-
HHH

"R0 R_ x R_ 2 R_ s "I r I "I ° 1 ) [ ' VA 1 Es
R, Ro R-,R- 2 A, B2 | 0 a

, 0 p
R2 R! R a R_ s A2B > ° 0
R 3 R 2 R, Ro J ([_ 0 |_ I ) _EA j _VB j

(7.5.3)

H3MeHHM MaTpnun a n P TaKHM o6pa3o\i, hto6h hhjkhhh sjicmcht
J, b npaßoft nacTH BnpaxeHnn (7.5.3) ctpcmhjich k Hyjno. TorAa o=I;
P= —V~ EA. AHaji3rnHHO ycTpeMHM k Hyjno BepxHnft ajieMeHT b S
npaßoft nacTH. TorAa HMeeM P= I; d=— V7E-,

KoHenHO, JKenaTejibHo peuiHTb He TOJibKo 3aAany npeACKa3aHHH
ouih6kh. HanpHMep, Hy>KHo nepeftTH ot MaTpnu 3X3 k MaTpnuaM 4X
X4b peuieHHH ypaßHeHHft (pHjinrpoß c npoH3BOJibHoft npaßoft nacTbio
$. 3to AOCTHraeTcn c noMombio noA6opa KoscpcpHuneHTa y b Bbipante-
hhh (7.5.4) TaKHM o6pa3oM, hto6h BbinojiHHJiocb ycjiOßHe E/4-Vby=
-G3 :

iff f2 r b 3

F x B231 F2 + B x
0 I

V " (7.5.4)

7.6. OHJIbTPbI C OrPAHHHEHHfIMH

B reo(pH3HnecKoft Teopnn nacTO paccMaTpHßaiOT nnocKyio Bojmy, pern-
CTpHpyeMyio rpynnoft npHeMHHKOB. npn stom xotht yBHAeTb cpopMy
cnrHana Ha BbixoAe Ka>KAoro npneMHHKa. OAHaKO b i<a>KAOM npneM-
HHKe npncyTCTßyioT iuyMbi, KOTopne HCKanoiOT cnmaji h MoryT Kop-
pejiHpoßaTbcn hjih He KoppejinpoßaTbcn ot OAHoro npHeMHHKa k Apy-
roMy. OneBHAHO, mo>kho AonycTHTb Hannnne b Ka>KAOM npneMHHKe
Tanoro cnjibHoro uiyMa, npn kotopom cnrHan OAHHonHHM npneMHHKOM
He o6Hapy>KHBaeTCH Boo6me. TaKan cnTyaunn BO3HHKJia y M. JleBHHa
[29], Koi\fl,a oh nbiTancn o6Hapy>KHTb cjia6nft noA3eMHbift HAepHbift
B3pnß rpynnoft ceftcMonpHeMHHKOß. /Jjih noJiyneHHH cnmajia oh npeA-
jioncHji (pnjibTp c noAaBJieHHeM myMOB. JXjih Hanana npeAnojio>KHM,
hto Bee cnniajiH npnxoAHT OAHOBpeMeHHO hjih, ecnn BpeMeHa hx npn-
xoAa pa3JiHHHH, ohh no KpaftHeft Mepe H3BecTHH. TaX nTO AaHHbie
pa3Hbix KaHanoß MoryT 6biTb BnpaßHeHH c noMombio CABHra bo Bpe-
MeHH. Tenepb 3aAana coctoht b tom, nTo6n npocpnjibTpoßaTb Kan<Anft
KaHan n 3aTeM cno>KHTb pe3yjibTaTH Bcex KaHanoß; npn stom iuyMbi
Aojijkhh ocJia6HTbcn, a (popMa cHimajia coxpaHHTbcn. nycTb /,"(/)

)6h BbinojiHHJiocb ye.

i tG° i r °Gi , 0
YH G 2 + 0

Ef | V
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upeACTaßJineT co6oft Becoßyio cpyHKHHio cpHJinrpa ajih i-ro KaHana n
/-ft 3aAep>KKH. /J jih npHMepa paccMOTpHM 3Ty cpyHKHHio ajih cjiynan
AByx KaHanoß n Tpex BpeMeHHbix 3aAepn<eK. TorAa cpnjibTp JleBHHa
c orpaHHneHneM, KOTopnft npeAOxpaHneT cHraaji ot HCKan<eHHH, HMeeT
BHA

(7.6.1)

B paccMaTpHßaeMOM cjiynae CHman He HCKanoeTcn, TaX KaK ecnn
oahh h tot me cnraaji s(Z) nocTynaeT b Ka>KAnft KaHan, to bhxoaom
6yAeT s(Z)[fi(Z)-\-f2(Z)]. Ho fi~\-f 2 b stom cjiynae paßHa Bejinnime

(1, 0, 0), a b o6uieM cjiynae — AeJibTa-ipyHKHHH. Ha3oßeM CHCTeMy
ypaßHeHHft (7.6.1) ypaBHeHHHMH c orpaHnneHnnMH, TaX KaK 3Aecb
MeHbuie ypaßHeHHft, neM Hen3BecTHnx. PaccMaTpnßaeMne ypaBHeHHH
mojkho 3anncaTb b o6biHHoft (popMe:

l

(7.6.2)

riocjieAHee Bbipa>KeHHe mo>kho coKpameHHo npeACTaBHTb b BHAe Gf=
=0. npHMeHHB MCTOA HaHMCHbIUHX KBaApaTOB AJIH MHHHMH33HHH 06-
-meft SHeprnn b cpHJinrpe, mo>kho nonnTaTbcn noAaBHTb KaK cnrHaji,
TaX h noMexy. Ho, nocKOJibKy ypaBHeHHH c orpaHHneHHHMH npeAOT-
BpamaiOT noAaBJieHHe cnrHana, cneAOBaTeJibHO, oCJia6jieHH 6yAyT
jinuib uiyMH. Ecjih o6o3HanHTb nepe3 R cneKTpajibHyio MaTpnuy bxoa-
hhx AaHHbix, to cpnjibTp f onpeAejiHTCH peuieHneM ypaBHeHHH, noAo6-
Horo cjieAyiomeMy:

Mn y>Ke peuiajiH ypaBHeHHH 3Toro Tnna b npeAHAyinnx pa3Aejiax.

ynpaacHeHHH
1. B HeKOTopbix cjiyianx, KorAa ycnjieHHe KaHajiOß tohho He KOHTpojiHpyeTCH, rJiaß-

Hue HjieHH (pHJibTpa paßHbi /i (0) = 100 h /2(0)= —99. HecMOTpn Ha to hto stot
(pHJibTp yAOBJieTBopneT BceM npeA"bflBJieHHHM k HeMy npn npoeKTHpoBaHHH Tpe6o-

l=/i(0)+/a(0);

o=/i(l)+/2 (l);

0=/ 1 (2)+/2 (2).

1

MO)
-— 1 1 10 O 0 O-i MO) r0 -i

00 0 110 0 /,(1) =. 0 .
- oooooi iJ j f2 (i) Lo-

! fi(2)
L /, (2) _

i>KeHne mojkho coKpauj,eHHo npeAc

- v -
RqT \* ]= ° (7.6.3)GOJ [ X J



BaHHHM, ero Hejn>3H cqHTaTb yAOBjieTBopHTejibHHM, TaX KaK nojioxeHHoe b ero
ocHOBy npeAnojiOHieHHe 06 ha6Hthhhocth cnrHajiOß bo Bcex K.aHajiax HeTOHHO. 3ro
JMUib AonycTHMoe npnSjinjKeHne. Mo>KeTe jih Bh npeAJioxnTb 6oJiee noAxoAHiuyio
MaTpnuy ajih noAaBjieHHH myMa?

2. PaccMOTpHTe TpH ceftcMonpHeMHHKa, paccTaßjieHHbix b p«A Ha noBepxHOCTH
3eMAH. PaccMaTpHßan (pnjibTp c orpaHHHeHHHMH, H3yHHTe KaKoe 3HaneHHe HMeeT tot
4>aKT, hto Bee CHraajibi npnxoAHT OAHOBpeMeHHO, t. c. BOjma naAaeT (bhxoaht) Ha
HOBepxHOCTb 3eMJiH BepTHKajibHO. OnpeAeJiHTe MaTpnuy (pHJibTpa c orpaHHHeHHHMH,
nponycKaiomero ABe bojihh: BepTHKajibHO naAaiomyio n BOJiHy, KOTopan o6pa3yeT
BpeMeHHOft pHA Xl(t) =X2 (t-\-l)=X3(t-\-2). KaKOH CaMHft KOpOTKHH (pHJibTp MOHCeT
yAOBJieTBopHTejibHO nepeAaTb o6e sth bojihh h OAHOBpeMeHHO, HacKOjibKO sto bo-MOJKHO, nOAaBHTb UiyMH?

3. PaccMOTpHTe cpHjibTp JleBHHa ajih m KanajiOß c (pHJibTpaMn, coAepncamnMH
k 3aAep>KeK. KaKoft pa3Mep 6yAeT HMeTb npn stom MaTpnua b BbipaHteHHn (7.6.3)?
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8. OBHAPy>KEHHE CJIOEB
C nOMOIIIbfO OHJIbTPAUHH
PACCEHHHbIX BOJIH

Bojihh BCTpenaiOTcn nonTH bo Bcex o6jiacTnx cpH3HKH. Mh 6yAeM H3y-
qaTb 3Aecb bojihh, He npeAnonaran y HHTaTenn 3HaHnn c{)H3hkh h ahcJ)-
(pepeHunajibHHx ypaßHeHHft. /J, jih peuieHHH Hauinx 3aAan AocraTonHO
ncnojib3oßaTb TOJibKo o6uine npHHunnn 3ana3AHBaHHH bojih, hx He-
npepbißHOCTH n coxpaHeHHH sHeprnn. nojiyneHHbie npn stom pe3yjib-
TaTH 6yAyT HenOCpeACTBeHHO npIIMeHHMH X 3ByKOBHM BOJIHaM, boji-

HaM b BOAe, cBeTOBHM BOJiHaM b tohkhx nJieHKax, HopManbHO naAaio-
ihhm Ha noßepxHOCTb npoAOJibHHM h nonepenHbiM ynpyrHM BOJiHaM,
ajieKTpoMarHHTHHM BOJiHaM, jihhhhm nepeAan, sjieKTpnnecKHM MHoro-
3BeHHHM ceTHM h ApyrnM, noAo6HHM 06'beKTaM. PaccMaTpHßaeMbie
MeTOAH MoryT 6biTb npnMeHeHH TaKJKe b 3aAanax AH<p<py3HH. Hauia
rnaßHan uejib — HaynnTb peiuaTb 3aAann pacneTa bojihobhx noneft no
3aAaHHHM KO3(pc})HHHeHTaM oTpan<eHHH Ha rpaHHuax h BbinncjiHTb ko-
3Cf)c})HHHeHTbI OTpa>KeHHH TpaHHH nO Ha6jIK)AeHHbIM BOJIHOBHM nOJIHM.

8.1. KOSO^HUHEHTbI OTPA>KEHHfI H nPOXO>KAEHHfI BOJIH
HA TPAHHUAX PA3AEJIA

PaccMOTpHM ABa nojiynpocTpaHCTßa (Bo3Ayx — 3eMJin). Ecjih hckoto-
pan Bojma eAHHHHHoft aMnnnTyAH naAaeT Ha 3Ty rpaHnuy pa3AeJia,
TO B COOTBeTCTBHH C pHC. 8.1 6>'AyT Ha6jHOAaTbCH npOXOAHUI,aH BOJIHa
c aMnjiHTyAoft / h oTpajKeHHan BOJiHa c aMnjiHTyAoft c.

CymecTßyeT oneHb npocTan CBH3b Men<Ay t h c. AMnjiHTyAH bojih

HMeiOT cpH3nnecKHft cmhcji, cxon<Hft c (J)H3nnecKHM cmhcjiom Aaßjie-
hhh, nepeMemeHHn BemecTßa hjih TaHreHHHajibHbix 3JieKTpHnecKHX
hjih MaraHTHbix nojieft, npnneM sth (pH3nnecKHe nepeMeHHbie AOJin<Hbi
6biTb OAHHaKOBHMH no o6e CTopoHn rpaHHHbi. TaKHM o6pa3oM, Harpa-
HHUe AOJIJKHO BbinOJIHHTbCH yCJIOBHe

BepOHTHO, yAHBHTeJIbHO, HTO t MOSKCT 6blTb 6oJlbUie eAHHHHH. OAHaKO
sto HBJieHHe JierKo Ha6jnoAaeTcn b oKeaHe, rAe bojihh CTaHOBHTcn
6ojibme no Mepe npH6jinn<eHHH k 6epery (noKa He pa36HBaioTCH).
SHeprnn bojihh He onpeAejineTCH TOJibKo cc bhcotoii. 3Heprnn paßHa
KBaApaTy aMnnnTyAH bojihh, yMHo>KeHHOMy Ha KoscfxpnuneHT nponop-
HHOHajibHocTH V, 3aßHCHiunft ot cßoftcTß cpeAH, b KOTopoft pacnpo-
CTpaHneTcn h H3MepneTcn BOJiHa. Ecjih o6o3HannTb stot KO3c|)cf)HHHeHT
AJin BepxHeft cpenn nepe3 Yu a ajih Hiimueft cpeAH nepe3 Y2, to

t=l+c; (8.1.1)

tr=\+c'. (8.1.2)
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yTBep>KAeHHe o paBeHCTBe SHeprnn ao naAeHnn bojihh Ha rpaHHuy h

nocne Hero 3anHCHßaeTcn b BHAe

Peuian nocneAHee Bnpa>KeHHe OTHOCHTeJIbHO c, c yneTOM paBeHCTBa
(8.1.1) nojiynHM:

B aKycTHKe nepeMeHHbie BocxoAHiune h hhcxoahiuhc boahh Moryr
6blTb HOpMHpOBaHH nO AaBJieHHKD HJIH CKOpOCTH. npH H3MepeHHH CKO-

f\ A' PHC. 8.1. npoxo>KAeHHe bojih nepe3
rpaHHuy pa3Aejia.

t
l — na/jaiomaH BOJiHa; c — OTpaaceHHaH boji-

Ha; t — npoxoflamaa BOJiHa; V — npoBOfIH-
MOCTb cpeAH

«i tiy c
/

pocTH ncnojib3yiOT MacuiTa6Hbift KoscpcpnuneHT, yMHO>KeHHnft Ha KBaA-
paT ckopocth, KOTopbift Ha3HßaioT HMneAaHCOM /. npn H3MepeHHH
AaßJieHHn Hcnojib3yiOT MacuiTa6Hnft MHO>KHTejib, Ha3HßaeMbift nojiHoft
npOBOAHMOCTbK) Y.

KorAa SHeprnn naAaeT Ha rpaHHuy c Apyroft CTopoHn, oTpanteHHan
BOJiHa c' nojiynaeTcn H3 cpopMyjin (8.1.4), ecnn Y\ n Y2 noMeHHTb
b Heft MecTaMH,1 t. c.

c'=—c. (8.1.5)
nojiHOCTbio OTpajKaiomen rpaHnueft pa3Aena hbjihctch TaKan, ko-

Topan He nponycKaeT nepe3 ce6n sHeprnio. 3to Ha6jnoAaeTcn Hem/ib-
ko npn /=0 hjih c=— 1, ho h npn t=2 hjih c=-j-l. Hto6u yncHHTb
sto, o6paTHM BHHMaHne Ha jießyio nacTb pnc. 8.1, ajih KOTopoft

(8.1.6)

rAe £np — SHeprHH npoxoAHiueft bojihh; Enajl — sHeprnn naAaiomeft
BOJIHH.

YpaßHeHHe (8.1.6) noKa3HBaeT, hto sHeprnn nojiHOCTbio npoxoAHT
nepe3 rpaHHuy, KorAa Y\ =Y2 , ho npoueHT nponycKaeMoft nepe3 rpaHH-
uy SHeprnn oneHb Man, ecnn Yx cnjibHO oTJinnaeTcn ot Y2.

CneAyeT noAnepKHyTb 3HaneHne npaßHjibHoro Bn6opa nepeMeHHbix
npn paccMOTpeHim oTpameHHH n nponycKaHim BonH Ha rpaHHuax. He-
o6xoahmo npHMeHHTb nepeMeHHbie, HenpepnßHbie Ha rpaHnuax. Ha-
npHMep, nnoTHOCTb cpeAH HBJineTcn HenoAxoAHUieft nepeMeHHon b aKy-

*

Y2 \2=Y2c 2+Yit2 . (8.1.3)

0-=-Yt +YS+ Yt(\+cy
0=Ip-l)Yr+(c+l)Yt ; (8.1.4)
0 =c(Y2 + Y 1 ) + (Y 1 -Y2);

r -~AAAzI±
Y2 +Yx

£np =
Yx t2 Tt / y

2
_ 7l y Y x I 2Y2 \ 2_ 4Y XY 2

EuaA Y 2 \ 2 -Y2 V + K+K J Y 2
[y x + Y 2 ) (Y x + Y2) 2
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CTHKe, TaX KaK OHa npeTepneßaeT cKanKH Ha rpaHnue pa3Aena cpeA-
ZlaßjieHne hjih Hop.MajibHan cocTaßJinioiuaH ckopocth 6ojibuie noAXO-
AHT AJIH OnHCaHHH HHTeHCHBHOCTH BOJiHbi.

,Hjih onncaHHH bojih o6bmHo ncnojib3yiOTcn ABa BHAa nepeMeHHbix,
HBJiHioiHHxcH HenpepbißHHMH (pyHKHHHMH b o6jiacTH pa3pbißa cpeAH.
OAHa H3 sthx nepeMeHHbix HBJineTCH cKannpHoft BeJinnnHoft, noAo6HO
AaßjieHHio, HaTH>KeHHio, sjieKTpnnecKOMy HanpHnceHHio, noTeHunajiy,
HanpnmeHHK) hjih TeMnepaType. Xlpyran HBJineTcn BeKTopoM, BepTH-
KanbHoft cocTaßJimomeft KOToporo mh nojib3yeMcn. npnMepaMH no-
cneAHeft BejiHHHHbi MoryT cny>KHTb cKopocTb, ycnjine, sneKTpHnecKHft
tok, cMemeHHe h Tennoßoft noTOK. HHorAa BOJiHOBan nepeMeHHan hb-
jineTcn TeH3opoM. Ecjih rpaHnqHoe ycnoßHe 3aKjnonaeTcn b o6pame-
HHH B Hyjib OAHOH H3 COCTaBJIHIOIHHX CMeiHeHHH, TO o6binHO TOBOpHT,
hto rpaHHua >KecTKan (HeAecpopMnpyeMan). npn o6pameHHH Ha rpa-
HHue b Hyjib AaBJieHHH hjih noTeHUHana rpaHHuy Ha3bißaiOT cbo6oa-
Hoft (mhtkoh). >KecTKan n cßo6oAHan rpaHHun OTpantaiOT boahh
C KO3(p(pHUHeHTaMH OTpa>KeHHH, MOAyJIH KOTOpbIX paßHbi eAHHHUe.

B maße paccMaTpHßaioTcn ocHOßHbie MaTeMaTHnecKHe CBoftcTßa
BOJIH B CJIOHX 6e3 KaKHX-JlH6o OrpaHHHeHHH HX naCTHHMH (pH3HHeCKH-
mh THnaMH bojih. OAHaKO, qTo6bi He MacKnpoßaTb <pH3HnecKHft acneKT
MaTeMaTHKoft, AaAHM TonHoe onpeAeJieHHe bocxoahiuhx h hhcxoahuihx
bojih U h D b paMKax KJiaccHnecKoft aKycTHKH. B aKycTHKe paccMa-
TpHBaiOT naßJieHne P h BepTHKajibHyio cocTaßjiHiomyio ckopocth CMe-
meHHH nacTHH cpeAH W (ue nyTaTb co CKopocTbio pacnpocTpaHeHHH
bojihh v). BejiHHHHbi U h D mo>kho onpeAeJiHTb H3 BnpanceHnft

(8.1.7a)

(8.1.76

C 06paTHHMH COOTHOUieHHHMH

p=D4-U; (8.1.8a)
W=(D—U)Y. (8.1.86)

Bo3mo>khh h Apyrne cnoco6n onpeAejieHHn U h D c pa3JiHHHHMH
MaciHTa6HHMH MHon<HTejiHMH h 3HaKaMH. B paccMaTpnßaeMOM CJiy-
nae cnpaßeAJinßO cooTHomeHHe t=l-\-c, KOTopoe accounnpyeTcn c bh-
paweHHeM (8.1.8a) h HenpepnßHOCTbK) AaBJieHHH Ha rpaHnue pa3Ae-
jia. 3HaKH MHHyc b cpopMyjiax (8.1.7) n (8.1.8) cBH3aHH c HanpaßJie-
HHeM ocn z. H3MeHeHne HanpaßJieHHH och z Ha npoTHßonojion<Hoe H3-
MeHneT Wua —W. npn stom mchhiotch pojihmh bcjikhkhh Uh D.

Otmcthm, nTo HHcxoAnman Bojma D npn c7^-0 caMa nojiHOCTbio

onHCHßaeTnpouecc pacnpocTpaHeHHH KaK AaBJieHHH P, TaX h CKopo-
cth W. 06pam,eHHe b Hyjib (pyHKunn U y6e>KAaeT Hac b tom, hto coot-
HouieHHe Me>KAy o6eHMH paccMaTpnßaeMbiMn BejiHHHHaMH W/P=Y
xapaKTepH3yeT npoBOAHMOCTb (BOJiHOByio) MaTepnana cpeAH. 3Hep-
rnn, KaK yn<e OTMenanocb, nponopHHOHajibHa BennnHHe VP2 npn IW2,
BBHAy nero cooTHomeHHe W/P=Y no3BOJineT 3aKJiionHTb, hto HMne-

P+W/Yv— 2

f/_ P-W/Y
2
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AaHC CpeAH HBJIHCTCH o6paTHOH BeJIHHHHOH cc nOJIHOft npOBOAHMOCTH
I=l/Y.

XIJIH 3ByKOBHX BOJIH B OKeaHe nOBepXHOCTb MOpH HBJineTCH nOMTH
HAeajibHHM OTpanoTeneM bcjicactbhc CHJibHoro KOHTpacTa MencAy
ynpyrHMH cßoftcTßaMH boah h Bosnyxa. Ecjih 3Ty rpaHnuy pa3Aena
cnHTaTb HAeajibHHM OTpantaTejieM, to OHa hbjihctch cbo6oahoh no-
BepxHOCTbio (pnc. 8.2). XlaßjieHne Ha cbo6oahoh noBepxHOCTH o6pa-

PHC. 8.2. OTpajKeHne bojihoboto hm-
nyjibca R(Z) oi noBepxHOCTH Mopa.
Bojihh: U — BOCxoAHiuan, D— hhcxo-
Attiuafl

uiaeTCH b Hyjib (c7-)-D=o). CneAOßaTejibHo, KoscpcpHUHeHT oTpan<eHHH
Ha 3toh noBepxHOCTH paßeH — 1. BepTHKajibHan cKopocTb Ha noßepx-
hocth nponopuHOHajibHa BejiimnHe D—U. TeopeTHnecKH ajih Ha6jno-
AeHHn bojih Ha noBepxHOCTH cneAOßajio 6n H3MepnTb BennnHHy W.
OAiiaKo hcxoah H3 npaKTnnecKHx coo6pa>KeHHft o6hhho Ha6jnoAaiOT
AaßJieHHe P b BOAe Ha rjiy6HHe HecKOJibKnx AOJieft ajihhh bojihh ot

PHC. 8.3. Bo36y>KAeHHe HMnyjibca Ha
noBepxHOCTH Mopn.
/ — Ha^ajibHoe (nepBHMHoe) Bo3Mym,eHHe,
pacnpocTpaHHromeecH bhh3; R(Z) — oTpa-
HCeilHbie BOJIH bl

noBepxHOCTH Mopn. Ha6jnoAeHnn npoßOAnr c noMombio nyßCTßHTejib-
hhx k AaßjieHHio npneMHHKOB (rHApocpoHOB), yAep^HßaeMbix Ha 3a-
AaHHoft rjiy6nHe Hn>Ke noBepxHOCTH Mopn. AaßJieHHe Ha noBepxHOCTH
Mopn o6hhho CTpeMHTCH k Hyjno, ho npn BO36yn<AeHHH HMnyjibCHoro
BO3Myui,eHHH AaßJieHHe mojkct Ha MniOßeHHe npHHHTb HeKOTOpoe Apy-
roe 3HaneHne, HanpnMep 1. 3to noKa3aHo Ha pnc. 8.3. HanajibHoe bo-MymeHHe 1, pacnpocTpaHmoiueecn bhh3, nopo>KAaeT OTpanteHHyio
b cpeAe BOJiHy —R(Z), KOTopan CHOBa OTpantaeTcn ot noBepxHOCTH
Mopn, o6pa3yn BOJiHy R(Z). AaßJieHHe Ha noBepxHOCTH paBHO D-\-U=
= \ JrR—R=\. nojiHan BepTHKajibHan cocTaßJimouian ckopocth CMe-
uieHHn nacTHu boah Ha noBepxHOCTH Mopn, o6ycjioßneHHan hctohhh-
kom h pe3yjibTHpyioui,eft aKycTHnecKoft bojihoii, paßHa D—£/=l-f-
-+2R(Z).

ynpa>KHeHHH

1. Bbipa3HTe aMnAHTyAy npoxoAameft nepe3 rpaHHuy bojihh c noMonibio BejiHHHH

Vi h Y2.
2. B HeKOTopbix npnjioKeHHHX HenpepbißHOCTb BOjmoßoro npouecca Ha rpaHnue

Bbipa*aeTCH b tom, hto pa3HOCTb D— U cnnTaeTCH oAHHaKOBoft c o6enx CTOpon
rpaHHUH pa3Aejia. 3to npeAnojiaraeT, hto — c. nojiyiHTe ajih stoto cjiynan
ypaßHeHne ajih KoacpcpnuneHTa OTpa>KeHHH, noAoSHoe ypaßHeHHio (8.2.4) n BHpa-
jKeHHoe nepe3 nojmyio npoBOAHMOCTb Y.

3. KaK BbipanoiOTCH KoacpcpnuneHTH OTpajKeHHH h nponycKaHHH nepe3 HMne-
AaHC /? (HCKJiioHHTe Apo6n b nojiyneHHbix KOHeHHbix (popMyjiax).

4. Ha ocHOBaHHH npHHunna coxpaHeHHH SHeprnn paHee mh noKa3ajiH, hto npn
Tipoxo>KAeHHH bojihh Hepe3 rpaHnuy pa3Aejia AByx cpeA b npoTHßonojiojKHbix Ha-
npaßJieHHHX aoji>kho BbinojiHHTbCH ycjioSHe cr = — c. 3to ycjiOßHe moxho nojivwHTb
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TaKHce nyTeM o6pameHHH BpeMeHH. HtoSh cAejiaTb sto, HanepraTe pnc. 8.1 c npo-
THBonojio>KHbiMH HanpaBJieHHHMH CTpeJiOK. Bbi6paß MacuiTaS n jiHHeftHO HaKJiaAHßan
pa3jiHHHbie pHcyHKH, nonbiTaftTecb HaftTH nojioxeHHe, npn kotopom H3o6pa>KeHHe, no-
Ao6Hoe npeACTaBJieHHOMy b npaßoft nacTH pnc. 8.1, xapaKTepH3yeTC« BeJinnnHoft—c' ajih OTpajKeHHoft bojihh. [yKa3aHHe. HapncyftTe CTpejiKH ajih cjiynan HopMajib-
Horo naAeHHH bojihh Ha rpaHnuy.]

8.2. nOTOK SHEPrHH B CJIOHCTbIX CPEAAX

PaccMOTpHM CHanana HBJieHHe pe3oHaHca b HeKOTOpOM cnoe npn npo-
xon<AeHHH nepe3 Hero bojihh. 3aAaAHM BpeMH npoxon<AeHHH bojihh

nepe3 stot cnoft b npnMOM n o6paTHOM HanpaßjieHHHX c nOMOIHbK)
onepaTopa 3aAep>KKH Z. PaccMaTpHßaeMan cnTyaunn noKa3aHa Ha

pnc. 8.4. Bojmy, Ha6jnoAaeMyio HaA sthm cnoeM, mohcho npeACTaBHTb
B BHAe

KaK bhaho, 6ecKOHeHHbift pnA b 3Toft cpopMyjie HMeeT KOHenHyio cyM-
mv, hto He cjiynaftHO. Hn>Ke 6yAeT noKa3aHo, hto b cnynae n cnoeß
BOJIHH 6e.CKOHenHOH AJIHTejIbHOCTH MOryT 6blTb BbipanieHH npocTbiMH
nojiHHOMaMH CTeneHH n. PaccMOTpHM o6myio 3aAany onpeAejieHHn
BOJiHOBoro nojin no 3aAaHHHM KoscpcpHuneHTaM OTpan<eHHH rpaHHix
b cpeAe h 3aAany onpeAejieHHn KO3cj)(pHHHeHTOB OTpa>KeHHH rpaHHH
no 3aAaHHOMy BOJiHOBOMy nojno b cnynae MHorocjioftHoft cpeAH.

Ko3(pc|)HHHeHTH OTpa>KeHHH h nponycKaHiin noKa3HBaiOT KaK bh-
HHCJiHTb pe3yjibTaTHßHbie bojihh, Bo3HHKaiouiHe npn naAPHHH BOJIHH
Ha cnoft. Hn>Ke npnBOAHTcn ypaBHeHHH (8.2.1), cooTßeTCTßyiOLune
pnc. 8.5 h noKa3bißaioiH,He Kai< sKCTpanonnpoßaTb bojihh U h Df b 6y-
Aymee BpeMH, hto6h nonynHTb bojihh V n D:

(8.2.1)

npeo6pa3yeM ypaBHeHHH (8.2.1) TaKHM o6pa3oM, hto6h BennnnHbi
U' hD' oKa3ajincb b npaßoft nacTH, a BejiHHHHbi U n D— b Jießoft.
TorAa nojiynHM ypaBHeHHH, KOTopne TpaHccpopMnpyioT cpeAy, o6o3Ha-

t 2tAl+cx c\Z + (c ic\)2 Z2 + ..,} = -Jz^^

U'^WA-c'D';
D=cU+t'D'.

tz tf '■zGicz€iczh

c't' \/c,t t

"2/ \'2 Cl/'/2C1 C2\ /"2/ V2"f/ "2W"2\ / " A
PHC. 8.4. PacnpocTpaHeHHe jiyieft boji-

iibi b cjioe npn pe3oHaHce
PHC. 8.5. ria.naiomKe h OTpajKeimbii
BnjiHbi Ha rpam-me pa.inejia
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neHHyio ihtphxom, b cpeAy 6e3 uiTpnxa. Mn HMeeM

KOTopne mojkho 3anncaTb b MaTpnnHoft cpopMe

Tenepb, yMHO>KHB nocneAHee BbipajKeHne cneßa Ha MaTpnuy, 06-
-paTHyio MaTpnue b Jießoft nacTH

nonynHM OKOHnaTejibHbift pe3yjibTaT b BHAe o6mero ypaBHeHHH ajih
SKCTpanojinuHH cpeAH co uiTpHxoM b cpeAy 6e3 uiTpnxa:

(8.2.2)

PaccMOTpHM Tenepb noKa3aHHyio Ha pnc. 8.6 cJioncTyio cpeAy THna
ToynHJiJiayAa [30], KOTopan xapaKTepH3yeTCH paBeHCTBOM BpeMeH
npo6era bo Bcex cjiohx. /I,jih paccMaTpHßaeMoro cnynan ypaßHeHHe
(8.2.2) MonceT 6biTb 3anncaHO b BHAe

FlycTb Z = ce +"°r (T — abohhoc BpeMH pacnpocTpaHeHHH bojihh b

CJioe) paBHO HHTepßany Bbi6opKH AaHHbix. OneBHAHO, hto yMHonceHne
Ha ]/Z SKBHBaAeHTHO 3ana3AHBaHHK) cpyHKHHH Ha T/2, t. c. BpeMeHH

npoxo>KAeHHH bojihh nepe3 cnoft. 3to AaeT cooTHomeHHe uemny boji-

HaMH co uiTpnxaMH h 6e3 uiTpnxa b k-M cnoe:

(8.2.3)

—tU=— U'A-c'D';
—cU+D=t'D',

[— t 0 \ U "]__("— 1 c'UU '[—c l\[ D j [ ot'\[ D '

, , PHC. 8.6. CjioncTaH cpeAa THna Toy-
c *Ih |jj nnjuiayAa (cjioh xapaKTepn3yioTCH oah-

-1 ♦(/, +D 2 HaKOBHM BpeMeHeM npooera bojihh)

*I>2Cz tU3 +D 3

-v i i r 1 oi r— i c' rv y_ i r— i c y
.D J —t [c —t\ [ 0 t'\ DJ" " — t [_ c ccr _tt'_

r u ]=— \ l c\ \ u y[D \ t \ c i j DJ '

v ] -J-l" 1 Ck \ \ u VD }k+x fk [c k \\[d \k '

'v V _ \\/Vz o Tf v '
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FIoACTaBHB cpopMyjiy (8.2.3) b Bnpa>KeHHe (8.2.2), nonynnM Bnpa>Ke-
HHe AJIH MaTpUU.bL CAOR\

Ck Vz\ iv i _V_fi r824)

'* U V~Z vj\[d \k VZtk [ck Z\[D Ik
Ecjih sHeprnn BOJiHOBoro npouecca pacnpocTpaHneTcn nepe3 nan-

ny cnoeß, to o6mnft noTOK sHeprnn, npoxoAnmeft nepe3 k-ih cnoft, aoji-
n<eH 6biTb TaKHM n<e, KaK h noTOK sHeprnn, npoxoAHiueft nepe3

PHC. 8.7. TeoMeTpHH OTpa>KeHHbix
CeftCMHHeCKHX bojih.
BojiHbi: / — najaiomaH, R — OTpaxeHHan,
E — yxoAHman b iviyfib 3cmjih

V
(&-4-l)-ft cnoft. B npoTHBHOM cnynae AOJinteH cymecTßOßaTb nornoTH-
TeJlb HJIH HCTOHHHK SHepniH Ha rpaHHHe CJIOH. Pe3yjIbTHpyK)HIHH boc-
xoAHUiHft noTOK sHeprnn /(co) Ha jno6oft nacTOTe co b k-M cnoe onpe-
AejineTCH BbipanteHHeM

(8.2.5)

t4to6h ycTaHOBHTb, hto noTOK SHeprnn AeftcTßHTenbHO He 3aBHCHT
ot k, paccMOTpHM ypaßHeHHe SpMHTa, conpn>KeHHoe c ypaßHeHneM
(8.2.4) (TpaHcnoHnpoßaHHoe n conpnnceHHoe no OTHomeHHio k AeftcT-
ßHTejibHOMy co):

im(^r±Wi)°(m% c£l} (82- 6)

06-beAHHHB ypaBHeHHH (8.2.4) h (8.2.6), nonynHM

(8.2.7)

v j in Ck iU/Vz o] r v i

. d lk+~ h [ck lj [ o Vz\ [b \k

J((o} = Yk ][ U(Z)U(:pj-D(Z)D (4-)^.

ft/f']omi p °ir(z, i =

1 .{nfA \Vz Vzck ]ri Oj [i/Kz Xz Cft Irv -j _
" '** Icft/Kz l/Kzj I o — 1 J \ckiVz Vz \\B\k

L\ud] P- c2*° ° ]\ u ]
-lh [UDH o
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nocKOJibKy (l —c2k)/t2 h=t/k/tk=Yk/Yk+\, to mo>kho nepenncaTb pe-
3yjibTaT b BHAe

~ D {-t) D{Z) \a (8 - 2' 8)

YpaßHeHHe (8.2.8) noKa3HBaeT, hto Ha jiio6oft qacTOTe co 3Heprnn,
npoxoAnman nepe3 k-Pi cnoft, paßHa sHeprnn, npoxoAHiueft nepe3
(&-4-l)-ft cnoft.

3Ta TeopeMa o noTOKe sHeprnn npnBOAHT k HeKOTopnM o6iuhm
nojioxeHHHM o CBoficTßax bojih, paccenHHbix cjiohcthmh CTpyKTypaMH.

Ha pnc. 8.7 npnßeAeHa reoMeTpnnecKan cxeMa oTpan<eHHH ceftcMH-
necKHx bojih b cnynae cjiohctoii cpeAH. Bo36yn^AeHHbift Ha ahcbhoh
noBepxHOCTH HMnyjibc pacnpocTpaHneTcn bhh3 BHyTpb cpeAn, rAe oh
OTpa>KaeTcn Ha rpaHHnax cnoeß h bhxoaht o6paTHO k noBepxHOCTH
3eMJin b BHAe OTpajKeHHoft bojihh —R(Z). nocKOJibKy 3Ta noßepx-
HOCTb HBJineTcn HAeajibHo OTpancaiomeft, to OHa nocnJiaeT BOJiHy BH-
Aa R(Z) o6paTHo b 3eMJiio. BojiHa E(Z), npouieAuian nepe3 ocHOßaHne
cnoncToft tojiihh, pacnpocTpaHneTcn Aanee, BHyTpb 3eMJin. npnMeHHH
TeopeMy o noTOKe sHeprnn k stoii cxeMe, mo>kho 3aKjnonHTb, hto no-
tok sHeprnn b BepxHeM cnoe paßeH noTOKy 3Heprnn b HH>KHeM nojiy-
npocTpaHCTße, t. c.

(8.2.9)

3tot BecbMa npHMenaTejibHnft pe3yjibTaT roßopnT o tom, mto, 3Hasi
Ha6nioAeHHyio BbixoAHiuyio BOJiHy E(Z), moh<ho onpeAeJiHTb c noMO-
uibK) apyHKunn aBTOKoppejiHHHH cpopMy KOJie6aHHH, perncTpHpyeMbix
Ha noBepxHOCTH. no3AHee yBHAHM, hto BOJiHa E(Z) MHHHMajibHO cpa-
30Ban h, cjieAOßaTejibHO, OHa mojkct 6biTb nonyneHa H3 (pyHKUHH R
c noMombio (paKTopH3auHH cneKTpa,

PaccMOTpHM Tenepb reoMeTpnnecKyio cxeMy 3eMJieTpnceHHH
(pnc. 8.8). BojiHOßoft HMnyjibc / naAaeT Ha noßepxHOCTb h ojpama-
eTCH o6paTHO bhh3. Bojma X(Z) bhxoaht Ha CBo6oAHyio noßepxHOCTb
h oTpancaeTcn o6paTHo bhh3, Bojma P(Z) Bo3BpaiuaeTcn o6paTHO
b 3eMJiio h thm pacceHßaeTCH. npnMeHHH TeopeMy o noTOKe sHeprnn
k 3Toft cxeMe, nojiynHM

(8.2.10)

y^4t/ (^") (/(Z) ~D (^") D(Z;L 1^y4(; ("^) (;(Z) ~

Yx [l +^^j][l-j-^ (Z)]} =-7^(i-J£(Z)
I'jii

\+RfJr)+R(Z)=^E(±}E(Z).

Yx [A- (-L) X (Z) - X (^j X (Z) j=Yi[l - P (Z) P (-^J
HJIH

l=P(Z)p(-i-).
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nojiyneHHHH pe3yjibTaT roBopHT o tom, hto paccenHHan b o6paTHOM
HanpaßJieHHH H3 cjioh Bojma P(Z) KaK 6n npouiJia nepe3 <pa3oßfaifi
cpnjibTp. 3to mojkho 6hjio 6h npeABHAeTb 3apaHee Ha ocHOBe o6mnx
(pH3nnecKHx npeACTaßJieHHft, nocKOJibKy b paMKax npnHHToft moacjih
npouecca bch sHeprnn naAaiomeft Ha noßepxHOCTb bojihh b kohchhom
cneTe OTpajKaeTCH bhh3 6e3 3aTyxaHHn. EnHHCTBeHHoe, hto mo>kct Ha-
6jnoAaTbCH — sto nacTOTHO-3aBHCHMan 3aAep>KKa KOJie6aHHft.

PHC. 8.8. TeoMeTpHHecKaH cxeMa 3eM-
JieTpHCeHHH.
Bojihh: / — na/iaromaH Ha noßepxHOCTb;
X — oTpaxceHHaa, P — paccenHHan BHyTpb
3eMJiH

B 3aKJHoneHHe paccMOTpHM TeopeMy, cßH3Hßaioiuyio noTOK 3Hep-
rnn c (pyHKUHHMH HMneAaHca n nojmoft npoBOAHMOCTH (sth (pyHKHHH
HMeiOT npeo6pa3oßaHHn <Dypbe c nojio>KHTejibHoft AeftcTßHTejibHoft
nacTbio). npeAnojio>KHM, hto HHcxoAHman BonHa D(Z) HHTeHCHBHee
BocxoAnmeft bojihh c7(Z) Ha Bcex nacTOTax, t. c.

(8.2.11)

(Otmcthm, hto sto He 03HanaeT, hto |g^|>|l/*|). Bbipan<eHne
(8.2.11) mojkho 3anncaTb coKpameHHo b BHAe

DD—UU>O. (8.2.12)
Ha ocHOBaHHH (popMyjin (8.2.11) hjih (8.2.12) mohcho noKa3aTb, hto
BejiHHHHa (D— U)/ (D-^-U) HMeeT npeo6pa3oßaHne Oypbe c nojioncn-

TejibHoii AeftcTßHTejibHoft nacTbio. Bhhhcjihm AeftcTßHTejibHyio nacTb
3TOII cbyHKHHH

BHpa>KeHHH (8.2.13) cornacHO rnnoTese (8.2.12) hbjih-

eTcn noJionaiTejibHHM. 3HaMeHaTejib BbipanceHnn (8.2.13) TaK>Ke no-
no>KHTeJieH, nocKOJibKy cneKTp cpyHKunn BpeMeHH dt~\-ut , KaK h jiio6oh
cneKTp, BcerAa nononcHTeneH. TaKHM o6pa3oM, cpyHKHHH
(D—U)/ (D-{-U) HBJineTcn deucTeuTeAbHou noAOMUTeAbHou Bejinnn-

Hoft. HHTepnpeTauHn BejiHHHHbi (D—U) /(D-\-U) coctoht b tom, hto
HHCJiHTeJib cc (D— U) xapaKTepH3yeT BepTHKajibHyio cocTaßjimomyio
ckopocth CMemeHHH nacTHu cpeAH, a 3HaMeHaTejib (D-\-U) — AaßJie-
HHe npn pacnpocTpaHeHHH bojihh b cpene.

D^D(Z)-U(^jU(Z) > 0 |Z| =1.

2Pc D ~^ D -V I- D ~ U -X D+ t/ —£>+ L/ T T) + V

_ (D-U)(D +U)+^D-U){D+U) 2(DD-W)^ (g 2 13)
(D + U)(D + U) (D + U)(D + U)'
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8.3. PACMET BOJIH no KOScD^HUHEHTAM OTPA>KEHHfI TPAHHU.
CjioncTyio cpeAy mojkho onncaTb nyTeM 3anaHHH KOscpcpHuneHTOß ot-
pan<eHHH ajih Bcex rpaHnu pa3Aena. AjibTepHaTHßHbie onncaHnH npe-
AycMaTpnßaiOT 3aAaHHe KaKoft-jin6o onnoft H3 paccenHHbix b cjiohctoh

cpeAe bojih R(Z), E(Z), X(Z) hjih P(Z). KoHenHoft uejibio HBJineTCH
HacTOJibKo xopoinee oßjiaAeHne ajire6poft TaKHx 3aAan, nTo6n, Harm-
Han c KaKoro-JiH6o onncaHnn cjiohctoii cpeAH, nonynnTb H3 Hero Bee
Apyrne onncaHHH.

Ban<HHM pe3yjibTaTOM npeAHAymero pa3Aena 6hjio noJiyneHne Ma-
Tpnun cjioh (8.2.4), t. c. MaTpnun, KOTopan mojkct 6nTb ncnoJib3oßa-
Ha ajih nepecneTa bojih, pacnpocTpaHmouinxcn b oahom cnoe, b boji-

hh, pacnpocTpaHnioiuHecH b cneAyiouieM cnoe h t. a. 3tot npouecc
MO>KeT npoAOJinoTbcn 6ecKOHenHO. Jinn noHHMaHnn nepecneTa ot cjioh

1-ro k cjiokd 3-My noAcraBHM b BHpaneeHne (8.2.4) k=\ n k= 2.
TorAa nonynHM

(8.3.1)

HccjieAOßaHHe 3Toro npnMepa HaBOAHT Ha
hhh o6iuero BnpajKeHHH ajih npoH3BeAeHHn k

o cymecTßOßa-
cjioeß

Mbicnb
MaTpnunpoH3BeAeHHH k

F(Z) z*g(4-)
G(Z) 2*F^4")

l

(8.3.2)

Tenepb npoßepHM, hto cpopMyna (8.3.2) AeftcTßHTejibHO HBJineTcn 06-
-uihm Bbipa>i<eHHeM. npeAnonon^HM, hto cpopMyna (8.3.2) BepHa ajih

k— l. Torna, yuuomwß cc npn k —l Ha MaTpnuy cjieAyiomero k-vo
cjioh, mh aoji/Khh nonynnTb TaKoe nee BbipanteHHe, KaK n npn npnMoft
3aMeHe BejinnHHH k —l Ha k.

F(Z)+ckZG(Z) Zk -*G(-I-) + ckZkF(-T\
= ■ L I—i J L . (8.3.3)

Yz~k f[ t,- ckF (Z) +ZG (Z) ckZk -'G (4") + ZkF (-j-^
H3 cpopMyjin (8.3.3) CJieAyeT, hto MacuiTa6Hbift MHO>KHTejib b Heft
HMeeT tot >Ke bha, hto h npn npnMoft 3aMeHe BejinnnHH k — l Ha k

u"j _i n Zc 2~\ 1 ri zcj r 1/ "
D \ 3

~~ VZt2 [c 2 Z J Kz7 2 [ci ZJ[ D Jj
1 f \+Zc x c2 Zc x +Z2c 2 l rU ]

" VT2tx t2 \_c 2 -irZcx Zc xc 2+Z2 \ D\ x

Yz"Y\ t,

PaccMOTpHM npoH3BeAeHne

-±-\ l c*z 1 \f(Z) z*-*o/4")
VWk \ck z \ " J-1 ;, '



b cpopMyjie (8.3.2) ajih k —l. KpoMe toto, 22-ft sneMeHT MaTpnun mo-
nceT 6biTb noJiyneH H3 11-ro sneMeHTa 3aMeHoft Z Ha 1/Z h yMHonve-
HneM Ha Zk. AHanornnHO 21-ft sneMeHT MaTpnun nojiynaeTcn H3 12-ro
3JieMeHTa. TaKHM o6pa3oM, cpopMyna (8.3.2) AeftcTßHTenbHO HBJineTcn
o6iuhm Bbipa>KeHHeM ajih npoH3BeAeHHH MaTpnu cnoeß. Hojihhomh
F (Z) h G(Z) nopnAKa k o6pa3yiOTCH cjieAyioiHHM o6pa3oM [h3 nep-
Boft KOJioHKH npaßoft nacTH Bnpa>KeHHH (8.3.3)]:

HccjieAyn cpopMyjin (8.3.4), onpeAejiHM HeKOTopne CBoftcTßa
cpyHKHHH F n G. TaX, H3 cpopMyjin (8.3.4a) CJieAyeT, nTO KoscpcpnuneHT
fo npn nepBOM nneHe MHoronjieHa F (Z) He 3aBHCHT ot BejiHHHHbi k.
KoacpcpHuneHT (f0 )k BcerAa paßeH eAHHHue. 3Han sto, H3 cpopMyjin
(8.3.46) nojiynHM (go)h=: Ch. nocKOJibKy F (Z) h G(Z) hmciot oAHHa-

KOBbie cTeneHH no Z, to cpopMyna (8.3.46) yKa3bmaeT Ha He3aBHCH-
MOCTb KO3(|)(pHHHeHTa npn HaHßbicuieft CTeneHH MHoronjieHa G(Z), Ha-
npHMep (gk)k ot BejiHHHHbi k, h, cneAOßaTejibHO, oh paßeH HanajibHo-

My 3HaneHHio C\. HaKOHeu, 3Han sto, Ha ocHOBaHHH cpopMyjin (8.3.4a)
mo>kho CAenaTb bhboa o tom, hto KOscpcpHuneHT npn HaHßbicuieft CTe-
neHH MHoronjieHa F (Z) BcerAa 6yAeT paßeH npon3BeAeHHio CiC h . B pe-
3yjibTaTe nojiynHM

Hcnojib3yn peKyppeHTHbie cooTHomeHnn (8.3.4), mo>kho ycTaHOBHTb,
hto b (popMyjiax (8.3.5) KoscpcpHuneHTH nojiHHOMa F coAepnoT jinuib

neTHbie CTeneHH KO3<pcpHHHeHTOB c, a KoscpcpHuneHTH nojiHHOMa G —
TOJibKo HeneTHbie CTeneHH. CjieAOßaTejibHo, ecnn Bee KoacpcpHUHeHTH c
H3MeHHK)T 3HaK, TO H nOJIHHOM G H3MeHHCT CBOII 3HaK, a nOJIHHOM F
coxpaHneT 3naK.

HOJIHHOMH F (Z) H G(Z) He HBJIHKDTCH He3aBHCHMHMH, TaX KaK
MOKAy hhmh cymecTßyeT HeoncHAaHHan 3aBHCHMOCTb. C noMom,bK>

(popMyn (8.3.4) momho npoßepHTb, hto

(8.3.6)

Tan KaK F\(Z) = \ h Gi(Z)=ci, to, npnMeHHH HTepaTHßHyio npoueAy-
py (8.3.6), HaftneM:

ft ft

Fh (Z) =Fk-i (Z) +chZGh-i (Z) ; (8.3.4a)
Gfe (Z) =ckFk„i (Z) +ZGh-X (Z) . (8.3.46)

F (Z) =1+/IZ+/2Z2+ ... -fciCaZ"- 1 ; (8.3.5a)
G(Z)z=cft +^i2+^2+ ... 4-c^- 1. (8.3.56)

[f(Z)f(-l) o<2>G(^).]t=(l -^ [F{Z)F (4-)-
-G(Z,G (^)L-

F(Z)F^-i-j~G(Z)G^^=n( i -^)=n^ ( 8- 3- 7>
i i

12—1017 177
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ypaßHeHHe (8.3.7) HHTepecHO TeM, nTO b Jießoft nacTH coAep>KHT ABa
cneKTpa (cneKTpn (pyHKHHft ft h gt ), a ero npaßan nacTb HBJineTCH
nojioncHTenbHoft, He 3aßHcnmeft ot nacTOTH nocTOHHHoft. TaKHM o6pa-
30M, cneKTp opyHKHHn ft 6ojibine cneKTpa cpyHKHHH gt- Tenepb mo>kho
npHMeHHTb TeopeMy o BBeAeHHH AononHHTejibHoft HHCpopMaunH ajih
npeo6pa3oßaHHH cencMnnecKoro HMnyjibca b MHHHMajibHO cpa3oßbift
CHman n noJiyneHHH H3 cpopMyjin (8.3.4a) h ycjioßHH [ca|<l BHBOAa

O TOM, HTO BOJiHa Fk (Z) MHHHMajibHO (pa3oßan, eCJIH TaKOBOft HBJineT-
CH BonHa Fk-i(Z). CneAOßaTejibHo, ecnn BOJiHa Fi (Z) MHHHMajibHO

"<pa3oßan, to Bee bojihh Fk(Z) TaKn<e MHHHMajibHO (pa3oßbie. nocKOJib-
Ky BonHa F(Z) HBnneTcn MHHHMajibHO cpa3oßoft, to cc mo>kho onpeAe-
JiHTb no CBoeMy cneKTpy F (Z)F (\/Z) hjih cneKTpy gt (BMecTe c npo-
cthm hhcjiom Ylt't) . OAHaKO Hejib3n nojiyHHTb BOJiHy G H3 F. npe>KAe
neM npoAOJiJKHTb o6cy>KAeHHe, paccMOTpHM oahh npHMep.

npeAnono>KHM, nTO nanKa cnoeß noMemeHa Men^Ay AByMH nojiy-
npocTpaHCTßaMH (pnc. 8.9). HMnyjibc naAaeT CHH3y. PaccenHHyio
b o6paTHOM HanpaßneHHH BOJiHy o6o3HanHM nepe3 C(Z), a npoxoAH-
.myio — nepe3 T(Z).

MaTeMaTnnecKH 3Ta CHTyannn onncnßaeTcn ypaBHeHHeM

(8.3.8)

(8.3.9)

riOACTaBHB 3TOT pe3yJlbTaT BO BTOpOe H3 ypaßHeHHft (8.3.8), nojiynHM
paccenHHyio o6paTHo BOJiHy:

MaTeMaTnnecKH Bojma F (Z) HBnneTcn MHHHManbHO cpa3oßoft, a cf)H3H-
necKH bojihh C(Z) h T (Z) HMeiOT KOHenHyio SHepniic. nosTOMy 3Ha-

F (Z) ZkG (— I' 1 1 1 y ' \Z J [7(2)1k(Z)J j/T*n* G(Z) zV^ Lo J'

PeuiHM ypaßHeHHe (8.3.8) npoxoAHiueft bojihh

T(7\— Vzk"1W — F(Z) "

r (Z) — G (Z) T (Z) — G(Z) (8 3 10)

T(Z)T(Z)
°1-
c2"

yFnt/zk nt PHC. 8.9. FlaflatomHe / " F (Z),
OTpa>i<eHHbie C (Z) a G (Z) h npo-
XOAHIHHe T (Z) H VZk Ylt BOJIHHcjweß

/ \cjz)
ck- m/ \*«

b na^Ke cjioeß, 3ajieraiomeH

ueyKjxy Jißyun nojiynpocTpaHCT-
BaMH
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MeHaTejin BbipaweHnii (8.3.9) h (8.3.10) He hmciot Hyneft BHyTpn cah-
HHIHOft OKpy>KHOCTH. TaX KaK H3BCCTHO, HTO paCCeHHHaH B o6paTHOM
HanpaßneHHH (Ha3aA) BOJiHa C (Z) HeceT MeHbiue SHeprnn, neM na-
AaiouiaH BonHa, a TaKnce ynHTHBan Bbipan<eHHe (8.2.13), 3aAaAHM
nojion<HTejibHyio AeftcTßHTenbHyio (pyHKUHio Bbipa>KeHHeM:

(8.3.11)

Tenepb paccMOTpHM KaK BoccTaHOBHTb KoscpcpnuneHTn OTpanceHHH c
no Ha6jiK>AeHHoft paccenHHoft Bojme C (Z) . B cootb6tctbhh c pnc. 8.9
3annuieM

(8.3.12)

nepßbin KO3cf)(pHUHeHT nonnHOMa C (Z) ecTb Ck [cpH3HnecKH sto
omcbhaho h noATßepjKAaeTcn cpopMynoft (8.3.5)]. CjieAOßaTejibHO, Ma-
Tpnua cjioh b Bbipa>KeHHH (8.3.12) H3BecTHa. Ymhokhb o6e nacTH bh-
pa>KeHHH (8.3.12) Ha MaTpnuy, o6paTHyio MaTpnue cjioh, HaftAeM Be-
JIHnHHH Uh-\(Z) H Dh-l(Z). CjieAyiOHlHft KO3(pCpHUHeHT OTpan<eHHH
Ch-i paßeH OTHomeHHio do/uo. 3tot npouecc mo>kho npoAOJi>KHTb ao
Tex nop, noKa He 6ynyT onpeAejieHn Bee KoscpfpHHneHTbi OTpante-
HHH Ck-

Tenepb BepHeMcn k reoMeTpHH oTpanceHHbix bojih. HMeeM

PeuiHM nepßoe H3 ypaßHeHHft (8.3.13) OTHOCHTeJIbHO bojihh R(Z):

(8.3.14)

3HaMeHaTejib Bbipa>KeHHH (8.3.14) BCTpenaeTcn HacTOJibKo nacTO, nTO
CJieAyeT bbccth ajih Hero o6o3HaneHne

OyHKUHH noAo6HO cpyHKunn F(Z), HBJineTcn MHHHManbHO cpa-
30boh. BTopoe ypaßHeHHe b (8.3.13) no3BOJineT onpeAennTb hhcxoah-
uiyio BOJiHy

1 — C(Z) _1 — G (Z)/F (Z)
1 +C(Z) ~\+G~(Z)/F(Z)

- i i i r i ck z v -
C ( z )\ tk Vz [ck Z\[ D \k -x

F(Z) ZkG\-r\[ ° ]= A X } ['«]. (8.3.13)U(Z)\ vz>nt am zbF /^\ Li+*J

I?(Z)= Z^G(\/Z)
X ' F (Z) — ZkG (1/Z)

A(Z) =F(Z)-ZkGiz-\ (8.3.15)

E z = Z*F (1/Z) + \-G_(Z) + Z*F (1/Z)] R =Vzk m
Z*F (1/Z) [F (Z) — ZkG (1/Z)] + [—G (Z) + ZkF (1/Z)] ZkG (\/Z)

A (Z) Y~Z~k Ut
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ynpoman sto BnpanceHne c noMombio (popMynn (8.3.7), nonynnM:

EW^Vf" . (8.3.16)

PaccMOTpHM Tenepb AeftcTßHTenbHyio nojio>KHTenbHyK) cpyHKunio

W=^ L̂=l + 2«(Z)= (8.3..T)

TAe W — BepTHKajibHan CKopocTb; P — AaßJieHHe.
KaK yn<e yKa3Hßanocb Bbiuie (cm. pa3Aen 8.2), ecnn ypaßHeHHe
(8.3.17) paccMaTpHßaeTcn c no3nunft anycTHKH, to BejiHHHHa Y=
=(D—U) / (D-\-U) HHTepnpeTnpyeTcn KaK oTHomeHHe BepTHKanbHoft
cocTaßnHiouieft ckopocth k AaßJieHHio n Ha3bißaeTcn noAHOii npoeodu-
MocTbto, KOTopan HBnneTcn o6paTHoft BennnHHoft nojmoro conpoTHß-
jieHHH (nMnenaHca).

Ha 3TOM MH 3aKOHHHM aHaJIH3 peuieHHH 3aAaHH BHHHCJieHHH BOnH
no 3aAaHHHM Ko3(pcpnuHeHTaM OTpanteHnn. B cneAyioiueM pa3Aene mh
paccMOTpHM o6paTHbie 3ananH, t. c. 3aAann BbimicneHHH KoscfxpHun-
€HTOß OTpa>KeHHH no H3BeCTHHM BOJiHaM pa3JIHnHHX THnOB.

ynpa>KHeHH«

1. PaccMOTpHTe cxeMy pacnpocTpaHeHHH bojih, noKa3aHHyio Ha pnc. 8.9, npn Ci=l/2;
c2=— 1/2n c 3=l/3. 4eMy paßHbi npn stom KoacpcpnuneHTH noJiHHOMOB T(Z) n C(Z)?

2. JXjik npocTon rpaHHnbi pa3Aejia hmciotch H3BecTHbie npocTbie cooTHomeHHH
i=l+c, t'=\-\-c' he=—c. KaKne aHajiornnHbie 33bhchmocth Bh CMon<eTe HanTH
ajih o6o6meHHon rpaHHHbi pa3AeJia, noKa3aHHOft Ha pnc. 8.9? [HanpHMep, noKaxn-
Te, hto BbipajKeHne I—T(Z)T/(l/Z)1 —T(Z)T/ (l/Z) =C(Z)C(\fZ) HBJineTCH aHajioroM 3aBncnMOCTH
l—tt'= c 2.]

3. H"oKa>KHTe, hto bojihh T(Z) h T'(Z) HMeiOT oAHHaKOByio (popMy KOJie6aHHH
bojihh c Toraocrbio ao MacuiTa6Horo MHOXHTejin. X(oKa>KHTe, hto na^KH cjioeß c pa.3-
JIHHHOH CTpyKTypOH MOryT HMeTb OAHHaKOBbie BeJIHHHHH 7"(Z).

4. ElycTb HeKOTopbift HMnyjibc na^aeT Ha na^Ky cjioeß n npn stom o6pa3yeTCH
OTpa>KeHHaH Bojma C(Z). Heuy paßeH KoatpcpnnneHT OTpajKeHHH bojihh npn BCTpene

«c c nepBHM cjioeM? KaKofl bha 6yAeT HMeTb OTpan<eHHaH BOJiHa KaK cpyHKHHH C
b CHTyaHHH, OTJinHaiomeflcH ot paccMOTpeHHoft BHine TeM, hto yAajieHa nepßan OTpa-
HcaiomaH rpaHnna?

