Math 128A Spring 2002 Handout # 14
Sergey Fomel February 28, 2002

Homework 6: Interpolation: Spline Interpolation
(due on March 7)

1. Inclass, we interpolated the functidiix) = % at the pointsx = 2,4, 5 with the cubic spline that
satisfied thenatural boundary conditions
S'(@ = 0; (1)
S'(b) = 0 (2)

fora=2 andb =5.

(a) Change conditions (1-2) to tieteampedboundary conditions

S@ = f'@; 3)
Sb) = f'(b), (4)

find the corresponding cubic spline and evaluate i at 3. Is the result more accurate
than the one of the natural cubic spline interpolation?

Note: No programming is necessary, but a calculator might help.

(b) Prove that ifS(x) is a cubic spline that interpolates a functib(x) € C?[a, b] at the knots
a=X1 <X <--- < Xp=band satisfies the clamped boundary conditions (3-4), then

b b

f[S/(x)]zdxgf[f”(x)]zdx. (5)

a a

Hint: Divide the interval §, b] into subintervals and use integration by parts in each subin-
terval.

2. The natural boundary conditions for a cubic spline lead to a system of linear equations with the
tridiagonal matrix

" 2(h1+h) hz 0 - 0 |
h, 2(h2+h3) hs
’ R, . , ©)
hn—2

i 0 0 hn72 2(hn72+hn71) .

wherehy = xk+1 — Xk. The textbook shows that the clamped boundary conditions lead to the



matrix

[ 2hy hy 0 0
hy 2(a+hy) b 0 :
0 h> 2(h2+hs) :
: 0 : - (1)
hn_2 0
- hn—2 2(hn—2+hn-1) hn_1
|0 0 i1 2hn_1 |

Find the form of matrices that correspond to two other popular types of boundary conditions:

(a) “not a knot” conditions:

S'(x2) = S'(x); (8)
Sio(n-1) = §1(%-1). (9)
(b) periodic conditions:
Si(x1) = S1(x0); (10)
Si(x1) = S_1(%)- (11)

Here S(x) represent the spline function on the interval frggto xx.1, k=1,2,...,n—1. The
periodic conditions are applied wh&(x;) = S(xy).

3. The algorithm for solving tridiagonal symmetric systems, presented in class, decomposes a
symmetric tridiagonal matrix into a product of lower and upper bidiagonal matrices, as follows:

"a; by 0 ... 017 [ex O -+ -« 071 B 0 -« 0 T
by ao by . : by ar . : 0 1 B
O by . - 0 =] 0 by . - : T ¢
S T T by Pt .0 : o Bl
0 - 0 b1 a | LO - 0 byg on]lLO - - 0 1 |

The algorithm for solving the linear system

fa; by O .- O 9T el [ g |

01

by a b C2 02

0 b, - 0 _ .

o b | .
L 0 - 0 bha a JLS% | L9 |

is summarized below.



TRIDIAGONAL (a1,ay, ...
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o] <— A1
fork <~ 1,2,...,n—1
do

Bk < by /o

Ok1 < A1 — bk Bk
C1 <01
for k < 2,3,...,n
do

Ck < Ok — Pk-1Ck-1
Cn < Cp/atn
fork<~n-1,n-2,...,1
do

Ck < Ck/otk — Bk Ck+1
return c1,Cp,...,Cnh

,an,blvay---’bn—l;gl,g&---

' gn)

(a) The algorithm will fail (with division by zero) if ang is zero. Prove that, in the case of
cubic spline interpolation with the natural boundary conditions,

ok > by >0,

k=1,2,..

R

Hint: Start withk = 1 and use the method of mathematical induction.

(b) Design an alternative algorithm, where the tridiagonal matrix is factored into the product
of upper and lower bidiagonal matrices, as follows:

a; by O 0 & by 0 0O Jr1 o 07
by a by : 0 @ b : B 1 :
0 b, - 0 : ' 0 0 B
T T : . bng P 0

. 0 0O bpbs a& 41 LO 0 an Y 0 Bn1 1




4. (Programming) In this assignment, you can use your own implementation of the natural cubic

spline algorithm or a library function. For your convenience, here is the algorithm summary:

NATURAL SPLINE COEFFICIENTYX1,X2,...,Xn, f1, f2,..., fp)
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fork<1,2,...,n—1

do
hk < Xk+1— Xk
bk < (furr— ) /i
fork < 2,3,...,n—-1
do
ax < 2 (hg+hy_1)
Ok < bk —byx_1
CL < 0
c, <0
C2,C3,...,Ch_1 < TRIDIAGONAL (8.2,8.3, ...y An—_1, h2, h3, e ,hn_z,gz,g3, e ,gn_]_)

fork <~ 1,2,...,n—1
do
dk < (Ckr1—Ck)/hk
bk < bk — (2¢k +Cky1) h
Ck < 3¢k
return bq,by,...,bn_1,C1,Co,...,Ch_1,01,d>,...,dn_1

SPLINE EVALUATION (X, X1,X2,...,Xn, f1, f2,..., fn,b1,b2,...,bn_1,C1,Co,...,Cn_1,d1,do,...,dn_1)

1
2
3
4
5
6
7

fork<~n—1,n-2,...,1
do

h < x— X
ifh>0
then exit loop

S« fk+h(bx+h(ck+hd))
return S

Using your program, interpolate Runge’s functib(x) = 1+2—15X2 on a set oh regularly spaced

spline knots

xk=—1+2(k_11) . k=1,2,...,n.

Taken =5,11, 21 and compute the interpolation spi{&) and the erroif (x) — S(x) at 41 reg-
ularly spaced points. You can either plot the error or output it in a table. Does the interpolation
accuracy increase with the number of knots?



5. (Programming)
The values in the table specify, y} points on a curvéx(t), y(t)}.

Xx|25| 1.3 |-025| 0. |0.25| -1.3 |-25| -1.3|0.25| 0. |-0.25| 1.3 | 2.5
y| 0. 1-025] 13 25| 1.3 |-025] 0. |0.25| -1.3|-25| -1.3 | 0.25| 0.

In this assignment, you will reconstruct the curve using cubic splines and interpolating inde-
pendentlyx(t) andy(t). We don’t know the values dfat the spline knots but can approximate
them. For example, we can takéo represent the length along the curve and approximate it by
the length of the linear segments:

tp, = 0;

Calculate spline coefficients for the natural cubic splines interpolatftjgandy(t), then eval-
uate the splines at 100 regularly spaced points in the interval betivesrdt, and plot the
curve.

What other boundary conditions would be appropriate in this example?
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