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Abstract

Wave propagation in fluid-filled porous media is governed iot s e uations o poroelasti it .
assmann s relation gives an e a t ormula or t e poroelasti parameters en t e porous
medium ontains onl onet pe o solid onstituent. e present paper generali es assmann s
relation and derives e a t ormulas or t o elasti parameters needed to des ri e ave propa-
gation in a onglomerate o t o porous p ases. e parameters ere first introdu ed o n
and orringa ent e derived a generali ed orm o assmann s e uation or onglomerates.
ese elasti parameters are t e ul modulus asso iated it anges in t e overall vol-
ume o t e onglomerate and t e ul modulus asso iated it t e pore volume ent e
fluid pressure ( ) and onfining pressure ( ) are in reased, eeping t e di erential pressure
( ) fi ed.  ese moduli are properties 0 t e omposite solid rame (drained o fluid)
and ares o n ere to e ompletel determined in terms o t e ul moduli asso iated it
t et osolid onstituents,t e ul modulio t e drained onglomerate and t e drained p ases,
and t e porosities in ea p ase. e pore stru ture o ea p ase is assumed uni orm and
smallert ant egrainsi eint e onglomerate. erelations ound are ompletel independent
o t e pore mi rostru ture and provide a means o anal ing e perimental data.
e e idealeadingtot ee a tresultsist is W enever t os alar fields (in our pro lem
and ) an e independentl varied in a linear omposite ontaining onl t o onstituents,
t ere e ists a spe ial value o t e in rement ratio or t ese t o fields orresponding to an

overall e pansion or ontra tion o t e medium it no ange o relative s ape. is at
guarantees t at a set o onsisten relations e ists among t e onstituent moduli and t e
e e tive moduli, i t en determineall utoneo t ee e tive onstants. us, and

are determined in terms o t e drained rame modulus andt e onstituents moduli. e ause
t e omposite is linear,t e oe ients ound ort espe ial valueo t ein rement ratio are also
t ee at oe ients or an ar itrar ratio. in e modulus is ommonl measured ilet e
ot er t o are not, t ese e a t relations provide a signifi ant advan e in our a ilit to predi t
t e response o porous materials to pressure anges.

tisalsos o nt at additional results (su as rigorous oundsont e parameters) ma e
easil o tained e ploiting an analog et een t e e uations o t ermoelasti it and t ose
o poroelasti it . e met od used to derive t ese results ma also e used to find e a t
e pressions or t ree omponent omposite porous materials en t ermoelasti onstants o
t e omponents and t e omposite are no n.

tr ct

e e uations or elasti  ave propagation t roug fluid-saturated porous media ere first
derived 10 . e main limitation tot e use o t ese e uations is t at relations ips
et een material propertieso t ero  onstituents and oe ients appearing int ee uations
are still not ell understood. e undamental result o G ss sos o te
oe ients depend on ompressi ilit o t e saturating pore fluid. ut rigorous appli ation
o assmann s result is limited t e assumption in its derivation t at t e porous rame
is omposed o onl one t pe o solid onstituent. is situation seldom applies to natural
materials li e ro s ( ere a sandstone, or e ample, o ten ontains a su stantial proportion
o la in its pores), ut it does appl to t e e avior o artifi ial materials 1i e sintered-



glass- ead pa s. W en appl ing assmann s e uation in situations  ere too man p ases
are present, users must e reative in oosing appropriate e e tive moduli t is undesira le
reedom (imposed t ela o0 a more versatilet eor )t ere ore leads to some un ertaint in
t eresults. o 0 1 ave generali ed assmannsresulttos o o t e
oe ients must depend on fluid ompressi ilit en moret anone onstituent is present, ut
t eirresult ontainst one ompressi ilitiest at are un no nand aveun no n dependen e
ont e onstituent s properties.  eir result ist ere ore use ul or anal inge perimental data,
ut as not et ound use in predi ting e avior o porous materials ased on a no ledge o
t e onstituents properties.
e y as used single-s attering appro imations to derive estimates 0 t e o-