5. PaccMOTpHTe MOAejib 3eMJin, npeACTaßJieHHyio naiKoft cjioeß, 3ajieraiomHX Ha
nojiynpocTpaHCTße. nycTb HMnyjibc na^aeT Ha Hee CHH3y (pnc. Y8.1). no 3aAaHHHM
nojinHOMaM F (Z) h G(Z) yi ajieMeHTaM npoH3BeAeHHH MaTpnu cjioeß, HaflAHTe boji-



fIH X H P. npOßepbTe CBOH OTBeT, AOKa3aB, HTO P(Z)P(\/Z) =1. KaKOBa CBH3b
M€JKAy BOJIHaMH X H E? 3Ta 3aBHCHMOCTb HJIJIIOCTpHpyeT npHHUHn B3aHMHOCTH, CO-
rjiacHO KOTopoMy hctohhhk h npneMHHK mojkho noMeHHTb MecTaMH.

6. noKa>KHTe, hto \-\-R(\/Z)-\-R(Z) = (MacuiTao'HHH MHO>KHTejib) X(Z)X(1/Z).
3to AOKa3HBaeT, hto ajih nojiyqeHHH ceficMorpaMMbi OTpaxeHHoft bojihh mojkho
«cnojib3oßaTb cpyHKHHio aBTOKOppeJiHHHH cencMorpaMMH npoxoAHHj,eft bojihh.

7. PaccMOTpHTe pnc. Y8.2. PaccHHTanTe BOjmy R' nepe3 BOJiHy R.

8,4. BbIHHCJIEHHE KO3*<I>HHHEHTOB OTPA>KEHHfI
HO BOJIHOBbIM nOJIfIM

i^nn peuieHHH o6paTHbix 3aAan HaHJiynuiHM HBJineTcn, no-BHAHMOMy,
ypaßHeHHe KiOHeTua [31]:

(8.4.1)

HaM noHaAo6HTcn cmc Bbipa>KeHHe ajih HHcxoAnuieft BonHbi

F(Z\ — VZknt ' (8.4.2)

Heo6xoAHMO TaKn<e BcnoMHHTb, hto Yk/Yi=Tlt/t'. C yneTOM sthx AaH-
Hbix BbipanceHHe (8.4.1) npno6peTaeT bha

(8.4.3)

yMHon<HB o6e nacTH nocneAHero Bbipan^eHHH Ha A(Z), nojiynHM:

(8.4.4)

TaX KaK CpyHKHHH A (Z) HBJineTCH MHHHMajibHO (pa3oßOft, TO A (Z)
mo>kho 3anHcaTb KaK \/B(Z) hjih A(\/Z)= \jß(\/Z).

TorAa BbipanceHHe (8.4.4) npno6peTaeT bha

1 +R (j-) +R (Z)^-^E (-1-) E (Z).

l+R(Q+K(±)-AI "m .

|I+*W'+*(x)]m~TW

[I+R(Z) +R(l!Z)]A(Z)^Y\t't(\ + +^r+...y (8.4.5)
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OTO^KAecTßnnn KOscpcpHuneHTH npn Hyneßoft n nojioxHTejibHbix CTene-
hhx Z H3 coßMecTHbix ypaßHeHHft, nojiynaeM CHCTeMy ypaßHeHHft, ko-
Topan ajih TpexcnoftHoft moacjih cpeAbi npHHHMaeT bha (npn r0=l):

Ylt'trx r2 r3

0rx r0 rx r2

r2 rx r0 rx
r3 f2 f x r0

0
0 (8.4.6)
0r 4 r3 r 2

BnpajKeHHe (8.4.6) npencTaßnneT co6oft MaTpnuy Tennnua, npn-
MeHHßinyiocH paHee ajih <paKTopH3auHH cneKTpoß h npeACKa3aHH»
BpeMeHHbix phaob. Otmcthm, hto MHO>KHTeJib —c 3 BBeneH b cpopMyjiy
(8.4.6) b KanecTße KOscpcpnuHeHTa npn HaHßbicuieft ereneHH nonnHOMa
A(Z). 3to onpaßAaHO TeM, hto paHee cpyHKunn A(Z) 6njia onpenejie-
Ha c noMombio nojiHHOMOB F (Z) h G(Z), KOTopne, b cbohd onepeAN
Bnpa>KaioTCH nepe3 KoscpcpnuneHTH Ck- PaccMOTpeß BHOBb CHCTeMy
ypaßHeHHft Tenjinua (8.4.6) n mctoa JleßHHcoHa Ann pemeHnn ypaß-
HeHHft BHAa (3.3.10), MO)KHO BbIHHCJIHTb KO3(pCpHUHeHTH OTpa>KeHHH
rpaHHH no BOJiHOBOMy nonio.

nepßne neTbipe ypaBHeHHH b chctcmc (8.4.6) hbjihiotch HopManb-
hhmh. 3aAaßan nepßne Tpn oTpa>KeHHnx HMnyjibca r\, r2 h r 3, mo>khc>
peuiHTb ypaBHeHHH OTHOCHTeJIbHO nojiHHOMa A (Z) h nonynnTb Koscp-
cpHuneHT oTpanceHHH c 3. nnToe H3 ypaßHeHHft (8.4.6) npn H3BecTHOM
nonnHOMe A (Z) mo>kho ncnonb3oßaTb ajih onpeAejieHHn HMnyjibca r4.
Ecnn paccMaTpHßaeMan Monenb AeftcTßHTenbHo TpexcnoftHan, to pe-
uieHHe 6yAer npaßHnbHbiM. B npOTHBHOM cnynae pacxon^AenHe oyAer
VKa3bißaTb Ha Hannnne HOBoro cnon, KoscpcpnuneHT OTpa>KeHHH koto-
poro c 4 onpeAenneTcn nyTeM pacuiHpeHHn ypaBHeHHH (8.4.6) ot 4-ro
nopnAKa ao 5-ro. B pe3yjibTaTe, 3aAaß r& OTpa>KeHHHx HMnynbcoß
c noMombio peKypcnn JleßHHcoHa, mojkho nocnenoßaTenbHO onpene-
nHTb KO3(p(pHUHeHTH OTpa>KeHHH rpaHHH Ck-

Tenepb npeAnono>KHM, hto mh Ha6niOAaeM HHcxoAniuyio BOJiHy
E(Z). Oahhm H3 cnoco6oß onpeneneHHH KOscpcpHuneHTOß OTpa>KeHH>?
HBnneTcn c})opMHpoßaHHe BennnnHH \ JrR(Z)-\-R(\/Z) c noMombio
aßTOKoppennunoHHoft cpyHKHHH nnn bojihh E(Z); 3aTeM, npnMeHHH
peKypCHK) JIeBHHCOHa, HaXOAHM KO3(p(|)HUHeHTbI oTpanceHHH. Eahhct-
BeHHbiM HenocTaTKOM 3Toro cnoco6a HBnneTCH to, hto BonHa E(Z)
BKnionaeT HeorpaHHneHHoe nncno KoscpcpnuneHTOß, nosTOMy Ha npaK-
THKe Heo6xoAHMo npoH3BOAHTb HeKOTopoe yceneHHe KoscpcpnuneHTOß.
llto6h H36e>KaTb 3Toro, mo>kho Bocnojib3oßaTbCH anbTepHaTHBHHM
MeTOAOM. 3aAaß BonHy E(Z) b BHAe othouichhh nojiHHOMOB, HaftneM
(pyHKUHio A(Z). CyumocTb peKypcnn JleßHHcoHa 3aKmonaeTcn b no-
CTpoeHHH nojiHHOMa A (Z) c noMombio coothouichhh A k +i(Z)=
=Ah (Z)—cZMft (l/Z). B nacTHOCTH, H3 (popMynn (3.3.12) nonynHM

_
J -

a x
a 2

ci
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BbipanceHHe

ypaßHeHHe (8.4.9) npencTaßnneT co6oft hckomhh pe3ynbTaT, no3Bo-
jinioiUHH npnßecTH nojiHHOM Ak+i(Z) k noAHHOMy A k (Z) h oAHOBpe-
MeHHO nonynnTb KoscpcpnuneHT OTpa>KeHHH Ck+\. nporpaMMa ajih pea-
jiH3aHHH 3Toro npouecca Ha 3BM npHßeneHa Ha pnc. 8.10, a Ann pc-

PHC. 8.10. nporpaMMa ajih BHHHCJie-
HHH KO3(p(pHnHeHTOB OTpa>KeHHH Ch
c noMombio (pHJibTpa oihhSkh npeACKa-
3aHHH A (Z) (Hcnojib3oßaHHe KOMnjieKc-

KHX BeJIHHHH Heo6H3aTeJIbHO)

ineHHH o6paTHoft 3aAanH — Ha pnc. 8.11. nporpaMMa BbinncnneT cpyHK-
HHH R ii A no 3aAaHHHM KoscpcpnuneHTaM OTpan<eHHn c

B 3aKjnoneHHe paccMOTpHM peuieHHe 3anaHH npn HajiHHHH cJiynafi-
hhx hctohhhkob. Ha pnc. 8.12 noKa3aHa reoMeTpHnecKan cxeMa 3eM-
JieTpnceHim, me innpOKonojiocHbift cnrHan naAaeT Ha rpaHHun.

-1 -j rl "I r 0

ax a, a 2= -c, (8.4.7)a2 a23 a x ' v ;

a 3 0 1
J3 J2 L J2

KOTopoe noKa3bmaeT KaK HaftTH nojiHHOM AS (Z), 3Han cpyHKHHio /^(Z)
n KO3(p(pHHHeHT c 3.

llto6h nponenaTb sth onepaHHH b o6paTHOM Ha-
npaßJieHHH, npe>KAe Bcero 3aMeTHM, hto c 3 ecTb —a 3. 3aTeM 3anHuieM
Bnpa>KeHHe (8.4.7) b nepeßepHyTOM BHAe:

~ a 3 n on r l ~
a2a2a,

= -c, . (8.4.8)
1 1 0J3 L J2 L J2

Tenepb yMHO>KHM Bbipa>KeHHe (8.4.7) Ha 1/(1—c 2
3 ) h cnon<HM pc-

c ypaBHeHHeM (8.4.8), yMHO>KeHHHM Ha c 3/(l —c2
3 ). nepeßep-

HyTbie BeKTopn b npaßoft nacTH nonyneHHoro paBeHCTBa coKpamaioT-
>ch, hto npHBOAHT k cneAyiomeMy pe3ynbTaTy:

i~| ra, i ri ~

1 ax i c3 a2 ax

' c3 a 2\ ' — c% aj a 2 ' \■ ■ )

a 3
" 10_ J3 L 3 L J2

COMPLEX A,C,AL,BE,TOP,CONJG
C(l)=-1.; R(l)=l.; A(l)=l.; V(l)=l.

300 DO 310 I=l, N
310 C(I)=A(I)

DO 330 K=l,N
J=N-K+2
AL=l . / (1 . -C ( J) *CONJG(C ( J) ) )
BE=C(J)*AL
JH=(J+l)/2
DO 320 I=I, JH
TOP=AL*C(I)-BE*CONJG (C (J-I+l) )
C(J-I+l)=AL*C (J-t'+l) -BE*CONJG (C ( I ) )

320 C('I)=TOP
330 C(J)=-BE/AL
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B BepxHeM cnoe cyMMa BonH CTpeMHTCH k Hynio, o6ecnennßan Hyne-
Boe naßneHne Ha cßo6oAHoft noBepxHOCTH. Pa3HOCTb bocxoahihhx h
hhcxoahhihx BonH AaeT Ha6niOAaeMyio Ha noBepxHOCTH BepTHKanbHyio
cocTaßnmomyio ckopocth cMeuieHHn nacTHU cpenn. JXjih BBeneHHH
sneMeHTa cTaTHCTHKH nanaioiUHft HMnynbc 6nn CBepHyT c «6ennM
cbctom» Wt b BHAe pnAa cnynaftHbix nncen. CnenoßaTenbHO, Bee

110 R(J)=R(J)-A(I)*R(J-I+1)
JH=(J+l)/2
DO 120 I=I, JH
BOT=A(J-I+l)-C(J)*CONJG(A(D)
A(I)=A(I)-C(J)*CONJG(A(J-I+l))

BHyTpeHHHe BonHH Ha cxeMe (cm

PHC. 8.11. nporpaMMa AJIH BHHHCJie-
HHH BejiHHHH R h A no saAaHHHM KO-
-3(p(pHHHeHTaM OTpan<eHHH c

pnc. 8.12) 3aAaiOTCH cßepTKoft uiy-
Ma Wt c cooTßeTCTßyiomeft Monenbio HMnynbca naAaiomeft BonHH.
Tenepb npeAnono>KHM, hto 3aAaHH BonHH b BepxHeM cnoe D=—U—

PHC. 8.12. TeoMeTpHHecKaH cxeMa j
3eMJieTpHceHHH c uinpoKonojiocHHM —XWf
CHrHajiOM W, pacnpocTpaHHiomnMCH "
CHH3y.
Bojihh: XW — OTpa>KeHHaH ot noBepxHOCTH;
WP — pacceHHHan BHyTpb 3cmjih

wf \ WP

=XW h Heo6xoAHMo paccMOTpeTb nponon>KeHHe hx bhh3. MaTpnua
cnon ajih paccMaTpnßaeMoro cnynan HMeeT bha

(8.4.10)

(8.4.11)

CxeMa (pnnbTpa npeACKa3aHHn ohih6kh Bypra MO>KeT 6nTb 3anHcaHa
b cneAyiomeft cpopMe ':

hto AenaeT cc sKBHBaneHTHoft (c TOHHocTbio ao MacuiTa6Horo mho-
jKHTenn) npoAonnceHHHM bhh3 cpopMaM BonHOßbix noßepxHOCTeft. npn

1 B pa3A- 7.2 ncnojib3oßaHH o6o3HaHeHHH e~ h e+.

COMPLEX C.R.A.BOT.CONJG
C(l)=-1.; R(l)=l.; A(l)=l.; V(l)=

100 DO 120 J=2,N
A(J)=O.
R(J)=C(J)*V(J-1)
V (J)=V (J-l)*(1 . -C(J)*CONJG (C (J) ) )
DO 110 I=2, J

120 A(J-I+l)=BOT

"v 1 _j r i cz ru i

. c L+i" U z][ d J*-
FlocneAHee Bbipan<eHHe mo>kho nepenncaTb b BHAe

"—v ] _J r i — czi \—u "

. D.\k+1 ~~VItk -c ZJ[ D \k '

'e+ ] =[ ] " c]\ e+ ] , (8.4.12)
.<? Jk+x L— v \ l c )k
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3TOM He yCTaHOBneHO, COOTBeTCTByiOT JIH KO3Cp(pHUHeHTH OTpa>KeHHH,
BHHHCJieHHbie no cpopMyne Bypra

(8.4.13)ck — T

2(*t'4j'ir'k)
KO3(p(pHUHeHTaM OTpa>KeHHH Ck, BHHHCJieHHHM COTJiaCHO (pH3HHeCKOII
MOAeJin. Mto6h ycTaHOBHTb, KaK SyproßCKHft KoscpcpHuneHT oTpa>Ke-
hhh Ck CBH3aH c KoscpcpnuneHTOM OTpajKeHHH rpaHHun b cpene ck ,rpaHHun b cpene ck,

r ° i
a x . (8.4.14)_ 1 .

(8.4.15)

Tenepb ncnojib3yeM tot cpaKT, hto pnA (1, ai) ynoßneTßopneT cncTe-
Me pa3MepHOCTbK> 2X2. C noMombio peKypcnn JleßHHcoHa 3annnieM
BbipaweHHe (8.4.15) b BHAe

(8.4.16)

AHanorHHHO mo>kho noKa3aTb, hto f+-f+=f--f-=u. TaKHM o6pa3oM,
KoscpcpHuneHT OTpan<eHHH no MeTOAy JleßHHcoHa mo>kho BbinncnnTb
no cpopMyjie

Bypr b OTnnnHe ot JleßHHcoHa onycKaeT b cpopMynax (8.4.14) nneHH,
CBH3aHHbie C KpaeßHM 3(p(peKTOM. nOSTOMy BMeCTO paBeHCTB (8.4.14)
oh nonynaeT

(8.4.18)

t

2 2'*+ T

hhh c k CBH3aH c KoscpcpHuneHTOM OTpajKeHHH rpaHHun b cpeAe Ck,
BHHHCJieHHHM c noMouijbio peKypcnn JleßHHcoHa, onpenenHM cpyHKunn
f+ H \~ AJIH k=2 B BHAe

Xq Xq
X X Xq I X x Xq v

[f +]= x 2 x x x^ a x H [f~]= x 2 xt Xq ax . (8.4.14)
Ao Am I— U J ao A-j I— 1 *■

Ao A* o

3are.vi ccpopMnpyeM H3 hhx CKannpHoe npoH3BeAeHne BHAa

A-aA'jA'2 "^'l'^'O
(f~) f="[oa, 1] x 0 Xj x2 x 2 x x x 0 a x =

— An Aj A- 2 * -^2 1 "

~r0 rx r2 i r 1 -
=[oa, 1] r, r0 rx ax . (8.4.15)

-r, r, r0 J L 0 .

- V

(f-)r f+ =[oa, 1] o =c
- c -

r _ 2(f+f-) 2e_ (9,Ar\7\
°~ (f+f+) +(f-f-)— 2v ■ {O.r.U)

\p+] X X Xq 1 \p~\ Xl X° I ai

A 2A- j Ci j A-2 A- j J 1



JXjih AOCTaTOHHo AnHHHoft nocneAOßaTenbHOCTii AaHHbix pe3ynbTaTHy

nonyneHHbie o6ohmh MeTonaMH, ohcbhaho, Hepa3JiHHHMH. B to me
BpeMH AJIH Bbl6opOK AaHHHX KOHeHHOft AJIHTeJIbHOCTH Heo6xOAHMO
CAenaTb Bbi6op Men<Ay sthmh MeTOAaMH. MeTOA JleßHHcoHa c yneTOM
paBeHCTBa (8.4.14) SKBHBaneHTeH npeAnonon<eHHio o tom, hto 3Hane-
hhh AaHHbix b Bbi6opKe CTpeMHTCH k Hynio Ha KOHuax HHTepßana.
B 6onbuiHHCTße cnynaeß sto HeßepHO, TaX hto npnMeHeHHe MeTOAa
Bypra o6hhho 6onee npeAnoHTHTenbHo.

ynpancHeHHfl
1. HanajibHbin HMnyjibc n nepßan nacTb cencMorpaMMH OTpameHHbix bojih, t. c.
l-{-2R(z) HMeiOT bha l-j-2(Z/4-j-Z2 /16+ Z3/64+ . . .). OnpeAeJiHTe BejiHHHHbi nepßbix
Tpex KoaipfpHUHeHTOß oTpaxeHHH. Ka«on bha 6yAeT HMeTb cjieAyK)in,aH3 TOTKa Ha
cencMorpaMMe OTpa>KeHHHx bojih, ecjin npeAnojioxnTb, hto OTpa>Kaiouj,Hx rpaHnu;
b cpeAe 6ojibuie HeT?

2. CencMorpaMMa X(Z) = l/(l—0,1Z+0,9Z2 ) nojiyneHa Ha noBepxHOCTH He-
CKOjibKnx cjioeß, 3ajieraioHiHx HaA nojiynpocTpaHCTßOM. H3o6pa3HTe BpeMeHHyio
(pyHKnnio cnraajia n yKan<HTe cc pe3oHaHCHyio nacTOTy h BpeMH 3aTyxaHHH. Han-
AHTe Ko3(p(pHnneHTH OTpaxeHHH, ecjiH cencMorpaMMa X(Z) o6pa3yeTCH hctohhhkom
HMnyjibcoß Hen3BecTHon aMnjiHTyAH, pacnojioJKeHHHM b nojiynpoerpaHCTße HHJKe
cjioeß.

3. HcTO'qHHK THna b Q-{-biZ, pacnojiojKeHHbm b rjiy6HHe nojiynpocTpaHCTßa, Ha
kotopom 3ajieraeT nanKa cjioeß, o6pa3yeT ceflcMorpaMMy B(Z)X(Z) = I—Z+1 —Z+Z 2/2——Z 3/2-(-Z4/4—Z 5/4-J-Z 6 /8—Z7/8-|- .... OnpeAeJiHTe erpyKTypy naHKn CJioeß n Bpe-
MeHHyio (pyHKHHK) HCTOHHHKa.
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9. MATEMATHHECKAH OH3HKA
CJIOHCTbIX CPEJX

MaTeMaTHnecKoe onHcaHne HBneHnft, nponcxoAHiHHx b cjiohcthx cpe-
Aax, HMeeT MHoro o6ihhx nepT c onncaHHHMH TaKnx pa3Hoo6pa3Hbix
(pH3nnecKHX HBneHHii, KaK aKycTHnecKHe n sneKTpoMarHHTHbie BonHH,
MamnTOCTaTHKa, rpaBHTauHOHHO-ynpyrnft ccpepnnecKHft pe3OHaHC
3eMnn, Tennoßoft noTOK, AH(p(py3HH ra3oß, sjieKTpnnecKHft tok b cpe-
Ac, o6naAaioui,eft conpoTHßneHneM, ceftcMHnecKHe BonHH, BonHH b bo-
Ac h aTMOccpepe h t. n. B nanbHeftiueM 6yneM paccMaTpHßaTb o6uiyio
Teopnio HBneHHft b cnoncTbix cpenax n 6onee neTanbHO ocTaHOBHMCH
Ha aKycTHnecKHX BonHax.

FloA cnoHCToft cpeAoft 6yAeM noHHMaTb cpeny, cpH3nnecKHe cboii-
CTBa KOTopoft (cn<HMaeMOCTb, npoBOAHMOCTb, nnoTHOCTb n t. n.) HBnn-
lOTCH (pyHKHHHMH TOnbKO OAHOft npOCTpaHCTBCHHOft KOOpAHHaTH.
06hhho ncnonb3yiOT neKapTOBH KOopAHHaTH, OAHaKO npn paccMOT-
peHHH reocpH3nnecKHX HBneHHft b rno6anbHOM MacuiTa6e (b MacuiTa-
-6e 3eMHoro uiapa) mo>kho ncnonb3oßaTb ccpepnnecKHe KoopAHHaTH.

9.1. OT 4>H3HKH X MATEMATHKE

IlepßbiH 3Tan. Oh 3aKjnonaeTCH b tom, HTo6n 3anncaTb Bee ocHOBHne
AHCp4)epeHHHanbHbie ypaBHeHHH b nacTHbix npoH3BOAHnx Knaccnne-
ckoh c[)H3Hkh, KOTopne othochtch k HHTepecyioiHeft Hac npo6neMe.
JXah ynpomeHHH 3anaHH He cneAyeT npHMeHHTb ypaBHeHHH co BTopn-
MH npOH3BOAHHMH no npOCTpaHCTBeHHHM KOOpAHHaTaM, KOTOpbie
BHBOAHTcn H3 ypaßHeHHft nepßoro nopnAKa. Hy>KHo Hcnonb3oßaTb
ypaBHeHHH c nepBHMH npon3BOAHbiMH. CnenyeT BbinHCHßaTb ypaßHe-
HHH ark Ka>KAoft KOMnoHeHTH BeKTopa nnn MaTpnun.

H3BecTHO, hto b aKycTHKe rpaAneHT AaBneHHH p Bbi3bmaeT ycKO-
peHHe Maccbi nnoTHOCTbio p. JXah yno6cTßa orpaHHHHM ABnnceHne
nnocKocTbio x, z. Flonaran, hto BennnnHH v h w HBnniOTCH cocTaß-
nnioiHHMH ckopocth cMeuieHHH nacTHu cpenn no ochm x h z, 3a-
nnuieM:

(9.1.1)

(9.1.2)

,H,pyroe ypaßHeHHe, Hrpaiomee Ba>KHyio ponb b aKycTHKe, yTßepn^naeT,
hto AHBepreHHHH ckopocth, yMHonceHHan Ha Hec>KHMaeMocTb ' X,

1 B OTenecTßeHHon jiHTepaType no aKycTHKe o6hhho Hcnojib3yiOT oSpaTHyio Be-
jiHHHHy p= 1 //C, Ha3bißaeMyio OKHMaeMocTbio cpeAH. (FlpuM. nepee.)

da dp
9 tTt ~~dx~>

dw dp
9 ~di ~ ~tz "
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AaeT cKopocTb H3MeneHHH AaBJieHHH:

B ypaßHeHHe (9.1.3) bkjhohch TaKnce hctohhhk naBneHHH s.
ypaBHeHHH (9.1.1) — (9.1.3) 6yneM cnnTaTb anpnopHO 3aAaHHHMii l .
cpyHKunn s mo>kct xapaKTepH3oßaTb, HanpHMep, hctohhhk xHMnnecKOH
SHeprHH Tnna B3pnßa; nosTOMy OHa Mon<eT o6pam,aTbcn b Hynb Be-Ac, KpoMe tohkh, b KOTopoft pacnonon<eH hctohhhk. Bo MHornx cny-
nanx npeACTaßnniOT HHTepec pacnpeneneHHbie Ha nnocKOCTH (b npo-
CTpaHCTBe) hctohhhkh, HanpHMep paAHoaKTHBHbie nopOAH b MOAenH
TeiiJTOßoro noTOKa 3eMnn. JXah 6onbiuefi o6ihhocth mo>kho 6hjio 6h
b ypasneHHe (9.1.1) nnn (9.1.2) bbccth hctohhhkh ckopocth cMeme-
hhh, ho ajih ynoßneTßOpHTenbHoft nnniocTpauHH ochobhhx npHHunnoß
BnonHe AOCTaTOHHO paccMOTpeTb ypaßHeHHe (9.1.3).

Btopoh 3Tan. nepeMeHHbie, xapaKTepH3yiomHe BonHOßoe Bo3Myme-
Hne, HBnniOTCH Hen3BecTHbiMn BenHHHHaMH, a CBoftcTßa BeiuecTßa —
H3BecTHHMH napaMeTpaMH. FIoACHHTaeM nncno ypaßHeHHft n nncno
HeH3BecTHbix. KaK bhaho, mh pacnonaraeM TpeMH ypaBHeHHHMH, co-
Aep>KaUIHMH TpH HeH3BeCTHbie BenHHHHbI U, W H p. BeAHHHHH X, p
h s CHHTaiOTcn H3BecTHbiMH. Otmcthm, hto paccMaTpHßaeMbie ypaßHe-
HHH jiHHeftHH OTHOCHTenbHO HeH3BecTHbix. Tenepb cnenaeM npennono-
memie o cnoHCTOCTH cpenn, t. c. 6yAeM cnnTaTb, hto BennnnHbi X
H p HBnHIOTCH (pyHKHHHMH I\Jiy6HHH Z H He 3aBHCHT OT X. IlpH 3TOM
nHHeftHbie ypaBHeHHH hmciot nocTOHHHbie KoscpcpHuneHTH no oTHouie-
hhk) k nepeMeHHbiM x h t. CnenoßaTenbHO, mo>kho o>KHAaTb, hto
peuieHHe 6yneT BcerAa HMeTb cnHyconAanbHbift xapaKTep no x n /.
XapaKTep peuieHHH no KoopAHHaTe z H3-3a npoH3BonbHoft 3aBHCHMO-
CTH KO3(p(pHUHeHTOB X H p OT Z HeiI3BCCTeH. 3TO npHBOAHT k TpeTbe-
My 3Tany.

TpeTHft 3Tan. lipoh3boahtch Oypbe-npeo6pa3oßaHne no BpeMeHH h
npOCTpaHCTBeHHHM KOOpAHHaTaM ypaBHeHHH C nOCTOHHHHMH KOSCpCpH-
HHeHTaMn. Hhhmh cnoBaMH, b ypaßHeHnnx (9.1.1) — (9.1.3) nenaeTCH
cneAyioman noncTaHOßKa:

U (x, z, t) "1 r U (k, z, co)
W (x, z, t) W (k, z, co) -i<*t+ikxx

p(x, z, t) — p(k, z, co) c ' (y.i.4)

5 (x, z, t) S (k, z, co)S(x, z, t)

nocne noACTaHOBKn SKcnoHeHHnanbHbie MHoncHTenn coKpamaiOTCH,.
b pe3ynbTaTe Hero nonynaeM

-4)ys'r;-|i (9-1.56)

1 YpaBHeHHH (9.1.1) — (9.1.3) o6pa3yK>T noJiHyio CHCTeMy jiHHeftHbix o6mnx
ypaBHeHHH anycTHKn ajih AaBJieHHH n ckopocth nacTHn. (FIpUM. nepee.)

i=-*(£+^)+*<^_<)- <9-'- 3>

—i<op(z)U=-ikxP\ (9.1.5a)

-mP ==-K(z)^ikxU-lr^-T-S. (9.1.5b)
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HeTßepTbifi 3Tan. HcKnionHM anre6pannecKHe HeH3BecTHbie. Ha
ypaßHeHHft (9.1.5) cnenyeT, hto b hhx hmciotch nneHH, coAepnomne
npou3BOAHbie dP/dz n dW/dz, n b to >Ke BpeMH HeT nneHa c npoH3-
boahoii dU/dz. S)to 03HanaeT, hto BennnHHa U HBnneTcn anre6pan-
necKoft nepeMeHHoft h mo>kct 6biTb HCKmoneHa hhcto anre6pannecKH-
mh cpeACTBaMn. 3to moh<ho cnenaTb noncTaHOßKoft BbipanceHHH
(9.1.5a) b ypaßHeHHe (9.1.5b).

IIHTbiH 3Tan. nepeHeceM nneHH c npoH3BOAHHMH d/dz b neßyio
nacTb paBeHCTBa, a Bee ocTanbHbie — b npaßyio h pacnono>KHM nneHH
b (popMe MaTpnun. Torna 6yAeM HMeTb

dW _ . /_co_ k 2 x \ n . S_
dz ~~ l{ X cop J "f X

h 3aTeM

(9.1.6)

LUecTOH 3Tan. <J>H3HnecKan 3anana, c KOTopoft mh Hanann, Mon^eT
6biTb onncaHa MaTpHHHHM AHCpcpepeHUHanbHHM ypaBHeHHeM nepßoro
nopnAKa:

(9.1.7)

i\zie x — BeKTop, xapaKTepH3yioniHft HHTepecyioiHHe nac nepeMeHHbie
aKycTHnecKoro norm; A — MaTpnua, 3aBHCHm.aH ot BpeMeHHbix h npo-
CTpaHCTBeHHHX HaCTOT H CBOHCTB CpeAHJ S — BeKTOpHaH (pyHKHHH
HCTOHHHKOB, BO3MO>KHO BCIOAy paßHan HynK).

npe>KA.e neM paccMaTpHßaTb MeTOAH peuieHHH ypaBHeHHH (9.1.7),
MO>KeM HenOCpeACTBeHHO 3aKniOHHTb, hto b cbo6oahoii ot HCTOHHHKOB
o6nacTH nepeMeHHbie norm x HBnnioTCH 6onee rnaAKHMH cpyHKUHHMH,
neM CBoftcTßa cpenn. llto6h iiOKa3aTb sto, paccMOTpHM nsa oahopoa-
hhx cnon, HMeiouine o6uiyio rpaHHuy. Ha KOHTaKTe MaTpnua A, one-
bhaho, HMeeT bha pa3pHßHoft CTyneHHaToft cpyHKHHH. Tenepb nocMOT-
pnM, MoryT jih BonHOßbie norm HMeTb CTyneHnaTbie pa3pnßH no Koop-
AHHaTe x. OneBHAHO, He MoryT, TaX KaK CTyneHnaTan pa3pHBHOCTb no
x HMena 6n cneACTBHeM dx/dz=oo, TorAa KaK ypaßHeHHe (9.1.7)
yTßep>KAaeT, hto ajih o6nacTH, cbo6oahoii ot hctohhhkob, dx/dz=Ax.
npeAnonaraeTcn, hto BenHHHHH A h x HBnnioTCH kohchhhmh. 3to He
03nanaeT, hto Bee nepeMeHHbie norm Bcerna HBnnioTCH rnaAKHMH
cpyHKUHHMH KoopAHHaT. B HacTHocTH, anre6paHHecKHe nepeMeHHbie,
HCKmoneHHbie Ha 4-m 3Tane, MoryT 6biTb n nacTO 6ynyT pa3pnBHHMH
Ha rpaHHuax cnoeß.

dP . w/

r 0 cop-i r 0 -\$ r pi ■ r p i i „— = i co k\ T 5
L J L^ WP La J

-|r x =Ax+ s,
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Ynpa>KHeHHfl

1. KaKOH bha npHMeT BbipajKeHne (9.1.7) b cjiynae ypaBHeHHH Tenjioßoro noTOKa?
BKjnoHHTe b ypaBHeHHH paAHoaKTHBHbin hctohhhk. [yKa3aHne. nocMOTpHTe ypaßHe-
HHH (10.1.1) n (10.1.2).]

2. Hcnojib3yH ypaBHeHHH MaKCßejuia VXE= —pH, VXH=J+eE n 3aKOH
OMa JoE,= oE, rAe o* — npoBOAHMOCTb, nojiynnTe cpopMyjiy (9.1.7) b npeAnojionceHHH,
hto d/dy =0.

3. 3jieKTpHHecKoe nojie b noHoccpepe b cootb6tctbhh c ypaBHeHHHMH ajieKTpo-
CTaTHKH mohcho noJiyHHTb H3 ypaBHeHHH ajih noTeHHHaJia V(p——E npn ycjioßHH,
hto AHBepreHUHH 3JieKTpHHecKoro TOKa paßHa Hyjno (VJ= 0), a 3aKOH OMa AOJi>KeH
HMeTb AoSaßOHHbin HjieH, o6ycjioßJieHHbifl AeflcTßneM BeTpa (hctohhhk TOKa, co3Aaio-
mnn AncpcpepeHunajibHoe conpoTHßJieHne nepeMemeHnio hohob h ajieKTpoHOß b Mar-
hhthom nojie 3eMjin) J=aE-f-xV. CnHTanTe, hto BejiHHHHa V n3BecTHa. KaKoft bha
npHMeT ypaßHeHHe (9.1.7), ecjiH BejiHHHHbi a h t hbjihiotch CKajinpaMH. noKa>KHTe,
KaK npoAOJiH<HTb BHHHCJieHHH b cjiynae, ecjin BejiHHHHbi o n x hbjihiotch MaTpnua-
mh (cHHTaftTe, hto ajih jiio6oh MaTpnun cyiuecTßyeT odpaTHan MaTpnna).

4. H3BecTHO, hto b MarnHTOCTaTHKe ypaBHeHHH MaKCßejuia HMeioT bha rot H=J,
divß= 0 n B=|iH. KaKyio cpopMy npHMeT ypaßHeHHe (9.1.7) npn 3aAaHHOM J?

5. 3to ynpa>KHeHHe HJijnocTpnpyeT jinHeapH3aunio HejiHHenHbix 3aAan. JJ,jih aKy-
CTHnecKHx bojih, pacnpocTpaHHioiunxcn b cjioncTOH BeTpeHoft aTMOccpepe, HCnOJIb-
3yeM H3BecTHoe peuieHne.
npeo6pa3ynTe AncptpepeHunajibHbie ypaBHeHHH b nacTHbix npon3BOAHbix k oSHKHOBeH-
HOMy MaTpnHHOMy AHCpcpepeHHnajibHOMy ypaßHeHHio. yKa3aHHe: HJieH, xapaKrepn3yK>
mnft ropn3oHTajibHoe ycKopeHHe, HMeeT bha

noxo>Kee BbipanceHne nojiynaeTCH n ajih BepTHKajibHoro ycKopeHHH. OnycTHTe HJieHH
BTOpOrO nopHAKa B BHpa>KeHHHX ajih P, U h W.

6. TenjiOßofl noTOK onncHßaeTCH AByMH ypaBHeHHHMH. Oaho H3 hhx HBJineTCH
CJieACTBHeM paBeHCTBa KOMnoHeHT noTOKa (Hx, Hz ) TenjionpoßOAHOCTH cpeAH a,
yMHOKeHHofI Ha rpaAHeHT TeMnepaTypbi, b3hthh c oSpaTHHM 3HaKOM (dx, d z T).
PaBeHCTBO npoH3BOAHofI TeMnepaTypbi no BpeMeHH, yMHOKeHHofI Ha TenjioeMKOCTb c
AHBepreHUHH Tenjioßoro noTOKa, b3htoh c o6paTHHM 3HaKOM dx Hx-\-d z Hz, AaeT bto-
poe ypaßHeHHe. Hcnojib3yflTe H3BecTHbie peuieHHH

a. CHanajia BHBeAHTe CTaunoHapHbie ypaBHeHHH ajih BejinnnH Tuff, npeAno-
jiaran, hto Tuff CTpeMHTCH k Hyjno.

6. HaflAHTe ypaBHeHHH ajih BejiHHHH Tuff, npeAnojiaran, hto T h ff yAOBJieT-
BopniOT ycJiOBHHM nyHKTa a.

b. noßTopnTe BHHHCJieHHH no nyHKTaM a n 6, npeAnojiaran jiHHenHyio 3aBHCH-
MOCTb TenjioeMKOCTH n npoBOAHMOCTH ot TeMnepaTypbi, t. c.

OnycTHTe KBaApaTHHHbie HJieHH b BbipajKeHnnx ajih T h ff.
7. PaccMOTpHTe c>KHMaeMyio >KHAKyio ccpepy, nyjibcnpyioiuyio paAnajibHo noA

AencTßHeM co6cTBeHHOro rpaßHTaunoHHoro nojin. KaKofl bha npHHHMaeT npn stom
BbipajKeHne (9.1.6)? yKa3aHHH:

da da da dx da dz da da
~dFB~dt~*~dx~ df+~dz~dT+~dx v+ ~dz w -

T T(z) f(z), „ —ia>t+ikYxHx = 0 +Hx (z) c

_ ẑ _ L%(Z\\ jFz (z)\

o= G0(z) +0i (z) T; c= cQ (z) +d (z) T.

py = v/7 — ?g— HMnyjibc chjih;

p4- p^t> =0 "— Macca;
p A-Kyv = 0 — cocTOHHHe;

yg=4rcYp — rpaBHTauHH (cnjia TH>KecTn).
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9.2. HHCJIOBbIE MATPHUAHTbI

ypaßHeHHe, KaK hbbcctho, cBH3HBaeT nepeMeH-
Hbie norm b HeKOTOpoft tohkc c nepeMeHHHMH norm b coccahhx toh-
Kax. MaTpnuaHT cBH3HBaeT nepeMeHHbie norm b cnoncToft cpene Ha
OAHoft rny6HHe c tcmh me nepeMeHHHMH Ha HeKOTOpoft Apyroft rny-
6hhc MaTpnuaHT mo>kho paccMaTpHßaTb TaX me, KaK h HHTerpaji
(peuieHne) MaTpHHHoro AHCpcpepeHunanbHoro ypaBHeHHH BHAa (9.1.7).
CHanana noKanceM, KaK nonynnTb MaTpnuaHT ypaBHeHHH (9.1.7) hhc-
neHHHM MeTOAOM npH npOH3BOnbHOM H3MeHeHHH nnOTHOCTH h c>KHMae-
mocth cpenn c rny6HHoft. 3aTeM nonynHM aHanHTnnecKHe peuieHHH
ajih cneunanbHoro cnynan cpenn c nocTOHHHHMH cßoftcTßaMH. Ha
OCHOBaHHH BHpa>KeHHH (9.1.7) HMeeM

HAH

(9.2.1)

OneBHAHO, hto, 3aAaß X ajih HeKOTOporo 3HaneHHH z, mo>kho ncnonb-
30BaTb Bbipa>KeHHe (9.2.1) peKypcHBHO c uenbio nonyneHHH X Ann
nio6oro z. J\jih npocTOTH mo>kho npHHHTb, hto Az=l h Hcnonb3oßaTb
HH>KHHe HHAeKCH AnH yKa3aHHH Z KOOpAHHaTH. 0603HaHHM BeJIHHHHy
[I-fA(z)Az] nepe3 Q(z). TorAa Bnpa>KeHHe (9.2.1) npHMeT bha

OTKyAa

CneAOßaTenbHO,

noAo6HHM me o6pa3oM

HTaK, HMeeM b o6m.eM cnynae nncneHHO onpenenneMyio MaTpnuy M
(Ha3bißaeMyio MaTpnuaHTOM) h BeKTop T, KOTopnft CBH3HBaeT nepe-
MeHHbie norm b BepxHeM H3 cnoeß c tcmh >Ke nepeMeHHHMH b hhjkhcm

cnoe c noMombio Bbipa>KeHHH

MaTpnuy M Ha3HBaiOT TaK>Ke HHTerpanbHoft MaTpnueft. On3HHecKiie
3anaHH cpopMynnpyioTcn pa3HHMH cnoco6aMii c pa3nnnHHMH rpaHHH-
hhmh ycnoBHHMH. J^jih aKycTHnecKoft 3aAanH, o6cy>KAaßuieftcH paHee,

dx — x(z-\-Az) — x (z) . , V, . , c, .
=*= Ai A (z) X (z) + S (z)

X (z + Az) =(I +AAz) X (z) -f S (z) Az

X&+i=QfeX/5-f-S&.

Xi=QoXo-f-So.

X2=Q! (QoXq+So) +Sl=QI QoXo+QiS0+S 1.
CoOTBeTCTBeHHO

X3=Q2(Q 1Q0X0+QI So+S1 )+S2=
=Q2Q1 Q0X0+Q2 (QiS 0+S 1)+S2 .

X 4=MXO+T. (9.2.2)

X2B=MX2H +T. (9.2.3)
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BenHHHHa X HBnneTcn AByxKOMnoHeHTHHM BeKTopoM, cocTaßnnioiuHe
KOToporo — AaßneHne h BepTHKanbHoe CMeiueHne. 06e BennnHHbi
HBnnioTCH BHanane HeH3BecTHHMH KaK a^h BepxHero, TaX h ajih num-
Hero cnon cpeAH. TaKHM o6pa3oM, Bnpa>KeHHe (9.2.3) npencTaßnneT
co6oft ABa ypaBHeHHH c neTbipbMH HeH3BecTHHMH. PeuieHne stoii 3a-
Aann bo3mo>kho TonbKO npn BBeAeHHH AononHHTenbHO AByx rpaHHH-
Hbix ycnoßHft. Ecnn paccMaTpHßaTb 3ByKOßbie BonHbi b OKeaHe, to
rpaHHHHbie ycnoßim (ynpomeHHbie) mo>kho 3anaTb b BHAe Hyneßoro
AaBneHHH Ha noBepxHOCTH h Hyneßoro BepTHKanbHoro CMemeHHH Ha
AHe Mopn. Torna paccMaTpHßaeMbie rpaHHHHbie ycnoBHH BMecTe
c ypaßHeHneM (9.2.3) naAyT ABa ypaBHeHHH c AByMH HeH3BecTHHMH
h, cneAOßaTenbHO, MoryT 6biTb peuieHbi Ann BO3MymeHHH na noßepx-
hocth h AaBneHHH Ha ahc C hx noMombio AaßneHne h cMemeHHe mo-
ryT 6biTb onpeneneHH BcioAy. npaßHnbHoe onpeneneHHe rpaHHHHbix
ycnoßHft nacTO HBnneTcn caMoft TpyAHoft 3aAaneft, Tpe6yioui,eft 6onb-
inoro HCKyccTßa; mh em,e BepHeMcn k 3TOMy Bonpocy npn peuieHHH
HeKOTopnx npyrnx 3anan b nocnenyiouiHx pa3nenax.

Ecnn nacTH cpeAH HMeiOT nocTOHHHne CBoftcTßa h He conep>KaT
HCTOHHHKOB, to mojkho nonynnTb aHanHTHHecKoe Bbipan<eHHe Ann
MaTpnuaHTa. MaTpnuaHT, npHHHMaiouiHft eAHHHHHoe 3HaneHHe AJin Ta-
koto cnon c nocTOHHHbiMn CBoftcTßaMH, Ha3bmaeTcn AOCTaTOHHO o6oc-
HOBaHHO MaTpuqeu caoh. Mo>kho npoßepHTb noncTaHOßKoft, hto bh-
pan<eHHe

HBnneTcn peiueHHeM ypaBHeHHH

TAG

(9.2.5)

b o6nacTH npocTpaHCTßa (A HBnaeTcn nocTOHHHoft h He 3aBHCHT ot z)
TaKHM o6pa3oM, BennnnHa e A {z~Zo) — sto Tpe6yeMbift MaTpnuaHT. 3k-
cnoHeHUHanbHan MaTpnua MonceT 6biTb BbinncneHa c noMombio BHpa-
meuKH (9.2.2) nnn (9.2.5) nn6o c noMombio TeopeMH CnnbßecTpa,
onncaHHoft b rnaße 5. B cnenyioiueM pa3Aene mh noKa>KeM KaK c no-
Mouibio TeopeMH CnnbßecTpa nonynaiOTcn bocxoahihhc h hhcxoahuihg
BO.IHH.

ynpan<HeHHe

HeMy paBHO Q h ajih pa3HOCTHoro npnSjinweHHH?

X2= e [A( ô)]X2o
(9.2.4)

(d'dz)X =AX

eA ,«„, = , +A{z _ r<) + *^£*>1+ .

X(z +Az)-X(z) =
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9.3. BOCXOfIfIIUHE H HHCXOAfIIUHE BOJiHbi

H3BecTHO MHoncecTßo npHMepoß, Korna cpH3HnecKHe 3anaHH a^h
CnOHCTHX CpeA, CBO6OAHHX OT HCTOHHHKOB, CBOAHTCH X ypaBHeHHK)
BHAa

= AX, (9.3.1)

me X — BeKTop cpH3HnecKHx nepeMeHHbix; A — MaTpnua, 3aßHcnman
ot z, ecnn CBoftcTßa cpeAH HBnnioTCH c|)yHKUHeft rny6HHH z. BBeAeM
HOBbie nepeMeHHbie, onpeAenneMbie BeKTopoM

V=RX, (9.3.2)

me R — KBaApaTHan MaTpnua co6cTßeHHbix BeKTopoß-crpoK MaTpn-
un A. MaTpnua R o6paTHa MaTpnue C co6cTßeHHbix BeKTopoß-cm/i6-
UOB MaTpnun A. yMHon^an ypaßHeHHe (9.3.2) Ha MaTpnuy C cneßa
h Hcnonb3yn paBeHCTBo CR=I, nonynaeM o6paTHyio BHpanieHHio
(9.3.2) 3aBHCHMocTb, KOTopan none3Ha npn onpeneneHKH cpH3HnecKHx
nepeMeHHbix X no hobhm nepeMeHHHM:

X=CV. (9.3.3)

noACTaBHB (popMyny (9.3.3) b ypaßHeHHe (9.3.7), nonynnM

YMEoman nocneAHee BbipanceHHe cneßa Ha MaTpnuy R h Hcnonb3yn
paBeHCTBo RC=l, nonynaeM:

PaHee mh npennonaranH, hto MaTpnun R h C HBnnioTCH MaTpnuaMH
CO6CTBCHHHX BeKTOpOB-CTpOK H BeKTOpOB-CTOn6uOB MaTpHHH A. TIo-
-3TOMy mo>kho 3aMeHHTb npoH3BeAeHHe RAC AnaroHanbHoft MaTpnueft
co6ctechhhx 3HaneHHH A. TorAa

B nio6oft o6nacTH (pH3HnecKoro npocTpaHCTßa, me cpeAa oAHopOAHa,
MaTpnua A, a cnenoßaTenbHO, h MaTpnua C He 6yAyT 3asHceTb ot z,
BbipanteHKe (9.3.5) npeo6pa3yeTcn k BHny

(9.3.6)

EAHHCTBeHHan MaTpnua b ypaBHeHHH (9.3.6) HBnneTcn AHaroHanbHoft,
BcneACTBHe nero 3aAana ajih pa3nHHHbix nepeMeHHnx, o6pa3yioiHHx
BeKTop V, pa36iißaeTCH Ha OTAenbHbie 3anaHH Ann Ka>KAOH KOMnoHeH-
th BeKTopa. B BonHOßbix 3ananax, no-BHAHMOMy, uenecoo6pa3Ho
cnnTaTb KOMnoHeHTaMH BeKTopa V BonHOßbie nepeMeHHbie, xapaKTe-
pH3yK)ui,He BocxoAHmne h HHcxoAHiUHe BonHH. 3th BonHH pacnpo-
CTpaHHKVTCH BBepX H BHH3 B OAHOpOAHHX 06naCTHX CpeAH 6e3 B3aHMO-
AeftcTßHH npyr c ApyroM. PaccMOTpHM npHMep.

(CV) Z=ACV; CVZ=ACV-C2 V.

Vz= (RAC) V—RC ZV. (9.3.4)

V2=AV—RC ZV. (9.3.5)

Ay=ay.
dz
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B pa3Aene 9.1 mh noKasann, hto MaTpnnHoe AHcpcpepeHunanbHoe
ypaßHeHHe nepßoro nopnAKa ajih aKycTHnecKoft 3aAanH b o6nacTH 6e3
HCTOHHHKOB npHHHMaeT BHA

(9.3.7)

rAe
(9.3.8)

(9.3.9)

MaTpnna co6cTßeHHbix BeKTopoß-CTon6uoß C h MaTpnua co6ctbch-
HHX BeKTOpOB-CTpOK AnH MaTpHUH B ypaBHeHHH (9.3.7) HMeiOT, KaKMaTpnun b ypaBHeHHH (9.3.7) hmciot, KaK
nerKo npOßepHTb, cneAyiomnft bha

(9.3.10)

(9.3.11)

JlerKo TaKH<e npoßepHTb, hto BeKTopn HOpManH3OBaHH, t. c. RC=

HHcxoAHuiaH BonHa D cBH3aHa c co6ctbghhhm 3HaneHHeM iab,
a BocxoAHman BonHa U— c —iab. OnpenenuM BocxoAnmHe h hhcxo-OnpenenHM BocxoAnmHe h hhcxo-
AHLUHe BonHH cneAyiouiHM o6pa3oM:

(9.3.12i)

Co6cTßeHHbift BeKTOp-CTpOKa Mon<eT conepnoTb npoii3BonbHnft
MynbTHnnHKaTHßHbift MacuiTa6Hbift MHOjKHTenb, ecnn oh BbineneH H3
cooTßeTCTßyiomero co6cTßeHHoro BeKTop-CTon6ua. 3to 03HanaeT, hto
Bbipan<eHHe (9.3.12a) He HBnneTcn eAHHCTBeHHHM. KaK OKa3HBaeTCH,
3TH MaCUlTa6Hbie MHO>KHTenH npHAaiOT bocxoahihhm h hhcxoahiuhm
BonHaM cpH3HnecKHe pa3MepHOCTH AaBneHHH P. OH3nnecKHe nepeMeH-
Hbie P h W mojkho HaftTH no 3aAaHHHM napaMeTpaM U h D c no-
MOUIbK) 06paTH0r0 COOTHOHieHHH

d_ rP "] ro m2]2 ] rp "
dz [w \ ' [ib 2 0 J LW J '

a2=(op;

£2
__ _" kjC

X cop

"1 1 '

C= b b
.a a -

a, ' -T

aJ ~b_
Tb, HTO BeKTOpbl HOpJ

A=RAC = 0 iab

= CR=[, H HTO

ma U — c —tab. OnpenenHM be
qhoihhm o6pa3oM:

