Chapter 3
Kinematic-based inversion
objective function
In this chapter, I discuss a new objective function that aims to minimize the phase
di↵erences between observed data and modeled data. The conventional objective
function of waveform inversion minimizes amplitude di↵erences between observed
data and modeled data, leading to less satisfactory results for real data applications
than for synthetic inversion tests. Since reproducing absolute amplitudes in real data
is much more difficult than reproducing the phase, the objective function needs to be
less sensitive to absolute amplitude mismatches. De-emphasis of absolute amplitude
match results in very little model resolution degradation for realistically complex nearsurface models. Furthermore, the new objective function delivers almost the same
result, even when input early-arrivals are modeled using the elastic wave equation.

INTRODUCTION
In recent years, exploration geophysicists have gradually recognized that by using
finite-frequency seismic wave propagation, waveform inversion (Tarantola, 1984; Mora,
1987; Pratt et al., 1998) tends to give more accurate near-surface velocity estimations
(Ravaut et al., 2004; Sheng et al., 2006; Sirgue et al., 2009) than those from ray-based
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methods (Hampson and Russell, 1984; Olson, 1984; White, 1989). Using waveform
inversion for near-surface velocity estimation is particularly beneficial in geologically
complex areas. In such areas, complex near-surface velocity can cause serious problems for imaging deeper targets, unless the near-surface velocity models are accurately
estimated. It is also in those geological settings where finite-frequency wave propagation in waveform inversion works much better than high-frequency asymptotic rays.
However, there are several important factors complicating practical applications of
waveform inversion. One of the most important factors is the ability of the inversion
engine to reproduce the phase and amplitude of recorded data if the correct model
is given. For production-scale application, computational constraints strongly favor
the use of the acoustic wave-equation in the inversion engine. Field data, on the
other hand, contain a lot of non-acoustic phenomena, such as attenuation, converted
waves, etc. These non-acoustic e↵ects make it extremely difficult to match both the
phase and amplitude of the synthetic data modeled from the acoustic wave-equation
to those of the recorded data, even when the correct near-surface model is given.
It is known that traveltime/phase information is less sensitive to the presence
of di↵erent physics in the recorded data, and it also carries information about the
velocity field (Luo and Schuster, 1991; Shin and Min, 2006; Warner et al., 2012).
Therefore, I have modified the objective function of conventional waveform inversion
by emphasizing phase matching over amplitude matching. De-emphasizing amplitude
matching tends to reduce the resolution of inversion results. However, in the case of
complex near-surface models, the near-surface is usually well illuminated with a wide
range of angles. As a result, the inversion results from the new objective function
are almost the same as the ones obtained using the conventional objective function.
Furthermore, the new objective function proves to be robust even when elastic earlyarrivals are used for acoustic inversion.
To demonstrate the e↵ectiveness of the new objective function, the chapter is organized as follows: first, I describe the formulation of the kinematic objective function
and its geophysical meaning. Second, I demonstrate the high resolution of the inversion results with the kinematic objective function by inverting a realistically complex
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near-surface velocity model. Third, I demonstrate the robustness of the kinematic
objective function by inverting elastic early-arrivals using the acoustic wave-equation
engine.

THEORY
In this section, I first describe the kinematic objective function and provide two
geophysical interpretations. I then derive the corresponding gradient formulation
and explain the mathematical meaning of the gradient.

Kinematic Objective Function
The generalized waveform inversion objective function can be written as:
f (dobs , D(m)) ⇡ 0,

(3.1)

where f is a function of dobs , the observed data, and D(m) is the forward-modeled
synthetic data from m, the velocity model. Observed data can be in either the frequency domain or the time domain, depending on the actual form of f . For example,
if we take f as the L2 norm of (dobs

D(m)), we obtain the objective function of con-

ventional waveform inversion (Tarantola, 1984; Pratt et al., 1998); if we take f as the
L2 norm of the natural logarithm of D(m)/dobs , we obtain the so-called logarithmic
objective function of waveform inversion (Shin and Min, 2006). However, residual
minimization in the phase domain will encounter the problem of phase wrapping.
To emphasize phase comparison in waveform inversion yet avoid the phase wrapping problem, I propose to modify the objective function of conventional waveform
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inversion by using the following expression for f :
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where m is the near-surface velocity model; dobs are traces of recorded early-arrivals;
D are synthetic early-arrival traces modeled with the constant-density two-way acoustic wave-equation operator, from the near-surface velocity model; s and g are source
and receiver locations, respectively. The notation kak denotes the L2 norm, or the
energy, of trace a. In the new objective function, I weigh both the recorded data and
the forward-modeled data by their RMS energy, trace by trace. The weighting operations ensure that recorded data and forward-modeled data have approximately the
same relative amplitudes, making the new inversion focus more on phase comparison.
Next, I will provide two geophysical explanations of the phase comparison operation.

