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Double porosit y modeling in elastic wave
propagation for reserv oir characterization
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ABSTRA CT

To account for large-volume low-permeability storageporosity and low-volume
high-permeability fracture/crack porosity in oil and gas reservoirs, phenomeno-
logical equationsfor elastic wave propagation in a double porosity medium have
beenformulated and the coe�cien ts in theselinear equationsidenti�ed. The gen-
eralization from singleporosity to doubleporosity modeling increasesthe number
of independent inertial coe�cien ts from three to six, the number of independent
drag coe�cien ts from three to six, and the number of independent stress-strain
coe�cien ts from three to six for an isotropic applied stressand assumedisotropy
of the medium. The analysisleadingto physical interpretations of the inertial and
drag coe�cien ts is relatively straightforward, whereasthat for the stress-strain
coe�cien ts is more tedious. In a quasistatic analysisof stress-strain,the physi-
cal interpretations are basedupon considerationsof extremesin both spatial and
temporal scales.The limit of very short times is the onemost relevant for wave
propagation,and in this caseboth matrix porosity and fractures are expectedto
behave in an undrained fashion,although our analysismakesno assumptionsin
this regard. For the very long times more relevant for reservoir drawdown, the
double porosity medium behaves as an equivalent single porosity medium. At
the macroscopicspatial level, the pertinent parameters(such as the total com-
pressibility) may be determined by appropriate �eld tests. At the mesoscopic
scalepertinent parametersof the rock matrix canbe determineddirectly through
laboratory measurements on core,and the compressiblity can be measuredfor a
single fracture. We show explicitly how to generalizethe quasistatic results to
incorporate wave propagation e�ects and how e�ects that are usually attributed
to squirt 
o w under partially saturated conditions can be explainedalternatively
in terms of the double-porosity model. The result is thereforea theory that gen-
eralizes,but is completely consistent with, Biot's theory of poroelasticity and is
valid for analysisof elastic wave data from highly fractured reservoirs.
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INTR ODUCTION

It is well-known in the phenomenologyof earth materials that rocks are generally
heterogeneous,porous, and often fractured or cracked. In situ, rock pores and
cracks/fractures can contain oil, gas, or water. These 
uids are all of great prac-
tical interest to us. Distinguishing these 
uids by their seismicsignaturesis a key
issuein seismicexploration and reservoir monitoring. Understandingtheir 
o w char-
acteristics is typically the responsibility of the reservoir engineer.

Traditional approachesto seismicexploration haveoften madeuseof Biot's theory
of poroelasticity [Biot, 1941;1956;1962;Gassmann,1951]. This theory has always
beenlimited by an explicit assumptionthat the porosity itself is homogeneous.Al-
though this assumption is known to be adequatefor acoustic studies of many rock
core samplesin a laboratory setting, it is probably not a very good assumptionfor
applications to realistic heterogeneousreservoirs. One approach to dealing with the
heterogeneity is to construct a model that is locally homogeneous,i.e., a sort of �nite
element approach in which each block of the model satis�esBiot-Gassmannequations.
This approach may be adequatein someapplications, and is certainly amenableto
study with large computers. However, such modelsavoid the questionof how we are
to dealwith heterogeneity on the local scale,i.e., much smallerthan the sizeof blocks
typically usedin the codes.

Although it is clear that porosity in the earth can and does come in virtually
all shapes and sizes,it is also clear that two types of porosity are most important:
(1) Matrix porosity that occupiesa �nite and substantial fraction of the volume of
the reservoir. This porosity is often called the storageporosity, becausethis is the
volume that stores the 
uids of interest to us. (2) Fracture or crack porosity that
may occupy very little volume,but neverthelesshastwo very important e�ects on the
reservoir properties. The �rst e�ect is that fractures/cracks drastically weaken the
rock elastically, and at very low e�ective stresslevels introduce nonlinear behavior
since very small changesin stresscan lead to large changesin the fracture/crack
apertures (and at the sametime change the fracture strength for future changes).
The seconde�ect is that the fractures/cracks often introduce a high permeability
pathway for the 
uid to escape from the reservoir. This e�ect is obviously key to
reservoir analysisand the economicsof 
uid withdrawal.

It is therefore not surprising that there have been many attempts to incorpo-
rate fractures into rock models,and especially models that try to account for partial
saturation e�ects and the possibility that 
uid moves (or squirts) during the pas-
sageof seismicwaves [Budiansky and O'Connell, 1975; O'Connell and Budiansky,
1977;Mavko and Nur, 1979;Mavko and Jizba, 1991;Dvorkin and Nur, 1993]. Pre-
vious attempts to incorporate have generally been rather ad hoc in their approach
to the introduction of the fractures into Biot's theory, if Biot's theory is used at
all. The present authors have recently started an e�ort to make a rigorous exten-
sionof Biot's poroelasticity to include fractures/cracks by making a generalizationto
double-porosity/dual-p ermeability modeling [Berryman and Wang,1995].The previ-
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ouslypublishedwork concentrated on the 
uid 
o w aspectsof this problemin order to
dealwith the interactionsbetween
uid withdrawal and the elasticresponse(closure)
of fractures during reservoir drawdown.

