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Preface
The electronic version of this report1 makes the included programs and applications available
to the reader. The markings [ER], [CR], and [NR] are promises by the author about the
reproducibility of each figure result. Reproducibility is a way of organizing computational
research that allows both the author and the reader of a publication to verify the reported
results. Reproducibility facilitates the transfer of knowledge within SEP and between SEP
and its sponsors.
ER denotes Easily Reproducible and are the results of processing described in the paper. The author claims that you can reproduce such a figure from the programs,
parameters, and makefiles included in the electronic document. The data must either
be included in the electronic distribution, be easily available to all researchers (e.g.,
SEG-EAGE data sets), or be available in the SEP data library2 . We assume you have
a UNIX workstation with Fortran, Fortran90, C, X-Windows system and the software
downloadable from our website (SEP makerules, SEPlib, and the SEP latex package),
or other free software such as SU. Before the publication of the electronic document,
someone other than the author tests the author’s claim by destroying and rebuilding
all ER figures. Some ER figures may not be reproducible by outsiders because they
depend on data sets that are too large to distribute, or data that we do not have
permission to redistribute but are in the SEP data library.
CR denotes Conditional Reproducibility. The author certifies that the commands are in
place to reproduce the figure if certain resources are available. The primary reasons for
the CR designation is that the processing requires 20 minutes or more, or commercial
packages such as Matlab or Mathematica.
NR denotes Non-Reproducible figures. SEP discourages authors from flagging their figures as NR except for figures that are used solely for motivation, comparison, or
illustration of the theory, such as: artist drawings, scannings, or figures taken from
SEP reports not by the authors or from non-SEP publications.
Our testing is currently limited to LINUX 2.6 (using the Intel Fortran90 compiler), but the
code should be portable to other architectures. Reader’s suggestions are welcome. More
information on reproducing SEP’s electronic documents is available online3 .

1

http://sepwww.stanford.edu/private/docs/sep143
http://sepwww.stanford.edu/public/docs/sepdatalib/toc html
3
http://sepwww.stanford.edu/research/redoc/
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Subsalt velocity analysis by target-oriented wavefield
tomography: A 3-D field-data example
Yaxun Tang and Biondo Biondi

ABSTRACT
We apply target-oriented wavefield tomography to a 3-D field data set acquired from
the Gulf of Mexico. Instead of using the original surface-recorded data set, we use a
new data set synthesized specifically for velocity analysis to update subsalt velocities.
The new data set is generated based on an initial unfocused target image and by a
novel application of 3-D generalized Born wavefield modeling, which correctly preserves
velocity kinematics by modeling non-zero subsurface-offset-domain images. We show
that the target-oriented inversion strategy drastically reduces the data size and the
computation domain for 3-D wavefield tomography, greatly improving its efficiency and
flexibility. We apply differential semblance optimization (DSO) using the synthesized
new data set to optimize subsalt velocities. The updated velocity model significantly
improves the continuity of subsalt reflectors and yields flattened angle-domain commonimage gathers.

INTRODUCTION
Accurate reflectivity imaging requires an accurate background velocity model. As seismic
exploration moves towards structurally complex areas, wavefield-based tomography that
better models band-limited wave phenomena becomes necessary for high-quality velocity
model building. Wavefield-based tomography, however, is still expensive for industrial-scale
applications (Biondi and Sava, 1999; Shen et al., 2005; Albertin et al., 2006; Fei et al., 2009),
both because the method uses more expensive wavefield modeling engines, and because it
lacks flexibility and usually requires the use of the whole recorded data set for velocity
analysis.
To reduce the cost and increase the flexibility of wavefield-based tomography, Biondi
(2006); Guerra (2010); Tang and Biondi (2010) originated the idea of target-oriented wavefield tomography. The idea is to synthesize a target-oriented new data set specifically
for velocity analysis. The new data set is designed to be much smaller than the original
surface-recorded data set, while still containing all necessary information for velocity updating. This strategy allows us to apply the powerful but expensive wavefield-based technique
only in areas where it is necessary, such as in subsalt regions with complex overburdens, and
leave areas with relatively simple geologies to be handled by conventional velocity-analysis
methods, which are sufficient to produce accurate results.
By localizing the computation within a selected target zone, the target-oriented inversion
strategy dramatically improves the efficiency and flexibility of wavefield-based tomography.
Therefore, it can greatly shorten the cycle time from seismic processing to interpretation,
enabling interpretation-driven interactive wavefield-based velocity analysis, where different
1
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geological scenarios can be tested in almost real time (Halpert et al., 2008). The high
efficiency may also make velocity uncertainty analysis feasible, which requires inverting
velocity models multiple times to build the probability distribution (Tarantola, 2005).
Biondi (2006); Guerra et al. (2009); Guerra (2010) synthesize a new data set for local
tomography using the concept of prestack exploding-reflector modeling (PERM). PERM,
however, generates crosstalk when multiple image events (reflectors) are modeled simultaneously. This limits the number of reflectors it can model. Manual picking and stochastic
encoding methods, such as random-phase encoding, are required to mitigate the impact of
the crosstalk.
In contrast, Tang and Biondi (2010) formulate the problem under a seismic-data-mapping
(SDM) framework (Hubral et al., 1996; Bleistein and Jaramillo, 2000) and use generalized
Born wavefield modeling as the mapping operator to synthesize a new data set for velocity analysis. Generalized Born wavefield modeling is extended from conventional Born
modeling (Stolt and Benson, 1986) to include modeling of the non-zero subsurface offset
images. As shown by Tang and Biondi (2010), the inclusion of the subsurface offset in the
modeling process preserves the correct velocity information and is crucial to the success
of this method. One advantage of generalized Born wavefield modeling is that it does not
require any picking, but picking can be incorporated if it is desired. Another advantage is
that it can model arbitary number of reflectors simultaneously and is minimally affected by
crosstalk artifacts.
In this paper, we follow the method of Tang and Biondi (2010) and use generalized
Born wavefield modeling to generate a target-oriented data set for local velocity analysis.
In the subsequent sections, we first review the theory of target-oriented tomography using
synthesized Born data. We then apply the methodology to a 3-D field data set acquired
from the Gulf of Mexico (GOM), where we update the subsalt velocities in a target-oriented
fashion.

THEORY
We formulate our method under the framework of seismic data mapping (SDM) (Hubral
et al., 1996; Bleistein and Jaramillo, 2000), where the idea is to transform the original
observed seismic data from one acquisition configuration to another with a designed mapping
operator. SDM can be summarized as two main steps: (1) apply the (pseudo) inverse of
the designed mapping operator to the original data set to generate a model, and (2) apply
the forward mapping operator to the model to generate a new data set with a different
acquisition configuration than the original one.
In our case, we use generalized Born wavefield modeling to perform data mapping. With
an initial velocity model, seismic prestack images can be obtained using the pseudo-inverse
of the generalized Born modeling operator as follows:
m = H†0 L∗0 dobs ,

(1)

where ∗ and † denote adjoint and pseudo-inverse, respectively; m is the seismic image; L0 is
the generalized Born modeling operator computed using an initial velocity model v0 , whose
adjoint L∗0 is the well-known depth migration operator; H0 is the Hessian operator (Plessix
and Mulder, 2004; Valenciano, 2008; Tang, 2009); and dobs is the observed surface data.
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It is important to note that the seismic image m must be parameterized as a function of
both spatial location and some prestack parameter, such as the subsurface offset, reflection
angle, etc., in order to preserve the velocity information for later velocity analysis (Tang
and Biondi, 2010). In this paper, we use the subsurface offset as our prestack parameter.
The significance of the Hessian operator in equation 1 is that its pseudo-inverse removes the
influence of the original acquisition geometry in the least-squares sense, and the resulting
image is independent from the original data. However, the full Hessian H0 is impossible to
obtain in practice due to its size and computational cost; we therefore approximate it by a
diagonal matrix : H0 ≈ diag{H0 }. We further reduce the cost of computing the diagonal
of Hessian by using the phase encoding method (Tang, 2007, 2009; Tang and Lee, 2010).
We obtain a target image mtarget by applying a selecting operator S to the initial image:
mtarget = Sm, where the selecting operator S can be simply a windowing operator. A new
e obs can then be simulated as follows:
data set d
e obs = L
e 0 mtarget ,
d

(2)

e 0 is the Born modeling operator computed using the same initial velocity v0 , but
where L
with a different acquisition configuration. The wavefield propagation can be restricted to
regions with inaccurate velocities, and the modeled data can be collected at the top of the
target region. The target-oriented modeling strategy makes the new data set much smaller
than the original one. The new data set can be imaged using the migration operator, i.e.,
e with an arbitary velocity v, as follows:
the adjoint of L,
e obs .
e ∗d
b target = L
m

(3)

We pose the velocity estimation problem as an optimization problem that seeks an
optimum velocity model by minimizing a user-defined image residual (or maximizing some
measure of the image coherence). There are many ways of defining the objective functions.
In this paper, we use the differential semblance optimization (DSO) (Symes and Carazzone,
1991) as the criterion to estimate the velocity. The DSO objective function in the subsurfaceoffset domain is (Shen, 2004; Shen and Symes, 2008)
F (v) =

1 XX 2 2
|h| m
b target (x, h),
2 x

(4)

h

where x = (x, y, z) is the image point in the subsurface and h = (hx , hy , 0) is the subsurface
offset. The physical interpretation of the subsurface-offset-domain DSO is that it optimizes
the velocity model by penalizing energy at non-zero subsurface offset, taking advantage
of the fact that seismic events should focus at zero-subsurface offset if migrated using an
accurate velocity model (Shen, 2004). However, the gradient of the objective function
defined by equation 4 is sensitive to the amplitude variation of the images due to uneven
illumination (Vyas and Tang, 2010; Fei and Williamson, 2010). We propose to normalize the
DSO objective function by the square of the root-mean-squared (RMS) image amplitudes to
reduce the influence of image amplitude variations. The normalized DSO objective function
is
P
2 b
2
target (x, h)|
1 X z,h |h| |m
P
.
(5)
J(v) =
2 x,y
b target (x, h)|2
z,h |m

4
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We use nonlinear conjugate-gradient method to minimize J. The gradient is calculated using
the adjoint-state method (with a one-way wave-equation formulation) without explicitly
computing the Jacobian matrix (Shen and Symes, 2008; Sava and Vlad, 2008; Tang et al.,
2008).

3-D FIELD-DATA EXAMPLES
We apply the target-oriented wavefield tomography to a data set acquired from the Gulf
of Mexico (GOM). The data set was acquired using a narrow-azimuth towed streamer
(NATS) acquisition system, and further rotated using azimuth moveout (AMO) (Biondi
et al., 1998) into zero azimuth. The minimum and maximum inline offsets are 0.3 km and
8.2 km, respectively. The frequency content of the data set ranges between 5 Hz and 35 Hz.
The initial 3-D velocity model is shown in Figure 1. Velocities above the target (outlined
by a black box) and the salt interpretation are known to be accurate. The goal is to invert
for subsalt velocities inside the target region. The initial velocities inside the box are set to
be v(z).

Figure 1: The initial 3-D velocity model. The black box outlined area is the target region for
velocity analysis. Velocities above the target region and the salt interpretation are known
to be accurate. [ER] yaxun1/. bpgom3d-bvel-full
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Generating initial image gathers
We perform conical-wave migration (Whitmore, 1995; Duquet et al., 2001; Zhang et al.,
2005; Liu et al., 2006) to generate the initial image gathers, where we synthesize 101 conical
waves for each crossline and migrate 12625 conical waves in total. The minimum and
maximum inline take-off angles at the surface for the conical waves are −30◦ and 30◦ ,
respectively. The maximum frequency used for the initial migration is 20 Hz. We also
compute the diagonal of the Hessian in the conical-wave domain using the phase-encoding
method (Tang, 2009), which encodes the source-side Green’s functions using inline planewave phase-encoding functions and the receiver-side Green’s functions using random-phase
encoding functions. The simultaneous encoding dramatically reduces the computational
cost of the Hessian (Tang and Biondi, 2011).
Figure 2 shows the zero-subsurface offset image for the target region obtained using the
initial velocity model (Figure 1). The image has been normalized with the diagonal of the
Hessian (not shown here). To more accurately preserve the velocity information, we compute
both inline and crossline subsurface offsets (Figure 3). The crossline subsurface offset is
included because wavefields can travel out of plane during propagation, and therefore they
may image the subsurface with different azimuths than that on the surface. The 3-D
subsurface-offset-domain common-image gathers (SODCIGs) shown in Figure 3 confirm
this; the events in the top panels of Figures 3a and 3b are tilted, suggesting that they
are not imaged by zero subsurface azimuth. Also note that the 3-D SODCIGs are not
well focused at the zero subsurface offset in either the inline or crossline directions. The
defocusing in the inline subsurface offset (hx ) is mainly caused by velocity inaccuracies,
whereas the defocusing in the crossline subsurface offset (hy ) is mainly due to insufficient
crossline data coverage (single surface azimuth data)(Tang, 2007).

