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ABSTRA CT

Using a dispersionrelation derived under the acousticmedium assumptionfor P -

wavesin orthorhombic anisotropicmedia,| obtain an acousticwave equationvalid

under the sameassumption. Although this assumptionis physically impossible
for anisotropic media, it results in wave equationsthat are kinematically and

dynamically accuratefor elasticmedia. The orthorhombic acousticwave equation,
unlike the transverselyisotropic (Tl) one,is a six-order equationwith three sets
of complexconjugatesolutions. Only one set of thesesolutionsare perturbations

of the familiar acousticwave eld solution in isotropic media for in-coming and

out-going P -waves,and thus, are of interest here. The other two setsof solutions
are simplify the result of this arti cially derived sixth order equation, and thus,

represen unwanted artifacts. Likein the Tl casetheseartifacts canbe eliminated

by placing the sourcein an isotropic layer, where sud artifacts do not exist.

INTR ODUCTION

Comparedwith the elasticwave equation,the acousticwave equationhastwo features:
it is simpler, and thus, more e cient to use,and it doesnot yield Shearwaves, and
asaresult, it canbe usedfor zero-o set modeling of P-waves. Though in anisotropic
media, an acoustic wave equation does not, physically, exit, Alkhalifah (1997b) de-
rived sud an acousticwave equationfor transverselyisotropic mediawith a vertical
symmetry axis (VTI media). If we ignore the physical aspects of the problem, an
acousticequationfor TI mediacanbe extracted by simply setting the shearwave ve-
locity to zero. Kinematically sud equationsyield good appraoximations to the elastic
ones. Orthorhombic anisotropic media are more complicatedthan VTl ones. They
represeh models where we can have vertical fractures along with the general VTI

preference(i.e. horizortal thin layering). Orthorhombic media have three mutually
orthogonal planesof mirror symmetry; for the model with a single system of verti-
cal craks in a VTl badkground, the symmetry planesare determined by the cradk
orientation. Numerousequationshave beenderived lately for orthorhombic media
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including the normal moveout (NMO) equation for horizorntal and dipping re ectors
derived by Gredhka and Tsvankin (1997). Theseequationsare generallycomplicated
and are often solved numerically The complexity of theseequationsstem from the
complexity of the phasevelocity and the dispersion relation for orthorhombic me-
dia. Howewer, the phasevelocity and dispersion relation, as we will seelater, can
be simpli ed considerablyusing the acoustic medium assumption. Thus, practical
analytical solutionsfor the NMO equationin orthorhombic mediais possible.In this
paper, | derive a dispersion relation for orthorhombic anisotropic media basedon
the acousticappraximation. | then look into the accuracyof sud an equation, and
subsequetty useit to derive an acousticwave equationfor orthorhombic anisotropic
media. Finally, | solve the acousticwave equationsanalytically. This is a preliminary
study of the subject and a follow up paper will include details and experimerts left
out of this paper.

ANISOTR OPIC MEDIA PARAMETERS IN ORTHORHOMBIC
MEDIA

Unlike in VTl media, where the model is fully characterizedby 5 parameters,in
orthorhombic media we need9 parametersfor full characterization. Howeer, like
in VTI media, not all parametersare expectedto in uence P-wave propagation to
a detectabledegree.Therefore,alternative parameterrepresetation is important to
simplify the problemto a level where key parameter dependenciesare recognizable.
The sti ness tensor ¢; i for orthorhombic mediacan be represeted in a compressed
two-index notation (the so-called\V oigt recipe") asfollows:

1
Ci1 C2 Gz 0 O O
Co G2 &3 0 O O
_BGC3 & 3 0 0 O
€= 0 0 O cua O 0 (1)
0 0 O O 5 O
0 0O O O O cg

In VTI media, Ci; = Cpo, Ci3 = Cp3, Caa = Cs5, Ci12 = €11 2Ca4, and thus the number
of independert parametersreducefrom 9 to 5. With additional constrairts given by
the isotropic model the number of independern parameterswill ultimately reduceto
two. Signi cant progresshowever, can be madeby combining the sti nessesin sut
a way that will simplify analytic description of seismicvelocities. Tsvankin (1997)
suggestedh parameterizationsimilar to what Thomsen(1986)usedfor VTI mediaand
to what Alkhalifah and Tsvankin (1995)addedfor processingpurposesnamelythe
parameter. | will list the nine parametersneededio characterizeorthorhombic media
below. Howewer, for corveniencein later derivations, | will replacethe parameters
with  parametersand useslightly di erent notations than those given by Tsvankin
(1997). In summary thesenine parametersare related to the elastic coe cien ts as
follows:
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the P-wave vertical velocity:
S

