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ABSTRACT

Illumination problemscausedby finite-recordingapertureand lateral velocity lensingcan lead to

biasedamplitudesin migratedseismicimages.I calculateweightingfunctionsthat compensatefor

illumination problemsin wave-equationdepthmigration. The methodologytakesinto accountre-

flector dip aswell asboth shotandreceiver geometries,andbecauseit is basedon wave-equation

migration,it naturallymodelsthefinite-frequency effectsof wave propagation.Thefirst stepin the

processis tomodelsyntheticdatawith thetruerecordinggeometryoverareferencemodel.Migrating

thesyntheticdatathenproducesanimagewhoseamplitudecanbecomparedto thereferenceimage

to produceanillumination-basedweightingfunction. Theseweightingfunctionscanbeapplieddi-

rectly to themigratedimagesto mitigatetheeffectsof poorsubsurfaceillumination. Thereference

modelshouldbe ascloseto the true modelaspossible;goodchoicesincludethe migratedimage,

or a syntheticimagewith a singleknown dip that correspondsto the expecteddip of a reflectorof
1This paperwaspresentedat the71stAnnualInternationalMeetingof theSocietyof ExplorationGeophysicistsin

SanAntonio,2001.
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interest.Computationalshortcutsallow theweightingfunctionsto becomputedataboutthecostof a

singlemigration.Resultsindicatethatmodel-spacenormalizationcansignificantlyreduceamplitude

distortionsdueto irregularsubsurfaceillumination.

INTR ODUCTION

Seismicmigrationalgorithmsbaseddirectly on solutionsto a finite-frequency acousticwave equa-

tion areoften referredto as“wave-equation”migrationmethods.This is in contrastto Kirchhoff-

integral methodsthat usually dependon high-frequency asymptotic(ray) approximations.Wave-

equationmethodshave the advantageover Kirchhoff algorithmsin that they naturally model the

finite-frequency effectsof wave propagationsuchasmulti-pathing. Thesephenomenaoften cause

problemsin structurallycomplex areas,andrequirespecialtreatmentwith ray-basedimagingalgo-

rithms.

For robustness,wave-equationmigrationalgorithmsareoftenformulatedastheadjointof alinear

forwardmodelingoperatorratherthantheinverse[e.g. Claerbout(1995)].Thismeansthat,although

migrationtreatskinematicscorrectly, theamplitudesof migratedimagesdo not accuratelyrepresent

seismicreflectivity.

Wave-equationmigrationcanbealsobeformulatedasaninverseoperation,sothat theimaging

procedurepreservesreflectoramplitudes.Necessarycomponentsof amplitude-preservingimaging

includehonoringthe physicsof wave-propagationin theextrapolationoperator, andcarefulchoice

of imagingcondition. Stolt andBenson(1986)describehow to themodeltheamplitudeaffectsof

wave-propagationin � (z) mediawith WKBJ Green’s functions,andhow to preserve amplitudeat

the imagingstep. Sava et al. (2001)extendthe true-amplitudeimagingconditionof shot-geophone

(DSR)migrationfor imagingreflectivity asa functionof incidenceangle.

2



In mediawith lateralvelocityvariations,however, anotherimportantphenomenacomesinto play:

lateralfocusinganddefocusingof theseismicwavefield. Evenif thewavefieldis regularly sampled

on thesurface,illumination below a complex saltstructuremaybesparseandirregular(Muerdteret

al., 1996;Wyatt et al., 1997;Bearet al., 1999). EvenU
�

D shot-profileimagingconditions(Claer-

bout,1971)basedondeconvolving thedownward-goingsourcewavefield(D) from theupward-going

receiver wavefield (U ) do not take into accountlimitations in the recordinggeometrythat canalso

affectsubsurfaceillumination.

An alternative approachto migration/inversionis to leveragethe power of geophysicalinverse

theory (Tarantola,1987); this providesa rigorousframework for estimatingearthmodelsthat are

consistentwith someobservedsetof data.Least-squares(L2) migrationfollowsthisphilosophy[see

RonenandLiner (2000)for a review], andhasthepotentialto accuratelyimageamplitudes,evenin

areasof irregularillumination. Nemethetal. (1999)andDuquetetal. (2000)describetheapplication

of least-squaresKirchhoff migration,andmorerecentlyPruchaet al. (2000)andKuehlandSacchi

(2001)formulateshot-geophone(DSR) migrationasa least-squaresproblem. As with many other

industrial-scalegeophysicalinverseproblems,the matricesinvolved in L2 depthmigrationaretoo

largeto invertdirectly, andwedependoniterativegradient-basedlinearsolversto estimatesolutions.

