FREQUENCY DOMAIN IMPLEMENTATION OF

SLANT-MIDPOINT IMAGING

Richard Ottolini

Slant-midpoint stacks are as easily migrated in the frequency
domain as CDP stacks. Slant-midpoint imaging enhances selected dip
ranges (other papers in this report) and assists lateral velocity
estimation [0]. This paper gives the frequency domain migration and
diffraction transfer functions for CDP stacked, slant stacked, un-
stacked data images in common midpoint coordinates. The peculiar
shapes of the computed slant-midpoint point scatterer response are
theoretically verified by Clayton [1]. A fast computer program for
modeling or migrating slant-midpoint images is included.

A wave equation transfer function may be translated entirely into
the frequency domain by Stolt's method [2,3]. Consider the one way

wave equation solution in common-midpoint-stacked coordinates

P (k ,z,w) =

., W,
mig X Pdif(kx’zo’w) exp 1z 3

where kX is midpoint wave number
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The right hand side becomes a simple inverse fourier transform by
(1) Defining t0=0 and zo=0 as the time and depth images
(2) VUsing the definition of kz to remove the w dependence

of the integral, leaving

> vkZ ikx
p_. (x,z=vt) = f — 7 dk dk_e Pk o=
ig j;) kx2+k24 z b4 dif\ x

Taking the fourier transform of both sides, the frequency domain transfer

function equivalent is
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Double fourier Obliquity Double fourier Frequency domain
transform mig- function or transform mig- mapping function.
ration image. scaling ration imagion.

factor.

Likewise the frequency domain transfer function for common midpoint

stacked diffraction is

In an analogous way we derive the transfer functions for midpoint-
slant-stacked imaging. From equation 10 of Claerbout [4], the slant-

midpoint wave equation solution is

(k_,z,w)= =P4i f(k s 2 ,w)exp iz

w
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where kx is midpoint wave number as before

H= %;—kh + pv is slant stack parameter (constant)

kh is half offset wave number

kz ='% [\,... + \-.. ] is depth wave number

Migration is

k 2(l—Hz) - 2k 2k 2H2 -k 4H4
z X =z X

173 372
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Pmig(kx’kz) =

® Paiff { ko ="

Diffraction is

L gag®y+e L Lgw®-Lks
— 4 7x v 4 Tx
Pdif(kx’w) N +
7. o 1 2 7 7 7. ® 1 2 2
“w (1-87)+ 7y kXH— 5V kx Qw (1-327)- 5 kXH— 7V kx
[,2 20 T 2 [ 2w 1.2
o Pmig kX, 7 = IVZ (1-27)+ 25 kXH— A kX + ;7 (1-57)- 29 kXH— % kX

Unstacked-midpoint transfer functions come from the wave equation

solution given as Stolt's [3] equation 57 or Claerbout's [4] equation 7.

Note they contain a third wave number dimension.
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mig x’kh’ z V2 4 “Tx kh X v2 4 X kh x h

Note the slant-midpoint-stacked and unstacked-midpoint transfer

functions have the mathematical features

(1) When H or kh are zero they reduce to the common-midpoint-
stacked case.

(2) The mapping function portions (and obliquity functions) contain
singularities. Nearby the singularities, the mapping functions
try to select data from the nonexistant higher-than-nyquist-
frequencies. Such locations may be safely zeroced out.

(3) At low frequencies the mapping function may become complex

valued before it becomes imaginary. Complex and imaginary
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values are attenuated and evanescent energy respectively.
Though there is no computational objection to including atten-
uated energy, empirical results show severe distortion of the
point scattering response. Attenuated energy should be zerced
out.
Documented Fortran programs for slant-midpoint migration and diffract-
ion are attached. Minor modifications are necessary for the common-midpoint-

stacked and unstacked-midpoint versions.