vi ri -fir^"
~~~ 2 a

D 1 -r- Wb

BeKTOp-CTpoKa Mon<eT coAep»
>iH MacuiTa6Hbift MHOjKHTenb, c
co6cTßeHHoro BeKTop-CTon6ua.

!a) He HBnneTcn eAHHCTBeHHHM

PI [ 1 1"j [U '

= b b (9.3.126)
W— D *LJLa a J I J
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H3 KOToporo cnenyeT, hto AaßneHHe P xapaKTepioyeT cyMMy bocxo-
AHiuhx h hhcxoahiuhx BonH, a BepTHKanbHasi CKopocTb paßHa BennnH-
He b/a, yMHOKeHHoft Ha hx pa3HOCTb. YpaßHeHHe (9.3.5), onpeAennio-
mee npouecc pacnpocTpaHeHHH BonH U h D, Tenepb HMeeT bha

_d fU , , i— iab 0 I(7 . 1 (b/a)z [ 1 — 1 1f U- /q qi Q\
d? [~d\~~\. o teftj[/?J 2 v« [-1 iJLdJ- pf-*- 1^

B nio6oft o6nacTH npocTpaHCTßa, me BenHHHHa b/a He HBnneTCH
4>yHKHHeft z, cnpaßennHßH npocTbie HecßH3aHHne ypaBHeHHH

(9.3.14)

CTporo roßopn, AJin o6ocHOßaHHoro onpeneneHHH bocxoahluiix h
hhcxoahihhx BonH U H D Heo6xoAHMO y6eAHTbCH B TOM, hto a^ih hhc-
xoahihhx BonH peuieHHe npHHHMaeT cnenyiouiyio cpopMy:

—imt +ik Zd(z, t) — c (9.3.15)

me on a kz AOJiJKHH coßnanaTb no 3HaKy. npH stom cpa3a coxpaHneTcn
nOCTOHHHOft npH BO3paCTaHHH BenHHHH Z Yi. t. npOTHBOnOJIOJKHHH 3HaK
Aonn<eH npHMeHHTbcn ajih BenHHHHH U. ApyrHMH cnoBaMH, napaMeTp
kz =ab Aonn<eH npHHHMaTb 3HaK nacTOTH co. 4to6h yBHAeTb sto, H3-
BneneM KBaApaTHbift KopeHb H3 npOH3BeAeHHH BHpanteHHft (9.3.8)
h (9.3.9):

JXjih BepTHKanbHo pacnpocTpaHHKmiHxcn BonH napaMeTp kx=o, no-
3TOMy Bbipan<eHHe kz—ab npHHHMaeT bha kz=(o(p/K) l/2. noACTaßnnn
3Ty BenHHHHy b cpopMyny (9.3.15), bhahm, hto cpa3oßnft cabht y skc-
nOHeHTH OKa3HBaeTCH nOCTOHHHHM, eCJIH Z/7= (&/p) 1/2. Pl 33TOTO
cneAyeT, hto npHcyman AaHHOMy BemecTßy CKopocTb pacnpocTpaHe-
HHH aKycTHnecKOH BonHH onpeAenneTCH 3aBHCHMOCTbK>

(9.3.17)

Ha pnc. 9.1 noKa3aHH nynn h cppoHTH BonH b cnoe. KaK bhaho,
KancyuiHecH ajihhh BonHH %x h Kz, Ha6nK)AaeMbie BAonb oceft xh z,
npeßbiuiaiOT AeftcTßHTenbHyio AJiHHy BonHH X, Ha6nioAaeMyio BAonb
nyna. Ohcbhaho TaKnce, hto X/^=s^n 6, a A,/^*— cos 6- nosTOMy ajih
npocTpaHCTßeHHbix nacTOT kx—2n/Xx h kz=2n/Xz ynoßneTßopneTCH
ycnoßHe k2x -\-k2z=(2n/X) 2=(a2/v2, KOTopoe HBnneTCH npeo6pa3oßa-
HneM Oypbe BonHOßoro ypaBHeHHH. H3 npHßeAeHHbix cJ)opMyn h
pnc. 9.1 cneAyeT, hto yron 0 Me>KAy BepTHKanbio h HanpaßneHHeM pac-
npocTpaHeHHH nyna onpeAenneTCH BbipaxceHHeM

d_ 1" U __ [—iab [ U Jdz [ D \~[ iab\ [ D J

kz^ab^(\-k^j' 2 . (9.3.16)

/ X A/2
V p J

sin 6= (9.3.18)
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noACTaBHB Bbipa>KeHHH (9.3.17) h (9.3.18) b (popMyny (9.3.16), no-
nynHM

3aKOH CHennnyca rnacHT, hto BennnHHa sinQ/v He MeHneTcn
BAonb nyna npn npoxon<AeHHH ero ot cnon k cnoio. CnencTßHeM 3Toro
HBnneTCH HeH3MeHHOCTb BenHHHHH kx /(ti B Kan<AOM CnOC nOCTOHHCTBO
npocTpaHCTßeHHoft nacTOTH BAonb nyna b Kan<AOM cnoe cymecTßeHHO

Aah yAOBneTBopeHHn ycnoßHft HenpepnßHocTH Ha rpaHHuax pa3Aena
cnoeß.

OyHKHHH BpeMeHH (9.3.15) HBnneTcn KOMnneKCHoft. i4to6h nony-
nnTb neftcTßHTenbHyio (pyHKUHio BpeMeHH, Heo6xoAHMO npocyMMHpo-
BaTb nnn npoHHTerpHpoßaTb Bbipan<eHHe (9.3.15), ynTH nono>KHTenb-
Hbie h oTpHuaTenbHbie nacTOTH. Toma, KaK mh BHAenn b npeAUiecT-
Byiomnx maßax, me paccMaTpHßancn aHanH3 BpeMeHHbix phaob,
AonncHO BbinonHHTbCH ycnoßHe Z)(co)=D(— co).

BenHHHHa b/a HBnneTcn xapaKTepncTHKoft cpenn —cc bojihoboh

npoBOAHMOCTbio Y. HBBneKan KBaApaTHbift Kopeiib hs OTHOuieHnn bh-
pan<eHHH (9.3.9) h (9.3.8), nonynaeM:

(9.3.20)

(9.3.21)

(9.3.22)

Ceftnac mh y6eAHMcn b tom, hto sto onpeneneHne HMneAaHca
coßnanaeT c npHBeAeHHHM b npeAHAymeft rnaße. llto6h CAenaTb sto,
BHHMaTenbHo paccMOTpHM MaTpnuaHT A-nn nepeceneHHH cnon
exp [A (22—Zi)] =exp (AAz). C noMombio TeopeMH CnnbßecTpa
HMeeM ajih MaTpHHaHTa

kz =.ab= -^cosb. (9.3.19)

PHC. 9.1. JIyHH H (ppOHTbl BOJIH
b cvioe.
X, kx , X z— juihhh bo^h b Hanpas-
jieHHax jiyia h oceft x h z; 9 — yro.i
BHxofla Jiyia ((J)po»Ta);
1 — (ppoHT; 2 — Jiyi; 3 — rpaHnua
CJIOH

Y= b__ (i-^V«2)' /2 .
a py

y _ b COS 8
a ~ ~ py '

, _ a py
b cos 9

exp(AAz) =C c

"^ R. (9.3.23)
0 c z
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MaTpnuaHT cBH3HBaeT BonHOBHe nepeMeHHbie b Bepxneft nacTH cnon
Ha rny6HHe Z\ c tcmh me nepeMeHHHMH b H#m<HeH nacTH cnon Ha
rny6HHe z2 . HTaK, Bbipa>KeHHe (9.3.23) AaeT BO3Mon<HOCTb 3anHcaTb

YpaßHeHHe (9.3.24), KOTopoe Kan*eTCH bo3hhkuihm H3 TeopeMH Cnnb-
BecTpa, b AeftcTßHTenbHocTH HMeeT npocTyio HHTepnpeTauHio.

HanHeM c npaßoft nacTH. npoHHTepnpeTHpyeM yMHon<eHHe MaTpn-
un R/ Ha nepeMeHHbie P h W KaK npeo6pa3oßaHHe ajih bocxoahihhx
h hhcxoahihhx BonH. YMHOKeHHe Ha exp (AiAz) 03HanaeT nepexon
nepe3 cnoft, a yMHonceHHe Ha Ci cHOBa npeo6pa3yeT npaßyio nacTb
(9.3.24) k nepeMeHHHM P h W, KOTopne HenpepnßHH npn nepexoAe
nepe3 rpaHHuy pa3Aena. YMHoncan Bnpan<eHHe (9.3.24) Ha R 2 h ynn-
THBan cooTHOuieHHH (9.3.11) h (9.3.12), HMeeM:

(9.3.25)

Bnpan<eHHe (9.3.25) onpenenneT bocxoahiuhc h HncxoAHiHHe BonHH
nume rpaHHun pa3Aena, KaK sto Aenanocb b npeAHnymeft rnaße.
3anHUieM Bbipan^eHHe Ann MaTpnubi cnon

OnpeAenHM

3Han, hto BpeMH
npHBeAeM MaTpnuy

npoxojKAeHHH BonHH nepe3 cnoft At=Az/v cos 6,
cnon (9.3.26) k BHny

(9.3.27)

nocneAHee BnpanteHHe conocTaßneHO c BHpa>KeHHeM ajih MaTpnun
cnon (8.2.4), HMeiomHM bha

JlerKo ycTaHOBHTb, iito yneT 33bhchmocth Y=b/a hphboaht k xopo-
uio 3HaKOMOMy onpeneneHHio KoscfxpHUHenra OTpanceHHH

(9.3.28)

2
= Cl exp(AlAz)Rl^J i

. (9.3.24)

;U,^R'c - exp(MCJ,
pa3Aena, KaK sto Aenanocb b npeAHnymeH rnaße.

memie Ann MaTpnubi cnon
l_-

-1 V*Y* f 1 1 1 \'e~ iahb-z 0 1-I- (9.3.26)
f j_ L—y, r, J L o c'a6Az

y
2 _

nepeMeHHyio npeo6pa3oßaHHH

7 /2tcoAz\
"( v cos 8 /

eMH npoxojKAeHHH BonHH nepe3 cnon
pnuy cnon (9.3.26) k BHAy

V — V ~i
I Li—Ll

Y x +Y2
Y2 +Yx r z-l/ 2

2*% Yt -Yl
[ Z^2

l_ 1 c] [Z~ 1/2 0
~t c lj [ o Z 1' 2

__Y2 — Y x _^Ix —/- p 1 y 1/cos81 --p,t>2 /cos88

Yt + VY x
=x /, +12

~~"pi^i/cos 9, + p2 y5 /cos 82 '
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ynpa>KHeHHH

1. HepeonpeAeJiHTe co6cTßeHHbie BeKTopbi TaX, hto6h W—D-\->U h P—(D—t7)/y.
3to npeo6pa3oßaHHe 6hjio 6m nojie3Ho, ecjin 6bi mh xotcjih, hto6h ycjiOßHe t=
= I+C OTHOCHJIOCb X HOpMajIH3OBaHHbIM nepeMeHHblM BepTHKajIbHOH COCTaBJIHIOIHeH
ckopocth BMeCTO nepeMeHHon /aaßjieHHH, KaK b rJiaße 8. riojiy^HTe Bee ypaBHeHHH
3Toro pa3^ejia /yin BepraKajibHon cocTaßjiHioinenckopocth.

2. HanHuiHTe BbipanteHHe ajih MaTpnuaHTa, nepeceKaiomero cjioh, nepe3 napa-
MeTpbl a, b H MOIHHOCTb CJIOH ft.

9.4. nPHHUHn B3AHMHOCTH

npHHUHn B3aHMHOCTH maCHT, HTO ecnH HCTOHHHK H npHeMHHK (npH
HeKOTopnx ycnoßHHx) noMeHHTb MecTaMH, to npn stom 6yneT Ha6nio-
AaTbcn oAHHaKOBoe BonHOßoe none. 3tot npnHHHn nacTO npnMeHneTcn
Ann o6nerneHHH BHHHcneHHft, a TaKn<e mokct 6biTb Hcnonb3oßaH aah
ynpomeHHH c6opa HHcpopMauHH. HecKonbKo yAHBHTenbHO, hto stot
npHHunn npHMeHHM k 3eMne c cc cno>KHoft HeoAHOpOAHocTbio. HHTyn-
THBHO HCHO, HTO maBHOH npHHHHOft ACHCTBeHHOCTH npHHUHna B3aHM-
HOCTH HBnneTCH TO, HTO SHepTHH pacnpOCTpaHHCTCH OAHHaKOBO BAonb
3aAaHHoro nyna b o6ohx HanpaßneHHnx. B nio6oM HanpaßneHHH OHa
pacnpOCTpaHHCTCH C OAHOft H TOft >Ke CKOpOCTbK) H OAHHaKOBHM 3a-
TyxaHneM.

npHHunn B3aHMHOCTH xopouio BbinonHHeTCH ajih cKannpHbix BonH
npn CKannpHbix HCTOHHHKax n npneMHHKax (HanpHMep, aKycTHnecKHe
BOnHH AaBneHHH npH B3pHBHHX HCTOHHHKax H npneMHHKaX, HyBCTBH-
TenbHbix k naßneHHio). CHTyaunn ocnojKHHercn, noma hctohhhkh nnn
npneMHHKH o6naAaiOT hoabh^khhmh AHa(pparMaMH, noTOMy hto npn
stom BancHa hx opneHTHpoßKa. HanpaßneHHne CBoftcTßa HCTOHHHKa h
npHeMHHKa nacTO xapaKTepH3yiOT AHarpaMMaMH HanpaßneHHocTH
H3nyneHHH. J\jih npHMeHeHHH npHHunna B33hmhocth b stom cnynae
Heo6xoAHMo cnnTaTb AHarpaMMH HanpaßneHHocTH H3nyneHHH cßH3aH-
hhmh co cpenoft, a He c hctohhhkom H npHeMHHKOM. TaKHM o6pa3oM,
noma roßopnT, hto hctohhhk h npneMHHK mchhiotch MecTaMH, to Me-
HHTbcn MecTaMH Aon>KHH TonbKO cKajinpHbie aMnnHTynn, a AHarpaM-
MH HanpaßneHHocTH HCTOHHHKa h npneMHHKa ocTaiOTcn cpHKcnpoßaH-
hhmh Ha cbohx MecTax. 3th o6m,He coo6pa>KeHHH b nocnenyiomeM
6ynyT yTOHHHTbcn. CTaHeT hchhm, hto noHHTHe nyneft neftcTßHTenbHo
OKa3HßaeTcn HenoAxoAniHHM. npnHunn b33hmhocth neftcTßyeT TaK>Ke
b 3aAanax AH(pcpy3HH h noTeHunana.

TeopeTHHecKHe pa6oTH nacTO HHTaiOTcn AOBonbHo THjKeno.

ohh HanHHaiOTCH c yKa3aHHH Ha to, hto AHc})c})epeHUHanbHbift onepa-
Top BMecTe c cooTBeTCTByiomHMH rpaHHHHHMn ycnoBHHMH AonnceH
cocTaßnnTb caMOConpnn<eHHyio 3anany. 3to 03HanaeT, hto AJin AHcp-
4)epeHUHanbHbix ypaßHeHHft, 3anHcaHHbix b KOHenHO-pa3HOCTHoft cpop-
Me, MaTpHHa KO3(f)CpHHHeHTOB OKa3HBaeTCH CHMMeTpHHHOft. PaccMOT-
pHM b KanecTße npHMepa OAHOMepHyio 3anany aah anycTHnecKHx BonH.
B COOTBCTCTBHH C 33KOHOM HbIOTOHa npOH3BeAeHHe nnOTHOCTH p Ha
ycKopeHHe dttu paBHO cyMMe rpaAHeHTa AaBneHHH c o6paTHHM 3Ha-
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kom —~dxp h BHeiHHefi cnnn Fx- Hcnonb3yn BpeMeHHyio 3aBHCHMocTb
c~lwt, nonynaeM ypaßHeHHe —pco2w=— dxp-\-Fx , KOTopoe npn BBc-
AeHHH o6o3HaneHHH F=—Fx mojkho 3anHcaTb b BHAe

(9.4.1)

,H,pyroe BantHoe ypaßHeHHe aKycTHKH rnacHT, hto cyMMa npon3BeAe-
hhh Hec>KHMaeMOCTH X~l Ha naBAeHHe p h AHBepreHUHH cMemeHHH
dxv paßHa OTHOCHTenbHOMy H3MeHeHHio 06-beMa:

(9.4.2)

Tenepb o6i>eAHHHM ypaBHeHHH (9.4.1) h (9.4.2) b BHAe ypaBHeHHH
b KOHenHbix pa3HOCTHX, npHHHB ajih yAo6cTBa Ax=\. Ha npaKTHKe
ajih annpoKCHMauHH HenpepHßHbix (pyHKunft ncenaTenbiio Hcnonb3o-
BaTb ceTKy c bo3mojkho 6onbuiHM nncnoM ToneK, ho Ann nnniocTpa-
Uhh AOCTaTOHHO Hcnonb3oßaTb He6onbuioe nncno ToneK cctkh. B stom
cnynae npHHunn b33hmhocth tohho co6nioAaeTCH, HecMOTpn Ha He-
6onbuioe nncno ToneK ceTKH. Toma HMeeM

■ 1
P% Vo

1 pco2 — 1 "o
Pi
Ux
P2

j
Vx
Fx
V2

(9.4.3)— 1 X- 1 1
1 pco2

I V I
'2 _Lu2 A

nepßan h nocneAHnn ctpokh Bbipan<eHHH (9.4.3) Tpe6yiOT cneunanb-
hoto noncHeHHH. BennnHHH Io h In Ha3HßaioTcn HMnenaHcaMH. Ecnn
ohh o6paiHaioTCH b Hynb, to b KanecTße rpaHHHHoro ycnoBHH HMeeM
AaßneHHe, paßHoe Hynio; ecnn ohh 6ecKOHeHHH, to b KanecTße rpa-
HHHHoro ycnoBHH HMeeM CMemeHHe, paßHoe Hynio.

Tenepb, nonyHHB MaTpnuy (9.4.3), Heo6xoAHMo ycTaHOBHTb, hto
3Ta MaTpnua AeftcTßHTenbHo cHMMeTpnHHa (Aame ecnn p h X~l HBnn-
K)TCH (pyHKHHHMH OT X) . B ynpaJKHeHHHX nOKa3aHO, HTO CHMMeTpHH-
Han MaTpnua mojkct 6biTb nonyneHa TaKnce AJin AByxMepHoft 3aAanH.
CHMMeTpHHHOCTb MaTpHHbi HBnneTCH HaCTHHHO cneACTBHeM (pH3HHe-
CKoft npnpoAH 3By.Ka h pe3ynbTaTOM TmaTenbHoro aHanH3a cHTyauHH
aBTOpoM. i4to6h nonynnTb npaßnnbHyio (popMynnpoßKy npHHunna
B3aiIMHOCTH B ApyrHX CHTyaUHHX, BaM BO3MO>KHO TaK>Ke npHAeTcn
TmaTenbHO aHanH3HpOBaTb 3anaHH. CymHOCTb npHHunna B3aHMHOCTH
3aKmonaeTcn b tom, hto nocKonbKy MaTpnua b BbipajKeHHH (9.4.3)
CHMMeTpHHHa, to o6paTHan MaTpnua TaK>Ke 6yneT cHMMeTpnnHoft.
yMHonon o6e nacTH 33bhchmocth (9.4.3) cneßa na o6paTHyio MaTpn-
uy, nonynaeM peaKHHio cpeAH KaK pe3ynnraT yMHonceHHn MaTpnun

Pco2«— dxp=F.

X-lp+dxU=V.

Pco2 —1

-l X- 1 1
1 In A
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Ha BHeuiHHe Bo36yn<AaK)ui,He cnnn:
rvr

F 0

Vx (9.4.4)
Pi

U2 A
me A, B, C n D yKa3HBaioT Ha chmmctphio MaTpnun. Ecnn b nep-
bom SKcnepHMeHTe Bee BHeuiHHe hctohhhkh o6nynHTb, KpoMe oahoto
KpaftHero, HBnniom,erocH 06'beMHHM hctohhhkom eAHHHHHoft hhtch-
chbhocth Vq=\, to b cootbctctbhh c BbipanteHiieM (9.4.4) naßneHHe
b cepeAHHe pi=A. Ecnn bo btopom 3KcnepHMeHTe o6HynHTb Bee
BHeUIHHe HCTOHHHKH, KpOMe OAHOTO CpeAHeTO 06l3eMH0r0 HCTOHHHKa
c HHTeHCHBHocTbio Vi =l, to comacHO Bbipa>KeHHK) (9.4.4) naßneHHe
po Ha KOHue TaKn<e 6yneT paBHO A. 3to h ecTb npHHunn B3aHMHOCTH.
Otmcthm, hto c noMombio 6yKßbi D b BHpan<eHHH (9.4.4) nono6Hoe
npencTaßneHHe npHMeHneTcn k cnnaM h CMeiueHHHM. npn cMeuiaHHOM
npencTaßneHHH npHMeHHiOTcn 6yKBH C h B.

B peanbHOM SKcnepnMeHTe HeT bo3mo>khocth peann3oßaTb hhcthA
o6n>eMHbift hctohhhk HnH HHCTyio BHeuiHioio cHny. ApyrHMH cnoBaMH,
BHeHIHHft HCTOHHHK MO>KeT HMeTb HeKOTOpHH KOHeHHblft Hyneßoft
HMnenaHC. Toma nepßbift 3KcnepHMeHT cnenyeT BbinonHHTb c Bo36yn<-
AeHHeM b cepeAHHe, HMen AJin OTKnHKa Ha KOHue

(9.4.5)

Me.HHH MecTaMH hctohhhk h npneMHHK, nonyHHM

(9.4.6)

HHTepecHoft oco6eHHOCTbio BHpanceHHft (9.4.5) h (9.4.6) HBnneTcn to,
hto Kanman MaTpnua b hhx oKa3HßaeTcn pe3ynbTaTOM TpaHcnoHHpo-

PHC. 9.2. npnMep, HJiJiiocTpHpyiomHH
npnHHHn B3anMHOCTH ajih cjiynan Uq —
= a>o+2ten+K>>2.
/_. nepßbift 3KcnepHMeHT; la — nojio*eHHe

0; 16 — ncMOJKeHHe 1; // — Hafi^rofleHHoe
ropH3oHTajibHoe cinemeHHe; /// — MaccHß
BepTHKajIbHHX chji; IV — BTopoft sKcnepn-
MeHT; V — ropH3oHTajibHaa eflHHHMnasi CHJia;
VI — Tpn HagjiiOAeHHJi BepTHKajibHoro CMe-
meHHH

I

w

BaHHH Apyroft. 3Ta oco6eHHOCTb AOJimna ynHTHßaTbcn, oco6eHHO npH
paccMOTpeHHH 6onee cno>KHoro 3KcnepHMeHTa, me BeKTOpn b Bbipa-
jKeHHHX (9.4.5) h (9.4.6) coAepjkaT 6onbuie sneMeHTOB. HanpHMep,
b ypaBHeHHH (9.4.5) nnn (9.4.6) BeKTop mot 6n conep>KaTb sneMeHTH

MaCCHBa (pH3HHeCKH pa3AenbHHX 06-beMHHX HCTOHHHKOB HnH AaTHHKOB
(npneMHHKOB) AaBneHHH. Ecnn cocTaBHTb cHMMeTpnnHbie anre6pan-

Po \ , " " A B
u0 \ . . C D
Pi \AC
«, \ B D
Pi
8.2

Po]\A B, vx

.«. J [C D\ F x "

Pi = A C iVq
ax \ [B D\ [f

0

la \ Id
I 12 1
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necKHe ypaBHeHHH, noAo6Hbie ypaBHeHHHM (9.4.3), AJin ynpyrnx, sneK-
TpoMarHHTHbix, AH(pcpy3HOHHHx HnH noTeHUHanbHbix 3anaH, to MaTpn-
un, noAo6Hbie MaTpnuaM (9.4.5) n (9.4.6), Bcema 6yAyT TpaHcnoHH-
pOBaHHHMH nO OTHOHieHHK) Apyr X Apyry. nOCTpoeHHe CHMMeTpHHHHX
ypaßHeHHft, noAo6Hbix ypaBHeHHHM (9.4.3), nacTO He Bbi3bmaeT Tpyn-
HOCTeft, xoth MO>KeT 6biTb AOCTaTOHHO cno>KHHM AenoM B MHOTOMep-
Hoft HenpnMoyronbHoft CHCTeMe KoopAHHaT.

B 6onee o6iueM cnynae BeKTopn BO36yn<AeHHH b npaßoft nacTH
paBeHCTBa (9.4.5) nnn (9.4.6) mo>kho o6o3HannTb nepe3 E, a BeKTopn
OTBeTHoft peaKHHH b neßoft nacTH — nepe3 R. Toma, Hcnonb3yn o6or
3HaneHHe M ajih MaTpnun b ypaBHeHHH (9.4.5) h Mt AJ^n TpaHcno-
HnpoßaHHoft MaTpnun, nepennuieM BHpanceHHH (9.4.5) h (9.4.6)
b cneAyioiueM BHAe:

Tenepb BbißeneM (pH3nnecKHe cneACTBHH H3 Bbipan<eHHft (9.4.7) h
(9.4.8). CHanana paccMOTpHM CKannpHoe npoH3BeAeHne ypaBHeHHH
(9.4.7) c BenHHHHoft E T0:

npaßan nacTb noeneAHero BHpa>KeHHH, HBnnioiHaHCH CKannpOM, mo-
n<eT "6biTb TpaHcnroHHpoßaHa " .; ;. ':';'': ; .;'

noACTaßnnn ciona BennnHHy MrE 0 H3 ypaBHeHHH (9.4i8), HaftneM:

YpaßHeHHe (9.4.9) npeActaßnneT- co6oft ocHOßHyio (popMynnpoßKy
npnHHHna B3aHMHOCTH; CKannpHoe npoH3BeAeHHe BeKTopa Bo36yn<Ae-

PHC. 9.3. BbinojmeHHe npnHHHna b33hmhocth ynpyrnx. KOjieSaHHH, Bo36y>KAae
MblX SJieKTpOMarHHTHOH CHCTeMOH [32]

R„ =MEi; (9.4.7)
R",:iM-*E.. (9- 4- 8)

E^oßo=ETOME 1.

E T
0R 0=(ETOME T

l ) T=ET
lMT E0

:*roHb==B Tift; (9.4.9)
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hhh h BeKTopa OTBeTHoft peaKUHH b nonon<eHHH 0 paBHHeTCH HX CKa-
nnpHOMy npon3BeAeHHio b nonon<eHHH 1. Otmcthm, hto cKannpHne
npOH3BeAeHHH BbinncnniOTCH AJin BeKTopoß, Ha6nioAaeMbix b pa3nnn-
hhx SKcnepHMeHTax.

npHMep ynpyroft chctcmh, b KOTOpoft HanpaßneHHH BeKTopa cMe-
meHHH h BeKTopoß CHnbi coßnanaiOT, H3o6pan<eH Ha pnc. 9.2. Jla6o-
paTopHbift npHMep YaftTa [32], b kotopom ynpyrne Kone6aHHH 803-
-6yn<AaK)TCH sneKTpoMarHHTHHMH cnnaMH b TBepAOM Tene, hchakocth
h ra3e, noKa3aH Ha pnc. 9.3. FeocpoH npeACTaßnneT co6oft noAßeuieH-
Hblft Ha npyn<HHe MaHTHHK, B3aHMOAeHCTByiOIUHH C HHAyKHHOHHOft
KaTyuiKoft. nepßbift reocpOH cMOHTHpoBaH Ha Tpy6Ke, KOTopan noKOHT-
cn Ha AHe CTeKnnHHoro SKCHKaTopa. BTopoft reocpoH npHKpenneH
k CTeKny c noMombio KycKa ivihhh HH>Ke ypoßHn boah. BepxHnn napa
Tpacc (pnc. 9.3) noKa3HBaeT cnny TOKa HCTOHHHKa b nepBOM reocpoHe
h pa3HOCTb noTeHunanoß Ha btopom (npn pa3oMKHyToft venn). Hhh<-
HHe KpHßbie noKa3HBaiOT cnny TOKa bo btopom reocpoHe h HanpnjKe-
HHe b nepBOM.

ynpancHeHHH

1. PaccMOTpHTe ypaBHeHHH IlyaccoHa dxxK= —E Ha ceTKe H3 nHTH ToneK, ajih ko-
TOpblX rpaHHHHbie yCJIOBHH 3aKJIK)HaiOTCH B TOM, HTO KpaHHHe TOHKH HBJIHIOTCH Hy-
jihmh. EaHHHHHoe Bo36yjK/i,eHHe b TpeTbefi Tonne ceTKH /oaeT peuieHHe (0,1/2, 1,
1/2, 0). Haft^HTe peuieHHe ajih e/iHHHHHoro BO36yHiAeHHH bo BTopoft TOHKe ceTKH.

PHC. Y9.1.

Ecjih Bh AejiaeTe sto npaßHjibHO, to jiojDKeH BbmojiHHTbCH npHHunn b33hmhocth.
FlpoßepbTe 3TO.

2. HannuiHTe BbipaJKeHHe, noAoSHoe ypaßHeHHio (9.4.3), aah ypaBHeHHH Tenjio-

npOBOAHOCTH. KaK H3MeHHTCH CpOpMyjIHpOBKa npHHUHna B3aHMHOCTH npn BBeAeHHH
MHHMHX HHCejI?

3. 3annuiHTe Tpn AHcpcpepeHUHajibHbix ypaBHeHHH aKycTHKH b nacTHbix npoH3BOA-
Hbix nepßoro nopnAKa b AByxMepHoft /j,eKapTOßon CHCTeMe KoopAHHaT. PaccMOTpHTe
npe/icTaßJieHHyio HHH<e cTpyKTypy b cpopMe ceTKH (pnc. y9.1).
HannuiHTe CHCTeMy 27X27 ypaBHeHHH /urn BeKTopa (Uu Pi, Wt, U2, P%, W% ..., U%,
P9, W9). C^ejianTe cc CHMMeTpnHHon n npeACTaßbTe b hbhoh peryjmpHon cpopMe.

4. B pa3Aejie 8.3 ynpajKHeHHH 5 h 6, B3HTbie BMecTe, HjijnocTpnpyiOT npHHunn
B3aHMHOCTH, KOTOpblft TJiaCHT: «EcJIH HCTOHHHK H npneMHHK MeHHIOTCH MeCTaMH, TO
syAer HaSjnoAaTbCH OAHHaKOBan cpopMa bojihh». PeuiHTe 3Ty 3aAany ajih HCTOHHHKa
Ha noBepxHOCTH h npneMHHKa b cepeAHHe cjioh, a 3aTeM TaKyio ace 3aAa^iy, noMeHHB
MeCTaMH HCTOHHHK H npHeMHHK C UeJIbK) npOBepKH npHHUHna B3aHMHOCTH.

I "" x
w=o

f/\ uT~P» Ut P» Ut i

I W, W2 Wi
P4 I/* Ps Us P« U6 P*=o

17= 0 W, Ws
P7 t/7 P» f/8 P? U9

W, Ws W9

P =0
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9.5. nPHHUHIIbI COXPAHEHHfI H OPTOrOHAJIbHbIE
MOAbI KOJIEBAHHH
PaHee 6nno noKa3aHo, hto 3aAann pacnpocTpaHeHHH aKycTnnecKHX
Kone6aHHft b cnoncTbix cpenax npHBOAHTcn k MaTpnHHOMy AH(p(pepeH-
HnanbHOMy ypaßHeHHio nepßoro nopnAKa:

MHorne 3ananH BHAa (9.5.1) mo>kho 3anHcaTb b TaX Ha3HßaeMoft
cpopMe ATKHHcoHa:

me J — Kocan (HecHMMeTpHHHan) spMHTOBa MaTpnua (J*=—J), ne
3aBHCHHiaH OT Z\ G(z) H H (z) — SpMHTOBH MaTpHHbi (H*=H); h —
cKannp, nrpaiomnft ponb co6cTßeHHoro 3HaHeHnn. HanpHMep, b any-
CTHnecKOM cnynae HMeeM

Ymhoh^hb nocneAHee Bbipan<eHHe cneßa Ha Kocyio spMHTOBy MaTpnuy,
nonynHM:

0 Tl\ pip }m\{^-it) °]\ p +[M. (9.5.4)
-/ 0 Joz [w I ' LW J [s D JJ L J L o cop J p

B BbipanceHHH (9.5.4) onepaTopn
03HanaeT, hto MaTpnua b npaßO

HBnnioTCH caMoconpnn<eHHHMH. 3to
npaßoft nacTH h onepaTOp b neßoft nacTH
noneMy MaTpnua J(d/dz) HBnneTcn 3pMH-

pa3HOCTHoro npn6nHn<eHHH:

H3 Bbipan<eHHH (9.5.5) cneAyeT, hto MaTpnue b npaßoft nacTH Heno-
CTaeT AByx cTpoK, hto6h OHa cTana KBaApaTHoft. CooTßeTCTßyiomnft
Bbi6op AByx rpaHHHHHx ycnoBHH noAo6eH nonyneHHio AByx Aonon-
HHTenbHbix CTpoK b MaTpnue. OneBHAHO, hto MaTpnua b BHpanceHHH
(9.5.5) HacTonbKo 6nH3Ka k spMHTOBoft, hto AOCTaTOHHo Bn6paTb cmc
ABe ctpokh, hto6h cAenaTb cc spMHTOBoft. HanpHMep, mo>kho noMe-

dry = Ay+s. (9.5.1)

J^y= [G(z) +AH(z)]y, (9.5 2)

f 0 "P n/-[" |«.i / co k2x \ \ 1-f i\ Sp 1 . (9.5.3)

B Bbipan<eHHH (y.0.4) onepaTopn HBns
03HanaeT, hto MaTpnua b npaßoft na<
spMHTOBH. i4to6h noHHTb, noneMy Ma
toboh, 3anHuieM cc c noMombio pa3Hoc

J 4 l_ 0 8Z __1_
dz Az [§z o\ Az T—:

i
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CTHTb Menmy BepxHeft h HHncHeft nonoßHHaMn MaTpnun b Bbipan<e-
hhh (9.5.5) cnenyiomHe ABe ctpokh:

i

nocKonbKy onepaTOp b cJ)opMyne (9.5.5) mo>kho cnenaTb spmhtobhm
c noMombio Bbi6opa cooTßeTCTßyioui,Hx rpaHHHHbix ycnoßHft, a npyrne
onepaTopn b Bbipa>KeHHH (9.5.4) yme HBnnioTCH spmhtobhmh, to,
no-BHAHMOMy, cpopMyna ATKHHcoHa npHMeHHMa k cpH3HnecKHM 3ana-
HaM, B KOTOpHX BbinOnHHeTCH npHHUHn B3aHMHOCTH. npHHUHn B3aHiM-
hocth npHMeHHM k 6onbuiHHCTßy 3anan reocpH3HnecKoft pa3BeAKH.
OAHOft H3 npOCTHX CpH3HHeCKHX 3aAaH, X KOTOpoft npHHUHn B3aHMHO-
cth HenpHMeHHM, HBnneTcn pacnpocTpaHeHne 3ByKOBnx BonH b aTMo-
ccpepe npn BeTpe. C tohkh 3peHHH cJ)H3hkh sto o6T.HCHHeTcn TeM, hto
BonHH pacnpocTpaHHiOTcn b HanpaßneHHH noTOKa BeTpa 6ncTpee, neM
npoTHB noTOKa. C ho3huhh MaTeMaTHKH b stom cnynae He cymecTßyeT
MaTpnun J, npeo6pa3oßHßaioiueH BnpanteHHe (9.5.1) k BHAy (9.5.2).
npeo6pa3oßaHHe ypaBHeHHH (9.5.1) b (9.5.2) bo3mo>kho TonbKO b 06-
-nacTH, me OTcyTCTByiOT hctohhhkh. Ecnn Heo6xoAHMo, hto6h Benn-
HHHa co nrpana ponb co6cTßeHHoro 3HaHeHHH, to, cnHTan (pyHKUHio
HCTOHHHKa BciOAy paßHoft Hynio, MOjKHO npHBecTH paBeHCTBo (9.5.4)
X BHAy

3Aecb MaTpnua G(z) o6paTHnacb b Hynb, a BennnHHa k2x/(a2, npo-
nopuHOHanbHan CHHycy yrna naAeHHH, nonn<Ha paccMaTpHßaTbcn KaK
nocTOHHHan ajih pa3nHHHbix BenHHHH co6cTßeHHoro 3HaneHHH co. AHa-
norHHHO mojkho 6nno 6h b KanecTße co6cTßeHHoro 3HaneHHH Bbi6paTb
BenHHHHy —k2x. Toma Bbipan<eHHe (9.5.4) HMeno 6h bha

ro m Lfi-fx "Ir^i-ft.J^- °]\ p ] 0.5.7)

OneBHAHO, hto cymecTßyeT euie OAHa BO3MO>KHOCTb Bbi6opa b KanecT-
Be co6cTßeHHoro 3HaneHHH ymoßoft nepeMeHHofi —& 2x/co2 a^ih cjdhkch-
poßaHHoft BenHHHHH co. OopMyna ATKHHcoHa (9.5.2) HenocpeACTßeHHO
npHBOAHT X pa3nHHHHM BapHaHTaM npHHUHna COXpaHeHHH. BbIHHCnHM
BepTHKanbHyio npoH3BOAHyio ot KBaApaTHHHoft cpopMH y*Jy:

OneHb nacTO co6cTBeHHHe 3HaneHHH co, —k2x hah —k2x/a3 HBnnioTCH
AeftcTBHTenbHHMH BejiHHHHaMH. B TaKHX cnynanx BnnonHneTCH pa-
BeHCTBo X—X*=o h Bbipan^eHHe (9.5.8) noKa3HBaeT, hto BennHHHa

f°~' 1 -?- [P= +"> fOHfr) °lf P I 0.5.6)—i 0 Ip* W J ' !JT JLLL 0 p J

£ y*Jy =yVy +y*%= -yV*y+y*'y*= - (Jy*)*y +y* (Jy*) =
= -(Gy+ +y*(Gy.+ AHy) =(l-ny*Hy. (9.5.8)
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y*Jy HBnneTcn KBaApaTHHHoft (pyHKuneft BonHOßnx nepeMeHHbix, hh-
BapnaHTHoft OTHOCHTenbHO z. B npHBeneHHOM paHee npHMepe ajih aKy-
cTHnecKHX BonH paccMaTpHßaeMbift KBaApaTHHHbift HHBapnaHT nponop-
UHOHaneH noTOKy SHeprHH, a hmchho:

(9.5.9)

PaccMOTpHM KOMnneKCHyio nacTOTy co=cor +i©t. Toma ypaßHeHHe
(9.5.8) ajih npHMepa H3 aKycTHKH, onncnßaeMoro ypaBHeHHeM
(9.5.6), npHo6peTaeT bha

EcnH BenHHHHH P H W HMdOT BpeMeHHyio 3aBHCHMOCTb BHAa

to KBaApaTHHHne cpopMH, noAo6Hbie P*P h W*W, HMeiOT BpeMeHHyio

3aBHCHMOCTb BHAa c ' . Toma MHO)KHTenb 2co. mojkho paccMaTpHßaTb

KaK pe3ynbTaT AHcpcpepeHHHpoßaHHH no BpeMeHH. CneAOBaTeAbHO,
BbipajKeHne (9.5.10) mo>kho npeACTaBHTb b BHAe

(9.5.11)
ypaßHeHHe (9.5.11) HHTepnpeTHpyercH cnenyioiUHM o6pa3oM: npoH3-
BOAHan no BpeMeHH ot nnoTHOcTH sHeprnn E b HeKOTOpoft tohkc npo-
nopunoHanbHa AHBepreHUHH noTOKa SHeprHH b Toft me tohkc c 06-
-paTHHM 3HaKOM. B ApyrHX 3ananax KBaApaTHHHne (popMH MoryT
cooTBeTCTBOBaTb He 3HeprHH, a, HanpHMep, KonnnecTßy ABHmeHHH
h t. n.

Xopouio H3BecTHan TeopeMa H3 TeopHH MaTpnu macHT, hto spMH-
tobh MaTpnun hmciot neftcTßHTenbHHe co6cTßeHHne 3HaneHHH. no-
neMy me Toma mh paccMaTpHßann KOMnneKCHoe co6cTßeHHoe 3Hane-
Hne b BbipameHHH (9.5.8)? 3to nenann ajih toto, hto6h He 6nno
Heo6xoAHMocTH Bn6npaTb MaTpnuy onepaTopa kohchhoh pa3HOCTH h
rpaHHHHbie ycnoBHH, o6ecnenHßaiomHe spMHTOBOCTb onepaTOpoß.
B nacTHOCTH, hto6h BenHHHHa dE/dt¥=o, SHeprnn Aonn<Ha nocTynaTb
k rpaHnue nnn ncxoAHTb ot Hee.

Tenepb npeAnono>KHM, hto rpaHHHHbie ycnoBHH BH6paHH TaKHM
o6pa3oM, hto6h MaTpnua Jd/dz 6nna CHMMeTpHHHoft, a cc co6ctbch-
Hne 3HaneHHH 6hjih AeftcTBHTenbHHMH. nycTb yn(z) HBnneTCH peiue-
HHeM ypaBHeHHH (9.5.2) c co6ctbchhhm 3HaneHHeM Xn, h nycTb
ym (z) TaKJKe 6yAeT peuieHHeM. stoto ypaBHeHHH c ApyrHM co6ctbch-

y*Jy —- i [P*W*] [ ° ' 1 [ P 1 = i (P*W -{- W*P) =-2iRe (P*W).

A Re(P*u7) = (Dt. J^ii kJ^P*P+?W*w\. (9.5.10)

exp [— i(cor-f«D;)^]=exp (—mrt-\-mt)r

-£*(/**)=+£ {4- [(|-§)W+F^]}-F£-
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hhm 3HaneHHeM KmXm- Bocnonb3oßaßUiHCb TeM >Ke nyTeM, hto h AJin
nonyneHHH cpopMynn (9.5.8), HaftneM

HHTerpupyn nocneAHee BHpa>KeHHe no z b npenenax ot za ao z&, no-
nynaeM

Ecnn rpaHHHHbie ycnoBHH 6bmn Bbi6paHH TaX, hto6h siieprnn He no-
CTynana k rpaHHuaM b tohkh za h zb hjih ne Hcxonnna ot hhx, to
neßan nacTb non>KHa paßHHTbcn Hynio. nocKonbKy no npennononce-
hhk> Xn=^=Xm, to HHTerpan b npaßoft nacTH BbipanieHnn (9.5.13) Aon-
meH paßHHTbcn Hynio. 3to 03HanaeT, hto paccMaTpHßaeMne ABa pe-
uieHHH (Ha3HßaeMbie MonaMn) opToroHanbHH. OpToroHanbHOCTb sthx
cpyHKUHH nacTO none3Ha npn TeopeTHHecKHx HccneAOßaHHnx h bhhhc-
neHHHX. Bonce noApo6HO stot Bonpoc, BKnionan Han6onee o6myio
cpopMy rpaHHHHbix ycnoßHft aah npHHunna coxpaHeHHH SHeprHH,
ocßeiueH b pa6oTe [14].

ynpajKHeHHe
FIoKajKHTe, hto noACTaHOBKa BbipanceHHH (9.5.8) b ypaßHenne (9.5.7) npnBOAHT
X onpeAejieHHio ropH3oHTaJibHoro noTOKa sHeprnn. Bo3mo>kho, BaM nonaAo6HTCH
npHHHTb k x =k T-\-iki H OAHOBpeMeHHO npeAnOJIOHCHTb, HTO \kr\~>\ki\.

9.6. ynpyrHE bojihh

B AanbHeftuieM npennonaraeTCH, hto HHTaTenb 3HaKOM c KnaccHnecKoft
Teopnen ynpyrocTH. Jinuib b HeMHornx yne6HHKax paccMaTpHßaioTcn
cneHnanbHbie Bonpocn o cnoncTbix cpenax, KOTopne hmciot Ba>KHoe
3HaneHHe b ceftcMonorHH. Mhoto cTaTeft no 3TOMy Bonpocy mojkho

HaftTH b BionneTeHe AMepHKaHCKoro ceftcMonorHnecKoro o6uj,ecTßa
(BSSA). JXjih HHTaTeneft, KOTopne He 3HaKOMH c BSSA, npHßeneM
pe3ynbTaTH npHMeHeHHH mctoaob AaHHoft rnaßH k ypaBHeHHHM Teo-
Phh ynpyrocTH a^ih oAHOpoAHoft cpeAH.

B TeopHH ynpyrocTH AJin oahopoahoh cpeAH o6hhho Hcnonb3yiOT
cneAyioiHHe BenHHHHH h hx o6o3HaneHHn: cMemeHHH (v, w) b Hanpaß-
neHHHx x h z, MaTpnuy HanpnxeHHft t, KoscpcpnuHeHTH JlaMe A, h p
h nnoTHOCTb p. 3aKOH Tyna h 3aKOH HbioTOHa c yneTOM 33bhchmocth
ot BpeMeHH e~~"° mohcho npencTaßHTb TaX:

0 0 —dx —
ru-i * rcy-i

0 0 —pco2 —dx
A xzz zzz

I (A + 2\x) dx A+ 2ix
xzx J __^ L%r4

-P^2 -T X+lj, 0 0 I

4f(y*Jyn)= (X- ajy%,Hy„. (9.5.12)

zb b

tmty„ | *=■?.(**-X) jTm(*. X) H (z) y (z, A n ) dz. (9.5.1 3)
z„ aa
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rAe

(9.6.2)

BBeAeM o6o3HaneHHH:

(9.6.3)

Ecnn CBoftcTßa cpeAH He h3Mchhk)tch b HanpaßneHHH x, to npeo6pa-
30BaHHe BeKTop-CTpoKH co6cTßeHHbix 3HaHeHHft MaTpnun R k nepe-
MeHHHM BOCXOAHLHHX H HHCXOAHUIHX BOnH HMeeT BHA

p+ 1 r~ 2xxtndx m \xl 2 dx ~1 I~ a
s+ A-i y./2 —dx —2ij.ndx n zzz -

~^tt- . (9.6.4)
p- 2co2p —2xxmdx —m {J./2 dx w '
s- J L —I*- 12 dx —2i#id x nJ \ zzx _

me

CooTBeTCTBeHHo npeo6pa3oßaHHe BeKTOp-CTOA6ua co6ctbchhhx

a ~|
xzz

w

-^ZX J
PaccMaTpußaeMne MaTpnun xopouio pa36HBaiOTCH
hocth 2X2. Mon<eT npoßepHTb, hto CR=

v 4^(A-f -,2

a = —p— ; i? — -j; m —-jr-r-°xx,

nz — —— d l2 —~^ —2d10 ■ 02 u XXI * 02 *,WXX-

n
A= —m

—n~
CooTBeTCTBeHHo npeoopa3oßaHHe BeKTOp-CTonoua co6ctbchhhx 3Hane-
hhii o6pameHHoft MaTpnun C 3anHCHßaeTcn b cnenyiomeM BHAe:

u~I r ~~^x ~n ~~dx —n~i rp+ ~

xzz —P-l* 2\xndx —\xl2 2\xndx s+
w —m ox m — dx p- v '

- zzx J L—^mdx —\xl 2 2ixmdx \xl 2 _\ \_s~ _
PaccMaTpußaeMne MaTpnun xopomo pa36HBaiOTCH Ha 6noKH pa3Mep-
hocth 2X2. Mon<eT npoßepHTb, hto CR=RC=I h CAR=A.
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SiSffiIKSSF TPE^PHBIE

yie6 HHKOB, HanpHMeD 133 341 21 „" P a3 noc BameH pan

Hbix ceroK, Ha kotoPhx nepluenTe LTI "" HeCK°"«>UHH AByx. npocTP aHCTBeHHb,x KOODa HHax "Pe;,CTaB"Tca KaK <py„
P.

yc-iOBHB. PeuieHHe aaaa" oLCcS 3"eM BBWWT «a"BHbie
-Horowcj.eHHw oowupu",^2?"^ Ha 3B«- HauecTHb,
4H,p«py3„„. ropasao MeHbme HccSoßa^ft n

meHHHe
ypaßHeHHro. nPH MoaejiHDOßa H„„ „„ ° H """"t" bojihobomv
TPMHOCm, CBH3a„„U

4
e c S "to ZT° M""* BO3HHKa,OT

tob, BeponTHO, HeaoeTaxoHHo "£„£Tmm XOpou,l,x Pesy/ibTa-nP H aroM npaKTHHecKH HeßoaSL^Km " „ "a fIJIHHy Bo"-
*>« oneub MHor„x wm "°T^ZZo^T." yKa3aHHOe y^oBHeB paccMarpHßaeMoM oiyuae %HceD"» fi„ nP^iMeMofi cerW.
k KpaHM cerKH, Me o»a ofcasaera o6""^° P acnP°"pauHeTCH
xejraHHH. Ouhh h3 cnocodoß oCJ]afiLv„P ' He3aBHC1"o ot Bamero
30BaH„c cHCTeMb, Koop flH„aT fteneMri "- WJPKWrf-wmMb.3to ynpomaeT paccM<S"'oTD?*eH« »"'

eHC" BMe"e C Ba"aMH-
rile ohh Ha6J,K,«a,OTCH, Buy" se^t rJT °T noßeP*«°c" ae*",«♦«** oetamtaii~^:;=:o3=CT oopa-

■o... K^ACCHHECKHE HECTAUHOHAPHB.E KPAEBbIE

P^M^SS^^^H. BOSHHKa^H, nPH
tohho npocToe ypaßHeHHe TenJ,oßoro

P n^°TPHM °aHOMBP Boe, Aocra-
OHeßHflHbix ypaßHeHHft nePBO?H3HH? r

nOTOKa > "a^eMce h3 flßyxpcrW. c^e^cTßHeMrpanS^pL "* rJIacHT' "ITO *** Teu.aa // HB-*HHHeHTy TenjlonpoßP^ocT„ cpe" o
yPW " nP onoP B"Ha^„ Koaqi-

dx- (10.1.1)
HTopoe rjiacHT, hto H3MeHeHHe Teinneoarvnu „„Ha^bHo AHBepreHUHH Tenjjoaoro noTOKaHI J° PeMeH" nP onoPUHo-
ho yuejibHoft TeumeMKocTH C cpe^bi o6P a"o upouopuuoHajib-

* C At (10.1.2)

H MeZrK^prrPrr me TepMHHu: *pa3
»°"* «>«» . «paa„oCT
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FIoACTaBHB Bbipa>KeHHe (10.1.1) b ypaßHeHHe (10.1.2), nonynHM
(npeHe6peran npon3BOAHoft ot a) ypaßHeHHe TennonpoßOAHocTH:

06hhho b TeopHH pa3HOCTHHX ypaBHeHHH nonaraiOT, hto TeMnepaTy-
py T(x, t)—T(kAx, nAt) b ypaBHeHHH (10.1.3) mo>kho npencTaßHTb
nonnHOMOM BHAa Tnk, rAe BepxHnft hhackc o6o3HanaeT BpeMH. Bbcah
o6o3HaneHHe b=oAt/2CAx2 , 3anHuieM ypaßHeHHe TennonpoßOAHocTH
(10.1.3) b KOHenHO-pa3HOCTHoft cpopMe:

Ecnn TeMnepaTypa Tnk H3BecTHa BO.Bcex TOHKax k npocTpaHCTßa A^n
HeKOToporo onpeneneHHoro 3HaneHnn BpeMeHH n, to ypaßHeHHe
(10.1.4) no3BonneT paccnHTaTb TeMnepaTypy . ajih nio6oro MOMeHTa
BpeMeHH. MHTaTenb Mon<eT 3aMeTHTb, hto npoH3BOAHan no BpeMeHH
othochtch (ueHTpHpyeTcn) k TOHKe Tk n '~ , TorAa KaK npocTpaH-

CTBeHHan npOH3BOAHan — k tohkc Tn. 3to mo>kct npHBecTH k onpene-
jieHHbiM TpyAHOCTHM.: ypaßHeHHe TennonpoßOAHocTH MenneHHo crna-
>KHßaeT npocTpaHCTßeHHbie BonHH 6onbuioft ajihhh,, a KopOTKHe Bon-
hh — 6ncTpo. Pa3HOCTHoe ypaßHeHHe TennonpoßOAHocTH nenaeT to
me caMoe, TonbKo Ha oneHb kopotkhx BonHax CKa3bmaeTcn pasnunne
b HCHTpoBKe npoH3BOAHbix no BpeMeHH h npocTpaHCTBeHHbiM nepeMen-
HbiM. B pe3ynbTaTe oneHb KopOTKHe BonHH He 6ynyT ocna6nnTbCH
AOCTaTOHHO 6ncTpo, a MoryT nan<e ycnnHßaTbcn. XleftcTßHTenbHO, npn
yMeHbineHHH BenHHHHH Aa: co3AaiOTCH ycnoBHH nnn cyiuecTBOBaHHH
Ha ceTKe Bee 6onee kopotkhx BonH. Elpn stom Bcerna Ha6nioAaeTCH
ycnneHHe, hto npnBOAHT k pa3pyuieiiHio peuieHHH. 3Ta cHTyaunn,
Ha3HßaeMan HeycToftnHßOCTbio peuieHHH, AOCTaTomio noApo6no pac-
CMaTpHßaeTcn bo Bcex KHHrax no KOHenHO-pa3HOCTHbiM MeTonaM. Mo-
n<eT noKa3aTbcn, hto ueHTpupoßaHHe BpeMeHHoft pa3HOCTii c
noMOLUbio npn6nH>KeHHoft 3aMeHH npoii3BOAHoft dTjdt pa3HOCTbio
(T — Tn~ )/'(2A^)no3BonneT H36en<aTb HeycToftnHßOCTH. OAHaKO sto

oKa3bißaeTCH Aan<e xyiKe, TaX KaK oho nopo>KAaeT HeycToftnHßOCTb
AAH nio6oro Ax. npHHHHa 3aKnionaeTCH b tom, hto ypaBHCHHe Tenno-
npOBOAHOCTH HMeeT nepßbift nopnAOK oTHOCHTenbHO BpeMeHH. B to me
BpeMH BpeMeHHbie pa3HOCTH, B3HTbie nepe3 ABa mara, o6pa3yiOT pa-HOCTHoe ypaßHeHHe, KOTopoe HMeeT BTopoft nopnAOK OTHOCHTenbHO
BpeMeHH. YpaßHeHHe BTOporo nopnAKa BcerAa HMeeT Asa peuieHHH,
npnneM oaho H3 hhx ynoßneTßopneT ypaßHeHnio TennonpoßOAHocTH,
a BTopoe peuieHHe HMeeT Kone6aTenbHbift xapaKTep ri' SKCnoHeHunanb-
ho Bo3pacTaeT KaK (1, — 2, 4, — 8, ...). Oho 6ncTpo pa3pyiuaeT pe-
uieHHe ypaBHeHHH TennonpoßOAHocTH.

PaccMaTpnßaeMbie TpyAHOCTH mo>kho HCKnionHTb c noMouibio cxe-
mh KpaHKa — HnKoncoHa, KOTopan Bcerna rapaHTHpyeT cTa6nnbHoCTb
peuieHHH a^ih nio6oro Aa: h Monger TaK>Ke npnMeHHTbcn k BonHOBHM
ypaBHeHHHM AJin aKycTHnecKHx, sneKrpoMarHHTHbix h ynpyrnx Kone-

dT___od2T 3dT—Cd&* (lU.l.dj

r +l — Tn =2b(n -2r +r ). (10.1.4)k k y k+x k ' k- 1' v '
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6aHHH. 110 cxeMe KpaHKa — HHKoncoHa othocht npocTpaHCTßeHHyio
pa3HOCTb k TOHKe Tn ~*~ cneAyK)ui,HM o6pa3oM:

OneßHAHan 3anana b cxeMe KpaHKa — HnKoncoHa 3aKmonaeTCH
b tom, hto6h cnoco6 nonyneHHH (rt-f-l)-rD BpeMeHHoro ypoBHH H3
n-ro ypoBHH 6ha He AJiHHHee Apyroro, H3BecTHoro. IlepeHOCH Bee nne-
HH c noKa3aTeneM n-f-1 b neßyio nacTb BnpajKeHHH (10.1.5), a nneHH
c noKa3aTeneM n — b npaßyio nacTb, nonynaeM:

B npaßoft nacTH nocneAHero BbipanceHHn BenHHHHa Dnk HBnneTCH H3-
BecTHoft (pyHKUHeft ot Tn. Bnpan^eHHe (10.1.6) npencTaßnneT co6ofi
CHCTeMy coßMecTHbix ypaßHeHHft ajih Tn+l . 3anncaß cc b MaTpHHHoft
cpopMe, nonynHM CHCTeMy ypaßHeHHft, Ha3HßaeMyio TpHAHaroHanbHoft:

Kunen ot i n. tJHpan^eHHe (lu.i.bj npencTaßnneT coooh
viecTHbix ypaßHeHHft ajih Tn+l . 3anncaß cc b MaTpHHHoft
hhm CHCTeMy ypaßHeHHft, Ha3HßaeMyio TpHAHaroHanbHoft:
" (l + 26) —b Hy.iH "l rr 0 -|n+i rD0

~

—b (1+26) —6 Tx D x1
■ == " " (10.1.7)(I+2^) : :

HyjiH —6 J \_TN J \_D N _
BHeHHft THna (10.1.7) mojkho oneHb nerKO peuiHTb. Hume
aur> iit/i nomouno qt<-» tt> Tfwur\ uo«juf\rn pnnvß'Uoo noriioutio

CncTeMy ypaßHeHHft THna (10.1.7) mojkho oneHb nerKO peuiHTb. Hume
6yneT noKa3aHO, hto peuieHHe sto m/ibKo HeMHoro cnonxHee peuieHHH
ypaBHeHHH (10.1.4). CxeMy KpaHKa — HHKoncoHa mojkho peKOMeHAO-
BaTb AJin peuieHHH AH(pcj)epeHUHanbHbix ypaBHeHHH b nacTHbix npoH3-
boahhx HHcneHHHMH MeTOAaMH, TaX KaK oho no3BonneT HCnonb3oßaTb
mo6bie Ax h At 6e3 noTepn ycToftHHBOCTH.

Tenepb paccMOTpHM AByxMepHyio 3aAany pacnpocTpaHeHHH Tenno-
boto noTOKa. ypaßHeHHe TennonpoßOAHocTH b stom cnynae npHHHMaeT
BHA

IlpocTO h s4>cf)eKTHBHO peuiHTb sto ypaßHeHHe mojkho MeTOAOM pac-
menneHHH, b kotopom Hcnonb3yK)TCH ABa pa3nHHHbix ypaBHeHHH AJin
nepeAyiomnxcn BpeMeHHbix uiaroß. 3th ypaBHeHHH hmciot bha

Kan<Aoe H3 ypaßHeHHft (10.1.9a) h (10.1.96) mo>kho peuiHTb no cxeMe
KpaHKa — HHKoncoHa. CymecTßyeT mhoto 6onee h3bccthhx mctoaob
peuieHHH paccManpHßaeMoft 3aAanH, neM mctoa pacmenneHHH, ho hx
norpeuiHOCTH npn OT6pacnßaHHH nneHOB (acHMnTOTHnecKan pa3HOCTb
Men<Ay pa3HOCTHHM h AH(p(pepeHUHanbHHM ypaBHeHHHMH) He CTpe-
mhtch k Hynio cKonbKo-HH6yAb 6ncTpee, neM TaKan me norpeuiHOCTb
AAH MeTOAa pacmenneHHH.

Tn+l -Tn =b(Tn -2T\A-Tn )+b(T'! +1- 2T" +I + T"+1 ). (10.1.5)
k k v k+i k ' k-x' I V 4+l £+1 I k-x' v /

- bTn
k

+
+\ 4-(1 4- 26) Tn

k
+l - bTn+_\ =Dn

k . (10. 1.6)

dL=A&+%). (10...8)

dT 2a d2 T nr. .n .
~W~^C dx2 AJIH Bcex *■ (10.1.9a)

dT 2a dz T /m , nti\
dr== ~C~ 'F2 ,n"nH BCex x' (10.1.96)
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nonpo6yeM ccpopMyjiHpOßaTb 3aAany Ann aKycTHnecKHX Kone6a
hhh no cxeMe KpaHKa — HnKoncoHa. flycTb BenHHHHH v h w 060
3HanaioT ckopocth cMemeHHH nacTHU b HanpaßAeHHnx x n z, a Benn
HHHbI P, p H X — COOTBeTCTBeHHO AaBAeHHe, nnOTHOCTb H HeCHCH
MaeMOCTb. npnpaßHHßan ycKopeHHe k rpaAneHTy AaBneHHH
nonynaeM

da _dPp dt~~ dx
dm _dPP W~~ dz

KpoMe toto, H3MeHeHHe AaBneHHH b coneTaHHH c AHBepreHHiieft cko
pocTn AaeT

dP _ X Ida 1 dw \~6t—~^ \dx~~^"dz)
HepexoAH k MaTpHHHoft cpopMe h nonaran, hto dx o6o3HanaeT d/dx
h t. a., HMeeM

(10.1.10)

llpHBeAeHHe BbipanceHHH (10.1.10) k cxeMe KpaHKa — HnKoncoHa
aHanornnHO npnßeAeHHio k stoii cxeMe ypaBHeHHH (10.1.8). npHH-
UHnnanbHoe paannnne Men<Ay paccMaTpnßaeMHMH BnpanteHHHMH
3aKmonaeTCH b tom, hto b cpopMyne (10.1.10) HMeeM BeKTopn h
MaTpnun, a b cpopMyne (10.1.8) — m/ibKo cKannpn. ripHMeHHH
MeTOA paciuenneHHH k ypaßHeHHio (10.1.10), nonynaeM ajih nepeAy-
ioluhxch BpeMeHHbix uiaroß:

(10.1.11a)

(10.1.116)

npH cpopMynnpoßaHHH rpaHHHHbix ycnoBHH Ann ypaBHeHHH (10.1.11a)
yAo6HO onpenennTb P h U Ha nepenyioiUHXCH KBanpaTax iuaxMaTHoft
AOCkh (cm. pnc. 10.1). TaKoe npeACTaßneHne ncKnionaeT Heo6xoAH-
MOCTb 3aAaHHH npoii3BOAHbix dx h dz 6onee neM Ha oahom HHTepßane.

