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Data~-dependent absorbing boundaries

John Toldi and Dave Huale

Absiract

We derive a data-dependent difference equation for use at the edges of the computa-
tional grid in finite-difference migration or modelling programs. We demonstrate the ability of

this equation to attenuate unwanted boundary reflections with several examples.

Introduction

Due to the finite grid size required for any computer implementation of a finite differ-
ence migration or modelling scheme, some consideration must be given to the choice of side
boundary conditions. The simplest boundary conditions are obtained by requiring the wave-
field or its lateral first derivative to vanish at the boundary. Unfortunately, these so-called
zero-value or zero-slope conditions reflect perfectly waves incident on the boundaries. So,
Clayton and Enquist (1880) derived ”absorbing" boundary conditions which attenuate boun-
dary reflections. They use a boundary difference equation having a dispersion relation
approximating that of the interior eguation, the approximation being best for outgoing
waves. The desired result is that outgoing waves continue as if they had not encountered a

boundary.

Before leaving Stanford and the SEP, Rob Clayton suggestad another boundary equa-
tion that sounded promising. Unlike those published previously, this boundary equation wouid
be data-dependent. In this paper, we derive this data-dependent abscrbing boundary and

illustrate its effectiveness with both synthetic and recorded wavefields.
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Data~-independent boundary conditicns

In the notation of Clayton and Enquist (1980), their boundary equations are summarized

by the following dispersion relations:
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where a, b, and ¢ are non-negative constants, v is velocity, w is frequancy, and &, and k,
are horizontal and vertical wavenumbers, respectively. We leave the detsiled explanation of
these equations to the aforementioned paper, but ncte that they ere designed to absorb
downgoing waves incident on the right boundary (where 2z increases downward and z
increases to the right). For upgoing waves, replace k, with —k,; for the left boundary,
replace k, with —k,.

Equation (1) with b = sind absorbs perfectly a plane-wave propagating at angle %3
measured from the vertical. Setting b = QO yields the zero-slope condition. A (z,z,w)-domain
implementation of equation (1) is

iwb

0 =glznw —e ¥ glz,n-1,0) (4)
where g(z,z,w) is the sampled wavefield, and z = n defines the right boundary. (We
assume unit sampling intervals.) As discussed by Thorscn (1978), a z-independent boundary
equation such as equation (4) may be incorporated into the adjacent interior equation via
one step of Gaussian elimination. This procedure, which effectively moves the boundary off
the computational grid, is commonly found in SEP programs (e.g., Kjartansson, 1978). For
clarity in this paper, we chose not to use this trick but to include the boundary equation
explicitly.

Figures 1a, 2a, and 3a demonstrate the annoying reflection of waves off the side boun-
daries when the zero-slope (b = 0) condition is used in a "A5-degree”, finite-difference
wavefield extrapolation. Boundary reflections are attenuated considerably by using
b = sin30° in equation {4), as illustrated in Figures 1b, 2b, and 3b. As expected, the 30-

degree piane-wave of Figure 1b is absorbed perfectly.
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Compared with ecuations (1) or (2), equation (3) better approximates (for outgoing
waves) the semi-circular dispersion relation associated with the interior difference equation
and, therefore, is capable of absorbing waves with a wider range of propagation angies. A
finite-difference approximation to equation (3) vields the results shown in Figures 1c, 2c,
and 3c. The constantsVin equation (3) were chosen to match the interior dispersion relation
at angi=s of 0, 30, and B0 degrees. Reflections at all angles are virtually eliminated. An
annoying feature of equation (3}, however, is the way it handles waves propagating toward
the interior, e.g., the unrealistic (unstable?) buildup of energy at the left boundary in Figures

1c and 2c.

Data~dependent boundary conditions

How should one choose the constanis in equations {1), (2) and (3)7 For the B3 condi-
tion, fitting equation (3) at O, 30 and 60 degrees is reasonable since, as our synthetic
results indicate, the resulting approximation is adequate at intermediate angles. For equa-
tions (1) or (4), however, the choice of the constant b is more critical. Clayton's parting
suggestion was to interpret equation (4) as 'predicting” g(z,,n,0) from g(z,n—1,0). The
"prediction coefficient” may be determined from data near the boundary by minimizing (in the

manner of John Burg) £(a) defined by

E(@) = |gn —agnzl®+ [gne —2"ge 1 ]?