Figures 1 through 7 illustrate the behavior of the mapping functions

on synthetic frequency domain images (kx,w and kx,kz spaces). As you
recall, the mapping function is the portion of the transfer function which
moves frequency values to different positions when performing frequency domain
migration and diffraction. For these synthetic examples we will ignore the
effects of the obliquity function, which is just a scale factor, by setting it
to unity, Because positive kx values are complex conjugates of negative

kx values, only half of the fourier images are displayed in the figures.
Figure 1 is the kx, w source image for migrations and consists of straight
lines of constant omega. Figure 2 is the slant midpoint migrated image for
H = 0. Slant-midpoint for H = 0 and unstack at kh = 0 are equivalent to

CDP migration. Since the CDP migration mapping function is an equation

for a circle, .the lines in figure 1 are transformed into the circles of
figure 2. The zero regions of figure 2 represent attempts to map from

non existant high omega frequencies. Figure 2 was used as the kx, kz

source image for diffractions. Figure 3 is a slant-midpoint H=0

diffraction mapping where the circles of figure 2 have been mapped back

into lines. The region labeled evanescent tried to map from nonexistant,
imaginary kz frequencies. Figures 4 and 5 show the slant-midpoint

migration and diffraction mappings for ray parameter velocity product

H=pv =.3. Non zero H values no longer map lines into circles and
vice-versa. Additional regions of nonexistant and attenuated energy are
introduced. Figure 6 is the same diffraction mapping for H = .3 as figure 5
adding the attenuated energy. Figure 7 is the unstacked-midpoint

migration mapping for cross section kh = .3. Superficially, this mapping
resembles the slant mid-point migration mapping of figure 4. However, the

low kx frequency content is considerably different.



Figures 8 and 9 illustrate the slant-midpoint point scatterer
response. Figure 8 illustrates a suite of migrations and diffractions
for different H wvalues. Slant parameter H=0 of course generates

the familar common-midpoint migration semi-circle and diffraction hyper-

bola. Observe for non-zero H the migration responses no longer
intersect the surfaces perpendicularly. This is due to the limited
dip bandwidth of slant-midpoint stacking [1]. Figure 9 shows the
disasterous effect of including attenuation energy during diffraction.
Scattering responses for unstacked midpoint kh cross sections are

not very enlightening.
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FIGURE 2: Slant-midpoint frequency domian migration mapping of figure 1 for H =

0. Lines

of constant omega in figure 1 are mapped into circles. This H value is eqivalent to CDP
stacked migration. Zeroed regions try to map from nonexistant, high omega values of figure 1.

This figure is also the frequency domian source image for subsequent diffractionms.
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Figure 3: Slant-midpoint frequency domain diffraction mapping of figure 2. Circles have been
mapped back into lines. Zeroed regions tried to map from nonexistant, imaginary kz frequencies
of figure 2.
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FIGURE 4: Slant-midpoint migration mapping for H = pv = .3. No longer the simple mapping
of lines into circles, additional nonexistant and attenuated regions introduced.
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FIGURE 5; Slant-midpoint diffraction mapping for H = pv = .3. with attenuated energy zeroed.

w0
A = Z
SR ]
H O 7
Wl < = y
B = =
Z =) —=
E g : —
v oM ~ —
ca < & o T
M o e ——————
E y’ N\ e
=~ e =
capyet A e
N ——— I ———.
WI‘E
z e
7 T S —
Z —— —
—— R i ——
7 S —
7= e ———————
= —
7 i e ————:
- T ———————————e
e —— —
7 T — e S e
- e — —
— T ——————— —
— T ———
e ————— ———
=
e e —— N—
z e — i —
7 e — —— e —
7 — ———— i —BEE———
Z B e R — o —
v T R —— r——
D e ———— e ————
Z ——— e P—
Z= e — e ———
e —_ S—— e —
Z P —— T ———— —— e ——
... e —
——————— i i ——
o —— e ——— S—————— R ——— e o e ————————————————
e e r—— S o ——

0O
T -



FIGURE 6: Same as figure 5, slant-midpoint diffraction mapping for H = pv = .3., including
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FIGURE 7: Unstacked migration mapping for cross section kh = .3, Has superficial resemblence

to slant-midpoint migration mapping except considerable amplitude difference at low
kx frequencies.
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FIGURE 9: Slant-midpoint diffraction of point scatterer for H = pv
including attenuated energy.
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Author:
Machine:

Ottolini.

