Appendix C

Ray tracing in a 2-D velocity model

Ray tracing is a basic element in the implementation of the velocity estimation presented
in this thesis. It is employed for modeling the beam-stacked data and for computing the
back-projection operator. The first part of this appendix presents a method for computing
the raypath and traveltime of a fan of rays: it solves a ray-tracing system of first-order
ordinary differential equations, derived from the Eikonal equation (Cerveny, 1987). The
second part of the appendix solves the more difficult problem of evaluating the derivatives
of the ray-path and traveltime with respect to the slowness model. These derivatives are

computed by use of a continuation method (Fawcett, 1983).

C.1 COMPUTING THE RAYPATH AND TRAVELTIME

Rays are traced in a general 2-D medium with slowness function S(z,z;m), where 2
is depth, = the horizontal coordinate, and m is the vector of slowness parameter. The
slowness function is parametrized by use of B-spline functions (Appendix D).

The rays are traced in depth by the solution of the ray-tracing system

dz = 3;;"5 (C.1a)
Z
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and the traveltime is computed with the equation

_ S%*(z,z,m)dz

Pz

dt (C.1d)

Here S,(z,z,m) and S;(z,z,m) are the partial derivatives of slowness with respect to the
spatial coordinates, p, is the horizontal ray parameter, and p, is the vertical ray parameter.

The rays are traced down from the surface, thus the initial conditions are

Pz =/ Sz(o)mO:m) - p¢27bs

Pz = Pobs
and
t=0,

where p,p, 1s the horizontal ray parameter measured at the surface by beam stacks, that
is, the shot ray parameter p, or the receiver ray parameter p,.

The ray-tracing system can be numerically solved by use of a standard Runge-Kutta
algorithm. The computation can be efficiently vectorized by the simultaneous tracing of

a fan of rays (Van Trier, 1988).

C.2 COMPUTING THE DERIVATIVES WITH RESPECT TO THE
SLOWNESS MODEL

The velocity estimation needs the derivatives of the raypath with respect to the slowness
model, for the evaluation of the linear operator Gy, that relates velocity perturbations
to beam stacks’ offset variations. These derivatives are computed with a continuation

method.



-113-

The differential equations in the ray-tracing system can be approximated by the fol-

lowing system of difference equations:

=k
X*(m) = o* — b1 - P22 (C.2a)
p*
_ SESEAZ
Pf(m)=p; -pi~' - o (C.2b)
_ SESEAZ
Pf(m)=p} -py ' - —2— (C.2¢)
P
and
Tky2
T*(m) = t*¥ — %1 - (—“Sl%,;—A—f, (C.2d)
Z

where Az = z*¥ — z¥=1 is constant; S*, S¥, and SF are the slowness and its derivatives
evaluated at the intermediate point [2" = (2F 4 2FY) /2, 3% = (zF + zk_l)/2]; and p* and
pk are the averages pf = (pf +p5~1)/2 and p% = (pf + pt~1)/2. The results of ray tracing

can be used for precisely evaluating these quantities along the ray.

Equations (C.2) must be satisfied for all values of the slowness model m, therefore the
derivatives of X*(m), P¥(m), and P¥(m) with respect to the slowness model are zero.

These derivatives with respect to the model parameter m; can be expanded with the chain

rule as
ax*k ox*az* ox* az*"! ox*apt ox* apt 0 (C.3)
dm;  9zF dm; 9zl Omy apt am; = Opk Om; )
OP* 9PR*op,* 9Pk opf-! oOP* apt
dm;  Opk am; = Jpt~! Om; apk om;
9P k agk k hok
= 9F." 95, _, (C.3b)

85’" am,' 33’;‘ am,' -
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dP* oPR*op,t oPR* ap,t! N P, apk
dm;  dpk Om;  gpk~1 Om; opk am;

Pk o8* oPR*3SF

: : - ca3
95F om; | 95F om; (C-3¢c)

When all the partial derivatives in equations (C.3) are evaluated it is possible to obtain
a system that can be sequentially solved at each step k for the derivatives dz*/dm;,
dp,*/dm; and 9p.*/dm;, when the derivatives at the previous step k — 1 are known.
Equations (C.3) are not independent, and therefore a system of three equations in three
unknowns must be solved at each step. The three equations can be solved sequentially
after these terms are dropped: those that depend on the second derivatives of slowness
with respect to the spatial coordinates, and those terms that depend on the product of
two first derivatives. It is possible to drop these terms because the slowness function is
assumed to be smooth. After these approximations and some simplifications, equations
(C.3) become

9zt _ 9at71 Az (op.*  9ptTl)  pidz (9pF  dptT (C.4a)
om;  Om; = 2pF \ Omy om; 2(p5)? \ omy om; '
op.* (|, B*5iAz) _optl (| SSiAz
am; 2(p%)? om; 2(p})?
S"ikAz 3S,(z,z,m) S'z’ifz 85z, z, m) (C.4b)
ps om; (2,2) p: Im; (z.2)

dp.*  9p,*'  S*Az 05,(z,z,m)

am; am; [—)],f om

SEAz 05(z,2z,m)
(z,3) i’ﬁ om;

(2.2)
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Qk Gk k k-1

S*S;Az [ Op, + 9p. . (C.4c)
2(pk)2 \omy  Omy

Equations (C.4) can be solved sequentially: start from equation (C.4b), follow with equa-

tion (C.4c), and then equation (C.4a). The initial conditions at the surface are:

0

9z _, (C.5a)
am;

apzo - S(OaxO;m) aS(O’z07m)

om; \/52((); o, m) — ply, om; (0,z0) ’

(C.5b)

9pz°
Bm;

=0. (C.5¢)

Once the gradient of the raypath with respect to the slowness model is computed, it is

easy to evaluate the gradient of traveltime. Differentiating equation (C.2d), I obtain the

+ §'£ dzF " dzk-1 B
(%) 2 \Om; omy

Sk\2 k k-1
(S _) Az [ dp, + dp, , (C.6)
2(pk)? \om;  Omy

which can be used to evaluate sequentially the traveltime derivatives.

equation

otk atk1 + 25%Az | 3S(z,z,m)
am; - om; ﬁ’; om;

The computation of the linear operator G, requires the evaluation of the derivatives
of traveltime and ray path at fixed reflector position (section 3.2.2) and changing surface
point. For practical reasons, the system of equation (C.4) is solved starting from a fixed
point at the surface and computing the raypath perturbations at the lower end of the
ray. The traveltimes derivatives are equal in the two cases but the sign of the raypath

derivatives must be changed.



