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ABSTRA CT

Using a dispersionrelation derived under the acousticmedium assumptionfor P-
wavesin orthorhombic anisotropicmedia,I obtain an acousticwaveequationvalid
under the sameassumption. Although this assumptionis physically impossible
for anisotropic media, it results in wave equations that are kinematically and
dynamicallyaccuratefor elasticmedia. The orthorhombic acousticwaveequation,
unlike the transverselyisotropic (TI) one, is a six-order equation with three sets
of complexconjugatesolutions. Only oneset of thesesolutionsare perturbations
of the familiar acoustic wave�eld solution in isotropic media for in-coming and
out-goingP-waves,and thus, are of interest here. The other two setsof solutions
are simplify the result of this arti�cially derived sixth order equation, and thus,
represent unwanted artifacts. Like in the TI case,theseartifacts canbeeliminated
by placing the sourcein an isotropic layer, wheresuch artifacts do not exist.

INTR ODUCTION

Comparedwith the elasticwaveequation,the acousticwaveequationhastwo features:
it is simpler, and thus, more e�cien t to use,and it doesnot yield Shearwaves,and
asa result, it canbe usedfor zero-o�set modeling of P-waves. Though in anisotropic
media, an acousticwave equation does not, physically, exit, Alkhalifah (1997b) de-
rived such an acousticwave equation for transverselyisotropic media with a vertical
symmetry axis (VTI media). If we ignore the physical aspects of the problem, an
acousticequation for TI mediacanbe extracted by simply setting the shearwave ve-
locity to zero. Kinematically such equationsyield good approximations to the elastic
ones. Orthorhombic anisotropic media are more complicatedthan VTI ones. They
represent models where we can have vertical fractures along with the generalVTI
preference(i.e. horizontal thin layering). Orthorhombic media have three mutually
orthogonal planesof mirror symmetry; for the model with a single systemof verti-
cal cracks in a VTI background, the symmetry planesare determined by the crack
orientation. Numerousequationshave been derived lately for orthorhombic media
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including the normal moveout (NMO) equation for horizontal and dipping re
ectors
derived by Grechka and Tsvankin (1997). Theseequationsare generallycomplicated
and are often solved numerically. The complexity of theseequationsstem from the
complexity of the phasevelocity and the dispersion relation for orthorhombic me-
dia. However, the phasevelocity and dispersion relation, as we will seelater, can
be simpli�ed considerablyusing the acoustic medium assumption. Thus, practical
analytical solutionsfor the NMO equation in orthorhombic media is possible.In this
paper, I derive a dispersion relation for orthorhombic anisotropic media basedon
the acousticapproximation. I then look into the accuracyof such an equation, and
subsequently useit to derive an acousticwave equation for orthorhombic anisotropic
media. Finally, I solve the acousticwave equationsanalytically. This is a preliminary
study of the subject and a follow up paper will include details and experiments left
out of this paper.

ANISOTR OPIC MEDIA PARAMETERS IN ORTHORHOMBIC
MEDIA

Unlike in VTI media, where the model is fully characterized by 5 parameters, in
orthorhombic media we need 9 parametersfor full characterization. However, like
in VTI media, not all parametersare expected to in
uence P-wave propagation to
a detectabledegree.Therefore,alternative parameterrepresentation is important to
simplify the problem to a level wherekey parameterdependenciesare recognizable.
The sti�ness tensor cij kl for orthorhombic media can be represented in a compressed
two-index notation (the so-called\V oigt recipe") as follows:

C =

0

B
B
B
B
B
B
B
B
@

c11 c12 c13 0 0 0
c12 c22 c23 0 0 0
c13 c23 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66

1

C
C
C
C
C
C
C
C
A

: (1)

In VTI media, c11 = c22, c13 = c23, c44 = c55, c12 = c11 � 2c44, and thus the number
of independent parametersreducefrom 9 to 5. With additional constraints given by
the isotropic model the number of independent parameterswill ultimately reduceto
two. Signi�cant progress,however, can be madeby combining the sti�nessesin such
a way that will simplify analytic description of seismicvelocities. Tsvankin (1997)
suggesteda parameterizationsimilar to what Thomsen(1986)usedfor VTI mediaand
to what Alkhalifah and Tsvankin (1995)addedfor processingpurposes,namely the �
parameter. I will list the nine parametersneededto characterizeorthorhombic media
below. However, for conveniencein later derivations, I will replacethe � parameters
with � parametersand useslightly di�erent notations than thosegiven by Tsvankin
(1997). In summary, thesenine parametersare related to the elastic coe�cien ts as
follows:
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� the P-wave vertical velocity:

vv �
s

c33

�
(� isthedensity) ; (2)

