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SUMMARY
Obtaining true-amplitudemigratedimagesremainsa very chal-
lengingproblem. Onepossiblesolutionto addressit is inversion.
However, inversionis a very expensive processthat canbe rather
dif�cult andexpensive to apply, especiallywith 3-D data.Thispa-
per introducesa methodthat is appliedafter the imagingprocess
andcoststhreemigrationsin order to estimatetwo images. The
basicideais thento exploit therelationshipbetweenthesetwo im-
ageswith non-stationarymatching�lters in orderto approximate
theHessian,thusavoidingtheneedfor iterative inversion.Testson
theMarmousidatasetshow thatthis �ltering approachgivesresults
similar to iterative least-squaresinversionat a lower cost. In addi-
tion the�ltering methodproducesanimagewith fewer artifacts.

INTRODUCTION

It is well known thatmostof our mathematicaloperatorsfor seis-
mic processingarenotunitary. Thismeansthatfor any lineartrans-
formationL, L0L 6D I where(0) standsfor the adjointandI is the
identity matrix. Having non-unitaryoperatorsoften resultsfrom
approximationswemakewhenbuilding thoseoperators.Forexam-
ple,we mightnot take theirregularand�nite acquisitiongeometry
of seismicsurveys into account.

For migration,differentapproachesexist to correctfor thesede-
fects of our operators. Bleistein (1987), basedon earlier works
from Beylkin (1985),derivedaninverseoperatorfor Kirkhhoff mi-
gration.A similarpathis followedby Thierryetal. (1999)with the
additionof non-linearinversionwith approximatedHessian.Al-
ternatively, least-squaresmigrationwith regularizationhasproved
ef�cient with incompletesurfacedata,e.g.,Nemethet al. (1999)
andillumination problemsdueto complex structures,e.g.,Prucha
et al. (1999);KuehlandSacchi(2001).Hu et al. (2001)introduce
a deconvolution operatorthatapproximatesthe inverseHessianin
the least-squaresestimateof the migratedimage. However, this
methodassumesa v(z) mediumwhich meansthat the deconvolu-
tion operatorsarehorizontallyinvariant. Recently, Rickett (2001)
proposedestimatingweightingfunctionsfrom referenceimagesto
compensateillumination effects for �nite-frequency depthmigra-
tion. This methodcorrectsfor amplitudeeffectsonly andincorpo-
ratessomesmoothingthatcanberatherdif�cult to estimate.

In this paper, I proposea new strategy for approximatingthe in-
verseof the Hessian. This approachaims to estimatea bankof
non-stationarymatching�lters (Rickett et al., 2001)betweentwo
migratedimagesthat theoreticallyembedthe effects of the Hes-
sian.Thisapproachis implementedaftermigrationandis relatively
cheapto apply. It canbeappliedonthezero-offsetmigratedimages
or in theangledomain.I illustratethis methodwith theMarmousi
dataset.I demonstratethatthisapproachcaneffectively recoverthe
correct“least-squares”amplitudesof themigratedimageswith less
artifactsthanwith theleast-squaresresultwithout regularizationat
amuchreducedcost.

THEORY

In thissection,I show how theleast-squaresestimateof amigrated
imagecanbeapproximatedusingnon-stationarystationarymatch-
ing �lters. In termsof cost, this approachis comparableto two
iterationsof conjugategradient(CG), the �rst iterationbeingthe
migration.Thecostof estimatingthenon-stationary�lters is neg-
ligible comparedto thetotal costof migration.

First, givenseismicdatad anda migrationoperatorL , we seeka

modelm suchthat
Lm D d. (1)

Thisgoalcanberewritten in thefollowing form

0 � rd D Lm � d (2)

andis calledthe �tting goal. For migration,a modelstyling goal
(regularization)is necessaryto compensatefor irregulargeometry
artifacts(Pruchaet al., 1999). I omit this term in my derivations
andfocuson thedata�tting goalonly. Theleast-squaresestimate
of themodelis givenby

m̂ D (L0L)� 1L0d (3)

whereL0L is the Hessianof the transformation.My goal in this
paperis to approximatetheeffectsof theHessianL 0L usingnon-
stationarymatching�lters.

Approximating the Hessian
In equation(3), I de�ne L 0d asthemigratedimagem1 aftera �rst
migrationsuchthat

m̂ D (L0L)� 1m1. (4)

In equation(4), m̂ andL 0L areunknown. SinceI amlookingfor an
approximateof theHessian,I needto �nd two known imagesthat
arerelatedby thesameexpressionasin equation(4). This canbe
easilyachievedby remodelingthedatafrom m1 with L

d1 D Lm1 (5)

andremigratingthemwith L 0asfollows:

m2 D L0d1 D L0Lm1. (6)

Notice a similarity betweenequations(4) and (6) except that in
equation(6), only L 0L is unknown. Notice that m2 hasa mathe-
maticalsigni�cance: it is a vectorof the Krylov subspacefor the
modelm̂. Now, I assumethatwe canwrite theinverseHessianas
a linearoperatorB suchthat

m̂ D Bm1 (7)

and
m1 D Bm2. (8)

Equation(8) canbeapproximatedasa �tting goal for a matching
�lter estimationproblemwhereB is the convolution matrix with
a bankof non-stationary�lters (Rickett et al., 2001). This choice
is ratherarbitrarybut re�ects the generalideathat the Hessianis
a transformoperatorbetweentwo similar images.My hopeis not
to “perfectly” representthe Hessian,but to improve the migrated
imageat a lower costthanleast-squaresmigration. In additionin
equations(7) and(8), thedeconvolutionprocessbecomesa convo-
lution, whichmakesit muchmorestableandeasyto apply. Hence,
I canrewrite equation(8) suchthatthematrix B becomesa vector
andm2 becomesa convolutionmatrix:

m1 D M2b. (9)

Thegoalnow is to minimizetheresidual

0 � rm1 D m1 � M2b (10)
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in a least-squaressense. Becausewe have many unknown �lter
coef�cients in b, I introducea regularizationterm that penalizes
differencesbetween�lters asfollows:

0 � rm1 D m1 � M2b
0 � rb D Rb (11)

whereR isaregularizationoperator(aLaplacian).Theleast-squares
inverseof b is thusgivenby

b̂ D (M0
2M2 C � 2R0R)� 1M0

2m1. (12)

Onceb̂ is estimated,the�nal imageis obtainedby computing

m̂ D m1 � b̂ (13)

where(� ) is theconvolutionoperator.

