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Slant Multiple Reflections

by Anupam Khanna

The following material extends Claerbout's work (Slanted Multiple
Reflection Calculation-SEP 7, P. 1 ) to include interbed multiples.

The geometry is the same as before, and once again we assume slant
stacking of the data. This can be viewed as a line array of shots
which sends a plane wave traveling down at a certain angle. Because of
slant stacking we can restrict our attention to a fixed angle -~ waves
traveling at other angles interfere destructively. Figure 1 illustrates

the basic geometry and indexing.
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Fig. 1. Basic Geometry.

A key point to be noted is that since we consider fixed angles with

the vertical there is a definite interrelationship between the X, z and
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t coordinates. In particular, the received signal at the discrete
time instant T 1is wholly due to the shot at location T 1lags away
and reflected through the T top layers. Figure 2 illustrates this
for T=3 .
Another notable point is that the computation is done in the natural

frame for upcoming waves.

Fig. 2. 1Illustration for T=3. The receiver waveform at the 3rd time
instant is wholly due to shot 3 unit offsets (lags) away. Waves
penetrating deeper shall take a longer time to be effected back to

the surface and shall travel further along x too.

Forward Problem

The algorithm illustrated in Figure 3 proceeds by identifying the
various downgoing waves at different layers that contribute to the
received signal at a receiver location for a particular time instant.

We sum their contributions sequentially, starting from the bottom, i.e.,
"traveling with the upcoming wave'" to determine the surface received

waveform.



Concurrently we also determine the downgoing waves which shall

contribute to the received signal at the next time instant at the next

x-location.
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Fig. 3. The D(nz,t)’'s all contribute to R(i,t) which is the final
value of the 'UP' wave when it reaches the surface. The D's and
1

¢'s are used to calculate UP and PREMD's starting from the

bottom. At the end of the cycle the PREMD's are converted to D's

for the next location.

Some Variations to the Forward Algorithm

In a considerable number of situations we are interested in modeling

or generating synthetics due to only a few major events, eg. peglegs,
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bright spots etc. In these cases the computational effort can be reduced

by a factor of (# of events) = (NMAX) by slightly modifying the algorithm.
Instead of moving in steps of NZ we move in varying jumps along

the upcoming wave UP from one nonzero reflection coefficient (i.e., major

event) to the next higher one. This is illustrated in Figure 4.

i-1 \

D(k,t) N|P(k,t+1) =D(k-1,t)
N -
D(k+1,t) P(k+l,t+1) : compute
D (k+2,t) P(k+2,t+1) =D (k+l,t)
D(kt3,t) Yy P (k+3,t+1) =D (k+2,t)
\ 5
D(k+4,t) P(k+4,t+1l) : compute

A P(k+5,t+1) =D (k+4,t)

Fig. 4: @ indicate nonzero c¢'s , i.e., at nz=k, k+3 . Hence
we need to compute P(nz+l,t+1l)=D(nz,t)*(1l.0-c(nz))-UPxc(nz)
only for nz=%k, kt3. TFor nz#k, k+3 P(nz+l,t+l) =D(nz,t),

A pointer L(.) 1is used to identify the major event locations.
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The pointer for locating the nonzero c's can be either fed in
directly with the data or can be generated as a part of the algorithm
by simply searching along each upcoming wave path for each i . The
latter method was used as illustrated in Figure 1.

Very often the sampling along the x and z (or time) directions
needs to be varied corresponding to different propagation angles of
the wave. 1In most practical situations, the wave moves at only a slight
angle from the vertical and goes through several multiple reflections
even before reaching the first receiver. This corresponds to coarse
sampling along x .

The actual algorithm illustrated in Figure 16 is analogous to the
earlier ones. Besides obvious changes in the shifting indices we also
need to take care of the end effect at the top of each trace.

A single step of the algorithm is illustrated in Figure 6.

Another variation is the algorithm illustrated in Figure 17 which
corresponds to the situation where the c's are sampled more densely
along the x-direction than along the z-direction, i.e., we basically

skip vertical layers of c's .
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Fig. 5. Coarse sampling along x : We need to interpolate the reflection
coefficients at (ISTEP) points for each depth. Also we need to move along
and compute along (ISTEP) upcoming waves. Note again that the time unit
now is the time it requires for the first received signal to arrive, i.e-
(ISTEP)%2xtravel time through a layer.

