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ABSTRACT

lllumination problemscausedby finite-recordingapertureand lateral velocity lensingcan lead to
biasedamplitudesin migratedseismicimages.| calculateweightingfunctionsthat compensatéor
illumination problemsin wave-equatiordepthmigration. The methodologytakesinto accountre-
flector dip aswell asboth shotandrecever geometriesand becausét is basedon wave-equation
migration,it naturallymodelsthefinite-frequeng effectsof wave propagation.Thefirst stepin the
processs to modelsyntheticdatawith thetruerecordinggeometryoverareferencenodel. Migrating
the syntheticdatathenproducesanimagewhoseamplitudecanbe comparedo thereferencémage
to produceanillumination-basedveightingfunction. Theseweightingfunctionscanbe applieddi-
rectly to the migratedimagesto mitigatethe effectsof poorsubsuréceillumination. The reference
modelshouldbe ascloseto the true modelas possible;good choicesincludethe migratedimage,

or a syntheticimagewith a single known dip that correspondso the expecteddip of a reflectorof

1This papemwaspresentedt the 71stAnnual InternationaMeetingof the Societyof ExplorationGeophysicistén

SanAntonio, 2001.



interest.Computationathortcutsallow theweightingfunctionsto be computedataboutthe costof a
singlemigration. Resultsndicatethatmodel-spac@ormalizationcansignificantlyreduceamplitude

distortionsdueto irregularsubsuréceillumination.

INTRODUCTION

Seismicmigrationalgorithmsbaseddirectly on solutionsto a finite-frequeng acousticwave equa-
tion are often referredto as“wave-equation’migration methods. This is in contrastto Kirchhoff-
integral methodsthat usually dependon high-frequeng asymptotic(ray) approximations. Wave-
equationmethodshave the advantageover Kirchhoff algorithmsin that they naturally model the
finite-frequeny effects of wave propagatiorsuchas multi-pathing. Thesephenomenaften cause
problemsin structurallycomplex areas andrequirespecialtreatmentwith ray-basedmagingalgo-

rithms.

For robustnesswave-equatiormigrationalgorithmsareoftenformulatedastheadjointof alinear
forwardmodelingoperatorratherthantheinversele.g. Claerbout1995)]. This meanghat,although
migrationtreatskinematicscorrectly theamplitudesof migratedimagesdo not accuratelyrepresent

seismicreflectiity.

Wave-equatiommigrationcanbe alsobe formulatedasaninverseoperation,sothattheimaging
procedurepreseresreflectoramplitudes. Necessarccomponent®f amplitude-preservingnaging
include honoringthe physicsof wave-propagatiorin the extrapolationoperatoy and carefulchoice
of imaging condition. Stolt and Benson(1986)describehow to the modelthe amplitudeaffectsof
wave-propagationn v(z) mediawith WKBJ Greens functions,andhow to presere amplitudeat
theimagingstep. Sava et al. (2001) extendthe true-amplitudemaging conditionof shot-geophone

(DSR) migrationfor imagingreflectivity asafunctionof incidenceangle.



In mediawith lateralvelocity variations however, anotheimportantphenomenaomesnto play:
lateralfocusinganddefocusingof the seismicwavefield. Evenif the wavefieldis regularly sampled
onthesurface,illumination belonv a complec saltstructuremay be sparseandirregular(Muerdteret
al., 1996;Wyatt etal., 1997;Bearetal., 1999). EvenU /D shot-profileimagingconditions(Claer
bout,1971)basedndecovolving thedownward-goingsourcenavefield(D) from theupward-going
recever wavefield (U) do not take into accountlimitationsin the recordinggeometrythat canalso

affect subsuréceillumination.

An alternatve approachto migration/irversionis to leveragethe power of geophysicainverse
theory (Tarantola,1987); this provides a rigorousframework for estimatingearthmodelsthat are
consistentvith someobsenedsetof data.Least-square@. 2) migrationfollows this philosophy[see
RonenandLiner (2000)for areview], andhasthe potentialto accuratelyimageamplitudesgvenin
areaof irregularillumination. Nemethetal. (1999)andDuquetetal. (2000)describeheapplication
of least-squareKirchhoff migration,andmorerecentlyPruchaet al. (2000) and Kuehland Sacchi
(2001) formulateshot-geophonéDSR) migrationasa least-squareproblem. As with mary other
industrial-scalegeophysicainverseproblemsthe matricesinvolvedin L2 depthmigrationaretoo
largeto invertdirectly, andwe dependniterative gradient-baselinearsolversto estimatesolutions.
However, operatorsuchasprestacldepthmigrationaresoexpensveto applythatwe canonly afford
to iteratea handful of times, at best. Anothermajor problemwith L2 migrationis its sensitvity to
the detailsof theimplementationthe choiceof inversionparameterssuchasthe amountandstyle

of regularization,cansignificantlyimpacttheinversionresults.