%3 isthedensity) : @)

Vy

the vertical velocity of the S-wave polarizedin the x;-direction:

S

Vg 8 3)
the vertical velocity of the S-wave polarizedin the x,-direction:
" %o
Vs2 = ; (4)
the horizontal velocity of the S-wave polarizedin the x3-direction:
S C—
Vs3 -4 ; (5)
the NMO P-wave velocity for horizortal re ectors in the [x1; X3] plane:
V
u
P C13(C13 + 2Cs5) + C33Css |
Vq ) (6)
(Caz  Cs5)
the NMO P-wave velocity for horizortal re ectors in the [x»; X3] plane:
V
u
H C23(Co3 + 2Ce6) + C33Ces |
V2 ’ (7)
(Caz  Cep)
the parameterin the [x1;X3] symmetry plane:
. C11(Css  Css) 1 (8)
2C13(C13 + 20s5) + 203305 2
the parameterin the [x;; X3] symmetry plane:
C22(Cs3  Cas) 1— ) 9)

2C3(Coz + 2C44) + 2C33Cas 2

the parameterin the [X1;X;] plane (x; plays the role of the symmetry axis):

(Ciz+ C66)2 (Cia C66)2 )

2¢11(Ci1 Cee) (10)
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This notation presenesthe attractiv e featuresof Thomsenparametersin describing
velocities, and traveltimes. They also provide a simple way to measureanisotropy,
since the dimensionlesgparametersin the new represetation equal zero when the
medium is isotropic. The notation used above, also, simplify description of time-
related processingequations. To easesomeof the derivations later in this paper | will
alsousethe horizonal velocity in the x; direction:

q
Vi vy 1+ 29 (11)
and the horizortal velocity in the x, direction:
q
Vo v 1+ 2 (12)

Both horizortal velocities are givenin terms of the above parametersand thus do not
add to the number of independen parametersrequired to represen orthorhombic
media. Finally, | will use asfollows

P

1+ 2 : (13)

Thus, for isotropic media = 1.

THE DISPERSION RELA TION

Seismiae ection data areoftenrecordedon the Earth surface. Therefore,an equation
that descrikesthe vertical slovnessasa function of the horizontal one,the dispersion
relation, is a key equation for imaging sud data. In fact, re ection seismicdata ex-
plicitly provideshorizortal slovnessinformation given by the slope of the re ections.
Howeer, a simple P -wave analytical equationthat descritesthe vertical slovnessas
a function of the horizortal one doesnot exist in a practical form for orthorhombic
media. Becauseobtaining sud an equation requiressolving for the roots of a cubic
polynomial asa function of the squaredvertical slovness.On the other hand, setting
all three shearwave velocities to zerowill reducethe cubic equationto a linear one.
The in uence of the shear-vave velocities on P-wave propagationis small. This is
a generalstatemen that holds for most anisotropies,but have been proven exten-
sively for transverselyisotropic media. The setting of the shearvelocity to zero, as
we will seelater, will not compromisethe accuracyof the equationsfor kinematic or
dynamic uses.To obtain the dispersionrelation for orthorhombic anisotropy we must
rst derive the Christo el equationfor sud media. A generalform for the Christo el

equationin 3-D anisotropic mediais given by

ik (Xs; Pi) = & (Xs)p; s

with

[}
@’
dj ki = Gjki=;

pi =
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wherep; arethe componerns of the phasevector, isthe traveltime alongthe ray, is
the bulk density, x5 are the Cartesiancoordinatesfor position alongthe ray, s=1,2,3.
For orthorhombic media, the Christo el equationslightly simpli es, andin its matrix
form (using A instead of g; i) is given by

