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SUMMARY

We presenta new pattern-basedmethodthat separatesmultiples
from primaries.This method�nds its mathematicalfoundationin
the work conductedby Nemeth(1996)on coherentnoiseattenu-
ation by least-squaresmigration. We show that a similar inverse
problemcanbe formulatedto attenuatecoherentnoisein seismic
data.In this paper, we usedeconvolution with predictionerror �l-
tersto modelthesignalandnoisevectorsin a least-squaressense.
This new formulation of the noiseseparationproblemhasbeen
testedon 2-D realdataandachievessimilar resultsto the Wiener
approach.However, we show that the main strengthof this new
methodis its ability to incorporateregularizationin the inverse
problemin orderto decreasethecorrelationeffectsbetweennoise
andsignal.

INTRODUCTION

Pattern-basednoiseattenuationtechniquesareknown for theirabil-
ity to remove multiple re�ections in the most complex geology.
Thesemethodsexploit the spatialpredictabilityof the noiseand
signalwith predictionerror�lters (PEF's). Thepattern-basedmeth-
odscontrastwith adaptive subtractiontechniques,which assume
that the primary wave�eld hasminimum energy (Weglein et al.,
1997).Thus,theadaptive subtractiontechniquesarehamperedby
the requirementthat a sourcewaveletbe calculated(Verschuuret
al., 1992).Both pattern-basedandadaptive subtractiontechniques

Figure 1: Left: multiple model at one shot location using Delft
approach.Right: Shotrecordat thesamelocation.Thekinematics
of all multiplesarecorrectlymodeled. The relative amplitudeof
high-ordermultiplesis notpreserved.

assumethata multiplemodelis known in advance.Themostpop-
ularwayto derive themultiplemodelis usingthe“Delft approach”
(Verschuuret al., 1992)in which themultiple modelis calculated
via autoconvolution of the recordedwave�eld (Figure1). A well-
known problemof thesingleconvolution approachto modelingis
that it modelsthekinematicsfor every multiplecorrectly, but does
not preserve therelative amplitudeof high-ordermultiples.Brown

andClapp(2000)show thatapattern-basedapproachcancompen-
satefor amplitudeerrorsin thenoisemodeling.

The recentpattern-basedtechniquesin the literatureareapproxi-
matelyequivalentto Wieneroptimalestimation(Castleman,1996)
sincethey utilize thePEFto approximatethesignalandnoisepower
spectra.For instance,Spitz (2000)uses f � x domainPEFwhile
Brown andClapp(2000)andClappandBrown (2000)uset � x
domainPEF.

We presenta new methodthat is not basedon the Wienerrecon-
structionof thesignal.Following Nemeth(1996),weusethePEF's
aspredictionoperatorsasopposedto �ltering operatorsasin the
Wienerapproach.Nonetheless,thismethodbelongsto thepattern-
basedtypesincePEF's arestill estimatedfor thenoiseseparation.
Ourgoalis to show thatthisnew methodologyleadsto aproperex-
tractionof themultiplesandhasthepotentialto overtake theclas-
sicalWienerformulation. In the �rst partof this paper, we review
the theoreticaldevelopmentsof both the Wiener-like schemeand
thenew proposedtechnique,discussingtheir differencesandsim-
ilarities. Then,we comparethetwo strategieson a surface-related
multipleattenuationproblemin complex geology.

THEORY REVIEW

We presentthe theoreticalbasisfor both the Wienermethodand
the new proposedscheme.We show that our new methodoffers
the opportunityto betterseparatenoisefrom signalusinginverse
theory.

Wiener method
A constrainedleast-squaresproblemusingPEF's gives a similar
expressionfor the noiseestimationthandoesthe Wienermethod.
To seethis, considertherecordeddatato bethesimplesuperposi-
tion of “signal”, i.e., primaryre�ectionsand“noise”, i.e., surface-
relatedmultiples: d D sC n. For the specialcaseof uncorrelated
signalandnoise,the so-calledWiener estimatoris a �lter , which
whenappliedto the data,yields an optimal (least-squaressense)
estimateof theembeddedsignal(Castleman,1996).Thefrequency
responseof this �lter is

H D
Ps

Pn C Ps
, (1)

wherePs andPn arethe signalandnoisepower spectra,respec-
tively.