� the vertical velocity of the S-wave polarized in the x1-direction:

vs1 �
s

c55

�
; (3)

� the vertical velocity of the S-wave polarized in the x2-direction:

vs2 �
s

c66

�
; (4)

� the horizontal velocity of the S-wave polarized in the x3-direction:

vs3 �
s

c44

�
; (5)

� the NMO P-wave velocity for horizontal re
ectors in the [x1; x3] plane:

v1 �

vu
u
t c13(c13 + 2c55) + c33c55

� (c33 � c55)
; (6)

� the NMO P-wave velocity for horizontal re
ectors in the [x2; x3] plane:

v2 �

vu
u
t c23(c23 + 2c66) + c33c66

� (c33 � c66)
; (7)

� the � parameter in the [x1; x3] symmetry plane:

� 1 �
c11(c33 � c55)

2c13(c13 + 2c55) + 2c33c55
�

1
2

; (8)

� the � parameter in the [x2; x3] symmetry plane:

� 2 �
c22(c33 � c44)

2c23(c23 + 2c44) + 2c33c44
�

1
2

; (9)

� the � parameter in the [x1; x2] plane (x1 plays the role of the symmetry axis):

� �
(c12 + c66)2 � (c11 � c66)2

2c11 (c11 � c66)
: (10)
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This notation preservesthe attractiv e featuresof Thomsenparametersin describing
velocities, and traveltimes. They also provide a simple way to measureanisotropy,
since the dimensionlessparametersin the new representation equal zero when the
medium is isotropic. The notation used above, also, simplify description of time-
relatedprocessingequations.To easesomeof the derivations later in this paper I will
alsousethe horizontal velocity in the x1 direction:

V1 � v1

q
1 + 2� 1; (11)

and the horizontal velocity in the x2 direction:

V2 � v2

q
1 + 2� 2; (12)

Both horizontal velocities aregiven in terms of the above parametersand thus do not
add to the number of independent parametersrequired to represent orthorhombic
media. Finally, I will use
 as follows


 �
p

1 + 2� : (13)

Thus, for isotropic media 
 = 1.

THE DISPERSION RELA TION

Seismicre
ection data areoften recordedon the Earth surface.Therefore,anequation
that describesthe vertical slownessasa function of the horizontal one,the dispersion
relation, is a key equation for imaging such data. In fact, re
ection seismicdata ex-
plicitly provideshorizontal slownessinformation given by the slope of the re
ections.
However, a simpleP-wave analytical equation that describesthe vertical slownessas
a function of the horizontal one doesnot exist in a practical form for orthorhombic
media. Becauseobtaining such an equation requiressolving for the roots of a cubic
polynomial asa function of the squaredvertical slowness.On the other hand, setting
all three shearwave velocities to zerowill reducethe cubic equation to a linear one.
The in
uence of the shear-wave velocities on P-wave propagation is small. This is
a generalstatement that holds for most anisotropies,but have beenproven exten-
sively for transversely isotropic media. The setting of the shearvelocity to zero, as
we will seelater, will not compromisethe accuracyof the equationsfor kinematic or
dynamic uses.To obtain the dispersionrelation for orthorhombic anisotropy we must
�rst derive the Christo�el equationfor such media. A generalform for the Christo�el
equation in 3-D anisotropic media is given by

� ik (xs; pi ) = aij kl (xs)pj pl ;

with
pi =

@�
@x i

;

aij kl = cij kl=�;
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wherepi arethe components of the phasevector, � is the traveltime alongthe ray, � is
the bulk density, xs are the Cartesiancoordinatesfor position along the ray, s=1,2,3.
For orthorhombic media, the Christo�el equationslightly simpli�es, and in its matrix
form (using A ij insteadof aij kl ) is given by

A11 p1
2 + A66 p2

2 + A55 p3
2 � 1 (A12 + A66) p1 p2 (A13 + A55) p1 p3

(A12 + A66) p1 p2 A66 p1
2 + A12 p2

2 + A44 p3
2 � 1 (A23 + A44) p2 p3

(A13 + A55) p1 p3 (A23 + A44) p2 p3 A55 p1
2 + A44 p2

2 + A33 p3
2 � 1

(14)
whereA ij are the density normalizedelasticcoe�cien ts (A ij = Cij

� ). Setting all shear
wave velocities (vs1, vs2, and vs3) to zero and using Tsvankin's (1997) parameter
representation, the Christo�el equation reducesto

