Appendix A

Wavefield-based estimation of the
local Snell parameter, and the

propagation direction

Inversion methods that estimate the elastic parameters of the medium based on the direc-
tional dependence of the reflection coefficient (AVO inversion) use in general an angular
functionality to express such a dependence. This choice is not always convenient because
the angle estimation may depend strongly on the macro model that is used in the estima-
tion process. Moreover, the propagation angles are affected by the elastic perturbations
that one wishes to estimate using the angular dependence of the reflectivities. A more
appropriate choice for expressing the directional dependence of the reflection coefficient
is, I believe, the local Snell parameter, which is defined as the component of the slowness
parallel to the local reflector plane at each position of the subsurface. Evidently, not all
points of the subsurface can be considered as reflectors, but at all points of interest, where
the upcoming wavefronts intercept the downgoing wavefront, a local reflector plane can
be defined (point diffractors are an exception). As defined, the local Snell parameter is
conserved for first order perturbation in the local elastic parameters. Although its esti-
mated value still depends on the macro model, it is much less sensitive to errors in the

model than the angle of incidence.
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A.1 Estimation of the local Snell parameter

Figure A.1 shows a descending (incident) wavefield crossing an ascending (reflected) wave-
field at a given time step of the backward propagation part of the scheme. The crossing
point defines the point of the interface that was imaged at that time, and the angles o
and @ are measured, respectively, from the tangent and from the normal to the interface

at that point. From the figure we get the following relation:

incident
wavefront

FIG. A.1. The points where the as- \
cending and descending wavefronts \
overlap define the location of the re- \
flector. The reflection angle can be
determined by the gradients of the
two wavefields at the reflection point
at the time when the reflection oc-
curred.

interface

reflected
wavefront

cos(20) =1-f,

where the unit vectors 1 and # represent, respectively, the directions of incidence and
reflection. I define the local Snell parameter p as the slowness component parallel to the

interface at the reflection point, as follows:

sin( )

Up

(A1)

where v, is the P-wave group velocity at that particular location. This definition is
restricted to cases in which an isotropic assumption is used, but a more general definition

can be formulated that includes the anisotropic extension of Snell’s law.
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A.2 Estimation of the propagation direction

The unit vectors i and £ are estimated from the potential fields ¢° and ¢" using the
following equations:
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The next paragraph demonstrates that these relations give the correct estimation of the

propagation direction for the incident wavefield. Figure A.2 shows the wavefield amplitude

along the line defined by the gradient of the potential field.

Propagation direction = i

FIG. A.2. Representation of the am-
plitude of the potential field along
the gradient direction.

The gradient of the potential field gives the direction, but not the sense of propagation.
Any point A in the interval between points 1 and 2 in the figure will have a positive gradi-
ent, and any point B in the interval between points 2 and 3 will have a negative gradient.
Since the propagation direction is positive (to the right), point A will have a negative
time derivative, while point B will have a positive time derivative. If the propagation
direction were negative (to the left), then the gradients would remain unchanged, while
the time derivatives would switch signs. As a result, the product of the gradient and the

time derivative at any point will have the opposite sign of the propagation direction.



Appendix B

Correlation intervals for the
plane-wave decomposition

imaging criterion

Figure B.1 shows a snapshot of a wavefield at the particular time and location at which
a wavefront is being transmitted/converted and reflected at an interface. No conversion
is observed because only the potential field of the P wave is displayed. To implement the
plane-wave decomposition imaging criterion requires the computation of the slant-stacks
around all points in the grid for the upcoming and the downgoing wavefields, at regular
angle intervals. These stacks correspond to a semi-plane-wave decomposition around each
point because they are computed from (not across) the grid points.

Let’s consider the two functions ®*(#) and ®%(), corresponding, respectively, to the
stacks of the upcoming and downgoing wavefields around the intersection point of the
three wavefronts (incident, transmitted, and reflected) in Figure B.1. While ®*(8) only
has one maximum, in the direction tangent to the reflected wavefront at that point, <I>d(0)
has two local maxima; one in the direction tangent to the incident wavefront and one in
the direction tangent to the transmitted wavefront. A crucial step in implementing this
imaging criterion is the selection of the proper subdomain ©¢ of the distribution (),
where the maximum associated with the incident wave is located.