3-D Born wavefield modeling
The next step is to model a new data set for velocity analysis. The initial image and gathers
(Figures 2 and 3) have been preprocessed before the modeling step, where we simply mute
events inside the salt body. More sophisticated preprocessing, such as noise attenuation,
key reflection selection, etc., can also be applied. The preprocessing step allows human
interaction in the velocity analysis workflow, adding desired flexibility and control to this
method.
We use 3-D plane-wave modeling to generate a Born data set at the top of the target
region. To determine the optimum parameters for the 3-D modeling, we carry out seismic
visibility analysis (Jin and Xu, 2010), which can provide us a quantitative estimate of
which part of the data contributes most to the target region for a given prestack acquisition
geometry. Figure 4 shows the average source visibility map for the dominant frequency 10
Hz, as a function of both inline and crossline ray parameters. Note that most of the energy
contributing to the target region falls within the range where pesx ∈ (−213, 213) µs/m, and
pesy ∈ (−180, 180) µs/m.
Based on the result of visibility analysis, we modeled 315 plane waves at the top of
the target region, with 21 plane waves inline and 15 plane waves crossline. The minimum
and maximum dip and azimuth angles of these plane waves are approximately −47.7◦ and

6
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Figure 2: The zero-subsurface-offset-domain image migrated using the original data set and
the initial velocity. The image has been normalized using the diagonal of the phase-encoded
Hessian. [CR] yaxun1/. bpgom3d-bimg-cpst1-copy

Figure 3: The Hessian-normalized 3-D SODCIGs obtained using the original data set
and the initial velocity model. Panels (a), (b) and (c) are extracted at (3.04, 1.34) km,
(6.09, 2.86) km and (9.13, 4.38) km, respectively. [CR] yaxun1/. bpgom3d-cig3d-orig-cpst
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47.7◦ , −40.2◦ and 40.2◦ , respectively. The dominant frequency used for the generalized
Born wavefield modeling is 10 Hz. Figure 5 shows a 3-D plane-wave source function with
both incident dip and azimuth angles equal to 10◦ , shooting from the top of the target
region (Figure 1), and the corresponding 3-D plane-wave gather collected at the top of the
target region.

Figure 4: The average source visibility (data-domain illumination) for
the target region using 3-D planewave acquisition geometry for the
Born wavefield modeling. Note that
most of the energy contributing to
the target region falls within the
range where pesx ∈ (−213, 213),
[CR]
and pesy ∈ (−180, 180).
yaxun1/. bpgom3d-born-visi

Tomographic inversion
We use the normalized DSO (equation 5) to optimize the subsalt velocity. Although the 3-D
Born data set is synthesized with both inline and crossline subsurface offsets, we use only
inline subsurface offsets for velocity inversion due to the limited angular coverage in the
crossline direction. We regularize the inversion by smoothing the gradient using a B-spline
operator as follows:
gs = KBB∗ g,

(6)

where gs and g are the smoothed and raw gradient vectors, respectively; B is the B-spline
projection operator. The spacing of the B-spline nodes controls the smoothness of the
velocity updates. A mask operator K has been introduced to prevent updating the salt
velocities (Figure 6).
Instead of using a fixed degree for gradient smoothing, we gradually decrease the smoothness of the gradient after every few iterations by decreasing the spacing of the B-spline nodes.
We have found this strategy effective in finding an acceptable minimum, even when starting
with a velocity model far from being accurate. Decreasing the smoothness of the gradient
at later iterations also helps improve the resolution of the velocity model. This procedure
is similar to the multi-scale inversion strategy, which has proven useful in practice (Bunks
et al., 1995; Soubaras and Gratacos, 2007). Table 1 illustrates the spacings of the B-spline
nodes for different iterations. Figures 7 presents the raw and smoothed gradients at different
iterations.
We restart the nonlinear conjugate gradient solver every 10 iterations, and we terminate
the inversion after 40 iterations when the objective function does not decrease significantly.

8
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(a)

(b)

Figure 5: The synthesized 3-D plane-wave data. Panel (a) is the plane-wave source function
with both incident dip and azimuth angles equal 10◦ at the top of the target region shown
in Figure 1, and (b) is the corresponding plane-wave gather collected also at the top of the
target region. [CR] yaxun1/. bpgom3d-born-tsou,bpgom3d-born-trec
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Iterations
1 to 10
11 to 20
21 to 30
31 to 40

Node spacing in x
2.0 km
1.8 km
1.2 km
0.7 km

Node spacing in y
2.0 km
1.8 km
1.2 km
0.7 km

9

Node spacing in z
0.6 km
0.4 km
0.3 km
0.2 km

Table 1: The spacings of B-spline nodes for different iterations.

Figure 6: The mask operator applied to the gradient to prevent updating the velocity inside
the salt. [CR] yaxun1/. bpgom3d-gmsk-target
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 7: Panels (a), (c), (e), (g) are the raw gradients at iterations 1, 11, 21 and 31,
respectively. Panels (b), (d), (f) and (h) are the corresponding gradients after applying the
smoothing and mask operators. [CR] yaxun1/. r1,s1,r11,s11,r21,s21,r31,s31
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Figure 8 shows how the objective function evolves over the first 40 iterations, whereas Figure
9 plots the step lengths as a function of iterations. It seems that the objective function
converges very fast at the first several iterations, then the convergence slows down quickly,
and that the velocity model gets the most significant updates at the first several iterations.
The final velocity model obtained by merging the inverted velocity model in the target
region with the velocity model above the target is shown in Figure 10. It is interesting
to note that the velocities beneath the salt body are slightly lower than the surrounding
sediment velocities. The low velocities might indicate overpressure due to the compaction
of the salt body.

Objective function

1
0.9
0.8
0.7

0

5

10

15
20
25
Number of iterations

30

35

40

Step length (m/s)

Figure 8: The evolution of the objective function over the first 40 DSO iterations. The
objective function values have been normalized to 1. [CR] yaxun1/. fobj

400
300
200
100
0

5

10

15
20
25
Number of iterations

30

35

40

Figure 9: Step length versus the number of iterations. The initial step length is about 20
m/s. [CR] yaxun1/. step

Migrating the original data set using the updated velocity model
After the tomographic inversion step, we migrate the original data set using the updated
velocity model. Once again, we perform 3-D conical wave migration and normalize the
migrated image with the diagonal of the phase-encoded Hessian, also computed using the
updated velocity model, to compensate for uneven subsurface illumination. The updated
image (Figures 11(b), 12(b) and 13(b)) significantly improves the continuity of the reflectors
in both the inline and crossline directions and is also more focused than the initial one
(Figures 11(a), 12(a) and 13(a)). Figures 14, 15 and 16 show the corresponding angledomain common-image gathers (ADCIGs) before and after updating the velocity model.

12
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Figure 10: The final velocity model after merging the inverted velocity model in the target
region with the velocity model above the target. [CR] yaxun1/. bpgom3d-vmod-full
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The flatness and coherence of ADCIGs have been improved considerably after updating the
subsalt velocities.

CONCLUSIONS
We have presented a methodology for performing image-domain wavefield tomography. Our
method is extremely efficient, because we formulate the velocity estimation problem in a
target-oriented fashion, and use a synthesized Born data set for velocity inversion. Our
method is wavefield-based; therefore it is suitable for estimating velocities in complex geologies. Numerical examples on a 3-D field data set give excellent inversion results. The
entire velocity analysis workflow can be fully automated, and no picking is necessary, although human interaction can be easily incorporated if it is desired. Thus our method
provides a good tool for fast, accurate and flexible velocity model building in areas with
complex geologies.
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(a)

(b)

Figure 11: Comparison between the zero-subsurface-offset image (a) before and (b) after
updating the velocities. Both results are obtained using the original surface-recorded data
set. In both panels, the crosshair is taken at inline 11.55 km, crossline 1.00 km and relative
depth 4.94 km. [CR] yaxun1/. bpgom3d-bimg-cpst1,bpgom3d-imag-cpst1
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(a)

(b)

Figure 12: Comparison between the zero-subsurface-offset image (a) before and (b) after
updating the velocities. Both results are obtained using the original surface-recorded data
set. In both panels, the crosshair is taken at inline 7.55 km, crossline 3.70 km and relative
depth 4.57 km. [CR] yaxun1/. bpgom3d-bimg-cpst2,bpgom3d-imag-cpst2
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(a)

(b)

Figure 13: Comparison between the zero-subsurface-offset image (a) before and (b) after
updating the velocities. Both results are obtained using the original surface-recorded data
set. In both panels, the crosshair is taken as inline 5.35 km, crossline 4.40 km and relative
depth 1.46 km. [CR] yaxun1/. bpgom3d-bimg-cpst3,bpgom3d-imag-cpst3
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(a)

(b)

Figure 14: Comparisons between ADCIGs (a) before and (b) after updating the velocities.
Both results are obtained using the original surface-recorded data set. All of the ADCIGs
are extracted at the same crossline (1.00 km), but at inlines 1.52, 3.05, 4.57, 6.10, 7.62, 9.14
and 10.67 km, from left to right. [CR] yaxun1/. adcig2d-bvel-cpst1,adcig2d-invt-cpst1
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(a)

(b)

Figure 15: Comparisons between ADCIGs (a) before and (b) after updating the velocities.
Both results are obtained using the original surface-recorded data set. All of the ADCIGs
are extracted at the same crossline (3.70 km), but at inlines 1.52, 3.05, 4.57, 6.10, 7.62, 9.14
and 10.67 km, from left to right. [CR] yaxun1/. adcig2d-bvel-cpst2,adcig2d-invt-cpst2
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(a)

(b)

Figure 16: Comparisons between ADCIGs (a) before and (b) after updating the velocities.
Both results are obtained using the original surface recorded data set. All of the ADCIGs
are extracted at the same crossline (4.40 km), but at inlines 1.52, 3.05, 4.57, 6.10, 7.62, 9.14
and 10.67 km, from left to right. [CR] yaxun1/. adcig2d-bvel-cpst3,adcig2d-invt-cpst3
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Migration velocity analysis for anisotropic models
Yunyue (Elita) Li and Biondo Biondi

ABSTRACT
Anisotropic models are recognized as more realistic representations of the subsurface
in complex geological environments. These models are widely needed by many kinds
of migration and interpretation schemes. However, anisotropic model building is still a
challenging problem in the industry. In this paper, we propose an approach to building
anisotropic models from surface seismic data based on the theory of Wave-Equation
Migration Velocity Analysis (WEMVA). Because of the ambiguity between depth and
Thomsen parameter δ, we parametrize our model space using only NMO velocity (Vnmo )
and the anellipticity parameter η. We tested the anisotropic WEMVA on a shallow
part of the Hess synthetic VTI model. The results show that anisotropic WEMVA is
effective in resolving some of the anisotropic perturbation. However, a unique solution
to the inversion requires additional constraining information.

INTRODUCTION
Since first reported in exploration seismology in the 1930s (McCollum and Snell, 1932),
anisotropy has become increasingly important in seismic imaging and exploration. Until
now, the transverse isotropic (TI) model has been the most commonly used model in seismic
imaging. Postma (1955), Helbig (1956) and Backus (1962) have shown that a sequence of
isotropic layers on a scale much smaller than the wavelength leads to an anisotropic medium.
If the layers are horizontal, the medium is defined as a vertical TI (VTI) medium. A VTI
medium is commonly formed because of thin bedding during deposition. If the layers become
dipping due to deformation, a tilted TI (TTI) medium is formed. Many authors (Shan, 2009;
Fletcher et al., 2009; Zhang and Zhang, 2009; Fei and Liner, 2008) have developed migration
and processing schemes for VTI and TTI media; however, the challenge of estimating the
anisotropy model remains a bottleneck for the exploration workflow.
The existing anisotropic model-building schemes are mostly based on measuring the
non-hyperbolic moveout along the traveltime curve to flatten the common image gathers
(CIG) (Zhou et al., 2003, 2004; Yuan et al., 2006; Cai et al., 2009; Woodward et al., 2008).
However, traveltime ray-based methods are prone to errors and unrealistic results when
multi-pathing exists in areas of complex overburden. Hence, we propose to apply waveequation tomography for anisotropic model building.
Wave-equation tomography has been widely studied in isotropic velocity building and
can be implemented either in the data space, commonly known as Full-Waveform Inversion
(FWI) (Tarantola, 1984; Woodward, 1992) or in the image space, commonly known as WaveEquation Migration Velocity Analysis (WEMVA) (Sava and Biondi, 2004a,b; Shen, 2004;
Shen and Symes, 2008; Guerra et al., 2009). Several advantages drive us to use the imagespace wave-equation tomography instead of data-space wave-equation tomography: first,
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WEMVA does not require as accurate an initial model to avoid the cycle-skipping problem
as FWI requires. In fact, many studies (Guerra et al., 2009; Guerra and Biondi, 2010;
Tang and Biondi, 2010) show that the resolution gap between ray-based tomography and
FWI could be linked by the image-space WEMVA method; second, the objective function is
directly related to the final image; third, the migrated image is often much cleaner than the
recorded wavefields. Therefore, we choose to extend image-space WEMVA from isotropic
velocity building to anisotropic model building.
In this paper, we first generalize the methodology of image-space WEMVA from an
isotropic medium to an anisotropic medium and explain our parameterization. We show
that the gradient of the tomographic objective functional for an isotropic medium can be
modified to describe an anisotropic medium by simply adding a term for the additional
parameter. Finally, we test our inversion scheme on a shallow part of the Hess anisotropic
synthetic dataset.