0

B
@

px
2 v1

2 (1 + 2� 1) � 1 
 px py v1
2 (1 + 2� 1) px pz v1 vv


 px py v1
2 (1 + 2� 1) py

2 v2
2 (1 + 2� 2) � 1 py pz v2 vv

px pz v1 vv py pz v2 vv pz
2 vv

2 � 1

1

C
A (15)

Herewe have replacedp1 with px , p2 with py , and p3 with pz, for convenience.Taking
the determinant of (15) givesa linear equation in p2

z, as follows

Det = � 1 + pz
2 vv

2 + py
2 v2
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2 � 2

�
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�
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2 � 1

�
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2

�
�
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2
�

+ v2
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2
�

�
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2
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 2 v1
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2 vv
2 � 1 � 4 
 pz
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2 � 1

�

� px
2 v1

2 py
2

�
� 4 
 2 v1

2 � 1
2 + 4
 2 pz
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2 vv

2 � 1
2 + 2v2

2 � 2 + 4v2
2 � 1 � 2 � 4pz

2 v2
2 vv

2 � 1 � 2

�
(16)

Setting equation (16) to zero and solving for pz provides the dispersion relation for
orthorhombic media as follow p2

z =

1 � py
2 V2

2 � px
2 V1

2 (1 + py
2 (
 2 v1

2 � v2
2 + 2
 2 v1

2 � 1 � 2v2
2 � 2))

vv
2

�
1 � 2py

2 v2
2 � 2 � px

2 v1
2

�
2� 1 + py

2
�

 2 v1

2(1 + 4� 1) � 2 
 V1
v1 v2 + v2

2(1 � 4� 1 � 2)
� �� (17)

Each principal plane of the orthorhombic model is VTI in nature, thus setting py=0
in equation (17) gives

p2
z =

1
v2

v

 

1 �
v2

1p2
x

1 � 2� 1v2
1p2

x

!

;

which is simply the dispersionrelation for the VTI case,shown by Alkhalifah (1997a).
Note that the vertical velocity appears only once in equation (17) and thus the
vertical-time baseddispersionrelation, like in the caseof VTI media,becomevertical
velocity independent. This feature is shown approximately by Grechka and Tsvankin
(1997)using numerical methods, and is shown exactly here.
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A CCURA CY TESTS

Before we use the new dispersion relation to derive an acoustic wave equation we
must �rst investigatehow accurateis this dispersionequation in representing elastic
media. Speci�cally, I will measurethe error associated with equation17 with respect
to the elasticequation. The dispersionrelation for elasticmedia is evaluated numeri-
cally. Sincethe isotropic dispersionrelation is independent of the shearwave velocity,
and it's acousticversionis exact, the errors corresponding to the acousticdispersion
equation is expected to be dependent on the strength of anisotropy. Figure 1 shows

Figure 1: Errors in pz evaluated
using equation 17 measured in
s/km as a function of px and py.
The orthorhombic modelhasvv=1
km/s, v1 = 1:1 km/s, � 1 = 0:1,
v2 = 1:2 km/s, � 2 = 0:2, and
� =0.1. The shearwave velocities
for the elastic medium equal 0.5
km/s. tariq2-error1 [NR]
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a 3-D surfaceplot of the error in pz evaluated using equation 17 as a function px

