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SUMMARY

Obtaining true-amplitudemigratedimagesremainsa very chal-
lengingproblem. One possiblesolutionto addresst is inversion.
However, inversionis a very expensve procesghat canbe rather
dif cult andexpensve to apply especiallywith 3-D data.This pa-
perintroducesa methodthat is appliedafter the imaging process
and coststhreemigrationsin orderto estimatetwo images. The
basicideais thento exploit therelationshipbetweerthesetwo im-
ageswith non-stationarymatching lters in orderto approximate
theHessianthusavoiding theneedfor iterative inversion.Testson
theMarmousidataseshaw thatthis ltering approachgivesresults
similar to iterative least-squaresversionat a lower cost. In addi-
tion the Itering methodproducesanimagewith fewer artifacts.

INTRODUCTION

It is well known thatmostof our mathematicabperatordor seis-
mic processingirenotunitary Thismeanghatfor ary lineartrans-
formationL, LY ® | where(9 standsfor the adjointand| is the
identity matrix. Having non-unitaryoperatorsoften resultsfrom
approximationsve make whenbuilding thoseoperatorsFor exam-
ple,we mightnottake theirregularand nite acquisitiongeometry
of seismicsuneys into account.

For migration, differentapproachesxist to correctfor thesede-
fects of our operators. Bleistein (1987), basedon earlier works
from Beylkin (1985),dervedaninverseoperatorfor Kirkhhoff mi-
gration.A similar pathis followedby Thierry etal. (1999)with the
addition of non-linearinversionwith approximatedHessian. Al-
ternatvely, least-squaremigrationwith regularizationhasproved
efcient with incompletesurfacedata,e.g., Nemethet al. (1999)
andillumination problemsdueto comple structurese.g.,Prucha
etal. (1999);KuehlandSacchi(2001). Hu et al. (2001)introduce
a decorvolution operatorthat approximateshe inverseHessiann
the least-squaresstimateof the migratedimage. However, this
methodassumes v(z) mediumwhich meansthat the decowolu-
tion operatorsare horizontallyinvariant. Recently Rickett (2001)
proposecestimatingweightingfunctionsfrom referencémagesto
compensatdlumination effectsfor nite-frequeng/ depthmigra-
tion. This methodcorrectsfor amplitudeeffectsonly andincorpo-
ratessomesmoothinghatcanberatherdif cult to estimate.

In this paper | proposea new stratgy for approximatingthe in-

verseof the Hessian. This approachaimsto estimatea bank of

non-stationarymatching Iters (Rickett et al., 2001) betweentwo

migratedimagesthat theoreticallyembedthe effects of the Hes-
sian. Thisapproachs implementedftermigrationandis relatvely

cheapo apply It canbeappliedonthezero-ofsetmigratedmages
or in theangledomain.l illustratethis methodwith the Marmousi
dataset! demonstratéhatthis approacltaneffectively recorerthe

correct'least-squaresamplitudesof themigratedmageswith less
artifactsthanwith theleast-squaresesultwithout regularizationat

amuchreduceccost.

THEORY

In this section] shav how theleast-squaresstimateof amigrated
imagecanbeapproximatedisingnon-stationangtationarymatch-
ing Iters. In termsof cost, this approachis comparableo two
iterationsof conjugategradient(CG), the rst iterationbeingthe
migration. The costof estimatingthe non-stationarylters is neg-
ligible comparedo thetotal costof migration.

First, given seismicdatad anda migrationoperatorL, we seeka

modelm suchthat
Lm D d. 1)

This goalcanberewritten in the following form
0 rqDLm d 2

andis calledthe tting goal. For migration,a modelstyling goal
(regularization)is necessaryo compensatéor irregulargeometry
artifacts(Pruchaet al., 1999). | omit this termin my deriations
andfocuson thedata tting goalonly. Theleast-squaresstimate
of themodelis givenby

mD(LL) 1LY 3)

whereLQ is the Hessianof the transformation.My goalin this
paperis to approximatethe effectsof the HessianL "L usingnon-
stationarymatching lters.

Approximating the Hessian
In equation(3), | de ne L% asthe migratedimagem, aftera rst
migrationsuchthat

mD(LL) m;. 4

In equation(4), rh andL & areunknawn. Sincel amlooking for an
approximateof the Hessian] needto nd two known imagesthat
arerelatedby the sameexpressiomasin equation(4). This canbe
easilyachievedby remodelinghedatafrom mq with L

dl DLmj (5)
andremigratingthemwith L %asfollows:
myD L% DLAm;. (6)

Notice a similarity betweenequations(4) and (6) exceptthatin
equation(6), only L9 is unknavn. Noticethatm, hasa mathe-
maticalsigni cance: it is a vectorof the Krylov subspacdor the
modelm. Now, | assuméhatwe canwrite theinverseHessiamnas
alinearoperatoB suchthat

M D Bmy @)

and
m1 D Bmo. (8)

Equation(8) canbe approximatedasa tting goalfor a matching
Iter estimationproblemwhereB is the corvolution matrix with
a bankof non-stationarylters (Rickett etal., 2001). This choice
is ratherarbitrary but re ects the generalideathat the Hessianis
atransformoperatorbetweertwo similarimages.My hopeis not
to “perfectly” representhe Hessian but to improve the migrated
imageat a lower costthanleast-squaremigration. In additionin
equationg7) and(8), thedecowolution procesecomes convo-
lution, which makesit muchmorestableandeasyto apply. Hence,
| canrewrite equation(8) suchthatthe matrix B becomes vector

andm, becomes convolution matrix:

m1 D Mb. 9)
Thegoalnow is to minimizetheresidual

0 rmyDm; Mszb (10



Approximating the Hessian

in a least-squaresense. Becauseve have mary unknown Iter
coefcients in b, | introducea regularizationterm that penalizes
differencedetweenlters asfollows:

D mp; Myb
D Rb

0 rml

0 Ip (11)

whereR is aregularizationoperatolaLaplacian).Theleast-squares

inverseof b is thusgiven by
bD (MIMC 2RR) MOmy. (12)

Onceb is estimatedthe nal imageis obtainedby computing

mDm; b (13)

where( ) is the corvolution operator

Therefore,my proposedalgorithmis to rst computea migrated
imagem;,, thento computea migratedimagem, (equation(6)),
and nally to estimatea bank of non-stationarymatching lters

b, e.g.,equation(11). The nal improved imageis obtainedby
applyingthe matching Iters to the rst imagems, e.g.,equation
(7). In the next section,| illustrate this ideawith the Marmousi
dataset! shav thatanimagesimilarto theleast-squaresigration
imagecanbeeffectively obtained.

MIGRATION RESULTS

| illustratethe proposedlgorithmwith theMarmousidataset! use
aprestaclksplit-stepmigrationmethodwith onereferencevelocity.
| demonstratewith zero-ofset imagesthat the approximationof
theHessianwith adaptve lters givesaresultcomparableo least-
squaresnigrationwith fewer artifacts.

Figurel displaysfew estimatediters for theMarmousiresult. The
Iters areten by ten with 40 patchesin depthand 80 along the
midpointaxes. | shav only a fth of these lters in both axis. It

is interestingto noticethatthese Iters have their highestvalueat
zero-lagmeaningthatwe have a strongamplitudecorrectionwith
few kinematicchanges.The zero-lagvaluesare alsolarger at the
top of themodel.Looking morecloselyattheselters, we seethat
thecoefcients follow the structureof the Marmousimodel(upper
right corner).

Having estimatedhe Iters b in equation(11),1 applythemto mq
to obtain animproved image. To validatethis approachl shav
in Figure 3atheresultof ve conjugategradient(CG) iterations
with theMarmousidata. Thisresultsshav higheramplitudesatthe
top but with inversionartifacts. This problemshouldbe addressed
with aproperregularizationscheméPruchaetal., 1999).In Figure
3b, | shav the correctedmagewith the approximatedHessianB.
The amplitudebehaior is very similar to Figure 3a, without the
inversionartifacts.Additionally, the costis muchlower.

| shaw in Figure 2 theratio of the ervelopesof Figure3b andthe
migratedimagems. This Figureillustratesthatthe effects of the
non-stationarylters, i.e,thehessianarestrongermonthetop of the
model.

DISCUSSION

In this paper | presentec methodthatintendsto correctmigrated
imageshy approximatinghe Hessiarof theimagingoperatowith
non-stationarymatching Iters. These lters are estimatedfrom
two migrationresults. One migratedimage, m;, correspondso
the rst migrationresult. The secondmage,m,, is computedby
re-modelingthe datafrom m4 andthenby re-migratingit. It turns
out that the relationshipbetweenm; andms is similar to the re-
lationshipthat exists betweerthe least-squaresversern andm;.

In the proposedapproachthis relationshigs simply “captured”by
matching lters.

| demonstratevith the Marmousidatasethatthis approactgivesa
betterimagethandoedeast-squarewithoutregularizationandata
lower cost.In additionthisapproacltanbeusedin theoffsetor the
angledomain.As opposedo Hu etal. (2001),thecorrectionin the
imageis completelydatadriven, doesnot dependon the velocity,

andcanbeappliedwith ary migrationoperator It alsoworksin the
poststackor prestackdomainwithout ary extra effort. Providing

the dataandthe ability to run at leasttwo migrationsto estimate
mo, thismethodwould be easyto applywith 3-D migratedimages.

Now, comparedo Rickett (2001),this proposedapproactdoesnot
needreferencemages. In addition, the multi-dimensional lters
offer moredegreesof freedomfor the correctionthandoesa sim-
ple zero-lagweight: in that we might also correctfor kinematic
changesand move enegy locally in the image. In thelimit case
wherewe chooseone lter perpointandonly onecoefcient (zero-
lag) per lter, thematchingIter approactwouldtheoreticallyper
form betterthan Rickett's methodbecausehe weightswould be
optimalin a least-squaresensewithout ad-hocsmoothing.In the
future, it would be valuableto go beyond 2-D Iters by extending
themto 3-D andto testit with more eld data. In addition, these
Iters could be usedaspreconditioningoperatorgproviding faster
corvergencefor iterative inversion.
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Figurel: Eachcell represents non-stationarylter with its zero-lagcoefcient in themiddle. A fth of the Iters areactuallyshovn in
bothdirections.Each Iter positioncorrespondsoughlyto a similar areain the modelspace.These Iters seemto follow the structureof
theMarmousimodel. They arealsostrongerat the top of the model,asexpected.
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Figure2: Ratioof the ervelopesof m; and3h. Brightercolorscorrespondo highervalues.The maineffect of the lIters is clearlyvisible at
thetop.
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(a) Inversion result
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(b) Filtering result

Figure3: (a) Modelestimatedhfter veiterationsof CG. Themodelis noisybecaus@o regularizationhasbeenapplied.(b) Model estimated
afterapplyingtheadaptve Iters to m1. Theamplitudebehaior is similar to (a) without the artifactsandwith fewer iterations.