Apnpi®+ AgsP2® + Assps® 1 (A12+ Ags) P12 (A3 + Ass) p1ps
(A12+ Ags) P1P2 Ags P>+ A2 + Aaps® 1 (Azz+ Agg) P2Ps
(A1z+ Ass) p1ps (Azz+ Aus) P2Ps Asspr? + Ayg p2(2 +)A33 ps? 1
14

whereA; arethe density normalizedelasticcoe cients (A = Cl). Setting all shear
wave velocities (Vs1, Vs2, and vs3) to zero and using Tsvankin's (1997) parameter
represeration, the Christo el equationreducesto

0 1
Vi (1+2 1) 1 pepyvi2 (I+2 1) pep VW
PpyViZ(1+2 1) p2v?(1+2 ) 1 ppvaWwy (15)
Px Pz V1 Wy Py P, V2 Wy pAw? 1

Herewe have replacedp, with py, p, with py, and ps with p,, for convenience.Taking
the determinart of (15) givesa linear equationin p2, as follows

Det = 1+ p2v2+p2v.? 1+2, 2p2w?,
pAvi? 1 2 1+ 2p2w? g

P2 vi? py 2vi? + vl + 2plviv? 2 plvivew?
PEVIZP PRV 4 2w 1+ 2v% 1+ 4 Pptvitv 1 4 ptvivaw®

2,22 2,2 2 2.2,2,2 2 2 2 2., 2., 2
Px Vi~ Py 4 “vi® 17+ 4 PVt 1T+ 2V0° o+ 4V 1 o 4RVt 1 2 (16)

Setting equation (16) to zero and solving for p, provides the dispersionrelation for
orthorhombic media as follow p; =

1 p2Ve® pEVi2 L+ p2 ((2vi2 w2+ 2 2v2 1 2v2 )

17
w2 1 2p2v:2 5, pEvi2 2 1+ p2 2viR(l+4 ) 2 Ava+ A1 4 ) 40

Ead principal plane of the orthorhombic model is VTI in nature, thus setting p,=0

in equation (17) gives |

vips

% 1 2.vip2

which is simply the dispersionrelation for the VTI case shown by Alkhalifah (1997a).
Note that the vertical velocity appears only oncein equation (17) and thus the
vertical-time baseddispersionrelation, like in the caseof VTI media, becomevertical
velocity independent. This featureis shovn approximately by Gredka and Tsvankin
(1997) using numerical methods, and is shovn exactly here.
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ACCURA CY TESTS

Before we use the new dispersion relation to derive an acoustic wave equation we
must rst investigate how accurateis this dispersionequationin represeting elastic
media. Speci cally, | will measurethe error asseiated with equation17 with respect
to the elasticequation. The dispersionrelation for elastic mediais evaluated numeri-
cally. Sincethe isotropic dispersionrelation is independert of the shearwave velocity,
and it's acousticversionis exact, the errors correspnding to the acousticdispersion
equationis expectedto be dependert on the strength of anisotropy. Figure 1 showvs

Figure 1: Errors in p, ewaluated
using equation 17 measured in
s/km as a function of p, and py.
The orthorhombic model hasv, =1
km/s, v; = 1.1 km/s, , = 01,
v, = 1.2 km/s, >, = 0:2, and
=0.1. The shearwave velocities
for the elastic medium equal 0.5

s, N

a 3-D surfaceplot of the error in p, ewaluated using equation 17 as a function py

and py. The error is given by the di erence betweenp, measuredusing equation 17
and that using the elastic equation, with non-zeroshearwave velocities. In fact, the
referenceelastic medium has shearwave velocities equal to half the vertical P-wave
velocity ( Vs1 = Vg2 = Vg3 = 0:5 km/s). Sincethe vertical P-wave velocity in all the
examplesequal 1 km/s, p, can have a maximum value of 1 and a minimum of zero.
The Orthorhombic model usedin Figure 1 hasv, = 1.1 km/s, ; = 01, v, = 1.2
km/s, , = 0:2, and =0.1. This model is practical with a strength of anisotropy
that is consideredmoderate. Clearly, the errors given by a maximum value of 0.002
is extremely small suggestingthat equation 17 is accuratefor this case.Equation 17
is exact for zero and 90 degreedip re ectors, and therefore, most of the errors oc-
cur at anglesin between. Howewer, sud errors are clearly small. From my earlier
experience(Alkhalifah, 1997a),errors in the acoustic appraximations increasewith

increasingshearwave velocity. Obviously, if shearwave velocity equalszerono errors
areincurred. Figure 2 shavs the samemodel usedin Figure 1, but with higher shear
wave velocities. Speci cally, vs; = 0:6 km/s, vs, = 0.7 km/s,and vg3 = 0:7 km/s.