and py. The error is given by the di�erence betweenpz measuredusing equation 17
and that using the elastic equation,with non-zeroshearwave velocities. In fact, the
referenceelastic medium has shearwave velocities equal to half the vertical P-wave
velocity ( vs1 = vs2 = vs3 = 0:5 km/s). Sincethe vertical P-wave velocity in all the
examplesequal 1 km/s, pz can have a maximum value of 1 and a minimum of zero.
The Orthorhombic model used in Figure 1 has v1 = 1:1 km/s, � 1 = 0:1, v2 = 1:2
km/s, � 2 = 0:2, and � =0.1. This model is practical with a strength of anisotropy
that is consideredmoderate. Clearly, the errors given by a maximum value of 0.002
is extremely small suggestingthat equation17 is accuratefor this case.Equation 17
is exact for zero and 90 degreedip re
ectors, and therefore, most of the errors oc-
cur at anglesin between. However, such errors are clearly small. From my earlier
experience(Alkhalifah, 1997a),errors in the acousticapproximations increasewith
increasingshearwave velocity. Obviously, if shearwave velocity equalszerono errors
are incurred. Figure 2 shows the samemodel usedin Figure 1, but with higher shear
wave velocities. Speci�cally, vs1 = 0:6 km/s, vs2 = 0:7 km/s,and vs3 = 0:7 km/s.
Here,the vertical S-wave to P-wave velocity ratio equal0.6,which canbe considered
as an upper limit for most practical models in the subsurface.Yet, the errors given
by the acoustic approximations (maximum error equal to 0.003) is still extremely
small. To test the limits of the new dispersionrelation, I usean orthorhombic model
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Figure 2: Errors in pz evalu-
ated using equation 17 measured
in s/km as a function of px and
py. The orthorhombic model has
vv=1 km/s, v1 = 1:1 km/s, � 1 =
0:1, v2 = 1:2 km/s, � 2 = 0:2,
and � =0.1. Here, the elastic
mediumhasvs1 = 0:6 km/s, vs2 =
0:7 km/s,and vs3 = 0:7 km/s.
tariq2-error1s [NR]
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Figure 3: Errors in pz evalu-
ated using equation 17 measured
in s/km as a function of px and
py. The orthorhombic model has
vv=1 km/s, v1 = 0:9 km/s, � 1 =
0:6, v2 = 1:2 km/s, � 2 = 0:4,
and � =0.3. Here, the elastic
mediumhasvs1 = 0:7 km/s, vs2 =
0:8 km/s, and vs3 = 0:8 km/s.
tariq2-error2 [NR]
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of strong anisotropy. Speci�cally, v1 = 0:9 km/s, � 1 = 0:6, v2 = 1:2 km/s, � 2 = 0:4,
and � =0.3. The strength of anisotropy in this test is given by the high � 1, � 2, and �
values. I alsousefor the elasticequationhigh shearwave velocities given by vs1 = 0:7
km/s, vs2 = 0:8 km/s,and vs3 = 0:8 km/s. Figure 3 shows a 3-D surfaceplot of
the error in pz evaluated using equation 17 as a function px and py. The errors are
slightly larger than those in Figures 1 and 2, but overall acceptable.The maximum
error of about 0.004is much smaller than the possiblerangeof pz. However, there is

Figure 4: Errors in pz evalu-
ated using equation 17 measured
in s/km as a function of px and
py. The orthorhombic model has
vv=1 km/s, v1 = 0:9 km/s, � 1 =
0:6, v2 = 1:2 km/s, � 2 = 0:4,
and � =0.3. Here, the elastic
mediumhasvs1 = 0:9 km/s, vs2 =
0:9 km/s, and vs3 = 0:9 km/s.
tariq2-error2s [NR]
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a limit to what kind of shearwave velocities the elastic media can have before this
acousticapproximation breaksdown. Figure 4 shows the errors for the samemodel
in Figure 3 with even higher shearwave velocities. Speci�cally, vs1 = vs2 = vs3 = 0:9
km/s. Suddenly the acoustic approximation incurs large errors, up to 0.02 in the
value of pz over a possiblerange of 1. However, note that such a model given by
vs1 = vs2 = vs3 = 0:9 km/s is highly unlikely consideringthat the vertical P-wave
velocity equal 1 km/s. This constitutes an extremeorthorhombic anisotropy model
that probably doesnot exist in the subsurface.For comparison,Figure 5 shows this
sameerror test, however for a VTI model. The model is given by v1 = 1:1 km/s,
� 1 = 0:1, v2 = 1:1 km/s, � 2 = 0:1, and � =0. The error sizeis very similar to that in
Figure 1, but moresymmetricsincethe VTI model exertssymmetry on the horizontal
plane. In summary, the dispersion relation given by equation 17 is, for all practical
purposes,exact. Thus, the acoustic wave equation extracted from this dispersion
relation is expectedto be accurateas well.