It is the purposeof the present work to point out that a similar analysisappliesto
the wave propagationproblem. We expect it will be possibleto incorporate all of the
important physical e�ects in a very natural way into this double-porosity extension
of poroelasticity for seismicwave propagation. The price we pay for this rigor is that
we must solve coupledequationsof motion locally. Within traditional poroelasticity,
there are two types of equationsthat are coupled. Theseare the equationsfor the
elasticbehavior of the solid rock and the equationsfor elasticand 
uid 
o w behavior
of the pore 
uid. In the double-porosity extension of poroelasticity, we will have
not two typesof equationsbut three. The equationsfor the elastic behavior of the
solid rock will be unchanged except for a new coupling term, while there will be
two typesof pore-
uid equations(even if there is only one 
uid present) depending
on the environment of the 
uid. Pore 
uid in the matrix (storage) porosity will
have oneset of equationswith coupling to fracture 
uid and solid; while 
uid in the
fractures/cracks will have another set of equationswith coupling to pore 
uid and
solid. Although solution of theseequationsis no doubt moredi�cult than for simple
acoustics/elasticity, it is probably not signi�cantly more di�cult than traditional
single-porosity poroelasticity. Wearenot goingto solve theseequationsin the present
paper. We will instead derive them and then show that the various coe�cien ts in
theseequationscan be readily identi�ed with measurablequantities.

EQUA TIONS OF MOTION

The seismicequationsof motion for a double-porosity medium have beenderived re-
cently by Tuncay and Corapcioglu [1996]usinga volumeaveragingapproach. (These
authors alsoprovide a thorough review of the prior literature on this topic.) We will
present instead a quick derivation basedon ideassimilar to those of Biot's original
papers [Biot, 1956; 1962], wherein a Lagrangian formulation is presented and the
phenomenologicalequationsderived.

Physically what we needis quite simple| just equationsembodying the concepts
of force = mass� acceleration and dissipation due to viscouslossmechanisms. The
forcesare determined by taking a derivative of an energy storagefunctional. The
appropriate energiesare discussedat length later in this paper, so for our purposes
in this sectionit will su�ce to assumethat the constitutive laws relating stressand
strain are known, and so the pertinent forcesare the divergenceof the solid stress
�eld � ij;j and the gradients of the two 
uid pressuresp(1)

;i and p(2)
;i for the matrix

and fracture 
uids, respectively. (In this notation, i; j index the three Cartesian
coordinatesx1; x2; x3 and a commaprecedinga subscript indicatesa derivative with
respect to the speci�ed coordinate direction.) Then, the only work we needto do to
establishthe equationsof motion for dynamicaldouble-porosity systemsconcernsthe
inertial terms arising from the kinetic energyof the system,and drag terms arising
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from dissipation due to relative motion of the constituents.

GeneralizingBiot's approach [Biot, 1956]to the formulation of the kinetic energy
terms, we �nd that, for a systemwith two 
uids, the kinetic energyT is determined
by

2T = � 11 _u � _u + � 22
_U (1) � _U (1) + � 33

_U (2) � _U (2)

+2� 12 _u � _U (1) + 2� 13 _u � _U (2) + 2� 23
_U (1) � _U (2) ; (1)

whereu is the displacement of the solid, U (k) is the displacement of the kth 
uid which
occupiesvolume fraction � (k) , and the various coe�cien ts � 11, � 12, etc., are inertial
masscoe�cien ts that take into account the fact that the relative 
o w of 
uid through
the poresis not uniform, and that oscillations of solid massin the presenceof 
uid
leadsto inducedmasse�ects. Clarifying the precisemeaningof thesedisplacements
is beyond our current scope, but recent publications help with theseinterpretations
[Pride and Berryman, 1998].

Dissipation plays a crucial role in the motion of the 
uids and so cannot be
neglectedin this context. The appropriate dissipation functional will take the form

2D = b12( _u � _U (1) ) � ( _u � _U (1) ) + b13( _u � _U (2) ) � ( _u � _U (2) )

+ b23( _U (1) � _U (2) ) � ( _U (1) � _U (2) ): (2)

This formula assumesthat all dissipation is causedby motion of the 
uids either rel-
ative to the solid, or relative to each other. (Other potential sourcesof attenuation,
especially for partially saturated porousmedia [Miksis, 1988],should alsobe consid-
ered,but will not be discussedhere.) We expect the coe�cien t b23 will generallybe
small and probably be negligible,whenever the double-porosity model is appropriate
for the systemunder study.