Ax 1.0
ISTEP = % * 5. 0«TANG
Incrementing NZ by 1 corresponds to moving down Az .
Incrementing I by 1 corresponds to moving down Ax .




;'ﬁ" DOWN "'
ISTEP=4 in figure

ADOWN ’
UP(3)
‘ ' DOWN e

UP(4)\\f(k+1step,t+l)

Fig. 6. TFor each D(k,t) proceed down along its direction and using

yp(J) (J=1, ISTEP), successively compute new UP(J)'s and downward
continue DOWN, i.e.,

DOWN = D(K,T)

DO 10 J=1, ISTEP

UP(J) =UP(J)#* (1.4C (K+1-J))~DOWN*C (K+1-J)

10 DOWN=UP (J )% C (K+1-J)+DOWN=* (L. -C (X+1-J))
P(K+ISTEP,T+1) = DOWN

Note that a shot 'I0O' offset units away can only contribute to

P(I0%ISTEP+1,T+1).
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Inverse Problem

The inverse algorithm is analogous to the forward case. Once again
the computation proceeds "along the upcoming wave', but in this case we
move down from the receiver successively evaluating the reflection coef-
ficients and subtracting the contributions of multiple reflections in the

layers above. Figure 7 illustrates the procedure.

UP(4,4)
D (4,4)

c(4)=2=

Fig. 7. Inverse Algorithm.

To determine the reflection coefficient at the nzth layer we
start with the received signal at t=nz and go down as above since we
have previously calculated the reflection coefficients at shallower
levels until we meet the downgoing wave from shot nz lags before the
receiver. Their ratio determines the reflection coefficient and this is

used to downward continue the received signal at t=nz+l
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41

SUBROUTINE HURWU(C,H,U,PHEMD,I?AX MAK g HZM)
r(EAL L
DIMENSION PREM \DCTMAX,, HZM)
UIHFQFIUN CCOIMAKX, HNZN AX),U(IiAK HZA) g HCTUAX ¢y NZIAAYX)
DU 240 I=2,IMAX
J(I,l)~—C(I—I,l)*U(I—I,I)
Ul 2)= =R, ) +DCI=1,1)
LUPII”W
DO 41 I=2,14A%
DOy 1) ==R(I,1)
LU 100 NT=2,NZiMAX
NTOHE=MT+1
D60 Iwﬂf]'L IHAX
UP==CC(I=-NT, )TD(I—I JA0)
"PF“')(I,r‘f+l )ﬁL,(I~I 2 DY (1L 0=C(I=NT,NT))
DU 250 =2 NT
J=pnT+2-Y¥
PHEMU(I,J)~UP%C(I =J+1,J=1)+0([~-1, J=1) % (1 .0=C(I=J+1 ,J-1))
UP=Up=%(1, U+L(I—I+I,J—|))—k(l =J+1,J=1)*D(I-1,J-1)
'(( Iy TYy=up
P L)([,])n"UP
WU 7O I=NTOHE  THAX
U 7) ”*l VTUMY
L/(I 3L J(l
VLJNI Iu J!:
U
L
Fig. 8. The Basic Forward Subroutine FORWD with 'equal'sampling along
x— and z-directions. Suitable when number of major events (i.e.,

nonzero reflection coefficients) is of the same order as NZMAX.
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160

170

165
166

104
200

SUBRUUTINE INVHS(H‘,L)I,PHEE:’\Z:J UPT,CI, [MAX, HZMAX, '\17.'\,,1*.(31)

DIAERSTUN RCLHAK, NZIGAK) y DL (NS 4 8Z.4) s PREUDT (NZ AL NZ )
SJLUENSTON CIONZEMAX) yUPT CNZMAX, HZUAX) 3 ACT CHZMAX)
DICT, 1)=100.0

PREDIC , 1)=100.0

CI(1)==R(1,1)/100.0

BI(2,2)=100.0%(1.0=CI(1))