PDP 11/70 with FPS array processoar,

Feb 1978
Frinceton UNMIX fortran

Stanford Dept of Geophysics,

This program is a fast implementation of the frequency domain
transfer Function for slant-midpoint migration:

pmigikx,

kzd o= L OuvakzeseZe (IHHED) ~ RukxE#dekzoaoHE4D —
Aok xEHD + kzwuRiER. D S {kzed2%(l-H¥a2) -

# pdifé

kxsudaHuesgt

R #alHer2rerl. 5

Chx,w = | Saked {kxds2 + hzaudiaew 5 /
LhzEa2E (1 -HU#Z) ~ kxn#2#HE#23 48 5)

Program is middle of 3 step frequency domain migration proagram set:

Program

Frogram

(1) latera

{2} transp
{3) inner
mappin
{(4) transp
(D) invers
data:
infile: in

.{.‘;
r
outfile: o
n
nt: number

also
nkx: numbe
nw: length

at le
dx: depth

dt: time s
v migrati
h: H value

variables,
setfile
nkz

nz

dz

ixny

1Iny

N

pi
skx,skx2
sz

whny, wnye
hi, hz
ix, x1i

Cx

velrs
apputs

Enlh SR A
cfftscs
apgets
k. kx2
i1iat, ziat
sqroot

1 £FE x=lkx
ose to time vectors of constant kx

Ffts and frequency domain transfer function
g t=lw, wwlikz, kzwlrz
cse to kx veckors of constant z

e lateral FFft kxe=ry

put filename, char#d2. transposed lateral £t image,
irst nkx/2+1 constant kx vectors. remaining vectors
edundant due to real=lcomplex £ft symmetry

utput file name., char#32,

kx/2+1 migrated constant kx vectors

of time points:, integers2

number of resulting z points

™ of constant kx vectors, power of 2. integer#2
of time ff%t. power of 2. integer®d,

ast 100 greater than nt and less than 409&
point seperation, real#4d

ample rate in seconds. real*d

on velocity in same units as dx, real%d

v Tealxd

functions , and subroutines in order of
set device number to file name
number of kz wvalues
number od z points
z point seperation
kx nuygquist index
kz nygquist index
W nyquist index / 2
3. 14159253
kx scaling factors
kz scaling factor
W nyquist fregquency
ctonstants involving H
ky index
kx vector
clear array ProcessoT memory
transfer data to array processor
complex to complex array processor ££+%
normalize fft resuit in array processor
transfer data from array processor
kx wavenumbers
attenuated iz index limit
modified sqrt zeros negative values

aoourrence:
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iznidly dxnilid
iz: i
crbufl, cxburd
oblig

ke, k&

num

derom

wi, iw

waight

cintrp

viieqg#

nonexistant 1z index 1imit
index

~l

nuffers

obliquity scaling factor

kz wavenumbers

numerator of mapping function
denominastor of mapping Function
omega index

interpolation weighting

compliex geometric interpoiation function
complex congugats I1n array processor

# machine specific routines

declarations

implicit complex (o)
dimension ¢x{4097)

'

yeal ky. kx2, k22, num

program data
crall setfil

data nky /7
data nw 7/
data nkxy //
data dxy 7/
data dt 7/
data v 7/

data h //

{1, %infile",
call setdfil (2, "outfil®,

calculate cuter loop scaling and index parameters

map into same length strips

nkz = nw

ny = nt

de = v ® 4t
nuyquist indices
ixny = nky /o + |
17Ty nkz / & + 1
nwE = ot /2

i

scale wavenumbers from seismogram parameters

pi = 3. 1415953

skx = 2 # pi / dx /
akzy = 2 % / dz / float
wny = . % ¥ /v / dx
shzed = snkz # skz

Wiy = owny Fouwny

hi = 1. — h ¥ h

fioat (nkx)