e lents in iots e uations o poroelasti it . ese results are o tained using
e a t al ulations o s attering oe ients or asp eri alin lusiono onet peo iot material
im edded in anot er e y . ree t pes o appro imations ere onsidered an
average -matri appro imation ( ), a o erent potential appro imation ( ), and a di -
erential e e tive medium ( ) approa . 11t ree met ods produ e results onsistent it

ot te or o assmannandt ato ro nand orringa. e e tend results o tained
earlier e vy using onl t e o erent potential appro imation.

It oug t eappro imations generated e y ave man appealing eatures,

an nontrivial e a t result t at ould e o tained ort e oe ients ould e ver valua le
ot or dire t appli ations and also or testing t e range o validit o various appro imations.
We o tainsu e a t results in t is paper.

n e tion , e presentt ee uations o poroelasti it , in luding a dis ussion o di eren es
et een assmanns result ort e oe ients and results o ro n and orringa. e tion
presents a simple derivation o e a t results ort e t o parameters 0 ro n and orringa

en t e porous material ontains onl t o t pes o porous solid. e tion s o st at an
analog et eent ermoelasti it and poroelasti it ould ave een used instead to derive one
o t e ormulas o e tion , and urt ermore t at additional e a t results su  as rigorous
ounds on parameters ma e o tained e ploiting t e analog . e tion 5 e amines several
limiting aseso t e e a t results and t en summari es our on lusions.

at S r astct

onsider a porous medium  ose onne ted pore spa e is saturated it a single-p ase vis ous
fluid. e ra tion o total volume o upied fluid is t e porosit i is assumed to
e uni orm on some appropriate lengt s ale. ul modulus and densit o t e fluid are
and , respe tivel . ul and s ear moduli o t e drained porous rame are and . or
simpli it , e at first assume t e rame is omposed o a single granular onstituent ose ul
and s ear moduli and densit are ,  ,and . rame modulima e measured on drained
samples, or ma e estimated using one o a variet o met ods romt et eor o omposites
e vy c ey 10
or long avelengt distur an es ( ere is a t pi al pore si e) propagating
t roug su a porous medium, e define average values o lo al displa ements in t e solid and
also in t e saturating fluid. e average displa ement ve tor int e solid rameis , ilet at
in t e pore fluid is . more use ul a o wuanti ing fluid displa ement is to introdu e
average displa ement o fluid relative to rame 1 is ( ). or small strains, rame



dilatation is

(1)

imilarl , average fluid dilatation is

()

1 in ludes fluid flo terms as ell as dilatation. e in rement o fluid ontent is defined

( ) ()

Wit t ese definitions, o introdu es a uadrati strain-energ un tional o
t e independent varia les and or an isotropi , linear porous medium

()

ere, 1 —( ) ,ten ist e
se ond strain invariant e ¥y hi pe . lementar oundson oe ientsint e
e uations o poroelasti it are presented hi pe e y . ermod nami
and me ani al sta ilit re uire non-negativit o i implies t at 0, 0,

0, and 0. en, omponents o t e average stress tensor or t e saturated

porous medium are

( ) (5)
and fluid pressure is
(6)

o oupled e uations o motion or small distur an es in fluid-saturated media ma e
derived easil rom t e energ wun tional it t ese definitions o stresses and pressures. Wit
time dependen eo t e orme p( ), lotse uationso poroelasti it are, usingt e notation
o 0 ,

( ) ( ) 0 ()

ere

and



ortuosit 1 is a pure num er related to rame inertia i as een measured 0

oh so e and an also e estimated t eoreti all e vy . ine-
mati vis osit o t e saturating fluid is permea ilit o t e porous rame is a d nami

vis osit a tor proposed iot (1956) is (or our oi e 0 sign or re uen dependen e)

