25 June 1976: se

LEVITY: Levinson Recursion Reprogrammed

by Jon F. Claerbout

This is the description of a program for prediction and shaping
filters. The present version resembles the Burg algorithm (p. 137
in my book, hereafter referred to as FGDP). It has, however, been
generalized to get its reflection coefficients both in the conven-
tional way NORM = 2 and with medians NORM = 1 , There is also
the possibility of forcing filters to have all positive coefficients
IPOLE = 1 or the usual option of permitting both positive and negative
coefficients IPOLE = 2 . Also, the forward prediction reflection
coefficient c+ is not constrained to equal the backward prediction
coefficient ¢ , so in this respect the algorithm resembles the
multichannel Levinson recursion on p. 141 and 142 in FGDP. There
has been no attempt to keep c+ and ¢ less than unity in magnitude,

however it is easily shown that

NORM = 2
S 1< 2 <1 (1)
— _:!__ + —]__. -—
+ -
c (&4
NORM = 1
FeT o<1 (2)

It should be quite easy to go into the program and make slight
+ - . .
modifications to force ¢ = ¢ <1 if you are interested in

spectral analysis of stationary series.
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The Golub method of doing least squares requires about half
the computing precision as inverting ATA , likewise, T believe
the Burg algorithm and the present program require about half the
precision of the usual Levinson recursion,

Let us define the program's data inputs

( X i=1,N ) input time series

( Yy i=1,N ) desired output series

The general objective is to find a causal filter f which when

convolved with x gives y , Outputs of the program will be

e; = forward prediction error residual of x
e; = backward prediction error residual of x
dI = shaping filter residual = filtered x minus vy
d; = shaping filter residual = filtered x minus vy

If you are not interested in shaping filters you can simply remove
from the program all reference to vy , d+ , and d .

Optional inputs may be prepared by appending a delta function

to X and zero to y; as follows:

x, , 1i=1, N
0 , i=N+1, N+LC-1
1, i=N+LC

0 , i=N+LCHL , N+2xLC-1
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y, , i=1, N

0 , i=N+1, N+2xLC-1

These optional inputs give x and y an extended length

NN = N+ 2 =% 1LC -1 (3)
The optional inputs result in the optional outputs
= forward prediction error filter = ez , 1=N+LC,N+2%LC-1

Levinson shaping filter

Simpson shaping filter

in the test program

backward prediction error filter = e; , 1=N+1,N+LC
+ .
i i=N+LC ,N+2*LC-1

; , i=N+LC,N+2x%LC-1

The preparation of the optional inputs is in lines 13 to 18

DLIEENSTUN X(21),Y (2 1) ,EP(21),E4(21),0P(21),04(21)

b‘
O. N=10
1. 20 HEAD 40, JJ33, Nuied, TPULE
G CALL SETJOEJUBLC,HLX,Y)
Y PRIWT 30
10. PRINT 40, JUH,LCy, HARM, IPULE
1. 30 FURNSAT(? JOR LC '
12. 40 FURMAT(H16)
13. NN=+2%LC—|
14, N1 =0+
15, DU O I=NT, Ni
10, Y(I)=0,
17, 20 X(I)y=0,
1o, X(H+1CY=1,
19. PRINT 10,(Y(1),I=1,54)
20. PRINT 10,(XCL)I=1,00)
21,
22 10 FORUATCITES . 2)
23. PRING 10, (EFCL)I=1 41D
24, PRIVT 10,(Eu(I)I=14 %)
25. PRINT 10, (0P(I),I=144N)
26. PRIVT 10, (0NCI)YI=1,00
27, Gl T 20

28,

ok TPULEZ)

CALL LEVITY(NURG, IPULE, tiiy H X B i, Y, UP, D4, LC)

END



52.
53.
h4,
HY .
H6.
57.
HB.
59,
60.
61,
62.
63,
64,
65,
66.
671,
68 .
69.
10,
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A basic subroutine is PROJEK . Its inputs are NORM, IPOLE,
NN, N, Y, X . First it computes a projection coefficient ¢ of

X onto Y wusing the first N components in X and Y .

NORM=1
N
¢ = Median (y./x, ) (4a)
1=1 i'71
NORM=2
N N 2
C=(ZX}’)/(ZX1) (4b)
i=1 i=1

If TIPOLE=1 , the positive filter coefficient option has been selected,
so if c¢ 1is positive it is reset to zero., Then PROJEK produces its

output YP by

y! = vy, ~-c¢ X, ( i=1,NN ) (5)

The subroutine is

SUBRUUTINE PROJEK (NORY, IPOLE, N, M, Yy X, YP)
DIMENSIUN ¥ (NN X CIN) YR G ST (2 1)
GO TV (10,30), NUk'

10 DO 20 I=1,x

20 T(D)=Y(I)/(X(I)+1.F=20) ‘
CALL SORT(N,T Jet media
C=(T((N+1)/2)+TC(H+2)/2)) /2.
GO TO 50

36 XX=0.
XY=0. .
DO 40 I=1,N et XX
XX=XX+X (1) %X (1) XX

40 XY=XY+X(D)*Y(I)
C=XY/ XX

50 IF(IPULE.EQ.1.AdD.C.GT o ) C=0.
DO 60 I1=1, NN

60 YP(I)=Y(I)-—C*,<(I)} g d° <X
RETURN
END
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This program calls a SORT subroutine to order the numbers before

selecting the median, Thus, it is very inefficient but it is fool

proof and easy to document with the simple ordering routine

.
12,
-/3.
14,
75,
76,
17,
8.
/9.
60,
3.
32.