{nkz)

outer loop reads and ffts (t=3w) each kx strip
only half of cx vectors needed because of symmetry

do 80 1x = 1, ixny

read (1) (cx(il,

=1, nt)

call vely (O, 1inw % 2)
call apput (cx, 0,2 % nt,
call cfft (O)nuw, 12

call cfftsc (G nw)
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i

m

e

TG

oo
1

cail apget

cx{nw + 1} =Ly

1

(E.\'{.\OJ;:{ ¥
(13

calculate

buffering

¥xi = floast (izx - 11}

kx = xi #® wkyx

ke = kx ¥ kx

he! = kx # b #® b
attenvated emnergy bounds

ziat = sqroct (h2 / h

izat = int (ziat)

if (ziat. ne #loatiiza

1f (izat. gt izny) iza

nonexistant energy bounds
iznil = int (

Nl o2}

inner loop scaling and
only half of mapping vector need be computed
used to overwrite source vector

1)

3

t =

i

/

i
i

ndex parameters

because o#f

chy

zat = izat + 1
TNy

(sgroot {wny2 * hl + wny % kx % h ~ .25 #kx2?
+ sqreot (wny2 % hl — wny % kx % h - 25 #kx2))
rznniil o= odznmidl v
first inner loop zeros atbtenuvated kz fregquencies
do 5 iz = 1. i1zat
cx{iz}) = (.
cxinkz — iz + 2) = (O
cantinue
second inner loop interpolates existant w lorcations
if (iznil. 1t izat) goto HO
do 50 iz = izat, i1zuil
7i = floast (12 13
(22 = ozi ¥ ozt ¥ shra
nblig = v
cxhufl = Q.
cxbufz = Q.
mapping index and interpolation weight
T o= kx4 kg
denom = hi ® kzi P
1t {(denom} 40, 10, 20
if {zi ne. 0.3 goto 40
rio= 1.
denom = 1.
wi = zi # sqroot {(num / denom) + 1.
iw o= oint {(wil
if (dw gt nw2) gotu 40

weight = wi ~—
obligquity factor
if
\y’ ."s.

{num. eq. Q.
{{zl1 # sk

PR
o 4

Fd /o sqgroot

oblig =

fFloat

(i)

} gote 40

z7

map and interpolate
cxhufl = cintrp
cxbufz = cintrp
overwrite source vector
cxliz) = ¢cxhufl

cx{nkz - iz -+
continue

)

5
{(num % denom # denom #

7~

4. # hil - (2. #

L

+ h)
denom)

symmetry

/o oskzi+d

(weight: cx{nw—iw+2), cxinw-iw+l))
(weight, cxfiw), cx{iw + 1)) # oblig

crbhufsd

* he

3

# obli
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third inner loop zeros naon existant energy

e

if {danill gt dznygd gote VO

do 70 dix = iznil. 1iny

cx{izy = O
xinkz - iz + ¥y = (

continue

outer loop inverse Ffts (kz=z) and writes kx strip
take vector congugates before and after fft to correct polarity

call apput (ox, 02 ¥ nkz, &)
call vneg 1,21, 2,nkz)
call cfft (O,nkz, -1
call vneg {(1.2.1.2, nz)
call apget {(cx. 0.2 # nz,et)
write (2 (cxi{idrt = 1, wz7
continue
]

erid
functions
modified square root zeros evanescent values

function sqrooti{argl

if f{arg. le. 0. ) sgroot = O
if (arg.gt. 0. ) sgroet = zqrt (arg)
return

ey

~

-
=

1

complex geometric intevpolation — line 2 (Lynn,

function cintrp (weight, ca,cb)
implicit complex (¢}

veal cabs

if (cabs{cal) ne G ) goto 1
cintrp = weight # cb

return

if {(cabsi{cb). ne. 0. ) goto 2
cintrp = {1. - weight) % ca
Teturn

cintrp = ca ¥ cexp {weight # clog {cb 7/ cal)
return

o

SEP

fy

-
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L™

C

c This program is & fast implementaion of the frequency demain transfer
€ function for slant—midpoint diffraction:

c :

¢ pdiff{kx,w) = LL01-H##2) + | ZhakxdHr /v /

o sqrb(wseds (1 -HeEw2) + w/2/vaharH — 20vHELdEk v w#2)

'S + L {l-He#2) -  20%kxxH} /S v /

C sqrb (wede (1 -H#E#2) — w/2/vEkxiH - 20veeleixsn2) ]

