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oncrete is a ood e am le o a com osite material in  hich the inclusions (roc s and
sand) are surrounded by a thin shell o altered matri material and embedded in a normal
matri .  oncrete there ore may be ie ed as consistin o a matri material containin
com osite inclusions. ssi nin each o these hases di erent linear elastic moduli results
in a com licated e ecti e elastic moduli roblem.

ne ind o di erential e ecti e medium theory ( MT) is resented in this a er

that is intended to address this roblem. The ey ne idea is that each inclusion article,
surrounded by a shell o another hase,isma ed onto ane ecti e article o uni orm elastic
moduli. The resultin sim ler com osite, ith a normal matri , is then treated in usual

MT. eore use, ho e er, the accuracy o this method must be determined, as e ecti e
medium theory o any ind is an uncertain a ro imation. ne ood ay to assess the
accuracy o e ecti e medium theory is to com are to e act results or no n microstructures
and hase moduli.  act results, ho e er, only e ist or certain microstructures (e. ., dilute
limit o inclusions) or s ecial choices o the moduli (e. ., e ual shear moduli). ecently,
a s ecial nite element method has been described that can com ute the linear elastic
moduli o an arbitrary di ital ima e in 2 or . a random microstructure can be
re resented ith enou h resolution by a di ital ima e, then the elastic moduli o the random
microstructure can be readily com uted. This method is used, a ter ro er error analysis, to

ro ide strin ent tests o the ne MT e uations, hich are ound to com are a orably
to numerically e act nite element simulations, in both 2  and , ith aryin com osite
inclusion article si e distributions.



oncrete is a com osite material. ty ical reci e contains a cement aste matri and
inclusion articleso arioussi es, ran in rom the smallest sand rains o diameter 00 m,
to the lar est roc s o diameter 0 mm to 20 mm. o e er, u on closer e amination, one
nds that the resence o the rains in the aste chan es a thin layer o matri material
surroundin each inclusion. The cement aste matri in this shell is di erent, usually more
orous, than the bul o the surroundin cement aste matri . Ty ical idths o this layer
are in theran e 0 mto 0 m
oncrete there ore consists o at least three distinct ty es o constituents. the altered
shell o matri material is associated ith the rains, then the oint o ie may be ta en
(and this ill become our oint o ie ) that concrete consistes o a matri material con
tainin inclusions. ssi nin each o these hases di erent linear elastic moduli
results in a com licated e ecti e elastic moduli roblem.
n act, the roblem is still more com licated. The shell around each inclusion has a
radient o ro erties, since the cement aste matri is least dense at the article sur ace
and increases out ards to the ull matri density 2, , . The dilute limit, ith a sin le
s herical inclusion surrounded by a s herically symmetric radient o elastic ro erties, can
be handled e actly . ut the real microstructure o concrete, ith a ide article si e
distribution o inclusions, each surrounded by o erla in radients o ro erties, is too
di cult to treat analytically, by numerical methods, or by e ecti e medium theory ( MT).
o e er, it has been sho n that a multi scale model can be used in order to ma this ery
com licated microstructure into a sim ler, but still com licated, microstructure, here the
shell layers can be treated theoretically as ha in uni orm ro erties , 0, . The three
hase com osite described abo e then becomes a ro riate or the concrete elastic moduli
roblem.
i erential e ecti e medium theory (  MT) or this microstructure has been de elo ed

re iously in se eral ays 2 . Predictions or the electrical ro erties o this microstruc



ture ha e recently been chec ed a ainst random al simulations , . These simulations
are accurate and sim le, but time consumin , hence the need or e ecti e medium theory.
The most accurate MT or this a lication as de elo ed usin a ne idea in di er
ential e ecti e medium theory (  MT) . The ey idea as that a s herical inclusion,
alon  ith its surroundin thin shell o altered matri material, as e actly ma ed into a
ne , sli htly lar er homo eni ed inclusion, hich included the hard but oorly conductin

article and the so ter but better conductin shell, and hich had a uni orm conducti ity.
The ne system o e ecti e articles embedded in the matri could then be treated easily
usin a di erential e ecti e medium theory (  MT).

rather di erent a roach to three hase e ecti e medium theory could be based on

the sel consistent ormulas o hristensen and o 20,2 , but as e shall sho the method

resented here has considerably more e ibility in the ran e 0 com le microstructures that
can be incor orated into the model.

