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1 INTRODUCTION

Radontransformsarepopularoperatorsfor velocity analysis(TanerandKoehler,1969;Guittonand
Symes,2003),noiseattenuation(FosterandMosher,1992),anddatainterpolation(HindriksandDui-
jndam,1998;Trad et al., 2002). Onepropertythat is often soughtin radondomainsis sparseness,
wheretheenergy in themodelspaceis focusedwithout transformationartifacts.Sparsenessis espe-
cially usefulfor multipleattenuationandinterpolation.In practice,dependingontheradontransform,
sparsenesscanbeachievedeitherin theFourier(Herrmannet al., 2000)or time domain(Sacchiand
Ulrych, 1995). To estimatesparseradonpanelsin the time domain,a regularizationoperatorthat
enforceslong-tailedprobability densityfunctionsfor the modelparametersis often used.This reg-
ularizationoperatorcan be the ` 1 norm (Nichols, 1994) or the Cauchynorm (Sacchiand Ulrych,
1995).

In this paper, a new time-domainmethodis presentedthat yieldssparseradonpanels.This method
estimatesa sparsemodelby addingtwo modelswith positive/negative valuesonly obtainedwith a
bound-constrainedoptimizationtechnique.Therefore,by forcing the model to fall within a certain
rangeof values,thenull spaceandits effectsaredecreased.

In the sectionfollowing this introduction,I introducethe problemof �nding a bound-constrained
modelandits resolutionby presentingthe limited memoryL-BFGS-Btechnique(Zhu et al., 1997).
This methodaimsat �nding a solutionwith simpleboundsfor linearor non-linearproblems.Then,I
introduceamethodthatestimatessparseradondomains.Finally, thistechniqueis testedonasynthetic
and�eld dataexamplesandcomparedto theCauchyregularization(SacchiandUlrych, 1995).They
demonstratethattheproposedstrategyyieldssparseradonpanelscomparableto theCauchyapproach.
Oneadvantageof this new strategy is that thechoiceof parametersis muchsimpler;for instance,no
Lagrangemultiplier is needed.Onedrawbackis thattwo inversionsneedto becarriedoutasopposed
to onefor theCauchymethod.

2 FINDING A MODEL WITH SIMPLE BOUNDS

Thegoalof bound-constrainedoptimizationis to �nd a vectorof modelparametersm suchthatwe
minimize

min f (m) subjectto m 2 • , (1)

where
m 2 • D fm 2 < N j l i � mi � ui g, (2)

with l i andui beingthelower andupperboundsfor themodelmi , respectively. In this case,l i andui
arecalledsimplebounds.They canbedifferentfor eachpointof themodelspace.

Thesetsof indicesi for which thei th constraintareactive/inactivearecalledtheactive/inactivesets
A(m)/I (m). Most of thealgorithmsusedto solve boundconstrainedproblems�rst identify A(m) and



thensolvetheminimizationproblemfor thefreevariablesof I (m). In thenext section,anextensionof
thequasi-NewtonmethodL-BFGS(GuittonandSymes,2003)thatsolvesequation(1) is presented.

2.1 THE L-BFGS-B ALGORITHM

TheL-BFGS-Balgorithmis anextensionof thequasi-NewtonL-BFGSalgorithm(GuittonandSymes,
2003)that yields a modelconstrainedby simplebounds(Zhu et al., 1997). The L-BFGSalgorithm
is a very ef�cient algorithmfor solving large scaleproblems. L-BFGS-B borrows ideasfrom trust
regionandgradientprojectiontechniqueswhile keepingtheL-BFGSupdateof theHessiananda line
searchalgorithm.

TheL-BFGS-Balgorithmis affordablefor very largeproblems.Thememoryrequirementis roughly
(12C 2m)N wherem is thenumberof BFGSupdateskept in memoryand N the sizeof the model
space.In practice,m D 5 is a typical choice.Periteration,thenumberof multiplicationsrangefrom
4mN C N whenno constraintsareappliedto m2N whenall variablesarebounded. The program
offersthefreedomto have differentboundsfor differentpointsof themodelspace.In addition,some
pointscanbeconstrainedwhile othersarenot.

