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OUTLINE

e Part I: Anisotropy due to low density of cracks/fractures
o Sayers-Kachanov (1991) method
o Effective medium theories (NI, DS, CPA, SC)
o Crack influence parameters: n; and 7.
e Part II: Analysis for denser systems of fractures
o Grechka-Kachanov (2006) numerical simulations
o Hashin-Shtrikman (HS) bounds
o Voigt-Reuss (V, R) bounds
o Voigt-Reuss-Hill (VRH) estimates
o Crack influence parameters: ns, 14, and 7s.

e Conclusions



PART I:
DEFINITION OF CRACK DENSITY p

A key parameter is crack density p = na’, where
a is the radius of a penny-shaped crack and n = N/V

is the number (V) of cracks per unit volume (V).

A penny-shaped crack is an oblate spheroidal void
1.e., an ellipsoid having principal axis dimensions
a > b > c such that a = b and ¢ = aa, where

o < 1 is the aspect ratio. For flat cracks, o can

be very small. Crack density does not depend on «.

Porosity ¢ = 4mwpa/3, and therefore depends on «.



Anisotropy Due to Fractures (1)

Using Voigt matrix notation, the isotropic compliance
matrix (inverse of the stiffness matrix) for an elastic

material is often written as S =
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where E is Young’s modulus, v is Poisson’s ratio,

and G = E/2(1 + v) is the shear modulus.



Anisotropy Due to Fractures (2)
Sayers and Kachanov (1991) show that corrections to

the isotropic matrix S;;, caused by low crack

densities (p << 1), can be written as
A (g) = 4mp/3,
A(=5) =2mp/3,

A (%) =2(m +n2)p/3,

where 77; and 1, are parameters to be found from EMT.



Anisotropy Due to Fractures (3)

Thus, in the isotropic case, again using Voigt notation,

we have
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Anisotropy Due to Fractures (4)

For horizontal cracks, we get an anisotropic (being

a TI or VTI) medium whose correction matrix is

AS@j = pX

(0 o )
0 0 m
m m 2(m +n2)

212

\ )




Anisotropy Due to Fractures (5)

For vertical cracks whose axis of symmetry is randomly
oriented in the xy-plane, we have another anisotropic

medium (also TI or VTI) whose correction matrix is

AS@j = pX
((771 +12) M /2 \
M (m +n2) m/2
/2 /2 0

Up:




Anisotropy Due to Fractures (6)

Examples of the values of the n’s for isotropic “quartz”

found using various effective medium theories are:

EMT m o
NI —0.000216 0.0287
DS —0.000216 0.0290
CPA  —0.000258 0.0290
SC —.0000207 0.0290

Note that |n1]|/n2 < 0.01 in all cases here. So

only one parameter is important for isotropic quartz.



NIA EXAMPLES (1)

Since it makes little difference at low crack densities
which theoretical method is used, we might as well
consider the simplest one which is surely the

non-interaction approximation (NTA).

It is well-known (e.g., see Zimmerman’s book) for

the isotropic case that:
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where K = bulk modulus, G = shear modulus, and v =

Poisson’s ratio of the isotropic background medium.



NIA EXAMPLES (2)

But we can also backsolve these equations to obtain
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and

for these two Sayers-Kachanov (1991) crack influence parameters.



NIA EXAMPLES (3)
Thus, we find directly that

1 8(1—-v)(5—v)
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and

where we also used the easily shown fact that

1/2G = (1+v)/3K(1 — 2v).

Especially note that, in the NIA, n; is negative and

directly proportional to Poisson’s ratio v.



Random Polycrystals of Laminates

One approach I have taken in related work has used the
same “‘random polycrystals” approach to treat grains
as if they are anisotropic due to layering of different

isotropic materials.

Thus, the grains have hexagonal symmetry (same as T1

or VTI).

I will not discuss this any more here today since I am
focusing instead on fractured media, composed of grains

having the same symmetry, I.e., hexagonal.



HS BOUNDS ON K FOR POLYCRYSTALS (1)

General HS (Hashin-Shtrikman-type) bounds for elastic
constants of isotropic random polycrystals are known,
given first by Peselnick and Meister (1965), and

later improved by Watt and Peselnick (1980).

Some caveats about HS bounds will be mentioned later.

These bounds for the bulk modulus can be expressed
in terms of these uniaxial shear energies per unit

volume as




HS BOUNDS ON K FOR POLYCRYSTALS (2)

where

C Gt (9K 448G+
+ — 76 Ki+2G4+ -
Parameters G4, K1 were defined by Watt

and Peselnick.



Uniaxial Shear Energy per Unit Volume
and the Product Formula

For an applied uniaxial shear Strain applied along the

symmetry aXiS, j.e., (611, €292, 633) = (1, 1, —2)/\/6

Ggff = (611 -+ C33 — 2(313 — 666)/3
For an applied uniaxial shear stress applied along the

symmetry axis, 1.€., (011, 022,033) = (1,1, —2)/+/6.

fo = KReusngff/KVOigt-
The latter expression is the product formula, relating
the shear energies per unit volume to Voigt and Reuss

bounds on K.



HS BOUNDS ON G FOR POLYCRYSTALS (1)

The bounds on shear modulus can be expressed similarly

as
5 1-X4
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where X4 and Yy are additional parameters

depending on G4+ and K.

Note that in both cases when (_ — 0 the bounds
go to the Reuss average (lower bound), and when

(+ — oo the bounds go to the Voigt average (upper bound).



HS BOUNDS ON G FOR POLYCRYSTALS (2)

For example,

from the product formulas.