(where, to simplify notation, we have omitted irrelevant z and w subscripts). The minimizing
a is
L
2%—1% -2

o = (6a)
|QT¢—IIE + l%—zlz

The difference equation at the right boundary is then
0 = g —0agny (5b)

To see how this data-dependent prediction works, suppose the data consists only of a

single plane-wave propagating at angle %:

iw zcosy

g(z,z,0) = qe

+ zsing —¢
v v

Equations (5} then vield the boundary equation
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which is just equation (4) "tuned" automatically to the correct propagation angle. Figures
1d, 2d, and 3d demonstrate the effectiveness of this data-dependent absorbing boundary
conditicn for a variety of synthetic wavefields. By computing a new prediction coefficient o
for each depth z, ecuations (5) absorb perfectly even the spherical wavefronts in Figure
3d. When equation (5&) predicts a wave propagating away from the boundary (e.g., at the
left boundary in Figures 1 and 2), we reset a to correspond tc the B1 condition of eguation
(4), set to absorb outgoing 30-degree plane-waves. Therefore, at the left boundary, Fig-

ures 2b and 2d are virtually identical.

The synthetic examples above demonstrate that data-dependent boundary eguations
perform well when only one propagation angie is present at a boundary at any given depth z.
Recorded seismic wavefields, however, typicaily represent a superpositicn of plane-waves
having many different propagation angles. Tc compare the periformance of various boundary
equations in a more realistic setting, we migrated the CMP-stacked section piotted in Figure
4 using zero-slope, B1, B3, and data-dependent boundary equations in a "45-degree’,
finite-difference migration prcgram. The migrated sections are plotted in Figures 5a-d. As
expected, any of the three absorbing boundaries tested performs better than the zero-slope
condition (Figure 5a). Because the dip of the dominant reflectars in this section is about 22
degrees, the B1 condition set to 30 degrees (Figure 5b) performs quite well. The B3 condi-
tion (Figure 5¢) nicely absorbs waves impinging on the boundaries, but leaves flat events
with anomalously large amplitudes at the boundaries. Note that the data-dependent equa-
tions (Figure 5d) perform well, even in the presence of strong events dipping to the right

and to the left at both boundatries.

Conclusion

By allowing the difference eqguation at finite-grid boundaries to be data-dependent, cne

enhances the ability of that equation to absorb incident waves.
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FIG. 1. Snapshots of 30- d egree, downgoing pl ves computed using (a) zero-slope, (b)
B1, (¢) B3, and {d) d ta-depe d nt boundary e B ndary r I ctions (a) are virtu
ally elimin t d by g y of the b rbing b d y q t ons. Th B1 equation performs

well (b) be it was set to p ectly absc b 30-degrae plane V'aves. The B3 equation
abso bwll()bt th ened_\,p pgtg yf mth ftb ndary. The
data-dependent q t also abs (d) whe in omi g 2 de t cted by
equatio (5)th tdpdtqt tth30 egre B1qt
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FIG. 2. Snapshots of 45-degree, downgoing plane-waves computed using (a) zero-slope, (b)

B1, (c) B3, and (d) data-dependent boundary equations. The B1 equation, set to 30

decrees as in Figure 1b, slightly reflects the 45-degree wave (b). The data-dependent

equaticn (d) is automatically tuned to the correct propagation angle and better handles
rgy at the left boundar i B3 condition (c).
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Data-dependent absorbing boundaries
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FIG. 4. A CMP-stacked section used to test several boundary conditions in finite-difference

migration. Notice the strong events dipping both to the right and left.

energy shotid migrate off the se
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Most of this dipping
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ction, provided the side boundaries are absorbing. This win-

dow of data was taken from a much icnger section of the Wind River, Wyoming data recorded

as part of the COCORP project.
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FIG. 5. The mlgruted sections computed using (a) zero- slope (b) B1 (c) B3, and (d) data-
dependent boundary conditions in a "45-degree'’, finite-difference migration program.
Reflections off the boundaries (a) are significantly attenuated by any of the absorbing
equations (b, ¢, or d). Note the anomalously strong flat events left at the boundaries by the
B3 condition (c).
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