Therearethreedifferentstoppingcriteriafor theL-BFGS-Balgorithm.First theprogramstopswhen
themaximumnumberof iterationsis reached.Or, theprogramstopswhenthedecreaseof theobjec-
tive functionbecomessmallenough.Or, theprogramstopswhenthenormof theprojectedgradient
(in a ` 1 sense)is smallenough.

Testsindicatethat the L-BFGS-B algorithmran in singleprecisionwith no constraintsis not quite
twice asslow asa conjugategradientsolver per iteration. This resultis quite remarkablewhencon-
sideringthatL-BFGS-Bworks for any typeof non-linear(or linear)problemwith line searches.In
addition,thenumberof iterationsneededto convergenceis almostidenticalfor bothL-BFGS-Band
theconjugategradientsolver. In thenext section,I presenta methodto estimatesparseradontrans-
forms.

3 PROPOSEDMETHOD TO ESTIMATE SPARSE RADON DOMAINS

GivenaCMP gatherd anda radontransformoperatorL, wewantto minimizetheobjective function

f (m) D kLm � dk2, (3)

wherem is theunknown radondomain.Themainideaof thispaperis to decomposem into its positive
andnegative partsby imposingsimpleboundson m with the L-BFGS-B algorithm. Therefore,the
two problems

min f (m(� )) subjectto m(� ) 2 ] � 1 ,0[ , (4)

and
min f (m(C)) subjectto m(C) 2 [0,C1 [ , (5)

needto besolved. Note thatwe coulddecomposem into moresubdomainsaswell. Here,themain
ideais to decreasethenull spaceandits effectsby constrainingthemodel,similar to what is accom-
plishedwith theCauchyregularization.Oncethe two modelsm(C) andm(� ) areestimatedwith the
L-BFGS-Balgorithm,thesparsemodelis obtainedby computingmsparseD m(� ) C m(C). In thefol-
lowing section,I illustratethis techniquewith a syntheticandrealdataexampleusingthehyperbolic
radontransform.

4 EXAMPLES

Figure1ashows a syntheticCMP gatherwith � ve hyperbolas.First, themodelis constrainedto have
positivevaluesin Figure1b. Notethatthisdomainis artifactsfreeandextremelyfocused.Second,the
modelis constrainedto have negative valuesin Figure1c. Again, themodelis very sparse.Finally,
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thesparsemodelobtainedby addingFigures1band1cis shown in Figure1d. As expected,thismodel
is verysparsecomparedto theradonpanelobtainedwithout sparsenessconstraintsin Figure1e.

Now, thismethodis testedononeCMPgatherfrom amarinedatasetin theGulf of Mexico. Here,the
proposedmethodis alsocomparedwith thesparseresultwith theCauchyregularization(Sacchiand
Ulrych, 1995). Figure2ashows the input data. Thesparsemodelsobtainedby addingthebounded
modelsandby usingthe Cauchyregularizationareshown in Figures2d and2e, respectively. Both
resultsarealmostidentical,with the new techniqueyielding a betterpanel. The residual,i.e., the
differencebetweentheinputdataandtheremodeleddata,is alsoverysimilar in bothcases.

5 CONCLUSION

A new methodto estimatesparseradonpanelshasbeenpresented.This methodis basedon (1) the
decompositionof the modelspaceinto positive andnegative valueswith a bound-constrainedopti-
mizationtechnique,and(2) thesummationof thetwo estimatedmodels.This decompositionhasthe
propertyof reducingthenull spaceandits effects. As illustratedwith syntheticand�eld dataexam-
ples,this methodyieldssparseradonpanelsandcomparesfavorablywith theCauchyregularization
technique.Comparedto theCauchyregularization,theproposedmethodis simplerto parameterize
where,for instance,no Lagrangemultiplier is estimated.However, moreiterationsareneededfor the
bound-constrainedapproachwheretwo modelsarecomputed.
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Figure1: (a) Input data. Estimatedmodel for (b) positive valuesand(c) negative valuesonly. (d)
Estimatedsparsedomain(b)+(c). (e)Estimatedmodelwithoutsparsenessconstraints.

Figure2: (a) Input CMP gatherfrom a marinedataexperiment.Residualpanelsfor thesparsemodel
estimatedwith (b) theboundedmodelsand(c) theCauchyregularization.Sparsemodelsestimated
with (d) theboundedmodelsand(e) theCauchyregularization.
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