Here,the vertical S-wave to P -wave velocity ratio equal 0.6, which canbe considered
as an upper limit for most practical modelsin the subsurface.Yet, the errors given
by the acoustic appraximations (maximum error equal to 0.003)is still extremely
small. To test the limits of the new dispersionrelation, | usean orthorhombic model
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Figure 2: Errors in p, ewalu-
ated using equation 17 measured
in s/km as a function of p, and
py. The orthorhombic model has
w=1 km/s, v; = 1.1 km/s, ;=
01, v, = 1.2 km/s, , = 02,
and =0.1. Here, the elastic
mediumhasvs; = 0:6 km/s, vs, =
0:7 km/s,and vsz = 0:7 km/s.
(tariq2-errorls [NR]

Figure 3: Errors in p, ewalu-
ated using equation 17 measured
in s/lkm as a function of p, and
py. The orthorhombic model has
w=1 km/s, v; = 0.9 km/s, ;=
06, v» = 1.2 km/s, , = 04,
and =0.3. Here, the elastic
mediumhasvg; = 0.7 km/s, v, =
0:8 km/s, and vs3 = 0:8 km/s.

NR
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of strong anisotropy. Speci cally, v; = 0:9 km/s, ;= 0:6,v, = 1.2 km/s, , = 04,
and =0.3. The strength of anisotropy in this test is given by the high 3, », and

values. | alsousefor the elasticequationhigh shearwave velocities given by vg; = 0:7
km/s, vs, = 0:8 km/s,and vsz = 0:8 km/s. Figure 3 shaws a 3-D surfaceplot of
the error in p, evaluated using equation 17 as a function p, and p,. The errors are
slightly larger than thosein Figures1 and 2, but overall acceptable. The maximum
error of about 0.004is much smallerthan the possiblerangeof p,. Howeer, there is

Figure 4: Errors in p, ewalu-
ated using equation 17 measured
in s/lkm as a function of p, and
py. The orthorhombic model has
w=1 km/s, v; = 0.9 km/s, ;=
06, v» = 1.2 km/s, , = 04,
and =0.3. Here, the elastic
mediumhasvg; = 0:9 km/s, v, =
0:9 km/s, and vs3 = 0:9 km/s.
tariq2-error2s [NR]

a limit to what kind of shearwave velcocities the elastic media can have before this
acousticappraximation breaksdown. Figure 4 shows the errors for the samemodel
in Figure 3 with even higher shearwave velocities. Speci cally, vs; = Vg = Vg3 = 0:9
km/s. Suddenly the acoustic appraximation incurs large errors, up to 0.02in the
value of p, over a possiblerange of 1. Howewer, note that sud a model given by
Vs1 = Vg2 = Vg3 = 0:9 km/s is highly unlikely consideringthat the vertical P-wave
velocity equal 1 km/s. This constitutes an extreme orthorhombic anisotropy model
that probably doesnot exist in the subsurface.For comparison,Figure 5 shaws this
sameerror test, howewer for a VTI model. The model is given by v; = 1.1 km/s,

1= 01,v, = 111 km/s, ,= 0:1,and =0. The error sizeis very similar to that in
Figure 1, but moresymmetric sincethe VTI model exertssymmetry on the horizortal
plane. In summary the dispersionrelation given by equation 17 is, for all practical
purposes,exact. Thus, the acoustic wave equation extracted from this dispersion
relation is expectedto be accurateaswell.

