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Detection and localization of targets embedded in random media is performed by
analysing array data of the scattered field. As the random medium is a source
of scattered energy we assume that the targets are more reflective than the back-
ground fluctuations so that a clear distinction can be made between targets and
background scatterers. We show that the key to successful imaging is finding
statistically stable functionals which provide estimates of scatterer locations.

1. Introduction

Imaging in ultrasonics is closely related to recent studies of time-reversal
acoustics®®. The work of Prada and Fink ¢ and Prada et al. 7 on the
D.O.R.T. method (diagonalization of the time reversal operator) has clari-
fied the connection between scatterers and the eigenfunctions of the time-
reversal operator. After decomposing the array response matrix using eigen-
functions, we can either use the eigenfunctions to refocus acoustic energy
back onto the scatterers, or we can use them to form an image of the
scatterers’ spatial distribution. Both of these applications are relatively
straightforward when the background medium is homogeneous °. But, if
the background medium is heterogeneous, several difficulties arise. Our
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focus in this paper concentrates on the difficulties introduced by spatial
heterogeneities of the acoustic medium, and on what can be done with
acoustic array data to achieve reliable images of scatterers in such media.
There have been many methods of estimating target location using
acoustic array data. One of the most popular is matched-field (MF) pro-
cessing >*5. We will be discussing here necessary modifications of the MF
method, since the randomness we consider has a different character than
that usually envisioned in traditional analyses of acoustic array data, be-
cause it comes from multipathing that is generated by the random medium.
In the first section, we briefly present the problem to be studied. Section
3 focuses on the standard matched-field functional in frequency domain.
This method does not provide statistically stable results and, therefore, is
not useful for imaging in random media with strong multipathing. Section
4 then shows how the same objective functional may be transformed into
the time domain in order to produce statistically stable and, therefore,
useful images that localize the target cross-range in a satisfactory manner.
Section 5 then goes further to show how range information may be obtained
from the time-domain arrival data after careful processing and subsequent
averaging of multiple copies of the pertinent singular vectors contained in
the multistatic array data. Our conclusions are summarized in Section 6.

2. Problem Statement and Notation

A linear array composed by N transducers, located at x,, forp=1,..., N,
probes an unknown acoustic medium containing M (M < N) small scat-
terers by emitting pulses and recording the back-scattered echos. We call
the resulting data set response (or transfer) matrix P(t) = (Ppq(t)), where
p and ¢ range over all the array elements. Our goal is to detect and localize
the M targets in the random medium.

We assume here that the response matrix in frequency domain ﬁ(w) is
symmetric (but not Hermitian), and this is consistent with our simulations.
All of our analysis nevertheless carries over to the non-symmetric case. We
introduce the singular value decomposition (SVD) of the response matrix,

Pw) = U(w)Sw)V (w), (1)

where the singular vectors U,(w), 7 = 1,..., N of P(w) are the columns of
U (w) and the singular values o, (w) of ﬁ(w) form the diagonal matrix ¥ (w).

We denote go(y?®,w) the vector observed at the array for a source lo-
cated at y® in a deterministic medium (i.e., a homogeneous medium with
the averaged velocity of the random medium c¢g). In our simulations, cg



is constant but it could vary in space, assuming prior knowledge of the
environment.

Our simulations assume that A < £ << a << L, where ) is the central
wavelength, £ is the correlation length of the inhomogeneity, a is the array
aperture, and L is the distance to the targets from the array. This is the
regime where multipathing, or multiple scattering, is significant even when
the standard deviation of sound speed fluctuations is only a few percent.

All the formulas are presented in their general form in terms of Green’s
functions. Thus, these formulas are valid either in 2D or in 3D. Due to the
high cost of numerically simulating wave propagation in a random medium,
with significant multipathing, we only did 2D simulations up to now.

We solve the wave equation in 2D with a numerical method based on
the discretization of the mixed velocity-pressure formulation for acoustics.
For the spatial discretization we use a new finite element method 2, which
is compatible with mass-lumping techniques (i.e., it leads to explicit time
discretization schemes) and for the time discretization we use a centered
second order finite difference scheme. In the numerical simulations, we have
statistically homogeneous Gaussian random velocity fields generated using
a random Fourier series, with constant mean ¢y = 1.5km/s, and Gaussian
correlation function having correlation length ¢ = 0.3mm and standard
deviation ranging from 1% to 5%. The probing pulse is a Ricker with
central frequency v = 3MHz, the carrier wavelength is A = 0.5mm and the
aperture of the array is a = 2.5mm. The targets, which are soft scatterers,
are modeled by small squares (the size of a small one is A/30 x A/30, while
the size of a larger one is A/15 x A\/15).

3. Matched field — central frequency

We present here a well-known frequency- domaln imaging method, the
matched-field processing 4:°. We compute QMF( %) and display the objec-
tive functional Rvr(y?®) (see 2) for a discrete set of points y® in the target
domain. Examples of MF processing are displayed in Fig. 1.