Abma(1995)solveda constrainedleastsquaresproblemto sepa-
ratesignalfrom spatiallyuncorrelatednoise:

Nn � 0

� Ss � 0 (2)

subjectto $ d D sC n

wherethe operatorsN andS representt � x domainconvolution
with nonstationaryPredictionError �lters (PEF's) which whiten
the unknown noisen andsignal s, respectively. � is a Lagrange
multiplier. Minimizing thequadraticobjective functionsuggested
by equation(2) with respectto s leadsto thefollowing expression
for theestimatedsignal:

ŝD
�
NTNC � 2STS

� � 1
NTN d (3)
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By construction,the frequency responseof a PEF approximates
the inversepower spectrumof the data from which it was esti-
mated.Thuswe seethattheapproachof equation(2) is similar to
theWienerreconstructionprocess.We refer to this approachasa
“Wiener-like” method.It hasbeensuccessfullyusedby Brown and
Clapp(2000)for ground-rollattenuationandby ClappandBrown
(2000)for multipleseparation.

Now we give a methodthat computesthe signal PEF neededin
equation(2). Spitz(1999)showedthatfor uncorrelatedsignaland
noise,the signalPEFcanbe expressedin termsof a PEF, D, es-
timatedfrom the datad, anda PEF, N, estimatedfrom the noise
model:

SD DN� 1. (4)

Equation(4) statesthat thesignalPEFequalthedataPEFdecon-
volvedby the noisePEF. Spitz' resultappliesto one-dimensional
PEF's in the f � x domain, but our useof the helix transform
(Claerbout,1998)permitsstableinverse�ltering with multidimen-
sionalt � x domain�lters.

Proposedmethod
Here,weshow thattheformalismusedby Nemeth(1996)canhelp
to betterseparatecorrelatednoiseandsignal.But �rst, wedetailthe
analogiesand differencesbetweenthe Wiener-like and proposed
method.

In equation(2), the noiseandsignalPEF's �lter the datacompo-
nents.Now, following Nemeth(1996),thenoiseandsignalnonsta-
tionaryPEF's predictthe datacomponentsvia a deconvolution as
follows:

d D N� 1mn C S� 1ms. (5)

We call ms the signalmodelandmn the noisemodel (not to be
confusedwith themultiplemodelthatweuseto computethenoise
PEF).Clearly, N� 1mn modelsthe noisevectorn andS� 1ms the
signal vector s. Becausewe usePEF's in equation(5), this ap-
proachis pattern-basedin essence.But now, the PEF's are not
usedto approximatethe power spectrafor theWienerestimation,
but ratherusedto modelthedatacomponents.Now, we show the
opportunitiesfor improved resultsoffered by sucha formulation
for thesignal/noiseseparation.

Equation5 canbewritten in aneasierform. With L n D N� 1 and
Ls D S� 1, we cande�ne L D (L n Ls) andm0D (mn ms). Hence,
the�tting goalbecomes

0 D Lm � d, (6)

leadingto thefamiliar normalequations

L0Lm D L0d. (7)

Using linearalgebra,we canprove that the least-squaressolution
of m is �

m̂n
m̂s

�
D

�
(L0

nRsLn)� 1L0
nRs

(L0
sRnLs)� 1L0

sRn

�
d, (8)

with

Rs D I � Ls(L0
sLs)� 1L0

s,

Rn D I � Ln(L0
nLn)� 1L0

n. (9)

Rs andRn canbeseenassignalandnoise�lters respectively since
Ls(L0

sLs)� 1L0
s andLn(L0

nLn)� 1L0
n arethedataresolutionopera-

torsfor thesignalandthenoise.

The orthogonalitybetweenthe noiseoperatorL n and the signal
operatorL s conditiontheexistenceof m asderivedin equation(8).