DU 123 NZ=3,NZHAX

DI(2,02)=0.0

B0 200 1=2, 1HAX

TF(ILLT.AZAX) S0 TU 111

KITAX=RZMAK

GO Ty 112
KUAX=]

DU e NT=2, KiWAX
CIOLyNTY==RrROI=1,0T=1)
PREMUI T g H ) ==RCL, NT=1)
URT Oy NTY=R(CT,NT)
CIC)==R(I,1)/100.0
L 17D NZ=2, KIGAX
NZT=nZ=1
PREMDI(NZ JNZ)=DI(HZI yWlZ1)% (1 .0-CI(NZI))
SP=CI(NZI)
Jud 180 NT=HZ,KMAX
UPTCHZyNT)=(UPL(NZT D) +CP*DI(NZLG,NT) )Y /(1 .0+CP)
PREGDI(NZ, AT+H1) =(CP*UP T (NZL (il D) +01 (HZ1 , 41 )/ (1 .0+CP)
CI(HZ) ==URP T (NZyHNZ)YZUT(NZ yNZ)
CUNTINUE
Kil=KuAX+1
IF(\W GlreNZAAK) GG TU 169
FREMDT R Kty =01 CKAX , KMAX )Y % (1 . 0=-C I (KMAXD))
DU 160 NZ=Ks, iz HAX
CL(NZY=0.0
Gl T 166
Kid=HZHAX
DU 140 WHZ=2 K
Pl 140 NT=RZ,KH

O DIHZ,y D) =PREWDI(NZ,dT)

LU 103 WZ=1,K4AX

ACTCHZI=T100,5%CI (NZ)

A ITE (64 104) T, (MCICHZ) ¢ NZ=1 JKHAK)
FLURMAT(20X, 1216)

CUNTINUE

HeTURY

=

“Fig. 9. The basic Inverse Subroutine INVRS with equal sampling along

x— and z-directions.
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SWATEIV

20
10

30

40

320

330 P

340

310

320
330
340

DIAENSTON C(D2,10),0(52,11),PRE D (D2, 1 1), (52,1
UI”'“SIJ LI(IO),tPI(lq,IO),uI(ll,ll),ﬂ’;hUl(ll
REEAL UP
[HAX=Db2
MZ 'xf‘)\-« 10
P72 =7 aAX+ ]
ou 211 I=1,IM4AX
DU 210 NHT=1,{Z4AX
ROLGHTY=0.0
(I, 1)=100.0
CALL DALA(C)
CALL MUT(IMAX,HZMAX,C)
CALL FUHHU(C,H,U,PHEMD,IMAX,NZHAX,HZﬂ)
CALL GUTR (L4AX, NZMAX 1)
CALLL INVES(k, J)I PREA )I UP Ty CIy ITMAK,, NZMAX, NZE 4C T
STOP
ErD
SUBROUTINE DATA(C)
DIMENSTION C(h2,10)
Ug 10 I=1,52
b 20 dT=1,10
COL,NTY=0.0
Cll,yb)=0.1
D30 I=1,20
C(I,2)=0.8
D 4G I=40,92
C(l,2)=
RETURN
ST
SUBROUTINE OUTCIHAXY, JZAAX,C)
JI”[’CIJH COITMAX G NZEAKL) yLINECIDD)
PRINT 310
kUh WAT(7 1 NEXT SECTIUN?)
D330 I=1, InAX
UL 320 HZ=1,H{Z8AX
LINE(HR /)“‘Iq DeD%C(I,HNZ)
CRINT 340,101, (LINE (fZ), 12=1 yHZ4AX)
FUP‘A1(2O\,1316)
HETURE
RIEIN;
SUBRUUTIIHE JUTR (IHAX, NZHAK L)
DIMENSTUN ROTMAX, H/IAK) LIJE(]OW)
t) 1 ]. t :l ‘3 ] u
FURMAT(Z 1 NEXT SECTIuN?)
DU 230 I=1,IMAX
bu 320 NZ=1,84MAX
I INECHZ)Y =K (I 12)
RINT 340,1, (L INE(NZ) ¢ NZ=14 NZMAX)
FUFVAT(ZOX,IZIO)
ElU