THE A COUSTIC WAVE EQUA TION FOR ORTHORHOMBIC MEDIA

Using the dispersionrelation of equation17, we canderive an acousticwave equation
for orthorhombic media as shown in Appendix A. The resultant wave equation is
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Figure 5: Errors in pz evaluated
using equation 17 measured in
s/km as a function of px and py.
The VTI model has vv=1 km/s,
v1 = 1:1 km/s, � 1 = 0:1, v2 =
1:1 km/s, � 2 = 0:1, and � =0.
tariq2-errorVTI [NR]
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sixth-order in time given by,

@6F
@t6

= V 2
1

@6F
@t4@x2

+ V 2
2

@6F
@t4@y2

+ v2
v

@6F
@t4@z2

� 2� 1v2
1v2

v
@6F

@t2@x2@z2

� 2� 2v2
2v2

v
@6F

@t2@y2@z2
+ V1

2
�

 2 V1

2 � V2
2
� @6F

@t2@x2@y2

�
�
v1

2 vv
2

�
� 2 
 v2 V1 + 
 2 V1

2 + v2
2 (1 � 4� 1 � 2)

�� @6F
@x2@y2@z2

: (18)

This equation is two time-derivative orders higher than its VTI equivalent and 4
ordershigher than the conventional isotropic acousticwave equation. Setting � 1 = � 2,
v1 = v2, and 
 = 1, the conditionsnecessaryfor the mediumto be VTI, equation(18)
reducesto

@2

@t2

 
@4F
@t4

� (1 + 2� )v2

 
@4F

@x2@t2
+

@4F
@y2@t2

!

� v2
v

@4F
@z2@t2

+ 2� v2v2
v

 
@4F

@x2@z2
�

@4F
@y2@z2

!!

= 0:(19)

Substituting M = @2F
@t2 givesus the acousticwave equation for VTI media derived by

Alkhalifah (1997a),

@4M
@t4

� (1 + 2� )v2

 
@4M

@x2@t2
+

@4M
@y2@t2

!

= v2
v

@4M
@z2@t2

� 2� v2v2
v

 
@4M

@x2@z2
+

@4M
@y2@z2

!

:(20)

Thus, as expected, equation (18) reducesto the exact VTI form when VTI model
conditions are used,and subsequently it will reduceto the exact isotropic form (the
conventional second-orderacousticwave equation) when isotropic model parameters
are used (i.e., � = 0, � 1 = � 2 = 0 and v1 = v2 = vv). Equation (18) can be
solved numerically using �nite di�erence methods. However, such solutions require
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complicatednumerical evaluations basedon sixth-order approximation of derivative
in time. Substituting M = @2F

@t2 into equation (18) yields,

@4M
@t4

= V 2
1
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@t2@x2

+ V 2
2
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v
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; (21)

which is a fourth order equation in derivatesof t. In addition, substituting P = @2M
@t2

into equation (21) yields
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; (22)

which is now secondorder in derivates of t. Equation (22) also clearly displays the
various levels of parameter in
uence on the wave equation. For example,if � 1 = � 2

and v1 = v2 the last term in equation (22) drops.

ANAL YTICAL SOLUTIONS OF THE ANISOTR OPIC EQUA TION

To solve equation (18), we usethe plane wave,

F (x; y; z; t) = A(t) expi (kxx + kyy + kzz);

as a trial solution. Substituting the trial solution into the partial di�erential equa-
tion (18), we obtain the following linear equation for A,
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��
A = 0: (23)

The fact that equation (23) includesonly even order derivates of A implies that we
have three setsof complex-conjugatesolutions. Thesesolutionsare

A1(t) = e�
p

a1
6 t ; (24)
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12 t ; (26)

where

a3 = 4a +
i 2

4
3

�
i +

p
3

�
(a2 + 3b)

�

2a3 + 9ab+ 27c+
q

� 4(a2 + 3b)3 + (2 a3 + 9ab+ 27c)2
� 1

3
�

2
2
3

�
1 + i

p
3

� �

2a3 + 9ab+ 27c+
q

� 4(a2 + 3b)3 + (2 a3 + 9ab+ 27c)2
� 1

3

:

The above are simply the three roots of the following cubic polynomial

x3 + ax2 + bx+ c = 0

with
a = �

�
kz

2 vv
2
�

� kx
2 V1

2 � ky
2 V2

2;

b=
�

 2 kx

2 ky
2 V1

4
�

� kx
2

�
ky

2 V1
2 V2

2 � 2kz
2 v1

2 vv
2 � 1

�
� 2ky

2 kz
2 v2

2 vv
2 � 2;

and
c = kx

2 ky
2 kz

2 v1
2 vv

2
�
� 2 
 v2 V1 + 
 2 V1

2 + v2
2 (1 � 4� 1 � 2)