IlocneAHHft Bonpoc, hmcioiuhii 6onbuioe npaKTHnecKoe 3HaneHHe,
CBH3aH C 6bICTpbIM MCTOAOM peuieHHH TpHAHarOHanbHOft CHCTCMH
ypaBHeHHH, noAo6Hoft CHCTeMe (10.1.6) hah (10.1.7). Bonce o6man
CHCTeMa ypaßHeHHft onncHßaeTcn BbipanceHneM

"PI r 0 —Xdx —Xdz If p-
±u m -,-a, o o\ v .

_W J I —f-% 0 0 Jl W _

Ar p ]= 2 [ ° ~~*d* 1 r p "

—fPI — 2 f ° —KdA \p 1

Ak Tk+ i +B h Th +Ck Tk-i=Dk. (10.1.12)
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JXjih ypaBHeHHH TennonpoßOAHocTH Bee sneMeHTH b BbipanceHHH
(10.1.12) HBnnioTCH CKannpHHMH BennnHHaMH. B npyrnx (pH3HnecKHX
3ananax BenHHHHH A, B n C cneAyeT cnnTaTb MaTpnuaMH pa3Mep-
hocth 2X2, BenHHHHy T — BeKTopoM pa3MepHOCTH 2xl A^ih Kan<AO-
ro b Ha (az+l)-m BpeMeHHOM ypOBHe, a BenHHHHy D k — BeKTopoM
cpyHKHHH nepeMeHHbix norm c pa3MepHOCTbio 2xl, h3bccthoh Ha n-M

x

BpeMeHHOM ypOBHe. IlepexoAH k peuieHHio nocTaBneHHOH 3aAanH,
3anHUieM Apyroe ypaßHeHHe c HeH3BecTHHMH noKa BennnHHaMH Ek,
F h h TeM me pemeHHeM Tk, hto h ajih ypaBHeHHH (10.1.12):

flepenHiueM ypaßHeHHe (10.1.13) co cMemeHHHMH Ha eAHHHuy hh-
AeKcaMH

OoACTaBHB HaftAeHHoe BnpanceHHe b ypaßHeHHe (10.1.12), nonynHM

Flpeo6pa3yeM ypaßHeHHe (10.1.15) TaKHM o6pa3oM, hto6h npHBecTH
ero k BHAy, noAo6HOMy Bnpan<eHHio (10.1.13):

ConocTaßnnn BbipajKeHHH (10.1.16) h (10.1.13), nemo nonynnTb cne-
AyiOLune peKypcHßHbie BHpajKeHHH ajih onpeAeneHHH BennnHH Ek
h Fh :

ripn BHHHcneHHHX Ha 3BM ajih ynpomeHHH peuieHHH 3aAann cne-
AyeT BcerAa cTpeMHTbcn ncnonb3oßaTb MaTpnnn, coAepacaiHHe Hynn,
KaK, HanpHMep, b ypaßHeHnnx (10.1.11).tlepeftAeM k paccMOTpeHHio rpaHHHHnx ycnoBHH. ripeAnononaiM,
hto BenHHHHa T0 3anaHa. TorAa paBeHCTBo (10.1.13) yAOBneTBopneTCH
npn ycnoBHHX Eq=o, Fo=T h mohcho nocneAOßaTenbHO BbinncnHTb
Bee 3HaneHHH Eh h Fk - Ecnn 3aAaHa BenHHHHa TN, to c noMombio
BbipanceHHH (10.1.13) mojkho nocneAOßaTenbHO paccnnTaTb BenHHHHH
TN-i, TN-2, ■ ■ ", Tq. ZlpyrHM yAo6HHM bhaom rpaHHHHHx ycnoBHH
HBnneTCH 3aAaHne OTHOiueHHH r x = To/Ti n r2—TN/TN-i. HanHeM

w=o

z
U= 0

PHC. 10.1. CeTOHHan KOMno-
P— 0 HOBKa aKycTHnecKoro ypaß-

HeHHH

P = 0

Tk =Ek Th+i+Fh. (10.1.13)

7V-1 =£ft_,7'fc +/W (10.1.14)

Ak Th+l +Bk Tk +Ch(Eh^Th +Fh-x)=Dk. (10.1.15)

Th= -(Bk +ChEk-l )-iAkTh+i +
+ (Bk + CkEk^)-'(Dk-ChFk-i). (10.1.16)

Ek =-(Bk + CkEk^)-'A h ; (10.1.17a)
Fk =(Bk + CkEk-x)- x (Dh-CkFk-x). (10.1.176)

Pi Ut p2 u2 P3 V*
w, w2 wi

Pa v* P5 Us Pc u6

W* Ws t Wo
Pi ur Ps Us P9 u9

W-, W* w9



213

c Bbi6opa BenHHHH £'0 =r 1, F o=o h BbinncneHiiH 3HaneHHH Eh h Fk.
PeuiHß BnpanceHHe Ann r2 OTHOCHTenbHO BenHHHHH TN h Hcnonb3oßaß
paBeHCTBo (10.1.14), HaftneM

T —E T -X-F

3aTeM BHHHcnHM BenHHHHH TN-\, TN-2 TaX H*e, KaK npencAe.
KaK yKa3bmanocb paHee, n.MeeTcn mhokcctbo AeTaneft, CBH3aHHHx

c HHcneHHHM peuieHHeM AHCpcpepeHHHanbHHx ypaßHeHHft b nacTHHx
npoH3BOAHbix. B 3Toft rnaße onncaHH TonbKo caMHe BancHne npneMH

PHC. 10.2. nporpaMMa ajih peuieHHH
TpH^naroHajibHOH cncTeMbi ypaBHeHHH

peuieHHH Kpaeßbix 3anan. EfporpaMMa ajih peuieHHH TpHAnaroHanbHOft
cncTeMbi ypaßHeHHft npencTaßneHa Ha pnc. 10.2. IlpeAnonaraeTCH, hto
BenHHHHH A, B h C He 3aBHCHT ot k; KpoMe toto, Hcnonb3yiOTCH
rpaHHHHbie ycnoBHH c HyneßHM HaKnoHOM.

ynpa>KHeHHfl
1. PaccMOTpHTe peuieHHe AByxMepHoro ypaBHeHHH (10.1.8) no cxeMe KpaHKa — Hh-
KOJicoHa Ha ceTKe 4X4. npH stom CHCTeMa ypaBHeHHH ajih HeH3BecTHon BejiHHHHbi

TnAfr HMeeT pa3MepHOCTb 16X16. HaftAHTe cxeMy pa3MemeHHH Hyjieft b MaTpnue
pa3MepHOCTbK) 16X16. yqHTMBaH TpyAHOCTH peuieHHH 3TOH CHCTeMbI B HBHOM BHAe,
CJieAyeT Hcno^b3oßaTb MeTOA paciuenjienHH.

2. Pa3HOCTHan annpoKCHMauHH AncpcpepeHunajibHoro ypaBHeHHH Ten;ionpoßOAHo-
CTH B HaCTHbIX npOH3BOAHHX HMeeT BHA

Mcnojib3yH peuieHHe Pj == Qnzik' kx, HiftAeHHoe mctoaom noAtiopa, npHBeAHTe sto
ypaßHeHHe k OAHOMepnoMy pa3HOCTHOMy ypaßHeHHio. 3anHUiHTe nojiyneHHoe ypaß-
HeHHe c noMombio Z-npeo6pa3oßaHHH. CooTBeTCTByeT jih sto ypaßHeHHe 3aTyxaioiue-
My npoueccy npn jiio6hx AeftcTßHTeJibHMx 3HaneHHHX a h npn JiioQbix mhhmm 3Ha-
neHHHX a? (Hcnojib3yHTe pasjioxcenne b pHA Oypbe no s.)

ri ~\~ FN-V

— (77 FN-\-

SUBROUTINE TRI(A,B,C,N,T,D,E,F)
DIMENSION T(N),D(N),F(N),E(N)
Nl=N-1
E(l)-1.0
F(l)-0.
DO 10 1-2,Nl
DEN=B+C*E(I-1)
E( I)—A/DEN

10 F(I)-(D(I)-C*F(I-1))/DEN
T(N)-F(N1)/(1.0-E(N1))
DO 20 J-I.NI
I-N-J

20 T(I)«E(I)*T<I+1>+F(I)
RETURN
END

aAt (P"i +X — 2Pn
f +Pll.-. ,)

pn+\ pn-\ _. v >AA i_J Lil i.«
W -/ / Ax 2 +s /
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3. H3MeHHTe npnßeAeHHyio Ha pnc. 10.2 nporpaMMy ajih BbiHHCJiHTejibHOH Ma-
uiHHbi TaKHM o6pa3oM, ito6m peuiHTb cncTeMy (10.1.7) 6e3 3aAaHHH rpaHHHHbix
yCJIOBHH C HyjießblM HaKJIOHOM.

4. HannuiHTe nporpaMMy ajih peuieHHH ypaBHeHHH (10.1.6) Ha BbmHCjiHTejibHOH

MauiHHe npn fr = 0,5 c HanajibHbiMH ycnoBHHMH T(l), . . ., 7(20) =0,0 h 7"(21), ......, 7(30) = 1,0. Hcnojib3yHTe noAnporpaMMy nepecbijiKH (TRI).

10.2. 3KCTPAnOJISIUHSI BOJIH B OIITHKE 1

I'eo(pH3HnecKHe H3MepeHHH o6hhho BbinonHHiOTCH BAonb nHHHH npo-
cfmnn (och x) Ha noBepxHOCTH 3eMnn. 110 AaHHHM sthx Ha6nioAeHHft
nonynaiOT npeACTaßneHne o cßoftcTßax 3eMnn nnme cc noBepxHOCTH.
riepßHM uiaroM nacTO HBnneTcn sKCTpanonnuHH AaHHbix Ha6nioAe-
hhh, nonyneHHbix Ha noBepxHOCTH 3eMnn, b HHmnee nonynpocTpaH-
CTßO.

ripen<Ae neM paccMaTpnßaTb HHcneHHbie mctoah npoAonnceiiHH
BonHOßbix noneft b HH>KHee nonynpocTpaHCTßO, npHBeAeM KpaTKHft
0630p MeTOAOB, Hcnonb3yeMbix b onTHKe a^h BOCCTaHOBneHHH BonHO-
bhx c|)poHTOB b MHKpocKonax h TenecKonax. Bonce nonHoe o6"bHCHe-
HHe mo>kho HaftTH b pa6oTe [35].

ripeAnonon<HM, hto BonHOßoe Bo3Mym,eHHe p(x, z, t) 3anaHO
b TOHKe Zq b AByxMepHoft AeKapTOßoft CHCTeMe KoopAHHaT. rioKan<eM,
KaK oho sKCTpanonnpyeTcn (BoccTaHaßnHßaeTcn) nnme stoh tohkh
Ha onTHnecKoft och. flpn npoeKTHpoBaHHH nynKa CBeTOBnx nyneft
BAonb onTHnecKoft och BO3HHKaiOT Tpn AOCTaTOHHO o6mne 3aAann.
riepßan 3anana BO3HHKaeT npn npoeKTHpoBaHHH nynKa nyneft nepe3
anepTypy hah cpOTorpa(pHnecKHft TpaHcnapaHT. PacnpeAeneHHe hh-
tchchbhocth CBeTOßoro nynKa HBnneTcn cpyHKHHeft npO3panHOCTH
anepTypn hah TpaHcnapaHTa, KOTopan H3MeHneTCH ot 0 ao 1. Oo-
naran, hto onTHnecKan ocb coßnanaeT c ocbio z, n orpaHHHHßancb
AByxMepHoft 3aAaneft, paccMOTpHM nornomaiomHH cbct TpaHcnapaHT
T(x) , pacnononceHHbift b tohkc zQ -\-dz/2. TorAa

BTopan 3anana BO3HHKaeT npn npoeKTHpoBaHHH cbctoboto nynKa
nepe3 nHH3y, KOTopan o6nnHO npn6nH>KeHHO paccMaTpHßaeTcn KaK
«TOHKan nHH3a». flpn stom hco6xoahmo onpenenHTb AHCpcpepeHUH-
anbHyio cpyHKHHio 3aAe\omKH x(x), KOTopan onncHßaeT BpeMeHHyio
3aAepn<Ky CBeTOBnx nyneft npn npoxon<AeHHH hx nepe3 nHH3y H3
ToneK, noKamHx Ha och x, napannenbHO och z. Ecnn nnH3a pacno-
jiomena b Tonne Zo~\-dzl2, to cßepTKa BonHOßoro norm c 3anepn<aH-
hhm nenbTa-HMnynbcoM HMeeT bha

PaccMaTpiißaeMnft BpeMeHHoft cabht npocTo BbipancaeTcn b nacTOT-
noft o6nacTH, me CBepTKa (10.2.2a) 3aMeHneTCH npoH3BeAeHneM.

1 B OTeqecTßeHHon JiHTepaType oSuhho HcnoJib3yiOTCH TepMHHbi: «npoAOJi>KeHHe»,
«aHajiHTHHecKoe npoAOJi>KeHHe», «BoccTaHOßJieHHe» (flpuM. nepee.)

p(t, x, z0 +dz)=T(x)p(t, x, Zo). (10.2.1)

p(t, x, Zo Jrdz)= jp(t— s, x, zo )6[s—x(x)]ds=
=p[t—x(x), x, zQ]. (10.2.2a)
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TorAa
(10.2.26)

TpeTbn o6m,aH 3aAana b onTHKe BO3HHKaeT npn pacnpocTpaHeHHH
BonH nepe3 o6nacTb cßo6oAHoro npocTpaHCTßa. yAHBHTenbHO, hto
sto HaH6onee TpyAHan H3 Tpex 3anan. BcnoMHHM BonHOßoe ypaßHe-
HHe

npHHHMaH CKOpOCTb V nOCTOHHHOft BO BpeMeHH H b npocTpaHCTße,
moh<ho c noMombio HaftneHHoro noA6opOM peuieHHH p(t, x, z)=
=P(co, k x , z)e * CBecTH ypaßHeHHe (10.2.3) k o6biKHOBeHHOMy
AHCpc{)epeHHHanbHOMy ypaßHeHHio:

(10.2.4)

ikz —ikz
FlocAeAHee ypaßHeHHe HMeeT ABa peuieHHH c h e , rAe

(10.2.5)

Oahhm h3 sthx peuieHHH HBnneTcn BOAHa, pacnpocTpaHHiomaHCH
bhh3 BAonb och z, a ApyrHM — BonHa, pacnpocTpaHHiomaHCH BBepx
BAonb Toft me och. HananbHHe ycnoBHH (h npn6nHH<eHHe, npeAno-
naraioiuee OTcyTCTBHe o6paTHoro paccenHHH ot nHH3 h anepTyp)
no3BOnnioT OT6pocnTb oaho h3 sthx peuieHHH, ocTaBHB cneAyiomee:

(10.2.6)
lTpaßan nacTb nocneAHero BHpanceHHn HBnneTcn npOH3BeAeHHeM

AByx cbyHKHnft, 3aßHcniHHx ot k x. OHa HBnneTcn TaKHce npoH3BeAe-
HHeM AByx cpyHKHHft nacTOTH co. 3to 03HanaeT, hto c noMombio
CTaHAapTHoro npeo6pa3oßaHHH Oypbe mohcho npeACTaBHTb Bbipance-
Hne (10.2.6) b BHAe cBepTKH bo BpeMeHHoft o6nacTH, nn6o b o6nacTH
npocTpaHCTßa x, ah6o cpa3y b o6enx o6nacTnx. ripeo6pa3oßHßaH
cpyHKHHio nepeAann «(pHnbTpa»

(10.2.7)

b npocTpaHCTßeHHyio o6nacTb, nonynnM «HMnynbCHyio peaKHHio
(oTKnnK)», KOTopan b paccMaTpHßaeMOM cnynae HMeeT cpH3HnecKHH
cMbicji BonHOßoro norm, npoxoAnmero nepe3 TonenHyio anepTypy.
JIyHH, BbIXOAHUIHe H3 TOHCHHOrO OTBepCTHH, BeAyT Ce6n OTHaCTH nO-
ao6ho nyny ot TonenHoro HCTOHHHKa. Ha pnc 10.3 npnßeAeH 3Hepre-
THnecKHft cneKTp H3oTponHoro pacnpeAeneHHH nyneft pah TonenHoro

P (to, x, z0 -\-dz) =P (to, x, z0 ) e lwz {x) .

(dxx + dMu- -grit) P(*> xt z)^o. (10.2.3)

>=(-£+*■«)'"
*.-(£-*«)r

P(<o,k x ,z)=P(i»,k x ,z0 )e z =P(co, kx , z0) c

cxP '[y - k\j (Z - Z 0)
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HCTOHHHKa. KaK BHA'HO, B OKpeCTHOCTH ymoß o=+9O° OTMenaeTCH
crymeHHe nyneft npn kx ==dz(ojv. 3Heprnn, KaK cpyHKunn napaMeTpa
kx , nponopuHOHanbHa BennnHHe dQ/ (dkx / dQ) =dQ/ (d sin Q/ dQ) =

PHC. 10.3. SHepreTHHecKHH
TponHOro pacnpeAeJieHHH
HOrO' HCTOHHHKa K3K CpyHKHHH

co
Boro HHCJia k s"n 8v

I CneKTp H3O
Jiynefi ToneHToneH-

BOJIHO-

= dQ/cosQ= [1— (ufc*/co) 2 ]- 1/2ciB.
3tot pe3ynbTaT mojkct 6biTb cono-
CTaßnen c (pyHKuneft nepeAann
(10.2.7). Pa3nHHHe Memny sthmh
AByMH cnynanMii 3aKmonaeTcn b
tom, hto (pyHKUHH nepeAann
(10.2.7) HMeeT eAnnnHHyio aMnnn-
TyAy, He 3aßHcnuiyio ot BcnunHHH
k b HHTepßane —'cd/u<&<+co/'XJ,
Torna KaK cneKTpanbHan aMnnHTy-
na TonenHoro HCTOHHHKa b coot-
BeTCTBHH C pHC. 10.3 HMeeT MeHb-
UiyK) BenHHHHy B OKpeCTHOCTH TOH-
KH k x =0 h HeorpaHiineHHO Bo3pa-
daeT npn k x =Az(i)jv. 3to 03Hana-
eT, hto anepTypHan (annapaTHan)
cpyHKHHH He o6naAaex ccpepnnecKOM
H3oTponHeft, KaK y TonenHoro he-
TOHHHKa, a HMeeT 6onbuiyio sHep-
thk) b o6naciH k x =0, t. c. AaeT
HanpaßneHHoe ,H3nyneHHC BAonb
ocn z. ITo-BHAHMOMy, He cy-
iHecTßyeT. npocToft aHanHTHnecKoft
npoueAypn Ann Oyp'be-np.eo6pa-
30B3HHH CpyHKHHH (10.2.7) BO Bpe-
MeHHOM h npocfpancTßeHHoft oo-

nacTHx. Oahh H3 mohx Konner, OHnnnn LLlyjibu, ocyiuecTßHn HHcnen-
noe npeo6pa3oßaHne Oypbe Ann pHAa (pyHKHHH nepenan,-H3o6paxce-
hhh AeftcTßHTenbiibix nacTeft KOTOpnx noKa3aHbi Ha pnc. 10.4— 10.6.
AriCKpeTHOCTb Bn6opKH AaHHbix, noAßepniyTbix npeo6pa3oßaHHK>

PHC. 10.4. H3o6pa>KeHHe cpyHKUHH nepeAann BOJiHOBoro ypaBHeHHH
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<$>yppe, BH3bißaeT nepiiOAHnHOCTb pe3ynbTaTOß no BceM KOopAHHaTaM
npeo6pa3oßaHriH. yKa3aHHan nepHOAHHHOCTb HBnneTCH coßepiueHHO
oneBHAHon h xopoiuo BHAHa Ha Bcex pncyHKax. Ha pnc. 10.4 npen-
CTaBneHO H3o6pa>KeHHC b nnocKOCTH (x, z) Ann c^HKCHpoBaHHoro
MOMeHTa BpeMeHH t peuieHHH (pyHKUHH exp[t(co2/u2—k2xyi2z\ b BHAe

PHC. 10.5. H3o6pa>KeHHH cpyHKUHH nepeAa-in bojihoboix) ypaBHeHHH na CeHCMHHC
ckom npotpHJie

ABOHiioro pnna Oypbe no napaMeTpaM k x h co. OpoHTbi BonH hmciot

bha nonyoKpyncHOCTeft, npnneM b o6nacTH, me BonHH pacnpocTpa-
hhiotch BAonb och z, aMnnnTyAH hx MaKCHManbHH. Ha pnc. 10.5
npeACTaßneHo H3o6pancenHe aj^h cpyHKHHH nepenanH (10.2.7), nony-
neHHoe b BHAe abohhoto pHAa Oypbe no napaMeTpaM k x h co. H3O-
6pa>KeHne noKa3aHO b nnocKOCTH (x, t) npn cpHKcnpoBaHHOM 3Hane
hhh rjiy6niibi Zq. BpeMena BCTynneHHH BonHH, H3MepeHHne Ha pa-nHHHHx paccTOHHHHx ot TonenHoro OTBepcTHH, b iianane KOOpAHHaT
Ha SKpaHe (x, z0 ) oopa3yiOT rHnep6ony. Jlyneßan TeopHH nerKO

PHC. 10.6. JlencTßHTe/ibHaH qacTb tohhoh cpyHKUHH nepeAann (10.2.7)
B KOOpAHHaTaX kx H Z npH nOCTOHHHOH nacTOTe co

nocTpoeHHan
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06-bHCHneT STy 3aßiiciiMoCTb Ann BpeMCHH pacnpocTpaHeHHH boahh.

OAHaKO MeAneHiioe 3aTyxaHiie aMnnHTynn BonHH BAonb rHnep6onn
b 3aBncHMOCTH ot yrjia BbixoAa nyna, cBH3aHHoe c HBneHHeM AHCppaK-
Hhh, paccHHTaTb aHanHTHnecKH He TaX npocTO, oco6chho Ha 6onbHiHX
ynaneHKHX ot och. cpyHKHHH HaKnoHa nyna He cneAyeT
nyTaTb c BnHHHHeM noMex, BOSHHKaiomHX npH H3o6pajKeHHH Aennra-
cpyHKUHH Ha ceTKe. Ha pnc. 10.6 noKa3aHa AeftcTßHTenbHaH nacTb

cpyHKUHH nepeAann exp[i ]/co2/t;2—k 2xz] b KOOpAHHaTax kx h z npH
nocTOHHHoft nacTOTe co. KaK bhaho, STa cpyHKHHH cKanKOo6pa3HO

PHC. 10.7. PeajiH3auHH npeo6pa3oßaHHH Oypbe c noMombio jihh3h (a) h AByx no-
cjieAOßaTejibHbix jihh3, pacnojiojKeHHbix Ha abohhom cpoKycHOM pacCTOHHHH Apyr ot
Apyra (6).

H3MeHneTcn npn ycnoBHH ($ 2/v2=k2x , t. c. Ha rpaHnue uemAy 06-
-nacTHMH pacnpocTpaHeHHH h Hcne3HOBeHHH BonHH.

Xopouio H3BecTHO, hto nHH3y mojkho Hcnonb3oßaTb ajih nonyne-
hhh npeo6pa3oßaHHH Oypbe. OaKTHnecKH npeo6pa3oßaHHe Oypbe
ocyuiecTßHMO nnuib Ha 6ecKOHenHOCTH. JlnH3a me cnymHT ajih toto,
hto6h nepeHecTii H3o6pan<eHHe cneKTpa H3 6ecKOHenHOCTn b yAo6Hbift
Ann Hac HHTepßan paccTOHHHft. npeAnononaiM, hto MOHOxpoMaTune-
ckog onTnnecKoe Bo3MymeHHe P(x, z, co) Ha6nioAaeTCH b tohkc zO.
OyHKHHn, onncbißaioiuaH sto Bo3Mym,eHHe, 3aBHCHT ot nepeMeHHoft x.
Ec mojkho npencTaßHTb b BHAe HHTerpana Oypbe no KOMnoHeHTaM

A(kx)e x . Ba>KHO OTMeTHTb, hto Kan<Aan TaKan KOMnoHeHTa npen-
CTaßnneT co6oft nnocKyio BonHy, pacnpocTpaHHiomyiocH non yrnoM
sino= v&x/co k och z. Ha 6ecKOHenHOCTH Bee sth nynn OTAennioTCH
Apyr ot Apyra. Ecnn hx cnpoeKTnpoßaTb Ha snpaH, to Han6onee
yAaneHHHMH ot tohkh x=o onajKyTcn caMbie 6onbuiHe 3HaneHHH kx .
3to noKa3aHO Ha pnc. 10.7,aajih cnynan, KorAa Hcnonb3yeTcn nnH3a.
CHHycOHAanbHbie Kone6aHHH b o6nacTH x HBnnioTCH pe3ynbTaTOM
pacnpocTpaHeHHH BonHH noA HeKOTopnM yrnoM k och z. B o6nacTH
BonHOßbix HHcen kx (npocTpaHCTßeHHbix nacTOT) nHH3a npeo6pa3yeT
nyn b TOHKy, TaX KaK npeo6pa3oßaHHe Oypbe AJin CHHycoHAanbHoro
curnana HMeeT bha AenbTa-cpyHKHHH, OTKnoHeHne KOTopoft ot onTH-
necKoft och nponopHHOHanbHO nacTOTe Kone6aHHft CHHycoHAanbHoro
cnrHana. j3,Be nocneAOßaTenbHO ycTaHOBAeHHne Ha abohhom cpOKyc-

; — <J>ypbe-npeo6pa3oßaHHe f(x)=6(k—k0 )
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hom pacCTOHHHH Apyr ot Apyra nnH3H nepeßopannßaiOT H3o6paxeHHe
(pnc. 10.7,6). 3to HBnneTcn cpH3HnecKHM nponßneHHeM toto MaTe-
MaTHnecKoro cpaKTa, hto npeo6pa3oßaHHe Oypbe He HBnneTcn o6paT-
hhm k caMOMy ce6e npeo6pa3oßaHneM. 06paTiioe npeo6pa3oßaHHe
HMeeT npoTHßononon<Hbift 3HaK b noKa3aTene sKcnoneHTH. Mojkho
nerKO npoßepHTb, hto npoH3BeAH npeo6pa3oßaHHe Oypbe ABajKABi,
mo>kho tohho BOCcTaHOBHTb nepßOHananbHyio (popMy BonHH.

10.3. SKCTPAnOJIJIUHfI MOHOXPOMATHHECKHX BOJIH
HHCJIEHHbIMH METOHAMH
OnTHnecKHft mctoa sKCTpanonnHHH BonH HenpnMeHHM AJin cpeA, cko-
pocTL pacnpocTpaHeHHH BonH b kotophx HBnneTcn (pyHKHHeH Koop-
AHHaT npocTpaHCTßa, t. c. v= v(x, z). B stom cnynae KOMnneKCHan
SKcnoHeHUHanbHan (pyHKunn He HBnneTcn peiueHHeM BonHOßoro ypaß-
HeHHH. nosTOMy nonnTaeMcn HaftTH HHcneHHyio npouenypy sKcrpa-
nonnuiiH BonHOßbix noneft, He 3aßHCHiuyio ot aHanHTHnecKHX peuie-
iinft nnii nio6oro nacTHoro pacnpeAeneHHH cKopocTeft pacnpocTpaHe-
HHH BonH b cpene. npeAnononteHHe o MOHOxpoMaTHHHOCTH peuieHHH
npiiBOAHT BonHOßoe ypaßHeHHe k ypaßHeHHio TenbMronbHa:

(10.3.1)

Tenepb paccMOTpHM BO3Mon<HOCTb Hcnonb3oßaHHH ypaBHeHHH (10.3.1)
AJ^h sKCTpanonnuHH BO3MymeHHH P(x, zQ ) b HanpaßneHHH och z.
npennonon^HM, hto 3HaneHHH cpyHKHHH P Ha ypoßHe z0 3aAaHH ajih
Bcex x. TorAa mojkho HaftTH BenHHHHy P ZZ c noMombio nepecTaHOBKH
HJieHOB b ypaBHeHHH (10.3.1):

(10.3.2)

Opii 3aAaHHbix BenHHHHax P, Pz aah Bcex x h HeKOTopoM onpeAeneH-
hom 3HaneHHH z cpopMyna (10.3.2) TeopeTHnecKH no3BonneT ncnonb-
aoßaTb KOHenHO-pa3HOCTHyio cxeMy ajih onpeAeneHHH BeAHHHH P h Pz
Ha ypoßHe z +Az. OnHaKo npn stom BO3HHKaeT BecbMa cymecTßeH-
Han TpyAHOCTb. llto6h noHHTb cc, npennonoKHM, hto CKopocTb pac-
npocTpaHeHHH BonH b cpene nocTOHHHa h He 3aBHCHT ot x, a npe-
o6pa3oßaHHe Oypbe TpaHccpopMHpyeT 3aBHCHMOCTb ot x b 3aBHCH-
MOCTb ot kx. Torna cpopMyna (10.3.2) npHHHMaeT bha

(10.3.3)

Ha peuieHHe ypaBHeHHH (10.3.3) OKa3HBaeT BnunHHe 3HaK
MHOKHTenn —co2/t72 +& 2x. Ecnn oh nonon<HTeneH, to ypaßHeHHe
TenbMronbHa 6yneT HMeTb Bo3pacTaioiUHe h 3aTyxaioiUHe sKcnoHeH-
unanbHbie peuieHHH. npn OTpnuaTenbHOM 3HaKe peuieHHe ypaBHeHHH
(10.3.3) HMeeT CHHyconAanbHnft xapaKTep. Bo3pacTaiOHiHe SKcnoHeH-

P A-P _ ~ to2 P

p = - <°2
P-P1 zz v xx

Pzz =[-^+k\)P.
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nnanbHbie pemeHim khk pa 3h cocTaßnniOT npo6neMy. OAHaKO hx
mojkho yAepn<aTb BHe norm 3peHHH, ecnn 3aAaTb Bo3pacTaiomyio
SKcnoHeHUHanbHyio (pyHKUHio c Hyneßoft HananbHoft aMnnHTyAoft.
3to mo>kho cnenaTb, 3anaß onpeneneHHoe cooTHomeHHe Men<ny Benn-
HHHaMH P H Pz . iJeftCTBHTenbHO, B reOC})H3HKe 06bIHH0 H3MepHK)T
KaKHM-nn6o cnoco6oM TonbKO BennnHHy P. nosTOMy moxho norm-
TaTbcn onpenenHTb TeopeTHnecKH BennnHHy Pz no 3HaneHHK) Benn-
hhhh P TaKHM o6pa3oM, hto6h HCKnionHTb Bo3pacTaiomee no
sKcnoHeHTe peuieHHe. KpoMe toto, b onTHKe sKCTpanonnunn BO3My-
UI,eHHH P(X, Z\) no P(X, Z2 ) He Tpe6yeT 3HaHHH npOH3BOAHOH (pyHKUHH
Pz (x, Z\). BonHOßoe ypaßHeHHe HBnneTcn ypaßHeHneM BToporo nopnA-
Ka no z h, cnenoßaTenbHO, HMeeT ABa peuieHHH (ajih bocxoahiuhx h

hhcxoahuihx BonH) . TaKHM o6pa3oM, Heo6xoAHMH ABa rpaHHHHbix ycno-
BHH. B o6hhhhx Kpaeßbix 3ananax c})H3hkh Tpe6yeTcn HaftTH peuieHHe
b cpeAHeft o6nacTH uemAy TOHKaMH z0 h Zn, a cooTBeTCTByioiHHe
rpaHHHHbie ycnoBHH AonncHH 3anaßaTb 3HaneHHH P b TOHKax z0 h Zn.
KaKHM o6pa3oM b onTHKe yAaeTcn H36en<aTb Heo6xoAHMocTH 3HaTb
jih6o Pz b TOHKe Zq, nn6o P b tohkc zn? 3to AOCTHraeTcn TeM, hto
oaho H3 AByx pemeHHft OT6pacnßaeTcn npn onpeneneHHH BenHHHHH
k z 3a cneT Bbi6opa TonbKO OAHoro H3 AByx bo3mo>khhx KBaApaTHbix
KopHeft. nocKonbKy oaho peuieHne 6nno OT6poiueHO, to AOCTaTOHHO
TonbKO OAHoro rpaHHHHoro ycnoBHH bmccto AByx. OT6pacnßaHHe
OAHoro H3 peiueHrift paßHoennbHO BBeneHHio onpeneneHHoro npenno-
nonceHHH cj)H3HnecKoro xapaKTepa, KOTopoe Mon<eT OKa3aTbcn KaK
cnpaBeAnHBHM, TaX h ouih6ohhhm. CnpaßennHßOCTb stoto npenno-
non<eHHn Bcerna onpenenneTCH kohkpcthhmh ycnoBHHMH 3anaHH pac-
npocTpaHeHHH BonH b cpene. Hauia uenb — npeo6pa3oßaHHe ypaßHe-
HHH (10.3.2) k BHAy, no3BonnioiueMy Hcnonb3oßaTb o6biHHoe ajih
onTHKH npeAnononceHHe o tom, hto b cpene pacnpocTpaHHiOTcn Bon-
hh, KOMnoHeHTbi KOTopnx HanpaßneHH TonbKO BAonb och +z, He
bboah npn stom o6biHHoro b onTHKe npennono>KeHHH 06 OAHopon-
iiocTH cpenn. BMecTo ypaBHeHHH BToporo nopnAKa (10.3.2), onHcn-
Baiomero BonHH, pacnpocTpaHmoiUHecn KaK b nono>KHTenbHOM, TaX
h b OTpnuaTenbHOM HanpaßneHHH BAonb ocn z, xoTenocb 6h HMeTb
ypaßHeHHe nepßoro nopnAKa, onHCbißaioui.ee BonHH, pacnpocTpaHHio-
uiHecn TonbKO b HanpaßneHHH och +z. nocKonbKy BennnHHy Pz mh
sKcnepnMeHTanbHO He Ha6niOAaeM, to ueHHHM cboSctbom TaKoro
ypaBHeHHH nepßoro nopnAKa 6nno 6h Tpe6oßaHHe b KanecTße Ha-
nanbHoro ycnoßnn TonbKO oahoh BenHHHHH P(x), a He AByx BennnHH
P h Pz. B reo(pH3HnecKHX 3aAanax nacTO mojkho ncnonb3oßaTb npen-
nono>KeHHe o HanHHHH TonbKO HHCXOAnmeft BonHH (HanpHMep, npn
onncaHHH BonHOßbix noneft, H3nynaeMbix c noMombio cneuHanbHoro
o6opyAOßaHHn). C npyroft ctopohh, npeAnonoJKeHHe 0 HannnHH
TonbKO BoexoAnmeft BonHH nacTO Hcnonb3yeTcn Ann onncaHHH no-
cneAyioiHHX Ha6niOAeHHft. Ectcctbchho, hto npHMeHHMOCTb sthx npen-
nonon^eHHft AOAmna npoßepnTbcn b Kan<AOM KOHKpeTHOM cnynae.
J\ah nnocKoft BonHH, pacnpocTpaHmouieftcn b nonon<HTenbHOM Ha-
npaßneHHH ocn z, mojkho 3anncaTb

P(x, z)=Q9 e i{w/v)z,



rAe Qo — HeH3BecTHan nocTOHHHan, t. c. BonHa HMeeT HeH3BecTHne
aMnnHTyny h cj)a3y. nosTOMy

B stoh c|)opMynHpOßKe yTBep>KAeHHe, hto BennnHHa Q(x, z) — npn-
6nH3HTenbHO nocTOHHHan (pyHKUHH ot x h z — HBnneTcn AOBonbHO
neonpeAeneHHoft h Tpe6yeT yTOHHeHHn. OrpaHHHHßan Bbi6op BenHHH-
HH Q(X, Z) MeAneHHO H3MeHHK)HIHMHCH (pyHKHHHMH, MH TCM CaMHM
orpaHHHHM peuieHHe BonHOßoro ypaBHeHHH P(x, z) nonTH nnocKHMH
BonHaMH, pacnpocTpaHHioiHHMHcn b HanpaßneHHH och z. B AeftcTßH-
TenbHOCTH peuieHHe P MonceT npencTaßnnTb co6oft nnocKyio BonHy,
pacnpocTpaHHioniyiocn non He6onbHiHM yrnoM k och z, a xaKme
Mannft ynacTOK cppoHTa ccpeprinecKoft BonHH. 3to peuieHHe mojkct

onncbißaTb Ha6nioAeHHbie OTpanteHHbie BonHbi nnn nocne noßopoTa
chctcmh KoopAHHaT Ha 90° noßepxHOCTHbie BonHH.

OTHOineHHe co/v Ha3HßaeTcn npocTpaHCTßeHHoft nacTOToft BonHH:

OpocTpaHCTßeHHoe cpeAHee 3HaneHne m

B OAHopoAHoft cpeAe BennnHHa m paßHa npocTpaHCTßeHHoft nacTO-
Te m. Torna BonHOßoe Bo3MymeHHe HMeeT bha

P(x, z)=Q(x, z)eim*. (10.3.6)
ZlononHHTenbHoe ycnoßHe MenneHHOCTH H3MeHeHHH BennnHHH Q(x, z)
B 3aBHCHMOCTH OT Z 3aKnK)HaeTCH B TOM, HTO6bI (pyHKUHH m (X, z)
6nna OTHOCHTenbHO 6nH3Ka k 3HaneHHio fh. BbinncnHß HeKOTopne
nacTHbie npoH3BOAHbie BbipanteHHH (10.3.6), nonynHM

HoACTaBHB Bbipan<eHHn (10.3.76) h (10.3.7r) b ypaßHeHHe (10.3.1)
h coKpaTHB sKcnoHeHHHanbHbift MHO>KHTenb, HaftneM:Qxx + Qzz+ 2imQz + (m2—fh2 ) Q=0. ( 10.3.8)noKa^KeM, hto bo mhothx cnynanx cpyHKUHH Q H3MeHneTcn HacTonbKO
MenneHHO, hto b ypaBHeHHH (10.3.8) mokho npeHe6penb nneHOM Qzzno cpaßHeHHio c BennnHHoft 2imQz. Upn stom nonynaeM TaX Ha3H-
BaeMoe napa6onHnecKoe hah napaKcnanbHoe (npnoceßoe) npn6nH-
n<eHHe. Torna hckomoc ypaßHeHHe nepßoro nopnAKa no z c oahhm
HananbHHM 3HaneHHeM HMeeT bha

Pi \ r\ i \ i (<d/v) z(x, z)=Q(x, Z)e

tn =—^—-. (10.3.4)v (x, z) y '

m~~-. (10.3.5)
V

Px =Qx e imz ; (10.3.7a)

Pxx =Qxx^\ (10.3.76)

Pz =(Qz + imQ)e' mZ ; (10.3.7b)

Pzz = (Q zz + 2/mQz - m2 Q, c'm 2. (10.3.7r)

Qxx +2imQz+ (m 2—fh2)Q=0. (10.3.9)
221
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Rah OAHOpOAHoft cpeAH ypaßHeHHe (10.3.9) npHBOAHTcn k BHAy

KaK bhaho, ypaßHeHHe (10.3.10) HMeeT Ty me caMyio cpopMy, hto
h ypaßHeHHe TennonpoßOAHocTH, ecnn z accoHHHpyeTcn co BpeMeHeM,
a yAenbHan TennonpoßOAHOCTb cnnTaeTcn MHHMoft BennnHHoft. 3to
ypaßHeHHe h3bcctho TaX me, KaK ypaßHeHHe lilpeAHHrepa. Ero mojk-

ho peuiHTb HHcneHHHM mctoaom, onncaHHHM a^ih ypaBHeHHH Tenno-
npoßOAHocTH b pa3Aene 10.1. ypaßHeHHe (10.3.10) mohcho npHMeHHTb
Ann pa3nHHHbix ueneft. Hocmotphm, hto mh noTepnnH, OTfjpocHß nneH
Qzz . o6nernHTb cpaßHeHHe ypaBHeHHH (10.3.10) c BonHOBHM
ypaBHeHHeM, nepeftneM BHOBb ot nepeMeHHofi Q k nepeMeHHon P.
OnpeAennM (pyHKUHio Q h cc npoH3BOAHbie H3 ypaBHeHHH (10.3.6)
h (10.3.7)

noACTaBHB Bbipan<eHHH (10.3.116) h (10.3.11b) b ypaßHeHHe (10.3.10)
h coKpaTHB sKcnoHeHTy, nonynHM TaX Ha3bmaeMoe OAHOCTopoHHee
sonHOBOe ypaBHeHHe 1 :

(10.3.12)

Oahhm hs cnoco6oß peuieHHH nio6oro AH<p(pepeHUHanbHoro ypaßHe-
HHH B HaCTHHX npOH3BOAHHX C nOCTOHHHHMH KOS(p(pHUHeHTaMH
b AenapTOßoft CHCTeMe KoopAHHaT, HBnneTcn BBeAeHHe KOMnneKCHOH

(ik x+iKz)
SKcnoHeHTH BHAa c . Ecnn BonHOßbie nucna kx n kz OKa3H-
BaiOTcn AeftcTBHTenbHHMH, to sto npo6Hoe peuieHHe mojkho HHTep-
npeTHpoßaTb KaK nnocKyio BonHy, pacnpocTpaHmomyiocH b Hanpaß-
neHHH k=(kx , kz). noACTaßnnn paccMaTpHßaeMyio SKcnoHeHUHanb-
Hyio cpyHKHHio b ypaBHeHHH (10.3.1) h (10.3.12) h coKpaman

1 3to ypaßHeHHe hb/ihctch TaKH<e napaSojinnecKHM. (flpuM. nepee.)

Qxx +2imQz=o. (10.3.10)

PHC. 10.8. TpacpHKn AonycTH-
MblX BOJIHOBbIX HHCCJI AJIH BOJIHO-
Boro ypaBHeHHH (a) h oahocto-
poHHero BOJiHOBOro ypaßHe-
HHH (6)

Q=Pc~i"; (10.3.11a)

Qxx== Pxxe-i^ ; (10.3.116)

Qz = (Pz—imP) er**. ( 10.3. 1 1b)

Pxx +2im(Pz—ifhP)=o;

Pxx +2ifhPz~-2ifh2P=O.
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sKcnoHeHTH, nonynHM ABa anre6pannecKHX ypaBHeHHH, Ha3HßaeMbix
AHCnepCHOHHHMH COOTHOUieHHHMH:

TpacpHKH aah sthx AByx ypaBHeHHH npHBeAeHH Ha pnc 10.8.
JXah BonHOßoro ypaBHeHHH rpacpHK HBnneTcn oKpyn<HOCTbio; sto tobo-

PHC. 10.9. H3o6pan<eHHH cpyHKUHH nepeAann ajih TOHHoro (/) BOJiHOBoro ypaßHe-
HHH H ero 15-rpaAycHoro (2) h 45-rpaAycHoro (3) npn6jiH>KeHHH (ajih MOHOxpoMa-
THHeCKOH BOJiHbi)

pHT o tqm, hto BonHOßoe HHcno b npoH3BonbHO Bbi6paHHOM Hanpaß-
neHHH, t. c. k= (k2x -\-k2z ) l/ 2 paBHO nocTOHHHoft co/u. OAHaKO ajih
OAHOCTopoHHero BonHOßoro ypaBHeHHH sto HeßepHO. B stom cnynae
HMeeM nnuib npH6nHn<eHHoe paBeHCTBo k 2x -\-k2z^na2/v2 npn Mannx
yrnax 0. Phc. 10.8, a HnmocTpupyeT tot (paKT, hto ypaßHeHHe

—k2x—A:Vf-m2=o; ( 10.3. 13)
—k2x—2mkz +2fh2 =o. (10.3.14)
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(10.3.14) ecTb HananbHoe ycnoßHe OTHOCHTenbHO z, TaX KaK Kan^AOMy
3HaneHHio BennnHHH kx OTBenaiOT ABa 3HaneHHH BenHHHHH k z. Bto me
BpeMn b cooTBeTCTBHH c pnc. 10.8,c5 HMeeTCH TonbKO oaho 3HaneHHe
BenHHHHH kz ajih Kan<Aoro 3HaneHHH kx .

Ha pnc. 10.9—10.12 noK3 33HH pe3ynbTaTn npeo6pa3oßaHHH npn-

OJiHHcejHHofl cpyHKuneft c z c noMombio BonHOßoro ypaBHeHHH cpyHKHHH

PHC. 10.10. H3o6pa>KeHHH cpyHKHHH nepeAanH TO^Horo bojihoboi-o ypaBHeHHH (1)
h ero 15-rpaAycHoro (2) w 45-rpaAycnoro (3) npHS/iHwenHH

KOCTH (x, Z) n3o6pa>Ken pe3ynbTaT npeo6pa3oßaHHn npeACTaßneHHoft
pnAOM Oypbe no napaMeTpy k x cpyiKUHH nepeAann tohhoto BonHOßoro
ypaBHeHHH exp [i(i — k 2

xv 2 j(a2 ) toz^] npn cpHKCHpoBaHHoft nacTOTe to
0.

Ha KaApe 2 H3o6pan<eHo to >kc caMoe Ann cpyPKUHH nepeAann 15-rpa-
AycHoro npH6nnnieHiin exp [i(\ — k 2

xv2
1 2w2 )u>z ? v . Ha HH>KHeM Kanpe —

c 2 ii hx rpc( 6p?3OBaHHH Oypbe. Ha pnc. 10.9 Ha KaApe / b nnoc-
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to me caMoe jum cpyHKUHH nepenanH 45-rpaAycHoro npH6AH»ceHHH
exp i — t T~\Jr-2 z H3 ynp?>KHeHHH 2 stoto pa3Aena. OH3HHecKHpa3Aena. OH3HHecKH

PHC. 10.11. H3o6pa»ceHHH cpyHioiHH nepeAann TOHHOro BOJiHOBOro ypaBHeHHH (/) h
ero 15-rpaAycHoro (2) n 45-rpaAycHoro (3) npn6jiH>KeHHn BAOJib ceflcMnqecKoro
npocpHAH

pnc. 10.10 npHßeneHH pe3ynbTaTH npeo6pa3oßaHHH Tex me (pyHKHHH
nepenanH BonHOßoro ypaBHeHHH, hto h Ha pnc. 10.9, npeACTaBneHHHX
ABoftHHM pHAOM Oypbe no napaMeTpaM kx h ex b nnocKOCTH (x, t)
Ann (pHKcnpoßaHHoro MOMeHTa BpeMeHH (Ann BonHOßoro ypaBHeHHH
C 3aBHCHUI,HMH OT BpeMeHH KO3Cp(pHUHeHTaMH) .

Ha pnc. 10.11 npHBeAeHH pe3ynbTaTH npeo6pa3oßaHHH npeACTaB-
JieHHHX ABoftHHM pHAOM Oypbe no napaMeTpaM k x h co cpyHKHHH

KapTHHa npeACTaßnneT co6oft pe3ynbTaT npoxoncneHKH boah nepe3
ManeHbKne OTBepCTHn, pa3Mein.eHHbie nepHOAnnecKH BAonb och x. Ha
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nepeAann a^h pa3nHHHbix npn6nH}KeHHft BonHOßoro ypaBHeHHH
b nnocKOCTH ceftcMHnecKoro npocpHnn (x, t) npn cpHKcnpOBaHHOM z.
ToHHoe peuieHne BonHOßoro ypaBHeHHH npeACTaßnneT co6oft Aennra-
cpyHKHHio, 3aAaHHyio BAonb rHnep6onn; 15-rpaAycHoe npH6nn>KeHHe
HBnneTcn napa6onoft. KaK bhaho, npH6nHJKeHHne peuieHHH yxyA-

PHC. 10.12. H3o6pa>KeHHH cpyHKUHH nepeAann tohhoto BOJiHOBoro ypaBHeHHH (/)
h ero 15-rpaAycHoro (2) n 45-rpaAycHoro (3) npn6jiHH<eHHH ajih MOHOxpoMaTHne-
ckhx KOJieSaHHH b njiocKocTH (k x, z). noKa3aHa TOJibKo AeiicTßHTejibHaH nacTb [36]

maiOTCH c yßenHneHHeM yrna 6ncTpee tohhoto peuieHHH. Ha
pnc. 10.12 noKa3aHH AeftcTßHTenbHbie hhcth cpyHKHHH nepeAann pa3-
nnnHbix npn6nH>KeHHft BonHOßoro ypaBHeHHH ajih MOHOxpoMaTnne-
ckhx Kone6aHHft b nnocKOCTH (kx , z) . TonHan cJjyHKHnn nepeAann
H3MeHneTcn CKanKOo6pa3HO BnnoTb ao nonHoro Hcne3HOBeHHH cnr-
Hana npn \kx v/(xi\ =sin9o°=l. 3KcnoHeHHHanbHoe 3aTyxaHHe Ann
kx ~>(i)/v 3aMeTHO B6nn3H z=o; 15-rpanycHoe h 45-rpaAycHoe npH-
6nH>KCHHH HBnHIOTCH (f)a3OBbIMH CplinbTpaMH H OHH BOCCTaHaBnHBaiOT
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6ecKoHenHo Manne sohh HHTepecyiomeH Hac KapraHH. Hto6h ycTpa-

HHTb HOMeXH B BHAe KOpOTKHX rOpH3OHTanbHHX pa3MHTHX BOnH

b npocTpaHCTßeHHoft o6nacTH Ha AByx npeAHAyuiHX pncyHKax, sth

6ecKOHenHO Manne sohh 6hjih cABHHyTH c noMombio cTyneHnaTOH
cpyHKUHH. Hs npHßeAeHHbix pesynbTHTOß cneAyeT BOSMonoiocTb saMeT-

hoto ynyniueHHH npH6nHxeHHbix (pyHKHHfi nepeAann, b HeKOTOpnx

cnynanx 3a cneT npHMeHeHHH BeepHoro c|)HnbTpa [36].
Xopoiune pe3ynbTaTbi AaeT oAHOCTOpOHHee BonHOßoe ypaßHeHHe,

o6naAaioiHee AHcnepcHOHHHM cooTHOiueHHeM b BHAe nonyoKpynmo-

PHC. 10.13. ,E[,HcnepcHOHHoe cootho-
uieHHe ajih HAea^bnoro oAHOCTopoHHe-
ro BOAHOBoro ypaBHeHHH HBJineTCH no-
JiyOKpyjKHOCTbK)

cth, npeACTaßneHHoft Ha pnc. 10.13. ypaßHeHHe yKa3aHHoft nony
OKpVHvHOCTH HMeeT BHA

Bnpa>KeHHe (10.3.15) HBnneTcn ochobhhm cooTHOiueHHeM, Hcnonb3ye-
mhm a^ih SKCTpanonnHHH boah b onTHKe. Hcnonb3yn 6nHOMHHanbHoe
pa3noxeHHe, 3anHUieM ajih BnpaxeHHH (10.3.15):

(10.3.16)

3to BnpaxeHHe cxoahtch ajw Bcex o<.k2 <cm.
Tenepb HHTynTHBHO mojkho 3anncaTb AHcpcpepeHHHanbHoe ypaßHe-

HHe B HaCTHHX npOH3BOAHHX C AHCnepCHOHHHM COOTHOUieHHeM B BHAe
yKa3aHHoft nonyoKpynoiocTH. Ha ocHOBaHHH BbipaxeHKH (10.3.16)
3anniueM

(10.3.17)

EcTecTBeHHO, hto noACTaHOBKa nnocKoft BonHbi BHAa exp (ikxx-\-ik2z)
b ypaßHeHHe (10.3.17) AaeT Tpe6yeMoe AHcnepcnoHHOe cooTHOUieHHe
(10.3.16), HMeioiuee bha nonyoKpynmocTH. OneBHAHO, hto neM Bbiuie
Tpe.6yeMan yrnoßan TOHHOCTb, tcm 6onbuie nneHOB ypaBHeHHH
(10.3.17) noTpe6yeTcn ajih BHHHcneHHft. JXah coKpameHHH 3anHCH
ypaßHeHHe (10.3.17) mojkho npencTaßHTb cneAyiomHM o6pa3oM:

3to Hnnero He AaeT, ho, KaK OKa3HßaeTcn, ypaßHeHHe (10.3.18) npeA-
CTaßnneT co6oft pennTHBHCTCKoe ypaßHeHHe lUpeAHHrepa.

H3 BnpaxeHHH (10.3.18) nemo nonynnTb BonHOßoe ypaßHeHHe,
AHcJxpepeHHHpyn ero no z:

k*

k z = Vnf-k2
x . (10.3.15)

h m(\ k*x k%x \

im (i +£-«gH....)|».

dzP=i (m2 +dxx) V2P. (10.3.18)

dzzP=idz (m2 +dxx)V2P
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nonaran npocTpaHCTßeHHyio nacTOTy m He 3aßHcnmeft ot z, mojkho

H3MeHHTb nopnAOK AHcf)(pepeHHHpoßaHHH b nocneAHeM BHpanceHHH.
TorAa

noACTaßnnn ciona Bnpan^eHHe (10.3.18), HaftAeM cooTHomeHHe:

dzzP=~{m2 +dxxyi2 (m2-ydxxy/2P=-(m 2 +dxx)P,
HBnmomeecn BonHOBHM ypaBHeHHeM.

Ha pnc. 10.14— 10.16 npHßeneHH peuieHHH b kohchhhx pa3HOCTnx
/

PHC. 10.14. PacuinpHioniaHCH MOHOxpo-
MaTHnecKan unjinHApHHecKan BOjma [3]
(no och x 100 ToneK, no och z 30 to-
neK).
/ — HcromiHK; 2 — CHJibHan BOJiHa: 3 — CJia-
6an BOJiHa

Ann BonHOßoro ypaBHeHHH b napa6onnnecKOM npn6nHn<eHHH a^h oa-
HOpOAHoft cpeAßi. Ha pnc. 10.14 h 10.15 Ha6niOAaiOTCH pacuinpnio-
mHecH b nnocKOCTH (x, z) MOHOxpoMaTHnecKHe unnnHApHHecKHe

PHC. 10.15. Ta xc MOAejib, hto Ha
pnc. 10.14, ho Jießoft rpaHHueft HBjineT-

ch HeAecpopMHpyeMan cTeHKa.
/— hctoihhk; 2 — acectKan CTeHKa

/

// \ \

BOnHbl, CppOHTH KOTOpbIX HBnHIOTCH KOHHCHTpHHCCKHMH OKpy>KHOCTH-
mh c y6bißaiOHneft no z aMnnHTynoft. PacneT BonHOßoro norm HanH-
naeTcn pa3HOCTHHM mctoaom peuieHHH aj^h BepxHeft nacTH H3o6pa-
xeHHH Ha nHHeftHoft ceTKe H3 100 tohck. 3aTeM, Hcnonb3yn pa3HOCT-

dzzP=i(m2+ dxxy/2 dzP.
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Hbie ypaBHeHHH, mh nepeMemaeMcn no cerae bhh3; 30 uiaroß oxßaTbi-

BaiOT Bee H3o6pa>KeHHe. Ha Kaxnyio tohk)/ Tpe6yeTcn OKono iuecTH

KOMnneKCHbix nepeMHOxeHHft, hto 3aHHMaeT OKono 5 c MauiHHHoro
BoeMeHH Ha Hauieft 3BM. Rah Bbmona H3o6pa>KeHHH Hcnonb3oßaH

" .. r^.-i t-. i /-i i r 1A 14
Hcnonb3oßaH

MHoroKaHanbHbift nnorrep [3]. Phc. 10.15 OTnnnaeTcn ot pnc. 10.14
TeM, hto cneßa noMemeHa HeAecpopMnpyeMan cTeHa, KOTopan OTpa-
n<aeT BonHH o6paTHO b cpeny. OpoHT oTpaxeHHoft BonHH noKa3an

c noMomrno 6onee KopoTKoft BonHH H3 AByx nyHKTHpHbix nHHHft [3].

PHC. 10.16. PacxoAHucaHCH un
jiHHApnnecKaH Bojma (aKCTpano
jihuhh) [5]

Ha pnc. 10.16 noKa3aH pe3ynbTaT SKCTpanonnunn b hh>k-
Hee nonynpocTpaHCTßO c noMoiubio TeopeTHnecKoro peuieHHH ypaßHe-
HHft H3 ynpa>KHeHHH 2 stoto pa3Aena, ncnonb3oßaHHoro b KanecTße
rpaHHHHoro ycnoBHH. KaK bhaho, (ppoHTH BonH HBnnioTCH HeAOCTa-
tohho KpyroBHMH, hto npenHTCTByeT ncnonb3oßaHHio ypaBHeHHH
(10.3.18). Otmcthm raume, hto Ha H3o6pan<eHHH He o6Hapyn<HßaeTCH
3aTyxaHHe aMnnHTynn (nponopunoHanbHO r~l/ 2) ajih BonH Teope-
TimecKHX, pacnpocTpaHHiomHXCH noA yrnoM OKono 60° k BepTHKann.
TaKHe Boniin 3aTyxaiOT MenneHHee, TaX KaK KpHßan (pa3bi Ann yma
b 60° 6onee nonoran, neM OKpyncHOCTb [s],

06paTHMcn Tenepb k Bonpocy 06 Hcnonb3oßaHHH napa6onnnecKoro
npH6nHH<eHHH npn HannnHH npocTpaHCTßeHHbix H3MeHeHHft ckopocth
pacnpocTpaHeHHH BonH b cpeAe. HeKOTopne Banmne AeTann stoto
Bonpoca paccMaTpHßaioTcn b ynpanoieHHHX, ho mo>kho nemo cnenaTb
HeKOTopne ycoBepmeHCTBOBaHHH ypaBHeHHH (10.3.9). OcHOBHan HAen
3aKnionaeTCH b tom, hto6h annpOKCHMHpoBaTb OKpynmocTb napa-
6onoft. npn stom cpaKTnnecKHH pannyc OKpynmocTH He nonxeH H3-
MeHHTbcn. 3to npHBOAHT k npeAnonoxeHHio o tom, hto BbipaxeHHe
(10.3.12) nnn (10.3.14) mojkct 6biTb Hcnonb3oßaHO c 3aMeHoft BenH-
HHHH fh Ha m, KaK b ypaBHeHHH (10.3.17). Torna ypaßHeHHe (10.3.12),
6yneT HMeTb bha

ypaßHeHHe (10.3.19) He Tpe6yeT BBeAeHHn npeAnonoxeHHH otom, hto
m^fh, BBHAy nero mohuio paccMaTpHßaTb 3aAanH c H3MeHHiom.HMHCH

Pxx+ 2im(x, z)Pz +2m2(x, z)P=O. (10.3.19)
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b uinpoKOM AHana3oHe ckopocthmh. Ha caMOM nene, KaK 6yneT noKa-
-3aHO b ynpaxHeHHHX, cnpaßennHßOcTb ypaBHeHHH (10.3.19) Taume
3aBHCHT ot npn6nH}KeHHH, ynHTHßaioiuero HacKonbKO Mann H3MeHe-
hhh ckopocth BonH b cpeAe Ha HHTepßane, paBHOM nnHHe BonHH.

Phc. 10.17— 10.19 HnmocTpnpyiOT pacnpoerpaHeHHe BonH b He-
OAHOpOAHHX cpeAax. Ha pnc. 10.17 n 10.18 noKa3aHH nponeccH

i—*»*

PHC. 10.17. Ha6eraHHe BOJiHbi
CBepxy Ha norpyjKeHHbift b jkha-
KOCTb 6jIOK H3 BCIUeCTBa C 60-
Jiee HH3KOH HeM B jkhakocth CKO-
pOCTbK) [5]

»»»mi

Xt»»w>«^|ISWffll3H3llltallllllillllllllli

I

/.

pacnpocTpaHeHHH BonH b cpeAe, BKnionaiomeft 6noK c HH3Koft cko-
pocTbio npn pa3nHHHbix nonoxeHHnx HCTOHHHKa (HaA 6noKOM h c6o-
Ky ot Hero). Ha pnc. 10.17 BonHH bxoaht b BepXHioio nacTb 6noKa,
a 3aTeM nonHOCTbio OTpan<aioTCH BHyTpb 6noKa ot ero 6okoboh
c.TeHKH (nßneHHe nonHoro BHyTpeHHero OTpanceHHn) . 3to AaeT TeHb

i x\.

Ha BHeuiHeft CTopoHe 6noKa [s]. npn o6nyneHHH toto me 6noKa
c6oKy (pnc. 10.18) Ha6niOAaeTCH nacTHHHoe OTpanceHne BonH ot 6o-
KOBoft ctchkh 6noKa h HHTepcpepeHHHH Men<Ay BonHaMH, bxoahhihmh
b 6noK nepe3 pa3nHHHbie rpaHH [s]. Ha pnc. 10.19,anoKa3aHO none
nnocKHX BonH, naAaiomiix CBepxy Ha npH3My, a Ha pnc. 10.19,c5 —
cxeMa hx pacnpocTpaHeHHH b Monenn. BHyTpn npH3Mn bhaho yKO-
pOHCHHe AJIHHH BOnHH. npH BblXOAe H3 npH3MH BOnHH OTKnOHHIOTCH
BnpaßO, a hx aMnnHTyAa yßennnHßaeTcn 3a cneT chothh nynna.
Cnpaßa BHH3y ohh HHTepcpepHpyiOT c BonHaMH, pacnpocTpaHHiom.H-
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MHCH BAOnb 60KOBOft TpaHH npH3MH. 3to npHBOAHT X aMnnHTyAHOH
MOAynnHHH BonH. H3orHyTbie BonHOßne cppoHTH — cneACTBHe AH(p-
paKUHH BonH Ha yrnax npH3MH. Oco6eHHO HHTepecHa AHCppaKHHH
ot sepXHero yrna npH3MH, KOTopan neTKO BHAenneTcn b BHAe noAo6-
hoh yrny cpHrypn OKono npaßoft rpami npH3MH. SHeprnn AJin stoh
AH(ppaKUHH nepeHOCHTcn BonHoft, pacnpocTpaHHioHj.eftCH BAonb npa-

PHC. 10.19. njiocKHe bojihh, naAaiomne CBepxy Ha npaßHjibHyio 45-rpaAycHyio npH3