MIGRATION VELOCITY ANALYSIS FOR ANISOTROPIC
PARAMETERS
Anisotropic MVA is a non-linear inversion process that aims to find the background anisotropic
model that minimizes the residual image ∆I. The residual image is derived from the background image I, which is computed with the current background model. To form the image,
both the source and receiver wavefields are downward continued using the one-way wave
equations. Assuming that the shear velocity is much smaller than the P-wave velocity, one
way of formulating up-going and down-going one-way acoustic wave equations for VTI is
shown as follows (Shan, 2009):


∂
∓ iΛ P = 0,
(1)
∂z
where P = P (x, y, z, ω) is the wavefield in the space-frequency domain and Λ describes the
dispersion relationship in terms of P-wave vertical slowness s0 and Thomsen parameters 
and δ (Thomsen, 1986):
s
Λ = ωs0

ω 2 s20 − (1 + 2)|k|2
,
ω 2 s20 − 2( − δ)|k|2

(2)

where k = (kx , ky ) is the spatial wavenumber vector.
Many authors (Tsvankin and Thomsen, 1994; Alkhalifah and Tsvankin, 1995) have
shown that P-wave traveltime can be characterized by the NMO slowness, sn , and the
anellipticity parameter η. Therefore, the one-way wave-equation in terms of sn , η and δ is:


1
∂
√
∓ iΛ0 P = 0
(3)
1 + 2δ ∂z
where

s
Λ0 = ωsn

1−

|k|2
.
ω 2 s2n − 2η|k|2

(4)

∂
Notice that in the dispersion relationship in Equation 3, δ and the derivative in depth ∂z
,
are coupled with each other. This is a theoretical proof of the well-accepted observation
that δ cannot be determined by the surface seismic data. To constrain this parameter, we
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need well information (e.g. checkshots) to add the depth dimension into the inversion. Now,
if we apply the change of variables
√
dz̄ = 1 + 2δdz
(5)
and neglect the derivatives of δ, Equation 3 becomes


∂
0
∓ iΛ P = 0.
∂ z̄

(6)

We can therefore formulate the image-space migration velocity analysis problem with NMO
slowness sn and anisotropic parameters η and δ, but we invert only for sn and η assuming
δ model is known from other source of information.
Notice that when η = 0, the dispersion relationship ( equation 4) is the same as the
isotropic dispersion relationship, and the corresponding one-way wave equation ( equation 6)
is almost the same as for the isotropic case, except for a depth stretch caused by δ. In other
words, an elliptic anisotropic wavefield inversion is almost equivalent to an isotropic wavefield inversion. Plessix and Rynja (2010) reached the same conclusions for full-waveform
inversion (FWI). Figure 1 compares the original NMO velocity to the stretched NMO velocity. Notice that the geological features are stretched downward for positive δ. Because
we ignore δ in the inversion, we expect the inverted NMO velocity to have more similarity
to the stretched NMO velocity than to the original one.

Figure 1: (a) Original NMO velocity for the anisotropic Hess model; (b) Stretched NMO
velocity according to δ. The overlaid box denotes the part of model that we work on in the
numerical test. [CR] elita1/. nmo
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In general, the residual image is defined as (Biondi, 2008)
∆I = I − F(I),

(7)

where F is a focusing operator. In the least-square sense, the tomographic objective function
can be written as follows:
1
1
(8)
J = ||∆I||2 = ||I − F(I)||2 .
2
2
To perform MVA for anisotropic parameters, we first need to extend the tomographic
operator from the isotropic medium (Shen, 2004; Sava, 2004; Guerra et al., 2009) to the
anisotropic medium. We define the wave-equation tomographic operator T for anisotropic
models as follows:
T =
=

∂I
∂m
∂I
∂sn

b
m=m

+
sn =c
sn

∂I
∂η

(9)
η=b
η

where m is the anisotropy model, which in this case includes NMO slowness sn and anelb is the background anisotropy model, consisting of the background
lipticity parameter η; m
NMO slowness sbn and background anellipticity ηb; and I is the image. This wave equation
tomographic operator T is a linear operator that relates the model perturbation ∆m to the
image perturbation ∆I as follows:
∆I = T∆m.
(10)
In the shot-profile domain, both source and receiver wavefields are downward continued
using the one-way wave equation (6):

 ∂
0
∂z + iΛ D(x, xs ) = 0
,
(11)
D(x, y, z = 0, xs ) = fs δ(x − xs )
and



+ iΛ0 U (x, xs ) = 0
,
U (x, y, z = 0, xs ) = Q(x, y, z = 0, xs )
∂
∂z

(12)

where D(x, xs ) is the source wavefield at the image point x = (x, y, z) with the source
located at xs = (xs , ys , 0); U (x, xs ) is the receiver wavefield at the image point x with the
source located at xs ; fs is the source signature, and fs δ(x − xs ) defines the point-source
function at xs , which serves as the boundary condition of equation 11; and Q(x, y, z = 0, xs )
is the recorded shot gather for the shot located at xs , which serves as the boundary condition
of equation 12.
The dispersion relationship in equation (4) can be approximated with a rational function
by Taylor series and Padé expansion analysis (Shan, 2009):


a|k|2
0
Λ = ωsn 1 − 2 2
,
(13)
ω sn − b|k|2
where, to the second order of the expansion, a = 0.5, b = 0.25 + 2η. Equation (13) using
binomial expansion can be further expanded to polynomials:
Λ0 = ωsn −

a
ω 2 s2n

|k|2 −

ab
|k|4 .
ω 4 s4n

(14)
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Now it is straightforward to take the derivative of Λ0 with respect to sn and η.
The background image is computed by applying the cross-correlation imaging condition:
XX
I(x, h) =
D(x − h, xs )U (x + h, xs ),
(15)
xs

ω

where the overline stands for complex conjugate, and h = (hx , hy , hz ) is the subsurface
half-offset. Perturbing the wavefields in equation (15) and ignoring the higher-order term,
we can get the perturbed image as follows:
XX
b (x + h, xs )+
∆I(x, h) =
∆D(x − h, xs )U
xs

ω


b − h, xs )∆U (x + h, xs ) ,
D(x

(16)

b − h, xs ) and U
b (x + h, xs ) are the background source and receiver wavefields
where D(x
computed with the background model m(x);
b
and ∆D(x − h, xs ) and ∆U (x + h, xs ) are the
perturbed source wavefield and perturbed receiver wavefield, which are the results of the
model perturbation ∆m(x).
To evaluate the adjoint tomographic operator T∗ , which maps from the image perturbation to the model perturbation, we first compute the wavefield perturbation from the image
perturbation using the adjoint imaging condition:
X
b (x + h, xs )
∆D(x, xs ) =
∆I(x, h)U
h

∆U (x, xs ) =

X

b − h, xs ).
∆I(x, h)D(x

(17)

h

The perturbed source and receiver wavefields satisfy the following one-way wave equations,
linearized with respect to NMO slowness and η:


(

∂
0 ∆D(x, x ) = −i ∂Λ0 D(x,
b
+
iΛ
x
)
∆m∗ (x)
s
s
∂z
∂m
,
(18)
∆D(x, y, z = 0, xs ) = 0
and
(

∂
∂z




0
b (x, xs ) ∆m∗ (x)
+ iΛ0 ∆U (x, xs ) = −i ∂Λ
U
∂m

,

(19)

∆U (x, y, z = 0, xs ) = 0
where m is the row vector [sn η].
During the inversion, the model perturbation is unknown, and in fact must be estimated.
Therefore, we obtain the image perturbation by applying a focusing operator (equation 7) to
the current background image. Then the perturbed image is convolved with the background
wavefields to get the perturbed wavefields (equation 17). The scattered wavefields are
obtained by applying the adjoint of the one-way wave-equations (18) and (19). Finally,
the model-space gradient is obtained by cross-correlating the upward propagated scattered
wavefields with the modified background wavefields [the terms in the parentheses on the
right-hand sides of equations (18) and (19)].
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OBJECTIVE FUNCTION
As mentioned in the previous section, we estimate the optimum earth model by minimizing
a user-defined image perturbation. There are many ways to define the objective function.
Here we use the Differential Semblance Optimization (DSO) method (Symes and Carazzone,
1991; Shen, 2004) as the criterion:
F(I) = (1 − O)I,

(20)

where 1 is the identity operator and O is the differential operator along the angle axes in
the ADCIGs I. In the subsurface-offset domain, the objective function (Equation 8) reads:
1
J = ||hI(x, h)||2 ,
2

(21)

where h is the absolute value of subsurface-offset, and I(x, h) is the image gather in the
subsurface-offset domain. This operator is preferred by many researchers since it is a fully
automated procedure, with no picking required. However, for isotropic migration velocity
analysis, many authors (Vyas and Tang, 2010; Fei and Williamson, 2010) observe undesired
artifacts generated by the DSO operator and suggest that a differential operator along h
can help compensate for the phase shift caused by the velocity perturbation. Therefore, we
use the modified DSO operator as follows:
1
J = ||hDI(x, h)||2 ,
2

(22)

where D is a differential operator in h. Taking the derivative in the subsurface offset
domain is equivalent to an α weighting in the angle domain. Therefore, the objective
function (Equation 22) also emphasizes the contribution of the large angle information,
which is crucial for velocity analysis.
To guarantee a smooth inversion, we choose a B-spline representation of the model space.
The smoothed gradient in the original space is then represented as:
ĝ = BB∗ g,

(23)

where g and ĝ are the original and the smoothed gradient on the original model grid; B
is the B-spline projection operator. Then the number and spacing of the B-spline nodes
control the smoothness of the model update. Practically, we can choose different B-spline
parameters for velocity and η.

NUMERICAL TEST
We test our inversion scheme on the shallow part of the Hess synthetic anisotropic model,
as denoted by the gray square in Figure 1. The initial model is a 1D gradient isotropic
model from the seabed. Figure 2 compares the inversion results with the true models. The
ratio of intial velocity and inverted velocity over the true stretched NMO velocity are shown
in Figure 2(a) and 2(b), respectively. The error in the initial NMO velocity is up to 25%,
which is far beyond the tolerance of FWI. The anisotropic WEMVA successfully reduces the
error in velocity down to less than 5%. Notice that the error in velocity generally follows
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the dip in the image. This suggests that we should use better smoothing operators such as
dip (steering) filters (Hale, 2007; Clapp, 2000) to regularize the inversion.
On the other hand, the η update [Figure 2(d)] is in general larger than the true η
model [Figure 2(c)]. A trade-off is observed below 1,600 m, where the inverted velocity
is smaller but η is much larger than the true values. This result illustrates the null space
of our inversion problem, since the reflector around 2,200 m is well-focused (although not
perfectly focused) in the final image obtained with the inverted model [Figure 3(b)]. This
problem can presumably be resolved by increasing the angle coverage at depth and allowing
more iterations in the inversion.
Figure 3 compares the subsurface-offset images using the initial model (a), the updated
model (b), and the true model (c). After the inversion, the reflectors are focused at zero
subsurface-offset, and the depths of the reflectors are closer to the true depths. The focused
image shows that we are dealing with a non-linear problem with a large null space. To
reduce the size of the null space, and hence the uncertainty in the inverted model, other
information such as checkshots or rock-physics prior knowledge is needed (Li et al., 2011a,b).

CONCLUSION AND DISCUSSION
We have presented a new methodology for performing image-domain migration velocity
analysis in anisotropic media. Our method is a natural extension of isotropic MVA theory
and retains the same properties as isotropic MVA. We demostrate our method on a 2-D
synthetic data set. After inversion, we obtain better-focused subsurface-offset images and
better-defined depths. By including the geological information and the wider-offset data,
we should be able to eliminate the model error at depth.
Experience shows that the DSO operator has a layer-stripping effect during the iterations. One cause of this effect is the unbalanced amplitude for the reflectors in depth.
Therefore, an illumination-corrected image is preferred to compensate for this effect. On
the other hand, a residual-moveout-based objective function (Sava, 2004; Sava and Biondi,
2004a,b; Almomin, 2011; Zhang and Biondi, 2011) could avoid the problem.
Compared with ray-based image-space model-building methods, our wavefield-based
image-space method is computationally more intensive. However, the wavefield method
better approximates wave propagation in complex areas. We can also utilize the phaseencoded target-oriented image-space wavefield tomography (Guerra et al., 2009; Guerra
and Biondi, 2010) technique to reduce the computational cost.
Finally, by introducing another parameter η into the MVA inversion, we now have a
larger model space and hence a larger null space with respect to the same data. Therefore,
the surface reflection seismic data is inadequate for resolving a unique earth model. Other
information, such as borehole measurement, geological interpretation (Bakulin et al., 2010),
or rock-physics prior knowledge (Li et al., 2011a,b), is necessary to obtain a consistent,
unique and reliable earth model.
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Figure 2: (a) Ratio of initial velocity over true velocity; (b) ratio of inverted
velocity over true velocity; (c) true η model; (d) inverted η model.
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Correlation-based wave-equation migration velocity analysis
Ali Almomin

ABSTRACT
Wave-equation migration velocity analysis (WEMVA) is a family of techniques that
aim to improve the subsurface velocity model by minimizing the residual in the image
space. Since the true image is unknown, measuring the residual in the image space is a
challenge for WEMVA techniques. In this paper, I present a new method of measuring
the image perturbation that is based on the cross-correlation of the observed image with
a reference image in reflection angle gathers. I derive the gradient of this technique and
show some synthetic examples that compare it to the optimum WEMVA gradient. I
then modify the gradient in order to handle multiple events and show that it becomes
immune to the problem of cycle skipping. I finally show a synthetic example of the
modified gradient and compare it to the optimum gradient.