Lagrange'sequationsthen show easily that
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= � ij;j ; for i = 1; 2; 3; (3)

and that
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= � p(k)
i ; for i = 1; 2; 3;k = 1; 2: (4)

Theseequationsnow account properly for inertia andelasticenergy, strain, andstress,
as well as for the speci�ed types of dissipation mechanisms, and are in complete
agreement with thosedeveloped by Tuncay and Corapcioglu [1996]using a di�erent
approach. In (4), the parts of the equation not involving the kinetic energycan be
shown to be equivalent to a two-
uid Darcy's law in this context, so b12 and b13 are
related to Darcy's constants for two single phase
o w and b23 is the small coupling
coe�cien t. Explicit relations betweenthe b's and the appropriate permeabilities(see
Eqs. (53) and (54) of Berryman and Wang [1995])are not di�cult to establish(see
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the next section). The harder part of the analysisconcernsthe constitutive equations
required for the right hand side of (3). After the section on inertia and drag, the
remainderof the paper will necessarilybe devoted to addressingsomeof theseissues
concerningstress-strainrelations.

In summary, equations(3) and (4) can be combined into
0
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showing the coupling betweenthe solid and both typesof 
uid components.

In the next sectionwe show how to identify the inertial and drag coe�cien ts with
physically measureablequantities.

INER TIAL AND DRA G COEFFICIENTS

Inertial coe�cien ts

It is easyto understandthat the inertial coe�cien ts appearing in the kinetic energy
T must depend on the densitiesof solid and 
uid constituents � s and � f , and also
on the volume fractions � (1) and � (2) of the matrix and fracture porosities. The total
porosity is given by � = � (1) + � (2) and the volume fraction occupiedby the solid
material is therefore1 � � .

For a single porosity material, there are only three inertial coe�cien ts and the
kinetic energycan be written as

2T = ( _u _U )
�

�� 11 �� 12

�� 12 �� 22

� �
_u
_U

�

; (6)

where _U is the velocity of the only 
uid present. Then, it is easyto seethat, if _u = _U ,
the total inertia �� 11 + 2�� 12 + �� 22 must equal the total inertia present in the system
(1 � � )� s + �� f . Furthermore, Biot [1956]hasshown that �� 11 + �� 12 = (1 � � )� s; and
that �� 22+ �� 12 = �� f . Thesethreeequationsarenot linearly independent and therefore
do not determinethe three coe�cien ts. So we make the additional assumptionthat
�� 22 = � �� f , where � was termed the structure factor by Biot [1956]but has more
recently beentermed the tortuosity [Brown, 1980;Johnsonet al., 1982]. Berryman
[1980]hasshown that

� = 1 + r

 
1
�

� 1

!

; (7)
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follows from interpreting the coe�cien t �� 11 as resulting from the solid density plus
the induced massdue to the oscillation of the solid in the surrounding 
uid. Then,
�� 11 = (1 � � )( � s + r � f ), where r is a factor dependent on microgeometry that is
expectedto lie in the range0 � r � 1, with r = 1

2 for sphericalgrains. For example,
if � = 0:2 and r = 0:5, equation (7) implies � = 3:0, which is a typical value for
tortuosity of sandstones.

For doubleporosity, the kinetic energymay be written as

2T = ( _u _U (1) _U (2) )

0
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We now consider some limiting cases. First, suppose that all the solid and 
uid
material moves in unison. Then, we again have the result � 11 + � 22 + � 33 + 2� 12 +
2� 13 + 2� 23 must equal the total inertia of the system(1 � � )� s + �� f . Next, if we
supposethat the two 
uids can be madeto move in unison,but independently of the
solid, then we can take _U = _U (1) = _U (2) , and telescope the expressionfor the kinetic
energyto

2T = ( _u _U )
�

� 11 (� 12 + � 13)
(� 12 + � 13) (� 22 + 2� 23 + � 33)

� �
_u
_U

�

: (9)

We can now relate the matrix elements in (9) directly to the barred matrix elements
appearing in (6), which then gives us three equationsfor our six unknowns. Again
theseequationsare not linearly independent, so we still needfour more equations.

Next we considerthe possibility that the fracture 
uid canoscillateindependently
of the solid and the matrix 
uid, and furthermore that the matrix 
uid velocity is
lockedto that of the solidsothat _u = _U (1) . For this case,the kinetic energytelescopes
in a di�erent way to

2T = ( _u _U (2) )
�

(� 11 + 2� 12 + � 22) (� 13 + � 23)
(� 13 + � 23) � 33

� �
_u

_U (2)

�

: (10)

This equation is alsoof the form (6), but we must be careful to account properly for
the parts of the systemincluded in the matrix elements. Now we treat the solid and
matrix 
uid as a singleunit, so

� 11 + 2� 12 + � 22 = (1 � � )� s + � (1) � f + (� (2) � 1)� (2) � f ; (11)