My (a), h cxeMa nx pacnpocTpaHeHHH (6) [s].
1— naflaroman miocKan Eojma; 2 — npH3Ma; 3 — 3aTyxaHne SHeprHH; 4 — .n.wppaKii.HH ot yrjia
5 — HHTepcpepeHUHH Mescay KjiaccimecKHMH jiy^aMH

boto BepTHKanbHoro Kpan npH3MH. PacneT stoto noAH Tpe6yeT 10c
MauiHHHoro BpeMeHH Ha 3BM IBM 360-67, ycTaHOBneHHOH b Ctch-
cpopAe [s].

OneBHAHO, hto paccMaTpHßaeMoe npn6nHn<eHHe nynuie Ha bhco-
khx nacTOTax (npn kopotkhx AJiHHax boah). 3to npH6nHJKeHHe
XOpOUIO H3BeCTHO B BOnHOBOft TeopHH. HHOTAa OHO Ha3HBaeTCH npn-
6AHmenHeM reoMeTpHnecKoft ohthkh. OAHaKO HHTaTenb He AonnceH
AyMaTb, hto paccMaTpHßaeMan BonHOßan Teopnn cboahtch k reo-
MeTpnnecKoft onTHKe. B AeftcTBHTenbHOCTH Bee HBneHHH cpH3HnecKoft
onTHKH (HanpHMep, HHTepcpepeHHHH, AHCppaKunn h cpOKycnpoßKa BonH
b o6nacTH KOHenHoro pa3Mepa) noAHOCTbio coxpaHHiOTCH. IlpaKTH-
necKH npn stom He HaKnaAHBaiOTCH orpaHHHeHHH Ha (pH3HnecKyio
onTHKy. B HeKOTopnx ynpa>KHeHHnx HHH<e npHBeAeHH npHMepn,
BKnionaioui,He rpaAneHTH ckopocth, BbipanceHHbie c noMombio nneHOB
HH3KHX nacTOT. Bonpoc o 3HanHMOCTH Kan<Aoro H3 sthx nneHOB Ha
npaKTHKe pemaeTcn b Kan<AOM KOHKpeTHOM npnnoJKeHHH OTAenbHO.
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ynpancHeHHH
1. nepeMeHHan Q HMeeT npaKTHnecKoe npeHMymecTßo HaA P, TaX KaK OHa 6ojiee
MeAJieHHO H3MeHneTCH no KoopAHHaTe z. noaTOMy no Hen mo>kho npoH3BOAHTb MeHee
nacTyio Bbi6opKy n TeM caMbiM yMeiibuiHTb 3aTpaTbi BpeMenn Ha BbmncjieHHH. npe-
o6pa3yflTe ypaßHeHHe (10.3.19) b ypaßHeHHe OTHOCHTeJIbHO nepeMeHHon Q, ncnojib3o-
Baß npn stom BbipajKenne (10.3.11). CpaBHHTe nojiyneHHbiH pe3yjibTaT c ypaßHeHneM(10.3.9). KaKoe H3 AByx ypaßHeHnn, nojiyneHHoe BaMH hjih ypaßHenne (10.3.9)
TOHHee? noneMy?

2. Xopomee npH6jiHH<eHHe KBaApaTHoro KopHH oSecnennßaeTcn pauHOHajibHHM
BbipaxeHHeM BHAa

KaKOMy OAHOCTopoHHeMy BOjinoßOMy ypaßHeHHio cooTBeTCTByeT sto npH6jiHHceHne?
HapncyflTe ajih Hero rpacpHK AHcnepcnoHHoro cooTHomeHHH. KaKOBa TOHHOCTb npeA-
CTaBjieHHH BOJiHOBbix nnceji ajih Bbi6paHHbix yrjioß pacnpocTpaHeHHH bojih no cpaßHe-
hhk) c ypaBHeHHeM (10.3.14)?

3. AjirefipanqecKoe ypaßHeHHe a+&x+cx2 =0 HMeeT ABa KopHH. Ecjih b HBJineT-
CH AOCTaTOHHO 60JIbIHHM, TO MO>KHO annpOKCHMHpOBaTb MeHbUIHH KOpeHb JIHHeftHOH
3aBHCHMOCTbio a-\-bx =0. yjiymueHHoe n Bee H<e JiHHenHoe OTHOCHTeJIbHO x npn6jiH-
xceHHe MOJKeT SbiTb HanAeHo nyTeM noACTaHOBKn BejinnnHbi x=—a/b o6parao
b KBaApaTHoe ypaßHenne

OnpeAeJiHTe k' z= m—k z h noACTaBbTe BejinnHHy Ar = m—k' z b ypaßHeHHe k 2x -\-k2z=
=m 2. HaflAHTe HanMeHbinnn KopeHb ajih k' z. noKa>KHTe, hto sto AaeT TaKoe n<e
AHCpcpepeHHHajibHoe ypaßHeHHe b nacTHbix npoH3BOAHbix, KaK n ypaßHeHHe, npiiße-
AeHHoe b ynpa>KHeHHH 2.

4. nycTb CKopocTb v= v(x) =£v (x, z), t. c. HBJineTCH cpyHKUHeii ot x, a m=
= co/y(x). OnpeAeJiHTe onepaTop

Otmcthm, hto

(dZ2 +Op2) P=0= BOJiHOBoe ypaßHeHHe+norpeumocTb.
HccjieAyftTe Ka>KAHH HJieH norpeniHOCTH n peuiHTe, HBJineTCH ah oh Ba>KHHM Ha

bmcokhx nacTOTax (Bbi6epHTe njieHbi, nponopunoHajibHbie /z-n CTeneHH ajihhh bojihh)
h npn MajiHX yrjiax OTHOCHTeJIbHO och z.

5. npocMOTpnTe pa3Aeji, nocßHiueHHbin TeopeMe CnjibßecTpa ajih MaTpnu. B Ka-
koh CTeneHH KBaApaTHbift KopeHb MaTpnun aHajiorHneH KBaApaTHOMy kophio one-
paTopa?

6. BbißeAHTe BOjmoßoe ypaßHeHHe ajih BbixoAHiueft bojihh b unjiHHApHnecKOH
CHCTeMe KOOpAHIiaT.

7. BbißeAHTe BOjmoßoe ypaßHeHHe ajih BbixoAHiueii bojihh b ccpepnnecKon cHere-
Me KOOpAHHaT.

8. nojiyqeHiibie b ynpa>KHeHnn 3 cpopMyjin AaiOT xopouiee uinpoKoyrojibHoe npn-
6jiH>KeHHe ajih BOjiHOßoro ypaBHeHHH npn nocTOHHHOM m, a cpopMyjin, npnßeAeHHbie
B ynpa>KHeHHH 4, cnpaBeAJiHBH npn m=m(A;). HcnoJib3yHTe mctoa, npuMe-
HeHHbift b ynpa>KHeHHH 3, b cjiynae, KorAa m= m(A;). Heo6xoAHMO OTMeTHTb, hto,
xoth bx—xb=o, paBeHCTBo (md x—t9 x m)P=o He BbinoJiHHeTCH, ecjiH m^m(x).
EtpHMeHHTe paccMOTpeHHbin b ynpa>KHeHHH 3 MeTOA, H36eraH no bo3mojkhocth hc-
nOJIb3OBaHHH npHHUHna KOMMyTaTHBHOCTH.

9. PaccMOTpHTe noßepxHOCTHyio BOJiHy, pacnpocrpaHHrOmyiocH Ha noBepxHOCTH
HecoßepuieHHoft ccpepn. BbißeAHTe ypaßHeHHe nepßoro nopnAKa OTHOCHTeJIbHO cpyHK-

2^l+3x/4U+*) — l + x/ 4'

a + bx +cl— jX = 0;

ab + (b 2 —ac) x =0.

°P = m + 2m a*
d2P= i'opP;

dtzP=idzOp P=iOpdz P= — Op2 P



unn CD (KoopAHHaTH AOJiroTbi) n BToporo nopnAKa OTHOCHTeJIbHO 9 (KoopAHHaTH
HIHpOTbI) AJIH BOJIH, BO36y}KAeHHbIX BAOJIb 3-KBaTOpa. HpeAnOJIOKHTe, HTO BCe Be-
jiHHHHbi He 3aBHCHT OT paAHaJIbHOIi KOOpAHHaTHOH OCH.

10. MoAHCpnuHpyftTe yKa3aHHyio b ynpan<HeHHH 4 k pa3Aejiy 10.1 nporpaMMy
TaKHM o6pa3oM, hto6h peuiHTb ypaßHeHHe (10.3.10). BaM 6yAeT HeoSxoAHMO
npocMO'rpeTb npaßHJia pa6oTbi TpaHCJiHTopa ajih KOMnjieKCHOH apncpMeTHKH. nocjie
pacneTa BejinnnHH Q(x, z) yMHOHO>Te cc Ha 3KcnoHeHTy e imz ajih nojiyqeHHH cpyHK-
UHH P(x, z). HanenaTanTe TOJibKo AencTßHTejibHyio nacTb cpyHKUHH P(x, z). Oh3H-
necKon HHTepnpeTauHefl SToro pe3yjibTaTa HBJineTcn cßeneHne, Bo3HHKaioiuee no3aAH
Kpan HenpoHHuaeMoro SKpaHa. Bojihh, AHCpparnpoßaßuine b o6jiacTb tchh, aoji>khh
HMeTb nojiyKpyrjibie cppoHTH, ecjin bh pa3MecTHjiH HHAHKaTop TaX, hto6h coxpaHHTb
Ac =Ax Ha BbixoAe.

11. TlycTb Z= c x o6o3HanaeT AncKpeTHocTb cpyHKUHH no KOopAHHaTe x
OnpeAeJiHTe BejiHHHHy A(Z)=SanZ" nepe3 KoacpcpnuneHTH an , HanAeHHbie H3
yCJIOBHH

HBJineTCH peiueHHeM ajih AncpcpepeHunajibHoro ypaBHeHHH Jlanjiaca Ps.-c+Pzz=o.3th peuieHHH MoryT 6biTb ncnojib3oßaHH ajih npoAOJinceHHH nojieft b BepxHee h hhhc-
Hee nojiynpocTpaHCTßa.

10.4. SKCTPAnOJIfIUHfI BOJIHOBbIX HMIiyjIbCOB
B HPOCTPAHCTBE

B pa3Aene 10.3 mh Haynnnncb sKCTpanonnpoßaTb MOHOxpoMaTHne-
CKHe BonHH b npocTpaHCTße. Rah BOCCTaHOBneHHH BonHOßbix hm-
nynbcoß b npocTpaHCTße mo>kho npeAßapHTenbHO pa3no>KHTb hx
c noMombio npeo6pa3oßaHHH Oypbe b MOHOxpoMaTnnecKHe BonHH,
3aTeM sKCTpanonnpoßaTb, KaK b npeAHAymeM pa3Aene, n, HaKOHen,
npeo6pa3oßaTb cHOBa bo BpeMeHHyio o6nacTb, Hcnonb3yn npeo6paso-
BaHHe Oypbe. HecMOTpn Ha to hto b naHHOM h npeAHAymeM pa3Ae-
jiax paccMaTpHßaiOTcn cxoahhc b cneKTpanbHOM npeACTaBneHHH sa-
Aann, MeTOA npnMoro BOCCTaHOBneHHH BonHOßbix HMnynbcoß bo
BpeMeHHoft o6nacTH nacTO OKa3HßaeTcn npeAnonTHTenbHee no npaK-
THnecKHM coo6panceHHHM. Xoth HecneAOBaHHH bo BpeMeHHoft o6nacTH
eno>KHee, neM b nacTOTHoft (Bee BpeMeHHbie tohkh Aonnain paccMaT-
pHßaTbcn BMecTe, a KantAoe 3HaneHHe nacTOTH HBnneTcn H3onnpo-
BaHHofi tohkoh), ohh no3BonniOT AOCTHHb ropa3AO nynuiero noiiHMa-
hhh, oco6eHHo c no3HUHH npHHunna npHHHHHOCTH. Mn o6Hapyn<HM,
hto npouenypn SKCTpanonnunn BonH hoao6hh (pnnbTpaM (b AeftcT-
BHTenbHOCTH OHH HBnHIOTCH OCO6bIM BHAOM MHOTOMepHbIX (pa3OBHX
(PHnbTpOB) H HTO SneMeHTH 06paTH0ft CBH3H STHX CpHnbTpOß AOAJKHbI
6biTb MHHHManbHo (pa3OBHMH. CyiuecTßyioT ABa He3aßHCHMbix cno-
co6a nonyneHnn peuieHHH bo BpeMeHHoft o6nacTH.

nepßbift cnoco6 HanHHaeTcn c npeo6pa3oßaHHH CKannpHoro Bon-
hoboto ypaBHeHHH

00

+V an (Zn +Zn j*" I *jk ! ;!« I *jb lAx <«

.TJoKajKHTe, hto Jiio6oe peuieHHe ypaBHeHHH

dP (Z)
Liri-±A w p (2)

0=Pxx +Pzz-v-2Ptt (10.4.1)
233
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b CHCTeMe KoopAHHaT, nepeMemaioiHeftcH BAonb och z co cKopocTbio
v, KOTopyio o6hhho npHHHMaiOT paßHoft BenHHHHe v hah npeßbiuia-
lomeft cc. He3aBHCHMO ot toto, KaKHM o6pa3oM SHeprnn pacnpocTpa-
HneTcn B (pHKCHpOBaHHOH CHCTeMe OTCHeTa, npH paCCMOTpeHHH B ABH-
H<ymeftcn CHCTeMe KoopAHHaT OHa 6yAeT ocTaßaTbcn nocTOHHHoft hah
YMeHbuiaTbcn b o6paTHOM HanpaßneHHH. npeo6pa3oßaHHe KoopAHHaT

x'=zx; (10.4.2a)
Z'=vt—z; (10.4.26)

t'=t, (10.4.2b)
H3o6panceHO Ha pnc. 10.20 ajih v=v. B CHCTeMe KoopAHHaT co uiTpn-
xom Bee BonHH HMeiOT cocTaßnmoiuyio ckopocth, HanpaßneHHyio

PHC. 10.20. PacxoAHiuancn ccpepn-
necKan BOJiHa b cpnKcnpoßaHHbix
KoopAHHarax (a) h b KoopAHHaTax,
ABHjKymnxcn b HanpaßJieHHH och z
CO CKOpOCTbK) BOJIHH (6)

b nonontHTenbHyio CTopoHy ocn z' . 3HaHHe BonHOßoro norm P AJin
HacTonmero h npouieAuiero BpeMeH npn Bcex x' h cpHKcnpoBaHHOM z'
AOAmuo 6biTb AOCTaTOHHHM ajih onpeAeneHHH bojihoboto norm P AJin
HacTonmnx n npouieAuiHX 3HaneHHH BpeMeHH npH (xr, z'+Az'),
noTOMy hto npengie, neM HTO-nn6o cnynnTcn Ha ypOBHe z'-yAz',
hto-to AOAmuo 6nno cnynHTbcn Ha ypOBHe zf . TaKHM o6pa3oM,
BcnencTßHe orpaHHHeHHH v^v nnHeftHbie onepaTOpn, KOTopne mh
BbmeneM a^ih sKCTpanonnuHH BonHOßoro norm P b nononcnTenbHOM
HanpaßneHHH och z', aoaxchh ynoßneTßopnTb npHHunny npHHHHHOCTH.
nycTb BennHHHa P' o6o3HanaeT Bo3MymeHHe b ABHJKymeftcH CHCTeMe
OTcneTa. TorAa

AHanornHHo

fIoSTOMy
(10.4.5)

P(x, z, t)=P'(xf, z', f). (10.4.3)
Rah nacTHbix npoH3BOAHnx HannuieM

Px =P'x .\ (10.4.4)
p —P.xx xx

Pz =P'x'X'z +P'zJz + P'tfz = -P\,

P =pr
1 zz 1 z'z n

Pt =P'x .x't 4-P'z> z 't +P' tft=vP'z,Ar P' t,.
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CneAOßaTenbHo,

(10.4.6)

npn nocTOHHHoft ckopocth mo>kho npHHHTb, hto v (x, z) —v. Cnynaft,
KorAa v=fcv, ocTaBHM ajih ynpan<HeHHft. HaH6onbuinft HHTepec Ann
Hac b ypaBHeHHH (10.4.7) npeACTaßnniOT Te BonHH, KOTopne pac-
npocTpaHHiOTCH co cKopocTbio, npH6nH3HTenbHO paBHOH CKOpOCTH
b hoboh; CHCTeMe KoopAHHaT. B ABKHcymeftcn CHCTeMe oTcneTa TaKHe
BonHH HMeiOT 6nH3Koe k Hynio AonnnepoßCKoe CMeuieHHe. 3to npeA-
nonaraeT OTcyTCTBHe b BbipanceHHH (10.4.7) nneHa c P't , t> . TaKHM
o6pa3oM ypaßHeHHe (10.4.7) npHHHMaeT bha

(10.4.8)

Ecah npHMeHHTb npeo6pa3oßaHHe Oypbe no BpeMeHH, to ypaßHeHHe
(10.4.8) npHMeT bha — i(aP'

z , =(v/2)P' x,, t. c. CTaHeT HAeiiTHHHHM
paBHeHHio Ann MOHOxpoMaTHiecKHX BonH:

nonyneHHOMy b npeAHAymeft rnaße. TaKHM o6pa3oM, OT6pacbmaHHe
nneHa PPut''ut ' HBnneTcn xopouio 3HaKOMoft HaM annpoKCHMauHeft
OKpy>KHOCTH napa6onoft.

flpn peuieHHH ypaBHeHHH (10.4.8) Ha 3BM mojkho npHHHTb nio-
6oft H3 AByx noAxoAOB. nepßbift H3 hhx saKnionaeTcn b tom, hto none
P' 3anaeTCH BHanane Ha ceTKe no KoopAHHaTaM x' h z, a 3aTeM
ypaßHeHHe (10.4.8) Hcnonb3yeTcn Ann sKCTpanonnHHH BonH no och t't
Bo btopom noAXOAe ypaßHeHHe (10.4.8) Hcnonb3yeTcn Ann SKCTpano-
nnuHH BonH no och z'.

npen^ne neM paccMaTpnßaTb HHcneHHnft mctoa peuieHHH ypaßHe-
HHH (10.4.8), nonHTaeMcn nonynnTb ero c noMombio coßepuieHHO
pa3nHHHbix npeo6pa3oßaHHH KoopAHHaT. npHMeM HOByio CHCTeMy
KOOpAHHaT, CJJHKCHpOBaHHyiO B npOCTpaHCTBe OTHOCHTenbHO cTapoft
CHCTeMH. OAHaKO b Kan<Aoft TOHKe npocTpaHCTßa B HOBOft CHCTeMe
OTcneTa 6yneM Hcnonb3oßaTb pa3nHHHbie nacn. Bee nacn HAyT c oah-
HaKOßoft CKopocTbio, ho ohh sanymeHH TaKHM o6pa3oM, hto nnocKan
BonHa, npoxoAnman b nono)KHTenbHOM HanpaßneHHH och z, 6yneT
HMeTb oaho h to me BpeMH BCTynneHHH, H3MepeHHoe bccmh nacaMH.
3to OTnacTH noxonce Ha ABH>KeHHe peaKTHBHoro caMoneTa b 3anaA-

Ptt = v (vP'z ,z , +P' vz> +vP'z>t , 4-P'vv =

=v2P'z>z ,-y2vP'zltl -yp>t , t„

noACTaBHB BHpan<eHHH (10.4.4), (10.4.5) h (10.4.6) b ypaßHeHHe
(10.4.1), nonynHM

pW+[i- (i)>W- 2|-^.-^^.=o. CO^)

pi v_ p>r t'z' 2 x'x>-

Qxx -\-2imQz=o,
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horn HanpaßneHHH. ypaBHeHHH npeo6pa3oßaHHH hmciot bha
(10.4.9a)
(10.4.96)
(10.4.9b)

Bo3MymeHne, Bo3HHKuiee npn (x, z, o=o, H3o6pa>KeHO Ha pnc. 10.21.
nmepSoAH cneßa (pnc. 10.21,a) noKa3HBaiOT BpeMeHa BCTynne-
hhh BonH Ann z=o, Az, 2Az. Ecnn BpeMH HBnneTcn cpyHKHneft no-
nO>KeHHH TOHKH npHeMa, 3aAaHHOrO 3aBHCHMOCTbK) t"—t—z/v, TO

PHC. 10.21. BpeMena BCTynjieHHH bojih ot ToneHHoro HCTOHHHKa
npn x=o, 2=o, =0 b o6hhhoh (a) h ABHmymeftcH (6) cncTe-
Max KoopAHHaT

BpeMeHa BCTynneHHH BonH 6ynyT TaKHMH, KaK noKa3aHO cnpaßa Ha
pnc. 10.21,6. 3Heprnn nepeMemaeTcn b HanpaßneHHH och t", TaX KaK
Ha BonHOBOM (ppoHTe z=vtcosQ HMeeM t"=t—z/v =t(\—cos0).
Bonbuioft HHTepec Ann BHHHcneHHft npeACTaßnneT BO3Mon<HOCTb OT-
cneTa BpeMeHH OTHOCHTenbHO BpeMeHH npuxoAa caMoro paHHero H3
bo3Moh<hhx nyneft. OnpenennM Bo3Mym,eHHe b hoboh CHCTeMe OT-
cneTa nepe3 cpyHKHHio P" cnenyioiUHM o6pa3oM:

Pu^P"t,, v, (10.4.13)
noACTaßnnn sth cooTHonieHHH b BonHOßoe ypaßHeHHe (10.4.1), nony-
hhm:

nocneAHHH nneH b ypaBHeHHH (10.4.14) HBnneTcn Manoft BennnHHoft
6onee bhcokoto nopnAKa ajih BonH, pacnpocTpaHmomnxcn b Ha-
npaßneHHHX, cocTaßnniomHX He6onbiUHe yrnn c ocbio z. CneAOßa-

JC *aJ)

z" = z;

V

fly* t"=t-z/v

P(x, z, t)=P"(x", z", t"). (10.4.10)
liocTynan, KaK h npentAe, HaftneM

Pxx =P"x„x„; (10.4.11)
Pzz =P"zn z,,-2v-*P"t„z, t -\-v- 2P"t„ t„\ (10.4.12)

P"v. z»= Jt{P"x ..x .. +P" z..z,.)- (10-4-14)
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TenbHO, peuieHne BonHOßoro ypaBHeHHH Ann BonH, pacnpocTpaHHio-
iuhxch b nono>KHTenbHOM HanpaßneHHH och z, HBnneTCH npoH3Bonb-
Hoft cpyHKHHeft BHAa f(t—z/v) =f"(t"). TaKHM o6pa3oM, npOH3BOAHan
d\"/dz" o6paiuaeTcn b Hynb aah BonHbi, nnymeft BAonb och z" . npe-
He6peran b BbipanceHHH (10.4.14) nneHOM P"Z"z", nonynaeM ypaß-
HeHHe:

KOTopoe coßnanaeT c ypaßHeHneM (10.4.8). BBeneHHe BpeMeHHoft 3a-

BHCHMCCTH c~twt
b BbipajKCHHe (10.4.8) HnH (10.4.15) AaeT ypaßHeHHe

(10.3.10), KOTopoe 6nno nonyneHO paHee AJin SKCTpanonnHHH moho-
xpOMaTHnecKHX BonH.

Apyroft nonxoA 3aKmonaeTCH b tom, hto HecTaHHOHapHoe BonHO-
Boe ypaßHeHHe moh<ho nonynnTb npocToft 3aMeHoft BenHHHHH — jco

b ypaßHeHnnx Ann MOHOxpoMaTHnecKHX BonH BennnHHoft dt.
PaccMOTpHM cxeMy KOHenHbix pa3HOCTeft ajih peuieHHH ypaBHeHHH

(10.4.8) nnn (10.4.15). OnycTHM uiTpHXH. nycTb npnpameHHe jAt
othochtch ko BpeMeHH, a npHpameHHe nAz — k KoopAHHaTe z. 060-
-3iianHM nepe3 6 pa3HOCTHbift onepaTop, a nepe3 P nj — BeKTop ajih
Bcex 3HaneHHft n h /. C noMombio stoto BeKTopa 6yAeM 3aAaßaTb
3HaneHHH AaBneHHH BAonb och x. Hcnonb3yn MaTpunHyio anre6py,
moh<ho H36aßHTbcn ot hco6xoahmocth HanHcaHHH HHHtHero (noA-
CTpOHHOro) HHAeKCa A-^n 0603HaneHHH 3aBHCHMOCTH OT X. 0603HaHHM
nepe3 T TpHAnaroHanbHyio MaTpnuy c OTpHHaTenbHHM pa3HOCTHbiM
onepaTopoM BToporo nopnAKa — (1, —2,1) Ha AHaroHann. ynnTHßan
Bee sth o6o3HaneHHH, npeo6pa3yeM ypaßHeHHe (10.4.8) hah (10.4.15)
X BHAy

BBeAeM o6o3HaneHHe a=vAzAt/8Ax2 . Tenepb mh aojhkhh peuiHTb
TOHHee, KaKne npH6nnn<eHHH nepßoft pa3HOCTH cneAyeT Hcnonb3oßaTb
b BHpaxeHHH (10.4.16). Bocnonb3yeMcn cxeMoft KpaHKa — HnKon-
coHa, sKBHBaneHTHyio 6nnnHeftHOMy npeo6pa3oßaHHio. CHanana o6pa-
3yeM KOHenHbie pa3HOCTH no BpeMeHH

a 3aTeM KOHenHbie pa3HOCTH no npocTpaHCTBeHHHM KoopAHHaTaM

(10.4.17)
ByAeM cnnTaTb BejinnnHy Pn+ HeH3BecTHoft, a Bee ocTanbHne BenH-

HHHH H3BecTHHMH. HepeHOCH HeH3BecTHyio b neßyio nacTb, a H3BecT-
Hbie b npaßyio, nojiynaeM:

/"'„.... =-\-P',..„„ (10.4.15)

BzB,8 z8,PB
y =-^T4P7 (10.4.16)

X (P% - P ni) = - «T2 (P" /+1 4-P»y),

/pn +1 _ p"+l) _ /p« __ p» j==_a j (p"+l 4-pn+ 14-p».
� + p"),

(14-c2T)Pn+1 =?P"+1 4-P" -P"-aT(P"+1 4-P" 4-P"). (10.4.18)V I / J+l * j I j+x j \ j \ j+x I jj \ !
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Rah Ka>KAoro n h j npaßan nacTb OKHMaeTcn b H3BecTHbift seKTop.
Jleßan nacTb HBnneTCH TpnAHaroHanbHoft MaTpnueft (I + aT), yMHO-
neeHHoft Ha Heii3BecTHbift BeKTop Pn+ . PeuieHne sthx ypaBHeHHH

HBnneTcn npenenbHO npocTHM h mokct 6biTb nonyneHO TeM nee cno-
co6om, hto h ajih ypaBHeHHH TennonpoßOAHocTH b pa3Aene 10.1,
rpaHHHHbie ycnoBHH no x conepneaTcn Ha KOHuax I. rpaHHHHbie
ycnoBHH no z h t AOCTaTOHHO 3aAaTb AJin Bcex x b BHAe (pyHKHHH
P^o Ann Bcex n h cpyHKHHH P O/ ajih Bcex /. Bo3mohchh TaKme Apyrne
KOM6HHauHH rpaHHHHbix ycnoBHH.

OneHb Bamna ycToftnHßOCTb peuieHHH. Mo>kho noKa3aTb, hto pc-
KypcHßHoe cooTHomeHHe (10.4.18) HBnneTcn ycTOHHHBHM npn nio6oM
nonon<HTenbHOM 3HaneHHH a. Ecjih co6cTßeHHbie 3HaneHHn h co6ct-
BCHHne BeKTopn MaTpnun T 3aAaHH, a Bee BeKTopn P n,- BnpaneeHbi
nepe3 co6cTßeHHbie BeKTopn MaTpnun T, to ypaßHeHHe (10.4.18)
pa36iißaeTcn Ha MHoneecTßO OTAenbHbix ypaßHeHHft no OAHOMy ajih
Kan<Aoro H3 co6cTßeHHbix 3HaneHHH MaTpnun T. Co6cTßeHHbie BeX-
Topn MaTpnun T hmciot KOMnoHeHTH, KOTopne HBnnioTCH cnHy-
coHAanbHHMn cpyHKUHHMH ot x. Ecah cymecTßyiOT rpaHHun no xy

to cymecTßyeT h Ha6op AHCKpeTHnx nacTOT. B npoTHBHOM cnynae
cneKTp HenpepbmeH. LlTo6n y6eAHTbcn b stom, 3aMeTHM, hto ajih

neorpaHHneHHoft cpenn (pyHKHHH TP npeACTaßnneT co6oh nocneAO-
ikjnAx

BaTenbHOCTb (— l, 2, — 1), cßepHyTyio c SKcnoHeHToft c ;

TaKHM o6pa3oM, co6cTßeHHoe 3HaneHne MaTpHHbi paBHO 2—2cos&*X
~yi.Ax==(2sinkxAx/2)2. TaX KaK nio6oe co6cTßeHHoe SHaneHHe MaT-
pnun Aon>KHO nen<aTb b HHTepßane Mencny Oh +4, to AOCTaTOHHO
HccneAOßaTb ypaßHeHHe (10.4.18), rAe BeKTop P n CTaHOBHTcn cKa-
nnpHoft P nj (pyHKuneft ot kx , BeKTop I 3aMeHneTcn eAHHHueft, a BeX-
TopHan MaTpnua T 3aMeHneTcn Ha T — npOH3RonbHoe nncno b HHTep-
Bane ot 0 ao 4. Mo>kho AOKa3aTb, hto npn rpaHHHHbix ycnoBHHX,
xapaKTepH3yioHi,HX coxpaHeHne SHeprnH, co6cTßeHHbie 3HaneHHH MaT-
pnun TaK>Ke nencaT b HHTepßane Men^ny 0 h 4. Tenepb, npeAnonaran,
hto cpyHKHHH P n j H3BecTHa ajih Bcex / npn HeKOTopoM onpeneneHHOM
3HaneHHH n, nccneAyeM ycToftnHßOCTb onpeAeneHHH cpyHKHHH P n +
Ann Bcex /. nepeHecn HeH3BecTHbie b ypaBHeHHH (10.4.17) b neßyio
nacTb, nonynHM:

(1 4- aT)Pn+l —(1 — aT)Pn+l =(I — aT)Pn
+i

—(1 4- aT) Pn. (10.4. 19)

Rah ycTOHHHBOCTH Bbipan<eHHn (10.4.19) BancHO, ,hto6h npn nocneno-
BaTeAbHOM yBeAHneHHH / KOSCpcpHUHeHT npH cpyHKHHH Pn+ npeßbimaA

KOSCpCpHUHeHT npH (pyHKUHH PH+l. UpH yMeHbUieHHH / AOA>KHO 6blTb

cnpaßennHßO o6paTHoe cooTHomeHHe. ycToftnHßOCTb mojkho nccne-
AOBaTb c noMombio Z-npeo6pa3oß3HHH, OHHcaHHoro b npeAHAymnx
rnaßax. C noMombio Z-npeo6pa3oßaHHH ypaBHeHHH (10.4.19) mohcho

ikY\x —ik^x ik mb.x(— c 4~ 2— c )c
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noKa3aTb, hto KOsqocpHHHeHT npn Zy b ypaBHeHHH

[(1-yaT)—2(l—aT)]P(Z)n+i=[(\—aT) —
—Z(\+aT)]P(Z)n (10.4.20)

AaeT Bbipa>KeHHe (10.4.19). OyHKunn cpHnnrpa ajih BbinHcneHHH BenH-
HHHH P(Z) n+l no P(Z) n HMeeT bha

(10.4.21)

Otmcthm, hto ajih nononcHTenbHbix 3HaneHHft BennnHH a h a-hh Bcex
T, nencaiHHX b HHTepßane ot 0 ao 4, nonHHOM b 3HaMeHaTene HBnneT-
cn MHHHManbHO cpa3OBHM. 3to 03HanaeT, hto peKyppeHTHoe cootho-
uieHHe (10.4.19) ycToftnHßO, a nocKonbKy BbipaneeHHe (10.4.21) npeA-
cTaßnneT co6oft cpa3oßbift cpnnbTp, to peKyppeHTHoe cooTHomeHHe
6yAeT ycToftnHBHM xaKme h ajih 6onbuiHX n.

Mh nonynnnH TOHHoe, 3aKOHneHHoe h ao HeKOTOpoft creneHH
TpyAHoe AOKa3aTenbCTBO ycToftnußOCTH. HecoMHeHHO, 3a-
mctht, hto b ero co6cTßeHHbix npHnonceHHHX BCTpenaioTcn He3HanH-
TenbHO OTnunaiomHecn ypaBHeHHH, bo3moh<ho c 3aßncHMOCTbio
v= v(x, z) hah c yßennneHHOft npn 6onbuiHX yrnax TOHHOCTbio. Ka-
Kne peKOMeHnauHH mojkho naTb OTHOCHTenbHO cpopMynHpoßamiH
3aAan, hto6h ohh 6hjih ycToftnHBHMH npn SKCTpanonnHHH BonHOßoro
norm? 80-nepßbix, cneAyeT ynHTbmaTb cf)H3HHecKoe npeACTaßneHHe
o xapaKTepe npoTeKaHHH BonHOßoro npouecca. 80-BTopnx, ecnn bos-
HHKaeT HeycToftHHßOCTb, to OHa, BeponTHO, BO3HHKaeT npn HenpeA-
BHAeHHHX 3HaneHHHX BenHHHH CO, kx , k z HAH HX OTHOHieHHH. 3aMeTHM,
hto ypaßHeHHe (10.4.15) b o6nacTH npeo6pa3oßaHHH Oypbe HMeeT
BHA

(10.4.22)

Ecnn mh npennonaraeM SKCTpanonnpoßaTb BonHH b HanpaßneHHH
och z" , to mh 6yAeM, no cymecTßy, cpopMnpoßaTb cpyHKHHH
exp(ikzz") nn6o exp(—ik 2xz"l®). AonneeH BcnoMHHTb Bee
BaKHbie CBOHCTBa Cpa3OBHX CpHnbTpOß H (paKTOpH3aHHH cneKTpoß.
Ecnn nponecc pacnpocTpaHeHHH BonH b cpeAe MOAeAnpyeTCH cpa3o-
BHMH C})HAbTpaMH, HBnHK)HI,HMHCH no npeAnOnOJKeHHK) (pH3HHeCKH
OCymeCTBHMHMH HnH yAOBneTBOpHIOIHHMH npHHHHny npHHHHHOCTH, TO
npoH3BOAHan no cpa3e nnn rpynnoßoe BpeMH 3aAepncKH cnrHana
Aonnmn 6biTb nonon<HTenbHoft BennnHHoft AJin Bcex nacTOT. B stom
cnynae ajih npoH3BOAHoft no cpa3e nonynnM BHpaneeHHe

HBnnioiHeecH, KaK h Tpe6yeTcn, nonon<HTenbHbiM AJin Bcex nacTOT h
Bcex co. nono>KHTenbHocTb TonbKO caMHX BennnHH co h kx npaKrane-
cKoro HHTepeca He npeACTaßnneT. Ecnn ajih KaKoro-nH6o 3HaneHHH co

(1 —aT) — Z(\ +aT)
(1 + aT) — Z(l — aT)

toAiz — g& x-

£-<M*=-«**,££}«*-fS, (.0.4.23)
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hah kx rpynnoßoe BpeMH 3anep>KKH OKaneeTcn OTpHuaTenbHHM, to
ypaßHennn sKCTpanonnHHH BonH bo BpeMeHHoft o6nacTH 6ynyT HMeTb
pa3pbiß.

B 3aKnioneHHe paccMOTpHM npHMep, H3o6pa>KeHHHH Ha pnc. 10.22.
B nepBOM Kanpe noKa3aH nnocKHft (ppoHT BonHbi, AecpopMnpyiomeftcn
KaK npn npoxojKneHHH nepc3 o6nacTb, b KOTopon CKopocTb nepnoAH-
hcckh H3MeHneTcn b HanpaßneHHH x. C tohkh 3peHHH onTHKH nepßbift
Kanp Ha pnc. 10.22 xapaKTepH3yeT HMnynbCHyio nnocKyio BonHy cpa3y

2 1

nocne Bbixona cc H3 cpa3oßoft pemeTKH. C no3HUHft aTMOCcpepHOH
anycTHKH HCKaneeHHH BonHOßoro (ppoHTa Mornn BO3HHKHyTb, HanpH-
Mep, npn npoxon^AeHHH nnocKoft BonHbi nepe3 sneMeHTH aTMOCcpepn
c nepHOAHnecKoft HHpKynnuHeft, KOTopne H3o6pa>KeHH Ha pnc. 10.23.
HocneAyiOHiHe KaApn Ha pnc. 10.22 H3o6pan<aiOT npouecc pacnpo-
cTpaHeHHH cppoHTa BonHH. B pa6oTax no onTHKe [35] peuieHHe ajih
MOHOxpoMaTHnecKHX BonH o6hhho nonynaioT Ha 6cckohchhocth.
HaH6onee oneßHAHbift bhboa H3 stoto coctoht b tom, hto SHeprnn
pacnpocTpaHneTcn, nepeMemancb ot oahoto KaApa k cneAyiomeMy.
npocToft HMnynbc Ha nepBOM Kanpe npeßpaTHncn b pacTHHyTbift Kone-
6aTenbHbift npouecc b nocneAHeM KaApe. C TeneHHeM BpeMeHH SHep-
thh nepßoro HMnynbca yMeHbiuaeTcn, a SHeprnn nocnenyiomHX Kone-
6aHHH yßennnHßaeTcn. Apyroft, BecbMa npnMenaTenbHoft oco6eH-
HOCTbio paccMaTpnßaeMoro npouecca pacnpocTpaHeHHH BonH HBAneTCH
to, hto nocne neKOTOporo aocthtohho AJiHTenbHoro npoMeneyTKa Bpe-
MeHH nepßbie BCTynAeHHH boah ctpcmhtch cuoßa BbicTpoHTbcn b pnn
TaX, hto BO3Mym,eHHH BonHOßoro cppoHTa co BpeMeHeM BOCCTaHaBnn-
BaioTtn. B npoTHßononon<HOCTb STOMy BonHOßan KOAa (uineftcp boa-
hh) Bee 6onbuie ycnoneHneTcn no Mepe pacnpocTpaHeHHH BonHH h
npeßpaiuaeTcn b npocTpaHCTBeHHO HeKorepeHTHyio BonHy. (3to hmh-

x X X X X X

Z-S 1

f
X

S HC. 10.22. Bo3MymeHHaH njiocKaa BOJiHa, pacnpocTpaHHtomaflCH B OflHOpO/JiHOft
pe^e.— Haqajio; 2 — HanpaßJieHne pacnpocTpaHeHHH bojihh
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TiipyeT noßeneHHe 6onbuiHHCTßa boah npn reoc})H3HHecKHX Ha6niOAe-
hhhx). Mo>kho TaK>Ke OTMeraTb HecKonbKO Apyrnx, MeHee 3aMeTHnx
oco6eHHOCTeft pnc. 10.22. Rjih mneftcpa BonHbi xapaKTepHO ABHJKeHHe
SHepniii b o6paTHOM HanpaßneHHH, t. c. ot nepßoro BCTynneHHH boa-
hh k nocnenyioiUHM. B to me BpeMH cpa3oßbie cppoHTH b mneftcpe
BonHH, o6o3HaneHHbie nepe3 x, ABH>KyTCH Bnepen no HanpaßneHHKX
X BCTynneHHK) BOnHH. OAHOBpeMeHHO HannoH cppoHTa BOnHH k och z
(hjih BHAHMoe HanpaßneHHe cc pacnpocTpaHeHHH) CTpeMHTCH yßenn-

PHC. 10.23. Bo3MO>KHbin cnoco6 cpop-
MHpOBaHHH BO3MymeHHOH BOJIHH.
a — njiocKasi BOJiHa; 6 — KOJieSjiromnecH 803-
AyiHHbie smeflKH; c — i!O3MymeHHaH BOJiHa

HHTbcn no Mepe npn6nH>KeHHn k HHnmeMy Kanpy. 3to HBnneTcn noA-
TBepn<AeHHeM toto cpaKTa, hto nocneAyiomiie BCTynneHHH BonHH
pacnpocTpaHnnncb no 6onee AnHHHHM nyneßHM TpaeKTopnnM. KpOMe
Toro, na btopom Kanpe b o6nacTH tohkh A Ha6niOAaeTCH AByxMepHan
cpOKycnpoßKa (KaycTHKa) h cabht (pa3H cnrHana Ha n/2, HBnniomHftcH
npHHHHoft o6pa3oßaHHn Ay6neTOß. Xoth AaHHbift pacneT 6nn npo-
Aenan, HanHHan c Kanpa t0 v KOHnan KanpoM te, oh Mor 6n 6biTb
ocymecTßneH h b o6paTHOM nopHAKe, t. c. HanHHan c Kanpa t6 n koh-
nan KanpoM tO. nocne nepecTpoftKH bo BpeMeHH mh co6pann 6n Ha
Kanpe t0 bck) SHeprnio cnrHana.

3anana npeACTaßneHHn Bo3MymeHnn HeorpaHHneHHoft npoTHHveH-
hocth no x Ha KOHenHOH pacneTHoft ceTKe peuieHa c noMOiubio ne-
pHOAHnecKoro Bo3MymeHHn, HMeiomero Hyneßoft HaKnoH Ha 6okobhx
rpaHHuax. rpaHHHHbie ycnoßnn c HyneßHM HaKnoHOM npn stom skbh-
BaneHTHbi 6ecKOHenHOMy nepnoAHnecKOMy npoAonxeHHio no x. Benn-
nima uA/Az/Aa;2 = 1/4 Bbi6paHa TaKHM o6pa3oM, hto6h nonynnTb
Heo6xoAHMbie H3MeHeHHH b nocneAOBaTenbHOCTH Kanpos Ha
pnc. 10.22, npeACTaßnniouiHx co6oft nnTb BHHHcnHTenbHbix HTepauHH
npouecca pacnpocTpaHeHHH BonH. MacuiTa6 npeACTaßneHHn peuieHHH
Mon^eT 6biTb H3MeHeH HecKonbKHMH cnoco6aMH 6naroAapn B3aHMO-
CBH3H napaMeTpoß vAt, Ax n Az.

Bo3moh<ho, HMeeT cmhcji paccMOTpeTb pa3nHHHbie npoueccn yen-
Aennn AaHHbix b cootbctctbhh c pnc. 10.22. B npouecce, Ha3HBaeMOM
«ynpaßneHHe nynoM», pe3ynbTaTH Ha6niOAeHHft, noAo6Hbie npencTaß-
neHHHM Ha pnc. 10.22, mojkho 6nno 6u npocyMMnpoßaTb no Koop-
AHHaTex c uenbio ycnneHHH cnrHana h noAaßneHnn myMa. Hcho,.
hto b paccMaTpHßaeMOM HaMH cnynae (cm. pnc. 10.22) ycnnnTcn
nepßne BCTynneHHH BonHH h b to me BpeMH ocna6nTcn cnynaftHbift
iuyM. CyMMnpoßaHHe no x 6yAeT raume CTpeMHTbcn yHHHToncHTb
SHeprnio cnrHana, cocpeAOToneHHyio b ocHHnnHpyioiHHX mneftcpax.
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soahh. npn Heo6xoAHMOCTH peanbHoro yBenHneHHH othoihchhh cht-
.Han/uiyM ensa ah bo3hhkhct Heo6xoAHMOCTb b npouenypax o6pa6oT-
kh, ocna6nniouivHX SHeprnio cnrHana. HecMOTpn Ha to hto BenHHHHH
z'' hah t" pacTyT, nononceHHe ocnoncHneTcn, TaX KaK sHeprnn CHraana
nepereKaeT ot HananbHoro HMnynbca k ocuHnnnpyioiHHM BonHOBHM
luneftcpaM. To, hto nacTO cnnTaiOT «uiyMOM, reHepnpyeMbiM CHraa-
aom», MOHveT oKa3aTbcn none3HHM CHnianoM b noTeHunanbHO ueHHOH
cpopMe. Mohcho AeftcTßHTenbHO on<HAaTb nopa3HTenbHnx pe3ynbTaTOß,
ecnn cnoco6n ycnneHHH CHraanoß 6yAyT ocHOßbmaTbcn Ha ncnonb3o-
-naHHH nonHoft cpopMH BonHH, a He TonbKO HananbHoro HMnynbca.

ynpantHeHHH

.1. CcpopMyjinpyuTe Bee npeAnojionceHnn, KOTopne Heo6xoAHMH aah Toro, hto6h
npnßecTH ypaßHeHHe (10.4.7) k BHAy

BnBeAHTe aHajioruHHoe ypaßHeHHe ajih KoopAHHaT, noMeneHHbix AByMn uiTpuxaMH.
2. HaflAHTe pa3HOCTHyio cxeMy ajih ypaBHeHHH H3 ynpancHeHHn 1, KOTopan

SKCTpanojinpyeT BOjiHOßoe nojie c ypoBHH z' Ha ypoßeHb (z'+Az'). noKajKHTe, hto
»Heo6xoAHMO ncnojib3oßaTb npouieAuiee BpeMH, ecjiH v>v, h 6yAymee BpeMH, ecjin

3. nycTb KOopAHHaTHbie npeo6pa3oßaHnn 3aAaHH cJieAyiomnM o6pa3oM:

"SannuiHTe CKajinpHoe BOjmoßoe ypaßHeHHe b sthx KOopAnnaTax.
4. noKaxHTe, hto ecjin npn TpaHccpopMaunn CKopocTb v b cpopMyjiax (10.4.9a),

"(10.4.96) h (10.4.9b) npHHHMaeT Aio6oe 3HaneHHe, MeHbiuee v b bojihobom ypaßHe-
HHH, to b pe3yjibTaTe 6yAyT nojiyneHH ycTOHHHBHe pa3HOCTHHe ypaBHeHHH.

5. PaccMOTpHTe pa3HocTHoe ypaßHeHHe (l-\-&xx/l2)8 ztP=bh xxP. Tlpu KaKOM
SHaHeHHH b sto ypaßHeHHe npnBOAHTcn k hbhoh cpopMe? Hbjihctch jih BpeMeHHan
peKypCHH yCTOHHHBOH ajih s-Toro 3HaHeHHH b?

10.5. B3AHMOAEHCTBHE JiyHEH

Bonbuiyio nacTb Haiunx 3HaHHft o BHyTpeHHeM cTpoeHHH 3eMnn AaioT
rpaHHun pa3Aena, npeßpamaiomHe BonHH, pacnpocTpaHHioiUHecH
bhh3, b BonHH, BbixoAHHiiie Ha noßepxHOCTb. MaTeMaTHHecKH cTporoe
pa3non<eHHe Bo3Mym,eHHft b cnoncToft cpeAe Ha HHCxoAniHHe
[exp(ikzz)] h BocxoAHunne BonHH [exp(—ik zz)] bo3mojkho, ho b Ha-

"cTonuiee BpeMH TaKoe pa3non<eHHe He pa3pa6oTaHO aah AByx- h
TpexMepHbix HeoAHopoAHbix cpeA. To, hto y Hac HMeeTcn b stoii
o6nacTH, npeACTaßnneT co6oft Ha6op cneuHanbHO pa3pa6oTaHHnx
AJin pacneTa boah MeTOAOB, CTporoe o6ocHOBaHHe KOTopnx npeAno-
AaraeT nonHoe OTcyTCTBHe ropH3oHTanbHoro pacnpocTpaHeHHH SHep-
thh 1 hah ero npeHe6pe}KHMyio ManocTb. Ha npaKTHKe He npeACTaB-

1 BcjieACTßne AHcppaKUHH Ha6AK)AaeTcn pacnpocTpaHeHHe SHeprnn BAOJib cppoHTa
bojihh. (IJpuM. nepee.)

[v(z)-v]P'z ,=P>t,.

x' = x;
z' =z;

z
V= t— [ v- 1 (z)d

0
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jmeT HHTepeca TOHHoe pa3no>KeHHe boah Ha bocxoahiuhc h hhcxoah-
miie KOMnoHeHTH. Hac 6onbuie HHTepecyeT onncaHHe B3aHMOAeftcTBHH
MOKAy npH6nHH<eHHO KOAAHMnpoBaHHHMH (cBeAeHHbiMH b napan-
jieAbHHK nynoK) nynaMH. B ronorpacpHH k hhm othochtch nadatomue
(hah onopHbie) h pacceßHHbie nynn. B ceftcMonornH hmh MoryT 6biTb.
nanaioLUHft nyn npoAOAbHoft boahh h nyn paccenHiioft nonepenHoft:
boahh. Ohh He Tpe6yiOT KaKoft-AH6o onpeAeneHHoft opneHTaHHH ot-
iiociiTenbHO Apyr Apyra hah OTHOCHTenbHO BepTHKaAH.

PaccMOTpeHHbie paHee mctoah SKCTpanonnHHH boah mohcho hc-
nonb3oßaTb aah onHcaHHH nyneft, rpy6o CBeAeHHbix b napanAeAbHHH:
nynoK BAOAb och z. Tenepb paccMOTpHM 3anany onncaHHH B3anMO-
AeftcTßHn Men<ny AByMn TaKHMH nynaMH. Rah npocTOTH BHanane
iisynHM ABa npH6nH3HTenbHO BepTHKanbHO pacnpocTpaHHiomnxcn ny-
na, OAHH H3 KOTOpbIX HACT BHH3, a Apyroft — BBepX. JIyHH B3aHMO-
AeftcTßyiOT Men<Ay co6oft b nnocKOCTH ropH3oHTanbHoft rpaHHHH
pa3nena. Pa3BHßaeMbift noAxoA mohcho npHMeHHTb ko MHon<ecTßy
npocTbix Moneneft. TonHOCTb pesynnraTOß aah 6oAee o6iuhx MOAeneft
HBAHeTCH npaKTHHeCKHM BOnpOCOM, OTBCT Ha KOTOpblft 3aBHCHT OT
KOHKpeTHHX yCAOßrift 3aAaHH. HeAOCTaTOHHan TOHHOCTb HBAHeTCH
CJieACTBHeM MHOTHX npriHHH, CpeAH KOTOpbIX MOJKHO OTMeTHTb CAeAy-
iom,He:

1. yrnoßyio 3aBHCHMOCTb ckopocth pacnpocTpaHeHHH BonH b Kon-
jiHMHpoBaHHOM nynKe, KOTopan BO3HHKaeT BcnencTßHe npH6nHJKeHHft>.
hoao6hhx npH6nnn<;eHHio OpeHenn.

2. npeHe6pen<eHHe AHcppaKHneft.
3. Bo3Mon<Hyio Hecnoco6HOCTb ypaBHeHHH aah AByx KonnHMiipo-

BaHHHx nyneft onncaTb Bee cyuiecTßeHHbie aah AaHHoft 3anaHH nynn
H3 HHcna BO3HHKaioiHHX Ha cnon^Hoft rpaHnue pa3Aena.

4. npH6nnn^eHHoCTb onHcaHHH ynpyrnx npononbHbix boah CKa-
nnpHHM boahobhm ypaBHeHHeM.

BnHHHHe HeAOCTaTOHHOft TOHHOCTH AOAHOIO OUCHHBaTbCH C yHCTOM
tohhocth sKcnepHMeHTanbHbix pa6oT, Tpe6yeMoft tohhocth, tohhocth
h ctohmocth KOHKypHpyioni,HX MeTOAOB. TaKne ohchkh bhxoaht 3a
paMKH HaCTOHLUeft KHHrH.

B stom pa3Aene mh 6yAeM onHcnnaTb TOAbKO nepßHHHyio (oaho-
KpaTHo) OTpaxeHHyio ceftcMnnecKyio SHeprnio, Hcnonb3yeMyio b Me-
TOAe oTpan<eHHbix boah. Boahh 6oAbuioft aMnnnTyAH Bo36yn<AaioTCH
na noBepxHOCTH 3cmah c noMombio B3pbißnaTbix BemecTß hah npyrnx
HCTOHHHKOB, o6naAaioiHHX AOCTaTOHHoft sHeprneft. 3th boahh npo-
HHKaioT b 3eMAK), rAe MaAan aoah hx SHepTHH OTpa>KaeTCH CAa6bIMH
rpaHHuaMH b cpeAe n nepeAaeTcn o6paTHO k nyBCTBHTenbHHM npn-
eMHHKaM, pacnonon<eHHHM Ha noBepxHOCTH. BcTpenaiomHecn Ha;
npaKTHKe CHTyaHHH, Korna 3aMeTHoe koahhcctbo SHeprHH OTpantaeTCH
BBepx h bhh3 no HecKOAbKy pa 3(MHoroKpaTHbie OTpan<eHHH), 6yAyT
o6cy>KAeHH b cnenyiomeft rnaße. Rah ropH3OHTanbHO-CAOHCToft cpeAH
mohcho Hcnonb3oßaTb ypaßHeHHe (9.3.13).

df U I r— iab Ir(7 1 1 7Z r 1 —nr U 1 /in -f ,arLH wJId —r7--[_, ,Jloj- (ia5J)
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TlocKonbKy npaKTHnecKan cHTyaunn, KOTopyio mh nnTaeMcn onncaTb,
VAOBneTBOpneT HepaßeHCTßy U^D, to mo>kho annpoKCHMnpoßaTb
hhh<hk)K) CTpoKy b Bbipa>KeHHH (10.5.1) cnenyioiUHM o6pa3oM:

MTO6bI CpH3HHeCKH o6b>HCHHTb COOTHOUieHHe (10.5.2), npHMeHHMoe TaK-
JKe b ycnoßHnx, Korna BennnHHa a, b h V 33bhcht ot z, otmcthm, hto
peuieHHe ypaBHeHHH (10.5.2) HMeeT cneAyiomiift bha:

(10.5.3)

-3to nerKO npoßepHTb npnMoft noACTaHOBKoft. H3 Bbipan<eHHH (10.5.2)
cneAyeT, hto npOH3BeneHHe iab onpeneJineT cpa3y (hah CKopocTb)
-BonHH, a OTHOiueHHe Yz jV — H3ueueHHe cc aMnnHTynn. TaKHM 06-
-pa3OM, mo>kho HHTepnpeTnpoßaTb nneH Yz/Y KaK cooTBeTCTByiOLUHft

«CJ)H3HneCKOMy SCpCJJeKTy, CBH3aHHOMy C KOSCpCpHHHCHTOM npo3panHOCTH.
HHcJ)opMaHHH 0 ckopocth b npoH3BeAeHHH ab npHO\jIH3HTeAbHa,

a nonon<eHHH rpaHHu pa3Aena b 3eMne, 3aAaßaeMbie cKanKaMH
"cpyHKUHH Yz/Y, BOo6me HeH3BecTHH. 3to 03HanaeT, hto HeT Heo6-
.xoahmocth oTKa3HßaTbcn ot noHCKa peuieHHH D, ecnn norpeuiHOCTb
aMnnnTyAH peuieHHH, onpenenneMan HeH3BecTHHMH KOsefxpHHHeHTaMH
npo3panHOCTH, AonycTHMa.

B pa3Aene 10.3 onncaHa BO3MO>KHOCTb paccMOTpeHnn HennocKHX
nonH npn ycnoBHH, hto BennnHHa iab hbahctch KBanparaHM KopHeM
AHCp4)epeHUHanbHoro onepaTopa — ((i) 2/v2-\-dxx ). Rah nynKa nyneft,
-KOAAHMHpoBaHHHx b HanpaßneHHH bhh3 BAonb och z, nepßoe npH-
6nnn<eHHe KBaApaTHoro KopHH HMeeT bha i®/v [1+ v 2(dxx/2(£>2 ) ] . npn
.Hcnonb3oßaHHH npeAnonojKeHHH o KOAAHMnpoBaHHOCTH nynKa (dzz o)
h paBeHCTBe Hynio Hen3BecTHoro rpanneHTa nonHoft npoBOAHMOCTH
HHCxonnmyio BOAHy D mohcho paccnnTaTb c noMombio ypaBHeHHH

3to Bbipan^eHne HMeno 6h cmc 6onbuiee cxoactbo c nonyneHHHMH
paHee pe3yAbTaTaMH, ecnn npeAnono>KHTb, hto cpeAa OAHopoAHa
(CKopocTb v=v) . Bocnonb3yeMCH npeo6pa3oßaHHeM BHAa D=D'imz,

rAe m =(a/v. npn sthx ycnoßHnx ypaßHeHHe (10.5.4) npeo6pa3yeTcn
tl BHAy

Mto6h peuiHTb ypaßHeHHe (10.5.4) hah (10.5.5) b o6AacTH, pacno-
AO>KeHHOH BHyTpH 3eMAH, AOCTaTOHHO 3HaTb (pyHKHHK) D Ha noßepx-
HOCTH 3eMAH (aah Bcex x npn 2=o). B ceftcMnnecKoft pa3BeAKe
MeTOAOM OTpan<eHHHx boah BeAHHHHa D o6hhho MonceT annpoKCH-
MHpoßaTbcn AenbTa-cpyHKHHeft b MecTe B3pHßa.

D z = iabD— \\-D. (10.5.2)

D = Doy-I/2 exp ii\abdz\.

D^^D+^-D^. (10.5 .4)

UZ=A%D'XX. (10.5.5)
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Tenepb o6paraMCH k pacneTy BocxoAnmeft boahh U.
H3 BepxHeft CTpOKH BbIpaHXeHHH (10.5.1) HMeeM

(10.5.6)

Ecah npeHe6penb BnnnHHeM KoscpcfniHHeHTa npo3panHOCTH Ha BenH-
HHHy U, o6o3Hanan b to me BpeMH B3aHMOAeftcTBHe Men^Ay BonHaMH
U h D nepe3 KoscpcpHuneHT OTpan<eHHH, to nocneAHee BbipanceHHe
npHMeT BHA

FIOCKOAbKy KOSCpCpHUHeHT OTpajKemin

to [aah AHcf)(pepeHHHpyeMOH cpyHKHHH Y(z)] ypaßHeHHe (10.5.7)
M-OJKHO 3anHcaTb B BHAe

KaK H AJIH HHCXOAHHI,HX BOAH, MOHCHO o6o6ui,HTb 3aAany Attn nAOCKHX
boah b cnynae nynKOB Ayneft n HcnonbßOßaTb npH6nHH<eHHe KBanpaT-
hoto KopHH. TorAa

(10.5.9)

3aMeHa nepeMeHHbix U=U"e~imz h D=.Dr e imz b npeAnonon<eHHH o no-
CTOHHCTBe ckopocth b cpene h HenocTOHHCTBe cc npoBOAHMocTH no-
3BonneT npeo6pa3oßaTb ypaßHeHHe (10.5.9) k BHAy

rjn vflU"xx2 ICO
(10.5.10)

Bamno noHHTb, KaK mojkho nonynHTb peuieHHe ypaBHeHHH
(10.5.10). npe>KAe Bcero, Hyn<HO BbinncnHTb (pyHKUHio Dr c noMombio
HeKOToporo npyroro ypaBHeHHH. Hpn peuieHHH ypaBHeHHH (10.5.10)
6yneM cnnTaTb nneH c(x, z)D', cooTßeTCTfiyioiUHM HCTonnHKy, reHe-
pHpyiomeMy Ho3Mym,eHiie U. CymecTßyiOT ABe BaxtHbie 3ananH: npn-
Man h odparnaH. OpHMan 3aAana — sto chhtc3 nanHbix. 06paTHan
3aAana 3aKmonaeTCH b tom, hto6h onpenennTb (pyHKUiin c(z) n
U"(z) Ha OCHOBaHHH Bbl6opKH AaHHHX U , 3aAaHHOH Ha noBepxHOCTH
3eMAH (npn z=o). Bonce nonHO o6paTHan 3anana paccMaTpHßaeTcn
b cneAyioiueft rnaße, nocßnm,eHHoft o6pa6oTKe ceftcMnnecKHx naHHbix.
3necb mh orpannnHMCH npnMoft 3aAaHeft. TpaHnHHoe ycnoßHe aah U",
KOTopoe AaeT Bo3Mon<HocTb Hcnonb3oßaTb ypaßHeHHe (10.5.9) aah
Haxon<AeHHH PyHKUHH c7" BcioAy, 3aKAionaeTCH b tom, hto6h bcah-

U2 =-iabU-^-(U—D).

Ut=- \ab(J+l*-D. (10.5.7)

Y 2 — Yxr=—= =— c° Y2 +Yx
C '

Uz =—iabU—c'(z)D. (10.5.8)

Ug= - i^U-£Uxx-c'(x,z)D

c' (x, z)D'e 2imz .
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HHHa V" paßHnnacb nyAio a^ih Bcex x BHyrpH 3eMAii Ha rAy6nne zN,
mime Bcex o6Hapyn<HßaeMbix OTpa/KaiomHx rpaHnu. Torna ypaßHeHHe
(10.5.10) nepecHHTHBaeTCH Ha 6onee bhcokhc ypoBHH ot zn k zK-\,
zN

_
2 h t. A- npn stom (pyHKHHH V" ocTaeTCH paßHoft Hynio ao Tex

nop, noxa mh He noftneM ao nepßoro o6nyneHHoro OTpancaTenn, T. c.
AO caMoro rnv6oKoro MecTa, rAe BeAnnHHH c(x, z) v D' OA'HOBpeMeH-

a 5

iiiiiiiiiiMiiii *r!ZkO
**Ml.lllliiili^l«iiull|iii,n

\\mmm\m\\\mmmmmMiWFZ "nffltil
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liiii

i

lilt

:ii;

:

6 z

(6. c)PHC. 10.24. HncxoAHiUHe (a, c) h
AByx nojiOjKeHHHx HCTOHHHKa (a, c)

npn

ho ne paßHbi Hynio. B stoh tohkc «BKmonaeTcn» hctohhhk, t. c. coot-
BeTCTByioLHHft eMy hach b ypaBHeHHH (10.5.10) CTaHOBHTcn a-hh boc-
xoAHiHeft boahh neHyncßbiM. OAHOBpeMeHHO h (pyHKHHH U"^o b Ha-