INTRODUCTION
Seismic velocity-analysis methods can be divided into two major groups. First, there are
techniques that aim to minimize the misfit in the data domain, such as full waveform
inversion (Tarantola, 1984; Luo and Schuster, 1991). Second, there are other techniques
that aim to improve the quality in the image domain such as migration velocity analysis
(MVA)(Symes and Carazzone, 1991; Biondi and Sava, 1999; Shen, 2004). These techniques
try to measure the quality of the image and then invert the estimated image perturbation
using a linearized wave-equation operator.
There are several advantages to minimizing the residual in the image space, such as
increasing the signal-to-noise ratio and decreasing the complexity of the data (Tang et al.,
2008). However, the biggest challenge in WEMVA techniques is that the true image is
unknown. Therefore, each technique uses a certain attribute of the background image and
tries to estimate the residual using that attribute. The stack-power-maximization technique
maximizes the angle stack, and differential semblance optimization (DSO) minimizes the
difference between neighboring traces in angle gathers. However, these assumptions can
cause some problems, such as cycle-skipping in stack power maximization and edge effects
in DSO.
In this paper, I present a new method of measuring the image residual that is based
on the cross-correlation of the observed image with a reference image in reflection angle
gathers. The reference image can be any image with the desired kinematics, i.e. flat
angle gathers. Therefore, it is possible to choose an angle stack as the reference image.
However, angle stacks do not take into account the limited acquisition, which can result
in anomalies in the gradient if the angle gathers are not muted properly. In order to take
acquision into account, I create my reference image by computing Born-modeling data with
the background slowness and a reference reflectivity. This reference reflectivity could come
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from the angle-stack image or from non-seismic data such as well-logs or geologic models.
Therefore, modeling and migrating a dataset gives us more flexibility than just using the
angle stack. The derivation of this method is based on traveltime inversion by Luo and
Schuster (1991) but in the image domain instead of the data domain. After deriving the
objective function and the gradient of this method, I provide some synthetic examples and
compare the gradient to the optimum WEMVA gradient.
This technique is similar to differential residual migration (DRM) (Sava, 2004) in the
sense that it uses the kinematics of a reference image. However, there are a few advantages
in using correlation over DRM. First, the correlation method gives us more flexibility in
choosing the reference image. Second, picking correlation lags could be automated more
easily than picking DRM panels. Finally, the objective function of the correlation method
could include the full correlation function as opposed to just maximum lags, which will
eliminate picking and fully automate the inversion.

METHOD
The first step in evaluating a tomographic operator is to linearize the image I around the
background slowness s0 , as follows:
∂I
|s (s − s0 ) + ...,
(1)
∂s 0
where I0 is the background image and s is the slowness model. By neglecting the higher
order terms in the image series, we can define the tomographic operator as follows:
I = I0 +

∂I
|s ∆s = T∆s,
(2)
∂s 0
where T is the tomographic operator. Now, we use the conventional imaging condition as
follows:
X
I(x, h) =
G∗ (x − h, xs , ω)G∗ (x + h, xr , ω)d(xr , xs , ω),
(3)
∆I =

ω,xs ,xr

where I is the image, G is the Green’s function, d is the surface data, ω is frequency, xs
and xs are the source and receiver coordinates, and h is the subsurface offset. To evaluate
the tomographic operator T, I take the derivative of the imaging condition as follows:
X ∂I(x, h)
∆I(x, h) =
∆s(y)
∂s(y)
y
X 
=
−2ω 2 s0 (y)G∗0 (y, xs , ω)G∗0 (x − h, y, ω) G∗0 (x + h, xr , ω)d(xr , xs , ω)∆s(y)
ω,xs ,xr ,y

+

X



−2ω 2 s0 (y)G∗0 (x − h, xs , ω)G∗0 (x + h, y, ω) G∗0 (y, xr , ω)d(xr , xs , ω)∆s(y),

ω,xs ,xr ,y

(4)
where y is the slowness coordinate. The full derivation of the tomographic operator is
presented in Almomin and Tang (2010).
After defining the tomographic operator, I use a cross-correlation function to estimate
image perturbations:
X
f (ζ, γ; x) =
Iobs (z, γ; x)Ical (z + ζ, γ; x),
(5)
z
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where ζ is the lag, γ is the reflection angle, x is the surface coordinates, z is depth, Iobs is
the angle-domain image using the observed data, and Ical is the angle-domain image using
the calculated data, which is modeled with the background slowness. Ical is always going
to be flat, since I create Born-modeled data using a reference model as the reflectivity and
the background slowness and then migrate that data using the same background slowness.
Next, I define ξ to be the lag that maximizes the correlation function. Therefore, the
derivative of the correlation function vanishes at that lag, as follows:
X ∂
∂f
|ξ =
Iobs (z, γ; x)Ical (z + ξ, γ; x) = 0.
(6)
g=
∂ζ
∂z
z
We can now use ξ as our measure of the residual to minimize, casted as the following
objective function:
1
(7)
J(s) = kξ(γ, x)k2 .
2
Then, we take the derivative of the objective function with respect to slowness as follows:
 ∗
∂ξ
∇J =
ξ,
(8)
∂s
where ∗ indicates an adjoint. By using the chain rule of differentiation, I relate the derivative
of the maximum lag ξ with respect to s to the derivative of the correlation function with
respect to s as follows:
 ∗ 

∂ξ
∂g ∂ξ ∗
=
.
(9)
∂s
∂s ∂g
The second partial derivative in equation (9) is just a scalar that balances the energy
between surface locations. The first partial derivative with respect to slowness can be
calculated using equation (6) as follows:
 ∗ X 

∂g
∂Iobs (z, γ; x) ∗ ∂
=
Ical (z + ξ, γ; x)
∂s
∂s
∂z
z
X  ∂Ical (z + ξ, γ; x) ∗ ∂
+
Iobs (z, γ; x).
(10)
∂s
∂z
z
The first tomographic operator in equation (10) can be computed as I described in equation
(4). However, the second tomographic operator depends on how Ical is computed. If a
fixed-reflectivity model is used, such as well data, and only the background slowness is
updated, then this derivative will be very small and could be ignored, since changing the
slowness updates does not change the reflectivity estimate. On the other hand, if we allow
the modeling reflectivity to change location, i.e. we update the reflectivity model as we
iterate, then this operator could have a significant component. However, evaluating this
operator is much more expensive than the first tomographic operator, since it is a cascade
of three operators. Therefore, I will assume that the first tomographic operator is sufficient
and ignore the second term.

SYNTHETIC EXAMPLES
The background model has a constant velocity of 2500 m/s. The model is 4000 m wide
and 2800 m deep. The spatial sampling is 20 m, and the temporal sampling is 3 ms. A
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Ricker wavelet with a fundamental frequency of 15 Hz is used to model the data. The
receiver spacing is 20 m, and the shot spacing is 80 m. The reflector is at a depth of 2200
m. Born modeling was used in both the observed and the calculated data. There are three
anomalies that I will estimate: first, a negative Gaussian anomaly at a depth of 1300 m
with a maximum velocity of 800 m/s, second, a constant velocity decrease of 250 m/s, and
third, a constant velocity increase of 250 m/s. First, I will compute the optimum WEMVA
gradient by applying the forward and adjoint of these slowness perturbations. The results
are shown in figures 1(a), 1(c) and 1(e). Then, I compute the angle-domain common-image
gathers using the background velocity of the data with the three anomalies, which are shown
in figures 1(b), 1(d) and 1(f).
Next I show the results of applying the first term of the tomographic operator in equation
(10). First, I use the true reflector depth to create the reference image and use it in our
method to generate the gradients for the three anomalies, as shown in figures 2(a), 2(c) and
2(e). Finally, I use the apparent reflector depth, i.e. the depth extracted from the zerosubsurface-offset image, to create the reference image and generate the gradients shown in
figures 2(b), 2(d) and 2(f). The correlation lags were picked automatically by choosing the
maximum value of the cross-correlation function.

Modified correlation-based WEMVA
There were two disadvantages to the original correlation-based WEMVA gradient. First,
it assumes a single correlation lag per trace. Second, it is sensitive to the actual values of
the picked correlation lags. If these lags are not correct, the gradient might have a cycleskipping problem. In order to overcome these disadvantages, I approximate the shifted flat
image by the observed image to get the following modified gradient:
X  ∂Iobs (z, γ; x) ∗ ∂
ξ
Iobs (z, γ; x)
∇J =
∂s
∂z
E
z

(11)

This modified gradient is immune to cycle-skipping since the residual and operator match
by design. In addition, it is not as sensitive to the values of the picked lags. Finally, multiple
picked lags could be used in this formulation.
Figures 3(a) and 3(b) show the true and background velocities of a salt model. ADCIGs
using these two velocities on the observed data are shown in figures 4(a) and 4(b). Next, I
used a sliding Gaussian window to compute and pick local cross-correlation panels between
the observed image and the stacked image. Then, I picked the maximum correlation lag at
each depth level. The picked lags are shown in figure 5.
As in the previous example, I computed the optimum gradient using the true velocity
anomaly and the modified correlation-based WEMVA gradient using the picked correlation
lags. These two gradients are shown in figure 6(a) and 6(b). Although we used the apparent
depth of the stacked image, the modified gradient shows very good results that are very
similar to the optimum gradient. In this case, the velocity information in large reflection
angles was more dominant than those in zero reflection angle.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 1: The left column shows the optimum WEMVA gradient of (a) a negative Gaussian
anomaly, (c) a negative bulk shift and (e) a positive bulk shift. The right column shows the
corresponding ADCIGs. [CR] ali1/. dS1,adcig1,dS2,adcig2,dS3,adcig3
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2: The left column shows the correlation-based WEMVA gradients using
the true depth for the reference image. The right column shows the correlationbased WEMVA gradients using the apparent depth for the reference image. [CR]
ali1/. dS221,dS321,dS222,dS322,dS223,dS323
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(b)

Figure 3: The true velocity salt model (a) and the background velocity model (b). [ER]
ali1/. wemva22truev,wemva22bgv

(a)

(b)

Figure 4: ADCIGs using the true velocity salt model (a) and using the background salt
model (b). [CR] ali1/. wemva22adcigtv,wemva22adcigbgv
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Figure 5: Lag estimation of the maximum local correlation. [CR] ali1/. wemva22lags3dc

(a)

(b)

Figure 6:
The optimum WEMVA gradient of the salt model (a) and the
modified correlation-based WEMVA gradient of the salt model (b).
[CR]
ali1/. wemva22amacoopt,wemva22amacoz
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DISCUSSION AND CONCLUSIONS
By examining the results, we see that, when provided with the true depth, the correlationbased WEMVA produces excellent results with no cycle-skipping or edge effects. When
the apparent depth was provided, the results start to have some errors. However, these
errors are to be expected due to the velocity-depth ambiguity. Therefore, the gradients will
flatten the gathers but not necessarily resolve the correct depth (Zhang and Biondi, 2011).
However, the results are still satisfactory, since the gradient is pointing toward the right
direction.
Using the modified gradient has several advantages, such as handling multiple events.
However, I need to further test the approximations made in the modified gradient. Leeuwen
(2010) showed that it is possible to further improve the objective function by multiplying
with the proper weights and minimizing the correlation function instead of the lags, which
will eliminate any picking. Finally, using correlation functions over extended images (Yang
and Sava, 2009) could help provide better results.
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Moveout-based wave-equation migration velocity analysis
Yang Zhang and Biondo Biondi

ABSTRACT
We propose a new method to perform wave-equation migration velocity analysis using
angle-domain common image gathers. Instead of maximizing the image-stack-power
objective function directly with respect to the slowness, we link the objective function
to the slowness indirectly through an intermediate moveout parameter. Since this
approach is robust against the cycle-skipping problem, it produces more reasonable
gradients. Also the proposed method does not require explicit picking of the moveout
parameters. Our data examples shows the great potential of this method.