Geophysical Interpretations of the Objective Function

One way to understand the phase comparison is to assume the scenario where both observed data and modeled data contain only one event. Then if we take both monochromatic observed data and monochromatic modeled data, they can be expressed in the
frequency domain as:
dobs (s, g) = Aobs exp (i!tobs (s, g))
D(s, g, m) = AD exp (i!tD (s, g, m)).
(3.3)
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where tobs and tD are observed traveltime and modeled traveltime, respectively. Substitute equation 3.3 into equation 3.2, we have:
f=

X
s,g

krd (s, g)k2

= k exp (i!tD (s, g, m))

exp (i!tobs (s, g)) k2 ,
(3.4)

which explicitly states that, for monochromatic frequency slice of a single event, when
the phase errors are small, the objective function is performing a phase comparison.
Such exponential phase comparison becomes an approximation for data with increasing phase errors, more events or more frequency slices, yet the objective function still
heavily emphasizes on phase comparison by eliminating absolute amplitude. In reality, data are usually bandpassed with relatively narrow band, hence the traveltime
errors for di↵erence frequency slices are not too di↵erent from one another, making
the kinematic comparisons feasible.

Another way to understand the phase comparison operation is by expanding the
kinematic objective function in equation 3.2:
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The expansion result shows that minimizing the objective function is equivalent
to maximizing the zero time-lag correlation between weighted observed data and
weighted modeled data. Since both observed data and modeled data are weighted,
the maximization can only be achieved through minimizing the traveltime di↵erences
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between observed data and modeled data, which is another way of performing phase
comparison. A similar objective function has been proven to be robust in real data
application (Routh et al., 2011).

Gradient Derivation

To update the velocity, I use the nonlinear conjugate gradient method (Shewchuk,
1994; Press et al., 2007). The gradient of equation 3.2 with respect to m is as follows:
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We can simplify Jf (m) by the following notation:
Jf (m) = 2Vsrc
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(3.7)

Compare equation 3.6 and equation 3.7, and use derivative rules, we can obtain the
specific expression of Vsrc :
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the virtual source term Vsrc is reverse-time propagated to form the gradient, which
will be used to update the model. Mathematically, the virtual source is the component
of the rd that is orthogonal to weighted modeled data D(s, g, m). The orthogonality
can be verified by calculating the dot-product between the two:
rT (s, g)D(s, g, m)
T
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The equation shows that the inversion uses only the data component orthogonal to
the weighted modeled data to update the model. The choice of the data component
can be explained by the kinematic nature of the inversion: any component parallel
to the current modeled data can be produced by the current model, the parallel
components do not add extra information to reducing model errors.

As shown by the previous explanations, the kinematic objective function uses
only relative amplitude in data fitting, which naturally leads to the question of how
it will a↵ect inversion. This question can be divided into two smaller questions:
first, given acoustic data ( modeled with the same engine used for inversion), how
does the inversion resolution change? Second, given non-acoustic data (elastic for
example), does the inversion still converge to the same result? In the next section, I
will use synthetic examples to shed some light on these questions. In these examples,
conventional waveform inversion means waveform inversion using the conventional
objective function, kinematic waveform inversion means waveform inversion using
the kinematic objective function.
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INVERSION FOR REALISTICALLY COMPLEX
NEAR-SURFACE MODEL
Here I compare the resolution of the inversion results with and without using the
absolute amplitude information. More specifically, I first use a realistically complex
near-surface model to generate synthetic early arrivals; I then compare inversion
results using the conventional objective function and the kinematic objective function.
The true near-surface model (Figure 3.1) and the initial model (Figure 3.2) were
generated by simulating a series of geological processes such as deposition, uplift and
compaction (Shen, 2013). The initial model is a smoothed version of the true model
excluding the low velocity layer and the low-velocity erosion. The goal here is to see
if the waveform inversion can successfully recover the thin channel of low velocity
which starts at 1.2km depth on the left side of the model. The model spacing is 10
m in both x and z, and a total of 100 shots were modeled with 100-m shot spacing
and 2-ms time sampling; a Ricker wavelet of 12 Hz peak frequency was used to model
all shots. Although for the inversions, only data between 0.1 Hz and 5.5 Hz are
used. The early-arrivals in the shot gathers contain multiple refractions and shallow
reflections (Figure 3.3) from the complex wave propagation in the near-surface; such
wave propagation usually results in a wide angular coverage of the model, which
contributes positively to the inversion resolution.
Using early-arrivals only, a total of 45 iterations were run for both the conventional
waveform inversion and the kinematic waveform inversion. For the most parts of the
model, kinematic waveform inversion result (Figure 3.4 bottom) achieves the same
resolution as the one from the conventional waveform inversion (Figure 3.4 top). Both
the low-velocity layer throughout the model and the low-velocity erosion to the left
of the center were well resolved. The depth and boundaries of those low velocity
zones are accurately defined in the inversion results. This comparison demonstrated
that, absolute amplitude adds no extra information to inversion when near-surface is
illuminated with a wide range of angles. For real data applications, this translates
into a well resolved model for complex near-surface settings.
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Figure 3.1: Realistic model for near-surface waveform inversion.
chap3/. vptrue