npaßneHHH BBepx. 3tot pacneT HAAiocTpHpyeTcn pnc. 10.24. Ha
pnc. 10.24,a, c HOKa3aHH HHcxoAHiune cc^epHnecKHe boahh ot AByx
HCTOHHHKOB, pacnonojKeHHbix b pa3Hbix MecTax. 3th boahh «ocßema-
k)t» norpynccHHyio rpaHHuy pa3nena, KOTOpoft cooTBeTCTByeT cKanoK
KaK HMnenaHca, TaX h ckopocth. Hnn<e rpaHHun AAHHa boahh yße-
AHHHBaeTcn. Ha pnc. 10. 24,6, c noKa3aHH BocxoAnmne (oTpan<eHHbie
ot rpaHHun) boahh, KOTOpbix hct Hume rpaHHun pa3Aena. Ha rpa-
Hnue pa3Aena cpa3H HncxoAHiueft h BOcxoAnmeft boah OAHHaKOBH.

PHC. 10.24. HncxoAnniHe (a, c

'
II

BocxoAHiune BOJIHH
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BbiHHcneHHH MoryT 6nnb npoAenann TaKH*e bo BpeMeHHoft o6na-
cth. 3anniueM npeo6pa3oßaHHH KoopAHHaT AJin hhcxoahiuch BonHH

z'^z; (10.5.116)

(10.5.11b)

h npeo6pa3oßaHHH KoopAHHaT aah BOCxoAnmeft boahh

(10.5.12a)
(10.5.126)

(10.5.12b)

Tenepb mohcho BHpa3HTb BenHHHHH U h D b o6enx cncTeMax Koop-
AHHaT (10.5.11) h (10.5.12):

D(x, z, t)=Dr (x', z\ f)=D"(x", z", t"). (10.5.136)
ripaßHno AHCp(pepeHHHpoBaHHH caohchoh (pyHKHHH AaeT

(10.5.14a)

(10.5.146)

(10.5.14b)

(10.5.15a)

(10.5.156)

(10.5.15b)

PaccMaTpiißan cpeAy c nocTOHHHOft CKopocTbio v=v h yMHoncan o6e
nacTH BbipajKeHHft (10.5.4) h (10.5.9) Ha —ico, a 3aTeM, OTOJKAecT-
bahh MHon<HTeAb — tea c npoH3BOAHoft no BpeMeHH, nonynaeM

(10.5.16a)

(10.5.166)

x' =x; (10.5.11a)

t'=t —-V

z"=z;

1 V

U(x, z, t)=U, (xf, z', t')=U"(x", z", t"); (10.5.13a)

dxD = dx,D';

d*D =(dz-Y dt') D'''
dtD = dt,D'=dt„D";

dxU= dx,U';

y';

dtu= dt,U'.

v z

Uzt = -=-Utt — V
TUxx—c' (x,z) D t
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ypaßHennn (10.5.16a) n (10.5.166) c noMouibio Bbipan^eHnft (10.5.14)-
-h (10.5.15) nerKO npeo6pa3yioTCH k BHAy

(10.5.17a).

Tenepb (JDopMyny (10.5.17a) mo>kho HcnonbßOßaTb aah BHHHcnenHH
BeAHHHHbi D', a (popMyny (10.5.176) — aah onpeAeneHnn D" . Bhhh-
Tan (10. 5. 12b) h3 (10.5.1 1b), nonynaeM:

CneAOßaTeAbHo, c noMombio (popMynn (10.5.136) 3aBHCHMOCTb
(10.5.176) Mon<HO Bbipa3HTb nepe3 BennnHHy D' cnenyioiHHM 06-
-pa3OM:

(10.5.18)
3tot pe3ynbTaT bo BpeMeHHoft o6nacTH hbahctch npeo6pa3oßaHHHM
BbipanceHHeM (10.5.10).

ynpancHeHHH
1. noKa>KHre, hto BejiHHHHa l/2[(d/dz) In I] HBJineTCH KoacpcpHUHeHTOM OTpanieHHH
bojihh c' npn pacnpocTpaHeHHH cc naA rpaHiiueii pa3AeJia.

2. BcnoMHHTe H3 BbipajKeHHH (9.3.20), hto onpeAeJieHHe HMneAaHca V coagp>kht
BejiHHHHy k x. 3ra 3aBHCHMOCTb 6biJia ycTpaHeHa npn BHBOAe cpopMyjin (10.5.10).
H3MeHHTe cpopMyjiy (10.5.10) TaKHM o6pa3oM, hto6h BKJiiOHHTb b Hee HJieHH, coAep-
JKaiune dD" jdx. 3to H3MeHeHiie no3BOJineT Bbipa3HTb KoacpcpHUHeHT OTpaHveHUH
b cpyHKUHH yrjia naAeHnn bojihh Ha rpaHHuy.

10.6. HHCJIEHHAJI BfISKOCTb 1

Hpn nonojKHTenbHOH nncneHHoft bh3kocth OTKAOHeHHe noBeAeHHH ko-
potkhx boah npn peuieHHH paBHOCTHoro ypaBHeHHH ot oncHAaeMoro
hx noBeAeHHH, cooTßeTCTßyioiuero peuieHHio AHcpcpepeHUHanbHoro
ypaBHeHHH, HBnneTcn TaKHM, hto KopOTKHe boahh 3aTyxaiOT c TAy6n-
HOfi. BH3KOCTb MOHCeT 6blTb TaKH<e OTpHUaTCAbHOft, BH3H-
Ban ycHAenne kopotkhx BonH bmccto hx ocna6neHHH. He3aBHCHMO ot
toto, HMeeTcn ah xopouiee o6ocnoßaHHe peuieHHft hah hct a^ih H3y-
neHHH nncneHHoft bh3kocth, yneHbie nacTO HeoxoTHO 3anHMaiOTCH eio
no HCCKonbKHM npHHHHaM. 80-nepßbix, na>Ke ecnn AHCpcpepeHUHanbHbie
ypaBHeHHH ne HapyuiaiOT npHHunn npHHHHHOCTH, to BO3Mo>KHa He-
yCTOfiHHBOCTb, OBH3aHHaH C OTpHUaTCAbHOft BH3KOCTbIO B pa3HOCTHHX
ypaßHeHnnx. 80-BTOpnx, H3-3a npo6neMH skohomhh MauiHHHoro Bpe-

1 3thm TepMHHOM aBTop onpeAejineT HCKyccTBeHHo BBOAHMoe- 3aTyxaHne bhco-
KonacTOTHHX KOMnoHeHT BOjiHOßoro nojin. 3to oSecnennßaeT noßbimenne ycToflnHßO-
cth peuieHHH KOHenHO-pa3HOCTHoro ypaBHeHHH. (TlpuM. nepee.)

D' — —D'v z'V — 2 xx"

!/",„#" =-\U"x>>X"-
c' (x", z") D" t„. (10.5. 176)

t> = t"- 2L-
V

U\„4„ =-\U"xl>x ,r- c' (x", z") dt „D' [x", z", t"-2^-)
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MeHH [oco6eHHO b MHoroMepHoft 3aAane, Tanoft KaK Pzt= (v/2)Pxx ]
uomer HOTpefJOBaTbCH, hto6h (pop Ma BonHH 6nna 3anaHa c noMombio
HeMHornx peanbHbix ToneK. B-TpeTbHx, npn o6pa6onKe AaHHbix na-
■6AK)AeiiHH, KorAa none P(x, t) sKCTpanonHpyeTcn c ypon-HH Z\ na ypo-
BeHb z2, MoxeT oKasaTbcn, hto sth AaHHbie HecoBMecTHMH c onpene-
jieHHHMH AonymeHHHMH, na kotophx ocHOBaHH ypaBHeHHH SKCTpano-
AHHHH BOAHOBOrO HOnH.

HanpHMep, npennoAOKHM, hto none P(x, t) HMeeT npeo6pa3oßa-
HHe Oypbe P'' (kx , co). nocKonbKy k 2x-yk2z=(a 2 /v2 , to cbo6oaho pac-
npocTpaHHioiHHecH boahh xapaKTepH3yiOTCH cooTHOiueHHeM |&x|<
<co/u. CneAOßaTenbHo, cneKTp P' (kx, co) aoahcch o6paiuaTbcn b HyAb,
€CAH He BbinoAHneTCH ycnoßHe |&x|<co/zj. npn BHBOAe ypaBHeHHH
Pzt=(v/2)PXX AonoAHHTenbHO npennonaranocb, hto boahh hmbiot Ma-
Abie yrviH pacnpocTpaHeHHH. CnenoßaTenbHo, HepaßencTßO cTanoßHTcn
6onee cnnbHHM npn \kx \<^.(a/v. RaEHbie Ha6nioAeHHft, HecoMHeHHO,
He 6ynyT tohho yAOBneTBOpHTb sthm ycAOHHHM. nosTOMy hmciotch
ABe bo3mo>khocth. 80-nepßbix, mojkho npeHe6penb HCKan^eHHHMH
b nacTH npocTpaHCTßa npeo6pa3oßaHHn (kx , co), me cHrHann HMeiOT
He6oAbuiyio SHeprnio, a pa3HOCTHoe ypaßHCHne He ycHAHBaeT hx ao
HenpneMAeMoro ypoBHH. 80-BTopnx, mo>kho npeo6pa3oßaTb Hauie
pa3HocTHoe hah AHCpcpepeHHHanbHoe ypaßHeHHe TaKHM o6pa3oM, hto-
-6h b paccMaTpnßaeMoft nacTH npocTpaHCTßa npeo6pa3oßaHHH (kx, co)
cyiuecTßOßana perynnpyeMan nonon^HTenbHan HHcneHHan BH3ROCTb.
3tot hoaxoa HHorna Ha3HBaiOT BeepHoft cpHAbTpauHeft H3-3a kahho-
o6pa3Hoft cpopMbi o6nacTH npocTpaHCTßa (co, kx ), b KOTopoft ocna6-
AneTcn peuieHHe.

OnepaTop dxx HMeeT npeo6pa3oßaHHe Oypbe —k2x . OnepaTop
6XX paßHo3HaneH CBepTKe Ha och x c KoscpcpHuneHTaMn (1, —2,1) /Ax2 ;
cneAOßaTenbHo, cc npeo6pa3oßaHne Oypbe HMeeT bha [exp(—ikxAx) —
—2-yexp(ikxAx)] /Ax2. 3anHHieM sto cnenyiOHiHM o6pa3oM:

(10.6.1a)

npH6nnn<eHHe BenHHHHH kx c noMombio BenHHHHH kx 3aAaeTcn bh-
pan<eHneM

(10.6.2)

norpeuiHOCTb npn6nH>KeHHn kx =^kx Ta6ynHpoßaHa. B Ta6A. 2 npHße-
AeHH OTHOCHTCAbHbie norpeuiHOCTH BHHHCneHHft aah KOpOTKHX BOAH,
nacTO accouHnpyeMbie c BbipaxenHeM AHcpcpepeHUHanbHbix ypaBHeHHH
B KOHeHHO-pa3HOCTHOft (pOpMC

CxeMe KpanKa — HnKoncoHa cooTBeTCTByeT npyroe npH6nHH<eHne.
3Aecb onepaTop d/dt, HMeiouiHfi npeo6pa3oßaHHe —£co, annpoKCHMH-

pyeTcn 6nAHHeftHHM npeo6pa3oßaHHeM. BenHHHHa co Bnpan<aeTCH

m(dxx )= -k2
x ;

<m(<§,) =^PX =
_ g('-^«>, - |1_ s in. (wxj ( 10 6 16)

t 2 . , Axkx=^smkx-2 .
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nepe3 nacTOTy co:

yMHOjKan HHCAHTeAb h 3HaMeHaTeAb npaßoft nacTH nocneAHero Bbipa-
jKeHHH Ha SKcnoHeHTy c ' nonynaeM:

(10.6.3)

3to npiH6AH3KeiHHe TaKJKe Ta6ynnpoßaHO (cm. Ta6n. 2).
Rah o6pa3OBaHHH pa3HOCTHbix npn6AHnceHHft 6oAee BbicoKoro no-

pnAKa peuiHM ypaßHeHHe (10.6.2) oTHOCHTenbHO BeAHHHHH ikx. Yi.3
(popMyAH (10.6.2) HMeeM

Tadjinua 2

(10.6.4)

BcnoMHHM CTeneHHoft pnn aah o6paTHoft rnnep6oAnnecKoft (pyHKHHH
apea-cHHyca:

(10.6.5)

06paTHoe npeo6pa3oßanHe Oypbe aah BbipanceHHn (10.6.4) c yne-
TOM pa3Aon<eHHH (10.6.5) no3BOAneT onpenenHTb pa3non<eHHe b CTe-
neHHOft pHA (pyHKUHH dx nO CTBneHHM BeAHHHHH 6X.

B HacTonmee BpeMH ceftcMHHecKHe AaHHbie MeTOAa OTpancenHbix
boah nacTO He o6ecneHHßaiOT noAHOuenHoft Bbi6opKH no ropHßOHTanb-
Hoft KoopAHHaTe x. CnenoßaTeAbHO, HMeeT cmhca npeAnoncHTb aji^
BeAHHHHH dxx 6oAee TOHHoe npn6nH>KeHHe k BeAHHime & xx. 80380-

.-., 2(l-e/tcA')— itoA^ =—- . ' .
lT ewAf

"~a, o e^'^-e^2
0., coA^.~ *^= 2

e-^/2+ei-(0A772- = - 2« tg —'- 2 , loAt
U>=-At i%-2--

Hhcjio TOieK Ha hjih k Ax OraocHTejibHaH OTHOCHTejibHan OTHOcmejibHan no-
AJiHHy BOJiHbi, " x ' norpeuiHOCTb BejiH- norpeuiHOCTb b&jih- rpeumocTb ypaßHe-

-2n/wAt P3A qHHfaI 2tg o,a*/2 "hh 2 sin yU/2 hhh (10.6.8)

nX^O" 2XIO-" 10- 2"/3 10-2n/6 0(10-4rt)
20000000 0,314 159 0,008272 —0,004 116 —0,000021
16000000 0,392699 0,012968 —0,006434 —0,000051
12000 000 0,523 599 0,023 218 —0,011449 —0,000 159
10000 000 0,628 318 0,033 675 —0,016 504 —0,000 330
8 000 000 0,785 398 0,053 325 —0,025 834 —0,000 812
6 000 000 1,047 197 0,097 645 —0,046 109 —0,002 613
4 000 000 1,570796 0,240 396 —0,104 913 —0,013 849
3 000 000 2,094 395 0,492 833 —0,189 390 —0,046 111
2100000 2,991992 1,596763 —0,400 123 —0,203548

Arsh(-i^).

- , 1 u3 , 1-3 u5 1-3-5 a 1,Arsh a= v - -2- -3- 4-2.-4 -5-- 2T4T6 ~T +
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ah b KBaApaT ypaßHeHHe (10.6.4) h ocTaßnnH TOAbKo nepßne ABa nne-
Ha b pa3AO>KeHHH (pyHKUHH Arsh, HaftneM:

(10.6.6)

rAe v=—ik xAx/2. HpHMenHB o6paTHoe npeo6pa3oßaHHe, nonymiM:

(10.6.7)

Mame Bcero yno6HO Hcnonb3oßaTb sto Bbipan<eHHe b cpopMe pauHO-
HanbHoft Apodn:

'C noMombio oco6oro npneMa Bbipa>KeHHe (10.6.8) mojkho ncnonb3o-
BaTb a^h pemeHHH 3aAan 6e3 nepexona k pa3HOCTHHM onepaTopaM
6onee bhcokoto nopnAKa. Otmcthm, hto Hcnonb3oßaHHe coothouichhh
(10.6.8) b AHcfxpepeHunanbHOM ypaBHeHHH rana Pt=Pxx hphboaht
k cpopMyne

Hoßblft HACK 6Xx^ HOAXOAHT X CTapoft CXCMe BHHHCACHHft H, TaKHM
o6pa3oM, paßHo3HaneH H3MeHeHHio KoscpcpnuHeHTOß; t. c. eAsa ah npn-
BeAeT k KaKOMy-AH6o yBeAHHCHHio 3aTpaT BpeMeHH Ha 3BM. AaHHbie,
npHßenenHbie b Ta6n. 2, cBHneTenbCTByiOT 06 yBenHneHHH tohhocth
peuieHHH. Ha ocnoße Ta6n. 2 n AonycTHMoft norpeuiHOCTH aah hckoto-
poro nacTHoro npHMenennH, HanpHMep Ha ypoßHe 3%, mo>kho onpe-
AenHTb MHHHManbHo AonycTHMoe hhcao tohck Ha AJiHHy boahh, Ha-

npHMep no 10 ToneK Ha AAHHy boahh no ochm zh t h 3-y tohkh Ha

AAHHy boahh no och x. Torna noAe3Han uiiipHna nonocn nacroT co-
CTaBHT —2n/10<icoA/<4-2n/10, (me 2n HBnneTCH HHTepßanoM ne-
PHOAHHHOCTH Bbl6opKH CeftCMHHeCKHX Aa'HHblx) . 3to BHaHHTC/IbHO
MeHbiue noAHoft nonocn nacTOT cnrHana. B stom cnynae OTHOineHHe
noAC3Hoft nonocn nacTOT k noAHoft paBHO 1/5. Hto6h ncnonb3oßaTb
6oAbuiyio nacTb HMeiomeftcn nonocn nacTOT, Heo6xoAnMo AonycTHTb
66nbuiyio norpeuiHOCTb hah pa3pa6oTaTb 6oAee cnoncHbie pa3HOCTHbie
npn6AH}KeHHH ajih AHcptpepeHUHanbHbix onepaTopoß. BonHOßoe none
mojkho paccMaTpHßaTb KaK HMeioiuee SHeprnio BCiOAy b npocTpaHCTße
(co, kx ) . OnHaKo pa3HOCTHbie ypaßHeunn nonn<HHM o6pa3oM Monenn-
pyiOT BonHOßoe ypaßHeHHe AHUib b orpaHHneHHbix o6nacTnx, 3auiTpn-
xoßaHHbix Ha pnc. 10.25. 3Heprnn cocTaßnnioiUHx boahoboto norm
c |^x|>|co/u| cooTBCTCTByeT noBepxHOCTHHM BonHaM, norpeuinocTHM
c6opa AaHHbix (norpeuiHOCTH b CTaTnnecKHx nonpaßKax, enynaftHbie
uiyMH hah HeerAa>KeHHbie (pnyKTyauHn cnrHana ot Tpacen k Tpacce)
M npyrHM noMexaM. 3th cocTaßAmoiune ne MoryT HHnero bhccth

u2
_ 4 / . u*\

H x^Ax2 [ U ' "Tj»

a _ ***(i- a**/ 12)
xx """ Ax 2

d**~ i+as* ■ < ia6- 8>

(l + *f)B,P=^S„P. (10.6.9)
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b npouecc MHrpauHH n, cneAOBaTeAbHO, ohh aoahchh 6nTb Bbipe3aHH
c noMoiubio BeepHoro (pHnnrpa [36] hjih, KaK CAenano b AaHHoft khh-
re, c noMombio nncneHHoft bh3kocth. no npaKTHnecKHM coo6pan<e-
hhhm nacTO oKaabißaeTcn hco6xoahmhm BbipeaaTb nynn c yrviaMH
naneHnn, Aen<aiHHMH BHe onpeAeneHHoro AHanaaoHa. TaKyio bo3moh<-
HOCTb AaeT iHHpoKOAHana3OHHHft BeepHbift (pnnbTp, BnpenaioiUHft 06-
JiacTb |^x|> |co/v sinG (6 — yron HaKnoHa)|. HecMOTpn Ha to hto

PHC. 10.25. BojiHOßoe nojie b njiocKOCTH (co, k x)
l— k oiieHb 6ojibiiiHe; 2— © o^eHb 6oJibiune; 3 — jiy^H, cjihuikom 6jiH3KHe k ropH3oHTajibHoii
njIOCKOCTH; 4 — o6jiacTb KenponycKaHHH b HanpaßJieHHH och z

HH(popMauHH Mon<eT conepn<aTb 1/2 nacTOTH KOAHpoBaHHn (nacTOTy
HaftKBHCTa) KaK no co, TaX hno kx , Ha npaKTHKe npHMeHHiOTCH one-
paTopn KOHenHoft nnnHH c y3Koft nonocoft nponycKaHHH. HcnoAbao-
BaHHe npocTbix BpeMH-pa3HOCTHbix onepaTOpOß naeT b pe3ynbTaTe
noAOcy nponycKaHHH OKono 1/4 nacTOTH HaftKBHCTa. B npHHunne
nacTOTa koahpob3hhh He npeACTaßnneT TpyAnocTeft, TaX KaK AaHHbie
MoryT 6biTb HHTepnonnpoßaHH nepen o6pa6oTKoft. KpOMe toto, mohcho
npHMeHHTb 6onee cAO>KHbie (t. c. 6onee aahhhhc) pa3HOCTHbie one-
paTOpn.

ynpaßneHHe HHcneHnoft BH3KOCTbio peuieHHH paccMOTpHM na npn-
Mepe AH(pcJ)epeHUHaAbHoro ypaBHeHHH BHAa Pzt—(v/2)Pxx .
neHHH peiueHnn BHe ncnonb3yeMoft nonocn nacTOT, me J x̂Aa:| >k/5,
Ao6aBHM HOBbift nneH k npaßoft nacTH, t. c. H3MeHHM BbipanxeHHe

nyTeM cooTßeTCTßyiouiero Bbi6opa AononHHTenbHoro HAeHa. Toma

Vlto6h onpeneAHTb BHaneHHe kohct3hth a, npeo6pa3yeM KoopAHHaTy
x *i ypaBHeHHH (10.6.11):

P = -k>^P (10.6.10)

dzP=-V
2~i^ dxxP + adxxP. (10.6.11)

dzP =\^- ak*x ) P - < 10- 6- 12)



ypaßHeHHe (10.6.12) HMeeT cnenyiomee peuieHHe:

MnHMan nacTb SKcnoHeHTH naeT TonbKO cpa3oßbift yroA, KOTopnft
mo>kho «c ynHTHBaTb, TaX KaK <Hac HHTepecyeT nnuib aMnnHTyna.
HycTb z—zo=d. Toma Bbipan<eHHe (10.6.13) npHHHMaeT bha

(10.6.14)

Tenepb Hy>Kno peuiHTb, KaKoe oena6neHHe HaM hco6xoahmo. npen-
nononcHM, mh xothm, hto6h npn kx'Ax=7i/4 Bbipa>KeHHe (10.6.14) Aa-
Bano ocna6neHne b e pa3. Toma H3 ypaBHeHHH (10.6.14) HMeeM

(10.6.15)

TaKHM o6paBOM, aah nonyneHHH BbipanceHnn (10.6.11) b cpopMyny
(10.6.10) 6nn Ao6aBACH nnen c KOscpcpHUHeHTOM a, KOTopnft cTpe-
MHTcn k Hynio, ecAn KBanpaTHan ceTKa HMeeT npOMe>KyTKH Ax 2.
BKnioneHHe stoto nneHa naeT rayccoßy cpyHKHHio 3aTyxaHHH npo-
cTpaHCTßeHHoft nacTOTH aah Bbipan<eHHH (10.6.14). BBeneHne nneHa
c BH3KocTbio, no-BHAHMOMy, cyiuecTßeHHO ne yßennnHT 3aTpaT Bpe-
MeHH Ha 3BM.

Tenepb MOAHcfmunpyeM ypaßHeHHe SKCTpanonnunH BonH TaKHM
o6pa3oM, hto6h ocna6HTb npe3MepHne HaKAOHH [sin cp==£u/co]. CTpo-
ro roßOpn, sto He nncTan HHeneHHan BH3KOCTb, TaX KaK mh H3MeHHAH
ocHOBHoe AH(p(pepeHUHanbHoe ypaßHeHHe. 3to noxon<e Ha nncneHHyiO'
BH3KOCTb TeM, hto Hcnonb3yeTCH cneuHanbHO pa3pa6oTaHHan MOAHCpH-
KauHn ypaBHeHHH, npeAHa3HaneHHan aah HcnpaßneHHH onpeAeneHHoro<
HeAOCTaTKa. MonncpHUHpyeM AHcpcpepeHUHanbnoe ypaßHeHHe (10.6.10)
Ann H3yneHHH BHpanceHHH

llto6h noAo6paTb HHcnemioe SHanenHe BenHHHHH co0, ocbo6oahmch or
nppauHOHanbHocTH b 3HaMeHaTene. Toma

(10.6.17)

Tenepb mojkho npeHe6peHb mhhmoh nacTbio b npaßoft nacTH ypaßHe-
HHH (10.6.17), nocKonbKy OHa nnnneT TonbKO Ha cpa3y peuieHHH P.
npHMeHHB npeo6pa3oßanHe Oypbe k BHpan<eHHio (10.6.17) no Koop-
AHHaTe x, nonyHHM:

P(z) =P(z0 ) QxpJ
i(^-ak2

x "j (z~z0)]. (10.6.13),

pj^j =exp(—ak2
xd).

-ak2
xd=-\; a(-f)t

C»= 1

i/x. a \2 d , 16Ax2
cz,(M^)2

t-2 =l; «=-^i-.

dzP =0(
vdxx. V P. (10.6.16)2 2(— tco+ co0) v '

Uz 2 (»2 + <o8
0 ) (/^ "
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3Aecb BO3MOSKHH Asa cAynaH. Bn6epeM BennnHHy co0 oneHb ManeHb-
Koft c TeM, hto6h b HHTepßaAe nacTOT, He npeACTaßAniomeM HHTepeca
(co<co 0), ypaßHeHHe (10.6.18) o6ecnenHßano 6hi nornomeHHe npo-
CTpancTßeHHbix nacTOT, a b pa6oneM AHana3oHe nacTOT (co>coo) oho
6hao 6h paBHOCHnbHo BbipanceHHio

OneBHAHO, hto Bnpa>KeHHe (10.6.19) onnebmaeT 3aTyxaHne, hbahio-
uieecn rayccoßoft c^ynKUHeft yrna naKnoHa. OnpeAeneHHe nncneHHoro
3HaneHHH nacTOTH coo oeraßHM aah ynpa>KHeHHH.

ynpaiKHeHHH

1. KaKan nacTOTa co0 b ypaBHeHHH (10.6.16) MOXceT ocjiaSHTb b e pa 3ncxoflHyio
aMnjiHTyfly bojihbi, pacnpocTpaHHioiueftcH c ypoBHH z x ao ypoBHH z2 noa yrjiOM 30°
X OCH Z? TaKHM 06pa30M, MOHCHO CHHTaTfa, HTO HaCTOTa C00 AOJDKHa 6blTb MajIOH Be-
JIHHHHOH. HeO^XOAHMO CpaBHHTb cc C BeJIHHHHOH, HMeK>lH.eft CpH3HHeCKyiO pa3Mep-
HOCTb ofipameHHoro BpeMeHH. FIpHBe/CHTe npHMepbi cHTyannft, Kor/ia Hacroia coo
HBJineTCH MajiOH BejiHHHHoft, h CHTyauHen, KorAa sto ycjiOßHe He Ha6jno,a,aeTCH.

2. lIoKajKHTe, hto napaMeip b b BHpanceHHH P=iv/2(£>(dxx -ybd xxz)P Mo^eT
npHMeHHTbCH fljiH ocymecTßJieHHH 3aTyxaHHH KOMnoHeHT, pa3pyuiaiomHx peuieHHe
b npHdjiiiHceHHH BHAa exp[—bk2z(z—z o)]. 3to mojkct 6bm> nojie3Ho, Kor^a BejiH-

HHHa Az Bbi6paHa cjihhikom fiojibinoft.
3. PaccMOTpHTe aKCTpanojiHHHio bojih Ha oahom mare b HanpaßJieHHH och z

c noMombio ypaBHeHHH Pz — —aco 2P. IIpHMeHHTe 6HJMHeftHoe npeo6pa3oßaHHe—ico=2(l —Z)/(l+Z) h ycTaHOBHTe, hto paccMaTpHßaeMoe ypaßHenne He MonceT
"6biTb Hcnojib3oßaHO, Tan KaK pe3yjibTaTHßHbin MHoroHjieH oSjiaAaeT HeMHHHMajibHO

cpa3oßbiM
4. FIoKa>KHTe, hto ypaßHeHHe Pz(—co2A/2 /2)+/coA/)P, no/io6Hoe ypaBHeHHK),

"Hcnojib3oßaHHOMy b ynpa>KHeHHH 3, npHBO/CHT bo BpeMeHHoft oSjiacTH k cpHjibTpy,
yAOßJieTßopnioineMy npHHUHny npHHHHHOCTH. (OcymecTßHTe aKcrpanojiHUHio nojin no
z c noMombio cxeMbi KpaHKa — HHKOJicoHa, t. c. mctoaom SHJiHHeftHoro npeoSpa-
30BaiIHH).

5. 3a£aHHaH BbiSopKa nannux P(x, t) fIOJiHCHa y^oßjieTßopnTb ypaBHeHHK)
Pzt=Px X. 3aMeneHO, hto npeo6pa3oßaHHbie aaHHbie Q(x, t), i\ne Q(x, t) =
P (x, t) ea

i cooTBeTCTByioT yMepeHHO MajioMy pnay nnceji, BBH^y nero pn/i Q
MomeT AeMOHCTpnpoßaTb npnMeHeHHe apncpMeTHKH uejiux nnceji. KaKOMy AHCpipepeH-
UnajibHOMy ypaBHeHHK) AOJi>KHa yAOBJieTBopHTb BejiHHHHa Q?

d^p= -pL k\_ p (10.6.19)
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11. OBPABOTKA CEHCMHHECKHX
MHHbIX HA OCHOBE BOJIHOBOTO
YPABHEHHH

CncTeMa KoopAHHaT, npHMeHneMan TeopeTHKaMH a^h onncanHH npo-
ueccoß pacnpocTpaHeHHH ceftcMHnecKnx boah, He coßnaAaeT c cncTe-
Moft, ncnoAb3yeMoft Ha npaKTHKe aah onncaHnn cxeMH Ha6niOAeHHft.
TeopeTHKH o6hhho paccMaTpHßaiOT npouecc bo BpeMeHH aah OTAenb-
Horo nono>KeHHH HCTOHHHKa (hah B3pnßa), a SKcnepHMCHTaTopH
Ha6niOAaiOT boahh, Bo36yn<AeHHbie mhoh^cctbom OTAenbHbix hctohhh-
kob. Hauia Banana 3aKnionaeTCH npenme Bcero b tom, hto6h npen-
CTaBHTb BonHOßoe ypaßHeHHe b yno6Hoft aah reo(pH3HKOB-pa3BeAHH-
KOB CHCTeMe KoopAHHaT.

11.1. nPOAOJDKEHHE B HH)KHEE nOJiynPOCTPAHCTBO

CEHCMHHECKHX fIAHHbIX H PA3PE3OB

B MOpcKoft ceftcMopa3BeAKe nccneAOßanHn npOBOAHTcn Ha Kopa6ne,.
KOTopnft ocnameH hctohhhkom HMnynbCHbix Kone6aHHft nepnoAnne-
ckoto AeftcTßHH n 6yKcnpyeT 3a co6oft Kocy co 3ByKOBHMn npneMHH-
KaMH AAHHoft ot 2 ao 3 km. B nneane Kypc Kopa6nn HBnneTcn npHMoft7

AHHHeft, KOTopyio mojkho npHHHTb b KanecTße och x. B 6naronpnHT-
hhx ycAOBHHx mo>kho nonaraTb, hto Bee ceftcMHnecKHe boahh, npen-
CTaßnniomHe aah Hac HHTepec, paciipocTpanniOTCH b BepTHKanbnoft
nnocKOCTH, npoxonniueft nepe3 ahhhio Kypca Kopa6nn. 3Ta nnocKOCTt*
Ha3HBaeTCH nnocKOCTbio ceftcMHnecKoro pa3pe3a. OnncaHHe Bonnoßoro<
npouecca b Tpex H3MepeHHnx He npencTaßAneT oco6oft caojkhocth.

OnnaKo TexHHKa peanH3auHH KOHenHo-pa3HOCTHbix mctoaob noKa pa3-
pa6oTaHa aah AByx H3MepeHHft, nosTOMy orpannnHM Teopnio AByMH
H3MepeHHHMH. KpoMe toto, sto orpaHHHeHHe cornacyeTcn c coflpe-
MeHHoft MeTOAHKoft ceftcMHHecKoft cbeMKH h bo3moh<hocthmh Han6onee'
coßepHieHHbix BbinncAHTeAbHbix 'MauiHH. AMnnHTyna BonHOßoro HM-
nynbca, pacnpocTpaHHiomerocH b TpexMepnoft cpeAe ot TonenHoro
HCTOHHHKa, 3aTyxaeT o6paTHO nponopHHOHanbHO BpeMeHH pacnpocTpa-
HeHHH boahh. (nnomanb ccpepHnecKoro cppoHTa boahh Bo3pacTaeT
nponopuHOHanbHo t2, cneAOßaTenbHO, sHeprnn na eAHHimy nnouiaAH
yMeHbUiaeTcn KaK t2 , a pacxonmeHne aMnnnTyAH Bonun — nponop-
UHOHaAbHO t~x ) . BoAHOBOft (ppoHT ot nnHeftHoro HCTOHHHKa, pacnono-
}KeHHoro na noBepxHOCTH nepneHAHKynnpHo k Kypcy Kopa6nn, HMeeT
paexonmeHHe, nponopunoHanbHoe t~l/2 . TaKHM o6pa3oM, npn ak)6oh
nonnTKe cncaTb TpexMepHyio cpeny b oaho- hah AByxMepHyio MaTeMara-
necKyio Monenb Hano yniiTHßaTb Heo6xoAHMOcTb BBeneHnn MacuiTa6-
hoto mhojkhtcah tl/2 ah6o t. 3HanHTenbHo 6onbuiee BHaneHHe Ann
npaKTHKH, neM yneT pacyonmeHHn boah, HMeeT BHAeneHHe Bcex ceft-
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CMHnecKHX nyneft, pacnpocTpaHHioiHHXCH ot HCTOHHHKa ao npneMHHKOB,
nencauuix Ha TpaeKTopnu AB'HHceHHH Kopa6nn b oahoii nnocKOCTH.
ApyrHMH cnoBaMH, cAenyeT H36eraTb perncTpauHn cnrHanoß, coot-
BeTCTßyioui,Hx 60KOBHM oTpaxeHHHM BOAHaM. 3th cHTHaAH nacro
MoryT 6biTb ocAa6neHH hah yHHHTOHceHH 6AaroAapn npaBHAbHOMy
Bbi6opy Kypca Kopa6AH. OAHaKO ecAH TaKHe AaHHne 3anHcaHH, to
Heo6xoAHMo onpeAenHTb, c Kanoft CTopoHbi npHHiAH OTpa>KeHHH. Oahh
H3 cnoco6oß npeACTaBneHHH 6okobhx OTpanxeHHft 3aKAK>HaeTCH b tom,
HTO6bI CHHTaTb AHHHK) ABHH<eHHH Kopa6nH OCbK) HHAHHApHHeCKOft CH-
CTeMbI KoopAHHaT. npH stom BpeMH 3aAep>KKH OTpaxeHHoro cnrHana
He HBnneTCH Mepoft rAy6HHH ao OTpancaTeAH, a xapaKTepH3yeT paAHyc
HHAHHApa, Ha noBepxHOCTH KOToporo pacnoAaraeTCH OTpan<aTeAb.
HHTepnpeTauHH o6AernaeTcn, ecnn nnoeKOCTb ceftcMHnecKoro npocpH-
nn cAa6o HaKAOHeHa k BepTHKaAH. 3aAana HHTepnpeTauHH 3HanHTenb-
ho ycAoncHneTCH b ycnoßHnx, Koma CTpyKTypa cpeAti bo Bcex Tpex
H3MepeHHHx HacTonbKo eAomna, hto cymecTßyeT «ecKonbKo haocko-
CTeft, b kotophx pacnpocTpaHHiOTCH Kone6aHHH, a AaHHbie Ha6nx)Ae-
HHft hbahiotch cynepno3HHHeft MHornx H3 «hx. HHane roßOpn, b ycno-
BHnx, Koma cpeAa HeoAHOpOAHa bo Bcex HanpaßneHHHx, Henb3H orpa-
HHHHTbCH AByXMepHHMH AaHHHMH H COOTBeTCTByiOmHMH HM BHHHCAH-
TenbHHMH MeTOAaMH.

Ha pnc. 11.1 HOKa3aHH HaH6onee Ban<Hbie cbh3h Me>KAy AByMH
CHCTeMaMH KOOpAHHaT. KoopAHHaTH B3pbIBHOrO HCTOnHHKa 3ByKa 5 H
npneMHHKa 3ByKa g 3aAaiOTCH BAOAb Kypca Kopa6nn, KOTopnft
HBAHeTCH ocbio x. BnoAb sToft och onpeAenneTCH paccTOHHHe B3pnß —
npH6op, t. c. KoopAHHaTa CMemeHHH (f=g—s) h cpeAHeft tohkh y=
=(g~ys) /2 Men<Ay HCTOHHHKOM H npHeMHHKOM. TeopeTHKH o6hhho
HCnOAb3yK)T BeAHHHHH S H g KaK KOOpAHHaTH iBOAHOBOTO nOAH Aaß-
.nenHH, a HHTepnpeTaTopH— BeAHHHHH f h y.

PaCCMOTpHM BOAHH AaBAeHHH P (S, g) , AAH KOTOpbIX KOOpAHHaTH
ToneK B3pHßa h npneMa hbahiotch He3aBHCHMHMH nepeMeHHHMH.
B AeftcTBHTeAbHocTH HCTOHHHKH h npHeMHHKH He pacnpeAeneHH He-
npepHßHo BAonb ocn x, ho o6hhho ohh pacnoAon<eHH AOCTaTOHHO
6ah3ko Apyr k npyry, b pe3ynbTaTe nero AaßAenHe P aah ak>6hx to-
neK s h g MOJKeT 6biTb naftneHo c noMombio HHTepnoAHUHH. Ecah
AaHHbie Ha6niOAeHHft He MoryT 6biTb npOHHTepnoAHpoßaHbi, to ohh
He yAOBAeTBOpniOT Tpe6OBaHHHM, Heo6xOAHMbIM AAH HCnOAb3OBaHHH
hx n AHCpcfiepeHUHanbHbix ypaßHeHnnx.

Apyroft He3aBHCHMoft nepeMeHHoft HBnneTCH BpeMH t. HananbHan
TonKa Ha ocn BpeMeHH Bbi6HpaeTcn TaKHM o6pa3oM, hto6h BpeMH t
panHHAOCb HyAio ao MOMCHTa B3pHßa. Hocne toto, KaK OTpanceHHbie
cnrHann ot B3pnßa b tohkc s nonHOCTbio 3aTyxH,yT (o6hhho sto 3a-
HHMaeT OKOAO 6 C), B TOHKe S-f-As npOH3BOAHTCH CAeAyiOIHHH B3pblß.
npH STOM BpeMH OTCHHTHBaeTCH OT HyAH. Ha PHC. 11.1 OCb t MO>KHO
CHHTaTb HaXOAHUieftCH 3a nAOCKOCTbIO AHCTa. 06e CHCTCMH KOOpAHHaT
KaK (s, g), TaX h (y, f) opToroHanbHH. HeopToroHanbHbie KoopnHHa-
Tbi, TaKHe KaK (s, /), HcnoAb3yiOTCH npn mopckhx Ha6niOAeHHHX, ho
=ohh peAKO npHMCHHiOTCH b npoHecce ananH3a AaHHbix, BBHny nero
mh paccMaTpußaTb hx He 6yAeM.
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TeopeTHKH o6hhho pa6oTaiOT b haockocth (g, t) npn (pHKcnpo-
BaiiHOM s. B ceftcMopa3BeAKe AaHHbie b haockocth (g, t) Ha3HBaK>TCH
npocpnneM. HHTepnpeTaTOpH ceftcMnnecKHx AaHHnx o6hhho pa6oTaiOT
c aMnnHTynoft iboahh KaK b nnocKOCTH (y, t), TaX h b nnocKOCTH
(/, t). npeACTaßneHHe AaHHnx Ha6AK)AeHHH b haockocth (y, t) na3H-
BaeTcn ceftcMHnecKHM pa3pe3oM, a b haockocth (/, t) — Bn6opKaMH
o6ihhx cpeAHHx ToneK hah o6hihx ToneK oTpan<eHHH, KOTopne nacTO

PHC. 11.1. CooTHOineHHH KoopAHHaT HCTOHHHKa s, npneMHHKa g, CMemeHHH f=g —s
h cpe/meft tohkh y=(g+s)/2.
I — ocb cpeAHHx ToieK; 2 — BbifiopKa o6uihx cpeaHHX Toqen; 3 — npocpmib; 4— ceflcMH^ecKaH
Koca; 5 — pa3pe3; 6 — ocb CMemeHHH (bwhocob)

Ha3bißaioTCH Bbi6opKaMH o6ihhx rny6HHHHx ToneK. 3Ta TepMHHonorHH
noHßiinacb, Koma CTpoeHHe peanbHbix reoAorHnecKHx cpeA o6hhho
npeACTaBAHAH c noMombio MOAeneft ropH3OHTaAbHO-cAOHCTOH cpenn,
b KOTOpoft tohkh OTpaJKenHH, Ha3HßaeMbie rny6HHHHMH TOHKaMH, pac-
nonaraiOTCH HenocpeACTßeHHO hoa cpeAHHMH TOHKaMH. TaKoe npen-
cTaßneHne HeynanHo H3-3a 3HanHTeAbHoft nyTaHHun, KOTopan cßH3ana
c ocbio rny6HH. Mh 6yAeM H36eraTb TepMHna «rny6HHHan TOHKa».
npeACTaßneHHe nanHbix Han cpeAHeft tohkoh y npn cpHKcnpoBaHHOM
CMemeHHH f, t. c. b haockocth (y, t), HBnneTCH eAHHCTBeHHoft H3
opToroHaAbHHx nnocKocTeft, KOTopan Mon<eT npOAOAJKaTbcn Ha cothh
H TbICHHH KHAOMeTpOB. HpOC^HAH H Bbl6opKH HMeiOT AAHHy B HCCKOAb-
KO KHAOMeTpOB, HTO CBH3aHO C OrpaHHHCHHOft AAHHOft CeftCMHHeCKOH
koch h c orpaHHHeHHHMH pa3MepaMH o6nacTH (hto 6onee cyiuecTßeH-
ho), b npenenax KOTopoft MoryT 6biTb 3aperHCTpHpoßaHH OTpanteHHH,
BH3BaHHbie B3pbIBOM.
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HpO(pHAH H Bbl6opKH b HaeTonmee BpeMH o6hhho coAep>KaT OKono
48 ceftcMnnecKHx Tpacc. TaX KaK none3Hbie AaHHbie nacTO Ha6nK)Aa-
kdtch Ha paccTOHHHHX, npeßbimaioiUHX pa3Mepn 3-khaomctpoboii koch,
to HHoma npHMeHneTCH Apyroft bha perncTpauHH nanHbix c noMoiubio
aKycTHnecKoro 6yn, KOTopnft npeACTaßnneT co6oft 6yft c oahhm npn-
eMHHKOM 3ByKa (Ha3HBaeMHM rHApo(ponoM) h paAHonepeAaTHHKOM.
Byft Bbi6pacbißaeTCH 3a 6opT Kopa6nn, KOTopnft ynaAneTcn ot Hero,
npoH3BOAH B3pHB Hepe3 KaniAne 6 c ao Tex nop, nona 6yft OKan<eTCH
BHe o6nacTH pacnpocTpaHeHHH panno hah ceftcMnnecKHx cnrHanoß.
TaKHe Aaniine o6pa3yiOT bh6opkh no o6iueMy nyHKTy npneMa n co-
Aepmaj ot 200 ao 2000 ceftcMnnecKHx Tpacc. Raunue aKycTHnecKoro
6yn b npHHUHne nßnniOTcn caMHMH nerKHMH, TaX KaK ohh o6ecnenH-
BaiOT yAOBneTBopeHHe rpaHnnnnx ycnoßHft aah ypaßHeHHft, BoccTaHaß-
nnßaiomnx BonHH. B cooTBeTCTBHH c npHHunnoM B3anMHOCTH mo>kho
6hao 6n npeACTaBHTb, hto Ha Kopa6ne noMemen npneMHHK 3ByKa,
a 6yft ocHaiHCH hctohhhkom noßTOpnioiuHxcH 3ByKOßbix HMnynbcoß.
Ha npaKTHKe sto ne nenaeTcn no SKOHOMnnecKHM coo6pan<eHHHM.
TaKHM o6pa3oM, npHHunn B3aHM'HOCTH, KOTopnft rnaciiT, hto P(g, s,
t)=P(s, g, t), no3BonneT HaM npeACTaBHTb OTAenbHbift B3pbiß c no-
Mombio MHOTHX COTCH npHeMHHKOB, T. C B BHAe, Heo6xOAHMOM AAH
npoAonnceHHn b nnncHee nonynpocTpancTßO noneft bocxoahihhx h hh-
CXOAHIHHX BOAH.

3to noßßonnen noHHTb to, KaK mh H3ynaeM BHyTpeHHee CTpoenne
3eMAH c noMombio MeTOAa npOAonn<eHHH BonH b HHJKHee nonynpo-
CTpaHCTBO. Pnc. 11.2 HAArocTpnpyeT naJKHbift npHHunn, 3aKniOHarouiHH-
cn b tom, hto orpaowaTeAU 1 pacnoAazafOTCß c cpede c uecrax, ede
ecrynAenuH Hucxodnu^eu eoAnu coenadator co epeMenu c 80cxodnw,eu
boahou 2 . Hctohhhk S pacnonaraeTcn b6ah3h noBepxHOCTH, a pnn
npHeMHHKOB R — Ha noBepxHOCTH. B tohkc Pi, nen<aiueft Bbiuie OTpa-
HOTenn, HncxoAniHan BOAHa Di Ha6AK)AaeTCH paHbiue BoexoAHiueft
boahh U\, KOTopan npomna ot HCTOHHHKa ao OTpaJKaTenn, a 3aTeM
BepnyAacb BBepx b TOHKy Pi. B tohkc P2, KOTopan HaxoAHTCH b ne-
nocpeACTßeHHoft 6ah3octh k oTpanoioiueft rpaHnue nnn Ha caMoft rpa-
Hnue npOH3BOAbHOH CpOpMH, HHCXOAHHI,aH H BOCXOAHUXan BOAHH D 2 H
V'2nepeKpbißaiOTCH bo BpeMeHH, hto MonceT 6biTb ncnonb3oßaHO aah
onpeAeneHHn MecTonono>KeHHH OTpantaTenn. B tohkc Pz, pacnono-
meHHOH. HHme OTpanoTenn, b npHHunne HeT BoexoAHiueft BonHH.
OnHaKo npaKTHnecKHe npoueAypn BHHHcneHHH bocxoahiuhx BonH U
Ha pa3nHHHbix rny6nHax 6onbuieft nacTbio paBHO3HanHH CABury boc-
xoahihhx boah, Ha6nK)AeHHbix b TOHKax R, ko Bee 6onee paHHHM MO-
MeHTaM BpeMeHH, COOTBeTCTByiOIUHM BCe 60AbUIHM H 60AbIHHM I\Jiy-
6iiHaM. nocKonbKy sth npouenypn He coAepn<aT 3HaHHH o nojioxe-

hhh rpaHHun pa3Aena, to ohh 6yAyT nporno3HpoßaTb noKa3aHHyio
nyHKTHpoM AoncHyio BOcxoAHmyio BOAHy c73 b TOHKe Ps AO npHxona
TyAa HHcxoAnmeft boahh [s].

1 OTpajKaTejmMH MoryT 6biTb KaK npOTH>KeHHbie rjia/iKHe OTpaxaiomHe rpaHH-
Übi, TaX h /THcpparnpyioiHHe o6i.eKTbi. (FlpuM. nepee.)

2 3tot npHHUHn coßna/ieHHH BpeMeH mnpoKO Hcnojib3yeTCH b cnoco6ax orH6aio-
hthx h jiyneßbix a TaKjKe b uerojie nojieft BpeMeH. (IJpuM. nepee.)
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Mto6h HaHnynuiHM o6pa3oM noncHHTb STy HAeio, ncnonb3yeM mo-
HOXpoMaTHnecKHe BonHH. 3to no3BonneT paccnnTaTb h npencTaßHTb
paccMaTpHßaeMbift npouecc b haockocth (x, z) aah (pHKcKpoßaHHoft
nacTOTH co, bmbcto TpexMepHoro npocTpaHCTßa (x, z, t). B cnynae
MOHOxpoMaTnnecKHx boah npeACTaßneHHe o coßnaneHHH bo BpeMeHH
AByX 3aBHCHIHHX OT BpeMeHH BOAHOBHX CHTHaAOB TpaHCCJDOpMHpyeTCH
b npeACTaßneHHe o tom, hto o6e BonHH hbahiotch KorepeHTHHMH h

PHC. 11.2. HjunocTpauHH ochobhofo
npHHHnna nocTpoeHHH OTpanoTejiH.
5 — HCTOHHHK; R — iipHeMHHKHJ Pi — TOHKH
b cpe^e; Di h Ui — HHcxoflHiUHe h bocxo-
-3.311; He BOJIHH COOTBeTCTBeHHO

HMeiOT nocTOHHHbift cJ)a3oßbift cABHr (o6hhho Hyneßofi HAH paßHblft
180°) b TOHKax npocTpaHCTßa, me HaxoAHTcn OTpancaTenb. Mh yBH-

AHM, hto 4>a3oßan SKBHBaneHTHOCTb aah Kan<Aoft omeAbHoft nacTO-
th b AK)6oft TOHKe npocTpaHCTßa caMa no ce6e He o6ecneHHßaeT co-
BnaAeHHH boah bo BpeMeHH. To me caMoe aoajkho 6biTb cnpaßennHßO
h aah Apyrnx nacTOT. KaK npaßHno, neM 6onbme nacTOT b <pa3oßoft
KorepeHTHOCTH, TeM Bbiuie 6yneT pa3peuieHHe b npocTpaHCTße.

HanoMHHM, hto npeAHOAon<eHHH, eAenaHHHe b pa3AeAe 10.5, npn-
Benn k nonnTHio o tom, hto bocxoahhihc n HHcxoAHiUHe MOHOxpoMa-
THnecKHe boahh mohcho paecHHTaTb no cpopMyna m:

(11.1.1)

(11.1.2)

B npHMoti 3adane boahoboc none paccnHTHßaeTcn Ha ocHone mo-
AeAH cpeAH. B o6paTHoii 3adaue Ha ocnoße Ha6niOAeHHoro boahoboto
noAH onpeAenneTcn Monenb cpeAH. Rah nocTanoßKH npnMoft 3aAann
npeAHGnOJKHM, HTO B3pblß npOH3BOAHTCH B TOHKe C KOOpAHHaT3MH
2=o, x=o. 3to o6ecnennßaeT HananbHbie ycnoBHH THna nenbTa-cpyHK-
Uhh aah HiicxoAHUieft boahh. npn 3aAaHHoft MOAenn cKopocTHoft xa-
paKTepncTHKH cpeAH ypaßHeune BHAa (11.1.1) nosßonneT npoAonncHTb
HHCxoAnmyio BOAHy b HH>KHee nonynpocTpaHCTßO Ha npoH3BonbHyio
rny6nHy. Ha AOCTaTonno 6onbuioft rAy6nne BocxoAHiuan BOAHa U

TV — !lry -2 2co **'
Uf

z =~~U'xx -c(x,z)D'e2l 'nz.
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npnHHMaeTcn paßHoft Hynio. npoH3BeA6HHe KoscpcpnuHeHTa OTpaxeHHH
c h HHCxoAnmeft BonHH D b Bbipan<eHHH (11.1.2) Mon<eT paccMaTpn-
BaTbCH K3K HCTOHHHK BOCXOAHIUeft BOnHbl.npn peuieiiHH o6paTHoft 3ananH Heo6xoAHMo onpenenHTb KoscpcpH-
uneHT OTpa>KeHHn rpaHHun c(x, z) no 3aAaHHHM Ha noBepxHOCTH
3eMAH (npn z=o aah Bcex x) pe3yAbTaTaM Ha6niOAeHHH BoexoAHiueft
boahh U. npn stom BOAHy D momuo paecnnTaTb no npHBeneHHOH
Bbiuie cpopMyne. KosfptpnuiieHT OTpan<eHHn c(x, z) b Bbipa>KeHHH

PHC. 11.3. BojiHOßoe nojie o/thhohhoto HCToqHHKa rapMOHnnecKHx KOJie6aHHft.
D — HHCXoasimaa BOJiHa; U — BocxoAflman BOJiHa; a. 6 — pa3JiH<iHbie nojiojKenHJi HCTOHHHKa

(11.1.2) HeH3BecTen. C noMombio nomaroßoro peuiennn ypaBHCHHH
mo>kho onpeAeniiTb BOAHy 0, HBnmoiuyiocH npH6nHHceHHeM k boa-
He U

(11.1.3)

b HnncHeM nonynpocTpaHCTße, HannHan c noBepxHOCTH z=o, me Be-
AHHHHa 0 3anaHa.

Bo3HHKaeT Bonpoc, HacKonbKo BennnHHa 0 oTAnnaeTcn ot U?
Mokav nonepxHOCTbio 3eMAH h Han6onee mcako 3aneraioiHHM OTpa-
JKaTeneM c HeHyneßHM KoscpcpnuneHTOM OTpan<eHHH c pa3HHun Mem-
Ay Bbipan<eHHHMn (11.1.2) h (11.1.3) He 6yneT. B stoii o6nacTH
BeAHnriHbl U H 0 OnHCblßaiOT BOAHH C HAeHTHHHHMH CKOpOCTHMH,

» v

{]' ——■ — U' — 0Ux — 2<o xx '
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HanpaßneHHHMH pacnpocTpaHeHHH, KOScpcpHHiieHTaMn pacxonmenHH h
BceMH ApyrHMH cßoftcTßaMH. Ecnn BHpan<eHHe (11.1.2) paccMaTpH-
BaeTcn aah HanpaßneHHoft bhh3 boahh (npoTHßononon<HOM Hanpaß-
neHHio pacnpocTpaHeHHH BocxoAHHieft boahh), to HAeHbi (xapaKTe-
pH3yK)LU'He HCTOHHHK) B ypaBHeHHH (11.1.2) nO3BOAHIOT «OTKAK)HHTb»

BOcxoAnuine boahh ao Tex nop, noKa none U b otahhhc ot norm 0
Ton<AecTßeHHo He o6paTHTcn b Hynbß o6AacTH HH>Ke caMoro rny6oKoro
oTpaHxaTenn. Ectcctbchho, BO3HHKaeT Bonpoc: HMeeT ah npaKTHnecKoe
3HaneHHe tot (paKT, hto none 0 He o6pamaeTCH b Hynb nnme oTpan<a-
TeAeft. Hauia ueAb 3aKAionaeTCH b tom, hto6h ho BHHHcneHHHM boa-
HaM 0 n D onpenennTb nonon<eHHH OTpanoTeneft b cpene c yneTOM
npHHunna BpeMeHHoro coßnaAeHnn yKa3aHHbix boah b TOHKax OTpa-
n<aTeAn, KaK noKa3aHO Ha pnc. 11.2. Rah npi-muHna coßnaneHnn Bpe-
MeH He HMeeT 3HaneHHH, hto BoexoAHHiaH U BOAHa He «OTKAionaeTCH»
HHn<e rpaHHun pa3nena. 3th npeACTaßneHHn cnpaßennHßH TaKn<e ajw
mhothx OTpancaTeneft, 3aneraioui,HX Ha pa3nHHHbix rny6H«ax. Phc 11.3
HAAiocTpHpyeT npHMeneHHe stoto npHHunna aah MOHOxpoMaTHnecKoft
boahh. Ha AeBOM cHHMKe noKa3aHa AeftcTßHTenbHan nacTb hhcxoah-
meft BonHbi D. nyHKTnpHan ahhhh cooTBeTCTByeT nepexony ot cpenn
C HH3KOII CKOpOCTbK) X CpeAS C BHCOKOft CKOpOCTbK). 3to BHA'HO nO
yBeAHHeHHio AAHHbi BonHH b o6nacTH nnme STOft ahhhh. Ha ueH-
TpanbHOM CHHMKe noKa3aHa BocxoAHiuan OTpan<eHHan BOAHa U, c6-
pasyioiHaHCH npn pa3pHße ckopocth b cpeAe. Ha nepBOM chhmkc no-
CTpoeHa AeftcTßHTenbHan nacTb othouichhh O/D. KaK bhaho, hhcxo-
AHman h BoexoAHiHaH boahh hmciot OAHHaKOByio (pa3y. 3to AaeT
npaßHAbHbift yroA HaKAOHa rpaHHun. Rah onpeAeneHHn rny6nHH oa-
Hoft nacTOTH HeAOCTaTOHHO. BbiHHcneHHan BoexoAnman BOAHa 0 onpe-
AeAneTcn no Ha6niOAeHHofi na noBepxHOCTH Bocxonnmeft BOAHe h cko-
pocTH pacnpocTpaHeHHH BonH b cpene v; BennnHHa Yt/Y npn stom ne
HcnoAbßOßaAacb [3]. Heo6xoAHMnft aah nocTpoeHHH moacah reoAorH-
necKoft cpenn KoscptpHuneHT OTpa>KeHHn c(x, z) ouennßaeTcn Benn-
HHHOft

(H-1.4)

Rjih MOHOxpoMaTHnecKHx boah coßnaneHHe Cpa3H BOAH 0 H D Ha-
6nK)AaeTCH He TonbKO Ha OTpanoTene, ho h Ha HHTepßanax b nonoßH-
Hy AAHHH BOAHH BHUie H HH*e OTpaHiaTCAH. (EcAH 6bl MH HMCAH
BOAHy U BMecTO 0, to nnme OTpan^aTenn 6hao 6h HyAeßoe none).
Tenepb mojkho noBTopHTb Bee bhhhcachhh aah MOHOxpoMaTHnecKHx
boah c npyrnMH nacTOTaMH h npocyMMHpoßaTb pe3ynbTaTbi. CyMMH-
poßaHne boah 6yneT Bcema nponcxoAHTb CHH(pa3HO na OTpanoTene,
a BHe OTpancaTenn — c pa3nnHHHMH cJ)a3OBHMH CABHraMH.

Ha pnc. 11.4 noKa3aHH H3o6pan<eHHH, noAo6nbie TeM, KOTopne
npencTaßAeHH Ha pnc. 11.3, h oTAHnaioiUHecH TeM, hto b ypaßHennnx
npn pacneTax ynTeno 6onbuie nneHOB (aah Aynmero npeACTaßneHHn
boah, pacnpocTpaHHioiuHXcn hoa 6onbniHMH yrnaMH k BepTHKann).
KpoMe toto, ncnonb3oßancn Ha6op nacTOT (aah nnniocTpaunH koh-
CTpyKTHBHoft HHTepcpepeHUHH boah Ha OTpancaTeAe) . Ha Kanpe / no-

-~, v 0 (x, z)
C (X, Z) =t4 T ■X ' D (x, z)
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Ka3ana BOAHa, pacnpocTpanHiouiaHCH ot TonenHoro HCTOHHHKa, Ha
Kanpe 4 — BocxoAHLuan OTpanceHHan BOAHa. OiHa ncne3aeT mime rpa-
HHun paßAena. Ha KaApe 5 HOKa3aHa BoexoAHiHan BonHa, BOccTaHOß-
neHHan no Ha6niOAeHHnM, npoßeneHnnM Ha noBepxHOCTH 3eMnn.
B npouecce BOCCTaHOBneHHH He HcnoAb3yiOTcn AaHHbie o nonon*eHHH
OTpan<aTeneH, TaX KaK ohh hbahiotch npeAMCTOM noncKa. CneAOßa-
TeAbHO, b BOCCTaHonneHHoft BOBBpauiaioiueftcH BonHe Bocxonnman boa-
Ha HMeeTcn h b o6nacTH mime OTpamaTenn. Ha Kanpe 2 noKa3aHO

MOAejib: 4 — Bocxo/j,Hu;afi Bojma; 5 — BoccTaHOßJieHnan BOcxoAHman BOJiHa; 6 — BoccTaHOßJieHHe
MOfl,ejiH no MacTOTaMMacTOTaM

AHHHny aah nncxoAHiHeft boahh. OTpantaTenb pacnonaraeTCH BAOAb
OAHOfi H3 AHHHH HyAeßOft (pa3bl, HO npH HCnOAb3OBaHHH OAHOH HaCTO-
th HeAb3H cKa3aTb, KaKan H3 ahhhii cooTBeTCTByeT OTpancaTenio.
Kanp 2 nocTpoeH no neTbipeM nacTOTaM, a pe3ynbTaTbi npoeyMMHpo-
BaHbi. nonyneHHoe (Kanp 6) H3o6pan<eHHe AaeT 6onee TOHHbie cse-
ACHhh o nononceHHH OTpanoTenn. yßennneHne nncna nacTOT noßbicnno
6h TOHHOCTb onpeAeneHHH ero nononceHHH [s]. Phc. 11.3 h 11.4 pa-AHnaiOTCH eiue h TeM, hto oueHKa cßoftcTß OTpan<aTenn Ha nepBOM H3
hhx HMeeT bha O/D, t. c. onpeAenneTcn BHpajKeHneM (11.1.3), a Ha
btopom OHa paßHa OD* (me D* — KOMnneKCHo-conpnn<eHHan Bemi-