1
() - ()1 () (11)
ere
) Q) ) (1)
() ()
and

( )" (1)
un tions () and () are real and imaginar partso t e elvin un tion. e d nami
parameter isa ara teristi lengt generall asso iated it stead -flo drauli radius o

t e pores,or it at pial poresie.
oupled e uations ( ) and ( ) give rise to t ree distin t modes o  ave propagation t o
ompressional aves (ast and slo ) and a single s ear ave speed ( it t o polari ations).
oe ients appearing in iot s e uations o poroelasti it must e no n eore uantita-
tive predi tions an e made. esultso o 0 1 ma eusedtos o (see
)t at t ese oe ients are given or general isotropi porous media

and

ere

1 (1)

et ree ul moduli ara teristi o t e porous rame are defined ro n and orringa
t roug e pressions



and

1 1
- = — (0)
ere is total sample volume, is pore volume, - () -( )
is e ternal ( onfining) pressure, is pore pressure, and is di erential pressure.
0 o 1 state t at, alt oug t eset ree ul moduli ave simplep si al
interpretations, t is does not ne essaril elp in no ingt eir values. serving t e ange

in pore volume re uired  ( 0) is lear] moredi wultt ano servingt e ange in total sam-
ple volume re uired t eot ert o moduli. evert eless, all t ree moduli ma e measured
dire tl , t us determining t eir values in spe ifi instan es. o ever, general ormulas relating
t ese moduli to values o t e moduli 0 onstituents o a porous omposite ould learl eo
great utilit .

onstant ist e ul moduluso t e drained porous rame, introdu ed earlier. o ever,

values 0 t et o remaining onstants and are generall not no n unless t e porous
rame is omogeneous on t € mi ros opi s ale. or t is spe ial ir umstan e i s also
t e onl one onsidered G ss it a single t pe o elasti solid omposing
t e rame, t ese t 0 moduli are ot e ual tot e ul modulus o t e single granular
onstituent

(1)
us, assmann s e uation is e uivalent to

- — ()

ile ro nand orringa s more general result is e uivalent to

- — — — 1 ()

assmann s result as also een derived it int e onte to iotst eor o poroelasti it

i0 i 18 and Gee s . Gee s i dis uss pra ti al
aspe tso appli ationso t et eor toro s. ice e vy also o tain general results

essentiall e uivalent tot ose 0 ro nand orringa.
e more general onstants o ro n and orringa, and , must some o e related

to material properties o multiple solid onstituents o t e porous rame. nt e ne t se tion,
es o t at e a tresults are availa le ent e omposite porous medium is omposed o
onl t o porous onstituents, ea satis ing assmanns e uation.

actrs ts rt r sc stt ts

emet od e illusetoo tainane a te pression or is ompletel analogous to met -

ods used ) and ch sse to find relations et eent e oe ient
o t ermal e pansion and ul modulus o an isotropi elasti omposite ontaining t o on-
stituents. n ot pro lems, oe ients o linear e uations are soug t and, a areul oie



o t eratioo t o ma ros opi applied fields, t e omposite material undergoes a uni orm e -
pansion or ontra tion so glo al and lo al fields are identi al.  is a t leads to simple results
relatingt et o oe ients enonl t o onstituents are present. imilar results relating
oe ients are possi le ent ere are ad usta le ma ros opi fields o similar t pe and
en t ere are at most isotropi onstituents present.
We assume t at t et o porous onstituents fill all t e spa e o t e omposite (e ept or
t e void spa es it int emselves), and t at t e are onded at points o onta t (see igure
1). ere is no porosit in t e omposite t at lies outside o t e t o porous onstituents.
t ere eresu porosit ,t ent e omposite ouldin at avet reedistin t omponent t pes
and e must e lude su possi ilities or t e present arguments.
ere is an impli it assumption in t is anal sist at ea in lusion o a porous onstituent
iso su ient si esot at it ma es sense to spea o e e tive rame moduli and or
t em. us,t ere aret ree relevant lengt s ales in our pro lem, i in order o in reasing
si eare si eo t epores,si eo t eporous onstituents, and ma ros opi samplesi e or i
t ee e tive oe ients , , and must e omputed. e anal sis learl annot e
applied to all t o-p ase porous omposites or e ample, a gravel ontainingt ot pes o solid
grains randoml mi ed ma not satis t e onstraints imposed on our derivation, depending
on manner o mi ing and (la o ) uni ormit o porosit t roug outt esample. nt eot er
and, ot onstituents need not e porous our anal sis applies to one t pe o solid grain
im edded in anot er t pe o porous matri .
n general, ange in overall volume as di erential pressure  and fluid pressure  var
is given