However, operatorssuchasprestackdepthmigrationaresoexpensivetoapplythatwecanonly afford

to iteratea handfulof times,at best. Anothermajorproblemwith L2 migrationis its sensitivity to

thedetailsof the implementation;thechoiceof inversionparameters,suchastheamountandstyle

of regularization,cansignificantlyimpacttheinversionresults.

In thispaper, I describeanapproximatesolutionto theproblemof irregularillumination in wave-

equationmigration.Themethodinvolvesmodelingsyntheticdataovera referencemodel,migrating

thesyntheticdata,andcreatingan illumination-basedweightingfunctionfrom on theratio between

the referencemodelandthemodeledandremigratedreferencemodel. As well asproviding infor-

3



mationaboutsubsurfaceillumination, this weightingfunction canthenbe appliedto the migrated

imageto compensatefor the effectsof irregular illumination. Furthermore,becausethe weighting

functionsarederivedfrom wave-equationmigration,they modelthefinite-frequency natureof wave

propagationin complex media;in contrastto ray-basedillumination,thereis noneedto smootheither

thevelocitymodelto stabilizearay-tracingalgorithm,or theillumination functionsoveraneffective

Fresnelzone(SchneiderandWinbow, 1999).

THEORY

The canonicalgeophysicalinverseproblemcanbe summarizedasfollows: given a linear forward

modelingoperatorA, and somerecordeddatad, estimatea model m suchthat A m � d. If the

systemis over-determined,themodelthatminimizestheexpectederrorin predicteddatais givenby:

mL2 � (A � A)� 1 A � d. (1)

Becauseof thehigh costof eachiterationof a gradient-basedsolverwith expensivedepthmigration

operators,the successfulapplicationof L2 depthmigrationmay dependon strategiesemployed to

speedconvergence.

To reducethenumberof solver iterationsrequiredto reacha satisfactoryresult,we canalways

changemodel-spacevariablesfrom m to x througha linearoperatorP, andsolve thefollowing new

systemfor x,

B� d � B� Bx, (2)

whereB � A P. Whenwefind a solution,wecanthenrecover themodelestimate,mL2 � Px. If we

choosetheoperatorP suchthatB � B � I , thentheadjointsolution,givenby

m̂ � PB � d � PP� A � d, (3)

4



will yield a goodmodelestimate;furthermore,gradient-basedsolversshouldconvergeto a solution

of thenew systemrapidly in only a few iterations.Theproblemthenbecomes:whatis agoodchoice

of preconditioningoperatorP?

Ratherthantrying to solve thefull inverseproblemgivenby equation(1), in this paperI look for

adjointsolutionsof thesameform asequation(3). However, ratherlookingfor densepreconditioning

operators,I restrictthesearchto realdiagonalweightingfunctionsWm, sothatequation(3) becomes

m̂ � W2
m A � d � mL2. (4)

Wm canbeappliedto themigrated(adjoint)imagewith equation(4); however, in their review of L2

migration,RonenandLiner (2000)observe thatnormalizedmigrationis only a goodsubstitutefor

full (iterative) L2 migrationin areasof high signal-to-noise.In thesecases,Wm couldbeusedasa

model-spacepreconditionerto thefull L2 problem,asdescribedabove.

ClaerboutandNichols(1994)noticedthatif wemodelandremigrateareferenceimage,theratio

betweenthereferenceimageandthemodeled/remigratedimagewill beaweightingfunctionwith the

correctphysicalunits. Following thenotationthatdiag(mref) refersto a matrix createdby spreading

theelementsof thevectormref alongits diagonal,theweightingfunctionWm, whosesquareis given

by

W2
m �

diag(mref)

diag(A � A mref)
� A � A �

1
, (5)

will have thesameunitsasA � 1. Furthermore,W2
m will bethe ideal weightingfunction if therefer-

encemodelequalsthetruemodelandthemodeling/migrationoperatorcorrectlymimicsthephysics

of thesystem.

Equation(5) and its applicationto wave-equationdepthmigrationforms the basisfor the first

part of this paper. However, whenfollowing this approach,therearetwo importantpracticalcon-

siderationsto take into account:firstly, thechoiceof referenceimage,andsecondly, theproblemof
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dealingwith zerosin thedenominator.