In this paper| describeanapproximatesolutionto theproblemof irregularilluminationin wave-
equationmigration. The methodinvolvesmodelingsyntheticdataover a referencanodel,migrating
the syntheticdata,andcreatinganillumination-basedveightingfunctionfrom on theratio between

the referencanodelandthe modeledandremigratedreferencemodel. As well asproviding infor-

3



mation aboutsubsuréceillumination, this weighting function canthenbe appliedto the migrated
imageto compensatdor the effectsof irregularillumination. Furthermore pecausehe weighting
functionsarederived from wave-equatiommigration,they modelthefinite-frequeng natureof wave
propagationn complex media;in contrasto ray-basedlumination,thereis no needto smootheither
thevelocity modelto stabilizearay-tracingalgorithm,or theillumination functionsover aneffective

Fresnekzone(SchneideandWinbow, 1999).

THEORY

The canonicalgeophysicainverseproblemcanbe summarizedas follows: given a linear forward
modelingoperatorA, and somerecordeddatad, estimatea modelm suchthat Am ~ d. If the

systemis over-determinedthemodelthatminimizesthe expectederrorin predicteddatais givenby:

me, = (A’A) T Ad. (1)

Becausef the high costof eachiterationof a gradient-basedolver with expensve depthmigration
operatorsthe successfubpplicationof L2 depthmigration may dependon stratgyiesemployedto

speectornvemence.

To reducethe numberof solver iterationsrequiredto reacha satisfictoryresult,we canalways
changemodel-spaceariablesfrom m to x througha linear operatorP, andsolve the following new

systentor X,

B'd = B'Bx, (2

whereB = A P. Whenwe find a solution,we canthenrecover the modelestimatem; > = Px. If we

chooseheoperatorP suchthatB’B ~ |, thenthe adjointsolution,givenby

m=PBd=PPA'd, (3



will yield agoodmodelestimate furthermore gradient-basedolversshouldcorvergeto a solution
of thenew systenrapidlyin only afew iterations.The problemthenbecomeswhatis agoodchoice

of preconditioningoperatorP?

Ratherthantrying to solve thefull inverseproblemgivenby equation(1), in this paper look for
adjointsolutionsof thesameorm asequation(3). However, ratherlooking for densegpreconditioning

operators| restrictthe searcho realdiagonalweightingfunctionsW,, sothatequation(3) becomes
I”T\I=W2mA/d%m|_2. (4)

W, canbe appliedto the migrated(adjoint)imagewith equation(4); however, in their review of L2
migration,RonenandLiner (2000) obsenre thatnormalizedmigrationis only a good substitutefor
full (iterative) L2 migrationin areasof high signal-to-noiseln thesecasesW, couldbe usedasa

model-spac@reconditioneto thefull L2 problem,asdescribedabove.

ClaerboutandNichols(1994)noticedthatif we modelandremigrateareferenceémage theratio
betweerthereferencémageandthemodeled/remigrateinagewill beaweightingfunctionwith the
correctphysicalunits. Following the notationthatdiag(mef) refersto a matrix createcby spreading

theelementof thevectorm,e alongits diagonal the weightingfunctionW,, whosesquards given

by

»  diag(mrer) ~
™ diag(A’ A Myer)

(AA) T (5)

will have the sameunitsasA~1. FurthermoreW?2 will betheideal weightingfunctionif the refer

encemodelequalsthe true modelandthe modeling/migratioroperatorcorrectlymimicsthe physics

of thesystem.