� 13 + � 23 = � (� (2) � 1)� (2) � f ; (12)

and

� 33 = � (2) � (2) � f ; (13)

where� (2) is the tortuosity of fracture porosity alone.
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Finally, we consider the possibility that the matrix 
uid can oscillate indepen-
dently of the solid and the fracture 
uid, and furthermore that the fracture 
uid
velocity is locked to that of the solid so that _u = _U (2) . The kinetic energytelescopes
in a very similar way to the previouscasewith the result

2T = ( _u _U (1) )
�

(� 11 + 2� 13 + � 33) (� 12 + � 23)
(� 12 + � 23) � 22

� �
_u

_U (1)

�

: (14)

We imagine that this thought experiment amounts to analyzing the matrix material
alonewithout fracturesbeingpresent. The equationsresulting from this identi�cation
are completely analogousto those in (11)-(13), so we will not show them explicitly
here.

We now have nine equations in the six unknowns and six of these are linearly
independent, so the system can be solved. The result of this analysis is that the
o�-diagonal terms are given by

2� 12=� f = (� (2) � 1)� (2) � (� (1) � 1)� (1) � (� � 1)�; (15)

2� 13=� f = (� (1) � 1)� (1) � (� (2) � 1)� (2) � (� � 1)�; (16)

and

2� 23=� f = � � � � (1) � (1) � � (2) � (2) : (17)

The diagonal terms are given by

� 11 = (1 � � )� s + (� � 1)�� f ; (18)

� 22 = � (1) � (1) � f ; (19)

and � 33 is given by (13).

Estimatesof the three tortuosities � , � (1) , and � (2) may be obtained using (7), or
direct measurements may be madeusing electrical methods as advocated by Brown
[1980]and Johnsonet al. [1982].

Drag coe�cien ts

The drag coe�cien ts may be determinedby �rst noting that the equationspresented
here reduce to those of Berryman and Wang [1995] in the low frequency limit by
merelyneglectingthe inertial terms. What is requiredto makethe direct identi�cation
of the coe�cien ts is a pair of coupledequationsfor the two increments of 
uid content
� (1) and � (2) . Thesequantities are related to the displacements by � (1) = � � (1) r �
(U (1) � u) and � (2) = � � (2) r � (U (2) � u).
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The pertinent equationsfrom Berryman and Wang [1995]are

�
� _� (1)

_� (2)

�

=
�

k(11) k(12)

k(21) k(22)

�  
p(1)

;ii

p(2)
;ii

!

; (20)

where � is the shearviscosity of the 
uid, and the ks are permeabilities including
possiblecross-couplingterms. We can extract the terms we needfrom (5), and then
take the divergenceto obtain

�
b12 + b23 � b23

� b23 b13 + b23

� �
r � ( _U (1) � _u)
r � ( _U (2) � _u)

�

= �

 
p(1)

;ii

p(2)
;ii

!

: (21)

Comparing thesetwo setsof equationsand solving for the b coe�cien ts, we �nd

b12 =
� � (1) (k(22) � k(21) )

k(11)k(22) � k(12)k(21)
; (22)

b12 =
� � (2) (k(11) � k(12) )

k(11)k(22) � k(12)k(21)
; (23)

and

b23 =
� � (1) k(21)

k(11)k(22) � k(12)k(21)
=

� � (2) k(12)

k(11)k(22) � k(12)k(21)
: (24)

For many applicationsit will be adequateto assumethat the cross-couplingvanishes.
In this situation, b23 = 0,

b12 =
� � (1)

k(11)
(25)

and

b13 =
� � (2)

k(22)
; (26)

which alsoprovidesa simpleinterpretation of thesecoe�cien ts in terms of the porosi-
ties and diagonalpermeabilities.

This completesthe identi�cation of the inertial and drag coe�cien ts introduced
in the previoussection.

STRESS-STRAIN FOR SINGLE POR OSITY

In the absenceof driving forcesthat canmaintain pressuredi�erentials over long time
periods, double porosity models must reduceto single porosity models in the long
time limit whenthe matrix pore pressureand crack porepressurebecomeequal. It is
thereforenecessaryto remind ourselvesof the basicresults for singleporosity models



SEP{98 Elastic wavesfor doubleporosity 231

in poroelasticity. Oneimportant role theseresultsplay is to provide constraints for the
long time behavior in the problemsof interest. A secondsigni�cant useof theseresults
(seeBerryman and Wang [1995])ariseswhen we make laboratory measurements on
coresampleshaving propertiescharacteristic of the matrix material. Then the results
presented in this sectionapply speci�cally to the matrix sti�nesses,porosity, etc.