Therefore,my proposedalgorithmis to �rst computea migrated
imagem1, thento computea migratedimagem2 (equation(6)),
and �nally to estimatea bank of non-stationarymatching�lters
b, e.g., equation(11). The �nal improved imageis obtainedby
applyingthe matching�lters to the �rst imagem1, e.g.,equation
(7). In the next section,I illustrate this idea with the Marmousi
dataset.I show thatanimagesimilar to theleast-squaresmigration
imagecanbeeffectively obtained.

MIGRA TION RESULTS

I illustratetheproposedalgorithmwith theMarmousidataset.I use
aprestacksplit-stepmigrationmethodwith onereferencevelocity.
I demonstratewith zero-offset imagesthat the approximationof
theHessianwith adaptive �lters givesa resultcomparableto least-
squaresmigrationwith fewerartifacts.

Figure1 displaysfew estimated�lters for theMarmousiresult.The
�lters are ten by ten with 40 patchesin depthand 80 along the
midpoint axes. I show only a �fth of these�lters in both axis. It
is interestingto noticethat these�lters have their highestvalueat
zero-lag,meaningthatwe havea strongamplitudecorrectionwith
few kinematicchanges.The zero-lagvaluesarealsolarger at the
topof themodel.Lookingmorecloselyat these�lters, weseethat
thecoef�cients follow thestructureof theMarmousimodel(upper
right corner).

Having estimatedthe�lters b in equation(11), I applythemto m1
to obtain an improved image. To validatethis approachI show
in Figure 3a the result of � ve conjugategradient(CG) iterations
with theMarmousidata.Thisresultsshow higheramplitudesatthe
top but with inversionartifacts.This problemshouldbeaddressed
with aproperregularizationscheme(Pruchaetal.,1999).In Figure
3b, I show thecorrectedimagewith theapproximatedHessianB.
The amplitudebehavior is very similar to Figure3a, without the
inversionartifacts.Additionally, thecostis muchlower.

I show in Figure2 the ratio of theenvelopesof Figure3b andthe
migratedimagem1. This Figureillustratesthat the effectsof the
non-stationary�lters, i.e, thehessian,arestrongeronthetopof the
model.

DISCUSSION

In thispaper, I presentedamethodthat intendsto correctmigrated
imagesby approximatingtheHessianof theimagingoperatorwith
non-stationarymatching�lters. These�lters are estimatedfrom
two migration results. One migratedimage,m1, correspondsto
the �rst migrationresult. The secondimage,m2, is computedby
re-modelingthedatafrom m1 andthenby re-migratingit. It turns
out that the relationshipbetweenm1 andm2 is similar to the re-
lationshipthatexistsbetweenthe least-squaresinversem̂ andm1.

In theproposedapproach,this relationshipis simply “captured”by
matching�lters.

I demonstratewith theMarmousidatasetthatthisapproachgivesa
betterimagethandoesleast-squareswithout regularizationandata
lowercost.In additionthisapproachcanbeusedin theoffsetor the
angledomain.As opposedto Hu etal. (2001),thecorrectionin the
imageis completelydatadriven,doesnot dependon thevelocity,
andcanbeappliedwith any migrationoperator. It alsoworksin the
poststackor prestackdomainwithout any extra effort. Providing
the dataandthe ability to run at leasttwo migrationsto estimate
m2, thismethodwouldbeeasyto applywith 3-D migratedimages.

Now, comparedto Rickett (2001),thisproposedapproachdoesnot
needreferenceimages. In addition, the multi-dimensional�lters
offer moredegreesof freedomfor thecorrectionthandoesa sim-
ple zero-lagweight: in that we might also correctfor kinematic
changesandmove energy locally in the image. In the limit case
wherewechooseone�lter perpointandonly onecoef�cient (zero-
lag)per�lter , thematching�lter approachwould theoreticallyper-
form betterthanRickett's methodbecausethe weightswould be
optimal in a least-squaressensewithout ad-hocsmoothing.In the
future,it would bevaluableto go beyond2-D �lters by extending
themto 3-D andto testit with more�eld data. In addition,these
�lters couldbeusedaspreconditioningoperatorsproviding faster
convergencefor iterative inversion.
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Figure1: Eachcell representsa non-stationary�lter with its zero-lagcoef�cient in themiddle. A �fth of the �lters areactuallyshown in
bothdirections.Each�lter positioncorrespondsroughly to a similar areain themodelspace.These�lters seemto follow thestructureof
theMarmousimodel.They arealsostrongerat thetopof themodel,asexpected.

Figure2: Ratioof theenvelopesof m1 and3b. Brightercolorscorrespondto highervalues.Themaineffectof the�lters is clearlyvisibleat
thetop.
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Figure3: (a)Modelestimatedafter� veiterationsof CG.Themodelis noisybecausenoregularizationhasbeenapplied.(b) Modelestimated
afterapplyingtheadaptive �lters to m1. Theamplitudebehavior is similar to (a)without theartifactsandwith fewer iterations.