This ne ind o MT is e tended to linear elastic ro erties in this a er. Similar
to the idea used or conducti ity, a s herical inclusion, ith a surroundin shell layer, is
ma ed onto an e ecti e article o uni orm elastic moduli. The roblem then becomes
a sim le com osite com osed o s herical articles, o aryin si es and elastic moduli,
embedded in a uni orm matri . This com osite can then be treated in the usual MT.

ce t or some s ecial models 22, the accuracy o most MTs is o ten in doubt. rom
the oint o ie o tailorin the a ro imation to the s eci ¢ material microstrcture that

e ant to model, MTs o any ind tend to be uncontrolled a ro imations. hec in

the accuracy o an MT by com arin its redictions to e erimental results is inade uate
rom the theoretical oint o ie because the microstructure and hase elastic moduli are
usually only a ro imately mno n.  bser ed discre ancies could be rom the MT, or
e ually ell could arise rom the a ro imate no led e o the e erimental material.
more satis actory ay o assessin the accuracy o MT is to com are to essentially e act

(com utational) results, here microstructure and hase moduli are controlled by the user.



ut e act elastic results or non tri ial microstructures are rather rare, and only e ist or
certain microstructures (e. ., dilute limit o inclusions) or s ecial choices o the moduli (e. .,
e ual shear moduli) 2 ,2 . nthe case o conducti ity, the MT results could be chec ed
on model concrete microstructures usin accurate random al simulations . ecently, a
s ecial nite element method has been described that can com ute the linear elastic moduli
o an arbitrary di ital ima e in 2  or 2 . This method is used, a ter ro er error
analysis, to ro ide strin ent tests o the ne MT e uations. The results are ound to
com are a orably ith the essentially e act nite element calculations, in both 2  and

, ith a ariety o sim le inclusion si e distributions.

MT 2,2 as chosen as the best candidate or the com osite inclusion roblem or
the ollo in reason. The accuracy o an MT is o ten lin ed to ho  ell its ercolation
ro erties match those o the e erimental system bein considered ,2 ,2 . n MT,
the inclusions are al ays discontinuous, and the matri is al ays continuous. oncrete
has the same ro erties since the ranular a re ate is ully surrounded by the cementin
matri material. Thus, the microstructures o the theory and the roblem o interest are
ell matched. urthermore, e ant to be able to incor orate a ran e o si es o articles
into the theory in a controlled ay. t is not clear ho to do this in a sel consistent three
com onent model 20, but e ill sho that thisis not di cult to achie e ith the resent
a roach.
The standard MT isat o hase theory, or rather t o to olo ical hases, since each
inclusion can be a di erent hase by ha in di erent elastic ro erties. n the resent
case, the thin shell o disturbed material around each ranular inclusion causes conce tual

roblems or MT, since it introduces at least one more to olo ical hase. To ma e use



o MT in this settin , the wuestion arises hether this shell should be treated as art o
the inclusion, or as art o the matri

ne ans er to this conce tual dilemma is to construct ersions o MT in hich
the shell re ions are either unambi uously inclusion or matri . Since the shell re ions,
disre ardin o erla s bet een shells, ill necessarily assume the same sha e as the s herical
inclusion articles, the o tion o ma in the shell re ions art o the inclusions seems a most
a ro riate one. This is accom lished by ma in each inclusion article to ether ith its
accom anyin shell into a sin le e ecti e article, ith si e su cient to incor orate both
and ith uni orm elastic ro erties. This idea is illustrated in i . , and ill be de elo ed
more ully belo . Thus, the e ecti e medium theory that e de elo ill be or a material

ha in a matri that contains com osite inclusions.