Although equation(5) is valid for generallinear operators,and including both shot-geophone

migrationwith the doublesquareroot equation,andshot-profilemigrationwith the singlesquare

root equation

For the examplesin this paper, I implementA � asshot-profilemigrationwith a Fourier finite-

difference(FFD) one-way extrapolator(Ristow andRuhl,1994).FFD combinesthesteep-dipaccu-

racy of phase-shiftmigrationwith thestrengthof finite-differencesin areasof stronglateralvelocity

gradients. The adjoint of the migration, describesshot-profilemodeling; this is implementedby

downward-continuingthe sourcewavefield into the earth,then recursively upward-continuingthe

scatteredfield, convolving in contributionsfrom the sourcewavefield basedon local reflectivity. I

constructedthe amplituderesponseof the modelingandmigrationoperatorsto be pseudo-unitary

rather than amplitude-preserving,and they passthe dot-producttest (Claerbout,1995) indicating

they describetrueadjointprocesses.

Similar normalizationschemes[e.g. Slawson et al. (1995); Chemingui(1999); Duquetet al.

(2000)] have beenproposedfor Kirchhoff migrationoperators.In fact, both Nemethet al. (1999)

andDuquetetal. (2000)reportsuccesswith usingdiagonalmodel-spaceweightingfunctionsaspre-

conditionersfor Kirchhoff L2 migrations.However, normalizationschemesthatwork for Kirchhoff

migrationsarenot computationallyfeasiblefor recursive migrationalgorithmsbasedon downward-

continuation.

Variousauthors(O’Brien andEtgen,1998;Rickett,2001;ZhouandStein,2001)havecalculated

illumination functionsfor wave-equationmigrationbasedon integratingthedownward-propagating

shotenergy. This approachfails to take into accountlimitationsin thereceivergeometry, andis only

appropriateif theupward-propagatingwavefield is fully sampled(Rickett,2001).Shinet al. (2001)
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describeda clever algorithmfor calculatingthe diagonalelementsof the Hessianmatrix (A � A) for

reverse-timeshot-profilemigration,andits applicationfor describingwavefieldillumination. In con-

trastto themethodspresentedhere,however, themaindiagonalitself doesnotcapturethesensitivity

of illumination to thelocal reflectordip (Rickett,2001;Biondi, 2001).

Thr eechoicesof referenceimage

The ideal referenceimagewould be the true subsurfacemodel. However, sincewe do not know

what that is, we have to substituteanalternative model. In thenumericalexamplessectionbelow, I

experimentwith threepracticalalternatives,which I will denotem1, m2, andm3.

ClaerboutandNichols (1994)attribute to Symesthe ideaof usingtheadjoint (migrated)image

asthereferencemodel.Therationalefor this is thatmigrationprovidesa robustestimateof thetrue

model. As the first alternative I follow this suggestion,so that m1 � A � d. A secondalternative is

to try an referenceimageof purely randomnumbers:m2 � r , wherer is a randomvector. This is

hasthe advantagesthat it containsa varietyof dips,andis not influencedby the data. However, it

hasthedisadvantagethatdifferentrealizationsof r mayproducedifferentweightingfunctions.The

third alternative that I discuss(m3) is a monochromaticreferenceimage,consistingof purely flat

events.This approachcanbedescribedas“flat-eventcalibration”,andcloselyfollows themethod-

ologyBlack andSchleicher(1989)proposedfor normalizingdip moveout(DMO) in thepresenceof

irregularacquisitiongeometry.

Stabilizing the denominator

To avoid divisionby zero,ClaerboutandNichols(1994)suggestmultiplying boththenumeratorand

denominatorin equation(5) by diag(A � A mref), andstabilizingthedivisionby addingasmallpositive
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numberto thedenominator:

W2
m �

diag(mref) � diag(A � A mref)
�
diag(A � A mref)

� 2 �
	 2I
, (6)

Although this doessolve theproblemof division by zero,thenumeratoranddenominatorwill still

oscillaterapidly in amplitudewith thephaseof theimage.

Illumination, however, shouldbe independentof the wavefield’s phase.Therefore,I calculate

weightingfunctionsfrom theratioof thesmoothedanalyticsignalenvelopes(denotedby �� ) of the

model-spaceimages:

W2
m �

diag( � mref � )

diag( � A � A mref � ) �
	 2I
, (7)

where	 is adampingparameterthatis relatedto thesignal-to-noiselevel.