Equation(5) andits applicationto wave-equationdepthmigrationforms the basisfor the first
part of this paper However, whenfollowing this approachtherearetwo importantpracticalcon-

siderationdo take into account:firstly, the choiceof referencamage,andsecondlythe problemof



dealingwith zerosin thedenominatar

Although equation(5) is valid for generallinear operatorsandincluding both shot-geophone
migration with the double squareroot equation,and shot-profilemigration with the single square

rootequation

For the examplesin this paper | implementA’ as shot-profilemigrationwith a Fourier finite-
difference(FFD) one-way extrapolator(Ristonv andRuhl, 1994). FFD combineghe steep-dipaccu-
ragy of phase-shiftmigrationwith the strengthof finite-differencesn areasof stronglateralvelocity
gradients. The adjoint of the migration, describesshot-profilemodeling; this is implementedby
downward-continuingthe sourcewavefield into the earth,thenrecursvely upward-continuingthe
scatteredield, corvolving in contribtutionsfrom the sourcewavefield basedon local reflectvity. |
constructedhe amplituderesponseof the modelingand migration operatorso be pseudo-unitary
ratherthan amplitude-preservingand they passthe dot-producttest (Claerbout,1995) indicating

they describerueadijointprocesses.

Similar normalizationschemede.g. Slavsonet al. (1995); Chemingui(1999); Duquetet al.
(2000)] have beenproposedor Kirchhoff migrationoperators.In fact, both Nemethet al. (1999)
andDuquetetal. (2000)reportsuccessvith usingdiagonalmodel-spaceveightingfunctionsaspre-
conditionerdor Kirchhoff L2 migrations.However, normalizationschemeshatwork for Kirchhoff
migrationsarenot computationallyfeasiblefor recursie migrationalgorithmsbasedon downward-

continuation.

Variousauthorg(O’Brien andEtgen,1998;Rickett,2001;ZhouandStein,2001)have calculated
illumination functionsfor wave-equatiommigrationbasedon integratingthe downward-propagating
shotenepgy. This approacHails to take into accountimitationsin therecevergeometryandis only

appropriataf the upward-propagatingvavefieldis fully sampledRickett,2001). Shinetal. (2001)



describeda clever algorithmfor calculatingthe diagonalelementsof the Hessianmatrix (A’A) for
reverse-timeshot-profilemigration,andits applicationfor describingwavefieldillumination. In con-
trastto the methodgresentedhere however, the maindiagonalitself doesnot capturethe sensitvity

of illuminationto thelocal reflectordip (Rickett,2001;Biondi, 2001).

Thr eechoicesof referenceimage

The ideal referenceimagewould be the true subsurbcemodel. However, sincewe do not know
whatthatis, we have to substitutean alternatve model. In the numericalexamplessectionbelow, |

experimentwith threepracticalalternatives,which | will denotem;, m,, andms.

ClaerboutandNichols (1994)attribute to Symesthe ideaof usingthe adjoint (migrated)image
asthereferencemodel. The rationalefor this is thatmigrationprovidesa robustestimateof thetrue
model. As thefirst alternatve | follow this suggestionsothatm; = A’d. A secondalternatve is
to try anreferencamageof purely randomnumbers:m, = r, wherer is arandomvector Thisis
hasthe advantageghatit containsa variety of dips, andis not influencedby the data. However, it
hasthe disadwantagehatdifferentrealizationsof r may producedifferentweightingfunctions. The
third alternatve that| discuss(mg) is a monochromatiaeferencemage, consistingof purely flat
events. This approachcanbe describecdas “flat-event calibration”, and closelyfollows the method-
ology Black andSchleiche(1989)proposedor normalizingdip moveout(DMO) in the presencef

irregularacquisitiongeometry

Stabilizing the denominator

To avoid division by zero,ClaerboutandNichols (1994)suggesmultiplying boththe numeratomand

denominatom equation5) by diag(A’ A myf), andstabilizingthedivisionby addingasmallpositive



numberto thedenominator:

W2 — diag(mref) ‘diag(A/A mref)
m— : 2
|diag(A’ A Myef)|~ + €2

(6)

Although this doessolve the problemof division by zero,the numeratoranddenominatomill still

oscillaterapidly in amplitudewith the phaseof theimage.

lllumination, however, shouldbe independenbf the wavefield's phase. Therefore,| calculate
weightingfunctionsfrom theratio of the smoothedanalyticsignalenvelopegdenotedoy <>) of the

model-spacénages:

2 _ diag(< myet >)
M diag(< A’A Myer >) + €21’

()

wheree is adampingparametethatis relatedto the signal-to-noisdevel.