[ER]

Figure 3.2: Initial velocity model for the waveform inversions. [ER] chap3/. vinitc3
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Figure 3.3: Typical input acoustic early-arrivals for kinematic and conventional waveform inversion. [ER] chap3/. aea

ACOUSTIC INVERSION OF ELASTIC DATA
Here I perform waveform inversion using recorded elastic data modeled from a realistically complex earth model. To better understand acoustic inversion of elastic data,
first, I illustrate the di↵erences in modeled data between the acoustic wave equation
and the elastic wave equation. Then, I compare the inversion results with di↵erent
objective functions to demonstrate the robustness of the kinematic objective function.

Model and survey description
The true P-wave velocity model (Figure 3.5 top panel) is the same as the one used in
the previous section. The S-wave velocity is created by using a typical near-surface
Vp/Vs ratio (Figure 3.5 middle panel). The density model is created from the Vp
model using the Gardner equation (Gardner et al., 1974) (Figure 3.5 bottom panel).
Due to the extremely slow S-wave velocity in the very near surface, Vp, Vs and density
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Figure 3.4: With the input data modeled from the acoustic wave equation, inversion
result using: top, the conventional objective function; bottom, the kinematic objective
function. [CR] chap3/. vainv
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models require 5-m spatial sampling in both x and z to avoid spatial dispersion in the
forward modeling. On top of that, to ensure modeling stability, the corresponding
modeling time step is 0.5 ms. A total of 100 shots were modeled with a Ricker wavelet
of 12Hz peak frequency and 100-m shot sampling. Receivers are everywhere on the
surface for each shot. The recorded data are the pressure wavefield at the receiver
locations.

Forward modeling comparison
The goal of the acoustic inversions here is the same as the one in the previous inversion,
that is to recover the low velocity structures, which include a low velocity layer in
the mid depth, and a low velocity erosion to the left. As a result, it is important
to understand which part of the early-arrivals is associated with the low velocity
structures, and how the acoustic data from the low velocity structures di↵ers from
the corresponding elastic data.
A typical elastically modeled shot gather from the true model is shown in Figure
3.7. The elastic modeling did not use free surface boundary condition, hence no strong
surface wave exist in the shot gather. To identify the part of the data that corresponds
to the low velocity structures, an elastic shot (Figure 3.8) with the same geometry and
source wavelet is modeled from the same model without the low velocity structures
(Figure 3.6). Comparing the two shot gather, it is obvious that the reflections from
the top and bottom of the low velocity layer will be the driving force for recovering
the low velocity layer. Yet before performing acoustic inversion, another shot gather
with the same geometry and wavelet was modeled using the true p-wave velocity
model, with the acoustic wave equation. Kinematically, the acoustic reflections from
the low velocity layer is very similar to the elastic reflections from the low velocity
layer. Such similarity is beneficial for the kinematic objective function.
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Figure 3.5: True earth model created by geological process, top:P-wave velocity;
middle:S-wave velocity; bottom:density. [ER] chap3/. mod
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Figure 3.6: True earth model without the low velocity structures, top:P-wave velocity;
middle:S-wave velocity; bottom:density. [ER] chap3/. mods
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Reﬂec%ons)from)the)low)velocity)layer

Figure 3.7: Elastic shot gather modeled from the true earth model.
chap3/. ercd

[CR]

1

Figure 3.8: Elastic shot gather modeled from the earth model without the low velocity
structures. [CR] chap3/. ercdn