INTRODUCTION
Wave-equation migration velocity analysis (WEMVA) methods aim to utilize velocity information from the migrated images to improve the velocity model. Using the wave equation
is potentially more accurate than ray-based methods becauses it better describes wavepropagation physics and will give a more physically realistic senstivity kernel for the velocity
update. Evaluating the flatness of the angle-dommain common image gathers (ADCIGs)
(Biondi and Symes, 2004) is so far the most favored choice when forming WEMVA optimization problems.
Several WEMVA methods have been proposed, but there is no consensus on the best
method. The maximum-stack power method (Chavent and Jacewitz, 1995) directly maximizes the angle stack of the ADCIGs, but similar to the Full Waveform Inversion (FWI)
(Tarantola, 1984) method, it is prone to cycle-skipping when the velocity error is too large.
The differential-semblance optimization (DSO) (Symes and Carazzone, 1991; Shen et al.,
2005; Shen and Symes, 2008) penalizes the first derivative along the angle axis on the ADCIGs. This objective function is easy to implement but will falsely over-penalize an already
flat angle gather with variant amplitudes; and the differential operator significantly amplifies the noise in the image, thus generating unwanted artifacts in the velocity upgrade.
Sava (2004) uses prestack Stolt residual migration to help construct the image perturbation. The cycle-skipping problem is avoided this way, however the user is required to pick
a ρ parameter at each model point, and the picking is not trivial. Furthermore the Stolt
migration can only migrate images using constant velocity for the entire velocity model.
There is some question whether the ρ parameters picked with these image-ρ cubes always
represent the correct trend of the velocity update.
In this report, we propose a new method which extends from the theory in Biondi (2010,
2011). This method extracts the velocity-focusing information in the angle domain and tries
to maximize the angle-stack power of ADCIGs as well. To tackle the cycle-skipping issue,
we present a new way to construct the image perturbation by introducing an intermediate
moveout parameter that describes the kinematics change of the ADCIGs caused by the
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velocity change; and that kinematic change then links to the change of objective function.
The rest of the paper is divided into two parts: first the theoretical framework is explained;
then we demonstrate the effectiveness of our method with several synthetic examples.

THEORY
Practical experience indicates that slowness is a better parameterization than velocity. For
clarity, the model space is parameterized as slowness for the rest of the derivation in this
paper. To make it simple, the derivation is presented in 2D; however it is straightforward
to extend it to three dimensions.

from slowness perturbation to the change in image kinematics
In this section we present the formula that links the slowness perturbation to the shifts of
the ADCIGs. Starting from the initial slowness model s0 (z, x), we first define the pre-stack
common-image gather in the angle domain as I(z, γ, x; s0 ), where γ is the reflection angle.
If we choose a different slowness s(z, x), the new image I(z, γ, x; s) will be different from
I(z, γ, x; s0 ) in terms of both kinematics and amplitude. If, as is commonly done, we focus
on the kinematic change, then a way to characterize this kinematic change is to define a shift
parameter b at each image location, b(γ, z, x), such that if we apply this shift parameter
to the initial image, the resulting image I(z + b, γ, x; s0 ) will agree with the new image
I(z, γ, x; s) in terms of kinematics. This is indicated by the maximum point of the auxilary
objective function:
Z L/2
Z
Jaux (b) =
dzw dγ I(z + zw + b, γ; z, x, s0 )I(z + zw , γ; z, x, s) for each x,z.
(1)
−L/2

Note that in order to handle multiple events, we use a local window of length L along
the depth axis. For the rest of the paper, the integration bound for variable zw is always
[−L/2, L/2], and each Jaux is defined within that window around image point (x,z). I(z +
zw , γ; z, x) = I(z + zw , γ, x) represents a windowed version of the entire image.
This methodology is borrowed from Luo and Schuster (1991) who tried to find the
∂b
can be found
relation of the travel-time perturbation to the slowness change. Then ∂s
using the rule of partial derivatvies for implicit functions (please refer to the appendix A):
R
˙ + zw + b, γ; z, x, s0 ) ∂I(z+zw ,γ;z,x,s)
dzw I(z
∂b
∂s
=−
,
(2)
∂s
E(γ, z, x)
R
¨ + zw + b, γ; z, x, s0 )I(z + zw , γ; x, s). I˙ and I¨ indicate the
in which E(γ, z, x) = dzw I(z
first and second derivatives in z (depth). In practice, eq. (2) will be greatly simplified if we
evaluate this expression at s = s0 , in other words b = 0. In fact, this will always be the case
if we update the intial slowness s0 after each iteration. The simplified relation becomes
R
˙ + zw , γ; z, x, s0 ) ∂I(z+zw ,γ;z,x,s)
dzw I(z
∂b
∂s
|s=s0 = −
,
(3)
∂s
E(γ, z, x)
and the ∂I(z+zw∂s,γ;z,x,s) term is indeed the wave-equation image-space tomographic operator.
Each part in eq. (3) has clear physical implications: the E term acts as an energy term
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˙ +
to normalize the amplitude of the back-projected image; the back-projected image, I(z
zw , γ; z, x, s0 ) is built based on the initial image; it also has a first-order z derivative that
introduces a proper 90◦ phase shift, ensuring a well behaved slowness update from the
tomographic operator.

(a)

(b)

Figure 1: Slowness sensitivity kernel at incident angle γ = 30◦ for a flat reflector (a) and a
dipping reflector (b). [ER] yang1/. sensKer1w.zref,sensKer1w.Tilt.zref
For a simple illustration of eq. (3), the slowness sensitivity kernel is calculated, by
back-projecting a shift perturbation ∆b(γ, x) that has one single spike at γ = 30◦ , x = 0. A
uniform background velocity of 2000 m/s is used. Figure 1(a) shows the sensitivity kernel if
the reflector is flat, and figure 1(b) shows the sensitivity kernel with a dipping reflector (dip
angle = 20◦ ). As is clearly shown in these two plots, this operator will project the slowness
perturbation along the corresponding wave path based on the location and reflection angle
of the image shift.

Introducing the residual moveout parameter
The previous section showed how the slowness change can be associated with the kinematic
change of the image. The remaining task is to determine how the image’s kinematics should
change by evaluating the objective function. Ideally we would like to know the true depth
of the reflector, so that we can guarantee that the correct shift direction of the image is
extracted. Unfortunately, we usually do not have the true depth of the reflector, and have
to find the shift direction by relying only on the flatness criterion. A first attempt that
directly maximizes the angle stack after shifting the initial image would be
Z
2
Z
1 XX
J(s) =
dzw
dγ I(z + zw + b, γ, z, x; s0 ) .
(4)
2 x z
The corresponding derivative over b for a fixed (γ, z, x) is

Z
n Z
o
∂J
1 XX
˙ + zw , γ, z, x; s0 ) . (5)
|b=0 =
dzw
dγ I(z + zw , γ, z, x; s0 ) I(z
∂b(γ, z, x)
2 x z
Apparently, this objective function is very susceptible to the cycle-skipping problem:
for
R
a fixed (γ, z, x), if the image I(z + zw , γ, z, x; s0 ) and the angle-averaged image dγ I(z +
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zw , γ, z, x; s0 ) become out of phase, the derivative of eq. (5) will point to the wrong shift
direction.
To prevent cycle-skipping, we need a way to detect the global shape of the ADCIGs.
Almomin (2011) propose to measure the relative shift the traces at each angle with respect
to some reference trace by picking cross-correlation peak. Here we use the residual moveout
(RMO) parameters so that the objective function knows whether the angle gather is curving
up or curving down.
As shown in Biondi (2003) Chap 11, in the case of constant velocity error, the residual
moveout of an ADCIG gather is
θ(γ) = zρ0

sin2 γ
ρ−1
,
cos αx cos2 αx − sin2 γ

where ρ = s/s0, αx and γ are the dip angle and reflection angle respectively, and z is the
true reflector depth, zρ0 = z/ρ. If we assume the dip is small, then the expression above
can be further simplified to
θ(γ) = zρ0 (ρ − 1) tan2 γ.
Therefore we introduce the moveout parameter α and the moveout function g(γ) = tan2 γ.
The objective function we want to maximize is the angle stack-power of the inital image
after applying the residual moveout:
2
Z
Z
1 XX
dγ I(z + zw + αg(γ), γ, z, x; s0 ) .
J=
dzw
2 x z
The derivative is

Z
Z
XXZ
∂J
˙ + zw , γ, z, x; s0 )g(γ) ∂α ) .
|s=s0 =
dγ I(z
dzw ( dγI(z + zw , γ, z, x; s0 ))
∂s
∂s
x
z
Define
R

A(zw ; z, x, s0 ) =
B(zw ; z, x, s0 ) =

R

dγ I(z + zw , γ; z, x, s0 ),
˙ + zw , γ; z, x, s0 )g(γ),
dγ I(z

then
X X ∂J ∂α
∂J
=
∂s
∂α ∂s
x
z
XX Z
∂α
=
{ dzw A(zw ; z, x, s0 )B(zw ; z, x, s0 )} .
∂s
x
z
We find there are two ways to derive the

∂α
∂s

(6)

relation (see appendix B):

1. We can link ∆s to ∆α by defining an auxilary objective function; we call this the
direct operator.
2. we can convert the perturbation of α to the shift parameter b perturbation at each
angle, through a weighted least-squares fitting formula; thus ∆α → ∆b → ∆s; and as
∂b
shown previously, we know how to calculate ∂s
. We call this the indirect operator.
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The sensitivity kernel ∂α
∂s calculated using the direct operator and the indirect operator
are shown in figure 2, as with the Toldi operator (Toldi, 1985), the characteristic shape
of such a sensitivity kernel is a center lobe, with two side lobes with oppositite polarity,
which reaffirms the well known fact that velocity perturbation at the center and the sideend lateral position will change the curvature of ADCIGs towoard opposite directions. Yet
the overall average is positive, which would give the correct update in case of a bulk shift
slowness error.

(a)

(b)

Figure 2: Sensitivity kernel ∂α/∂s calulated using the direct operator (a) and the indirect operator (b), using constant background velocity and a flat reflector.
[CR]
yang1/. sensKer1w.bf2,sensKer1w.bf1m
Now if we review this method on eq. (6), the success of this method simply relies on
∂J
the proper behavior of the two components in eq. (6): ∂α
needs to correctly detect the
curvature of the ADCIGs so that the inversion will choose a moveout direction that properly
flatten the gathers; ∂α
∂s needs to properly convert the curvature perturbation to the update
in slowness space.
In cases where velocity error is big, the actual curvature of the gather may be poorly
∂J
represented the ∂α
term. To further improve the robustness and precondition the gradient,
∂J
the analytic expression of ∂α
in eq. (6) is replaced by a numerical approach. First a
semblance panel of J(α) will be calculated. To ensure that the derivative at α = 0 can
determine the correct curvature that maximizes the semblance value, a Gaussian derivative
rather than a simple (−1, 1) finite-difference derivative is applied. The width of the Gaussian
can be reduced in later iterations.

RESULTS
We create several synthetic examples to show the effectiveness of our method. The model
is 16 km in x and 1.2 km in z. The grid sampling is 20 m in x and 10 m in z. The survey
geometry follows the marine acquisition convention with 4km cable length, receiver spacing
is 20 m and a total of 150 shots are simulated from -6 km to +6 km with a spacing of 80 m.
A total of 106 frequencies are calculated, ranging from 5 Hz to 40 Hz. Unless explicitly
mentioned, there is one flat reflector at a depth around 800 m and a constant background
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velocity of 2000 m/s is used. A one-way propagator is used for computational efficiency.
For comparison, the subsurface-offset DSO and straight maximum-stack-power method are
also implemented.
The first example is a true velocity with a 1 km width Gaussian anomaly at the center,
with peak value 4000 m/s. Figure 3(a) shows the anomaly (in slowness) and Fig 3(b) shows
the migrated zero subsurface-offset image, The velocity error is so large that the center part
of the reflector is pulled up significantly.

(a)

(b)

Figure 3: (a) The slowness model with a Gaussian anomaly. [ER](b) The migrated image
using constant background slowness. [CR] yang1/. vel2.a5,img21w.a5.0off
Figure 4 shows the first slowness update using the three methods. Our method presents
the most pleasing update among the three; the location of the anomaly is correctly located,
and the target region is more uniformly updated, except for the small holes within the
“W” shape due to the poorer wave path coverage caused by the curved reflector. The DSO
result shows the typical strip-shaped artifacts, and the amplitude of the target region is
weak compared to the edge artifacts. The maximum-stack-power method suffers from cycle
skipping and is not able to locate the target area.
In the second example the true velocity has a horizontal gradient, where velocity increase
linearly from 1500 m/s to 2700 m/s. Figure 5(a) shows the true model (in slowness) and
figure 5(b) shows the migrated zero subsurface-offset image. The originally flat reflector is
tilted in the image because of the horizontal slowness gradient.
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(a)

(b)

(c)

Figure 4: The first slowness update direction of our method (a), the subsurface-offset domain
DSO (b), and the direct stack-power-maximization (c), true slowness refers to figure 3(a).
[CR] yang1/. dS21w.a5.bf2g,dS21w.a5.dso,dS21w.a5.1
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(a)

(b)

Figure 5: (a) The slowness model with a horizontal gradient from 1500m/s to
2700m/s [ER];(b) The migrated image using constant background slowness. [CR]
yang1/. vel2.hg,img21w.hg.0off
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(a)

(b)

(c)

Figure 6: The first slowness update direction of our method (a), the subsurface-offset domain
DSO (b), and direct stack power maximization (c). The true slowness refers to figure 5(a).
[CR] yang1/. dS21w.hg.bf2g,dS21w.hg.dso,dS21w.hg.1
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Figure 6 shows the first slowness update using the three methods. Again our method
presents the most pleasing update among the three. The amplitude of the search direction
is proportional to the actual magnitude of the slowness error. A large strip-shaped artifact
is introduced at x = −4000 m in DSO update. this is commonly seen from DSO results
when there are reflector discontinuities; although it does decently predicted the horizontal
gradient shape of the slowness error. The maximum-stack-power method is able to predict
correctly when the slowness error is small (around x = 0 m). As the slowness error reaches
a certain threshold, cycle-skipping happens and the result deteriorates.
For the third example, the true velocity is a constant 1900 m/s plus a high veloicty
anomaly at x = 2000 m/s with peak value 2850 m/s. We designed a hump-shaped reflector
to test this method’s ability to handle mild dips. Figure 7(a) shows the true model (in
slowness) and Fig 7(b) shows the migrated zero subsurface-offset image. Figure 7(c) and
7(d) shows the first slowness update using our method and the DSO method. The effect
of the high velocity anomaly is partially cancelled by the lower constant part (1900 m/s),
nontheless, the overall result still requires a negative update at the anomaly’s location. In
the presence of a mild dipping reflector, our method still yields a satisfying result.
The effect of the high velocity anomaly is partially cancelled by the lower constant part
(1900 m/s), nontheless, the overall result still requires a negative update at the anomaly’s
location. In the presence of a mild dipping reflector, our method still yields a satisfying
result.
Based on the gradient calculation, we implement an non-linear slowness inversion framework. The example we tested is the marmousi velocity model. The model is 6 km in x and
1.6 km in z. The spatial sampling is 20 m. The survey geometry follows the land acquisition
convention with receiver at every surface location on the top and a total of 51 shots are
simulated covering the whole lateral span on the top with a spacing of 120 m.
Figure 8(a) shows the true model (in velocity) and figure 8(b) shows the starting model,
which has a vertical gradient increasing from 1600 m/s to 3200 m/s. Figure 8(c) and 8(d)
show the inverted velocity model using our method and subsurface-offset DSO method. We
run 20 nonlinear iterations for each inversion, and the same extent of gradient smoothing
is applied. Although both inversion result improves the focusing of the subsurface-offset
image, the outline of the true velocity structure is much better captured with our method.