SELF-CONSISTENT MODULI K3, & G%. (1)

Self-consistent estimates are obtained (approximately)
by taking K1 — K&, and G+ — G-
The resulting formulas are:
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SELF-CONSISTENT MODULI K3, & G%. (2)

These formulas can then be used together with the bounds
to compute both bounds and estimates for the effective

quasi-static elastic constants of fractured media.

Voigt and Reuss bounds are always rigorous and
available. However, the validity of the HS bounds
for anisotropic media is limited to certain
microgeometries such as cell materials. We will see

what this means in the next section of the talk.



PART I1I:

Analysis for denser systems of fractures



ANISOTROPY FOR HIGHER CRACK DENSITY

For horizontal cracks, we get an anisotropic medium

whose second order compliance correction matrix is

A(2) Sij = p2 X
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where 73, 14, and 15 are three more Sayers-Kachanov

crack influence parameters.



NUMERICAL EXAMPLES



CRACK-INFLUENCE PARAMETERS

Examples of the values of the n’s found this
way from the simulation results supplied by V. Grechka

are:

Parameter vy =0.00 9= 0.4375

m 0.0000 —0.0192
M5 0.1941 0.3994
N3 ~0.3666  —1.3750
o 0.0000 0.0000

M5 —0.0917 0.5500



CONCLUSIONS

e The Sayers and Kachanov (1991) approach has some
powerful advantages for forward and inverse modeling
in fractured systems, especially when used together
with measured seismic (Thomsen) parameters.

e For a given material (€.g., quartz) and a given
crack shape (€.g., penny-shaped), n; and

1o can be computed once and for all.

e Measured seismic (Thomsen) parameters can then be
inverted for crack density.

e Incorporating fluid dependence rigorously into this
problem is also easy to do using the Sayers-Kachanov

parameters, but that is another (poroelastic) talk.



REFERENCES — EMT (1)

e JGB, 1995, Mixture theories for rock
properties: in American Geophysical Union Handbook
of Physical Constants, edited by T. J. Ahrens, AGU, New York,
pp- 205-228.
e JGB, 2005, Bounds and self-consistent
estimates for elastic constants of random polycrystals
with hexagonal, trigonal, and tetragonal symmetries:
J. Mech. Phys. Solids 53(10), 2141-2173.
e V. Grechka, 2005, Penny-shaped fractures revisited:
Stud. Geophys. Geod., 49, 365-381.



REFERENCES — EMT (2)

e V. Grechka and M. Kachanov, 2006, Effective

elasticity of fractured rocks: The Leading Edge,
25, 152-155.

e C. M. Sayers and M. Kachanov, 1991, A simple

technique for finding effective elastic constants

of cracked solids for arbitrary crack orientation

statistics: Int. J. Solids Struct., 27, 671-680.

e R. W. Zimmerman, 1991, Compressibility of

Sandstones, Elsevier, Amsterdam.



REFERENCES (3)
Random polycrystals of laminates papers:

o JGB, “Bounds on elastic constants for random
polycrystals of laminates,” J. Appl. Phys. 96,
4281-4287 (2004).

o JGB, “Bounds and estimates for elastic

constants of random polycrystals of laminates,”

1JSS 42 (13), 3730-3743 (2005).



REFERENCES (4)

Fractured reservoirs:

o V. Grechka and M. Kachanov, “Effective elasticity of

rocks with closely spaced and intersecting cracks,”
Geophysics 71, D85 (2006).

o V. Grechka and M. Kachanov, “Seismic

characterization of multiple fracture sets: Does

orthotropy suffice?”” Geophysics 71, D93 (2006).

o JGB and V. Grechka, “Random polycrystals of grains

containing cracks: Model of quasistatic elastic behavior

for fractured systems,” J. Appl. Phys. 100,

113527 (2006).



ACKNOWLEDGMENT

This work was performed under the auspices of the U.S.
Department of Energy by the University of California,
Lawrence Berkeley National Laboratory under contract
No. DE-AC03-76SF00098 and supported specifically by
the Geosciences Research Program of the DOE Office of
Energy Research within the Office of Basic Energy
Sciences, Division of Chemical Sciences, Geosciences
and Biosciences. All support of the work is

gratefully acknowledged.



Random Polycrystals of Laminates (1)

e Assume building blocks (crystalline grains) composed of layers

o Use Backus averaging scheme to compute effective

properties of these grains

o Use Hashin-Shtrikman bounds based on layer
properties to estimate behavior using only volume

fraction and layer property information



Random Polycrystals of Laminates (2)

e Assume also that the grains are equi-axed: when all
grains are considered, the axis of anisotropic grain
symmetry due to the layering has no preferred

direction

o Use bounds based on these “anisotropic crystals”
to estimate overall behavior of the resulting random

polycrystal

o Use self-consistent method to provide one type of

direct estimate of the overall behavior



Random Polycrystals of Laminates (3)

e For poroelasticity, we have two kinds of exact results:
o If layers are poroelastic Gassmann materials
(i.e., microhomogeneous), then with just two types
of layers exact results are available for

Biot-Willis parameter and Skempton’s coefficient.

o If, in addition, the permeability of these two
types of layers are very different, the
double-porosity modeling can also be pursued and

this also gives exact results for two components.



Random Polycrystals of Laminates (4)

o The exact results do not predict the drained
constants for poroelastic media, but the random
polycrystals of laminates model gives very close bounds.
The rigor of these HS bounds may be questionable, but
the related self-consistent estimates nevertheless

remain useful.