n the usual MT 2 , hen a article ith elastic moduli and is embedded in a
matri  ith elastic moduli and , the dilute limit is used to enerate an a ro imate
e uation that can be sol ed or the e ecti e elastic moduli 2 . n the dilute limit, the alue
o , the olume raction o articles, is small enou h so that the articles do not in uence

each other. The e ecti e elastic moduli, and , arethen ienby 0

() ()
() (2)

here and are dimensionless coe cients. These coe cients are o ten called the dilute
limit slo es or the intrinsic moduli , and are unctions o both the sha e o the article,
and the ratios — and —. The hi her order terms in the e ansion come rom interactions
bet een articles, and so are ne li ible in the dilute limit.

or circular articlesin a2 matri ands herical articlesin a matri , these dilute



limits are no n. or circular articlesin 2 ,the alueso and are

or s herical articles in ,the alueso and are

— ()

()

The dilute limits are no used to enerate a ro imate di erential e uations suitable to
estimate the elastic moduli hen arbitrary amounts o the included hase are introduced
into the matri . Su ose that a non dilute olume raction o articles ha e been laced
in the matri . The e ecti e elastic moduli o the entire com osite system are no () and

(), here is the matri  olume raction. The resultin system o matri lus
articles is treated as a homo eneous material. Su ose then that additional articles are
added by remo in a di erential olume element, , rom the homo eneous material, and

re lacin it by an e ui alent olume o the inclusion hase. The ne elastic moduli,

and ,are i en in the dilute limit by
( )— ()
( )— ()
here is the total olume and ( Jand ( ) are the same uantities as those in e s.
( ) and (2), but ith the re lacement and . Thisis the ey a ro imation
that is made in order to enerate the standard t o com onent MT. hen the olume

element as remo ed, only a raction as actually matri material, so that the actual



chan e in the matri olume raction, ,is i en by

Ma in this substitution, e . ( ) then reduces to the cou led set o e uations

— (0)

These e uations are cou led iathe and terms, hich de end on the alueso and
or the matri at the i en alue o
The abo e has been ritten or a sin lesi e inclusion. or asi e distribution o inclusion
article diameters , the theory is only sli htly more com licated. Some com osites
mi ht also ha e di erent elastic moduli or di erent si es o articles. eneral ay o
characteri in the inclusion si e distribution is by s eci yin the diameter o each ty e, |
, here  isthe number o di erent inds o articles, and is the raction o the
total inclusion olume that is ta en u by the th ind o article, ith . The
elastic moduli o the th ind o articleis i en by and
n act, it ma es some di erence to the nal results ust ho ( ,in hat order) the
arious inclusion ty es are mi ed into the com osite . e ha e chosen to assume the

inclusion distribution is maintained as a ed uantity throu hout the mi in  rocess. The

ay this a ects the MT is seen in the dilute limit, or the alueso and , hich become
and . These slo es are rst a era ed o er the inclusion article
si e distribution be ore bein wused in the ormula or the dilute limit. The MT is then

built u the same ay as or asin le ind o article, but usin the a era e slo es.



t has been lon no n that as herical article, surrounded by a s herical shell o di erent
elastic moduli, can be e actly ma ed intoane ,uni orm ro ertys herical article, hich
is as lar e as the old article lus shell combined 2 , 2, . This can also be done or a
circular article surrounded by a circular shell.

et the interior article be hase , ith diameter , and the shell material be hase

2, ith outer diameter . The hase label is reser ed or the matri . i ure sho s a
schematic o such ama in . e. contains the ormulas or such a ma in in ,
or both the e ecti e ro erties and ,and or in2 .The2 ma in or isalso
included belo . ote thatin e. , in , label is the same as here, and label is
the same as 2 here. n 2 | label isthe same as here, and label is the same as 2 here.

Iso, in both 2 and , 1is the Poisson s ratio or hase .

The results are resented rst. The e ecti e is the solution to the ollo in

uadratic e uation (ta in the ositi e s uare root),

c ) 20 ) 0 ()

ith the coe cients i en by

( ) 2 2 2 2
0( 2 ) ( 0)
2 ( ) 2 2
22 () 5 )
( ) 2 2

22 2 ( ) ( )



and ()

ote that the subscri ts , 2, and  or the ariables should not be con used ith the
hase labels.