For isotropic materials and hydrostatic pressurevariations, the two independent
variablesin linear mechanicsof porousmediaare the con�ning (external) pressurepc

and the 
uid (pore) pressurepf . The di�erential pressurepd � pc � pf is often used
to eliminate the con�ning pressure.The equationsof the fundamental dilatations are
then

�
� V
V

=
� pd

K
+

� pf

K s
(27)

for the total volume V,

�
� V�

V�
=

� pd

K p
+

� pf

K �
(28)

for the pore volume V� = �V , and

�
� Vf

Vf
=

� pf

K f
(29)

for the 
uid volume Vf . Equation (27) serves to de�ne the various constants of
the porous solid, such as the drained frame bulk modulus K and the unjacketed
bulk modulus K s for the composite frame. Equation (28) de�nes the jacketed pore
modulus K p and the unjacketed pore modulus K � . Similarly, (29) de�nes the bulk
modulus K f of the pore 
uid.

Treating � pc and � pf as the independent variables in our poroelastic theory, we
de�ne the dependent variables � e � � V=V and � � � (� V� � � Vf )=V, both of which
are positive on expansion,and which are respectively the total volumedilatation and
the increment of 
uid content. Then, it follows directly from the de�nitions and from
(27), (28), and (29) that

�
� e

� � �

�

=
�

1=K 1=Ks � 1=K
� �=K p � (1=Kp + 1=K f � 1=K � )

� �
� � pc

� � pf

�

: (30)

Now we considertwo well-known thought experiments: the drained test and the
undrained test [Gassmann,1951; Biot and Willis, 1957; Geertsma, 1957]. (For a
singleporosity system,thesetwo experiments are sometimesconsideredequivalent to
the \slow loading" and \fast loading" limits respectively. However, theseterms are
relative since,for example,the fast loading | equivalent to undrained| limit is still
assumedto beslow enoughthat the average
uid and con�ning pressuresareassumed
to have reached equilibrium.) The drained test assumesthat the porousmaterial is
surrounded by an impermeablejacket and the 
uid is allowed to escape through
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a tube that penetratesthe jacket. Then, in a long duration experiment, the 
uid
pressureremains in equilibrium with the external 
uid pressure(e.g., atmospheric)
and so � pf = 0 and hence� pc = � pd; so the changesof total volume and pore volume
aregiven exactly by the drainedconstants 1=K and 1=Kp asde�ned in (27) and (28).
In contrast, the undrained test assumesthat the jacketed samplehasno passagesto
the outside world, so pore pressureresponds only to in con�ning pressurechanges.
With no meansof escape, the increment of 
uid content cannot change,so � � = 0.
Then, the secondequation in (30) shows that

0 = � �=K p(� pc � � pf =B); (31)

whereSkempton'spore-pressurebuildup coe�cien t B [Skempton, 1954]is de�ned by

B �
� pf

� pc

�
�
�
�
�
� � =0

(32)

and is thereforegiven by

B =
1

1 + K p(1=K f � 1=K � )
: (33)

It follows immediately from this de�nition that the undrained modulus K u is deter-
mined by (also seeCarroll [1980])

K u =
K

1 � � B
; (34)

wherewe introducedthe combination of moduli known as the Biot-Willis parameter
� = 1 � K =Ks. This result was apparently �rst obtained by Gassmann[1951] for
the caseof microhomogeneousporousmedia (i.e., K s = K � = K m , the bulk modulus
of the singlemineral present) and by Brown and Korringa [1975]and Rice [1975]for
generalporousmedia with multiple mineralsas constituents.

Finally, we condensethe generalrelations from (30) together with the reciprocity
relations [Brown and Korringa, 1975]into symmetric form as

�
� e

� � �

�

=
1
K

�
1 � �

� � � =B

� �
� � pc

� � pf

�

: (35)

The storagecompressibility, which is a central concept in describingporoelastic
aquifer behavior in hydrogeology, is related inverselyto onede�ned in Biot's original
1941paper by

S �
� �
� pf

�
�
�
�
�
� pc=0

=
�

BK
: (36)

This storagecompressibility is the changein increment of 
uid content per unit change
in the 
uid pressure,de�ned for a condition of no changein externalpressure. It has
alsobeencalled the three-dimensionalstoragecompressibility by K•umpel [1991].
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Wemay equivalently eliminate the Biot-Willis parameter� andwrite (35) in terms
of the undrained modulus so that

�
� e

� � �

�

=
1
K

�
1 � (1 � K =Ku)=B

� (1 � K =Ku)=B (1 � K =Ku)=B2

� �
� � pc

� � pf

�

: (37)

Equation (37) hasthe advantage that all the parametershave very well de�ned phys-
ical interpretations, and are also easily generalizedfor a double porosity model. Fi-
nally, note that (35) shows that K p = �K =� , which we generally refer to as the
reciprocity relation.