If thetwo operatorsoverlapcompletely, thentheHessiansL 0
nRsLn

andL0
sRnLs arenot invertible. If the two operatorsoverlaponly

partially, then Nemeth(1996) proves that the separabilityof the
signalandnoisecanbe improved if we introducea regularization
term. If we usea modelspaceregularization(Fomel, 1997),we
havethen

�
m̂n
m̂s

�
D

�
(L0

nRsLn C � 2C0
nCn)� 1L0

nRs
(L0

sRnLsC � 2C0
sCs)� 1L0

sRn

�
d, (10)

with Cn andCs the regularizationoperatorsfor the noisemodel
mn andthesignalmodelms. A dataspaceregularizationcanalso
improve theseparation.

Again, thesignalPEF's areapproximatedusingSpitz' choice,i.e.,
SD DN� 1. In equation(5), theoutcomeof theinversionis mn and
ms. Theestimatedsignals̃ is theneasilyderivedasfollows:

s̃D d � N� 1mn. (11)

Wecall thisnew methodthesubtractionmethod.Wenow compare
theWiener-like approachandthesubtractionmethodfor multiple
attenuation.

MULTIPLE ATTENUATION RESULTS

We usethe very popularGulf of Mexico line provided by West-
ernGeco(Figure2). In themiddleof theseismicsection,thedata
containa shallow saltbodywhich generatesstrongreverberations
anddiffractions. This datasetis generallyutilized to benchmark
multipleattenuationtechniques.Weshow thatthesubtractionmeth-
od comparesfavorablywith theWiener-like approach.Noticethat
thesubtractionmethoddid not incorporatea regularizationtermas
suggestedabove.

Figure3 shows a CMP gatherextractedfrom the Gulf of Mexico
datasetandinfestedwith multiples. The main patternsareaccu-
rately modeled(right). This CMP gatheris taken outsidethe salt
boundaries.Themultiple attenuationstartsby thePEFestimation
for the dataandnoisemodel. Then, the noiseattenuationbegins
usingeithertheWiener-like methodor thesubtractionscheme.We
show thetheresultof themultiple attenuationusingbothmethods
in Figure4. The multipleshave beencorrectlyattenuatedin the
two cases.

We now extracta CMP gatherfrom above thesalt. Multiple atten-
uationbecomesmorechallengingbecausethe salt play generates
stronginternal multiples, diffractionsand shadow zonesthat are
dif�cult to incorporatein the noisemodelusinga simpleconvo-
lutional technique.Figure5 shows theselectedCMP gatherinside
thesaltboundarieswith thecorrespondingmultiplemodel.Despite
the inherentdif�culty of modelingsubsaltmultiples,thekinemat-
ics look correct.Figure6 showstheestimatedsignal.As expected,
theremainingsignalis lesscoherentinsidethesaltboundariesthan
outside.Nonetheless,the two schemesreveal hiddeninformation
in a similarway.

CONCLUSION

We applieda new t � x domain,pattern-basedsignal/noisesepa-
ration techniqueto a 2-D line contaminatedwith multiples. This
techniquediffers from the previous Wiener-like methodbecause
thedatacomponentsarenot �ltered but predicted.Thegoalof this
work wasto show (1) that thenoiseattenuationcanbeformulated
in a totally differentway usinga new �tting goal,(2) thatthis new
formulationleadsto a propersubtractionof thenoisecomponents
and(3) that so far, this methodis comparablein ef�ciency to the
Wiener-like method. The �rst resultsarevery encouraging.Yet,
wehavenotexploredthepossibilitiesofferedby theregularization
to improve thesignal-noiseseparation.
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Figure3: Left, CMPgatherinfestedwith multiples,outsidethesalt
boundaries.Right,multiplemodelat thesamelocation.

Figure 4: Left, estimatedsignal using the subtractionmethod.
Right,estimatedsignalusingtheWiener-like method.
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Figure2: Zerooffsetsectionof theGulf of Mexico data.Noticethestrongwater-columnmultiplesafter3.5seconds.

Figure5: Left, CMP gatherinfestedwith multiples,insidethesalt
boundaries.Right,multiplemodelat thesamelocation.

Figure 6: Left, estimatedsignal using the subtractionmethod.
Right,estimatedsignalusingtheWiener-like method.