The e ecti e is i en by

(O — (2

or2 ,the lane strain shear modulus, ,isused rom e. , but ith the notation
o this a er. The e ecti e is i en by the solution o the ollo in uadratic e uation

(ta in the ne ati e s uare root),

ith the coe cients i en by

C ) X ) 3 () ( )( )2 )
SO0 ) ()

C ) X ) « ) ( )

or 2

and ()



The e ecti e is i en by

The resultin e ecti e article is no be treated as the inclusion hase in usual MT, as
described abo e.  hen an inclusion article si e distribution is used, the unctions ( )
and ( ) are a era es o er this si e distribution, as as stated abo e. The di erential

e uations can be easily sol ed numerically by a th order un e utta method
There are a e di erences, ho e er, in ol in the e ecti e inclusion olume raction.
ach article is no o diameter , here is the shell thic ness or the
th ind o inclusion, so that the olume raction o e ecti e inclusions no  oes to the
renormali ed alue , not . The alue o must be no n in order to no here to
terminate inte ration o the MT di erential e uations, hich start at 0.
These di erences can be determined sim ly by considerin the number o articles o a

certain ty e. is the total olume o the th ind o article,and  is the total number

o this ind o article, then

and, there ore,

here is the total olume o the system and is the number o articles o ty e er

unit total material olume.



o thene alueso and , and ,arede ned byre ritin the re iouse uation

The alues o and can also be de ned directly by

(20)

ombinin the abo e e uations, e can then deri e orms or and thatin ol e only

, ,and
(2)
(22)
t should be noted that hile the alue o as ornon o erla in a re ate articles,

the alue o is or the olume occu ied by each a re ate article and its surroundin

shell, here the shell layers are assumed to not o erla . n a real concrete, these shells do

o erla , hich can cause ercolation henomena . This treatment o the shell olume
raction is another a ro imation o the MT method. n the numerical results described
in the ne t section chosen to chec the MT, the shell re ions actually do not o erla ,

and there ore are consistent ith the assum tions built into the theory.

n summary, a MT calculation is er ormed as ollo s. irst all the di erent inds
o com osite inclusions are ma ed to e ecti e articles, ith ne moduli and si es. e t
the inclusion article si e distribution is used to com ute and . Then the di erential

e uations in e s. () are sol ed numerically usin a th order un e utta method, here



the slo es or are a era ed o er the e ecti e article si e distribution .  ote
that or s herical articles, the ne diameters o the e ecti e articles, , do not come in
e licitly into any o the e uations or and , but only in the de nitions o and

or many materials, includin concrete, the inclusion article si e distribution is i en by a
sie e analysis, here artial olume ractions re er to the amount lyin inside a certain
diameter ran e. This case can be easily con erted to the one considered here, by di idin
each ran e into se eral oints, and di idin u the olume in that ran e a ro riately. The
actual T so t are used to calculate the MT results in this a er is a ailable

on the nternet

recent nite element method or di ital ima es 2 as used to enerate data ith hich
to chec the results o the MT.  course, the most im ortant uestionis ho accurate
are the nite element method results Since these results are or concentrated, random
systems, there are no e act analytical data a ainst hich to chec the numerical results.
ortunately, by care ul consideration o the ossible sources o errors, one can establish the
accuracy o the numerical data.