1), BCTICTO)

Fig. 10. Test program including data and display subroutines namely

DATA and OUT.
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Peglegs are expected.
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{ -30 0 ~-54
0 -30 0 ~-54
0 -30 ] -64
0 =50 6] -54
0 -30 ) -64
O -850 0] -64
0 -30 C -654
O -30 C -654

Fig. 12. The received waveform time series.

signals indicated by *#*%* ,

N 0 0 0

0 0 0 0O

8] 0 0 o

0 0 0 C

0 0 0 0
-3 0 0 0
-3 -51 7 0
-3 -51 ) 0
-3 -5 -9 -40
-3 =51 -5 -40
-3 -5] -5 -40
-3 -5 -5 -40
-3 -5 -4 -40
-3 -5 -5 —-40
-3 -5 -5 -40
-3 -5 -5 -40
-3 -5 -5 -40
-3 -51 -5 -40
-3 -5 -5 -40
-3 ~51 -9 -40
-3 -5 -5 -40
-3 =51 -h -40
Sk 3 0 -1 0
-1 9% 0 -1 0
-1 % 0 -1 O
-19 8 -3 n
-10 0 -3 0
-19 0 0 O
-10 0 0 0
-10 0 0 0
-10 0 0 0
-10 0 0 O
-10 0 0 0
-10 0 D 0
-10 0 0 0
-10 N 9] 0
-10 0 { 0
-10 0O 0 O
-19 0 0 O
-19 0 ) 0
-10 0 0 0
~17% 0 -3 0
-1 7% 0 -3 0
-1 7% 0 -14 O
-3 0 -14 ]
-3 -5 -14 |
-3 -51 -5 |
-3 -51 -5 -4
-3 -5 -5 -40
-3 -+ -4 -40
-3 -5l - -40
-3 -5 -5 —-40

This behavior is explained in Fig. 14.
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Note peglegs and the
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Notice in Figure 9, the odd behavior of the '"peglegs" (indicated
by (¥*%*%). 1In our formulation it apparently makes a difference if we
traverse it upwards or downwards. Figure 14 shows this simply. The
reason behind seems to be that we have not truly taken care of the

lateral impedance variation.

.02

57

c=0.8

c=0.1

Fig. 14. Pegleg edge behavior,

Another example illustrating an elementary bright spot is

illustrated in Figures 18 through 20.



425

430
431

410

470

415

SUBRUUTINE FVDXO(C,Cry 1, D, l”f' u) I i\\, s A\, N4

UDIHEISIUN COIAAK, "/z‘n Y g HCTHAK g SZHMAK) (N2 17 i),ijk?ﬁ,i?

DIMENSTUH CF(NZﬂAA),L(3)
DO, )=100.0

PREMUCT, 1)=100.0

I=1

H(l,l)=—C(l,l)mD(l,l)
UC1,2)==0RC01,1)
DE2,2)=001,1)+D(1,1)
DU 425 NZ=1,NZNAX

DU 425 NT=3,LZIHAX

?

3y
UNZ,HT)Y=0.0
ARTTE(6,429) I,R(l,l)
FURMAT( 5 W18, FT7.2)
pu 100 I= 2 IlAk
IFCILLT. ”Z{AX) G TS 430
NJ.MA)( IJZ. iA(
oU Tu 431
NTHAX=]
KHAX=0
DU 410 HZ=1,8THAX
Cr{NZ)=C(I=dZ+1,37)
IF(Cr(NZ) ER.0.0) GO TUu 410
KMAX=KHAX+1
LIKHAK) =NZ
CONTIHUE
RCIy 1) ==CFC1)%LC1, 1)
PREMD(OT 4 2)==0(1,1)
PREMD(2,2)=RCL, 1)+D(1, 1)
L0 470 iJZ=I,EiT§x’x/\X
DU 470 NT=HZ JHTHMAY
PREMD(1IZ TI,’Jl+l)-4)(NZ,£!f)
D 460 NT=24 NTitAX
UP==CF (NT)*D (T, NT)
ILPYJ N+
NTRIN=NT-1
PREMD(NTPLS, HTPLS) =UR+D(NT, 1T)
Fid=KmA X
IFCLOKMD) JLTONTY GO TU 416
Kid={ =1
IF (G EQ.0) GO T 421
GU Tud 415

o I, UP)