THE ACOUSTIC WAVE EQUA TION FOR ORTHORHOMBIC MEDIA

Usingthe dispersionrelation of equation 17, we can derive an acousticwave equation
for orthorhombic media as shavn in Appendix A. The resultart wave equation is
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Figure 5: Errors in p, ewaluated

using equation 17 measured in

s/km as a function of p, and p,. 0.002
The VTl model has v,=1 km/s, 0.001
vi = L1 km/s, ;= 01, v, =

1:1 km/s, , = 01, and =0.
tarig2-errorVTl | [NR]

sixth-order in time given by,

@F @F @F @F @F
o Vee Ves Voa eaa
F F
2 2V§V§ @222@2 +Vi2 2P V° @222@2
viZw? 2 vaVi+ 2V 4 w2 1 4, >) %3 (18)

This equation is two time-derivative orders higher than its VTl equivalert and 4
ordershigherthan the corvertional isotropic acousticwave equation. Setting ; = »,,
vi = Vp, and = 1, the conditionsnecessaryor the mediumto be VTI, equation(18)

reducesto
| I

@ @F @F @F @F @F @F
g o V"V aetve “ed l' e@ o@
= 0:(19)

Substituting M = % givesus the acousticwave equationfor VTl mediaderived by
Alkhalifah (1997a),

| |
@m @em @M _ , @M @M eM
a@* (1+2 )V2 @2@? + @2@? - Vs@z@z 2 VZV\% a@c@? + @2@2 (20)

Thus, as expected, equation (18) reducesto the exact VTl form when VTl model
conditions are used,and subsequetty it will reduceto the exactisotropic form (the
convertional second-ordeacousticwave equation) when isotropic model parameters
areused(ie., =0, = ,=0andv; = v, = Vv,). Equation (18) can be
solved numerically using nite di erence methods. Howewer, sud solutions require



272 Alkhalifah

complicated numerical evaluations basedon sixth-order appraximation of derivative
in time. Substituting M = @2 into equation (18) yields,

@M @M @M @M @M
@ Voo Ve “ea 2“Vae
M
2 2V§ 5@6‘2@2 + V12 2V12 V22 7@5@2
Vi2w? 2 Vit 2Vi2+ vl (L 4 ) %? (21)

<

which is a fourth order equationin derivatesof t. In addition, substituting P = @
into equation (21) yields

@P z@P 2@P 2@ 2 2 @M
@2 =Vi=5 @2 + V=5 @2 W @2 2 1ViV, V@(z@z
2 2 2 @ V 2 2V 2 V 2 @M
2VoW v @r@? 1 1 2 @@
2., 2 2v/ 2 2 @F
Vi<V 2 LVit+ “Vit+ v (1 44 ) m; (22)

which is now secondorder in derivates of t. Equation (22) also clearly displays the
various levels of parameterin uence on the wave equation. For example,if ;=
and v; = v, the last term in equation (22) drops.

ANAL YTICAL SOLUTIONS OF THE ANISOTR OPIC EQUA TION

To solwe equation (18), we usethe plane wave,
F(x;y;z;t) = A(t) expi(kex + kyy + k;2);

as a trial solution. Substituting the trial solution into the partial di erential equa-
tion (18), we obtain the following linear equationfor A,

d°A d4A
21, 2\/2 2y\/ 2 2 21, 24,2y, 2 21 24,2y, 2 dZA

k2 kg2 K2Vvi2v2 2 v+ 2Vi2+wP (1 4, ) A=00  (23)

The fact that equation (23) includesonly even order derivates of A implies that we
have three setsof complex-conjugatesolutions. Thesesolutionsare

Par
Aty=e =5 (24)
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where
4 2+
a; = 2a+ g 2> (a°+ 3 o+
283+ 9ab+ 27c+  4(a2+ 30)°+ (2ad+ 9ab+ 2702
q 1
2% 2a%+ 9ab+ 27c+  4(a?+ 3D+ (2a3+ 9ab+ 270)% :
At)y=e B (25)
where
28 i+°3 (a2 + 3b)
a = 4a q — +