HHHa D) . OueHKH O/D h OD* hmciot oAHHaKOBne (pa3H, ho pa3AHHHbie
aMnnHTynn. npenMyiuecTßO oueHKH O/D — coßnaAenne cc c Koscpcpn-
HneHTOM OTpan<eHHH. HenocTaTOK oueHKH O/D — Hannnne y3noßbix

Ha HMeeTcn h b oonacTH mime OTpanoTenn. ria Kanpe z noKa3aHO

npOH3BeAeHHe BOCXOAHLueft boahh Ha KOMnneKCHO-conpHJKeHHyio Be-

t 2 3
a

5 U 5 6

PHC. 11.4. CHHTe3 bojih ot /jecpopMHpoßaHHOro OTpa/KaTe.iH h BoccTaHOßJieHHe H3O-
-6pa»ceHHH rpaHHHH.
a, 6 — pa3JiHHHHe nojiojKeHHH HCTotiHHKa
/ — HHCXoiifliuasi BOJina; 2 — BoccTaHOßJieHHe MOflejiH b nojie MOHOxpoMaTH'iecKoft bojihh; 3 —
MOAejib: 4 — Bocxo/j,Hu;aJi BOJiHa; 5 — BoccTaHOßjieHnan BOCxoAHiuan BOJiHa; 6 — BoccTaHOßJieHHe

npOH3BeAeHHe BoexoAHiueft boahh Ha KOMnneKCHO-conpnn<eHHyio Be

t 2 3
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ToneK norm D, KOTopbiM TeopeTHnecKH AOAmnu cooTBeTCTBOBaTb y3nn
norm V', me uomej BOBHHKHyTb npaKTHnecKan npo6neMa neneHHH Ha
Manne nncna. BTopan oueHKa eBo6oAHa ot stoto HenocTaTKa h HMeeT
Tpe6ye.Myio xapaKTepncTHKy c tohkh 3peHHn cyMMnpoBaHHH cnrHa-
aob He TOAbKo no MHorHM nacTOTaM, ho h no MHOTHM nono>KeHHHM
nyHKTa B3pnßa. BennnnHa UD* Mana TaM, me HHTeHCHBHOCTb hhcxo-
AHiueft BonHH h «ocßeui,eHHOCTb» OTpa>KaTeneft b cpeAe HH3Kan h, na-
o6opoT, BeniiKa TaM, me «ocBemeHHOCTb» hx 6oAbinan.

PaccMOTpHM Tenepb nan^Hnft npaKTHnecKHft Bonpoc, KaK nponon-
n<HTb npo(pHAb b HnncHee nonynpocTpaHCTßo. OneßHAHbift nonxoA
COCTOHT B TOM, HTO6bI peiHHTb 3aAaHy B nAOCKOCTH (g, t) OTAeAbHO
Ann Kan<Aoro nyHKTa BBpbma. AnbTepHaTHBHO, HcnoAb3yn npHHunn
B3aHMHOCTH, mh motah 6h paccMaTpHßaTb omeAbHO 3anany b nnocKO-
CTH (s, t) aah Kanmoft tohkh npneMa Kone6aHHft. Ho npHnnnaM, ko-
Topne HaM cTanyT hchhmh no3>Ke, 3HanHTenbHHe npaKTnnecKHe npen-
MymecTßa npeACTaßAner npoAonn<eHHe norm b Hnncnee nonynpo-
CTpaHCTBo HenocpeACTßeHHO b KOOpAHHaTax (y, f). Heo6xoAHMOCTb
TaKoro noAXOAa Bbi3bißaeTcn TeM, hto 6onbuine o6T>eMH ceftcMHHecKiix
AaHHnx nonynaiOTCH npn noMomn cobmcctho nepeMemaeMnx no no-
BepXHOCTH 3eMAH OTAeAbHHX HpHeMHHKOB H HCTOHHHKOB. HpH STOM
Ann Kanmoro nonoJKeHHn nyHKTa B3pHßa cymecTßyeT AHiub OAHa toh-
Ka npneMa Kone6aHHft. OneBHAHO, hto sthx AaHHbix HeAOCTaTonno aah
toto, hto6h nanaTb npoAonnceHne boahoboto norm b HHnaiee nony-
npocTpancTßO b haockocth (g, t). TeM He MeHee ecnn paccMaTpHßaTb
bck) coBOKynHOCTb nyHKTOB B3pHßa, to OKa3HBaeTCH, hto moh<ho npo-
Aonn<HTb BonHOßoe none, nonyneHHoe npn nocTOHHHOM cMeineHHH,
BHH3 nO pa3pe3y C XOpOUieft TOHHOCTbIO l .

PaCCMOTpHM ABa OTAeAbHHX ypaB'HCHHH A-HH HHCXOAHIUHX H BOC-
xoahluhx boah. nepexoA ot KoopAHHaT na6niOAeHHoro norm (s, g, c,
t) X HHTepnpeTaUHOHHHM KoopAHHaTaM (y, f, z, f) ocyuiecTßAHeTCH
no cpopMynaM

Bnpan<eHHH (11.1.5a), (11.1.56) onncHßaiOT npeo6pa3oßaHHe Ko-

opAHHaT nyHKTa B3pnßa s n npneMHHKa g b KoopAHHaTH cpeAHeft
tohkh y h b CMemeHHe. ypaßHeHHe (11.1.5b) noKa3HBaeT, hto npn-
eMHHK pacnono>KeH Ha bhcotc c b tohkc Ha BepTHKanbHoft och z.
Bnpa>KeHHe (11.1.5r) onpenenneT BpeMn t', ynHTbmaioiuee npeßbime-
hhh npneMHHKa no bhcotc CornacHO pa3Aeny 10.4 3HaK nnioc coot-
BeTCTByeT hhcxoahiuhm BOAHaM, pacnpocTpaHnioui,HMCH b HanpaßneHHH
~z, a 3HaK MHHyc — bocxoahiuhm BonnaM. Ba>KHO OTMeTHTb, hto

1 3to HBJineTCH cHHTe3npoBaHHeM anepTypu. (FtpuM. nepee.""

y= s-^; (11.1.5a)

f =g-s; (11.1.56)
z = c; (11.1.5b)

f = t-.( ±---).. (11.1.5r)
V v J



b npeo6pa3oßaHHH KoopAHHaT (11.1.5) Hcnonb3yeTCH nocTOHHHan cko-
pocTb v, oTnunnan ot npocTpaHCTBeHHo nepeMeHnoft ckopocth v(x, z),
npHcymeft BOAHOBOMy ypaBHeHHK). HecMOTpn Ha to hto npeo6pa3oßa-
HHe KoopAHHaT 6asHpyeTcn na hoctohhhoh ckopocth, npeo6pa3oßaH-
Hoe BonHOßoe ypaßHeHHe TeM He MeHee mojkho npHMeHHTb aah onH-
caHHH pacnpocTpaHeHHH boah b cpeAe c nepeMeHHon CKopocTbio.

Tenepb nonbiTaeMcn onncaTb oaho h to me BOSMyiueHHe b hoboii
h cTapoft cncTeMax KoopAHHaT, t. c.

P(g,s,t,e)=Q(y,f,t',z). (11.1.6)
Bhhhcahm nacTHbie npoH3BOAHbie (pyHKUHH AaBneHHH P

(11.1.7a)

(11.1.76)

(11.1.7b)

IToCKOAbKy BCe KOS(pc|)HUHeHTH npH dy, df, dt' H dz B Bbipa>KeHHHX
(11.1.7) HBAHIOTCH nOCTOHHHHMH, TO BTOpbie npOH3BOAHbie CpyHKUHH P
mojkho HaftTH c noMoiubio BO3BeAeHHH b KBaApaT onepaTopoß b cko6-
Kax b (popMynax (11.1.7).

Mbl XOpOUIO 3HaKOMH C BOAHOBHM ypaBHCHneM

(11.1.8)

npennono>KHM, hto npneMHHKH, ncnonb3oßaHHbie ajih Ha6niOAeHHH
BeAHHHHH P, pa3MemeHH me-Hn6yAb b npocTpaHCTße (x, z). Toma
BennnHHy, noAo6Hyio Pxx , na noßepxnocTH 3eMnn mo>kho H3MepHTb
CHCTeMoft npHeMHHKOB, pacnonon<eHHHx B TOHKaX g—X. KOOpAHHaTH,
onpenennioiHHe nononceHHH npHeMHHKa (x, z)= (g, c) mojkho cnn-
TaTb He3aBHCHMHMn nepeMeHHHMH. Toma boahoboc ypaßHeHHe npn-
MeT BHA

me nnen c AeAbTa-(j)yHKUHeft cooTBeTCTByeT HCTOHHHKy b upocTpan-
CTBe (x, z, t)= (s, 0, 0). Ecnn oTKa3aTbcn ot npHMeHeHnn stoto ypaß-
HeHHH B OKpeCTHOCTHX HCTOHHHKOB, TO MOJKHO OT6pOCHTb AeAbTa-
CpyHKUHK), COOTBeTCTByiOHI,yK) HCTOHHHKy. BbIHHCnHB BTOpbie npOH3BOA-
Hbie BbipanceHHii (11.1.7) n noACTaBHB hx b ypaßHeHHe (11.1.9),
nonynHM:

p
g= QyV8 +<W* +Qt't'e +Q*z«;

Pc =(0,5d9 + d,)Q;
Pe =%yc -f Qffc +Qt fe +<te

Pe=(t'ed tt + dz)Q

Pt =(t' t dt ,)Q.

Pxx +P Zz =V- 2Ptt + s(x,Z,t).

Pgg -yPcc =v- 2P tt -yh(g-s,e,t), (11.1.9)

4"Qu +Or/ +Qyf + (*V)' &„+ *'A* + <?22=^^ " 0> " * " 10)
v 2
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Ecah b nocneAHeM Bbipan<eHHH npeHe6penb BennnnHoft Qzz, to no-
AynHM npn6AnnieHHe, noAo6noe npH6nn>KeHHK) OpeHenn. Bonce bhco-
Kan TOHHOCTb MOJKeT 6biTb AOCTHrnyTa, ecnn, KaK h b pa3A- 10.3, bh-
nncAHTb BennnHHy Qzz . nepexonn k OAHOpoAHoft cpeAe (u^v) h hc-
nonb3yn ycnoBHH t'ce——(±l/v) h t't=\, npeo6pa3yeM ypaßHeHHe
k BHAy:

(11.1.11)

ypaßHenne (11.1.11) HBAHeTCH AHcpcpepeHUHanbHHM ypaßHenneM
b nacTHbix npoH3BOAHbix c HeTbipbMH nepeMeHHHMH h HananbHHMH
ycAOBHHMH, 3aAaHHHMH c noMombio Tpex nepeMeHHbix. PeuieHHe 3a-
Aan TaKoft caojkhocth nacTO OKa3bißaeTcn HeocymecTßHMbiM aah
BHHHCAeHHft, BBHAy nero cneAyeT HCKAionaTb OAHy nepeMCHHyK), b na-
CTHOCTH paCCTOHHHe B3pHB — HpH6op f. C STOft UeAbK) HpOHHTerpH-
pyeM ypaßHeHHe (11.1.11) no nepeMeHHoft f. Toma

Ecnn BenHHHHH Q n Q/ o6paiuaiOTCH b Hynb npn 6onbuinx cMeiue-
hhhx, KOTopne Mbi npHHHMaeM b KanecTße npenenoß HHTerpnpoßaHHH,
to ABa nocneAHHx nneHa b npaßoft nacTH o6pam,aiOTCH b Hynb. Toma
BepTHKanbHO HaKannHßaeMbie paspesn onpenenniOTCH BbipaneeHHeM

S=sQdf. (11.1.13)

HaKannHßanHe BbinonHneTcn 6e3 BpeMeHHoro cABHra, cneAOBaTeAbHO,
sto noxonce Ha xopouio 3HaKOMoe HaM (xoth h He cobccm to nee ca-
Moe) HaKannnßaHHe o6ihhx ToneK OTpancennn. TaKHM o6pa3oM, aah
BepTHKaAbuo HaKannHßaeMbix pa3pe3oß HMeeM

BbipanceHHe (11.1.14) mojkho nonynHTb raume H3 ypaBHeHHH
(11.1.11) b npeAnonon<eHHH, hto a^h AaHHbix Ha6niOAeHHft c Hyne-
bhm cMeiueHHeM npOH3BOAHbie BeAHHHHH f OT6pacHBaiOTCH. ypaßHe-
HHe (11.1.14) cnpaßeAAHßo aah o6nacTH, pacnononeenHoft b oKpecTHO-
cth Tpaccn pa3pe3a.

BnpanceHHe (11.1.14) He HBnneTCH aah Hac coßepuieHHO hobhm.
PaHee mh yme paccMaTpHßanH ero KaK ypaßHeHHe Pzt=o,svPxx , onn-
cbißaiouiee pacnpocTpaHeHne BonHOßoro norm. 3to 03HanaeT, hto bh-
pamenHe (11.1.14) aoa>kho npeo6pa3oßHßaTb oahh rHnep6onbi b Apy-
rne, OAHaKO b AeftcTBHTeAbHOCTH H3-3a npri6nH>KeHHH, noAo6Horo npn-
6AHmeHHK> OpeHenn (KOTopoe nonycKaeT ycoßepuieHCTßOßaHHe), oho
npeo6pa3yeT oahh napa6onn b npyrne. Hhhmh cnonaMH, c noMOiubio
ypaBHeHHH (11.1.14) ocymecTBAHiOTCH npeo6pa3oßaHHH, KOTopne npn-
MeHHIOTCH B CeftCMHHeCKOft MHTpaUHH X

1 Hon MHrpanneft oShiho noHHMaiOT yieT ceftcMHqecKoro CHOca ajih HeropH3oH-
TajibHbix rpaHHu. (UpuM. nepee.)

±-^<k,=4%f+<&/+Q.i

o=(fd++±d„)sQd[+*tffi«+ffidt. (11.1.12)

S -=--+- S (11.1.14)— 8 yy
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11.2. MHTPAUHJI HA OCHOBE BOJIHOBOTO yPABHEHHH

nocTpoeHHe nonepenHoro pa3pe3a oTpancaiomHx rpaHHu BHyTpH
3eMAH no ceftcMnnecKOMy npocpnnio Ha3HßaeTcn Muepauueii. B 6onb-
niHHCTße cnynaeß no.A noßepxHocTbio 3e.MAH 3aneraK>T ropHsoHTanbno-
CAOHCTbie TOAIHH OCaAOHHHX nOpOA- B TaKHX yCAOBHHX MHrpauHn
ceftcMnnecKHx AaHHbix npenenbHo npocTa, TaX KaK boahh pacnpocTpa-
HniOTcn BepTHKanbHO no OTHomeHHio k OTpancaioiHHM rpaHHuaM,

S 6a

PHC. 11.5. H3o6pa>KeHHH bojihobmx nojieft c pa'jjiHHHOfi njioTnocTbio npe/j,CTacjieHHH
HHCpopManHH (a, 6, c). C yßejinqeHneM njioTHOCTH HHcpopMannH c/ießa nanpaßO 3a-
nncb (a) ct3hobhtch H3o6pa>KeHHeM BOjiHOßoro nojih (c)

a BpeMH hx npo6era Tyna h o6paTHO npnMO nponopunoHanbHO rny6n-
He. Mnrpaunn cboahtch k BBeneHHio KQSCpcpHUHCHTa nponopuHOHanb-
HOCTH no OTHOUieHHK) X OCH BpeMeH. BoAHOBan KapTima, HpCACTaB-
AeHHan Ha pnc. 11.5, noKa3HBaeT pacnpeAeneHHe aKycTHnecKoro
AaBneHHH P (x, t) npH z==o. Ecah no och BpeMeH oTKnaAHßaeTcn BepTH-
KanbHoe BpeMH pacnpocTpaneHnn OTpanceHHHX cnrHanoß, to pacnpe-
AeneHHe aKycTHnecKoro AaBneHHH P(x, 2z/v) xapaKTepH3yeT nonepen-
Hbift pa3pe3 3eMAH. B HAeanbHnx yenoBHHX nepexonn Me>Kny CBeT-
AHMH H TeMHHMH o6AaCTHMH Ha pa3pe3e AOA2KHH OnHCHBaTb
rpaHHun MemAy pa3nnnHHMH TnnaMH oeaAOHHbix nopon. X cohoachhio,
bha nepenyioiUHXcH caocb (Me>Kny nepHHMH «nopoAaMH» h 6enHMH
«nOpOAaMH») o6bIHHO 06MaHHHB. 3TO CBH3aHO C S(p(peKTaMH cpnnb-
TpauHH b HCTOHHHKax h npneMHoft annapaType, a raKme c BAHHHHeM
cpenn. Han6onee HBHan h, bo3mo>kho, HaH6onee Ba>KHan HHCpopMa-
uhh, coAepnoiuancH b ceftcMunecKOM pa.3pe3e, 3aKmonaeTCH b ot-
KAOHeHHH CTpyKTypbl CpeAH OT rOpH3OHTanbHO-CAOHCTHX MoneAeft.
CeftcMHnecKHe pa3pe3H o6hhho npencTaBAHiOTCH c HeKOTOpHM yße-
AnneHHeM BepTHKanbHoro MacuiTa6a (1 —20 pa3). HanpHMep, H3O-
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-6pan<eHHHft Ha Kanpax 1, 4 (pnc. 11.5) BepTHKanbnnft MacuiTa6 yße-
AHnen b 5 pa3, BBHny nero neTKrift cHAbHbifi OTpancaTenb, KOTopnft,
KaK Kan<eTcn, naKnoHeH non yrnoM 45°, b AeftcTßHTenbHOCTii HaKAOHen
npn6nH3HTenbHo non yrnoM 9°. Ha ocnoße TaKHx H3o6pan<eHHft mh
nHTaeMCH onpenenHTb BHyTpenHee cTpoe-HHe 3eMnn Ha naHHOM
ynacTKe.

Uenb MHrpauHH coctoht b tom, hto6h ynecTb tot cpaKT, hto boa-
hh pacnpocTpaHHiOTCH He TonbKO npnMO Bnepx h bhhb, b MecTax, me
cnon BHyTpn 3cmah 3aneraioT HeropH3oHTanbHo. npn stom MonceT

PHC. 11.6. MoAeJib c TpeMH
rpaHHnaMH Ha pa3jnmHbix rJiydHHax (a) n paccwnTaHHbie /jjih Hee
ceiicMorpaMMbi /ijih Hvvießoro CMemeHHH (6) 6e3 BepTHKajibHoro
yBejiHHeHHH MacuiTa6a

cKa3HßaTbcn BnHHHHe 6ecKOHenHoro HHcna cao>khhx (paKTopoß. OnHa-
ko npHMeneHHe ypaBHeHHH Utz=Uxx npaKTHnecKH no3BonneT hachth-
cf)HunpoßaTb HadmonaeMbie na H3o6pan<eHHHx OTKAOHeHHn ot ropn-
30HTanbHoro saneranHn c peaAbHHMH o6napy>KeHiHHMH noAHHTHHMH.
Pnc. 11.6 HAAiocTpHpyeT npHMeHeHHe MHrpaunoHHbix cnoco6oß,
onHcanHbix HH>Ke. Bee onpanoioiHHe rpaHHun Ha pnc. 11.6 hmciot
OAHHaKOByio cjjopMy, BBHAy nero Kanman H3 hhx non>KHa HMeTb oah-
HaKOßbie yrnn HaKnona (okoao 15°). B to me BpeMH oTKAOHeHHe

BpeMeHHoro pa3pe3a ot rny6HHHoro hbho yßenHHHßaeTcn c rny6nHoft.
3HanHTenbHoe otkaohchhc nonßAneTcn, Koma rny6HHa rpaHHun cTa-
hobhtch cpaßHHMoft c iiaHMeHbuiHM paAHycoM cc KpHBH3HH (norpy-
nceHHHH cpoKyc). 3tot pannyc npH6nH3HTeAbHO paßeH rAy6nHe caMoro
MenKO.ro oTpan<aTeAH, aah KOToporo cHAbHan cpOKycnpOßKa oneBHAHa
[B]. TaKHM o6pa3oM, pa3nnnHe Me>KAy ceftcMHnecKHM BpeMeHHHM h
rny6HHHHM pa3pe3aMH onpeAenneTcn rAaBHHM o6pa3oM kphbhshoh
rpaHHu. CneAOßaTenbHO, npHMeHeHHe MHrpaunn oKa3HßaeTcn Ban<-
HHM H Heo6xOAHMbIM AaHte B 06naCTHX C OTHOCHTeAbHO nAOCKHMH
rnaAKHMH OTpaHOIOIHHMH nOBepXHOCTHMH.

CHHycOHflajlbHblMH OTpaHOHDUCHMH
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HMnynbc, nanaiOLUHH Ha rpaHHuy pa3Aena, AaeT OTpaJKeHHHfi
HMnynbc. OnnaKO HCTOHHHKy, npneMHHKy h cpeAe Bcema npHcym He-

KOTOpnft s(p(peKT (pHAbTpauHH, KOTopnft npeo6pa3yeT npennoAaraeMbift
HMnynbCHbift cnrHan b kopotkhh ceftcMHnecKnft HMnynbc aahhoii b He-
CKonbKo nepnoAOß. B nneane Ha nonepenHOM pa3pe3e 3cmah HMnynb-
ch aoa>khh oTo6pan<aTb rpaHHun pa3Aena, ho npn MHrpaunii ceficMH-
necKHft HMnynbc nepeHOCHTcn c BpeMeHHoro pa3pe3a Ha rny6HHHbift.
TaKHM o6pa3oM, orpamineHHe pa3pemaiomeft cnoco6HOCTH, HMeio-
meecn Ha BpeMeHHoft och, npeo6pa3yeTcn b orpaHHneHHe pa3pemaio-

PHC. 11.7. OTpa>KeHHH ot ynayjiHpyiOHiHX rpaHHH pa3^eJia HjijnocTpnpyioHiHe orpa-
HHneHHe JiaTepajibHoft (ropH3oHTajibHoft) pa3pemaiomeH cnocofiHoctn [B].
a — HCXOflHasi MOAejib; 6 — ceficMHHecKHH BpeMeHHoft paspe3 ajih Hyjießoro CMemeHHH, no-
CTpoeHHbift MHrpauHOHHHM cnocofioM b BapnaHTe 45-rpaaycHoro npH6jiH3KeHHH H mo/;h(phi;hpo-
BaHHbiM nyTeM BBe/;eHHH HHCJieHHoft bhskocth ajih noAaBJieHHH bojih c HaKJioHaMH, npeßbiuiaio-
iuhmh 30°; c — pe3yjibTaT BoccTaHOBJieHHH HcxoflHoft MO^eJiH

meft cnoco6HOCTH Ha och my6nH. HnTepecHbift Bonpoe BO3HHKaeT
OTHOCHTenbHO pa3peuiaiouTeft cnoco6HOCTH no ropn3oHTanbHoft ocn x.
Rjih boah, pacnpocTpaHnioui.HxcH noA yrnoM k noBepxHOCTH, pa3pe-
uiaioman cnoco6HOCTb ceftcMHnecKoro HMnynbca npeo6pa3yeTcn k Ha-
KAOHHoft, a ne k BepTHKanbnoft ocn. Ohcbhaho, hto HaHnynuian pa3-
peuiaioiHaH cnoco6nocTb no ropH3oHTann, KOTopyio mo>kho 6hao 6h
nonynnTb, cooTBeTCTByeT BonHaM, paenpocTpaHHioiuHMCH no ropH3OH-
Tann. Rah boah, HAyuinx non yrnoM 45°, pa3pemaioLuaH cnoco6HocTb
no ropn3oHTann 6yneT paßHa yßennneHHOMy b 1/sin 45° pa3AHHeft-
HOMy pa3peuieHHK) no BepTHKann (pnc. 11.7). KaK bhaho H3 pnc. 11.7,
orpaHHneHHe yrnoß naKAOHa perHCTpnpyeMbix boah npnBOAHT k chh-
n<eHHK) pa3peuiaiouieft choco6hocth no ropH3OHTanH: kopotkoboaho-
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BHe yHAyahhhh b Aeßoft nacTH rpaHHun pa3Aena pa3peuiHTb He yna-
Aocb (pnc. 11.7,5)

npHHunn AeftcTßHH MHrpauHH Monger 6biTb noncHeH b npocTbix
TepMHHax 6e3 npHßneneHHn boahoboto ypaBHeHHH. Phc. 11.8 n 11.9
HAAiocTpHpyiOT npeo6pa3oßaHHe Menmy BpeMeHeM h rny6HHoft aah
AByx cneunanbHbix cAynaeß, me OAHa o6AacTb hah Apyran conepntHT
b ce6e TonbKO OAHy HMnynbCHyio (pyHKUHio [peanbHbie AaHnne co-
Aep>KaT mhojkcctbo cHrHanoß b haockocth (x, t)]. Pnc. 11.8,a ohh-
CHBaeT CHTyauHio, b KOTopoft npn cobmccthom nepeMemeHHH hctoh-

PHCPHC. 11.8. Tjiy6HHHaH peaKHHH Ha HMnyjibCbi bo BpeMeHHoft o6jiacTH h bo
jieHne TaKHX HMnyjibcoß [B] .
a — MOAejib cpeflH; 6 — ceftcMHiecKas 3anncb; c— pe3yjibTaT BOccTaHOBJieiiHH moacjih

H BOCCTaHOB-

HHKa h npneMHHKa b ropHBOHTanbHOM HanpaßneHHH (npn HyneßOM
cMeuieiiHri) OTpa>KeHHbie cHmanbi OTcyTCTByiOT BnnoTb ao npaßoro
Kpan Kanpa, me Ha6niOAaiOTCH TpH sxo-cnrHana b noeneAOßaTeAbHO
Bo3pacTaioiune momchth BpeMeHH. Ha ocHOBaHHH sthx Ha6niOAeHHbix
AaHHbix mohcho 3aKAK)HHTb, hto CTpyKTypy 3eMAH xapaKTepH3yK)T
Tpn rpaHHun b BHAe KOHueHTpHnecKHx OKpynoiocTeft c ueHTpaMH Ha
npaßoft rpa-HH Kanpa. 3th OKpyncHocTH noKa3aHH Ha pnc. 11.8,6
(c uenbio SKOHOMHH MecTa npaBHM KpaeM Kanpa HBAneTcn nnocKOCTb
CHMMenpHH). OTMeTHM, hto HHH<HHe hacth OKpyn<HocTeH TeMnee Bepx-
hhx. 3to yKa3HBaeT Ha 45-rpaAycHnft cpa3oßbift cabht AByxMepHnx
boah BnaAH ot cpOKyea. Boahh c yrAaMH HaKnoHa, npeßbimaiomHMH
45°, oTcjjnnbTpoßaHH nyTeM BBeAeHHn HHcnenHoft bh3kocth. noTepn
stoii sneprnn, a TaKme SHeprnn boah, pacnpocTpaHmomnxcn hoa kom-
nneKCHHMH yrnaMH, npHBOAHT npn BOCCTaHOBneHHH (pnc. 1 1.8,0)
k HeKOTopoMy pacuiHpeHHK) HMnynbcoß b ropH3OHTanbHOM Hanpaß-
neHHH. Ha pnc. 11.9,anpencTaßneHa MoneAb cpeAH, cocTonmaH H3
Tpex TonenHbix paccenßaTeneft, h cooTBeTCTByioiHHe eft ceftcMHnecKHe
3anncH, Ha KOTopnx BHAenniOTCH rnnep6oAHnecKHe KpHßbie BpeMeHH
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pacnpocTpaHeHHH BonH (pnc. 11,95). Ha H3o6pan<eHHH (pnc. 11,9e),
nonyneHHOM c noMombio MnrpaunH, KaK h Ha pnc. 11.8,#, na6niOAaeT-
cn yMeHbuieHne paspeuieHnn, nocKonbKy ropHßOHTanbHoe pa3peuieHHe
b npHHHHne He Mon<eT 6biTb nynine BepTHKanbHoro pa3penieHnn, o6y-
cnoßACHHoro HacTOTHHM cneKTpoM BonH. KpoMe toto, Ha npaKTHKe
06bIHH0 HCnOAb3yK)TCH AyHH, BHXOAHLHHe HOA ymaMH npH6AH3HTeAbHO
TonbKO ao 40°.

PHC. 11.9. PeaKHHH bo BpeMeHH na HMnyjibCbi b rjiy6nHHoft o6jiacTH h BOccTaHOB
JieHHe 3THX HMnyjIbCOB [8]
a — MOAeJib 3eMJiH b BHAea — MOAejib 3eMJiH b BHAe Tpex ToneiHHx pacceHßaTejieH, pacnojiojKeHHbix Apyr noA ApyroM
Ha pasJiHHHbix rjiyfiHHax; 6 — CHHTeTHiecKasi ceftcMorpaMMa ajih moacjih; c — pe3yjibTaT mhi--
paiiHH

hhx b nnocKOCTH (x, t) h bhhocht ero Ha nyry oKpyncHOCTH b o6nac-
th (z, /). MHrpaunoHHbift pa3pe3 HBnneTcn cynepno3HUHeft Bcex sthx
Ayr. Moh<ho 3anaTb ecTecTßeHHHft Bonpoe: 3aneM Hcnonb3oßaTb boa-
HOBoe ypaßHeHHe AJin ocymecTßneHHH MnrpaunH, Koma cc mo>kho
peann3oßaTb c noMombio Ayr OKpyjKHOCTeft? Otbct Ha stot Bonpoc
3aBHCHT OT MHOJKeCTBa npaKTHHCCKHX (paKTOpOB, HaCTb H3 KOTOpbIX
onpeAenneTcn hcxoahhmh AaHHHMH. B nacTiiocTH, npeHMyiuecTßo
BonnoßOro ypaBHeHHH 3aKmonaeTcn b tom, hto c ero noMombio Heon-
HopoAHOcTb cpeAH vtt 'TbipaeTCn 6onee npocTo h tohho neM r no.
mohilk) nocTpoeHHH nyneft. 06a cnoco6a b HacTonuiee BpeMH skoho-
MiinecKH AOCTynHH.

Ha pnc 11.10 npencTaßneH npHMep, nnmocTpnpyioiuHft nponcxo>K-
AeHHe TepMHHa «ceftcMHnecKan MiirpauHH». Oh noKa3HBaeT, hto rny-
6oKan rpaHHua pa3Aena, OKaHnHßaiomancH b HeKOTOpoft TOHKe, Ha

BpeMeHHOM pa3pe3e 6yneT Ka3aTben CMemeHHoft (MHrpHpoßaßuieft)
HHH<e no HaKAOHy rpanHun H3 cc hcthhhoto nononceHim. B stom

Phc. 11.8 HnmocTpnpyeT cnoco6 MnrpaunH, ocHOßaHHbift Ha npHH-
unne AHHeftHoft cynepno3HUHH. npn stom 6epyT KajKAnft otchct AaH-
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npnMepe OTKAOHeHHe rny6HHHoro pa3pe3a ot BpeMeHHoro HeßennKO h
yMCHbUiaeTcn no Mepe yMeHbiueHHH yrna HaKAOHa rpaHHun.no Mepe yMCHbiueHHH yrna HaKAOHa rpaHHun.

OnHaKo sto He 03HanaeT, hto ceftcMnnecKHe AaHHbie aah paftoHOß
c HeBHanHTenbHHMH yrnaMH HaKnona rpaHHu He HynmaiOTcn b mht-
pauHH (npe>KAe Bcero, KaK mh BHAenn, H3-3a cymecTßeHHoro BnnnHHn
KpHBH3HH rpaHHun). HHTepecHbift npHMep TaKoro pona noKa3aH Ha
pnc. 11.11. BoAbiuoe npaKTHnecKoe 3HaneHHe HMeeT tot (paKT, hto
peanbHan BorHyTan cTpyKTypa Ha BpeMeHHOM pa3pe3e Ka>KeTcn bh-
nyKAoft. TaKHM o6pa3oM, cnnKAHHaAb uomer 6nTb npHHHTa 3a aHTH-
KAHHanb. B pe3yAbTaTe mo>kho cnenaTb ouiH6onHoe 3aKAioneHHe 06

PHC. 11.10. HjuiiocTpanHH npOHexojK^eHHH TepMHHa «ceftcMHHecKaH MHrpanHH» (ne
peHOc) [B].
a — rjiydHHHHH pa3pe3, coctohiuhh H3 Tpex orpaHHieHHHX b npocTpaHCTße rpaHHu pa3AeJia6 — CHHTeiHHecKHH BpeMeHHoft pa3pe3

ycnoBHHX o6pa3oßaHHn 3ane>KH nedpTH. Oahh H3 MHoxecTßa npHMcpon
MnrpaunH Aannnx noneßbix HccAeAOßaHHft noKa3aH Ha pnc. 11.12. Ha
pnc. 11.12,5 bhaho, hto Ha BpeMeHH 6oAbHie 2 c neTKo BHAenneTcn
HpperynnpHan uiepoxoßanan OTpanoioman rpaHHua. Ha BpeMeHHOM
pa3pe3e (pnc. 11.12,a) STa o6nacTb HenHTaeMa H3-3a cnnbHoft ah-
(ppaKUHH.

06-bncHHM, KaK CTpOHTb MHrpauHOHHbie pa3pe3H C HCnOAb3OBa-
HHeM ypaßHeHHft (11.1.13) h (11.1.14) (npn 3aMeHe /' Ha i):

(UA.U)

ypaßHeHHe (11.1.13) onpeAenneT cyMMy Bcex boah no pa3AHHHHM
CMemeHHHM. ypaßHenne (11.1.14) noKa3HBaeT, KaK mo>kho SKCTpano-
AHpOBaTb STy CyMMy 5 BHH3 OT nOBepXHOCTH, Ha KOTOpOft OHa H3BeCT-
Ha. HanoMHHM, hto 3HaK nnioc hah 3naK MHHyc Bbi6HpaeTcn b 3aBH-

S(y,z,t)= f,z,t)df, (11.1.13)
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CHMOCTH OT TOrO, SKCTpaHOAHpyiOTCH AH HHCXOAHUIHe HAH BOCXOAHUJJie
boahh BupajKeHHe aah HCTOHHHKa 6 (g—s, c, t) b ypaBHeHHH

(11 19) b KOopAHHaTax cpeAHHH TOHKa — CMemeHne npHHHMaeT bha
6(fj const (y)S(z) 6(t). TaX KaK paccMaTpHßaeMan cpyHKUHH HCTOHHHKa

HBAHeTCH HOCTOHHHOft CpyHKUHeft CpeAHeft TOHKH y, TO MOJKHO H3AeHTb-
cn cßecTii ypaßHeHHe (11.1.14) aah HncxoAHmeft BonHbi k BHAy Z> zt=U.
06iuhm peiueHHeM ypaBHeHHH Szt=o hbahctch cyMMa nponsBOAbHHX

cpvHKUHH rny6HHH z h BpeMeHH t. HocKOAbKy nac HHTepecyiOT boaho-

Bbie KOAe6aHHn, a He Teopnn noTeHunana, to mh moh^m OT6pocHTb
npoH3BOAbHyio (pyHKUHio rny6nHH z. CoxpaneHHe (pyHKUHH BpeMeHH,

t Zz
PHC. 11.11. KJiaccnnecKaH MOAejib rpaSeHa [B].
«-MOAejib cpeAbi; 6-cHmerHHecKHft BpeMeHHoft paspes; c- peayjibTaT MHrpaunn

He saßHcniueft ot rny6HHH, cooTBeTCTByeT 33bhchmoh ot BpeMeHH

cpyHKUHH HCTOHHHKa, t. c. Aennra-cpyHKHHH BpeMeHH. HMen Tenepb

aHanuTHnecKyio cpyHKHHio aah cyMM 5 hhcxoahiuhx boah Ha Bcex

rAy6HHax mojkho o6paTHTbcn k HHcneHHoft sKCTpanonnuHH CyMMH

cHrHanoß'BoexoAHHiHx boah b HH>KHee nonynpocTpaHCTßO. YpaßHeHHe
(11 1 14) CO BHaKOM MHHyC AaeT BO3MOSKHOCTb npOHSBOAHTb SKCTpa-

nonnuHio BoexoAHiueft BonHH bhhs b nnmnee nonynpocTpaHCTßO. laX

KaK HHCxoAniuan BonHa HBnneTcn nnocKoft, to BoexoAmuan BOAHa,

ecAH cMOTpeTb bhhs Ha oTpa>KaTenH, 6yneT npnHHMaTb (popMy oTpa-
noTeneft TaKHM o6pasoM, MHrpaunonHbift paspes coAepxHT AaHHbie
Ha6niOAeHHft Ha noBepxHOCTH, sKCTpanoAHpoßaHHbie bhhs ot noßepx-

hocth ao Heo6xoAHMoft rny6nHH.
Oah3ko Ha npaKTHKe HCcnenoßaTeAH ceftnac He ucnoAbsyiOT Bep-

THKanbHoe cyMMHpoßaHne, onpeAenneMoe cooTHOiueHHeM (ll.l.M).
BMecTO SToro ohh bboaht nepen cyMMHpoBaHHeM BpeMeHHbie cabhth

KaK cbyHKUHio cMemeHHH. rnaßHbifi scpcpeKT stoh onepauHH — cnenaTb
see Tpaccn c pasHHMH cMeiueHHHMH BO3MOXHO 6onee HOXOJKHMH H3

Toaccv c HVJieBHM cMemeHHeM. BpeMCHHan 3anep>KKa boah, sanncaH-

hhx na npocbnne c nyneßHM CMeiuenneM, pacnpeAenneTcn Menmy hh-

CXOAHIHeft H BOCXOAHIUeft TpaeKTOpHHMH ABH>KeHHH BOAH HOpOBHy.
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B cnynae, Koma HHcxoAHman BOAHa hbahctch nnocKoft, a bocxoah-
man BOAHa — caojkho paccenHHoft, sth 3aAep>KKH neoAHHaKOBH. Ha
ocHOBe sthx coo6pan<eHHft mo>kho Tenepb AoraAaTbcn o pesynnraTe
npHMCHenHH ypaBHeHHH (11.3.18), KOTopnft 3aKnionaeTCH b tom, hto
ypaßHeHHe Mnrpaunn a-^ih npocfmnn c HyncßbiM cMemeHHeM hah eyM-

PHC. 11.12. npHMep MHrpaHHH ceftcMnnecKHx jiaHHbix, nojiyneHHbix npn Ha6jno/j,e
hhhx no MeTO^y oTpaxeHHbix bojih Ha Mope:
a —BpeMeHHoft pa3pe3 OTT (KOMnaHHH Poftaji Aa" IHejui); 6 — pe3yjibTaT MHrpaunn Ha ocho-
Be BOJiHOBoro ypaBHeHHH (tpnpMa Aha^khkoh, Hhk.)

MnpoßaHHe c BBeAeHHHMH KHHeMaTHHecKHMH nonpaßKaMH HMeeT cxoa-
ctbo c ypaßiieHHeM (11.1.14), ho coAep>KHT AononHHTenbHbift mho>kh-
TeAb 2. TaKHM o6pa3oM, HanHeM c Bnpa>KeHHH

o tom, hto CKopocTb v HBnneTCH nepeMeHHon KaKoft-AH6o
H3 Tpex KoopAHHaT (y, z, t) Ha npaKTHKe ner-Ko onpaßnaTb; OAHaKO,
nonaran CKopocTb nocTOHHHoft no y, mojkho ynpocTHTb Banany. Hpo-
H3BeAH npeo6pa3oßaHne Oypbe no c noMouirno eiky , npHßeneM bh-
pajKeHHe (11.2.1) k BHAy.'

Tenepb mo>kho AHCKpeTH3HpoBaTb KoopAHHaTH z h t. Toma (pyHKHHH
Q b ypaBHeHHH (11.2.2) Mon<eT 6biTb Ta6ynnpoßaHa b haockocth
(z, t), a AHipcpepeHUHanbHbift onepaTop b BbipanceHHH (11.2.2) npHHH-
MaeT bha onepaTopa cBepTKH 2X2 b stoii haockocth. 3tot onepanop
HMeeT bha

(11.2.3)

Qzt=-^-Qyy. (11-2.1)

0=(-fn-^)<2- (H-2.2)

j_j i
16 i i . AzM _i i
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BBeAeM MacuiTa6Hbift MHo^KHTenb

(11.2.4)

Toma onepaTop, yMHOJKeHHbift Ha AzAt, HMeeT bha

(11.2.5)

Ecah onepaTop (11.2.5) HaKnaAHBaeTCH Ha npoHSBOAbHoe mccto Ta6-
ahhh BeAHHHH Q h neTbipe nncna onepaTopa yMHon<aiOTCH Ha neTbipe
HHcna, noKamne hoa sthm onepaTopoM, to cmhca BbipanceHHH
(11.2.2) COCTOHT B TOM, HTO CyMMa STHX HeTbipeX npOH3BCAeHHH
Aonn<Ha o6pamaTbCH b HyAb. CAeAOBaTeAbHO, ccah mh HaftAeM b Ta6-
AHue 3HaneHHft Q mccto, me H3BecTHH TOAbKo Tpn H3 neTHpex nncen
AAH Q, TO MOJKHO AeTKO BHHHCAHTb HeTßepTOe, HeHBBeCTHOe HHCAO.
B AeftcTBHTeAbHocTH 3HaneHHH Q o6hhho 3aAaHH TonbKO BAonb He-
CKOAbKHX rpaHHH B nAOCKOCTH (Z, t) . 3tOTO AOCTaTOHHO ajih 3anonHe-
hhh ocTaßiueftcn nacTH nnocKOCTH.

MnrpauHio h cc o6pam,eHHe npencTaßHM Ha encAyiomeH ceTKe:

->2

0

rx Cx

r2 c 2

(11.2.6)r z c»

U

0 0 0 0 0

H

Ha stoh ceTKe BeAHHHHH r O, . .., r 4 npeACTaBAHiOT Ha6nK)AeHHyK>
Ha noBepxHOCTH ceftcMorpaMMy, a BenHHHHH cq, . . ., c4— MHrpaunoH-
hhh pa3pe3. Hynn b HHJKHeft CTpoKe OTpancaiOT tot cpaKT, hto «a ao-
CTaTOHHO 6onbuiOM BpeMeHH ceftcMorpaMMH o6pamaiOTCH b HyAb.
Otmcthm, hto npn 3anoAHeHHH Ta6AHHH KOAHnecTBo pa6oTH (6Aaro-
Aapn AH(ppaKHHH) yßennnHßaeTCH npn nepexoAe ot r4 k c\ no cpaßHe-
hhk> c nepexoAOM ot r<t k C2. 3to npoHcxoAHT noTOMy, hto rny6oKO
3aAeraiomHe sacmchth c cpHKcnpoßanHbiM HaKAOHOM MnrpupyiOT (cho-
chtch) Aanbiue, neM mcako 3aneraiom,He. npnHHMan k2y—o, nonynaeMa=o h onncaHHe caohctoh 3eMAH. Hanan c 3aAaHHbix Ha noßepxHO-
CTH BeAHHHH /"i—r 4 H HHHCHeft CTpOKH Hyneft, MOHCHO HCnOAb3OBaTb

AzAtvk2ya=—rg

{a -I) (a+l)

(fl+ l) (a-\)

c«
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BbipaxceHHe (11-2.5) aah 3anonHeHHH Ta6nHun (11.2.6). Toma OHa
npHHHMaeT bha

~+z
0

r t rx
r2 (11.2.7)

r 3 r3 r3

U A r i r4 r4

tl
HccneAyn Ta6Anuy (11.2.7), bhahm, hto npn ABHnceHHH b Hanpaß-

neHHH z Bee HHcna ocTaiOTcn Hen3MeHHHMH. Ecah 6h mh He npHHnnH
ycnoBHH k2y=o, a BMecTO SToro cnnTanH 6u BeAHHHHy k 2y MaAoft, to
yßHAenn 6n, hto nncna b Ta6AHue MeAAeHHO hsmchhiotch b Hanpaß-
neHHH z. B cnynae kzy=£Q aoa>khh 6biTb cAeAaHH HeKOTopne npeny-
npenmeHHn oTHOCHTenbHo nopnAKa, b kotopom Aonnoia 3anoAHHTbcn
nnocKocTb (z, t). a Bcema nononcHTenbHoe. OneBHAHO, hto
ecAH MHOJKHTenb a oKanceTcn paBHHM +1, to 6yneT Heßo3Mon<Ho
HaftTH HeH3BecTHne nncna b Ta6nHne Q, ecAH ohh Aen<aT noA mhojkh-

TeAeM I—a.1 —a. OKa3HßaeTcn, hto He3aBHCHMo ot HHcneHHoro (nonoaxH-
TenbHoro) 3HaneHHH MHoncHTenn a Apouecc peKypcHßHoro noncKa
HHcen b Ta6AHue 3HaneHHft Q, KOTopne HaxoAHTCH non MHO>KHTeneM

I—a,1 —a, 6yAeT TaK^Ke HeycTOHHHB, KaK AeneHHe hoahhomob Ha hcmhhh-
MaAbHO Cpa3oßblft CpHAbTp. OAHa H3 npHHHH 3aKAK)HaeTCH B TOM, HTO
paccMaTpHßaeMbift npouecc AeftcTßHTenbHo BKAionaeT AeAeHHe mho-
ronAeHOß, npuneM MHoronneHH b stom CAynae hbahiotch AByxMep-
HHMH. STH OCAO}KHeHHH HeAHKOM HBAHIOTCH MaTCMaTHHeCKHM CAeA"
CTBiieM cpH3iinecKoro npHHunna npHHHHHOCTH.

Rah peuieHHH rnnep6oAHnecKHX AHCpcpepeHHHaAbHbix ypaBHeHHH
caMHM SKOHOMHHM 6hao 6h noAyneHHe npHMepHO OAHHaKoaoro nnc-
na ToneK Ha AAHHy boahh (o6hhho BOCbMH) no Ka>KAoft och Koop-
AHHaT. 3to 03HanaeT, hto ao chx nop mh Hcnonb3oßann cunbHO
H36biTOHHyio Bbi6opKy no och z. Hcnonb3oßaHne npn6AHn<eHHH Ope-
Henn c orpaHHneHHeM yrnoß nan.eHHH ao 15° no3BonneT Bcema bh6h-
paTb BennnHHy Az b 5 pa3h 6onee rpy6ee, neM BeAHHHHy vAt. Bo-
npoc onTHManbHoro Bn6opa uiara ceTKH HecKOAbKo 3anyTaH. 3necb
AOCTaTOHHO CKa3aTb, hto aah HeKOTOpbix AaHHbix noneßbix Ha6nio-
AeHHft 6hah noAyneHH yAOßAeTßopiiTeAbHbie pe3ynbTaTH c noMombio
MnrpaunH npn oTHonieHHH Az/£A/>lOO h cooTßeTCTßyiomeM coKpa-
iueHHH 3aTpaT MauiHHHoro BpeMeHH. Rah HAAiocTpauHH stoto nepe-
cocTaßHM Ta6nnuy pa3pe3a c BABoe 6oAee rpy6oft Bbi6opKoft AaHHbix
no och z. b AByx Ta6AHuax, npeACTaßneHHbix nnme, noKa3HBa-
K)T ABa pa3AHHHHX BO3MOH\HHX nOpHAKa, VAOBAeTBOpHKHUHX npHH-
UHny npHHHHHOCTH h HcnoAb3yeMbix b cpopMyAe (11.2.5) AJin bhhhc-
AeHHft MHrpauHH. B ak)6om H3 sthx AByx cnynaeß pe3yAbTaTHßHnft

*%

r 2 r2



276

H3yneHHe npoHenyp (11.2.7) noKa3HBaeT, hto nepßan H3 hhx
HMeeT cymecTßeHHoe npeHMymecTßO nepeA BTopoft npoHenypoft
b cMbicne Heo6xoAHMoro o6T>eMa MauiHHHoft naMHTH. Ha npaKTHKe
Heo6xOAHMO HMeTb BO3MOH<HOCTb o6pa6aTHßaTb naHHHe CO CKOpOCTH-
MH, H3MeHHK)Ui;HMHCH C TAy6HHOft. 3tOTO MOH<HO AOCTHHb, HCnOAb3yH
AaHHbie C\, c 2, . - � npn MHrpaunn He no AnaroHanH b nnocKOCTH (z,
t), a c npyroft KpHßoft b nnocKOCTH (z, t), Ha KOTopoft npencTaßneHa
KpHßan ABoftHoro BepTHKanbHoro BpeMeHH pacnpocTpaHeHHH OTpan<eH-
hoh boahh (pnc. 11.13). Ocb cpeAHHx ToneK y, no KOTOpHM onpene-
nneTcn CKopocTb aah pa3Hbix ToneK npocfmnH pacnoAaraeTCH nepneH-
AHKyAHpno k nnocKOCTH pHcyHKa. Rah nocTpoeHHn pa3pe3a AaHHne
Ha6niOAeHHft mojkho npoeKTnpoßaTb ah6o Ha ocb z, ah6o Ha ocb t,
o6pa3yn MHrpauHOHHbift rny6HHHbift hah BpeMeHHoft pa3pe3. Hoaojkh-
TeAbHHM CBOHCTBOM MHrpaHHH Ha OCHOBe BOnHOBOTO ypaBHeHHH HBAH-
eTCH BO3MOH<HOCTb ACTKOrO H3MeHeHHH 3HaHCHHft CKOpOCTH 6e3 He-
o6xoahmocth nepenenbißaTb Becb pacneT. Ecnn nnocKOCTb (z, /)
OAHajKAH 3anonHCHa, to H3MeHeHHe ckodocth cboahtch k Bonpocy,
KaKyio KpHßyio na Heft Hcnonb3oßaTb.

HaKAOHH KpHBHX B nAOCKOCTH (Z, t) o6bIHHO MaAH. 3to 03Ha-
naeT, hto H3MeHeHHn ckopocth b moacah cpeAH, t. c. kphboh Ha
PHC. 11.13, npOHBAHIOTCH B BHAe 60Aee CHAbHHX H3MCHeHHft MHrpa-
UHOHHoro rny6HHHoro pa3pe3a, neM MHrpaunoHHoro BpeMeHHoro pa3-
pe3a. nosTOMy o6pa6oTHHKH nacTO npennonHTaioT BpeMeHHoft MHrpa-
HHOHHbift pa3pe3.

MHrpauHOHHbift pa3pe3 HHTepnonnpyeTcn (bo3mo>kho, oneHb rpy6o)
no AHaroHann:

—. >Z +t
0 I 0

ri r x

r2 5 r2 9

r3 4 r3 8

7TT (11-2-7)

r5 2 7 r5 4 5

r6 1 6 9 r6 1 2 3

0000 0000

* f *|
Z-BHeiUHHa r-BHeiIIHHH

mot 6h npoßepHTb b Kanmoft H3 npHßeAeHHnx Bbiuie
Ta6nHH, hto hhcao, BHHHcneHHoe Ha Aio6oft cTanHH, nonyneHo Ha
ocHOBe Tpex yn<e h3bccthhx Ta6nHHHnx CTpoK h hto HeH3BecTHoe,
6ynynH BHHHcneHO, yMHon<aeTCH Ha (I+a), a He Ha (1 —a). llto6h
nonynHTb cHHTeTHnecKne ceftcMorpaMMH aah rnnoTeTHnecKoro rny-
6hhhoix) pa3pe3a, BbinHcneHHH npoBOAHT b o6paTHOM nopnAKe.

H3yneHHe npoHenyp (11.2.7) noKa3HBaeT, hto nepßan H3 hhx
HMeeT cvuiecTßeHHoe noeHMVuiecTßO neoen BTopoft npouenvPOH

Z-BHeiIIHHa r-BHeiIIHHH

6HHHoro pa3pe3a, BbinHcneHHH npoBOAHT b o6paTHOM nopnAKe.
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nocneAHiift (paKTop, KOTopnft hco6xoahmo paccMOTpeTb, sto bo-MOHCHOCTb AaTepaAbHHX (rOpH3OHTaAbHHX) H3MeHeHHft ckopocth V.
Xoth AeTanbHbift aHann3 He npoßOAHncn, mojkho npeAnononcHTb, hto
npocToe BKAioneHHe b ypaßHeHne (11.2.1) nepeMeHHoft no y ckopocth
no3BOAneT peiuaTb nocTaßneHHyio 3anany (ecAH TonbKO CKopocTb He
H3MeHneTcn cahuikom 6ncTpo b HanpaßAeHHH y) . KaKoe hmchho
H3MeHeHHe ckopocth HBnneTcn cahuikom 6onbuiHM, npeACTaßnneT BO-
npOC, KOTOpblft, HeCOMHeHHO, 3aBHCHT OT HCXOAHHX AaHHHX H HaXO-

PHC. 11.13. njIOCKOCTb (z, t) fIJIH
onpe^ejieHHH ckopocth npn MHrpau,HH
b cjiynae BepTHKajibHO Heo/iHopoAHoft
cpeAbi

Ahtch 3a paMKaMH HacTonmeft khhth. OAHaKO cnenyeT OTMCTHTb, hto
npn Hcnonb3oßaHHH 3aßHCHiueft ot y ckopocth npeo6pa3oßaHHe
Oypbe no ocn y ne cboaht ypaßHeHHe (11.2.1) k BnpanceHHio
(11.2.2). B pe3ynbTaTe stoto Heo6xoAHMO paccMaTpHßaTb KancAHH
sneMeHT b Ta6nHue (z, t) ne KaK cKannp, a KaK BeKTop, pa3AHHHbie
KOMnoneHTH KOToporo hcxoaht ot pa3AHHHbix ToneK Ha och y. Toma
MH AOAJKHH CHHTaTb BeAHHHHy 1 a He CKaAHpHHM AeAHTCAeM,
a TpnAHaroHanbHoft MaTpimeft cpopMH (1 —Byy),8yy ), KOTopan Aonnma
6biTb o6paTHMoft. 3to ne co3AaeT k3khx-ah6o TpyAHocTeft npn npaK-
THnecKoft peanH3aHHH. 3tot cnoco6 6nn ncnonb3oßaH npn nocTpoe-
hhh MHrpauHOHHbix pa3pe3oß, npHßeneHUbix Ha pncyHKax b stom pa-A^JiQ.

11.3. BbIHHCJIEHHE CKOPOCTH PACnPOCTPAHEHHfI
CEHCMHHECKHX BOJIH B CPEAE
ripeAHAyiHHe rnaßH 6hah nocBHiHeHH 3anane onpeAeneHHH crpyK-
Typn 3eMAH. Hpn stom CKopocTb pacnpocTpaHeHHH ceftcMnnecKHx
BOAH B CpeAe MH CHHTaAH H3BCCTHOH (h AAH VAO6CTBa nOCTOHHHOft)
BCAHHHHOH, a HMneAaHC HMdOUIHM HeH3BeCTHbie pa3pHBH, COOTBeTCT-
ByiomHe rpaHHuaM pa3Aena pa3AHHHoft cpopMH BHyTpn cpeAn. Te-
nepb paccMOTpHM cnoco6n BbinHcneHnn ckopocth pacnpocTpaHeHHH
boah b cpene. 06hhho sto AeAaeTcn b npeAHOAonceHHH, hto cpeAa
HBAHeTCH rOpH3OHTanbHO-CAOHCTOH. B STOM CAyHae CKOpOCTb BHHHC-
nneTcn Ha ocHOBaHHH 33bhchmocth BpeMeHHoro cnßiira oTpancenHOH
boahh ot BeAHHHHH cMemeHnn (Ha3HßaeMoro HopMaAbHUM npupau^e-
nueM epeMenu, uau KUHeMaTuuecKou nonpaeKoii) , KOTopnft HaHnyn-
hihm o6pa3oM crAajKHßaeT AaHHbie o6meft cpeAHeft tohkh. noKa-
meu, KaK mojkho BbinncnHTb CKopocTb pacnpocTpaHeHHH BonH b cpene,
cocTonmeft nan<e H3 cnynaftHbix tohchhhx HeoAHopoAHOCTeft. 3to
Mon<eT oKa3aTbcn none3HHM npn H3yneHHH 30H HapyiueHHH hah 06-



--nacTeft, me OTcyTCTByiOT oTpanceHnn. non nocneAHHMH noHHMaioT
o6nacTH, b kotophx HannyHinHM o6pa3oM o6pa6oTaHHnft pa3pe3
xapaKTepH3yeTCH OTcyTCTBHeM KorepeHTHOCTH Kone6aHHft no koopah-
HaTe cpeAHeft tohkh y. 3to mojkct 6biTb cacactbhcm KaK nnoxoro Ka-
necTßa hcxoahhx AaHHbix, TaX h HapymeHHH HenpepHßHocTH reonorH-
necKHx rpaHHu. OAHaKO c TeopeTHnecKoft tohkh 3peHHH nocneAHee 06-
CTOHTeAbCTBo He HBnneTcn npennTCTBHeM aah onpeAeneHHH CKOpOCTH
pacnpocTpaHeHHH boah b cpeAe.

B ocHOBe onpeAeneHHH ckopocth Aemnr npoAon>KeHHe b HHncHee
nonynpocTpaHCTßO KaK TeopeTHnecKoft HHCxoAnmeft boahh, Tan h Ha-
6nK>AeHHofi BoexoAHiueft BonHH. Ohh CTponTcn bhh3 b cTopOHy OTpa-
HOTeAefi, me nonTn nocTOHHHoe OTHOuieHne hx aMnnHTyA aoajkho
xapaKTepH3oßaTb KOscpcpnuneHT OTpan<eHHH KaK cpyHKHHio ot CMeme-
hhh. Ecnn paccMaTpHßaeMbie BonHH ctpohtch c HenpaßHAbHoft cko-
pocTbio, to OTHOuieHne hx aMnnHTyn 6yAeT ocuHAAHpyioiHeft cpyHK-
uneft CMemeHnn. B sthx ycnoßHnx 3anana 3aKAionaeTCH b tom, hto6h
HaftTH TaKyio CKopocTb, npn KOTopoft OTHOuieHne aMnnnTyn sthx AByx
boah npaKTHnecKH nocTOHHHo. npn stom He Ban<Ho, hmciot ah OTpa-
mareAH KaKyio-AH6o CTeneHb HenpepHßHocTH no ropH3oHTann hah
He HMeioT, TaX KaK crnancnßaHHe ocyiuecTßAneTcn aah pa3AHHHbix
CMeuieHiift b 4)HKCHpoBaHHoft cpeAHeft TOHKe Ha rny6nHe OTpan<aio-
meft rpaHHun. Ecah OTpajKaiouine rpaHHun He o6AaAaiOT Henpepnß-
HOCTbK) no ropH3oHTanii, to hx mo>kho Ha3BaTb pacceHßaTennMn (He-
oahopoahocthmh). MoAeAb 3eMAH CO CAyHaHHO pacnoAO>KeHHHMH
paccenßaTennMH 6yneT AaßaTb MHrpauHOHHbie ceftcMHnecKHe AaH-
Hbie, KOTopne hbahiotch cAynaftHoft (pyHKUHeft (ncnpaßneHHyio 3a
KHHeMaTHnecKyio nonpaßKy) BpeMeHH h nonon<eHHH cpeAHeft tohkh,
ho He 3aBHCHT ot CMemeHnn.

HaftTH xopouiHe MeTonn npoAon>KeHHH bhhb hkcxoahuihx boah
AOCTaTOHHO lipOCTO. H3 TOHKH B3pHßa STH BOnHH paCXOAHTCH C(pe-
pHnecKH. Rah oahopoahoh cpeAH AerKO 3anHcaTb aHaniiTHnecKoe
peuieHHe. Rah cna6o HeoAHOpOAHoft cpeAH mo>kho Bocnonb3OßaTbCH
MeTonaMH, paccMOTpeHHHMH b npeAHAyuiHx rnaßax. EnHHCTBeHHan
npo6neMa 3aKAK>naeTcn b tom, hto npH6nnn<eHHe Qzz^o orpaHHHHBa-
eT npHMeHHMOCTb sthx MeTOAOB yrnaMH HaKAOHa Ayneft, npH6nH3H-
TeAbHo paBHHMn 15° ot BepTHKaAH. nononceHHe Aenco yAynuiiiTb
nyTeM nepexona ot AeKaproßbix KoopAHHaT (x, z) k nonnpHbiM Koop-
AHHaTaM (r, 6). npH6nnn<eHHe Qrr^o b nonnpHbix KOopAHHaTax Tpe-
6yeT, hto6h nynn Haxo.AHAHCb BHyTpn yrna ±15° ot HanpaßneHHH
pannyca. Ohcbhaho, TaKyio CHCTeMy KoopAHHaT ajw caohcthx cpeA
mo>kho 6hao 6n pa3pa6oTaTb AJin o6pa6oTKH AaHHbix b ycAOßnnx
cpen Aan<e c 6onbuieft cßopocTHoft HeoAHopoAHOcTbio.

BoAee TpyAHoft 3aAanefi hbahctch noncK xopouieft chctcmh Koop-
AHHaT aah bocxoahiuhx boah. Mhc noTpe6oßanocb ABa roAa, hto6h
Ao6HTbcn npaKTHnecKoro peuieHHH sToft 3aAann. KaK yme yKa3Hßa-
nocb, nonnpHan cncTeMa KoopAHHaT Ann HHcxonnmeft boahh npen-
nOHTHTeAbHee AOKapTOBOH CHCTeMbI. JI^JIH KBa3HCCpepHHeCKOH BOAHH
BeAHHHHaQgg ttO, Toma KaK BennnHHa Qxx 6ncTpo yßenHHHßaeTcn,

ecAH TOHKa OTpa^KeHHH He HaxoAHTcn HenocpencTßeHHo non hctohhh-
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KaMH. nOCKOAbKy MH HMeeM AeAO C ypaBHeHHHMH, nOAO6HHMH Qz t—
=Qxx HAH Qrt—Qw/r' 2 TO STO 03HanaeT, HTO BCAHHHHa Qr o6bIHHO
6yneT MaAoft, Toma KaK BeAHHHHa Qz Mana toabko Ha och z Heno-
cpeACTßeHHO non hctohhhkom. CneAOBaTeAbHO, npH6nH>KeHHe Qrr^o
HaMHoro nynuie, neM Qzz^o. npeHMymecTßO KoopAHHaT (r, 9) co-