M
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When the background medium is homogeneous, the significant singu-
lar vectors are linear combinations of gg (y§,w), where y§. are the target
locations and the MF functional has local maxima, at the target locations.
But in the case of random media and as the random fluctuations in the
velocity increase, there are false peaks and the functional may not peak at
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Figure 1. The Matched Field central frequency estimate (2) in random media. The
exact location of the targets is denoted by a star. The standard deviation s and maximum
fluctuations (M.F.) are indicated on the top of each view. The horizontal axis is the range
in mm and the vertical axis is the cross-range in mm.

the targets at all. When the realization of the random medium is changed,
the images change also, which is what we call “lack of statistical stability”.

4. Matched field in time

We transform here MF into the time-domain to take advantage of the sta-
tistical stability that can be gained this way. We compute

~ 2

G, 5°,) = [ & 10,(0) |02 @)R(y* )| do )

Since the factor multiplying e~** in the integrand is real and non-negative,
this integral takes its maximum value for ¢ = 0. We thus display the
following objective functional for points y® in the target domain,

M (4) s
s Gyip, (Y2, =0)
Ruer (y°) = ) —

j=1max ﬁ%mT (y®,t=0)

(4)

Examples of MF processing in the time domain are displayed in Fig. 2.
Cross-range results are now dramatically improved. Range information
is still not to be found here, but the statistical stability of the “comet tails”
is now easily observed. The images shown are for specific realizations, but
the results do not change significantly when the underlying realization of
the random medium is changed. This fact has been repeatedly shown in our
simulations, and is the main characteristic of statistically stable methods.
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Figure 2. The Matched Field time estimate (4) of the location of two targets in random
media. The exact location of the target is denoted by the green star. The standard
deviation s and maximum fluctuations (M.F.) are indicated on the top of each view.
The horizontal axis is the range in mm and the vertical axis is the cross-range in mm.

5. Time domain processing and range estimation methods

To complete the localization of the targets, we also need an estimate of
range. Good range estimates can be obtained in near field either from
amplitude move-out information or from arrival time information. In far
field, only the arrival time information is useful, and we will concentrate on
arrival times in the present analysis.

5.1. Matched field in time combined with times from
averaged singular vectors

We would like to use the singular vectors ij (w) to estimate the travel times
from target j to the array. Remark though that the singular vectors ﬂ'j (w)
which are normalized (||fJJ (w)|| = 1) carry an arbitrary, frequency depen-
dent, phase. Because of this U;(t) look incoherent in the time domain. We
can, however, calculate NV, coherent in time, versions of singular vectors by
projecting the columns of the response matrix onto them

TP (W) = [ﬁj(w)Hf><P)(w)] U;(w), p=1,...,N, j=1,...,M. (5

Here P(® is the pth column of the response matrix P(w). Clearly ﬁgp ) (w)

are singular vectors of ﬁ(w) and carry the phase of its pth column. We
use these various versions of the singular vectors to estimate T,SJ ), for j =

1,...,M, and p = 1,..., N, the travel times from target j to the array



element p as the minimizers of
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The ATSV (Arrival Times from averaged Singular Vectors) functional is

N 2 min gz(sgq)"sv( %)

M m
Oy (y*) = Z [T;Sj) - 2tp(ys)] , Rarsv(y z

p=1 j=1 gATSV(y )

)
~
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We combine M Fr with AT SV to obtain

M (4) s
g y
Rmro-aTsv(y Z MFT arsy (") o (8)
= max gMFT atsv(Y’)
where
g(j) (J) G 9
MEr-aTsv (YY) = G, (¥7) / ATSV( *). 9)

Examples of M Fp — AT SV estimates are displayed in Fig. 3. This method
is statistically stable and gives good estimates of the target locations.
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Figure 3. Combined M Fr and AT SV estimation (8) of two targets location in random
media. The exact location of the targets is denoted by the green star. The standard
deviation s and maximum fluctuations (M.F.) are indicated on the top of each view.
The horizontal axis is the range in mm and the vertical axis is the cross-range in mm.



6. Conclusions

For imaging in randomly inhomogeneous media, the foregoing results lead
us to the following conclusions: Single frequency methods are not statis-
tically stable, and therefore cannot be used without modification in the
presence of significant spatial heterogeneities in the acoustic wave speed.
In contrast, time domain methods are statistically stable for any objective
functional having the characteristic that the random Green’s functions ap-
pear in pairs of gg* '. This has been shown here to be true for Matched
Field, and is expected to be true more generally'. Statistical stability is
a necessary, but not a sufficient, condition for optimal imaging in random
media, so satisfaction of this criterion is not enough in itself. To locate
the targets in random media, we need either multiple views (using multiple
arrays) so we can triangulate, or we need to extract a direct measure of
range from the data. In the examples chosen here, we concentrated on ar-
rival time and this information was obtained by combining MF with ATSV
(arrival times from averaged singular vectors). Another alternative is to
use Synthetic Aperture Imaging (SAI) as range estimator?.
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