CONCLUSION
We present a new method to perform wave-equation migration velocity analysis. It properly
captures the kinematic update from the ADCIGs and projects that update into the slowness space. We demonstrated this promising approach using several examples. As shown
previously, this method does not suffer from cycle-skipping, does not require moveout parameters picking, and can robustly improve the flatness of the angle gathers. We plan to
further develop this method and apply it to more challenging data.

ACKNOWLEDGEMENT
We thank Robert Clapp for his insights and suggestions that help us solve quite a few
practical issues during this project. The first author would like to thank Yaxun Tang

SEP–143

WEMVA and residual moveout

53

(a)

(b)

(c)

(d)

Figure 7: (a) The slowness model with a constant slower velocity 1900 m/s, there is
also a high velocity anomaly at x = 2000 m, with peak value 2850 m/s; [ER](b)
The migrated image using constant background velocity (2000 m/s).
[CR](c)
The first slowness update direction using our method;
[CR](d) The first
slowness update using the subsurface-offset domain DSO method.
[CR]
yang1/. vel2.bump,img21w.bump.0off,dS21w.bump.bf2g,dS21w.bump.dso

54

Zhang and Biondi

SEP–143

(a)

(b)

(c)

(d)

Figure 8:
The true velocity model of Marmousi (a) (slightly smoothed)
[ER]; the starting velocity model (b)
[ER]; the inverted velocity model
using our method (c) and using the subsurface-offset DSO (d).
[CR]
yang1/. v.sm.marm,v.zg.marm,vinv.zg.bf2g.marm,vinv.zg.dso.marm
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APPENDIX-A
Details of the

∂b
∂s

sensitivity kernel calculation

This section illustrates how to calculate the sensitivity kernel of the image shift parameter
∂b
. Since b maximizes the auxillary objective function,
b(γ, x): ∂s
Z
Z
Jaux (b) = dzw dγ I(z + zw + b, γ; z, x, s0 )I(z + zw , γ; z, x, s) for each z,x,
(7)
we have

∂Jaux
= 0.
∂b

(8)

To find the relation between b and s(x), we differentiate equation (8) with respect to b
and s, which yields
∂Jaux
∂ 2 Jaux ∂b
=−
,
(9)
2
∂b ∂s
∂b∂s
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in which we can find
∂Jaux
=
∂b

Z

˙ + zw + b, γ; z, x, s0 )I(z + zw , γ; z, x, s),
dzw I(z

˙ I¨ indicate the first and second derivatives in z (depth). Let
I,
∂ 2 Jaux
=
∂b2

Z

¨ + zw + b, γ; x, z, s0 )I(z + zw , γ; x, z, s) = E(x, z).
dzw I(z

Then substituting the above two equations into eq. (9) leads to
R
˙ + zw + b, γ; z, x, s0 ) ∂I(z+zw ,γ;z,x,s)
dzw I(z
∂b
∂s
=−
,
∂s
E(γ, z, x)

(10)

which is eq. (2).

APPENDIX-B
Details of

∂α
∂s

sensitivity kernel calculation

This section provides the derivation of the direct ∂α
∂s operator. The approach is to define
the auxilary function that links moveout parameter α(z, x) and the slowness s.
Z

Z
Jaux =

dzw

dγ I(z + zw + θ(α, β, γ), γ; z, x, s0 )I(z, γ; z, x, s) for each z,x ,

(11)

in which
θ(α, β, γ) = α tan2 γ + β = αg(γ) + βh(γ).
Notice that here the moveout between the initial image I(s0 ) and the new image I(s) is
characterized by both curvature α and constant shift β. The β parameter does not affect
the gather flatness; therefore there is no need to put it into the objective function in () ,
however β is essential to describe the change of image’s kinematics.
Since α, β maximize eq (11),
∂Jaux
∂α

=0

∂Jaux
∂β

=0

{

.

(12)

We differentiate the equation (12) with respect to α, β and s, which gives




∂ 2 Jaux
∂α2

∂ 2 Jaux
∂α∂β

∂2J

∂2J

aux

∂α∂β

aux
∂β 2





∂α
∂s
∂β
∂s





 = −

∂Jaux
∂α∂s
∂Jaux
∂β∂s


.

(13)
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Now we need to invert a Jacobian to get dα/ds. We define the following:
Z
Z
∂ 2 Jaux
¨ + zw + θ, γ; z, x, s0 )g 2 (γ)I(z + zw , γ; z, x, s) =
= dzw dγ I(z
E11 (z, x)
∂α2
Z
Z
∂ 2 Jaux
¨ + zw + θ, γ; z, x, s0 )g(γ)h(γ)I(z + zw , γ; z, x, s) = E12 (z, x)
= dzw dγ I(z
∂α∂β
Z
Z
∂ 2 Jaux
¨ + zw + θ, γ; z, x, s0 )h2 (γ)I(z + zw , γ; z, x, s) =
= dzw dγ I(z
E22 (z, x)
∂β 2
(14)
Let the inverse of matrix E to be matrix F :

 
−1
F11 F12
E11 E12
F =
=
F12 F22
E12 E22
Then
∂α
|s=s0 = −
∂s

Z

Z
dzw

˙ + zw , γ; z, x, s0 ) ∂I(z + zw , γ; z, x, s) . (15)
dγ(F11 g(γ) + F12 h(γ))I(z
∂s

There is another way to define the relation between α and s, leading to the indidirect
operator using a weighted least-squares fitting formula. Suppose we have the locations
of one event in the ADCIGs at location (γi , zi ), and we introduce a moveout formula θ(γ) =
z0 + α tan2 γ. Now we define the best fitted intercept and curvature (z0 and α) values as
follows:
X
(z0 , α) = arg min
{(zi − α tan2 γi − z0 )2 wi2 },
(16)
∂α
∂s

z0 ,α

i

where wi is the energy P
of the event at angle γi , serving as a weight for the least-squares
fitting. We denote x = i xi wi2 (the weighted average of quantity x), then
α=

1 (z tan2 γ) − tan2 γ z
1 tan4 γ − (tan2 γ)2

.

It is easy to find ∆α if there is a pertubation of bi on zi :
w2 (1 tan2 γi − tan2 γ)
∂α
= i
.
∂bi
1 tan4 γ − (tan2 γ)2

(17)

∂α X ∂α ∂bi
=
,
∂s
∂bi ∂s

(18)

Finally,
i

where

∂α ∂bi
∂bi , ∂s

are defined respectively in equations (17) and (10).
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Residual-moveout analysis in presence of strong lateral
velocity anomalies
Biondo Biondi

ABSTRACT
The analysis of a simple synthetic data set recorded above a strong velocity anomaly
and a flat reflector illustrates the challenges that can be encountered when performing
residual-moveout analysis using a family of curves described by a single parameter.
Overcoming these challenges is important if we want to use automatic velocity analysis
methods that rely on the derivative of the stack power with respect to the residualmoveout parameter to compute velocity gradients. My analysis shows how, at some
reflector locations, the stack-power may have a poorly defined peak because the residual
moveout is more complex than the one-parameter model assumes. At other reflector
locations, the peak of the stack-power is sharp but it is too far from the value of the
parameter corresponding to no residual moveout. Consequently, the derivatives are
unreliable, and possibly have even the wrong sign. More robust information could be
provided by migrating data with lower frequencies, when available. A more general
solution is smoothing the stack power along the residual-moveout parameter before
evaluating its derivatives.

INTRODUCTION
Methods to perform wave-equation migration velocity analysis without requiring velocityspectra picking are attractive and have been the focus of substantial effort at SEP (Biondi,
2008, 2010; Zhang and Biondi, 2011). Robustness should be an important characteristic
of these methods. Therefore, we have focused on algorithms that extract velocity information from migrated angle-domain common image gathers (ADCIG) using a one-parameter
residual-moveout analysis. One-parameter moveout analysis has the advantage of being
more robust to noise, imaging artifacts, and cycle skipping than alternative methods for
measuring residual moveout. It has been extensively used for ray-based migration velocity analysis where it has proven to provide useful information for velocity updating when
the moveout parameter is picked from stack-power, or semblance, scans. However, it has
not been extensively tested when the velocity information is extracted by computing the
derivative of the focusing measure (e.g. semblance or stack power) around the origin of the
moveout-parameter axis, as is required by the automatic methods we have been developing.
A one-parameter moveout cannot accurately describe the actual moveout of the migrated gathers in some important cases, such as in the presence of strong lateral velocity
anomalies and anisotropy. When the velocity errors are large and the migrated gathers
display a significant (i.e. larger than the dominant wavelength in the image) moveout at
wide angles, numerical differentiation of stack-power scans can be prone to errors caused
by cycle skipping.
59
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Figure 1: Central part of the velocity
model used to model the data. [ER]
biondo1/. Vel-overn

To test the robustness of one-parameter moveout analysis for automatic wave-equation
migration velocity analysis, I performed numerical experiments on a simple synthetic data
set. I started from the angle-domain image generated from data that were modeled assuming a strong velocity anomaly, but migrated with a constant background velocity. In the
migrated image there are areas that illustrate both the challenges described above (complex residual moveout and cycle skipping caused by large velocity errors). At the original
frequency band of the data (25 Hz dominant frequency) the straightforward computation
of the gradients would likely result in poor convergence. After I applied a low-pass filter to
the data (high cut at 8 Hz) the gradient becomes better behaved. However, seismic data
are not currently recorded with sufficient signal-to-noise ratio at arbitrarily low frequencies.
Smoothing the velocity spectra along the moveout parameter axis is a simple remedy that
does not require low-frequency data. This smoothing is sufficient to overcome the problems
identified from the test data set. Numerical differentiation of smoothed stack-power scans
provides useful information to be used for a tomographic update even when the data are
migrated at full bandwidth.

TEST DATA AND IMAGE
I performed my test on a simple synthetic data set. The data were modeled assuming a
strong, and fairly localized, velocity anomaly above a flat reflector. Figure 1 shows the
central part of the model. I modeled 400 split-spread shot gathers with offsets ranging from
-2 km to 2 km. The source function was a Ricker wavelet with central frequency of 25 Hz.
The localized velocity anomaly caused clear non-hyperbolicity in the data commonmidpoint (CMP) gathers. Figure 2 shows two typical CMP gathers in the data set. Figure 2a
shows the CMP gather at horizontal location X=0 km; that is, in the middle of the model,
and Figure 2b shows the CMP gather at X=.55 km. The non-hyperbolicity in the CMP
gathers makes this a challenging data set for velocity methods that characterize moveout
with one-parameter curves.