imilar e pressions appl to volumesand angeso volume in onstituentso t pe-1andt pe- .

t e rame and grain moduli o t e t o onstituents are respe tivel and

, ilet ee e tive moduli ort e omposite porous medium are ,t ent ere

e ists aratioo t et o pressure in rements su t att erelative ange in vol-

umes o ea  onstituent e ualst e volume anges o t ee uivalent medium. ort is oi e,
lo al and glo al pressure in rements are identi al.  us,

it ratio given




1

1 (6)

elation ( 5) assumes a uniorm s elling or s rin ing o t e omposite so t at s apes and
relative positions o all porous onstituents remainfi ed  ile overall si e in reases or de reases.
t is also possi le to anal e ( 5)  su tra ting t e first lineo ( 5) romt e ot er t o and
t en setting t e determinant o t e oe ients o t e resulting omogeneous e uations
to ero. at determinant is e uivalent to t e relations in ( 6), and or some purposes t e
anal siso t e determinant ma e pre erred tot e approa presented ere.
ter some alge ra (see ), it is possi le to e press ( 6) in terms o t e varia le
defined in (1 ) as

()

uations ( 6) and () are our main results. e aree a te pressionsrelating ul modulus

, defined 0 0 1 or general porous media, to t e ul modulus o

t e omposite porous rame and various ul moduli o t e onstituents ma ing up t e

omposite. ne important on lusion rom ( )ist at is dependent on onstituent volume
ra tions onl impli itl t roug

ot t e result o tained ere and its derivation are ver spe ial. is approa annot

e generali ed to t ree or more onstituents it out re uiringt att et ird onstituent o e

ertain ompati ilit onditions not needed it onl t o onstituents.

n anot er sense, t ere reall are t ree onstituents in t e pro lem e ave onsidered
t ot pes o solid onstituent and in luded pore spa e. n at, t eresult e ave o tained
pre ludes usingt e same met odtofindane a tresult or oe ient ,sin eitist ee e tive
modulus o t ist ird omponent. evert eless, e an also o tain an e a t result or
ma ing use o its definition and o t e result or

ote t at, sin e ,

0 o i derive a re ipro it relation t eir e uation ( -6), rom i it
anreadil es o nt at

— - = = (9)

is result an also e seen to ollo rom t e oupled e uations or drostati onfining
pressure and fluid pressure

(0)

nverting, e find t at



us, re ipro it , or e uivalentl t e e isten e 0 t e energ un tional ( ) see o ,
implies t at

leading to t e s mmetri matri in ( 1). ranslating to di erential pressure  su stituting
11
0 1 ()
into ( 1), e find

ere ore, t e translated matri in ( ) ollo s rom

and similar e pressions or variationo . a ingt e fluid to e in ompressi le so in
( ),ten(9) ollo sdiretl rom ( )usingt e att at in t is limit.
aving ( 9), e an use ( ) and ( 5) to find e pressions or t e ange in t e overall
porosit and in t e porositieso t et o onstituents and . eresults are
1 1