SUBROUTINE SURT(N;T)

SLUA SURTER
DINMENSION T(iH)
ba 20 J=1,4
DO 20 I=J,N
IFCTCI) JOELT(J)Y) GU Tu 20
TEMP=T(I)
TC(I)=TJ)
T(J)=TEMP

20 CONTINUE
RETURHN
END

The method for getting the prediction error residuals closely

follows that on p, 136 of FGDP ,

Initialize

S
1

Then for j=2,LC

+(3)
€i+j-1

ej(j)
i

e;(l) = x, ( i=1,NN )
ezig:i) -c e;(j_l) ( i=1,NN-j+1 ) (6a)
e;(j—l) -c eJi’g:}) ( i=1,NN-j+1 ) (6b)

Except for the shifted indices it will be noted that both (6a)

and (6b) take the form (5). Hence, they are computed by a succession

of calls to PROJEK. Since

e+(J) is overlain onto e+(J—l)

a temporary storage vector T is used,



29,
30.
3t.
32.
33.
34,
35.
356,
37,
3&).
39.
40.
4‘.
42,
430
44,
45,
46,
47.
4&,
49,
50,
51,
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The Levinson shaping filter is defined on page 142 of FGDP
to be a linear combination of backward prediction error filters.

One may also deduce that the Levinson shaping filter residual of

+(3) +(1)

order j , namely d ¢

is defined by initializing d to
—yt and then removing the best projection of the successive backward

prediction error residuals from d , namely,

initialize

O

i - i ( i=l’NN )

then for j=1,LC

+(3)  _ +G-D + _~(0)
di+i-1 di+j-1 T8

( i=1,NN-j4+1 ) (7)

where y+ is the ¢ found by PROJEK of e  onto d+ . The subroutine

itself is

SUBRUUTING LEVITY (LUR“, IPCLE, !
DIKENSION X (1), Y i) Jop
DO 10 I=t il e
DP (1) ==Y (1)
DACT) ==Y (1)
Ed(I)=X(1)
10 EPC(D)=X(I)
DU 40 JP=1,LC
NP =limJP+ |
KNJP =i, i= P |
[FJP.EQLT) GO TO 30 eqn (o)
CALL PROJER (ORA, TPULE, BHIP IR EPCIP) B4, T(IP))
CALL PROJEK (KUK, TPULE, (INIP i dR B4 LR (TP ) V1) ‘~eip(ﬁkﬂ
DO 20 1=Jp, i
20 EP(D)=T(I)
30 CALL PRGJEK(NURA, IPOLE, 4P, 402, UPCIPY Dy 0P (J2)) e!“(7)
JH=LC~JP+1
NIM=N=Ji+ |
NI = NN=J i+ | o  like
CALL PRUJEK (NUR A, TPULLE, NEJH, 4T 4, DHCIH) , 5P, 0 10T 0 ¢ &)
40  CONTINUE 7)<
RETUIH
END

Py g A g P g Ty Yl g ity L)
CHED) G A CNAY G DP CRRD) g 0 O, 1T (21)
+ e” a7 d-
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I have defined the Simpson shaping filter to be like the
Levinson shaping filter except that it is a superposition of forward
prediction error filters. 1In the case of least squares, both filters
turn out to be the same. Although Levinson set his recursion to
work on increasing lags of cross correlation, I'm defining the Simpson
filter by having the recursion work on decreasing lags. The idea is

seen by comparing equation (7-5-4) of FGDP to

- - 0 - rI - r rE; - —V - -
F
N-2 A G 0
R Ay _ ‘{ N2 v
Py |22 Cy-1 0
F G 0
v 1L Ay | L | N R

(Actually "Simpson's sideways recursion" is slightly different. He
develops F to order N ; then reduces it to N-1 by removing

B 5 then boosts it back up to order N with A )

End Effects. The program uses Burg treatment of the ends of the
data vectors, that is, there is no presumption of zero values
beyond the ends. The program may however be used to get the usual
Levinson results simply by appending at least LC-1 zeros on both
ends of the input series., 1In fact, a test case used throughout

the program debugging was

b
I

(0,0, 2,1, 0, 0)

(o0, 0,0, 8, 0, 0)

v
n

which for LC=3 implies the Toeplitz set



2 0 1 85
5 2 40 170
2 5 -16 0

Data initialization for various tests is in Figure 1, Results of

the tests are in Figure 2,

92.

Figure 1.

SUBRUGUTINE SETJOR(JOB,LC,H, X, Y)
DIMENSION C(21) X (M), Y ()
ou 10 I=tyH
A(I)=0,
Y(I)=0.
10 CeI)=0.
GG TU (100,200,300),J05
100 CUNTIANUE
LC=2
C(2r=1,
C(or=1,
C(/y=t,.
Y(2)=1.
Db 20 I=2,0i
20 XCD) =X(I=1)% ,5+C(1)
RETURH
200 CUONTINUE
[.C=3
K(3)=2,
K(4)=1,
Y(4)=8H,
HETURN
300  CUNTIRUE
A(b)=1,
X(B8)=,4

X(7)==.4
Y(5)=1,
LC=3
RETURN
ENL
SDATA
2 2 2
! 2 2
1 ! 2
2 2 1
3 2 1
SSTUP

Initialization of LEVITY test program.
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