NUMERICAL EXAMPLES

The Amoco 2.5-D syntheticdataset(Etgenand Regone, 1998) provides an excellent test for the
weighting functionsdiscussedibore. The velocity model (Figure 1) containssignificantstructural
complity in the upper3.8 km, anda flat reflectorof uniform amplitudeat about3.9 km depth.
Sincethe entirevelocity model(“Canadianfoothills overthrustingontothe North Sea”)is somevhat

pathological] restrictedmy experimentgo the North Seasectionof thedatase{x > 11 km).

Thedataweregeneratedby 3-D acoustidinite-differencemodelingof the 2.5-D velocity model.
However, makingthe testmore difficult is the fact that the 2-D linear one-way FFD extrapolators
(Ristov andRuhl, 1994),which | usefor modelingand migration,do not accuratelypredictthe 3-
D geometricspreadingandmultiple reflectionsthatarepresentn this dataset.This is illustratedin
Figure2, which comparegquivalentshotgatheranodeledby thedifferentalgorithms;althoughtheir

kinematicsarevery close theiramplitudediffer significantly



Figure 3 compareshe shot-profilemigrationimage (m1) with the resultsof remodelingand
remigratingthethreereferencemagesasdescribedbove. A directcomparisorbetweemanels3 (a)
and(b) indicatesthatthe modelingandremigrationprocesdurther decreaseamplitudesin areasof
poorillumination, bothbeneathhe saltandonthesteeplydippingsaltflanks. Furthermoretheeffect
of irregularillumination, bothfrom thelimited acquisitiongeometryon the surface ,andfocusingby

thelateralvelocity contrastsis clearlyvisible onthethreeremigrationsn panels3 (b-d).

Figure4 comparegsheillumination calculatedrom thethreereferencémageswith theraw shot
illumination, calculatedby integratingthe downward-goingshotenegy. Noticeably the shot-only
weighting function [panel (a)] doesnot take into accountthe off-end (as opposedo split-spread)
recever geometry Panel(b), theweightingfunctionderivedfrom modelm,, appearslightly noisy.
However, in well-imagedareas(e.g. along the tamget reflector), the weighting function is well-
behaed. Panel(c) shavs the weighting function derived from the randomreferenceamage (m,).
Despitethe smoothing this weightingfunction clearly bearsthe stampof the randomnumberfield.
A featureof white noiseis that no amountof smoothingwill be ableto remove the imprint of the
randomnumberscompletely Thefinal panel(d) shaws the flat-eventillumination weightingfunc-
tion, derivedfrom mgs. Thisis noise-freeandvery well-beharedsinceit depend®nly onthevelocity
modelandrecordinggeometrynotthe data.However, it only representghetrueillumination for flat

reflectors.

The imagein Figure 5 hasbeennormalizedwith the weighting function derived from the the
migrated-imagereferencemodel (m;). The basementeflectoris more continuousthanin Fig-
ure 3 (a), andthe effect of the recordinggeometryis lesspronounced.Although not shovn here,

similar featuresarealsovisible onthe othernormalizedmages.

For a quantitative comparisorbetweemormalizedmigrationresults,| pickedthe maximumam-



Weightingfunction: NSD:

No weightingfunction 0.229
Shotillumination 0.251
M =M1 (Migratedimage)| 0.148

Mref =My  (randomimage) | 0.195

M= M3 (flat events) 0.140

Tablel.

plitude of the 3.9 s reflectionevent on the calibratedimages. The normalizedstandarddeviation
(NSD) of theseamplitudess showvn in Tablel1, where
: 2
NSD= ;(%—1) . ®)
Table 1, therefore providesa measureof how well the variousweighting function compensatéor
illumination difficulties. The picked-basemenamplitudesof the raw migration,andthe migration
afterflat-eventnormalizationare showvn in Figure 6. This graphicallyillustratesthat for this model

thenormalizationproceduremprovesamplitudereliability by almosta factorof two.