The total strain energyfunctional (including shear)for this problemmay be writ-
ten in the form

2E = � � ij � eij + � pf � � ; (38)

where� eij is the changein the averagestrain with � eii � � e being the dilatation, � � ij

being the changein the averagestresstensor for the saturated porousmedium with
1
3 � � ii = � � pc. It follows that

� pc = �
@E

@(� e)
(39)

and

� pf =
@E

@(� � )
; (40)

both of which are also consistent with Betti's reciprocal theorem [Love, 1927]since
the matrices in (35) and (37) are symmetric. The shearmodulus � is related to the
bulk modulus and Poisson'sratio by � = 3(1 � 2� )K =2(1+ � ). Then, it follows that
the stressequilibrium equation is

� ij;j = (K u + 1
3 � )e;i + �u i;j j � BK u � ;i = 0 (41)

and Darcy's law takesthe form

k
�

p;ii = _� ; (42)

where� is the single-
uid shearviscosity.

STRESS-STRAIN FOR DOUBLE POR OSITY

We now assumetwo distinct phasesat the macroscopiclevel: a porous matrix
phasewith the e�ective properties K (1) , � (1) , K (1)

m , � (1) occupying volume fraction
V (1) =V = v(1) of the total volume and a macroscopiccrack or joint phaseoccupying
the remaining fraction of the volume V (2) =V = v(2) = 1 � v(1) . The key feature
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Figure 1: The double porosity model featuresa porous rock matrix intersectedby
fractures. Threetypesof macroscopicpressurearepertinent in such a model: external
con�ning pressurepc, internal pressureof the matrix pore 
uid p(1)

f , and internal

pressureof the fracture pore 
uid p(2)
f : A single porosity medium is one in which

either matrix or fracture porosity are present, but not both. jim-pic [NR]
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distinguishing the two phases| and thereforerequiring this analysis| is the very
high 
uid permeability k(22) of the crack or joint phaseand the relatively lower per-
meability k(11) of the matrix phase. We could also introduce a third independent
permeability k(12) = k(21) for 
uid 
o w at the interfacebetweenthe matrix and crack
phases,but for simplicity we assumehere that this third permeability is essentially
the sameas that of the matrix phase,so k(12) = k(11) .

We have three distinct pressures: con�ning pressure� pc, matrix-
uid pressure
� p(1)

f , and joint-
uid pressure� p(2)
f . Treating � pc; � p(1)

f ; and � p(2)
f as the independent

variablesin our doubleporosity theory, we de�ne the dependent variables� e � � V=V
(as before), � � (1) = (� V (1)

� � � V (1)
f )=V, and � � (2) = (� V (2)

� � � V (2)
f )=V, which are

respectively the total volume dilatation, the increment of 
uid content in the matrix
phase,and the increment of 
uid content in the joints. We assumethat the 
uid
in the matrix is the samekind of 
uid as that in the cracks or joints, but that the
two 
uid regionsmay be in di�erent statesof averagestressand thereforeneedto be
distinguishedby their respective superscripts.

Linear relations among strain, 
uid content, and pressurethen take the general
form

0

B
@

� e
� � � (1)

� � � (2)

1

C
A =

0

B
@

a11 a12 a13

a21 a22 a23

a31 a32 a33

1

C
A

0

B
@

� � pc

� � p(1)
f

� � p(2)
f

1

C
A : (43)

By analogy with (35) and (37), it is easyto seethat a12 = a21 and a13 = a31. The
symmetry of the new o�-diagonal coe�cien ts may be demonstratedby using Betti's
reciprocal theoremin the form

( � e � � � (1) � � � (2) )

0

B
@

0
� � p(1)

f
0

1

C
A =

�
� e � � �

(1)
� � �

(2)
cr

�
0

B
@

0
0

� � p(2)
f

1

C
A ; (44)

whereunbarred quantities refer to oneexperiment and barred to another experiment
to show that

� � (1) � p(1)
f = a23� p(2)

f � p(1)
f = a32� p(1)

f � p(2)
f = � �

(2)
� p(2)

f : (45)

Hence,a23 = a32. Similar arguments have often beenusedto establishthe symmetry
of the other o�-diagonal components. Thus, we have establishedthat the matrix in
(43) is completely symmetric, so we needto determine only six independent coe�-
cients. To do so,we considera seriesof thought experiments, including tests in both
the short time and long time limits. The key idea here is that at long times the two
pore pressuresmust cometo equilibrium (p(1)

f = p(2)
f = pf as t ! 1 ) as long as the

crosspermeability k(12) is �nite. However, at very short times, we may assumethat
the processof pressureequilibration hasnot yet begun,or equivalently that k (12) = 0
at t = 0. We neverthelessassumethat the pressurein each of the two components
have individually equilibrated on the average,even at short times.
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Undrained join ts, undrained matrix, short time