416 DU 420 K=1,Ki
J=L(Ku=K+1)
PREMD(J+1 g NTPLS) =UP*CF (I +D(J, HT) « (1 .0=CF(J))
420 UP=UP# (1 .,0+CIF(J))=D(J, WT)*CF(J)
421 k(L ,NT)Y=UP
460 PHEHJ(I,iT“LS)=*UP
NT#H= zh\X
IFCLLLTLHZUAAK) HTH=NTIAX+]
DU 440 NZ=I,HTM
DU 480 NT=HZ,0TH
40 DINZZHT)=PREMDINZ, NT)
RITECA,471) Ty (RCIGNT) §NT=1,4THAY)
471 FURMAT(BX,I6,12F7.2)
100 CUNTINUE
RETURM
END
Fig. 15. Variation of the forward subroutine to reduce the number of

computations when there are only a few nonzero reflection coefficients.
Pointers are generated within the program.



SWATIFIV ST T T
DIGENSTUN UP(4) U(l?,)),H(l/ 6) 4K (9D),CL(50,12),C(12)

I{\»—Jk)
NZAAXK=12
M=y
NTHAK=20
I1STEP=4
ISTRIN=ISTEP-1
D1 dZ=1  KRZHAX
D) 2 M=, WM
PDOHZyWT)=0.0
2 PUHZ,HT)=0.0
DJ 3 I=1,I18A%
3 COCLLHZY=0.0
[

1 CUNTINUE
Dd 4 I=1,IHAX
4 COIyn)=0.,1
DL I=1,20
Ctl,2)=0.86
5 OCO(30+1,2)=0.1
Dy )=1.0
W=
Dudie=D0, 1)
D3 10 J=1,157TEP
CCI)=CD(1,J)
UR(J)==C(J)*DUHN
1O DORMN=LON+URP DD
PCISTEP+T,2)=DUNN
DU 30 L=1,IsTitld
DAN==UP (L)
JAalti=L+1
DU 40 J=JUIH,ISTEP
DUOWRZ2=DUATR (] LO=C(J=1))+UP(J)*C(J=-L)
UP (D) =D0WH2+UP (J)=D0HH
40 DUNN=0URN2
30 POISTEP+I=L,y NT+ 1 )y=DJdil
RONTY=Up CISTER)
POy RT+ 1) == (NT)
FRTITECEGHO) (RENTY y fiT=1,{T4)
50 FJH“AT(T 0.3)
C FIRST TiACE (‘r"m ATED
‘.JLJ ]O“O I 2 .[ \X
FAAX=NLZaAX
IFCCI#ISTER) JLTWKHAX) KHAX=(I®ISTEP )+
D20 NZ=1, KMAX
[{=24(7=1)/2
Al=AULCT } s LSTHER)

I"I /ra‘
22 COHZ)=Cak*COCI=My NZ)+ (T STEP=AK) #CO( 1=+ 1, 1Z2)) /1STEP
C THIS THTERPULATES Tk nCsas

Fig. 16. Cont'd. on next page.



200

210

105
120
110
250

Y00

g’”_j\J

A0
1 000

SUATA

NT =0Tl AX/TSTREP -
IF(RTa 6T 1) Wiiii=I
O Y00 Jl=1,0104
D) O J=1, 157TER
[' S (J)=0.0
ETaAX=0AX
I( (HT.EQL1) Gu Tu 200
I iT*4, L; SHTHAXY KTHAK=((NT=1)*ISTEP )+
K LA T=[K THAR=1
UJd TUd 100G
DUAN=UCT4 1)
D210 J=1,I5TEP
UP(J)==C(J) %Dl
DURN=RUAN+UP (J)
POISTER+T,2)=DJWH
GO Ty 200
DU 110 K=1,XTHEAK
DUN=D(KTHAR+ =K, 68T
DU 120 J=1,I5TEP
I};( (KTHAX=K+J) JOT.HZKAX) CU TU 105
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