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Dispersion Relationship for the Slant Frames Approximation

Raul Estevez and Philip Schultz

In the article on slant frames of the present report, Claerbout,

J. F., transformed the wave equation:

P +P = ¢ P ’ (L

according to the coordinate transformations:

x' = x - c sind t
z' = z
1 . 1
t' = - 2-51n6 x = E«cose z+t |, (2)

and, after defining P( x,z,t ) = Q( x',z"',t' ) and dropping the

Qz,z, term, got the approximated equation:

Q11 = *5cos8 Q. (3)

where for the downgoing waves we use the minus sign in (3) (the plus sign
in (2)).

In order to understand better this approximation, let's transform
back equation (3), to compare it with the actual wave equation (1).
If we limit our further considerations to the downgoing waves only,

the inverse transformations, corresponding to (2), can be written as:

x = secze x' + tand z'+ ¢ secH tanb t'
\
z = z
(4)
t = %-sece tanf x' +-% sech z' + secze t' o,

from where,

se
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4 1 2 2, 2 3
Qx'x' = ( sec ® )PXX + ( :Q sec” 8 tan ® )Ptt+( - sec 8 tanb )th (5)
and
2 + ls 36 YP. +( secBtanb )P
Qiryr = ( c secBbtan 6 )PXX ( osec el C <7

+ ( 2 sec’® tand R, + sec?o 13 (6)

t t

Replacing (5) and (6) into (3) (taken with the plus sign), we finally

get:

1, 2 1 2 1 1 ] 7
E( tan“6- 1 )PXX+ ;—Q( tan“6+ 2 )Ptt+ tanb sz+ Esec@ tanb th+ Esec@ Pzt 0 (
c

Notice that if we make O = 0 in equation (7), then we have:

e R

P _-P = 0

c
2 Pxx tt zt ’ (8)

which for a time dependence of the form exp( -iwt ), becomes:

2

W . W a
Pet25+24i7P =0 (9)
c
or, defining m = w/c ,
P _+2imP +2m’P = 0, 0=0 (10)
XX z

Equation (10) is exactly the well known equation for the parabolic
approximation, earlier discussed in the second part of this report,
"A Tutorial on Monochromatic Waves."

In order to get the dispersion relationship, corresponding to (7),
the usual procedure is to insert a trial solution for a plane wave of

unit magnitude, propagating along the k-direction:

P = exp(i kX x + i kz z-iwt) . (11)
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After inserting (11) into (7) we get the wanted relation:

( 1- tan29 )ki ~( 2 tanb )kaZ+( 2msecHtand )kx +( 2msecH )kz- mz( 2+ tanze )

= 0 (12)
or
( tan26— 1 )ki -2m secHtanb kX+ mz( 2+ tanze )
kz = 2 secb (m ~ sind kX ) (13)
where, as previously, m = w/c .
Equation (12) is of the general type:
2 2
Ak. + Bk k_ + Ck_ +Dk_ +Ek +F = 0 , (14)
X X 2 yA X Z
and since in our case B = - 2 tan® # 0 ( if 8 # 0! ) and
B2 > 4 AC=0, we may conclude that equation (12) represents a hyperbola
for 6 # 0 . TFor the case 6 =0 , equation (12) becomes
W+2mk -2mi=0, (15)
X z

which corresponds, as we might already have expected from (10), to an
inverted parabola with its axis being the kz—axis. For other values

of 6 , we have the following situations: 6 = 90°: 1In this case,
equation (12) gives just a straight line, parallel to the kz—axis and at

a distance equal + n to its right:

k = m (16)

0 < 6<90° : For these angles, as we said, we get a hyperbola with one
0f its asymptotes being parallel to the kz—axis, according to the
equation:

kx = m cosec B (17)
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so that, as we move ( 0 ) from 0° to 90° , this line moves from
+ o to 1.