There are several di�erent, but equally valid, choicesof time scaleon which to de-
�ne Skempton-like coe�cien ts for the matrix/fracture system under consideration.
Elsworth and Bai [1992]usea de�nition basedon the idea that for very short time
both 
uid systemswill independently act undrained after the addition of a sudden
changeof con�ning pressure. This idea implies that � � (1) = 0 = � � (2) which, when
substituted into (43), gives

� � e = a11� pc + a12� p(1)
f + a13� p(2)

f

0 = a12� pc + a22� p(1)
f + a23� p(2)

f

0 = a13� pc + a23� p(1)
f + a33� p(2)

f : (46)

De�ning

B (1)
E B �

� p(1)
f

� pc

�
�
�
�
�
�
� � (1) = � � (2) =0

and B (2)
E B �

� p(2)
f

� pc

�
�
�
�
�
�
� � (1) = � � (2) =0

(47)

we can solve (46) for the two Skempton's coe�cien ts and �nd the results

B (1)
E B =

a23a13 � a12a33

a22a33 � a2
23

(48)

and

B (2)
E B =

a23a12 � a13a22

a22a33 � a2
23

: (49)

The e�ective undrained modulus is found to be given by

1
K uE B

� �
� e
� pc

j � � (1) = � � (2) =0 = a11 + a12B
(1)
E B + a13B

(2)
E B : (50)

Thesede�nitions will be comparedto others.

Drained join ts, undrained matrix, in termediate time

Now considera suddenchangeof con�ning pressureon a jacketed sample,but this
time with tubesinserted in the joint (fracture) porosity so � p(2)

f = 0, while � � (1) = 0.
We will call this the drained joint, undrained matrix limit. The resulting equations
are

� e = � a11� pc � a12p
(1)
f

� � � (2) = � a31� pc � a32� p(1)
f ; (51)
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showing that the pore-pressurebuildup in the matrix is

B [u(1) ] �
� p(1)

f

� pc

�
�
�
�
�
�
� � (1) = � p(2)

f =0

= �
a21

a22
: (52)

Similarly, the e�ective undrainedmodulus for the matrix phaseis found from (51) to
be determinedby

1
K [u(1) ]

� �
� e
� pc

�
�
�
�
�
� � (1) = � p(2)

f =0

= a11 + a12B[u(1) ]: (53)

Notice that if a23 = 0 then (48) and (52) are the same.

Drained matrix, undrained join ts, in termediate time

Next consideranother suddenchangeof con�ning pressureon a jacketed sample,but
this time the tubesare inserted in the matrix porosity so � p(1)

f = 0, while � � (2) = 0.
We will call this the drained matrix, undrained joint limit. The equationsare

� e = � a11� pc � a13p
(2)
f

� � � (1) = � a21� pc � a23� p(2)
f

0 = � a31� pc � a33� p(2)
f ; (54)

showing that the pore-pressurebuildup in the cracks is

B[u(2) ] �
� p(2)

f

� pc

�
�
�
�
�
�
� � (2) = � p(1)

f =0

= �
a31

a33
: (55)

Similarly, the e�ective undrained modulus for the joint phaseis found

1
K [u(2) ]

� �
� e
� pc

�
�
�
�
�
� � (2) = � p(1)

f =0

= a11 + a13B[u(2) ]: (56)

We may properly view Eqs. (52), (53), (55), and (56) as \de�ning" relations among
theseparameters.

Notice that if a23 = 0 then (49) and (55) are the same.

Drained test, long time

The long duration drained (or \jacketed") test for a double porosity systemshould
reduceto the sameresultsas in the singleporosity limit. The conditions on the pore
pressuresare � p(1)

f = � p(2)
f = 0, and the total volume obeys � e = � a11� pc. It follows

thereforethat

a11 �
1
K

; (57)

whereK is the overall drained bulk modulus of the systemincluding the fractures.
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Undrained test, long time

The long duration undrained test for a double porosity systemshould also produce
the samephysical results as a single porosity system(assumingonly that it makes
senseat someappropriate larger scaleto view the medium as homogeneous).The
basicequationsare

� p(1)
f = � p(2)

f = � pf ;

� � � � � (1) + � � (2) = 0;

(58)

assumingthe total massof 
uid is con�ned. Then, it follows that

� e = � a11� pc � (a12 + a13)� pf ;

0 = � (a21 + a31)� pc � (a22 + a23 + a32 + a33)� pf ;

(59)

showing that the overall pore-pressurebuildup coe�cien t is given by

B �
@pf

@pc

�
�
�
�
�
� � =0

(60)

Similarly, the undrained bulk modulus is found to be given by

1
K u

� �
� e
� pc

�
�
�
�
�
� � =0

= a11 + (a12 + a13)B : (61)

Fluid injection test, long time

The conditions on the pore pressuresfor the long duration, singleporosity limit for
the three-dimensionalstoragecompressibility S are � p(1)

f = � p(2)
f = � pf , while the

con�ning pressureremainsconstant. It follows thereforethat

S �
@�
@pf

�
�
�
�
�
� pc=0

= a22 + a23 + a32 + a33: (62)

This completesthe main analysis of the elastic coe�cien ts for double porosity.
Further details may be found in Berryman and Wang [1995].