These numerical com utations are carried out by rst eneratin the random microstruc
ture desired by buildin adi italima e,in2 or . ach 1 elisthen treated as a bi linear
element (2 ) or tri linear element (), so that the entire di ital lattice is treated as the

nite element mesh. The elastic e uations are ritten as a ariational rinci le, hich is
then minimi ed o er the di ital lattice. The e ecti e moduli are usually de ned by a stress
a era e, althou h they could be de ned by an ener y a era e 2
ecause o the structure o the al orithm, there are three main sources o error. These
include () nitesi ee ect, (2) di ital resolution, and ( ) statistical ariation
The nite si e e ect comes about because any i en di ital ima e, e en ith eriodic

boundary conditions, can only re resent a small art o a lar e random solid. ere e are



thin in o inclusions embedded in a matri . There can be errors induced i the sam le is not
lar e enou h to ossess enou h inclusions to be statistically re resentati e. This sam lin
error can be assessed by runnin se eral di erent si e sam les, and seein  hether the results
chan e bet een system si es. n the sam les considered, the inclusion si e, in termso i els,
stays the same, so that sam les ha in lar er lattices contain more inclusions.

The di ital resolution error comes rom usin s uare or cubic 1 els to re resent the
inclusions.  en i the inclusions had the same sha e as the di ital lattice, there ould still
be a resolution error since one is re resentin continuum e uations ith a di ital lattice. The
si e o this error can be chec ed by holdin the number o inclusions constant, and aryin
the si e o the lattice so that there are more or less i els er unit len th.

The statistical ariation error source sim ly comes about because the systems under
consideration are random ones. There ore, or a i en concentration o inclusions, there are
many ays in hich the inclusions mi ht be randomly arran ed. ach arran ement ill
ha e some hat di erent elastic moduli, in eneral. The si e o this source o error can be
assessed by com utin the elastic moduli o se eral di erent reali ations o the same system
(same si e lattice, same number o inclusions).

i ure 2 sho s the 2 000 systems that ere used to chec the MT results. There
ere three si es o inclusions. na 000 si edi ital lattice, these had outer inner diameters,
in iels,o 2 , , and . The e erience o many re ious results had
sho n that ha in the diameter o the lar est inclusion less than one ei hth o the si e o
the unit cell ould ma e any nite si e e ects ne li ible. oldin the number o inclusions
ed, runs ere made at si es o 00 and 2000 , ith only 2 ariation, so that the
si e used or all the runs as 000 . The statistical ariation or 000 si e systems as ery
small, and so as ne lected.

The inner article had oun s modulus 0 and Poisson s ratio 0 2, the matri

had 0 and 0 , hile the shell had 0 and a oun s modulus that ran ed

rom 0 to about 00. T o systems ere chosen, ith matri area ractions o about 0



and 0 . act details o the microstructures considered are dis layed in Tables and
These details are i1 en or uture re erence, as the results are almost uni ue in bein hi hly

accurate results or random, non dilute systems.

n , there ere t o systems considered. The rst used only one si e 0 com osite
s here, ith a ratio o outer to inner diameters o . The ratio o the unit cell si e
com ared to the article outer diameter si e as chosen to be about , hich ma es nite

si e errors ne li ible. The di ital resolution e ect as analy ed by runnin the e act same

eometry at sieso 00, 200, and 00 . 1 ure sho s our non consecuti e arallel
slices o the 00 system. ull si e ran e as only run or 0 and 00, hich ere
the limits o the shell sti ness. ther moduli ere the same numerically asin2 . t as
ound that, at 0 , the resolution error as essentially ero, as all three systems a e
almost e actly the same ans er, ithinlessthan O . o e er, at 00, there as a
dro in bul modulus and dro in shear modulus bet een the 00 and the 200
systems. There as only a 0 urther dro in bul modulus and 0 in shear modulus

hen oin to the 00 system, so it as decided that the 200 system ould i e ade uate

accuracy or all the shell moduli. or this si e system, the outer article diameter as 2

o el idths, hile the inner diameter as o el idths.
The second system as 200 insi e, and had t o si e s heres, ith outer and inner
article diameters o 2 and . Jud in rom the data obtained on the sin le

s here results, this choice should also i e ade uate accuracy, thou h it as not as care ully
chec ed as ere all the other systems. The detailed arameters used or both systems
are resented in Tables 2 and . 1 ure sho s our arallel non consecuti e slices o the

200 system used.