Migrated image with background velocity
I migrated the data set introduced above by using reverse time migration and assuming a
constant background velocity of 1 km/s. Figure 3 shows the angle-domain image produced
by this migration. Figure 3a shows the stacked section (i.e. zero subsurface-offset section).
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Figure 2: Two typical CMP gathers in the data set: a) X=0 km,
and b) X=.55 km.
[CR]
biondo1/. Data-all-overn

The strong residual moveout prevents a coherent stack in the central area of the reflector,
approximately between X=-.8 km and X=.8 km. The three panels on the right of the
stacked section display the ADCIGs taken at three midpoint locations, identified by the
vertical lines superimposed onto the stacked section; that is, at: b) X=0 km, c) X=.55 km,
and d) X=1.1 km.
The one-parameter residual-moveout analysis conducted on this image is based on approximating the vertical shifts as being directly proportional to the square of the tangent
of the aperture angle (Biondi and Symes, 2004). The ADCIG shown in Figure 3b obviously
does not fulfill this approximation because the velocity error is quickly changing along
the horizontal direction. Furthermore, because the cumulative kinematic error caused by
the anomaly is large, the moveout at wide angles in the ADCIG shown in Figure 3c is
sufficiently large to cause cycle-skip problems even when using a supposedly robust oneparameter moveout analysis.
Figure 4 shows panels equivalent to the ones shown in Figure 3 after the data were
drastically low passed before migration. The peak frequency of the data was reduced to 5
Hz, from the original 25 Hz of the full-bandwidth data. Because of the lower frequency, the
wide angles in the ADCIG at .55 km (Figure 4c) do not suffer from cycle-skip problems.
Consequently, the stack (Figure 4a) is now coherent over the majority of the reflector, except
in the very central part approximately located between X=-.2 km and X=.2 km.

RESIDUAL MOVEOUT ANALYSIS
Starting from the images shown in the previous section, I performed a conventional residual
moveout analysis by applying the following angle-domain moveout
∆z = (1 − ρ) tan2 γ,

(1)

over a range of values for ρ, and then computing the stack power from the moved-out
ADCIGs. For constant velocity errors in the half space above the reflector, the parameter ρ
is approximately related to the ratio between the current migration slowness smig and the
true slowness s; that is, ρ ≈ smig /s (Biondi and Symes, 2004).
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Figure 3: Angle-domain prestack image obtained from the full-bandwidth data set: (peak
frequency at 25 Hz) a) stacked section, b) ADCIG at X=0 km, c) ADCIG at X=.55 km,
and d) ADCIG at X=1.1 km. [CR] biondo1/. Mig-0-stack-X-overn

Figure 4: Angle-domain prestack image obtained from the low-passed data set (peak frequency at 5 Hz): a) stacked section, b) ADCIG at X=0 km, c) ADCIG at X=.55 km, and
d) ADCIG at X=1.1 km. [CR] biondo1/. Mig-0-VLowFreq-stack-X-overn
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Figure 5: (a) Stack power as a function of horizontal location X and the moveout parameter
ρ, corresponding to the full-bandwidth image shown in Figure 3. Graphs of the function in
panel a) at (b) X=0 km, and (c) X=.55 km. [CR] biondo1/. Avg-Power-all-0-overn

Figure 5a shows the stack power as a function of horizontal location X and moveout
parameter ρ, averaged over the depth interval of the reflector. The panels in Figure 5b
and 5c show the graphs of this function at (b) X= 0 km and (c) X=.55 km.
In the middle of the reflector the residual moveout is not well described by a one parameter curve, and thus in Figure 5b the stack power peak is broad and not well defined.
Figure 6 shows the central ADCIG before (a) and after (b) residual moveout with ρ=1.06.
Whereas the power of the stack is maximum for ρ=1.06 (see Figure 5b), the gather shown
in Figure 6b is far from being flat.
In contrast, at X=.55 km, the residual moveout is well described by a one-parameter
curve and the stack power peak is sharp and well defined in Figure 5c. However, at ρ = 1
the stack power curve is almost flat. If we relied on the numerical derivative of this curve to
compute the velocity gradient, we might be relying on the wrong information. The power
of the stack is maximum for ρ=.965 (see Figure 5c) and indeed the ADCIG moved-out with
this value of ρ is flat, as shown in Figure 7b.
A simple solution to the problems identified above could be to image only the low
frequency component of the data. Figure 8 shows the stack-power function when computed
from the low-frequency image shown in Figure 4. In this case the stack-power peaks are well
defined at both X=0 km and X=.55 km, and they are sufficiently broad that the derivative
of the stack-power with respect to ρ, evaluated at ρ = 1, would provide useful information
for the computation of the velocity gradient.
However, seismic data are not always available with sufficient signal-to-noise ratio at
low frequencies. In these cases, the challenge can be tackled by smoothing the stack-power
function along the moveout parameter before evaluating the derivatives. Figure 9 shows the
stack-power function when computed from the full-bandwidth image and then smoothed
along the ρ axis. This function has many similarities to the low-frequency one shown in
Figure 8, but does not require data with good signal-to-noise ratio at low frequencies.
Finally, Figure 10 shows the derivatives of the stack-power functions shown in the previous three figures, evaluated numerically at ρ = 1. These functions would be the starting
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Figure 6: ADCIGs at X=0 km
before (a) and after (b) residual
moveout with ρ=1.06.
[CR]
biondo1/. Rmo-all-X0-overn

Figure 7: ADCIGs at X=.55 km
before (a) and after (b) residual
moveout with ρ=.965.
[CR]
biondo1/. Rmo-all-X550-overn
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Figure 8: (a) Stack power as a function of horizontal location and moveout parameter ρ
corresponding to the low-passed image shown in Figure 4. Graphs of the function in panel
a) at (b) X=0 km, and (c) X=.55 km. [CR] biondo1/. Avg-Power-all-0-VLowFreq-overn

Figure 9: (a) Stack-power function resulting from smoothing along the ρ axis the function
shown in Figure 5. Graphs of the function in panel a) at (b) X=0 km, and (c) X=.55 km.
[CR] biondo1/. Smooth-Power-all-0-overn

data from which the velocity gradient is computed in a wave-equation migration velocity analysis method (Biondi, 2008, 2010; Zhang and Biondi, 2011). The solid line, which
corresponds to the full-bandwidth data without smoothing, would provide misleading information and possibly would prevent proper convergence of the velocity estimation algorithm.
On the contrary, both the curve computed from the low-frequency data (dotted line) and
the one obtained by smoothing the stack-power along ρ (dashed line) would provide useful
information for the computation of the gradient.

CONCLUSIONS
Strong lateral velocity anomalies are challenging for one-parameter residual-moveout analysis. The migrated ADCIGs may display complex moveouts that are not accurately described
by a a one-parameter family of curves. Furthermore, when the residual velocity error is large
enough, the moveout at far angles may be larger than the dominant wavelength, and thus
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Figure 10: Derivatives of the stack-power functions evaluated numerically at ρ = 1: solid
line - full-bandwidth data (Figure 5), dashed line - full-bandwidth data with smoothing
(Figure 9), dotted line - low-passed data (Figure 8). [CR] biondo1/. Der-Power-all-overn

stack-power spectra may display local maxima. The negative effects of these phenomena
can be avoided by imaging only the low-frequency components of the data, when they
are available. A more general solution is to smooth the stack-power function along the
residual-moveout parameter axis.
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A new waveform inversion workflow: Application to
near-surface velocity estimation in Saudi Arabia
Xukai Shen, Thierry Tonellot, Yi Luo, Tim Keho and Robert Ley

ABSTRACT
Waveform inversion is a more accurate near-surface velocity estimation tool than raybased methods. It is able to solve complex near-surface velocity structure where conventional ray-based methods fail. If errors in the initial model are too large, waveform
inversion will fail to converge to the correct model. This convergence problem is particularly obvious for large near-surface velocity contrasts and velocity inversions. We
propose to address this issue with a new inversion workflow that adds a wave-equation
traveltime inversion step prior to waveform inversion. The performance of our approach
is evaluated on both synthetic and field data.

INTRODUCTION
Typically, conventional ray-based methods (Hampson and Russell, 1984; Olson, 1984; White,
1989) are used to derive near-surface velocity. Such smooth solutions may be adequate for
areas with simple near-surface velocity distributions, but in geologically complex areas,
smooth velocities are not accurate enough for imaging deeper reflectors (Marsden, 1993;
Bevc, 1995; Hindriks and Verschuur, 2001). In such cases, waveform inversion (Tarantola,
1984; Pratt et al., 1998; Mora, 1987) tends to give more accurate results (Ravaut et al.,
2004; Sheng et al., 2006; Sirgue et al., 2009) by simulating seismic wave propagation.
With more and more long offset data being acquired, particularly on land, it is not
uncommon to see shingling in data (Figure 1). Shingling is defined here as where first-

Figure 1:
Shot gather of 2D
land dataset showing shingling phenomenon, red lines denote approximate first-break picks, notice how
they become discontinuous as offset
increases.[NR] xukai1/. realshot
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break traveltimes are only piecewise continuous when we look at data in shot gathers. This
phenomenon is likely to be caused by a near-surface low velocity layer (Figure 2 ). Shingling
poses a serious problem for ray-based inversion methods. Note that at the shot gather in
Figure 1, the first-break amplitudes decay so much that that at a certain offset, the only
reliable pick on a trace becomes the later refraction arrival in time. The discontinuity is
caused by tracking different events as we move further away from source location. Since
ray-based methods assume the same event is being picked, they tend to fail in these types
of situations.

a)

b)

Figure 2: A synthetic data case showing a) a 1D velocity model with low velocity layers in the
near-surface and b) the resulting shot gather. Green arrows denote decaying refractions on
the right and where they occur in near-surface model on the left. [NR] xukai1/. shingling
Waveform inversion relies on the wave equation and is able to solve the velocity structure
quite well even in the presence of low velocity layers. Results from waveform inversion are
highly dependent on the accuracy of the starting model and on the frequency content of the
data. To relax the dependence of the waveform inversion on the initial model, we propose
the work flow described in the next section.

WAVEFORM INVERSION WORKFLOW
Our waveform inversion workflow consists of three successive steps:
1) First arrival traveltime tomography.
2) Wave-equation traveltime inversion.
3) Early arrival acoustic waveform inversion.
The first step relies on ray theory to estimate an initial low frequency velocity model to
explain the first arrival picks. In the second step, we use the output of the conventional
traveltime tomography as input to wave-equation traveltime inversion (Luo and Schuster,
1991). This result is then used as input for the third step of full waveform inversion. Since
both the traveltime and waveform inversion are derived from the same wave-equation, they
can both be described in a common framework where the objective function can be written
as
f (dobs , D(m)) ≈ 0,
(1)
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where f is a function of dobs and D(m), the observed data and forward modeled synthetic
data from the velocity model m respectively. Observed data can be either in frequency
domain or in time domain, depending on the actual form of f . For example if we take f as
the L2 norm of (dobs − D(m)), we obtain the objective function of conventional waveform
inversion (Tarantola, 1984; Pratt et al., 1998); if we take f as the L2 norm of the time lag
difference of the cross-correlation of D(m) and dobs , we obtain an objective function for
wave-equation traveltime inversion. (Luo and Schuster, 1991). This second formulation is
more robust than the first one in the presence of large velocity contrasts or to inaccuracies
in the initial model. However, wave-equation traveltime inversion provides lower model
resolution compared to conventional full waveform inversion. near-surface low velocity layer
and resulting shingling data lead to inaccurate velocity estimates using ray-based methods.
The workflow adopted in this paper tries to compensate for these issues by adding an
intermediate wave-equation traveltime inversion to the conventional workflow.

SYNTHETIC DATA APPLICATION
To evaluate the performance of the new workflow, a synthetic dataset was constructed where
the true velocity model has two low velocity layers with a background velocity that smoothly
increases with depth. The starting model used in the inversion is the background velocity
without the two low velocity layers. The velocity is laterally invariant. The maximum offset
of the survey is 8 km. The synthetic data are generated using constant density acoustic
modeling engine. A typical shot gather (Figure 3) shows shingling as we move further away
from source location. In the inversion, the source wavelet was known. We employed the
workflow described above and ran the inversion using data with a peak frequency of 10 Hz.
Inversion results are shown in Figure 4. The blue and red curves denote the true velocity
model and the starting velocity model respectively, and the fuchsia curve is the inversion
result. Notice that we were able to successfully recover both low velocity layers even when
using relatively high frequencies. We also tried direct waveform inversion without waveequation traveltime inversion using the same data. In this case, convergence to the right
solution occurred only with peak frequencies of 7 Hz or lower.

FIELD DATA APPLICATION
Our new workflow was applied to a 2D land dataset acquired in Saudi Arabia. The line
geometry and the stacked section of the 2D data are shown in Figure 5. The section of
the line used for waveform inversion is between the two vertical red lines. The acquisition
geometry was not strictly 2D, that is it was not in a straight line. The waveform inversion
algorithm that was used is a 2D implementation of the time-domain approach described in
Shen (2010). The line geometry was hence converted to 2D by a simple projection of the line
onto the x-axis. The starting model was obtained by ray-based method using picked firstbreak traveltimes. Starting source wavelets were obtained by stacking part of the moved-out
refractions, and vary from shot to shot. The source wavelets were then updated at each
iteration of the inversion. We used a total of 110 shots, with 180m shot spacing and 30 m
receiver spacing. Offset used for inversion ranged from -4000 to -400 m for each shot. The
lowest frequency in the data was 10 Hz, which makes direct application of waveform-based
inversion for the low frequencies of velocity difficult. Two waveform inversion runs were
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Figure 3: Synthetic shot gather by acoustic modeling using true velocity model. [NR]
xukai1/. synshot
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Figure 4: Inversion result with blue being true model, red being starting model and fuchsia
being inverted model. [NR] xukai1/. syninv
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performed. The first run started directly from the first arrival traveltimes tomography model
and the second run included an intermediate step of wave-equation traveltime inversion
applied to the full bandwidth data.
The starting model and final results are shown in Figure 6. The inversion result after
the wave-equation traveltime inversion shows a continuous low velocity event in the upper
middle portion of the section
The reverse time migrated (RTM) images in Figure 7 clearly show that wave-equation
traveltime inversion has improved the final image. Indeed, with better velocities, we get
more spatial coherence, particularly in the neighborhood of the low velocity layer where
reflections are seen both in the RTM result and on the stacked section in Figure 5 (indicated
by the red ellipse).
Figure 8 shows ray tracing through the final velocity model within the data offsets used
for inversion. This display verifies the depth of the valid velocity model updates, which in
this case confirmed that the low velocity layer is indeed the result of inversion rather than an
artifact. Since we are matching waveforms, it is also important to compare the modeled data
with the input refraction data (Figure 9). It can be seen that waveforms and traveltimes
match quite well despite differences in absolute amplitude. However, these difference are
not a problem for the waveform-based waveform inversion objective function proposed by
Shen (2010). Based on these results, the wave-equation traveltime inversion step seems to
considerably improve the final results. This improvement could also be explained by the fact
that the ray-based model was not totally consistent with the waveform inversion algorithm
used.