To comparehe normalizedmigrationresultswith thoseproducedoy full L2 shot-profileFourier
finite-differencemigration, | ranteniterationsof full conjugategradientsusingan out-of-coreop-
timization library (Sava, 2001). Figure 7 shaws the migratedimagesproducedafter four andten
iterations. As the inversionproceedsit doesbegin to compensatéor irregularillumination. How-
ever, | did notimposean explicit regularizationterm during the inversion;therefore asthe solution
evolves,otherpoorly-constrainedomponent®f the model-spacestartto appeatin the solution,in-
cluding bothlow andhigh frequeng noise,steeply-dippingenegy, andmultiple enegy thatis not

modeledby the linearforward modelingoperator Theincreasdn noisecauseshe NSD to actually
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begin to increaseafterthefourth iteration(seeFigure8), implying a decreasé imagequality.

DISCUSSION

Computational cost

As it standsthe costof computinga weighting function of this kind is twice the costof a single
migration. Add the costof the migrationitself, andthis approactis 25% cheapethanrunningtwo

iterationsof conjugategradientswhich coststwo migrationsperiteration.

However, the bandwidthof the weighting functionsis much lower than that of the migrated
images.This allows considerableomputationabarings,asmodelingandremigratinga narrawv fre-
gueng bandaroundthe centralfrequeny producessimilar weightingfunctionsthanthe full band-
width. Repeatinghe first experiment(m,e = m1) with half the frequencieggivesa NSD = 0.147,

whichis almostasgoodasbeforeat half the cost.

Rangeof validity

Themethodologydescribedn this paperis valid for any linearoperatoralthoughmy implementation
wasshot-profilemodelingwith a one-way extrapolatorthe principlesareequallyapplicableto other

wave-equatiormigrationalgorithmssuchasshot-geophonédoublesquareroot) migration.

As with any decowolution or inversion,however, thereare potentialpitfalls. Most importantly
the forward modeling operatormust model the physicsof the systemsufiiciently accurately;this
includesboththe physicsof wave propagationandthetrue earthvelocity. In practice earthvelocity
modelsare never completelytrue-to-life. Furthermore linear forward modelingdoesnot predict

multiple scattering,and so multiple enegy needsto be removed asa preprocessingtep, prior to
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migration.

CONCLUSION

Model-spaceweighting functions basedon equation(7) provide a robust way to compensatedor
illumination problemsduringwave-equatiordepthmigrationbasedn downward-continuationlliu-
minationfunctionscalculatedn thisway have theadvantageoverray-basedluminationfunctionsin
thatthethey accuratelymodelthe finite-frequeng natureof wave propagationandthereis no need

for smoothingof eitherthe velocity modelor theillumination function.

The choiceof referencémageis important,andresultsheresuggeseitherthe migratedimage,
or animageconsistingof the expecteddip of the reflectorof interest,may be appropriatechoices.
Additionally, computationakhortcutsallow the costof the normalizedmigrationto be reducedto

only abouttwice the costof a standardnigration.
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LIST OF FIGURES

1  Velocity (in km/s)modelusedto generatehe syntheticAmoco 2.5-D dataset.

2  Syntheticshot-gathersrom the Amoco 2.5-D datase(s, = 18.2km). Panel(a) shawvsthe
gathergeneratedy full 3-D two-way finite-differencemodeling. Panel(b) shavs the gathergener
atedby 2-D linearone-way modeling.

3  Comparisorof calibrationimages:(a) original migration,(b) original migrationafter mod-
eling andmigration, (c) randomimageafter modelingand migration,and(d) flat eventimageafter
modelingandmigration.

4 Comparisorof illumination-basedveighting functions: (a) shot-onlyweightingfunction,
(b) derivedfrom migrated-imageeferencemodel,(c) derived from random-imageeferencenodel,
and(d) derivedfrom flat-layeredreferencanodel.

5  Migratedimageafternormalizatiorwith themigrated-imageeferencenodelshovnin Fig-
ure4 (b). Comparewith the unnormalizednigrationresultshavn in Figure3 (a).

6  Normalizedpeakamplitudeof 3.9 km reflectorafter migration(solid line), andthennor
malizationby flat-eventillumination (dashedine) derivedwith m,; = ms. Theidealresultwould be
aconstanamplitudeof 1.

7  Resultsof full L2 inversionof the Amoco 2.5-D datasetwith FFD modeling/migration.
Panel(a) shavs resultsafterfour iterations,andpanel(b) shavs resultsafterteniterations.

8 Normalizedstandardieviation of flat reflectorversusterationnumber After four iterations

theincreasinghoise-level causes decreasén amplitudereliability.
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