The other asymptote is the straight line:

m

sin(26)sinb (18)

z = cot( 20 ). x +

This second line, contrary to the first one, has a varying direction and
as 0O goes from 0° to 90° , it rotates 180° . From this consideration
it's obvious that the approximation becomes worse as we approach bigger
angles.

Next are given the tables and the corresponding graphs for m = 1
and values of O equal 0° , 15°, 45° and 75° . The included relative
error refers to how well the hyperbolas (or parabola in the case of
O = 0° ) fit a circle of unit radius (exact solution) at each side of

the angle of propagation ©
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Figure 1.
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Figure 2.



;

Conanefe s

Y DITRea A

293
Y nrTnng A

LaT 1o

iy

TR eaTATy

T A
.
.
.

L NG
c -
b :
« o
o Lo
= [
o :
- el
~ T
; :
s 3
~ v B
. i b

~
. Lo T aa e o
.

N

oy

\

;

e
[

r3na-°

t

no

n7
Coed
nLe

1

™

.

-

il

P el a RN e

iR

- P

2

H

| skl ot o

Ny
Gathed

I
.

™~ M

[ v

e~ o

: [ see
N G B e

23
51

fa,

e
(o N4
M~ C

Y
M

——

1
)
1
3
7
!

- .
)
I
-
)

,
SR
q

-t P~
| P e

U PR

Ll A TA}

K /in

\J\ |

Figure 3.



294

2 : m = xx 1eau A31susp £8isua Y31y B Ssmoys , D, PeT°qer uorfex 8yl -yTeuorizodoiad

a1e 3 pue 3 9219ym aaem auefd B Jopou eloqiadAy oyl jo sojolzduhse a9yl IrYl saleijsuowsdp
.9, Juoijsaem 9yl - (s2andTJ °9ayl 1IsiATJ 9yl ur juaBuel oar BT0qIadLYy pue ITD2ITO 3Y3l

219ym) uotiededoad aaem TJewiou sTapow AT9soTd uorjewrxoadde d1ToqaadLy =yl a19ym uor3ax 9yl

smoys v, ¢OIe IBTNOITO BYJ] °9ABM DTJeWOIYOOUOW JUSPIOUT UB O UOTIDIITP-X oYl UL (3In31J

oyl jo 98pa ioddn ay3z Jo sisuiod yloq pue i23usd) sainjaade jurod 991yl jo sosuodsaa aYyl

se pa3sadasiur aq pinoys aangr3y ayj °ssa1Bep ¢y e uorjeurxoidde sweijy Juels dYIL ¥ 2an3T4 <

W U; ﬁ

S

__ Lg‘ ﬂ

( ™ 3jue3suOD)

.AAAA



* 0 = xx Ieau L31suap

£81oua 431y B Smoys D, PoTeqeT uoi8ai oyl ‘Teuoriaodoad aie Nx pue x& 919UyMm 9ABM 1
sueTd ® Topou eToqiaddy 9yl Jo so3joldudse 9yl 3jeyl sojealjsuowsp , g, IUOCIIIABA YT
- (s2an3T3 991y3 3IsiT3 9yl ur jusSuel aie eloqiadAy pue ATOIATD Yl 2I2Ynm) uorae8edoad
aaem Teuwiou sTopow AT9soTd uoriewrxoxdde orToqiadAy 2yi aa9ym uoIBa1 3yl sMmoys .V

€318 IBTNOITD YL ‘9ABM DTIBWOIYIOUOW JUSPIOUT UB O3 UOTIDDATP-X 24yl UT (2an8T3 @Yyl 3o ( ™ 3ue3lISUOD)
28pe aoddn aya Jo siauiod Yyjoq pue 123udd) seaanjiade jurod 221yl Jo sasuodsai Iyl se

295

poloadasjur oq pInoys 2iIn8TJ 9yl -Se9i39p (9 I Uoljewrxoiadde swelij JueTS @Yl -G SIn3TL
X

S

m

e