{ # pmiglkx,s kz =

« [sgrblwss/vasRe (1-Hu##2) + w/2/vakxieH — | 20%kx##2)
C + sgrt{wisd/ vasgdw (I -H##2) ~ w/2/vikxxH ~ | 25k x##2) ]
¢

£ Additional program varisebles from migration version:

C Twny omega nyquist index

C suv omega scaling factor /7 velocity

« facl: fac2, fac3d loop constants

r Shap obliquity facter scaling

C iurev evanescent omega index limit

¢

» core of diffraction program:

i

C calculate outer loop scaling and index parameters

¢

C map into same wvector size

nt = nz
e = ks
dt = dz / v
C nyquist Frequency indices
ixny = nkx / 2 4 |1
iwny = nw /o2 + 1
t compute wave number scale factors from seismogram parameters
pie = 2 # 3. 14159253
skx = pi2 7/ dx /7 float (nkx)
skz = pig / dz / float (nkz)
swy = .5 # pid /v /S odbt 7 float (nw)
facl swy ¥ swvy ¥ (1 — h ¥ hJ
gmap = {1 — h % h) / v

i

ovter loop reads and ffts (z2=0kz) each kx strip
only half of the kx strips need be mapped because of symmetry

b I

do 30 ix = 1, 1ixny
read (1) {cx{i), i = 1l.nz)
call voir (Q, 1, nkz )
call apput (cx. 0.2 Tz, i)
call cfft {(O.nky, 1
call cf+ftse {(Q.nkz)
call apget (cx,0.,2 % nkz.:)
cx{nkz + 1) = cx{(1)}

®
¥

c calculate inner loop parameters

kx = float {(ix — 1} # «kx

kxZ = kx % kx

face = swv % h # kx

facd = — 29 % kx2

smapl = smap +

smap< = smap -
C evanescent index bounds

kx % h
¥ kx % h

[DERE N
gt oo
p-



i)

i

o™

——
ji

-
b

[l S ]

=

=0

: o~y

iwev = dwny ~ int {kx % (). 4 h) / D/ sww) 57

first inner loop maps w for nonevanescent kz points

only half of the mapping vector need be computed becsuse of
summetry

the source vector may be overwritten by the mapped vecter hy
going from high to low freguenciec and using double bhuffering

if (iwev. 1%t 1) goto 15
cxbufl = cx{iwny + 13

H

cxbufed = cxinw - iwny + 1)
do 10 iw = 1, iwev
wi = float (dwny -~ iw)

mapping index and interpolation weight
kxl = sqroot (facl % wi % wi + facR % wi + fac3I)
kzdd = sgqroot (facl ¥ wi # wi - fac? % wi + fac3)
21 o= {hzl + krmy 7/ sky o+ 1,
iz o= int (zi}
weight = zi - float (123
obliguity factoaor
nbligq = 1. /7 v
if (kzl. gt . Q3
if (k22 gt. O
map and interpolate
cxbufZ = cintrp (weight;cx(nkz~iz+2),cx(nkz~iz+i))*obliq
cxbufd = cintrp (weight.cx{iz), cx{iz+1))#obliq
overwrite source vector
cxdiwnyg — iw + 2) = cxbufl
cxinw — iwny + iw) = ¢xbutd

obliq = smapi / ki

1543 o
oblig = oblig + smap2 / kzo

cxbufl = cxbufl
cxbutz = cxbufd
continue
cx{iwny — dwev +1) = ¢xbutd

cxi{nw — iwny + iwev + 1) = cxhuts

second loop zeros evanescent w points

iwev = iwny — iwewv
if (iwev. gt. iwny) iwev = iwny
if (iwev. 1t. 1) goto &
do 20 iw = 1, iwewv

cx{iw) = 0,

cxinw — iw + 2) = O
continue

outer loop inverse ffts (w=0t) and writes kx strip
take vector conjugates before and after £t to correct polarity

call apput (cx. 0,2 # nw &)

call vneg (1.2,1,2, nw)

call cfft (O, nw, -1

call vneg (i,2,1.2,nt)

call apget {cx, 0,2 % nt, o)

write (2) (cx{(i). i = 1.nt)
tontinue