NUMERICAL EXAMPLES

The Amoco 2.5-D syntheticdataset(Etgenand Regone,1998) provides an excellent test for the

weightingfunctionsdiscussedabove. The velocity model(Figure1) containssignificantstructural

complexity in the upper3.8 km, anda flat reflectorof uniform amplitudeat about3.9 km depth.

Sincetheentirevelocitymodel(“Canadianfoothills overthrustingontotheNorthSea”)is somewhat

pathological,I restrictedmy experimentsto theNorth Seasectionof thedataset(x � 11km).

Thedataweregeneratedby 3-D acousticfinite-differencemodelingof the2.5-Dvelocitymodel.

However, making the testmoredifficult is the fact that the 2-D linear one-way FFD extrapolators

(Ristow andRuhl, 1994),which I usefor modelingandmigration,do not accuratelypredictthe3-

D geometricspreadingandmultiple reflectionsthatarepresentin this dataset.This is illustratedin

Figure2,whichcomparesequivalentshotgathersmodeledby thedifferentalgorithms;althoughtheir

kinematicsareveryclose,their amplitudesdiffer significantly.
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Figure 3 comparesthe shot-profilemigration image(m1) with the resultsof remodelingand

remigratingthethreereferenceimagesasdescribedabove. A directcomparisonbetweenpanels3 (a)

and(b) indicatesthat themodelingandremigrationprocessfurtherdecreasesamplitudesin areasof

poorillumination,bothbeneaththesaltandonthesteeplydippingsaltflanks.Furthermore,theeffect

of irregularillumination,bothfrom thelimited acquisitiongeometryon thesurface,andfocusingby

thelateralvelocitycontrasts,is clearlyvisibleon thethreeremigrationsin panels3 (b-d).

Figure4 comparestheillumination calculatedfrom thethreereferenceimageswith theraw shot

illumination, calculatedby integratingthe downward-goingshotenergy. Noticeably, the shot-only

weighting function [panel (a)] doesnot take into accountthe off-end (asopposedto split-spread)

receivergeometry. Panel(b), theweightingfunctionderivedfrom modelm1, appearsslightly noisy.

However, in well-imagedareas(e.g. along the target reflector), the weighting function is well-

behaved. Panel (c) shows the weighting function derived from the randomreferenceimage(m2).

Despitethesmoothing,this weightingfunctionclearlybearsthestampof therandomnumberfield.

A featureof white noiseis that no amountof smoothingwill be ableto remove the imprint of the

randomnumberscompletely. The final panel(d) shows the flat-event illumination weightingfunc-

tion, derivedfrom m3. This is noise-freeandverywell-behavedsinceit dependsonly on thevelocity

modelandrecordinggeometry, not thedata.However, it only representsthetrueillumination for flat

reflectors.

The imagein Figure5 hasbeennormalizedwith the weighting function derived from the the

migrated-imagereferencemodel (m1). The basementreflector is more continuousthan in Fig-

ure 3 (a), andthe effect of the recordinggeometryis lesspronounced.Although not shown here,

similar featuresarealsovisible on theothernormalizedimages.

For aquantitativecomparisonbetweennormalizedmigrationresults,I pickedthemaximumam-
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Weightingfunction: NSD:

No weightingfunction 0.229

Shotillumination 0.251

mref � m1 (migratedimage) 0.148

mref � m2 (randomimage) 0.195

mref � m3 (flat events) 0.140

Table1.

plitude of the 3.9 s reflectionevent on the calibratedimages. The normalizedstandarddeviation

(NSD)of theseamplitudesis shown in Table1, where

NSD �
ix

aix

ā �
1

2
. (8)

Table1, therefore,providesa measureof how well the variousweightingfunction compensatefor

illumination difficulties. The picked-basementamplitudesof the raw migration,andthe migration

afterflat-eventnormalizationareshown in Figure6. This graphicallyillustratesthat for this model

thenormalizationprocedureimprovesamplitudereliability by almosta factorof two.