The MT e uations eresol ed orthe our (t 02 ,t o ) di erent microstructures

or hich nite element results ere obtained. y aryin both the microstructure and the



shell sti ness, aran e o data as obtained to ro ide a ri orous test o the MT results.

i ures and sho the com arison bet een the accurate nite element results or the
2 microstructures (symbols) and the MT results (lines). oth ra hs sho e cellent
a reement, ith the best a reement bein at the hi her matri area raction ( i . ). Thisis
not sur risin , as the hi hest matri area raction has the e est inclusions, and so is closer
to the dilute limit, here the MT is irtually e act. o e er, e en or the 0 matri
area raction system, i . ,the a reement is still ery ood. Tables and sho the actual
numbers in the ra hs, or closer com arison and uture re erence. Iso note that as the
matri area raction decreases, the moduli cur es also become stee er. This is because the
shell area raction () is becomin lar er, and so increasin its moduli has a reater e ect
on the o erall moduli.

i ure sho s the com arision bet een MT and nite element results or the
system ith one si e o inclusions. The a reement is e cellent, as can also be seen in Table

i ure sho sthesame ind o com arison but or thet osi es here system. The
a reement in this case bet een MT and nite element data is almost as ood asin i .

. The data or this case is in Table . t should be recalled here that the nite element

results or thet o si es here system ere not chec ed as thorou hly as ere the other
systems, so there could be a lar er de ree o error in these results. t as ound in the
one si es here system that increasin the system si e or the lar er alues o tended
to decrease the o erall moduli by a e  ercent. the numerical results in 1 . ere to

dro by only a e ercent, the already ood a reement ould be substantially im ro ed.

ne limitation o the MT e uations is in re resentin microstructure o com osites.
n concrete, or e am le, se eral modelin and e erimental studies ha e sho n that in a
ty ical concrete, the shell re ions are themsel es ercolatin , , 0. The orm o

MT considered in this a er ill not re ect this act. The model microstructures used



to test the MT ere care ully constructed to ha e non o erla in and there ore non
ercolatin shell re ions. o0 e er, hether or not ercolation o a hase matters to the

o erall ro erties de ends on the contrast o its ro erties ith those o the surroundin

hases , . n concrete, the shell moduli robably do not di er at most rom the matri
by a actor o 2 , hich is not enou h contrast or ercolation to be im ortant . So
this de ciency in MT should not si ni cantly a ect the accuracy o MT or the

concrete roblem. o e er,i adi erent roblem ere to be considered, or e am le wuid
ermeability , here the contrast bet een shell ermeability and matri  ermeability is
on the order o 00 or more, then most li ely MT ould ail, as the ercolation o the
shell re ions ould then be crucial. n that case, any a roach not ta in the thin shell
layer ercolation into account is unli ely to be accurate.
Since MT is an uncertain a ro imation, the results o this a er are es ecially im
ortant in care ully sho in the e ected accuracy o the MT e uations. This a er
sho ed that the ne orm o MT or ed ery ell ortheclasso roblems considered.
sin the MT or a material li e concrete, here the article si e distribution o the
inclusions is uite a bit lar er (about t o orders o ma nitude) than that studied here has
not been tested. The main di culty comes in ndin a numerical re resentation o the
structure usin a di ital ima e. The actual shell in concrete is also much thinner than has
been considered. t is concei able that the errors incurred usin the MT or a material
li e concrete may be si ni cantly lar er. ut the e cellent a reement ith the numerical
data ound here stron ly su ests that success ul e tensions to concrete are ossible.
Tables in this a er should be use ul or other or ers ho ish to test arious
orms 0 MT or other a ro imate ormulas, by listin accurate data or the linear elastic
ro erties o non tri ial random systems. sin the in ormation contained in Tables , 2,
and , the microstructures can be recreated easily, in case ne numerical methods need to
be tested. Modern com uters and com uter methods can no be used or the uantitati e

testin o a ro imate micromechanics theories on non tri ial, non analytic microstructures.



This ill allo a better sortin o arious e uations into areas o reatest use ulness, and
should ins ire the creation o better, more accurate choices amon the arious ossible

theories a ailable.
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1 ure The ma in o a com osite inclusion article into an e ecti e article hose
diameter is the diameter o the outer shell. The wure sho s a cross section o a s here (or
a circle) ta en throu h the center.