— — ()

and

(9

uations ( )—( 9) are general, ut it isonl possi le to relate t ese results easil int e same
spe ial ase t at e onsidered eore. W en t e omposite undergoes a uni orm e pansion
or ontra tion, lo al pressure in rements are t e same as glo al ones. urt ermore, points

ere onstituents tou ontinue to remain in tou during e pansion or ontra tion, so (
assumption) t e onl porosit in t e omposite is t e porosit it in t e porous onstituents
—none porosit is reated at t e onta ts. msu  ir umstan es, overall porosit is ustt e
volume average o lo al porosities (),s0( )(9 ma e om inedtos o t at

11 () O)




ere t e ratio it given again (6). Wit wust t o onstituents, t e
volume average o an material uantit is () , ere s are
volume ra tions o onstituents it 1.

a t results ( 6) or ( ) and ( 0) depend on no ledge o as ell as material and
rame onstants o onstituents. e omposite rame onstant ma e ound t roug
measurement, or it ma e estimated t eoreti all usingt e t eor o omposites. n one
ir umstan e, an e a t result or is no n. i soedt ati t es ear modulus
is onstant t roug outt e omposite, i e, ,t en ul modulus is given

1 1
- () -

Wit t is result or or it measured values, e o tain ormulas or all ul poroelasti
oe idents 0 ro n and orringa and t ese ma t en e used to predi t speeds o ave
propagation.

o e ouldli eto omparet ese results it t ose ound in single-s attering appro i-
mations e y . sing ( 6), it is possi le to derive man e pressions or t e
onstant  (see ). ne onvenient e pression is

(1)

imilarl , ema use ( 6) tos o t at

() Q) ) ) () O

erig t andsideo ( 0) e omes

using () int e first step and ( ) int e se ond. u stituting ( ) into ( 0), t e final result
or is

— — ——F—— 0) ) —— (15)

uations ( 0) and ( 5) ontain t e same in ormation, ut ( 5) is in a orm onvenient or
omparison it t e single-s attering appro imations derived previousl e y

uantities , ,and in ( 5) are onsistent] repla ed t eir values in an one

0 t e appro imations onsidered ( , , ) e y ,t e ormula ort e
orresponding appro imation to isre overed. ore ample, .( )o e y

ort e o erent potential appro imation ( ) an es o nto eo t esame orm as ( 5)



en onl t o porous onstituents are present in t e omposite. us, t e single-s attering
appro imations produ e results t at agree in orm it e a t results o tained ere.

e alling t at oe ients and are oe ientsint e uadrati orm ( ) or internal
energ , e avet ermod nami onstraintst at ot o t ese oe ients must e non-negative
in all ir umstan es. sing ( ) and onsidering t e limit , Oissu ienttos o
t at

— — 0 (6)
o e t at ( 6) issatisfied, e rearrange ( 5) anduse ( )tos o t at

= = U R E—— ()

on-negativit o t e rig t and side o ( ) ollo s rom () 0, () (), and
() (see ). e non-negativit ondition on is anot er t ermod -
nami onstraint. eot ert o onditions ollo romt e att att e oigt average is an
upper ound on t e e e tive ul onstant. or e ample, (1 ()y ) () implies
tat () (). us, ( )s o st att ee at results ound ere automati all satis
t ermod nami onstraint ( 6).

at t rs ts t r astct

ere is an important onne tion et een results o tained or oe ients o iots e uations
and results or oe ients in e uations o t ermoelasti it . t as not essential to understand
t is onne tion eit er to o tain or to ma e use o previousl derived ormulas. tisver elp ul,
0 ever, to e a are o t is onne tion, sin e a signifi ant literature on e a t results and
rigorous ounds ort e oe iento t ermale pansion e 4 ose shi
shi ch sse ch sse as developed. We need not redis over
t eseresults it int e onte to iotst eor i e ans o t att emat emati al e avior
ot et ot eories is identi al.

