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Mixed Ll and L2 Norm Problems

by Luis Canales

The use of the Ll—norm in overdetermined systems has been
suggested by Claerbout and Muir (1973) for the treatment of erratic
data. Claerbout (SEP-7) has also suggested its use for underdetermined
systems. In the latter case, the lenorm gives a solution with only
r non-zero values, where r 1is the rank of the system. If our
model is homogeneous in this sense, the resolution obtained by means
of the Llwnorm will be much better than that given by the use of
Lz—norm. There are however some situations in which you might want
to use a mixed norm solution, that is you would like to minimize
the norm of the error and the norm of the solution using different
norms on each case. You could for instance be solving a non-linear
model fitting problem with erratic data so that you want to minimize
the Ll—norm of the error, but to assure stability you minimize the
L2 norm of the change from the previous approximation,

To define the mixed problem, let us consider the following
linear system.
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The singular value decomposition of the matrix A gives us the

matrices U , V and I such that:
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where r 1is the rank of the matrix A , and

i
T

and 01)02)...0r are the singular values (i.e., oiz are the
eigenvalues of (AT A) .
The mixed-norm problem can now be defined as follows:
Step 1. Solve Uz =y (overdetermined) (3)
using either the L or L norm, depending on the

1 2

data's quality.

Step 2. Solve Vx = Z—l z (underdetermined) 4)
using L1 or L2 norms, depending on the model's
homogeneity.

Solving Steps 1 and 2 for Lz—norm is easily domne by using
Golub's method and its dual. Step 1 for L1 is solved by using
the algorithms of Claerbout and Muir (1973) or Barrowdale (1974).

The less standard problem of solving

Vx = w
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such that 11 x llL is minimized can be solved by means of the
1

following linear programming problem,

Minimize {Zx,.+2Zx_.}
. 13 . 23
J J
subject to
——
\' -V X = w (5)
1]
)
and
XlJ > 0 X2] > 0

The singular values in ¥ are usually ordered such that 51
is the larger, so that you can compare ol/or and if this ratio is
very small, we neglect it and then consider a more stable linear system.
In terms of the L2 norm it means that we are sacrificing resolution
for the sake of small variances in the solution. In terms of the
Ll—norm. fixing the rank is deciding how many equations you want to
satisfy and how many non-zero components you want in the solution.

There are times in which it makes sense to maximize the objective
function in problem (5), instead of minimizing it. As, for instance,

instead of the maximum entropy spectrum you could ask for the one

that maximizes I]s(w){dw . This will give you a spectrum which is

zero at all but a few frequencies, and is consistent with the auto-
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correlation values. This method will hopefully give you a better
resolution in estimation of spectral lines than maximum entropy will.
Note that in this problem you can use the standard linear
program instead of (5), because the spectrum has to be positive.
On the following pages is a program (SVD) for doing singular
value decomposition. It uses Golub's method, which avoids forming

the normal equations.
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L= 1L + 1

G

ELIDINATION Ul AL ), I=K+1, <« & « &
SO = 0.0
L = 0.0
DU 20 [ = iy M

20 2= L4 AU KD wwl
It (L LiJ1udl) GUTU 29
0 SORT L)
I A(?'L,E()
IF (FookE.0.0) 6 = -
S5(R)Y = O
o= G % (F -~ G)
ACK ) = F - G
I (.EGQGAPY GUTO 50
LU 4('} J o= LyniP
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30 ) F=F + ‘\(I K)#A(D,0)

DU 40 1 = K,
40 AL, ) = AL, J) + FwACT, i)

C ELIATGATION OF AGG, )y J=il+d,y o 0 o o
50 EPS = AUAXTOEPS, ARSCSOID)) + ARSCLI(K)))
i:
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(K =GO 0 oUTy 100
U= 0.0

DU 60 J = Ly
o0 L o= Lo+ AU J) w2
IF (L LU JTUL) OUit 1
G o= SQu1T2)
AR, L)
I (FJCELD.0Y G = =
Ho= 0 % (- ()
ALY = 1+ - G
DU 70 J = L,
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IF (WITHU) CALL RUTATEC(ACT,I-
Ik (NJEQ,

Ul 340 J

0 = A

K = A

ACI-1

ACT,J

CUNTINUE

T(L) 0.0
T F

o(X) = X
GUTU 230

CUNVERGENCE
IF (#.CE.
S(K) = =

iP) Gulu 350
= N1 48P

(I-1,J)

(1,J)

v J) = QxCS + H‘K\)u
) = R#*CS - N%GH

0.0) GUTA 38

IF (G HUTGHTTHV)Y GATOU 380

Du 370 J =
V(J’K) =

{( = L\ -1

IF (KJHELO)

Sutl SIKG
D 4b0 K o= 1,1
G = ~1.0

bu 390 1
Ir (
o= ¢
J =1

CUNTIHNUE
Ik (J.EQ.K)
S(J) = S(K)
S(K) =G
IF (JNOT.HI
DO 400 I =

1y
- V(J,X

GO TG 230

ULAR VALUES

= K, N
S(1).LT.0)
D

GUTG 390

GOTO 450

THV) GUTU 410

0= V(I,J)

V(I,J) =
VIILK) =
IF (JNOTWGHI

V(I,K)
6]

THU) GOTO 430

DU 420 1T = 1,4
0= A(l,J)
AT, J) = A(I,LK)
A(I,K) = ()
IF (RGEQWHP)Y GAOTU 450
PU 440 I = NI v NP
Q= ACJ, D)
ACT, 1) = AGSG D)
ACK, 1) = @

CONTINUE
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