2ad+ 9ab+ 27c+  4(a2+ 30)° + (2a%+ 9ab+ 2702

_ q 1
125 i+73 223+ 9ab+ 27c+  4(a2+ 307+ (28° + 9ab+ 270)° -

and
P o
As(ty=e = (26)
where
i2t i+"3 (a2 + 3b)
az = 4a+ q 1

2ad+ 9ab+ 27c+  4(a2+ 30)° + (2a%+ 9ab+ 2702

_ q
2% 1+i°3 223+ 9ab+ 27c+ 4(a2+ 3b)°%+ (2a3 + 9ab+ 27¢0)%

=

The above are simply the three roots of the following cubic polynomial
x3+ ax’+ bx+ c=0

with

and
c= k2 kP KAViP W2 2 wuVi+ 2Vi2+ w2 (L 4 4 )

asit relatesto our problem. Solution (25) reducesto the isotropic medium solution
when =0. Solutions(24) and (26) are additional wavesthat reducesin the isotropic
limt (! O, ,! 0O,and ! 0)to 1 and, with the proper initial condition,
its coe cient to zero. In other words, solutions (24) and (26) becomeindependen
of time for = , = = 0. Howewr, these waves will prove to be harmful in
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orthorhombic case.The main concernhereis the signof a;, a, and az. A negative sign
will result in an imaginary exponertial term which correspndsto wave propagation
behavior. A positive sign will result in a real exponertial that is either decging
or growing depending on the sign of the exponertial term. Consideringwe have
conjugate solutions, at least one the solutions will be growing exponertially and
causingseriousinstability problems. | will leave the analysisof a;, a,, and a; to a
follow up paper.

CONCLUSIONS

Equationsthat descrile wave propagationin orthorhombic media are derived under
the acousticassumption. Theseinclude a dispersionrelation, which is a key equation
for imaging, and a wave equation, which is important for modeling P -waves. Though
the Earth subsurfaceis always elastic in anisotropic media, these acoustic appraoxi-
mationsyield accuratekinematic and dynamic descriptionsof P -wave propagationin
elastic media. In addition, the acousticequationsare simpler than the elastic ones,
and thus, they are more e cien t and easierto use.
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APPENDIX A
THE ACOUSTIC WAVE EQUA TION FOR ORTHORHOMBIC  MEDIA

In the text we derived an acousticdispersionrelation [equation 17] for orthorhombic
anisotropy. This relation can be usedto derive the acousticwave equation following
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the samestepsl took in deriving sud an equationfor VTI media(Alkhalifah, 1997b).
First, we castthe dispersionrelation in a polynomial form in terms of the slovnesses
and substitute theseslovnessewith waverumbers as follows,
1O = VAL AE + VAT AKE + V2LAKE 2 qvivdt PkEk?
2 vavol 2kTKE + V2 AP VP 1 AkEKS
V12 VV2 2 V2V1 + 2V12 + V22 (1 4 1 2) kfkgkg (A'l)
wherep, = K« , Py = %, andp, = ,—Z As a reminder, V; and V, are the horizortal

velocities along the x- aX|s and the y-axis, respectively. Multiplying both sides of
equation (A-1) by the wave eld in the Fourier domain, F (ky; ky;k;;! ), aswell as

using inverse Fourier transform on ky, ky, and k, (ky ! il ky ! i%, and
k, ! id—dz) yields a wave equationin the space-frequencylomain, given by
@F @F F @F @F
1 SF = VA1 4= + V2 4@ + V2 4@ + 2 VA2 2@2@2 + 2 Va2 2@2@2
2 2 2 2 2 @F
\ A/ aC@?
ViIPW2 2 Vit VP VA (L 4 ) LA'Z)
CgCRE:
Finally, applying inverseFouriertransformon! (! ! i@@), the acousticwave equation
for VTI mediais given by
@F _ ., @F , @F , @F @F
= Vi +V; tVi—— 21V
@° @@ @ @? @ @? @a@?
2,2 @F 2 2y2 2 @F
2 2VaV, V@z@z@z +Vi Vit Ve @22 @)2
2., 2 2 2 2 @F .
Vi~ Vy 2 V2V1+ Vl + Vs (1 4 1 2) m (A-B)

Unlike the acousticwave equationfor VTI media (Alkhalifah, 1997b)which is fourth
order in time, equation (A-3) is sixth order in time, and thus can provide us with 6
independen solutions.