10 , ice e y ,and o e ave s 0 nt at e uations o
poroelasti it and o t ermoelasti it are mat emati all e uivalent in ot uasistati and
d nami regimes. o e ma esuseo t ise uivalen eto finde a t e pressions ort e
singular solutions o poroelasti it ta ing no n results or singular solutions to e uations
o t ermoelasti it P ee and appropriatel redefining parameters.

o develop t is analog , iots e uations ( ) and ( ) ma ere ritten as

( ) ( ) 0 ()

()
— () 0 (9)
ere e aveused (1 )-(1 )andt e a tt att e fluid pressure is given

(50)

10



o first order in , ( 9) e omes

sine () as 0.
or omparison, t e e uations o t ermoelasti it are

( ) 0 (5)

— 0 (5)
ere ist e in rement o temperature, ist e (linear) t ermal e pansion oe ient, is
t ermal di usivit , and it a solute temperature, and t ermal ondu tivit .

t lo re uen ies, analog et een t ermoelasti it and poroelasti it is ompleted
noting t e ollo ing e uivalen es

and
0 e anma e an argument or t ermal e pansion oe ient similar tot e one made
int eprevious se tion or oe ient . upposet at e aveat ermoelasti omposite it
t o onstituents. ent erelative ange int e volume is given
— (5)
or some ratio . evalueo isdetermined (5 ) and is

(55)

11



uation (55) implies t at

1 1
1 1 (56)
i ist ee atresult ort ermal e pansion oe ient first derived )
e argument given to derive (56) is essentiall t e same as one given re entl ch  sse
and earlier 1 .
singt e mat emati al analog et eent ermoelasti it and poroelasti it and spe ifi all
using t e e uivalen e relation , € an su stitute or ever ere in (56)

and t en rearrange t e resulting ormula to find

(5)

i s identi al to ( ). is analog an e used to o tain ot er results or poroelasti it
as ell. or e ample, an rigorous ounds availa le or t et ermal e pansion oe ient ma
no e used analog to o tain rigorous ounds on oe ients in generali ed assmann s

e uations. u ounds are not restri ted tot o omponent omposite porous media, and are
t ere ore e ond our present s ope. nt eot er and,t e analog to t ermoelasti it does
not elp dire t1 it derivation o ( 0) or ( 5), sin e porosit appears in ( ) and ( 9) onl
t roug internal stru ture o t e fluid pressure (50). ot ing ompara le appears in e uations
or t ermoelasti it .

SC SS a C C S8 S

everal limiting ases 0 e a t ormulas ( 6), ( ), ( 0), and ( 5) ma no e onsidered. We
ill dis uss five limits and t en onsider a generali ation.
irst, to e t at e at results redu e orre t1 to assmanns e uation, onsider t e

situation it . en, ( 6) s o st at 0, rom i it ollo s
immediatel t at , using ot ( 6) and ( 0). us, assmanns result is
re overed.
e ond, onsider a porous material omposed o a single t pe o solid grain, ut it
o asional vugs or large pores. e vugs ma e treated as a se ond porous onstituent it
1 and 0. en, and itisnot di ulttos o t at( )
and ( 0) redu e to , also in agreement it  assmann. is result is e pe ted

sin e t ere is onl one t pe o solid grain and t e ormulas orre t1 refle t t e fle i ilit e
ave in interpreting vugs eit er as separate entities or as part o t e porespa eo t et pe-1
onstituent.

ird, onsider t e p si all interesting situation depi ted in ig. |, ere t e porous
omposite is onstru ted rom a uni orm porous matri o one material im edding solid
grains o anot er material.  issituation is representative o a la e sandstone see ore ample
0 . eta et ematri to et pe-l1andt eim edded grains as

t pe- ,t en efindt at 0 and . eresulto ( ) int is situation



€ omes

ile ( 0) or ( 5) e ome

. — ) ———— (59)

We e pett at (5) and (59) ill find onsidera le use in t e anal sis o data on natural
materials.

e t, e onsider a some at artifi ial situation t at is eas to anal e. upposet att e
omposite porous material ontains t o porous materials t at are identi alinever a e ept
t at t eir material ul moduli di er. us, and
1 1 1 , ere e avemadeuseo ( ). en,it ollo s rom ( 6)t at

