SPARSE RADON TRANSFORMS WITH
BOUND-CONSTRAINED OPTIMIZATION

ANTOINE GUITTON
Department of Geophysics, Stanford University, Stanford, CA 94305, USA

1 INTRODUCTION

Radontransformsare popularoperatordor velocity analysis(TanerandKoehler,1969; Guittonand
Symes2003),noiseattenuatior(FosterandMosher,1992),anddatainterpolation(Hindriks andDui-
jndam,1998; Trad et al., 2002). One propertythatis often soughtin radondomainsis sparseness,
wherethe enegy in the modelspaces focusedwithout transformatiorartifacts. Sparseness espe-
cially usefulfor multiple attenuatiorandinterpolation.In practice dependingpntheradontransform,
sparsenessanbe achiezedeitherin the Fourier (Herrmannet al., 2000) or time domain(Sacchiand
Ulrych, 1995). To estimatesparseradonpanelsin the time domain, a regularizationoperatorthat
enforcedong-tailedprobability densityfunctionsfor the modelparameterss often used. This reg-
ularizationoperatorcan be the ** norm (Nichols, 1994) or the Cauchynorm (Sacchiand Ulrych,
1995).

In this paper a new time-domainmethodis presentedhatyields sparseradonpanels. This method
estimatesa sparsemodel by addingtwo modelswith positve/nagative valuesonly obtainedwith a
bound-constrainedptimizationtechnique. Therefore,by forcing the modelto fall within a certain
rangeof valuesthe null spaceandits effectsaredecreased.

In the sectionfollowing this introduction, | introducethe problemof nding a bound-constrained
modelandits resolutionby presentinghe limited memoryL-BFGS-Btechnique(Zhu et al., 1997).
This methodaimsat nding asolutionwith simpleboundsfor linearor non-linearproblems.Then,|
introduceamethodthatestimatesparseadondomains.Finally, thistechniquds testedonasynthetic
and eld dataexamplesandcomparedo the Cauchyregularization(SacchiandUIrych, 1995). They
demonstratéhattheproposedtratayy yieldssparseadonpanelscomparabléo the Cauchyapproach.
Oneadvantageof this new stratayy is thatthe choiceof parametergs muchsimpler;for instanceno
Lagrangamultiplier is neededOnedravbackis thattwo inversionsneedto be carriedoutasopposed
to onefor the Cauchymethod.

2 FINDING A MODEL WITH SIMPLE BOUNDS
The goal of bound-constrainedptimizationis to nd a vectorof modelparametersn suchthatwe
minimize

min f(m) subjectom 2 » , (2)

where
m2e Dfm2<Njli m ug (2)

with l; andu; beingthelower andupperboundsfor the modelm;, respectiely. In this case]; andu;
arecalledsimplebounds.They canbedifferentfor eachpoint of themodelspace.

The setsof indicesi for which theith constraintareactive/inactve arecalledthe active/inactie sets
A(m)/1 (m). Most of the algorithmsusedto solve boundconstrainegroblemsrst identify A(m) and



thensolve theminimizationproblemfor thefreevariablesof | (m). In thenext section,anextensionof
thequasi-Nevton methodL-BFGS (GuittonandSymes2003)thatsolvesequation(1) is presented.

2.1 THE L-BFGS-B ALGORITHM

ThelL-BFGS-Balgorithmis anextensionof thequasi-Nevton L-BFG Salgorithm(GuittonandSymes,
2003)thatyields a modelconstrainedy simplebounds(Zhu et al., 1997). The L-BFGS algorithm
is a very ef cient algorithmfor solving large scaleproblems. L-BFGS-B borrows ideasfrom trust
region andgradientprojectiontechniquesvhile keepingthe L-BFGS updateof the Hessiarandaline

searchalgorithm.

TheL-BFGS-Balgorithmis affordablefor very large problems.The memoryrequirements roughly
(12C 2m)N wherem is the numberof BFGSupdateskeptin memoryand N the size of the model
space.ln practicem D 5 is atypical choice. Periteration,the numberof multiplicationsrangefrom
4mN C N whenno constraintsare appliedto m?N whenall variablesare bounded. The program
offersthefreedomto have differentboundsfor differentpointsof the modelspacen addition,some
pointscanbe constrainedvhile othersarenot.