22



i ure 2 ray scale ictures o the 2 models used to test the MT redictions. sin
concrete lan ua e, the dar ray is the matri , the middle rayis T , and theli htest ray

hase is the bul matri hase. There are three si es 0 a re ates in this icture, and the
matri area raction is 0. (let) and 0. (ri ht).



i ure our 00 slices rom the monosi e s here model used to test the MT
redictions. sin concrete lan ua e, the dar ray is the matri , the middle rayis T ,
and the li htest ray hase is the bul matri hase. The matri olume raction is 0.



i ure our 200 slices rom the t o si e s here model used to test the MT
redictions. sin concrete lan ua e, the dar ray is the matri , the middle rayis T ,
and the li htest ray hase is the bul matri hase. The matri olume raction is 0.
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Table  Parameters de nin the 2  microstructures. number, lar e circles, M
medium circles, S  small circles, and c is area raction. Phase is the inner circle, hase
is the matri , and hase 2 is the shell material.

2 0. 0 0.2 0. 22
2 20 2 0. 0 0.0
Table 2 Parameters de nin the microstructures, hich had either one ort o si es o
s heres. The numbers are all or 200 systems. number, lar e s heres, S  small

s heres, and c is olume raction. Phase is the inner s here, hase is the matri , and
hase 2 is the shell material.

20 0. 0.2 0.0
220 00 O. 0. 2 0.0
Table reas o circles and olumes o s heres used in i els and o els.
ircle diameter S here diameter  rea ( ) olume ( )
2
20
2 2
2
2
2
20



Table list o numerical data and MT results or the 2 , 0. matri area raction
system.

(data) (  MT) (data) ( MT)
0. 0. 20 0 0 0.
0. 0. 0. 0 0.
0. 0. 0. 0. 0.
0. .00 .00 0. 0. 0
0. 20 2 0 0.
0 0. 2 0.
2 . 0 0. 0 0.
. 02 0. 0.
0 .0 02
2 . 0 .0
.0
) . .2
2.0 2.0 .
2.0 2.0 2
0 2 2. 2 2
Table list o numerical data and MT results or the 2 , 0. matri area raction
system.
(data) ( MT) (data) ( MT)
0 0. 0 0 0.22 0.22
0 0. 0 0. 0 0
0 0. 2 0 0. 0. 0
0 0. 0 0. 0 0. 02 0
0 0. 0 0. 0 0.
.0 . 0 0. 2
2 2 .22 0. 0. 0
20 2 0. 0.
2 2 0 0
0 0. 2
0 0
0 0
2 0 0
) 0. 0.
0. 0. 0 0. 00



Table list o numerical data and MT results or the , 0. matri  olume
raction, one s here system ( i . ).

(data) (  MT) (data) ( MT)
0 0. 0. 0.2 0.2
0 0. 0. 02 0. 00 0.
0 0. 20 0. 0 0.
0 0. 0. 0 0. 2
0. 0. 0. 0. 0 0. 20
.0 0. 0. 0. 22 0. 2
2.0 .0 0 0. 0 0.
.0 : .0 0. 0.
.0 2 22 0.0 0. 0
.0 20 2 0 0.
.0 2 .0 0 0.
.0 .2 0 0.
.0 0 0 0 0. 2
.0 0. 0 0. 0
0.0 0 0. 2 0.
Table list o numerical data and MT results or the , 0. matri  olume
raction, t o s here system ( i . ).
(data) (  MT) (data) (  MT)
0 0. 0. 2 0. 0.
0 0. 0. 2 0.2 0.2
0 0. 0. 0 0.
0 0. 0. 0. 0.
0. 0. 0. 0. 2 0.
2 0. 0. 0 0. 0.
. .0 0 0. 2 0.
2.0 0 0.
.0 0 0.
.0 0 0 0.
.0 .2 . 0. 0.
0.0 . i .022 0.