First it is necessary to find the angle 8% . for which ®“(8) is maximum, as follows:

o9

max

) = max [9“(6)].
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distance (m)
80 100

FIG. B.1. Snapshot of a wave-
field propagating through an inter-
face. The incident and transmit-
ted wavefronts propagate downward,
while the reflected wavefront propa-
gates upward. All three wavefronts
meet at the point of the interface
where the partition takes place at
that particular time.

() 1y3dap

As explained below, the location of the subdomain ©' depends on the quadrant where
0 s located.

max

The following rules are applied in the analysis:

1. The reflected wavefront can only propagate upward, and the incident wavefront can

only propagate downward.

2. The reflected and incident wavefronts meet the interface at the same angle (the Snell

law).
3. The reflecting interface is locally planar.

4. The incident wavefront can only propagate toward the interface, and the reflected

wavefront can only propagate outward from the interface.

Figure B.2 includes four diagrams, each one corresponding to a different quadrant

location for 6% The dark bars in each diagram refer to the limit directions of the

max*
reflected wavefront (i.e., 8% .. ) in each quadrant, and the arrows indicate the only possible
propagation direction for this wavefront.

These are the four possibilities:

e a) Reflected wavefront in the first quadrant
If the reflected wavefront is horizontal, then the incident wavefront must be restricted

to the second quadrant; otherwise one of the above-stated rules would be violated.
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(d)

FIG. B.2. Diagrams representing the location of the reflected wavefront (dark bars) and its
propagation direction (arrows). (a) The reflected wavefront is located in the first quadrant
(0-7/2). (b) The reflected wavefront is located in the second quadrant (7/2-7). (c) The
reflected wavefront is located in the third quadrant (7—37/2). (d) The reflected wavefront
is located in the fourth quadrant (37/2-27).
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If the reflected wavefront is vertical, then the incident wavefront must be restricted
to the second or third quadrant.

3T
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T
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¢ b) Reflected wavefront in the second quadrant
If the reflected wavefront is horizontal, then the incident wavefront must be re-
stricted to the first quadrant. If the reflected wavefront is vertical, then the incident

wavefront must be restricted to the first or fourth quadrant.

|

t\')l-\—l

<O < <<

NGRS
to]>l

¢ c¢) Reflected wavefront in the third quadrant
If the reflected wavefront is horizontal, then the incident wavefront must be re-
stricted to the first quadrant. If the reflected wavefront is vertical, then the incident

wavefront must be restricted to the first or fourth quadrant.
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e d) Reflected wavefront in the fourth quadrant
If the reflected wavefront is horizontal then the incident wavefront must be restricted
to the second quadrant. 1If the reflected wavefront is vertical then the incident

wavefront must be restricted to the second or third quadrants.

3
Gemeso = jersk
The above relations can be summarized as
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Figure B.3 is a graphical representation of these relations. When the reflected wave-
front is located in the first or fourth quadrant (dark bar in B.3a), the incident wavefront
must be in the second or third quadrants (white bar). When the reflected wavefront is

located in the second or third quadrant (dark bar in B.3b), the incident wavefront must be



-121-

3 3

FIG. B.3. Diagrams showing the relation between the reflected (dark bar) and transmitted
(white bar) wavefronts. (a) If the reflected wavefront is located in the first or fourth
quadrant, the transmitted wavefront must be located in the second or third quadrant.
(b) If the reflected wavefront is located in the second or third quadrant, the transmitted
wavefront must be located in the first or fourth quadrant. g3 is the angle of incidence.

in the first or fourth quadrant (white bar). As indicated in the figure, the angle between
the direction of the two wavefronts is equal to twice the angle of incidence.

Using the above relations, the correlation between the two distributions, ®*(#) and
®4(8), is given by
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The reflectivity estimation for that particular time would be given by the ratio C/A.
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