CTOHT B TOM, HTO HHCXOAHHIAH BOAHa D(r, 6) nOHTH He 3aBHCHT OT
ropH3oHTanbHoft (AaTepaAbHoft) KoopAHHaTH 0. HaM Heo6xoAHMa
CHCTeMa KOOpAHHaT, B KOTOpoft BOCXOAHLHaH BOAHa U TaKnce nOHTH

PHC. 11.14. KoppeKHHH ceftcMHnecKH>
AaHHbix 3a HopMajibHoe npnpaineHHe
BpeMeHH (bboa KHHeMaTHnecKHx no-
npaßOK) nyTeM npOAOJixeHKH hx b hhjk-

Hee nojiynpocTpaHCTßO.
/ — B3pHB; 2 — npHeMHHK; 3 — OTpajKaromaa
rpaHHi;a (pesJieKTop)

He 3aBHCHT ot AaTepaAbHoft KoopAHHaTH. OnbiTHbie reocpH3HKH cpa3y
me cKaxyT, hto STOMy Tpe6oßaHHio ynoßAeTßopniOT AaHHbie c BBeneH-
HHMii KHHexMaTnnecKHMH nonpaßKaMH. KoppeKUHH ceftcMnnecKHx 3a-
nnceft 3a HopManbHoe npnpaiueHHe BpeMeHH (bboa KHHeMaTHnecKHx
nonpaßOK) npnBOAHT k cn<aTHio BpeMeHHoft och Ha yAaAenHbix ot
HCTOHHHKa Tpaccax ceftcMorpaMMH, b pesynnraTe nero boahh Ha sthx
Tpaccax npHxoAHT OAHOBpeMeHHO c BepTHKanbHo nanaioiHHMH BOAHa-
mh. BAaroAapn STOMy nacTHan npoH3BOAHan BonHOßoro norm Q no
CMemeHHio B3pbiß — npH6op npn cpHKcnpoßaHHOft KHHeMaTHnecKoft no-
npaßKe AQAmHa 6htl Manoft BeAHHHnoft.

6Anme nonyneimbie ceftcMnnecKHe AaHHbie k AaHHHM AJin
nnocKHX ropH3oHTanbHbix oTpa>KeHHft b 3eMne c H3BecTHoft CKopo-
CTbio, TeM MeHbHie 6yneT npoH3BOAHan no cmctuchhio. BonHOßoe ypaß-
HeHHe ynHTHBaeT OTKnoHeHnn ot TaKoft HAeaAH3npoßaHHoft cHTyauHH.

Cn<aTHe BpeMeHHoft ocn ajih yAaneHHbix ot HCTOHHHKa Tpacc ceft-
CMorpaMM npn bbboac KHHeMaTHnecKHx nonpaßOK MonceT paccMaTpn-
BaTbcn KaK H3MeneHHe chctcmh KoopAHHaT. O6biHHoe onpeneneHHe
KHHeMaTHnecKHx nonpaßOK He npenycMaTpHßaeT noMemeHHe ceftcMO-
npHeMHHKOB Brny6b 3eMAH. npn CMeuieHHH npneMHHKOB bhh3 BAonb
TpaeKTOpnft Ayneft mh MonceM coxpaHHTb noßepxHOCTb cpeAHHx to-
neK y h noßepxHOCTb nonycMemeHHft h=f/2 KaK ropn3oHTanbHbie (na-
TepanbHbie) KoopAHHaTH boahoboto norm. JlaTepanbHbie npoii3BOA-
Hbie aah HAeaAH3HpoßaHHbix AaHHnx aoajkhh o6pamaTbCH B HyAb.

Ha pnc. 11.14 noKa3aHa reoMeTpHH KoppeKUHH ceftcMnnecKHx AaH-
Hbix 3a HopManbHoe npHpameHHe BpeMenn nyTeM npoAonnceHnn hx
b nnmnee nonynpocTpaHCTßO (oAHopoAHan cpeAa c napaMeTpoM v).
ITepexoA ot nepeMeHHbix HHTepnpeTauHH k nepeMeHHHM Ha6nioAeHHH
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ocyui,ecTßAHeTCH c noMombio BbipanceHHft

(11.3.1a)

(11.3.16)

(11.3.1b)

C noMombio anre6paHnecKHX hah reoMeTpunecKHx mctoaob nerKO
noAynHTb BbipajKeHne aah o6paTHoro nepexona:

To, hto ypaBHeHHH (11.3.2) neftcTßHTenbHO peaAH3yiOT o6paTHbift ne-
pexoA k ypaBHeHHHM (11.3.1) nerKO npoßepHTb noACTaHOBKoft cpop-
MyA (11.3.1) b BbipanceHim (11.3.2).

Rah OAHOpOAHoft cpeAH, b KOTopoft boahh pacnpocTpaHniOTCH
co CKopocTbio v, moh<ho 3anncaTb peuieHHe aah HHCxoAnmeft boahh
b BHAe AenbTa-cpyHKHHH Ha paciUHprnoiueftcH OKpyncHocTH:

Tenepb Heo6xoAHMo cpaBHHTb BOcxoAnmyio BOAHy U, BbinHcnneMyio
b nepeMeHHbix (h, y, d, z), c hhcxoahuich BOAHoft D, 3aAauHoft Bbipa-
»eHHeM (11.3.3) b nepeMeHHbix (g, s, i, z). Rah stoto mohcho npe-
o6pa3oßaTb HHCXOAHmyio BOAHy D k nepeMeHHHM (h, y, d, z) c no-
Moiubio noACTaHOBKH BnpajKeHiift (11.3.1) b cpopMyny (11.3.3). Hpn
stom BO3HHKaeT HMeioiuan rny6oKHii cmhca BO3Mon<HOCTb ynpom,eHHH
nonynaeMbix BbipaxeHnn, ecnn npeAnononcHTb, hto CKopocTb pacnpo-
cTpaHeHHH boah b cpeAe v paßHa ckopocth abhjkchhh v KOOpAHHaT-
noft chctcmh. Toma

B stom cnynae HHcxoAHiuan BOAHa He 3aBHCHT ot naTepaAbHbix Koop-
AHHaT h h y.

Tenepb paccMOTpHM Monenb cpeAH, KOTopan coAepJKHT TonbKO
oahh TonenHbift pacceHßaTenb, HaxoAHiHHftcn b tohkc c KoopAHHaTa-
mh (xo, z0 ). 3tot pacceHßaTenb o6AynaeTcn hctohhhkom THna nenbTa-
cpyHKUHH, pacnoAonceHHHM b TOHKe (s, O). HcKAionan ropH3OHTanbHO
pacnpocTpaHmomiiecn boahh, HMeeM aah BoexoAHiueft boahh
U( s, g, t, z) Ha MaAOM ynaAennH ot pacceHßaTenn:

s(h, y, d,z)-=y — h;
n j \ \ (d —z) hg(h,y, d,z) =yAr-—-f— ;

±tv a \ (d2 + h2 )l l2 (2d-z)t (h, y, d, z) sa= -i——'—=A '—dv

d(s, g, t, z)= A{[v'f - (g-s)*]"2 + z); (11.3.2a)

y(s, g, t, z) =A {(g+s) +Fv
z_lAir] u> }■" (u - 3-26)

h(s,g,t, i) =|{(g-»)rrrt.y^}. (11-3.28)

D(g, s, t, z)=B[(g—s)2+z2—vH2]. (11.3.3)

D(h, y, d, z)=s[4d(z—d)]. (11.3.4)

V(s, g, t, zo—o)=B(g—Xo)6[v2t2—(s—x0 )2—z2o]. (11.3.5)
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noACTaBHB npeo6pa3oßaHHe (11.3.1) npn z=d b (popMyny (11.3.5),
noAynHM

Hach b(y—x0 ) AaeT BO3Mon<HOCTb CHHTaTb y=x0 bo BTopoft nenbTa-
cpyHKHHH. Toma

KaK bhahm, rnaßHan haw coctoht b tom, hto Bonna Ha oTpancaTeAe
b ABH>KymHxcH, HcnpaßneHHbix 3a HopManbHoe npHpameHiie BpeMeHH,
KOopAHHaTax He 3aBHCHT ot nonycMeiHeHHH h. Ohcbhaho, hto cynep-
no3Hunn cnynaftnoro Ha6opa TonenHbix pacceHßaTeneft 6yneT cosAa-

PHC. 11.15. Mo/ieJib 3eMJin, hc-
nojib3yeMan ajih HJijiiocTpanHH
CKopocTHoro aHajiK3a c noMombio
npOAOJi*;eHHH jraHHbix b HH>KHee

nojiynpocTpancTßO (z — rJiy-
6nHa)

BaTb npn MHrpauHH boahoboc none, KOTopoe hbahctch cnynaftHHM
no KoopAHHaTaM y h d, ho TeM He MeHee nocTonimbiM no CMemeHHio
h. 3to npeACTaßneHHe 6yAeT, no-BHAHMOMy, cnpaBeAAHBHM nan^e,
ecAH pacceHßaTenn cnynaftHO pacnpeAeneHH bhc nnocKOCTH pa3pe3a.
B TpexMepHOM cnynae BeAHHHHy z cneAyeT paccMaTpHßaTb KaK pa-
AHaAbHoe paccTOHHHe ot ahhhh npononbHoro npocpnnn.

Hauia ueAb — onpenennTb CKopocTb pacnpocTpaHeHHH BonH b cpe-
Ac. OAHaKO CKopocTb Hyn<Ha yme aah nepßoro uiara, a hmchho aah
ocyiuecTßAeHHH MHrpauHH. Hcnonb3oßaHHe oihh6ohhoh ckopocth npn
MHrpauHH npennTCTßyeT nonHOMy OKaTHio boahh k Aennra-cpyHKUHH
Ha och cpeAHHx ToneK. 3to BH3BaHO necTpyKTHßHoft HHTepcpepenuHeft
Menmy cmokhhmh cpeAHHMH TOHKaMH. npn STOM B MOAeAH CO cny-
naftHO pacnoAon^eHHHMH pacceHßaTennMn HeKOTopan nacTb HHCpopMa-
Hhh TepneTcn. Rah Monenn cnoHCToft 3eMnn sto He HMeeT 3HaneHHH
(Aan<e Koma caMa MHrpaunn He HBnneTcn Heo6xoAHMoft).

CTecpeH M. ,H,orepTH c uenbio HAAiocTpauHH sthx noHHTHft paccnn-
TaA BOAHOBoe none aah MOAeAH 3cmah, npeACTaßneHnoft Ha
pnc. 11.15. Ha pnc. 11.16 noKa3aHH AaHHne Ha6nioAeHHft aah stoh
MOAeAH Ha noBepxHOCTH h pe3ynbTaT npoAonnceHHn sthx AaHHnx

U(h, y, d, z=d)=B(y—Xo)b[cPyh2—(y—h—xo)2—z20 ]

U(h, y, d, z=d)=d(y—x0)o(d2—z\)
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b HHHCHee nonynpocTpaHCTßO. BepTHKanbHoft ocbio hbahctch Koop-
AHHaTa d. Rah ropH3oHTanbHoft och KOOpAHHaTa h Bbi6paHa npn me-
cth 3HaneHHHx h, KOTopne H3o6pa}KeHH rpynnaMH (Bbi6opKH o6meft
cpeAHeft tohkh). XlecnTb TaKHX Bn6opoK pacnonon<eHH (c HHTepßa-
naMn) baoai> och y. BHyTpn Kan<Aoft bh6opkh Tpacca co cMemeHneM
h=o pacnonaraeTcn cAeßa, a co CMemeHHeM h=hmSix, cooTBeTCTByio

a 6
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PHC. 11.16. AaHHbie Ha6jnofleHHH Ha noBepxHOCTH (a) h pe3yjibTaT npo;j,ojoKeHHH
hx b HHJKHee nojiynpocTpaHCTßo (6) /jjih MO/jeJiH, npe/JCTaBJieHHoft Ha pnc. 11.15.
Koop^HHaTbi BbiOpaHbi TaX, hto6h H3o6pa3HTb TpexMepHbie (y, h, d) b njio-

ckocth nepTejKa

luhm AynaM c yrAaMH Bbixona okoao 45°, — cnpaßa. Ha pnc. 11.16,6
BHAHO, HTO B OUAaCTH OTpaHCaTCAeft BOAHOBbie HMnyAbCH BbipaßHeHH
no ropH3OHTaAH. 3to cBHAeTenbCTByeT o iie3aBHCHMOCTH AaHHbix
b HHHmeM nonynpocTpaHCTße ot CMemeHnn h.

Rah onpeAeneHHH ckopocth HecymecTßeHHo, KaKan CHCTeMa Ko-
opAHHaT HcnoAb3yeTcn aah npoAon>KeHHH bhh3 Ha6nK>AeHHoro boaho-
boto norm. OAHaKO sto yAo6Hee nenaTb no ceftcMorpaMMaM c BBc-
AeHHHMH KHHeMaTnnecKHMH nonpaßKaMH. Rah ynpomeHHH BHKnanoK
OTMeTHM, hto ypaBHeHHH (11.3.26) h (11.3.2b) noApa3yMeßaiOT bh-
noAHeHHe paBeHCTBa

rrAr—^xr-^—^ 0 1-3- 6)d(g, t, z) d(g, t, z)' v '
BonHOßoe ypaßHeHHe

(11.3.7)
\ J
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b KoopAHHaTax c BBeAeHHHMH KHHeMaTHnecKHMii nonpaßKaMH npH-
HHMaeT BHA

(11.3.8)

KaK h paHee, npH BO3BeAeHHH b KBanpaT sthx AH(p(pepeHUHanbHnx
onepaTopoß b nacTHbix npOH3BOAHbix 6yneM cnnTaTb KoscpcpnuneHTH
nocTOHHHHMH. 3to cooTBeTCTByeT npeAnonojKeHHio o BbicoKonacTOT-
hocth cnrHanoß. npenme neM npncTynaTb k BbinHcneHHio Bcex Heo6-
xoAHMbix npoH3BOAHbix, BBeAeM ynpoiuaioiuee o6o3HaneHHe

Bhhhcahb Tpe6yeMbie npoH3BOAHne n yniiTHßan BbipanceHHe
(11.3.6), nonynHM

-d-s)

pauiaiOTcn b Hynb. noncTaHOßKoft mo>kho npOßepHTb, hto

(11.3.11a)

(11.3.116)

(11.3.11b)

3aTeM nonynaeM Tpn cMeuiaHHnx npon3BOAHbix c AHCpcpepeHHHpo-
BaHneM no z:

(11.3.12a)

(11.3.126)

(11.3.12b)

\dgdd Ar ygdy +h gdhf +(d z + dzddA\- yz dy +hzdhf -
(dtd d + yt dy + ht dh)2 1 q_q

v2 J

b=[m 2—(g—s) z]M (11.3.9)

— (g— s) vH
b

l "b
dg dz dt
yg yz y t =\ , + i^l -<g-*)*<* . (1 1.3.10)
hR hz ht _ _ _

zv2t2 g— s —(g —s) v2tz_1 + —rj- b b$ _
Ecah CKopocTb v, HcnoAb3yeMan ajih KoppeKUHH HopManbHnx npn-

pameHnft BpeMeHH, paßHa ckopocth pacnpocTpaHeHHH boahh b cpeAe v,
t. c. v=v=v, xo Tpn HAeHa b BbipanceHHH (11.3.8) TonmecTßeHHo 06-

zv2t 2

zv2t2

{d2
g-yd2

z - d^Qdd=0;

2(dceyg+d,y,-^Qdlf=0;

2^A+ dA-^L)'Qd*=o.

WMyz— bQyz - dQyz

MzVhz— bQh2 -dQhz

2dzQdz =Q dz.
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H3 BHpan<eHHH (11.3.6) cnenyeT, hto KOscpcpHuneHTH npn Qyy , Qhh
h 2Quy HAeHTHHHH. BnnonHHß Heo6xoAHMbie npeo6pa3oßaHHn, nony-
hhm:

(11.3.13)
KaK o6hhho, ot6pochb nneH c Qzz , nonynHM npH6nnn<eHHe, noAo6Hoe
npH6nHH<eHHio OpeHenn. B neKapTOßoft CHCTeMe KoopAHHaT sto orpa-
HHHHBaeT TOHHyio o6pa6oTKy nynaMH, AOKaiUHMH BHyTpH KOHyca
C paCKpHBOM OKOAO 15° OT BepTHKaAH. B CHCTeMe C BBeAeHHHMH KH-
HeMaTHnecKHMH nonpaßKaMH sto, no-BHAHMOMy, 6onee noxon<e Ha
15-rpaAycHoe orpaHHneHHe a^ih yrAOB HaKAOHa rpaHHH. Kohchho,
npn Heo6xoAHMOCTH Bcema mojkho Hcnonb3oßaTb mctoah c 6oAee
BHCOKOft TOHHOCTbK). 06x>eAHHHH BMecTe BnpajKeHHn (11.3.11) H
(11.3.13), nonynaeM ochobhoii pe3ynbTaT:

ypaßHeHHe (11.3.14) mo>kho Hcnonb3oßaTb aah onpeAeneHHH CKopo-
cth nyTeM npOAonn<eHHH b nnncHee nonynpocTpaHCTßO cKoppeKrnpo-
BaHHbix 3a HopManbHoe npHpameHne BpeMeHH ceftcMnnecKHx 3anHceft
6e3 cyMMHpoBaHHH pa3pe3oß.

no-BHAHMOMy, HMeeT cMbicn paccMOTpeTb Bbipan<eHHe (11.3.14)
Ajih HeKOTopnx cneunanbHbix cnynaeß. Ha noBepxHOCTH 3eMnn npn
HyneßOM cMeiueHHH BenHHHHa Q BcneACTßne cnMMexpHH o6paiuaeTcn
b Hynb. Rah TonenHoro paccenßaTenn, KaK 6nno noKa3aHo paHee, Be-
AHHHHa Q He 3aBHCHT ot h, a aah HAeaAH3HpoßaHHbix AaHHbix, nony-
HeHHHX OT CAOHCTHX OTpaHCaTCAeft, BeAHHHHa Q HBAHeTCH C})yHKUHeft
TonbKO napaMeTpa d. ynHTHBan mnpoKoe pa3Hoo6pa3He npaKTHne-
ckhx CHTyaHHH, norHHHo ynpocTHTb BbipanceHHe (11.3.14) c noMombio
cncTeMbi HepaBeHCTB Qd>Qy >Q/i. 3to npHBOAHT k Bbipan^eHHK)

2vby(i+£-)v (n-3.15)

B OTnnnHe ot paHee paccMOTpeHHbix ypaßHeHHft c hoctohhhhmh
Kosc})cpHUHeHTaMH, ypaßHeHHe (11.3.15) coacp^kht nepeMeHHbift Koscp-
cpHHHeHT d/(2d—z). OnnaKo aah MHrpauHH sto He HMeeT npaKTHne-
CKoro 3HaneHHn. BBeAeM HOByio nepeMeHHyio

Ha noBepxHOCTH 3eMAH (z=o) BeAHHHHa z'=o, a Ha OTpancaTennx,
me z=d, z'=d. Hoaojkhb Q(z, d)—Q'(zf , d), HaxonnM

(y\+y'~ "A) <d> +*&=-(w=A) (' +w)K +<W Q-

[^+4^+ <?*)]^=(2^=rzy ( 1 + (^ + ,Q- (1L314)

***B=i 01.3.16)

Qz =z'zdz> Q';
Qd=* &*+*&«) Q'
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C yneTOM sthx cooTHOuieHHft Aeßan nacTb Bbipan<eHHH (11.3.15) npH-
HHMaeT bha

noAo6Ho npn6AHn<eHHio OpeHenn (npn OT6pacnßaHHH nneHa c dz ,z ,)
HMeeM

(11.3.17)

Mto6h nOATBepAHTb HCO6xOAHMOCTb BBCAeHHH KOSCpCpHHHeHTa 2, o ko-
TopoM 6hao cKa3ano paHee b pa3AeAe 11.2, mohcho cAeAaTb Apyroe
npeo6pa3oßaHHe ot KoopAHHaTH d k KOopAHHaTe f ABoftHoro BpeMe-
HH npo6era boahh ao pecpneKTopa h o6paTHo:

3to AaeT

(11.3.18)

OneBHAHO, hto BbipanceHne (11.3.18) aoajkho 6nTb nponHTerpHpoßa-
ho b HHTepßane ot z^O ao z'=t'v'/2. H3MeHHTb MacuiTa6 no och
rny6HHH yAo6HO nepe3 ABoftHoe BpeMH npoxontAeHHH boahh

3to npHBOAHT k ypaBHeHHK) c BpeMeHHHM MacuiTa6oM no och rny-
6hh

B KOTOpOM BeAHHHHa f HBAHeTCH ABOHHHM BpeMeHeM npOXOJKAeHHH
boahh, a BeAHHHHa t" — ocbio rAy6HHH bo BpeMeHHOM MacuiTa6e,
HHTerpHpyeMoft b HHTepßane ot noBepxHOCTH t"=o ao OTpanoTeneft
Ha rAy6HHe t"=t'.

CTporo roßopn, ypaßHeHHe npeo6pa3oßaHHH (11.3.19) cneAyeTnpH-
MennTb omenbHo aah Kan<Aoro CMemeHnn h ao toto, KaK AaHHbie
cyMMHpyiOTCH no cMemeHHio. C uenbio coKpameHHH 3aTpaT MauiHH-
Horo BpeMeHH sth AaHHbie nacTO cyMMnpyioT nepen MHrpauneft c no-
Mombio Bbipan<eHHH (11.3.19). npn TaKOM KOMnpoMHCcnoM nonxoAe
BeAHHHHa h b ypaBHeHHH (11.3.19) npHHHMaeTcn paßHoft Hynio hah
HcnoAb3yeTcn HeKOTOpoe cpeAHee 3HaneHHe BeAHHHHH 2hjvt'.

Qdz ={dd-z'd dzl )z'zdz,Q.

2d2

Qdz —z zQdz' — (2d —zf ®dz
3to no3BonneT npnßecTH Bnpan<eHHe (11.3.15) k BHAy

9*;= -HO.+'£)%.

V '

— 4 [vf J J

2?'r = —V '

«,.,..=- 4[» + (£■)']■<&" 01-3.19)
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HoKa mh noKa3ann, hto pe3ynbTaTH npoAon>KeHHn b Hnn<Hee no-
nynpocTpaHCTßO ceftcMorpaMM c KoppeKHHeft HopManbHoro npHpame-
hhh BpeMeHH He 3aBHCHT ot BenHHHHH cMeiueHHH, ecnn npoAonxeHHe
BbinOAHeHO C npaBHAbHHM 3HaneHHeM CKOpOCTH. OAHaKO MH He 3Ha-
cm, KaK oueHHTb BAHHHHe norpeuiHOCTH onpeAeneHHH ckopocth Ha
pe3ynbTaT npoAonn<eHHH AaHHbix b HHH<Hee nonynpocTpaHCTßO. Rah
stoto Keo6xoAHMo ynecTb hach, KOTopnft paHee onycKancH.STOTHneH
HcnoAb3o3aAcn npn paccMOTpeHHH pacnpocTpaHeHHH boah b hcoaho-
poAHoft cpeAe, ho mh ot Hero OTKa3anHCb (aah ynpomeHHn) , HamiHan
c cpopMynn (11.3.11). Tenepb Heo6xoAHMO ao KOHua ynHTHBaTb pa-AHHne Menmy CKopocTbio pacnpocTpaHeHHH BonH b cpeAe v(x, z)
h CKopocTbio v, npn KOTopoft onpeAennnHCb KiiHeMaTHnecKHe nonpaß-
KH [o6o6meHHOft AO 3aBHCHMOCTH v(z)]. BcnOMHHM, HTO AAH M3AHX
OTKAOHeHHft OT CAOHCTHX MOAeAeft HCHOnb3OBaHO HepaßeHCTßo Qd^>

H3 KOToporo cneAyeT, hto nepßbift H3 Tpex nneHOB b ypaß-
HeHHH (11.3.11) HBAHeTCH HaH6onee cymecTBeHHHM. YneT pa3AHHHH
Menmy paccMaTpHßaeMHMii AByMH ckopocthmh Tpe6yeT BBona b Ka>K-
Aoe H3 Bbipa>KeHHft (11.3.11a) naHHoro nneHa:

(11.3.20)

(11.3.21)

Toma BHpaxceHHe (11.3.15) npHHHMaeT bha

(11.3.22)
npn HHcneHHOM peuieHHH ypaBHeHHH (11.3.22) mohcho Hcnonb3oßaTb
MeTOA pacmenneHHH. PeuieHHe ctpohtch nocpencTßOM nonepeMeHHoro
Hcnonb3oßaHHH cneAyioiHHX abvx ypaßHeHHft:

(11.3.23a)

(11.3.236)

YpaßHeHHe (11.3.23a) mojkct 6biTb Ha3BaHO «AH(ppaKUHOHHoft» na-
cTbio, a ypaßHeHHe (11.3.236) — nacTbio «TOHKoft ahh3H». npn no-
cTpoeHHH peuieHHH aah Q b HanpaßneHHH och z c noMombio BHpa-
meuHH (11.3.236) pe3ynbTaT npeo6pa3oßaHHH ceftcMorpaMMH
(ncnpaßneHHoft 3a HopManbHoe npnpaiueHHe BpeMeHH d npn cJDHKCHpo-

ld\+d\-^Qdi^O,

_gg (l - ?-Wo.
(i + |-)(i-|)Q^o.

I d \ 2 I h2 \ / h2 \ ' ~~ 2 \
«*.=- (o=s) (» + t) «»+(' + nr) ( ' -f) ««■

Qdz---\2 d—-Aj ( I +rfrjQ^;

C.= (i + £)(i-|-)q<



BaHHOM nonycMeiueHHH h h cpeAHeft tohkc y) HenpepnßHo CABHraeT-
cn no BpeMeHH (d — cabht). 3tot cabht vBeAHHHBaeTcn c yßeAHne-
HneM norpeuiHOCTH onpeAeneHHH ckopocth b cootbctctehh c mho>kh-
TeAeM I—v^/1 —v^/v2, a TaKnce cMemeHHH b cootbctctbhh c MHoncnTeneM
l+ht/d2. TaKHM o6pa3oM, BHpa>KeHHe (11.3.236) H3MeHneT KpHBH3Hy
AaHHbix c nonycMemeHHeM h. nocKonbKy Bnpa>KeHHe (11.3.23a) co-
Aepn<HT BeAHHHHy Qyy hHe HMeeT BeAHHHH Qh h Qhh, to onepaHHH,
BbinoAHneMbie no (popMynaM (11.3.23a) h (11.3.236), nepecTaßHMH
(KOMMyTaTHBHbi). CAeAOßaTeAbno, mohcho CTpoHTb npoAonnieHHe no-
ah bhh3 k OTpaHiaTeAHM c noMombio Bbipa>KeHHH (11.3.23a), a 3aTeM
Hcnonb3oßaTb cpopMyny (11.3.236). Banoio oTMeTHTb, hto HaH6oAee
TpyAHan nacTb pa6oTH, BbinoAHneMoft no cpopMyne (11.3.23a), 3aBH-
CHT OT CKOpOCTH CHCTCMH KOOpAHHaT V, a He OT CKOpOCTH pacnpo-
CTpaHeHHH BOAH B CpeAe V. 3TO 03HanaeT, HTO MO2KHO CTpOHTb H3O-
-6pan<eHHH c pa3AHHHHMH ckopocthmh pacnpocTpaHeHHH boah b cpe-
Ac v c He6oAbuiHMH 3aTpaTaMH.

Rah Bbi6opa Aynuiero cnoco6a BHHHcneHHH ckopocth pacnpocTpa-
HeHHH boah b cpeAe v Heo6xoAHMo paccMOTpexb Bonpoc B3aHMOAefi-
CTBHH BOCXOAHIHeft BOAHH U C HHCXOAHBieft BOAHOH D, yMHO^KeHHOH
Ha KOS(p(pHHHeHT OTpan<eHHH c. ConocTaßneHHe sthx boah Mon<no
nponeAaTb b KOopAHHaTax perHCTpnpyeMoro boahoboto norm, ho cne-
AyeT OTAaTb npeAnonreHHe cncTeMe KoopAHHaT c BBeAeHHHMn KHHe-
MaTHnecKHMH nonpaßKaMH. CHanana nonynnM BbipanceHHe aah hhc-
xoAHiueft boahh b paccMaTpHßaeMbix KOopAHHaTax. noAeraßHß bh-
pan<eHHe (11.3.1) b (popMyny (11.3.3), nonynHM:

(11.3.24)

B AaHHblft MOMeHT MH He nbITaAHCb COXpaHHTb MeAAeHHbie H3Me-
HeHHn aMnnnTyAH boahh [ccpepHnecKoe pacxonmeHHe onymeHO, Ha-
nHHan c (popMynn (11.3.3)]. nosTOMy mohcho pa3AennTb Becb apry-
MeHT AenbTa-cf)yHKHHH Ha —Ad. nocKonbKy Hac HHTepecyiOT Manne
OTKAOHeHHH BeAHHHHH V OT V, TO AeAbTa-CpyHKHHH AOAHCHa 06pa-
HiaTbCH B HyAb B HeHOCpeACTBeHHOft 6AH3OCTH X TOHKe, B KOTOpOH
BbinoAHneTcn ycAOBHe z=d. nosTOMy, coxpaHnn xopouiee npH6nHnce-
HHe, mohcho noACTaBHTb BeAHHHHy z BMecTO d b KOS(p(pHUHeHT npn
MHon^iiTene 1—v2/v2 b Bnpan<eHHH (11.3.24). YnHTHBan npeAHAymne
coo6pan<eHHH, nonynHM:

me (pyHKHHH 3aAepncKH

D(h, y, d, z) = 8 Ud(z -d)+(l- ~) (l +-pj (2d- zf -L \ v 2 J '

D(h,y,d,z) = h d-z-fl-^-] (l+£) -^-^Hd-z-s)
U.fKJ 1

aAep^KKH

S (ft\ z, o7»')=(i-f)(i + |-)4- -(11.3.26)
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Tenepb BepHeMcn k 3anane conocTaßneHHH BoexoAnmeft h hhcxo-
Anmeft boah. Koscj)(pHUHeHT OTpa>KeHHH moxho onpenenHTb BMecTe
c HeKOTOpoft yrnoßoft 3aBHCHMOCTbio b BHAe CTeneHHoro pnna, HanpH-
Mep,

(11.3.27)

Rah ynpouieHHH nocnenyioiUHx pe3ynbTaTOß 6yneM BbinncAHTb TOAb-
KO nOCTOHHHbIft HAeH Co C HOMOUIbIO MHHHMH33UHH BbipanceHHH

min-SSP(y. *> h, d)-c(y, z)D(y, z. h, d)]2 . (11.3.28)
c h d

PeuieHne HMeeT bha

(11.3.29)

HocKOAbKy BeAHHHHa D noHTH BcioAy oSpamaeTCH b Hynb, to mojkho

Hcnonb3oßaTb sto aah 3aMeHH abohhoii cyMMH OAHOKpaTHoft, b nacT-
HOCTH, B HHCAHTene

(11.3.30)

noAaran, hto BeAHHHHa N o6o3HanaeT hhcao hachob b cyMMe cMe-
meHnft, nonyHHM aah cpopMyAH (11.3.29):

(11.3.31)

B 3aKAioneHHe paccMOTpHM cnoco6n onpeAeneHHH ckopocth pac-
npocTpaHeHHH boahh b cpeAe v, o6ecnenHßaioui,He HaHnynuiyio mhhh-

MH3aHHio pa3HOCTH U—cD. C stoii ueAbio mojkho HcnoAb3oßaTb nepe-
60p no 3HaneHHHM CKOpOCTH V H HCKaTb MHHHMyM BHpaJKeHHH

(11.3.32)

+C\H I Cnfl i

22"°
/\ h dc(i/,z)= 22^'

h d

212>UD=2i 2iU(y,z,h, d)t(d-z-s)
ft d h d

= 2iU[y,z,h, d=zArs(h2 , z, u2^2)].
n

C (y, Z, V) =■ -fir J]U.
h

mmVY(U-cD)2 =mmV(U-cf==mmV lu-±j*U] =
~hd*h v h \ h

-t[(?lr-(?n>0
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OnHaKO, KaK noKa3ana npaKTHKa, bmccto MHHHMH3apHn BHpan<eHHH:
(11.3.32) nynuie MaKCHMH3HpoBaTb oTpHuaTenbHbift norapwcpM hjih

OTHOuieHne noAo6nH *:

(11.3.33)

3to OTHomeHHe HenyßCTßHTenbHo k aMnnuTyne boahh U h npnMeHH-
MO B pa3AHHHHX yCAOBHHX.

11.4. MHOrOKPATHbIE OTPA)KEHHSI

TonHoe MoneAnpoßaHHe MHoroKpaTHbix oTpanteHHft naeT BO3MO>KHOCTb.
npOH3BOAHTb BHHHTaHHe TeopeTHHecKHx MHoroKpaTHbix OTpan<eHHH
H3 AaHHbix noneßbix Ha6niOAeHHft h TeM caMHM o6nernaeT Bbinene-
Hne nepßHHHbix oTpanceHHft, necymiix nonesHyio HHCpopMaunio. Pac-
cmotphm cHanana ynpomeHHyio Monenb caohctoii cpenn aah MHoro-
KpaTHbix oTpan<eHHft, a 3aTeM MOAHcpHunpyeM cc npHMeHHTenbHo
k AByxMepHoft HeoAHopoAHoft cpeAe. PeuiHM npnMyio n o6paTHyio
3anaHH. B npnMoft 3aAane 3aAaeTcn AByxMepHoe npocxpaHCTßeHHoe
pacnpeAeneHHe KOscpcpHUHe.HTOB oTpan<eHHH h BbinenniOTCH OTpance-
hhh, BKAionan AHCpparnpoßaHHne boahh c yneTOM MHoroKpaTHoro ot-
pan^eHHH b tohkom cnoe. B o6paTHoft 3aAane onpeAenneTcn AByxMep-
Hoe npocTpaHCTßeHHoe pacnpeAeneHHe KOscfxpnuHeHTOß oTpanteHHH Ha
ocHOBe Ha6niOAeHHoro BOAHOBoro norm.

OcHOBHan HAen, KOTopan ncnonb3oßaHa npn peuieHHH o6paTHOH
3anaHH, 3aKAK)HaeTCH b tom, hto OTpanoTenn cymecTßyioT b TOHKax,
me BpeMeHa nepßoro BCTynneHHH HHCxoAniueft n BoexoAHiueft boah
coßnanaioT. CnenyeT Bn6npaTb KOsefxpHuneHT orpa>KeHHH, o6ecnenH-
BaiouiHH o6pam,eHiie b Hynb BoexoAHiueft boahh nepen nonßneHneM
b o6nacTH oTpajKaTenn HHcxonnmeft boahh. B rAaße 8 ycTanoßAeHO,,
hto b cnynae cnoHCToft cpeAH Z-npeo6pa3oßaHne nonnHOMa aah hhc-
XOAHUieft BOAHH D (z) HBAHeTCH MHHHMaAbHO (pa3oßOft CpyHKUrieft.
3to 03HanaeT, hto BennnHHy, o6paTHyio D(z), t. c. \/D(z), mo>kho.!
pa3non<HTb no nono>KHTenbHHM cTeneHHM z, a nepßbift KOscpcpHuneHT
6yneT paßeH bcahhhhc I /do. CneAonaTenbHo, KOscpcpnuneHT oTpa>Ke-
hhh Ha HHn<Heft rpaHnue (nonouiße) n-vo cnon hbahctch KOscpcf)HUH-
eHTOM npn caMoft hhskoh CTeneHH z b pa3non<eHHn aah (pyHKUHH
Un (z)/Dn (z). Mn xothm noKa3aTb, hto BeAHHHHa Un(z)/Dn(z) mo-
mer 6biTb H3MepeHa Ha noBepxHOCTH npn n=o, a BeAHHHHa
rjn+ij[)n+i — jierKo BHHHcneHa Ha ocHOBaHHH OTHOiueHHn Un/Dn.
Rah peuieHHH sthx 3anan hcooxoahmo npenme Bcero 3HaTb naßne-
HHe P h BepTHKanbHyio CKopocTb W Ha stoh noBepxHOCTH ajih Bcex
MOMeHTOB BpeMeHH.

1 B OTenecTBeHHOH jiHTepaType sto OTHomeHHe Ha3bißaeTCH KO3(p(pHnHeHTOM ko-
repeHTHOCTH. (flpuM. nepee.)

Wv NZU2 . "
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H3 pa3AeAa 9.3 h ypaßHeHHft (9.3.12a) h (9.3.126) HMeeM
r 1

1 ~7
D J 2 1

L 1 T

V \ P
i Lw y (11.4.1)

V

VA

(11.4.2)

B Bbipan<eHHHx (11.4.1) h (11.4.2) naßneHHe P°(z)=p0 na noßepx-
hocth n=o b MOMeHT BpeMeHH £—0 HBnneTcn AenbTa-(pyHKHHeft, koto-
pan onncHßaeT MmoßeHHoe HapyiueHHe noßepxHOCTHoro rpaHHHHoro

PHC. 11.17. 06o3HaneHHH bojih b cjioh-

ctoh cpe/je, paccenHHbix Ha n-ft rpa-
Hnue pa3/iejia

ycnoBHH P°=o, o6ecnenHßaioiuee bboa SHeprHH BHyTpb cpeAH. 3to
HBAHeTCH npHHHHOH 06paiUeHHH AeAbTa-CpyHKUHH B BCpTHKaAbHyK)
CKopocTb W° npn h nance, noma Ha OTpajKaiomeft noBepxHOCTH
BeAHHHHa W°=7^o, a AaßneHHe P° =0.Rah npHMeHeHHHpaccMaTpHßae-

Moro MeTOAa Heo6xoAHMO, hto6h BennnHHa t7°= — (P—YW)=O ao
npnxoAa nepßoro OTpanceHHoro cnrHana, a 3aTeM cTaHOßHnacb xa-
paKTepHCTHKoft BoexoAnmeft Ha6nioAeHHoft cpopMH boahh W, b3htoh

"C 06paTHHM 3HaKOM, a BeAHHHHa D° = -j- (P+YW), HBAHIOHianCH

AenbTa-cpyHKHHeft npn /==o, H3MeHnnacb b cootbgtctbhh c cpopMoft
Ha6nioAeHHOH boahh.

PHC. 11.17 HAAIOCTpHpyeT yCAOBHH CpOpMHpOBaHHH BOAH H3 TpaHH-
ue pa3AeAa, paccMOTpeHHbie b maße 8. npn pacnpocTpaHeHHH boa-
hh nepe3 cnoft Ha6nK>AaeTCH oneBHAHoe 3ana3AHßaHHe, KOTopoe ynn-
THBaeTcn yMHonceHHeM Ha onepaTop nonoßHHHoft 3anep>KKH:

f/n=ZW. (11.4.4)
npn npoxonmeHHH boah nepe3 CAOHCTyio cpeAy nponcxoAHT TpaHC-
(J)opMauHH hhcxoahlhhx boah b BocxoAnmHe Ha rpaHHuax pa3Aena

llto6h TeopHH 6biAa AOCTaTOHHO o6meft, KaK b rnaße 8, 3anHuieM
ypaßHeHHe, o6paTHoe BnpaJKeHHio (11.4.5). CornacHO 3TOMy ypaßHe-

r P i_r 1 lire/
l w J '[—V y\ [ d .

"~ 1 \jj n \un

V 1\/ C 'n \ n' \ U>

V\vn \t'n U"+1 \un+i

Zl/2=exp(i(aAt/2)=exp(i(i)Azlv).
Toma

D'=ZMDn ; (11.4.3)

U'=tn Un+l+c'nD'. (11.4.5)
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hhk> HHCxoAHHiiie boahh ycHAHBaiOTCH BCAeACTBHe o6paTHoro paccen-
hhh bocxoahihhx boah. Hto6h ynpocTHTb nepßoe paccMOTpeHHe
AH(pparHpoßaHHHx MHoroKpaTHO-OTpanceHHbix boah, 6yneM npennona-
raTb, hto HHCxoAHiune boahh reHepHpyiOTcn bocxoahiuhmh BOAHaMH
TOAbKO Ha noBepxHOCTH n=o. Bo Bcex ocianbHbix cnynanx 6yneM
npennonaraTb, hto HiicxoAHiHHe boahh npoxonnT cboii nyrb, He no-
Aynan sHeprHH ot bocxoahihhx boah. Hpn sthx AonymeHHnx

D"+i=t'nD'. (11.4.6)
npaKTHnecKH npeAnononceHHe, Ha kotopom ocHOBaHo BbipanceHHe

(11.4.6), HBAHeTCH BnOAHe nOAXOAHUJ,HM AAH MOpCKHX AaHHHX, mC
cßo6oAHan noßepxHOCTb Mopn — naMHoro 6onee CHAbHbift OTpajKa-
TeAb, neM Bee ocTanbHbie oTpancaTeAH b pa3pe3e. HecMOTpn Ha to>
hto Kos(pc|)HUHeHTH oTpanceHHH rpaHHH, KaK noKa3HBaeT npaKTHKa,.
H3MeHHK)TCH B IHHpOKOM AHana3oHe, OOHHHO KOSCpCpHHHeHT oTpa>Ke-
HHH OKOAO 0,1 AAH MOpCKOTO AHa H 0,01 AAH rpaHHH, HaXOAHIHHXCH
HHn<e. Rah AaHHbix, HOAyneHHbix Ha cyme, nacTO Bamno ynHTHBaTb-
CHAbHqe nornomeHHe h pacceHßaHne boah b npunoßepxHocTHbix
CAOHX.

B ak)6om cnynae, HCKAionan nepeMeHHbie D' h V H3 ypaßHeHHft
(11.4.3) — (11.4.6), nonynaeM

(11.4.8)

Pa3AenHß Bbipa>KeHHe (11.4.8) Ha ypaßHeHHe (11.4.7), nonynHM npo-
CTyK) 3aBHCHMOCTb AAH npOAOA>KeHHH BeAHHHHH U/D B HH>KHee HO-
nynpocTpaHCTßO. OHa HMeeT bha

Hto6h noHHTb sTy npocTyio peKyppeHTHyio 3aBHCHMOCTb, mh aoahchh
BCnOMHHTb, HTO KOSCpCpHHHeHT npH Z° B BbipaJKeHHH AAH Un /Dn 06-
-pamaeTcn b Hynb (cm. pnc. 11.17), a KOSCpcpHuneHT npn Z paßeu
c'n=—en.c n . OneBHAHO, npoAOAJKeHHe BeAHHHHH U/D b HHHCHee nony-
npocTpaHCTßO HBAHeTCH HaCTOAbKO npOCTHM, HTO pC3yAbTaTH MOryT
paCCMaTpHBaTbCH nOHTH KaK KOSCpCpHUHeHTH OTHOUieHHH UQ (Z)[D°(Z)
Ha noBepxHOCTH. Eahhctbchkhm ocnoncHeHHeM hbahctch nennTenb-
t'ntn, KOTOpblft AaeT MOHOTOHHO BO3paCTaK)UIHH MaCUlTa6Hblft MHO2KH-
TeAb l/nnft=i(l— C2h) AAH KOS(p(J)HHHeHTa Zn B Bbipa>KeHHH AJIH.
U°(Z)/D°(Z).

Tenepb noAyMaeM, KaK o6o6mHTb sth npeACTaßneHHn aah moacah
cAoncToft cpenn Ha MOAenb AByxMepHoft HeoAHOpoAHOft cpeAbi. Oc-
HOBHoe pa3AHHne Menmy sthmh 3aAanaMH 3aKmonaeTCH b tom, hto
npOAonxeHHe boah BBepx h bhh3 He Momer 6oAbuie npoßOAHTbcn npo-
CTO c noMOiubio onepaTopa 3aAepJKKH Z. Rah npoAOAnceHnn boah
BBepx h bhh3 mo>kho 6hao 6h HcnoAb3oßaTb ypaßHeHHe (10.5.16).

Dn+l = t'Z112Dn ; (11.4.7)

jjn+i^ V'S'nD' l ' 2U-AcnZl ' 2Dn
tn In

r:n + 1 7- xrjn/nn i r
tm+x — p t \l l -^-Jp
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OnHaKO ecTecTßeHHee h sKOHOMHHHee ncnonb3oßaTb Bbipa>KeHHH
<10.5.17a) h (10.5.18):

(11.4.10)

ypaBHeHHH (11.4.10) h (11.4.11) mo>kho cpaBHHTb C ypaBHeHHHMH
(11.4.7) h (11.4.8). B ypaßHeHnnx (11.4.10) h (11.4.11) He ynHTbi-
"BaiOTcn KoscfxpHHHeHTbi nponycKaHHH, Tan KaK ohh o6hhho He hbah-
iotch Ban*HHMH npn aHanH3e noneßbix AaHHbix. OAHaKO npn Heo6xo-
Ahmocth ohh MoryT 6biTb yHTeHH c noMouibK) 6onee nonHoro Bbißona.

CHanaAa paccMOTpHM npnMyio 3anany. Ec nerne noHHTb npn
3anHcn ypaßHeHHft b KOHenHO-pa3HocTHoft cpopMe, neM b cpopMe ahcJ)-
4>epeHUHanbHHx ypaßHeHHft (11.4.10) n (11.4.11). OnpenenHM TpH-
AHaroHanbHyio MaTpnuy T, c noMombio AHipcpepeHunanbHoro onepa-
Topa BToporo nopnAKa dxx cnenyioiHHM o6pa3oM:

(11.4.12)

Toma ypaßHeHHe (11.4.10) BMecTe c rpaHHHHHM ycnoßHeM, o3Hanaio-
iuhm, hto HHCxoAnman BOAHa D paßHa HyAio ao MOMeHTa mojk-

ho 3anHcaTb b Ta6nHHHoft cpopMe

->^
0 0 0

d\ d\

d\

d\

d2 x
=0, (11.4.13)d2

2

;

me 3HaK «>J<»o6o3HanaeT cßepTKy b haockocth (z, ¥). 3Ty Ta6AHHy
mo>kho 3anoAHHTb, ecAH H3BecTHH Hynn b BepxHeft CTpoKe h AaHHbie
Ha6niOAeHHft Ha noBepxHOCTH yKa3aHH b acbom ctoa6hc PaccMOTpHM
THnnnHyio aah npnMoft 3aAaHH onepauHio. npeAnononcHM, hto H3BecT-
hh BOcxoAHiuan U h HHCxoAnman D boahh aah Bcex z n t<A. npn
t^A o6e boahh HeH3BecTHH. THnnHHan onepaunn, KOTopyio mh no-
Ka>KeM, o6T3HCHneT, KaK nonynnTb boahh U h D npn /=4. 3to 03Ha-
naeT, hto hsbccthh Bee 3aHeceHHbie b Z)-Ta6nHuy (11.4.13) cBeAeHHH,
sa HCKAioneHHeM BeAHHHHH d°4. Ha nepBOM mare 6epyT BennnHHy D
H3 f KOOpAHHaTH B Ta6n. (11.4.13) AAH (J)OpMHpOBaHHH t" KOOpAH-
HaTH. Ecah Az=vAt/2, to sto AOCTHraeTcn nyTeM CABHra bhh3 no-
CAeAyioiUHx ctoa6uob b Ta6AHue (11.4.13). Toma

v z't' — 2 x x

— / 2Z"\U"z„ t„ == - -*- U"x„x„- c' (z") dv,U \x", z",t"-—y (1 1 .4. 1 1)

j, / vAzAt \ .
V 8Axs / xx '

neHne (11.4.1U) BMecTe c r
scxoAHiuan BOAHa D paßHa
3 b Ta6nHHHoft cpopMe:

ti
0 0

d\ d\
T+l T-I ~d\~d\%
T-I (T+l) d\ d\

d\ d*3
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—— ~*z

I 0 0 | 0 0 0

af°0 0 0 0 0

d\ d\ 0 0 0
(11.4.14)

d\ d\ d2
0 0 0

d\ d\ d2 x d\ 0

d\ d\ d2
2 d\ d\

t" | '

npH HaAHHHH OTpa>KeHHH BCe SACMeHTH AaHHOft CTpOKH, COOTBCTCT-
ByiOmeft nOCTOHHHOft t" , MOryT BHOCHTb BKAaA B BOCXOAHmyK) BOAHy,
3aperHCTpHpoßaHHyio Ha noBepxHOCTH Ha6niOAeHKft b momcht BpeMe-
HH t". ypaßHeHHe (11.4.11) mojkho npeo6pa3oßaTb k BHAy

(11.4.14)

t" 4.

npH HaAHHHH OTpa>KeHHH BCe SACMeHTH AaHHOft CTpOKH, COOTBCTCT-
ByiOmeft nOCTOHHHOft t" , MOryT BHOCHTb BKAaA B BOCXOAHmyK) BOAHy,
llpH HaAHHHH OTpa>KeHHH BCe SAeMeHTH AaHHOH CTpOKH, COOTBeTCT-
ByiOmeft nOCTOHHHOft t" , MOryT BHOCHTb BKAaA B BOCXOAHIUyiO BOAHy,
3aperHCTpHpoßaHHyio Ha noBepxHOCTH Ha6nioAeHKft b MOMeHT BpeMe-
HH t". ypaßHeHHe (11.4.11) mojkho npeo6pa3oßaTb k BHAy

(?2
-dxx -yd zty-U)=c'(x,z)dtD, (11.4.15)

hto TaK>Ke no3BonneT Bbipa3HTb ero b Ta6nHHHoft cpopMe:

T—l T + / 0 0 0 0 0 __
(/" +/) T-I d\ -U\ 0 0 0

d\ —U\ —U2
2 0 0

d\ -V\ -U\ -LP, 0

Az — 1 -1 d\ 0 0 0 0
-1 * *

1 1 d\ d\ 0 0 0

d\ d\ d\ 0 0

d\ d\ 77 d\ 0 (H.4.16)

d\ d2
2 d\ d\

B neßoft nacTH ypaBHeHHH (11.4.16) aah neH3BecTHnx sacmchtob
ocTaßneHH npo6enn. B npaßoft nacTH KoscpcpHuneHTH OTpa>KeHHH
AOAmubi 6biTb cBepHyTH b HanpaßneHHH BBepx b HHcxoAnmyio BOAHy
AAH TOTO, HTO6bI CO3AaTb HCTOHHHKH AAH BOCXOAHIHeft BOAHH. B CTpO-



Ke Kos(pcpHUHeHTOB oTpanceHHn BeAHHHHa Co npnHHTa paßHoft Hynio,
TaX KaK rpaHHHHoe ycnoßne d°t=—U°t 6yneT 3aAaHO oxAenbHO. Ta-
KHM o6pa3oM, npaßan nacrb ypaBHeHHH (11.4.16) nonHocxbio H3BecT-
Ha, a Hen3BecTHbie b acboh nacTH MoryT 6biTb 3anoAHeHH cnpaßa Ha-
neßO nyTeM BbinHcneHnn Ta6AHHH BoexoAnmeft boahh npn t"=4 aah
Bcex z. 3to AaeT BeAHHHHy d% a TaKH*e no3BonneT BepHyTbcn Ha3an
h 3anoAHHTb cAenyiomyK) CTpoKy b Ta6AHue HHcxoAnmeft boahh, ko-
Topan naeT BOSMOXHOCTb 3anonHHTb cnenyiomyio CTpoKy b Ta6AHue
BOCXOAHIUeft BOAHH H TaX AO 6eCKOHeHHOCTH.

06paTHan sanana peuiaeTcn hoao6hhm o6pa3oM. npeAnonojKHM,
HTO BeAHHHHH d°t H3BeCTHH A^H BCeX t. Heo6xOAHMO peKypCHBHD
paccnHTaTb KOscpcpHUHeHTH OTpa>KeHHH c\, c'2 h t. A- J3,ocTaTOHHo no-
Ka3aTb, KaK BHHHCAneTcn KOSCpCpHHHeHT c i. npeAnononcHM, hto mh
OT6npaeM Asa Aeßbix cxon6ua H3 ypaBHeHHH (11.4.16). Toma nony-
HHM

og e 9 i

g e x g g

g e 2 g g

g c g g
(11.4.17)

g g

111 CBepnyTb Az — 1

2
1 1

B Bbipan^eHHH (11.4.17) Bee nneftKii cneßa, 3anoAHeHHbie 3HaKaMH gt

3aAaHH. 3HaKH g b nneftKax b npaßoft nacTH ypaBHeHHH, KaK h pa-
Hee nerKO bhhhcahiotch. Ecjih 6h KOscpcpHuneHT c\ 6ua H3BecTeH,
to sto 6nna 6h npnMan 3anana aah nocnenoßaTeAbHoro BbinHcneHHH
BeAHHHH . . ., es, ez, e±, co- npn stom BbinHcneHnn hco6xoahmo Harm-
HaTb c npH6AHH<eHHH BHAa eN=O aah HeKOTOporo 6onbiuoro N. Ecah
Hcnonb3oßaTb TOHHoe 3HaneHHe KOSfpcpnuneHTa c\, to BennnHHa co
AOAJKHa o6pamaTbcn b HyAb. nocKOAbKy tohhoc 3naneHHe KOscfnpH-
HHeHTa c\ HeH3BecTHO, to HcnoAb3yeM 3HaneHHn c\=+\ h c\=— 1,
nonynHß npn stom BenHHHHH ce+o h c~0 cooTBercTBeHHO. TonHoe 3Hane-
HHe c\ HBAHeTCH COOTBeTCTByiOHIHM o6pa3oM B3BeHieHHOft AHHeftHOft
KOM6HHaHHeft

**

I YMHOIKHTb
0 c' x \

nepeKpecTHO

7-+/ T-I \\\ BBe Px

o=ae+o +pe-o, (11.4.18)

me l=a+ p\ (11.4.19)
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c^a-f. (11.4.20)
Peiuan ypaBHeHHH (11.4.19) h (11.4.20) OTHOCHTenbno a h p\ no-
Jiy^aeM: 0 ... m^on

2p=l—c'i. (11.4.22)
noACTaBHB BHpanceHHH (11.4.21) h (11.4.22) b ypaßHeHHe (11.4.18),
nonynHM: n_n , r/Ao ,, n_r>.\^

OTKyAa (11.4.23)

TaKHM o6pa3oM, npHHunn, KOTopnft mh Hcnonb3oßaAH ajih bhhhc-
AeHHH KO3(p4)HHHeHTa ci, COCTOHT B TOM, HTO BOCXOAHIUaH BOAHa £o
Ha rny6HHe Zi Aonnma o6pamaTbcn b HyAb ao nonBAenHH 3Aecb hhc-
xoAnmeft BOAHH.

Rah npaKTiinecKoro npHMeHeHHH npeACTaßneHHnx Bbiuie OAHOMep-
Horo h AByxMepHoro anropHTMOB hco6xoahmo npeononeTb pnA TpyA-
HocTeft. npen<Ae Bcero BO3HHKaeT 3aAana yneTa paccenHnn SHeprHH
HCTOHHHKa b Tpex H3MepeHHHx. 3to Tpe6yeT BBeAeHHH nonpaßKH 3a
cqoepHHecKoe pacxonmeHne. X cnacTbio, rnaßHyio poAb HrpaeT otho-
uiemie BoexoAnmeft boahh k HHcxoAnmeft boahc nosTOMy HCTHHHan
aMnnHTyna, no-BHAHMOMy, He cTOAb BaneHa. mojkho

noKa3aTb, hto pacneT HBnneTcn HHBapHaHTHHM npn HannnHH sKcno-
HeHUHanbHoft perynnpoßKH KoscpcpHuneHTa ycHneHHH. OnHa H3 peanb-
hhx npo6neM coctoht b tom, hto Tpe6yeMan aah pacneTa aMnnnTyna
AeAbTa-c|)yHKUHH HananbHoro B3pHßa He MoneeT 6biTb npaßHjibHO H3-
MepeHa. B AeftcTßHTenbHocTH npnxoAHTcn Hcnonb3oßaTb eoAHoeou um-
nyAbc, BO36yn<AeHHHH b3Phbom. X cnacTbio, BonHOßoft HMnynbc mo-
mer 6biTb npoKann6poßaH b rny6oKoft Bone, me aho Mopn hbahctch
HAOCKOCTbK). B TaKOM MCCTG BOSBpaiUaiOLUaHCH BOAHa MOJKeT 6blTb
npHßeneHa k Hynio BCiony, 3a HCKnioneHneM OKpeCTHOCTH nepßHHHoro
OTpan<eHHH ot MopcKoro AHa; o6o3HanHM stot boahoboS HMnynbc ne-
pe3 P. 06pa3yeTcn Taume Apyroft BonHOßoft HMnynbc M, npnBOAHiUHH
X HyniO BCIOAy, KpOMe OKpeCTHOCTH OTpan<eHHH BTOpOft KpaTHOCTH.
B HAeanbHbix ycnoßnnx BOAHOBoft HMnynbc P, CBepHyTbift c caMHM
co6oft, Aonn<eH naxb boahoboii HMnynbc M. OTKAOHeHHH ot stoto
ycAOBHH no3BonniOT oueHHTb aMnnHTyny, BpeMH npnxoAa n cf)opMy
BOAHH OT B3pHBHOrO HCTOHHHKa.

HeooxoAHMO neTKo npeACTaBAHTb ce6e, hto cnnbHO OTpancaioman
rpaHHua He Moscer onycTHTbcn tohho Ha oahh HHTepßan AHCKpeTH3a-
HHH AaHHbix. 3to 03HanaeT, hto Bee CHrHann (4,0) (3,1) (2,2), (1,3)
h (0,4) AOASKHH paecMaTpHßaTbcn KaK nocneAOßaTeAbHbie 3aAepn<KH
OAHoro h toto nee Bonnoßoro HMnynbca. Pa3AHHHe cneKTpoß Ha bhco-
khx. nacTOTax — npo6neMa toto nee THna, hto h OTKAOHeHne ypaßHe-
HHft b KOHenHbix pa3HOCTHX ot AHCp4)epeHHHanbHbix ypaßHeHHft ajih
KOpOTKHX BOAH C AAHHOH BOAHH KOpOHe AeCHTH HHTepBaAOB AHCKpe-
TH3aUHH. 06bIHHO HCT H6O6XOAHMOCTH TOHHO MOAeAHpOBaTb BHCOKHe
nacTOTH, ho cneAyeT ocymecTßAHTb Bn6opKy AaHHbix AOCTaTOHHO
nAOTHO. PeaAbHoft 3aAaneft aah bhcokhx nacTOTH bahctch HCKAione-

2a=l+c'i; (11.4.21)

o=(l+ c !)£?+„+ (l—c'i)e-Q .
. _ 4 + go

4 - e 0
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HHe BO3MO>KHOCTH npeßpaUieHHH HX B.- npHHHHy HapyHieHHH CTa6HAb-
hocth peiueHnft. HanpHMep, b pacncTe

cHanana Heo6xoAHMo onpenenHTb BenHHHHy TP, KOTopan non>KHa
6biTb 3aperHCTpHpoßaHa, ecnn 6h P/I aah B3pnßa HBAHAOCb nneanb-
HOH AeAbTa-CpVHKHHeft. EcTeCTBeHHO, HTO BbICOKHe naCTOTH B cpyHK-

0 6a

-J

PHC. 11.18. npHMep MHrpannn jijih cjioh^hoto pa3pe3a, bojihoboc nojie ajih kotopo
ro co^ep>KHT BbicoKne npocTpaHCTßeimbie nacTOTH.
a — MO^eJib; 6 — cHHTeraiecKHft BpeMeHHoft pa3pe3; c — pe3y;ibTaT MHrpauHH

UHH W HBAHIOTCH B 3HaHHTeAbHOft Mepe OeCCMHCAeHHHMH. EAHHCT-
BeHHan npnnHHa, no KOTopoft nx neooxoAHMo coxpaHHTb, coctoht
b tom, nTo6n ohh He o6paTHAH cpyHKUHK) l-f-l^ b HeMHHHMaAbHO (pa-
30Byio, hto npHßeno 6u k hcbo3mo>khocth cc AeneHHH. B stom cny-
nae BbicoKHe nacTOTH H3 W MoryT 6biTb OTfpHnbTpoßaHH. Toma STOT
AenHTeAb 6yAeT CTpeMHTbcn k nononenTenbHoft AeficTßHTCAbHoft cpyiiK-
uhh. Ron Paftnn [38] ycTaHOßnn, hto pacc.MaTpHßaeMbie npaKTHne-
CKne TpyAHocTH MoryT 6biTb npeoAoneHbi. Ha pnc. ILIB npHßeneH
oahh H3 pesynbTaTOß BbinoAHeHHbix hm pacneTOß aah cAynan yHAy-
nnpyiomeft noBepxHOCTH MopcKoro nna, non KOTopnM 3aneraeT Hapy-
uieHHan rny6HHHan CTpyKTypa (pnc. 11.18,a). ropH3oHTanbHan ahhhh
b HHJKHeft nacTH pa3pe3a npencTaßnneT co6oft MeTKy BpeMeHH, coot-
BeTCTßyiomyK) 1 c. C uenbio AeMOHCTpaunH H3o6pa>KeHHft ko bccm
AaHHHM 6nna npHMeHeHa OAHHHaKOBan perynnpOßKa ycHneHHH bo
BpeMeHH no SKcnoHeHunanbHOMy 3aKOHy, a TaK>Ke 6hao HcnoAb3oßa-
ho yßeAHneHiie BepTHKanbHoro MaciHTa6a b 5 pa3. Ha pnc. 11.18,5
npHßeneH cHHTeTHHecKnft BpeMeHHoft pa3pe3, Ha kotopom b o6nacTH
HH>Ke MopcKoro AHa, Ha6niOAaiOTCH MHoroKpaTHbie OTpaneeHHH ot AHa
(npHAOHHbie MHoroKpaTHbie OTpaneeHHn). KpoMe Toro, Hnnce Hapy-
meHHoft rny6HHHoft CTpyKTypn Ha6niOAaiOTCH MHoroKpaTHbie OTpanee-
hhh ot rny6oKHx rpaHHH. Ha pnc. 11.18,8 AeMOHCTpHpyexcn pe3ynb-
T3T BOCCTaHOBneHHH HCXOAHOft MOAeAH.

= -W(Z) l \\Ar W(Z)\
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