1 (60)

and rom ( 0) t at
— @ X ) —— — 0 (61)

usingt e atstat 1 () 1 and t at 1 (see ). us, efind or
su a material t at onstants or ul pore and solid eit er ave t e relations ip

(6)

or
0 (6)
e e avior in (6 ) as o served in numeri al e amples e y or al ula-
tions ased ont e o erent potential appro imation, and is e pe ted to et e most ommon
situation. e ot er possi ilit (6 ), alt oug it seems odd, does not violate an t ermod -

nami onstraints. n at, e aves o nin( )t atrelevant t ermod nami onstraints are
guaranteed to e satisfied. t e medium ast e propert t at an in rease in fluid pressure

auses an in rease in t e pore volume, t en 0. ormula (61) s o st at t is appens
onl en t e moduli di er su stantiall in magnitude so t at it is possi le to
ave 1 () or some intermediate values o 0 1. ey
presents numeri al e amples s o ingt at or 0 or 1, ile 0 or
05 en 100.

inall , e onsider generali ing to materials it moret ant o onstituents. ore ample,
suppose t at our onstituents ( ) are arranged intot ot peso regions,ea  ontaining
onl t o onstituents (sa , t pe-1 ontains and t pe- ontains ). en, ( )ma e

generali ed dire tl as

(6)



ere

(65)
and
(66)
enerali ation or isnot uite so straig t or ard. orosit anges or onstituents
all ontinue to satis e uationso t e orm ( )-( 9), utporosit anges or omposite regions
o t pe-l andt pe- satis e uationso t e orm ( ). e overall omposite also satisfies an

e uationo t e orm ( ) so ( 0) must e generali ed to

1 1 1 1 () ()
— — U= 0 0 6)

ere indi ates a volume average ta en over omposite regions o t pe-1 and t pe- and
is still given ( 6) it appropriate reinterpretation o onstants in t e ormulas. is
pro edure is o a ompletel general a o treating t ree or more onstituents e auset e
assumption t at t e medium an e de omposed into onl t ot pes o mi ed regions is ver
restri tive.
emet od e usedtoo tainoure a te pression or as eens o nto e analogous
to met ods used 1 and ch sse to find relations et een t e
oe ient o t ermal e pansion and ul modulus o an isotropi elasti omposite ontaining
t o onstituents. emet od or s en oe ients o linear e uations are soug t and,
a areul oie o ratios o ma ros opi applied fields, t e omposite material undergoes a
uni orm e pansion or ontra tion so ot glo al and lo al fields are t e same. is atled
to our simple results relating t o oe 1ients enonl t o onstituents are present. imilar
results are also possi le relating oe ients ene a tl onstituents are present, as as
eens o n ch sse . ore ample,i t et ermal e pansion oe ients o t ree
t pes o single grain porous materials are no n,t en e ano taine a te pressions ort e
e e tive value o or a omposite porous medium ontaining t ese t ree omponents. o
do so, e generali e e pression ( 5) or ange in volume to

— — (6)

en, (6 ) an esolved ort et o ratios and . We an find asa
un tion o .  en, eliminating , e find a set o e uations similar to ( 6) and t at redu e



toit en 0. nt is a,e atresults ma e generated or multiple onstituent porous
omposites en ot er p si al properties o t e omponent materials are no n.
o summari e our on lusions, t e main results o t is paper are ontained in ( 6) or ( )
and ( 0). ese ormulas or and are e a t or omposites omposed o t o porous
onstituents regardless o in lusion s apes as long as t et o onstituents are ell onded at
points 0 onta t and t ere is no porosit 1 ing outside t e porous onstituents ut inside t e
omposite. us, it aperet fit et eent o onstituents, it is possi le to find a ratio o
di erential pressure and fluid pressure t at maintainst at per e tfitast e omposite undergoes
uni orme pansionor ontra tion. atratioisgiven ( 6), 1 alsodetermines  interms
o) . ne e no t epressureratiot at maintainss apes o e ternal ounding sur a eso
t e porous in lusions, e an uset at ratioto ompute anges o internal porosit t at o ur
simultaneousl . e resulting omputation ields ( 0) or e uivalentl ( 5) or . umeri al
e amples and omparisons to t e single-s attering appro imations appearin e y
is ussion o e tensions o t is approa  to anisotropi porous media and ot er e a t results
ill appear later, as ill omparisons it e perimental data.
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A at rs ts r a rr
0 0 1 s o ed t at (in our notation)
1 1 1 1 1 1
— — — (69)