50

CHAPTER 3. KINEMATIC-BASED INVERSION OBJECTIVE FUNCTION

Figure 3.9: Side by Side comparison of elastic shot gather (left) modeled from the true
earth model and acoustic shot gather (right) modeled from the true p-wave velocity
model. [CR] chap3/. aercdcomp

Inversion comparison
For waveform inversion, the modeled elastic data were bandpassed between 1Hz and
6Hz, low frequency data were kept since the impact of missing low frequency on
inversions was not part of the comparison. Also to simulate realistic scenario, data
in the near-o↵set range that usually contain strong surface waves were not used for
inversion. After the bandpass and spatial windowing, The same shot in Figure 3.7
becomes the one in Figure 3.10. The starting model was the same as the one used in
the previous example (Figure 3.2). Several inversions were run. The first inversion
used the kinematic objective function described earlier. All the other inversions used
the conventional objective function, with di↵erent scaling factors used for the source
wavelet as input. In each of the inversions, the source wavelets are exactly the same
for all the shots. The scale only changes between di↵erent inversions.
The inversion result from using the kinematic objective function recovers the low
velocity structures well (Figure 3.11 and 3.1). Not only are the depth and the lateral
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Figure 3.10: Input elastic shot gather for the waveform inversions.
chap3/. ercdin

[CR]

locations accurate, but also are the lateral continuity of the low velocity structures
well resolved. Most of the fine layers are not resolved due to the low frequency content
of the input data. The objective function value decreased significantly (Figure 3.12)
after the inversion. The data residual of the shot gather shown in Figure 3.10 also
decreased significantly after the inversion (Figure 3.13). Such improvements result
from the good kinematic matching between input data and modeled data (Figure
3.14) after the inversion. More specifically, the top and the bottom reflections from
the low velocity layer in the final modeled data matches those in the input data very
well.
In addition to kinematic waveform inversion, several conventional waveform inversions were also run using the true source wavelet with various scaling factors (as
an attempt to mitigate the amplitude di↵erences between the input elastic data and
the forward modeled data using the acoustic wave-equation). The best inversion result (Figure 3.15) is geologically reasonable. However, close examination of the result

52

CHAPTER 3. KINEMATIC-BASED INVERSION OBJECTIVE FUNCTION

Figure 3.11: Waveform inversion result using the kinematic objective function. [CR]
chap3/. vinvobjn

Figure 3.12: Objective function value of the kinematic waveform inversion.
chap3/. resdobjn

[CR]
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Figure 3.13: Shot gather data residual before (left) and after (right) the kinematic
waveform inversion. [CR] chap3/. rdcompobjn

Figure 3.14: Comparison of input data (left) and final modeled data (right) from the
kinematic waveform inversion result. [CR] chap3/. dmodobscompobjn
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reveals that the low velocity layer is slightly deeper than its true depth, and the
bottom of the low velocity erosion to the left was not well resolved. The geological
similarity between the inversion result and the true model comes from good kinematic
matching between the observed data and the modeled data. In fact, the final modeled
data have better kinematic matching than amplitude matching (Figure 3.16). In field
data applications, results of similar quality without testing various scaling factors
are expected since in those situations source wavelets and velocity are usually jointly
estimated (Virieux and Operto, 2009).

Figure 3.15: Waveform inversion result using the conventional L2 objective function,
with the small scaling factor. [CR] chap3/. vinvobjcwea

In summary, to correctly resolve velocity structures, it is more important to match
the kinematics of the input data. While matching amplitude can potentially be beneficial, it is dangerous to match amplitude in practical inversions. More specifically,
unless a proper scaling factor can be found for the input source wavelets, amplitude
matching tend to take precedence over kinematic matching if we are to use the conventional objective function. Since there is no easy way of finding the proper scaling
factor, practical use of the conventional objective function in waveform inversion is
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Figure 3.16: Comparison of input data and final modeled data from the conventional
L2 waveform inversion result, with the small scaling factor. Yellow circles indicate
where kinematic matching are good. [CR] chap3/. dmodobscompobjcwea

challenging.

CONCLUSIONS
The kinematic objective function emphasize phase matching over amplitude matching. Such emphasis does not reduce the model resolution in the case of realistically
complex earth models where early-arrivals provide good angular illumination of the
near-surface. With the conventional objective function, it is dangerous to use acoustic
inversion for elastic early-arrivals. The danger comes from the fact that amplitude
matching tends to dominate the inversion and damages kinematic matching, leading
to bad inversion results. On the other hand, with the kinematic objective function,
acoustic inversion of elastic early-arrivals gives much better results.