To comparethenormalizedmigrationresultswith thoseproducedby full L2 shot-profileFourier

finite-differencemigration,I ran ten iterationsof full conjugategradients,usinganout-of-coreop-

timization library (Sava, 2001). Figure7 shows the migratedimagesproducedafter four and ten

iterations.As the inversionproceeds,it doesbegin to compensatefor irregular illumination. How-

ever, I did not imposeanexplicit regularizationtermduring the inversion;therefore,asthesolution

evolves,otherpoorly-constrainedcomponentsof themodel-spacestartto appearin thesolution,in-

cludingboth low andhigh frequency noise,steeply-dippingenergy, andmultiple energy that is not

modeledby thelinear forwardmodelingoperator. Theincreasein noisecausestheNSD to actually
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begin to increaseafterthefourth iteration(seeFigure8), implying adecreasein imagequality.

DISCUSSION

Computational cost

As it stands,the costof computinga weighting function of this kind is twice the costof a single

migration. Add thecostof themigrationitself, andthis approachis 25%cheaperthanrunningtwo

iterationsof conjugategradients,which coststwo migrationsperiteration.

However, the bandwidthof the weighting functions is much lower than that of the migrated

images.This allowsconsiderablecomputationalsavings,asmodelingandremigratinga narrow fre-

quency bandaroundthecentralfrequency producessimilar weightingfunctionsthanthe full band-

width. Repeatingthe first experiment(mref � m1) with half the frequenciesgivesa NSD � 0.147,

which is almostasgoodasbeforeathalf thecost.

Rangeof validity

Themethodologydescribedin thispaperis valid for any linearoperator;althoughmy implementation

wasshot-profilemodelingwith aone-wayextrapolator, theprinciplesareequallyapplicableto other

wave-equationmigrationalgorithmssuchasshot-geophone(doublesquareroot) migration.

As with any deconvolution or inversion,however, therearepotentialpitfalls. Most importantly,

the forward modelingoperatormust model the physicsof the systemsufficiently accurately;this

includesboththephysicsof wavepropagation,andthetrueearthvelocity. In practice,earthvelocity

modelsare never completelytrue-to-life. Furthermore,linear forward modelingdoesnot predict

multiple scattering,andso multiple energy needsto be removed asa preprocessingstep,prior to
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migration.

CONCLUSION

Model-spaceweighting functionsbasedon equation(7) provide a robust way to compensatefor

illuminationproblemsduringwave-equationdepthmigrationbasedondownward-continuation.Illu-

minationfunctionscalculatedin thiswayhavetheadvantageoverray-basedilluminationfunctionsin

that thethey accuratelymodelthefinite-frequency natureof wave propagation,andthereis no need

for smoothingof eitherthevelocitymodelor theillumination function.

Thechoiceof referenceimageis important,andresultsheresuggesteitherthemigratedimage,

or an imageconsistingof the expecteddip of the reflectorof interest,may be appropriatechoices.

Additionally, computationalshortcutsallow the costof the normalizedmigrationto be reducedto

only abouttwice thecostof astandardmigration.
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LIST OF FIGURES

1 Velocity (in km/s)modelusedto generatethesyntheticAmoco2.5-Ddataset.

2 Syntheticshot-gathersfrom theAmoco2.5-Ddataset(sx � 18.2km). Panel(a) shows the

gathergeneratedby full 3-D two-way finite-differencemodeling.Panel(b) shows thegathergener-

atedby 2-D linearone-waymodeling.

3 Comparisonof calibrationimages:(a)originalmigration,(b) originalmigrationaftermod-

eling andmigration,(c) randomimageaftermodelingandmigration,and(d) flat event imageafter

modelingandmigration.

4 Comparisonof illumination-basedweightingfunctions: (a) shot-onlyweightingfunction,

(b) derivedfrom migrated-imagereferencemodel,(c) derivedfrom random-imagereferencemodel,

and(d) derivedfrom flat-layeredreferencemodel.

5 Migratedimageafternormalizationwith themigrated-imagereferencemodelshown in Fig-

ure4 (b). Comparewith theunnormalizedmigrationresultshown in Figure3 (a).

6 Normalizedpeakamplitudeof 3.9 km reflectorafter migration(solid line), andthennor-

malizationby flat-eventillumination(dashedline) derivedwith mref � m3. Theidealresultwouldbe

aconstantamplitudeof 1.

7 Resultsof full L2 inversionof the Amoco 2.5-D datasetwith FFD modeling/migration.

Panel(a) shows resultsafterfour iterations,andpanel(b) showsresultsafterteniterations.

8 Normalizedstandarddeviationof flat reflectorversusiterationnumber. After four iterations

theincreasingnoise-level causesadecreasein amplitudereliability.
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