ist ee etive ul moduluso t e (a eted) fluid-saturated porous

ere
medium. We an rearrange (69) tos o t at
1 1 qQ 1) 1 ) Q@ )
1 1
ere 1 en, it ollo seasil t at

1 1 o (1)

ross-multipli ation gives t e final result

(1 1)

e ompared dire t1 it (1 ). assmanns result ollo s repla ing e e tive

i ma
moduli and ever ere  single grain modulus
a t rss s r
an e uivalent e pressions or onstant ma e derived rom relations in ( 6).  ose used
int ete t ill ederived ere.
e last t o identities in ( 6) ma e re ritten as
1 1
1 1
(
ultipl ing t roug t e denominators, e find t at
( ) 1 — (
and
( ) 1 — (15)



u tra ting ( 5) rom ( ) and dividing t roug t edi eren e gives

1

i ist eresult uotedin ( ).
sing t e remaining e ualit in ( 6), e ave

1 1 (1 ) (1 )

om ining t ese relations it ( 6) gives our main result ().

imilarl , 1 e multip] t roug t e denominators o t e e pressions in ( 6), e find

t at
RIS U )

and
EENE U U o
ultipl ing ( ) ( ) and ( 9) ( ) and t en adding t e t o

results gives

(0)

i ist e ormula uoted in ( ) sin e

tar b S C c ts

a porous material is omposed o onl one solid elasti onstituent,t ent e ell- no n oigt
ound ( oigt, 19 ill, 196 ) s o st at

(1 ) or 1 (1)
uation ( 1) ma e rearranged tos o t at

0 1 1 ()

19



elo er ound ollo s rom ( 1) ilet e upper ound ollo s rom t e t ermod nami
relation guaranteeing t at 0. enit ollo sdiretl rom ( ), ta ing its average,
t at

() () 1 ()

e e e tive onstant is not ne essaril e ual tot e average ( ) ort e omposite
porous medium. evert eless,  definition,

1 1 ()

(assuming t at 0) sin e 0 is also re uired or t ermod nami sta ilit . ositivit o
ort et o omponent pro lem ollo s rom t e result ( ) using t e additional a t t at
i , toget er it ( ).
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rame dilatation
average fluid dilatation
volume ra tions o onstituents
at pial poresie

onfining pressure

, t e di erential pressure
fluid pressure
solid displa ement ve tor
fluid displa ement ve tor
relative fluid displa ement
iot ross oe ient
t ermal di usivit
ul modulus o drained porous rame
fluid ul modulus
material (or grain) ul modulus
an e e tive solid ul modulus
an e e tive pore ul modulus
- ,t esaturated ul modulus

drained rame moduli o porous onstituents

material moduli o solid onstituents

total volume
(I ) ,t esolid volume
, t e pore volume
t ermal e pansion oe ient
, ratio o pressure in rements
in rement o fluid ontent
inemati vis osit
in rement o temperature
fluid permea ilit
avelengt
s ear modulus
densit
densit o a fluid
densit o a solid material
1
ele tri al tortuosit
porosit
t ermal ondu tivit
angular re uen
average stress tensor




r cat S

igure 1 o t pes o porous onstituents ompletel fill t e volume o omposite porous
material.
igure is omposite porous material ontains one granular material im edded in a matri

0 one t pe o porous material.