�
;

as it relates to our problem. Solution (25) reducesto the isotropic medium solution
when � =0. Solutions(24) and (26) are additional wavesthat reducesin the isotropic
limit (� 1 ! 0, � 2 ! 0, and � ! 0) to 1 and, with the proper initial condition,
its coe�cien t to zero. In other words, solutions (24) and (26) becomeindependent
of time for � 1 = � 2 = � = 0. However, these waves will prove to be harmful in
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orthorhombic case.The main concernhereis the signof a1, a2 anda3. A negativesign
will result in an imaginary exponential term which correspondsto wave propagation
behavior. A positive sign will result in a real exponential that is either decaying
or growing depending on the sign of the exponential term. Considering we have
conjugate solutions, at least one the solutions will be growing exponentially and
causingseriousinstabilit y problems. I will leave the analysisof a1, a2, and a3 to a
follow up paper.

CONCLUSIONS

Equations that describe wave propagation in orthorhombic media are derived under
the acousticassumption.Theseinclude a dispersionrelation, which is a key equation
for imaging, and a wave equation,which is important for modeling P-waves. Though
the Earth subsurfaceis always elastic in anisotropic media, theseacousticapproxi-
mations yield accuratekinematic and dynamic descriptionsof P-wave propagationin
elastic media. In addition, the acousticequationsare simpler than the elastic ones,
and thus, they are more e�cien t and easierto use.
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APPENDIX A

THE A COUSTIC WAVE EQUA TION FOR ORTHORHOMBIC MEDIA

In the text we derived an acousticdispersionrelation [equation17] for orthorhombic
anisotropy. This relation can be usedto derive the acousticwave equation following
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the samestepsI took in deriving such an equationfor VTI media(Alkhalifah, 1997b).
First, we cast the dispersionrelation in a polynomial form in terms of the slownesses
and substitute theseslownesseswith wavenumbers as follows,

! 6 = V 2
1 ! 4k2

x + V 2
2 ! 4k2

y + v2
v ! 4k2

z � 2� 1v2
1v2

v ! 2k2
xk2

z

� 2� 2v2
2v2

v ! 2k2
yk2

z + V1
2

�

 2 V1

2 � V2
2
�

! 2k2
xk2

y

�
�
v1

2 vv
2

�
� 2 
 v2 V1 + 
 2 V1

2 + v2
2 (1 � 4� 1 � 2)

��
k2

xk2
yk2

z (A-1)

where px = kx
! , py = ky

! , and pz = kz
! . As a reminder, V1 and V2 are the horizontal

velocities along the x-axis and the y-axis, respectively. Multiplying both sidesof
equation (A-1) by the wave�eld in the Fourier domain, F (kx ; ky; kz; ! ), as well as
using inverse Fourier transform on kx , ky, and kz (kx ! � i d

dx , ky ! � i d
dy , and

kz ! � i d
dz ) yields a wave equation in the space-frequencydomain, given by

� ! 6F = V 2
1 ! 4 @2F

@x2
+ V 2

2 ! 4 @2F
@y2

+ v2
v ! 4 @2F

@z2
+ 2� 1v2

1v2
v ! 2 @4F

@x2@z2
+ 2� 2v2

2v2
v ! 2 @4F

@y2@z2

� V1
2

�

 2 V1

2 � V2
2
�

! 2 @4F
@x2@y2

�
�
v1

2 vv
2

�
� 2 
 v2 V1 + 
 2 V1

2 + v2
2 (1 � 4� 1 � 2)

�� @6F
@x2@y2@z2

:(A-2)

Finally, applying inverseFourier transform on ! (! ! i @
@t ), the acousticwaveequation

for VTI media is given by

@6F
@t6

= V 2
1

@6F
@t4@x2

+ V 2
2

@6F
@t4@y2

+ v2
v

@6F
@t4@z2

� 2� 1v2
1v2

v
@6F

@t2@x2@z2

� 2� 2v2
2v2

v
@6F

@t2@y2@z2
+ V1

2
�

 2 V1

2 � V2
2
� @6F

@t2@x2@y2

�
�
v1

2 vv
2

�
� 2 
 v2 V1 + 
 2 V1

2 + v2
2 (1 � 4� 1 � 2)

�� @6F
@x2@y2@z2

: (A-3)

Unlike the acousticwave equation for VTI media (Alkhalifah, 1997b)which is fourth
order in time, equation (A-3) is sixth order in time, and thus can provide us with 6
independent solutions.