SEP{98 Elastic wavesfor doubleporosity 239

Table 1. Material Properties

Barre Bedford
Parameter Granite Limestone
K (GPa) 13.5a 23.0a

K s (GPa) 54.5a 66.0a

� 0.75a 0.65a

K (1) (GPa) 21.5a 27.0a

� (1) 0.15 0.15
K (1)

s (GPa) 55.5a 66.0a

� (1) 0.61a 0.59a

K f (GPa) 3.3 3.3
� (1) 0.0007 0.119a

B (1) 0.996 0.389
S(1) (GPa� 1) 0.0558 0.0561
v(2) 0.007a 0.0119

aFrom Coyner [1984]

EXAMPLES

Table 1 presents data for Barre granite and Bedford limestonetaken from laboratory
measurements by Coyner [1984]. Coyner's experiments included a seriesof tests on
several types of laboratory scalerock samplesat di�erent con�ning pressures.The
valuesquoted for K and K s are those for a moderate con�ning pressureof 10 MPa
(values at lower con�ning pressureswere also measuredbut we avoid using these
valuesbecausethe rocks generally exhibit nonlinear behavior in that region of the
parameter space),while the valuesquoted for K (1) and K (1)

s are at 25 MPa, which
is closeto the value beyond which the constants ceasedependingon pressure| and
therefore for which we assumeall the cracks were closed. Thus, basedon the idea
that the pressurebehavior is associated with two kinds of porosity in the laboratory
samples| a crack porosity, which is being closedbetween 10 and 25 MPa, and a
residual matrix porosity above 25 MPa, we assumethe available data are K , K s,
K (1) , K (1)

s , K f , � (1) , and v(2) . We �nd that thesedata are su�cien t to compute all
the coe�cien ts. In Table 2, we �nd in both typesof rock that the coe�cien t a23 is
positive and small | about an order of magnitude smaller than the other matrix
elements. Another unusual feature of the results computed using these laboratory
data is the occurrenceof valueslarger than unity for B and B[u(1) ] in Barre granite;
similar results were observed by Berryman and Wang [1995]for Chelmsfordgranite,
and in subsequent work for Westerlygranite. Also note that � (2) for both rocks is close
to unity for thesecalculations. In this example,seven measurements (together with
Poisson'sratio) are su�cien t to determinecompletelythe mechanical behavior of the
double-porosity model. Having a direct measurement of K eliminates the necessity
of assuminga23 = 0, which we have found is sometimesnecessarywhen dealingwith
�eld data [Berryman and Wang, 1995].
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Table 2. Double porosity parameterscomputedfrom material properties in Table
1.

Barre Bedford
Parameter Formula Granite Limestone
a11 (GPa� 1) 1=K 0.0741 0.0435
a12 (GPa� 1) � � (1) K (1)

s =K (1) K s -0.0289 -0.0219
a13 (GPa� 1) � � =K � a12 -0.0267 -0.0064
a22 (GPa� 1) v(1) � (1) =B(1) K (1) 0.0283 0.0555
a23 (GPa� 1) � v(1) � (1) =K (1) � a12 0.00072 0.00026
a33 (GPa� 1) v(2) =K f + v(1) =K (1) � (1 � 2� )=K + 2a12 0.0275 0.00954
a33 (GPa� 1) a33 � v(2) =K f 0.0254 0.00594
� (2) (a33a12 � a13a23)=(a11a23 � a13a12) 0.995 0.994
B � (a12 + a13)=(a22 + 2a23 + a33) 1.023 0.373
B (1) � (a12 + a23)=a22 0.996 0.389
B[u(1) ] � a12=a22 1.022 0.394
B (1)

E B (a23a13 � a12a33)=(a22a33 � a2
23) 0.998 0.391

B (2) (a33a12 � a13a23)=[a33(a12 + a23) � a23(a13 � a33)] 0.969 0.631
B[u(2) ] � a13=a33 0.969 0.672
B (2)

E B (a23a12 � a13a22)=(a22a33 � a2
23) 0.943 0.661

K u (GPa) [a11 � (a12 + a13)2=(a22 + 2a23 + a33)]� 1 58.0 33.7
K (2) (GPa) v(2) (a12 + a13)=(a11a23 � a13a12) 0.542 2.61
S (GPa� 1) � =BK 0.0543 0.0757
S(2) (GPa� 1) � (2) =B(2) K (2) 1.895 0.603

CONCLUSIONS

We now have a completeset of equationsfor the double-porosity/dual-p ermeability
model. The next step in the analysiswill be to solve theseequationsand �nd their
wave propagationproperties. This work is in progressand will be reported at a later
date.
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