Therearethreedifferentstoppingcriteriafor the L-BFGS-Balgorithm.Firstthe programstopswhen
the maximumnumberof iterationsis reachedOr, the programstopswhenthe decreasef the objec-
tive functionbecomesmallenough.Or, the programstopswhenthe norm of the projectedgradient
(ina! sense)s smallenough.

Testsindicatethat the L-BFGS-B algorithmran in single precisionwith no constraintss not quite
twice asslow asa conjugategradientsolver periteration. This resultis quite remarkablevhencon-
sideringthat L-BFGS-B works for ary type of non-linear(or linear) problemwith line searchesin

addition,the numberof iterationsneededo corvergenceis almostidenticalfor both L-BFGS-Band
the conjugategradientsolver. In the next section,l presenta methodto estimatesparsaadontrans-
forms.

3 PROPOSEDMETHOD TO ESTIMATE SPARSE RADON DOMAINS

Givena CMP gatherd anda radontransformoperatoiL , we wantto minimize the objective function
f(m)D kLm  dk?, (3)

wherem is theunknavn radondomain. Themainideaof this paperis to decomposen into its positve
and negative partsby imposingsimple boundson m with the L-BFGS-B algorithm. Therefore the
two problems

min f(m )) subjectom( y2 ] 1 ,0[, (4)

and

min f(m(c)) subjectomy2 [0,C1 [, (5)
needto be solved. Note thatwe could decomposen into moresubdomaingswell. Here,the main
ideais to decreas¢he null spaceandits effectsby constraininghe model,similar to whatis accom-
plishedwith the Cauchyregularization. Oncethe two modelsmcy andm( ) areestimatedvith the
L-BFGS-Balgorithm,the sparsemodelis obtainedoy computingmsparse D m¢ ) C m(c,. In thefol-
lowing section,| illustratethis techniquewith a syntheticandreal dataexampleusingthe hyperbolic
radontransform.

4 EXAMPLES

Figurelashaws a syntheticCMP gatherwith ve hyperbolasFirst,themodelis constrainedo have
positive valuesin Figurelh Notethatthisdomainis artifactsfreeandextremelyfocused.Secondthe
modelis constrainedo have negative valuesin Figurelc. Again, the modelis very sparse.Finally,
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thesparsenodelobtainedoy addingFigureslbandlcis shavnin Figureld. As expectedthis model
is very sparsecomparedo theradonpanelobtainedwithout sparsenessonstraintsn Figurele.

Now, this methodis testedon oneCMP gatherfrom a marinedatasetn the Gulf of Mexico. Here,the

proposednethodis alsocomparedwith the sparsaesultwith the Cauchyregularization(Sacchiand
Ulrych, 1995). Figure 2a shaws the input data. The sparsemodelsobtainedby addingthe bounded
modelsand by usingthe Cauchyregularizationare shovn in Figures2d and 2e, respectiely. Both

resultsare almostidentical, with the new techniqueyielding a betterpanel. The residual,i.e., the

differencebetweertheinput dataandtheremodelediata,is alsovery similarin bothcases.

5 CONCLUSION

A new methodto estimatesparseadonpanelshasbeenpresentedThis methodis basedon (1) the
decompositiorof the modelspaceinto positve and negative valueswith a bound-constrainedpti-
mizationtechniqueand(2) the summatiorof the two estimatednodels.This decompositiorhasthe
propertyof reducingthe null spaceandits effects. As illustratedwith syntheticand eld dataexam-
ples,this methodyields sparseadonpanelsand comparegavorably with the Cauchyregularization
technique.Comparedo the Cauchyregularization,the proposednethodis simplerto parameterize
where,for instanceno Lagrangemultiplier is estimated However, moreiterationsareneededor the
bound-constrainedpproachwheretwo modelsarecomputed.
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Figurel: (a) Input data. Estimatedmodelfor (b) positive valuesand(c) negative valuesonly. (d)
Estimatedsparsalomain(b)+(c). (e) Estimatednodelwithout sparsenessonstraints.
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Figure2: (a) Input CMP gatherfrom a marinedataexperiment.Residuapanelsfor the sparsemodel
estimatedwith (b) the boundedmodelsand(c) the Cauchyregularization. Sparsemodelsestimated
with (d) theboundednodelsand(e) the Cauchyregularization.
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