CONCLUSION
We showed a new three stage waveform inversion workflow for near-surface velocity estimation:
1) First arrival traveltime tomography.
2) Wave-equation traveltime inversion.
3) Early arrival acoustic waveform inversion.
The wave-equation traveltime inversion step helps correct inaccuracies in the conventional first arrival traveltime inversion result due to the inability of ray based methods to
properly handle low velocity zones and large velocity contrasts.
This new workflow was evaluated using both a synthetic data example and a 2D field
dataset from Saudi Arabia. Our new inversion workflow produced a superior result on
the field data compared to results obtained using a more conventional strategy that did not
include the wave-equation traveltime inversion step. Since the 2D field data was not acquired
in a straight line, it is possible that the improvement we observed when using wave-equation
traveltime inversion was partly due to the correction of the non-2D geometry. We plan to
further investigate the wave-equation traveltime inversion, using a full 3D parametrization
for the modeling and inversion.
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a)

b)
Figure 5: A land 2D data case showing a) the x,y source receiver geometry, and b) the
stacked. The area for waveform inversion is between the vertical red lines. Blue indicates
source, and yellow indicates receiver locations. [NR] xukai1/. geostack
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Figure 6: Starting depth velocity model using ray-based tomography (top), and waveform
inversion results without (middle) and with (bottom) wave-equation traveltime inversion.
[NR] xukai1/. threevel

Figure 7: RTM images corresponding to the starting depth velocity model using ray-based
tomography (top), and to the waveform inversion results without (middle) and with (bottom) wave-equation traveltime inversion. [NR] xukai1/. threeimg
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Figure 8: Ray tracing through the final velocity model. This shows that low velocity layer
is indeed from inversion instead of being an artifact. [NR] xukai1/. realray

a)

b)

Figure 9: Comparison of a) input and b) modeled refractions. Note the similar kinematics
despite minor differences in absolute amplitudes. [NR] xukai1/. realcomp
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Combining forward-scattered and back-scattered wavefields
in velocity analysis
Ali Almomin, Biondo Biondi, and Robert Clapp

ABSTRACT
Wave-Equation Migration Velocity Analysis (WEMVA) is a family of techniques that
aims to improve the subsurface velocity model by minimizing the residual in the image
space. This process is performed iteratively by linearizing the imaging operator in order
to relate image perturbations to model updates. However, WEMVA techniques only
utilize the kinematics in the forward-scattered wavefield. Ignoring the back-scattered
wavefield results in model updates that have low vertical resolution. I present a method
that combines the forward-scattered wavefield information from WEMVA with the
back-scattered wavefield information from full-waveform inversion (FWI). This can be
done by first decomposing the FWI gradient into forward- and back-scattered gradients,
and then applying the proper weights to combine the back-scattered FWI gradient
with the WEMVA gradient. These weights aim to enhance the components of the FWI
gradients that overlap with the WEMVA gradient. Preliminary results show that the
combined gradient converges faster and to a better solution.

INTRODUCTION
Seismic velocity-analysis methods can be divided into two major groups. First, there are
techniques that aim at minimizing the misfit in the data domain, such as full-waveform
inversion (Tarantola, 1984; Luo and Schuster, 1991). Second, there are other techniques
that aim at improving the quality in the image domain, such as migration velocity analysis
(MVA) (Symes and Carazzone, 1991; Biondi and Sava, 1999; Shen, 2004; Biondi, 2010).
These techniques try to measure the quality of the image in several ways and then invert
the estimated image perturbation using a linearized wave-equation operator.
There are several advantages to minimizing the residual in the image-space, such as
increasing the signal-to-noise ratio and decreasing the complexity of the data (Tang et al.,
2008). However, a common drawback in doing velocity analysis in the image domain is that
only forward-scattered wavefields are used. This results in a loss of vertical resolution in
the estimated model updates.
On the other hand, full-waveform inversion (FWI) does not have that problem, since
it utilizes the information from both the forward-scattered and back-scattered wavefields,
i.e. both the kinematics and the dynamics. This results in higher resolution in the model
estimates. However, FWI has the disadvantage of being highly nonlinear, which requires
the starting model to be very close to the true model to avoid converging to local minima.
A straightforward solution is to first invert for the velocity model using MVA techniques
and then use the output as the initial model for FWI. However, this practice might not work
77
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if the results of MVA are not accurate enough for FWI to start. This could be a result of
the larger null space that forward-scattered wavefields do not constrain. Moreover, the
convergence rate of the MVA techniques is going to be sub-optimal, since they do not use
all of the information in the data.
In this paper, I try to improve the MVA results and convergence rate by supplying the
back-scattered information to the gradient. First, I decompose the FWI gradient into two
components: the forward-scattering gradient and the back-scattering gradient. The decomposition is done in Fourier domain based on the direction of wave propagation. Second,
I develop a new gradient that combines the MVA gradients with the back-scattered component of the FWI gradient using the proper weighting function. This weighting function
aims to emphasize the components of the back scattered FWI gradients that overlap with
the MVA gradient. Finally, I apply the combined gradient in a synthetic example.

METHOD
When linearized over slowness, the FWI gradient can be written as follows (Tarantola,
1984):
X
g(x) =
−2ω 2 s0 (x)G∗ (x, xs , ω)G∗ (x, xr , ω)∆d(xr , xs , ω),
(1)
ω,xs ,xr

where G is the Green’s function, s0 is the background slowness, ∆d is the data residual,
xs and xr are the source and receiver coordinates, x is the Green’s functions’ coordinate,
and ω is frequency. FWI updates contain two components: a tomographic component
and a migration component. To better understand these components, we will look at the
migration and tomographic operators.
The operator relating the slowness model and the image is nonlinear. Therefore, the first
step in evaluating a tomographic operator is to linearize the image I around the background
slowness s0 , as follows:
∂I
(2)
I = I0 + |s0 (s − s0 ) + ...,
∂s
where I0 is the background image. Under the Born approximation, the background image
can be obtained as follows:
I0 = L∗ d,
(3)
where L is the Born modeling operator, and its adjoint L∗ is the migration operator. By neglecting the higher-order terms in the image series, we can define the tomographic operator
as follows:
∂I
∆I =
|s ∆s = T∆s,
(4)
∂s 0
where T is the tomographic operator. Now, we use the conventional imaging condition as
follows:
X
I(x, h) =
G∗ (x − h, xs , ω)G∗ (x + h, xr , ω)d(xr , xs , ω),
(5)
ω,xs ,xr

where I is the image, d is the surface data, and h is the subsurface offset. The background
image I0 can be written as follows:
X
I0 (x, h) =
G∗0 (x − h, xs , ω)G∗0 (x + h, xr , ω)d(xr , xs , ω),
(6)
ω,xs ,xr
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where G0 is the background Green’s function. After derivation, as shown in Almomin and
Tang (2010), we obtain the forward tomographic operator as follows:
∆I(x, h) =

X ∂I(x, h)
y

=

X



∂s(y)

∆s(y)

−2ω 2 s0 (y)G∗0 (y, xs , ω)G∗0 (x − h, y, ω) G∗0 (x + h, xr , ω)d(xr , xs , ω)∆s(y)

ω,xs ,xr ,y

+

X



−2ω 2 s0 (y)G∗0 (x − h, xs , ω)G∗0 (x + h, y, ω) G∗0 (y, xr , ω)d(xr , xs , ω)∆s(y),

ω,xs ,xr ,y

(7)
where y is the slowness coordinate. Notice that all the Green’s functions in the migration
and tomographic operators are background Green’s functions, which means that they do
not contain any perturbations. Thus, the migration operator correlates two background
wavefields, whereas the tomographic operator correlates a background and a perturbed
wavefield. Therefore, a migration component can be generalized as the result of correlating wavefields moving in the opposite direction, whereas a tomographic component is the
result of correlating wavefields moving in the same direction. In FWI, the background and
perturbed wavefields are summed together in one wavefield. Nonetheless, these components
are correlated together to compute the gradient.

(a)

(b)

Figure 1: The tomographic operator response (a) and its amplitude spectrum (b). [CR]
ali2/. wemva26deltaS,wemva26deltaSfk
I now compute the operators’ responses in a surface acquisition. The receiver spacing
is 20 m, the source spacing is 80 m, and the temporal sampling is 2 ms. Figure 1(a) shows
the tomographic operator response by applying its forward and adjoint on a spike. This
operator response represents one column of the Hessian matrix of the tomographic operator.
Figure 1(b) shows the amplitude spectrum of the tomographic operator response, which
shows that the tomographic updates illuminate only the very small vertical wavenumbers.
Similarly, figure 2(a) shows the migration operator response of a spike, and figure 2(b) shows
its amplitude spectrum. Unlike the tomographic component, the migration component
illuminates larger vertical wavenumbers. The illuminated wavenumbers in both operators
depend on the reflection angles as well as the frequency content of the data. In this case,
the data was created with a Ricker wavelet that has a dominant frequency of 15 Hz.
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(b)

Figure 2: The migration operator response (a) and its amplitude spectrum (b). [CR]
ali2/. wemva27imaged,wemva27imagedfk

Now that I have defined the components in FWI, we can take a closer look at their error
sensitivity. The migration operator is linear with respect to model updates. Hence, the
migration component in FWI also behaves in a linear sense. This can be better explained
by observing that wavefields moving in opposite directions are always going to result in the
correct sign of update, as long as the source wavelet is correct. Background velocity changes,
or errors, will mostly affect the position at which the wavefields correlate. On the other
hand, tomographic components correlate wavefields that are moving in the same direction.
For the correlation to have the correct direction, the two wavefields should be within the
wavelength of one another. This strict requirement causes the nonlinear behavior of FWI.
Since WEMVA techniques do not have such a requirement, they tend to have more stable
behavior when the velocity error is large. Our goal is to combine the robust components of
FWI and WEMVA.
One way to decompose the FWI gradient into its tomographic and migration components
is to separate the wavefields based on their direction of propagation, e.g. up or down, which
can be done in Fourier domain (Hu and McMechan, 1987; Liu et al., 2007; Taweesintananon,
2011). The decomposed FWI gradient can be written as follows:
X
g(x) = −
2ω 2 s0 (x)G∗+ (x, xs , ω)G∗− (x, xr , ω)∆d(xr , xs , ω)
ω,xs ,xr

−

X

2ω 2 s0 (x)G∗− (x, xs , ω)G∗+ (x, xr , ω)∆d(xr , xs , ω)

ω,xs ,xr

−

X

2ω 2 s0 (x)G∗+ (x, xs , ω)G∗+ (x, xr , ω)∆d(xr , xs , ω)

ω,xs ,xr

−

X

2ω 2 s0 (x)G∗− (x, xs , ω)G∗− (x, xr , ω)∆d(xr , xs , ω),

(8)

ω,xs ,xr

where the positive and negative superscript signs of G indicate the direction of propagation
of the wavefield.
In order for the migration component of FWI gradient to improve the convergence
and results of WEMVA gradient, the two need to have some overlap of their illuminated
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wavenumbers. Figure 4(a) shows the multiplication of the amplitude spectra in 1(b) and
2(b). The overlap seems to be only at very low horizontal wavenumbers, which have some
truncation artifacts. However, the operator’s response is a function of frequency. Therefore,
by taking lower frequencies when computing the migration component, we may increase the
overlap region of the two gradients.

(a)

(b)

Figure 3: The low-frequency migration operator response (a) and its amplitude spectrum
(b). [CR] ali2/. wemva27imagedlf,wemva27imagedlffk

(a)

(b)

Figure 4:
The spectra product of the tomographic operator with (a) the
migration operator and (b) the low-frequency migration operator.
[CR]
ali2/. wemva27deltaSmfk0,wemva27deltaSmfk
Figure 3(a) shows the migration operator response of a spike with a 5 Hz Ricker wavelet,
and figure 3(b) shows its amplitude spectrum. With lower frequencies, the migration operator response shifts toward smaller vertical wavenumbers. Figure 4(b) shows the multiplication of the amplitude spectra in 1(b) and 3(b), which shows a much larger and stronger
overlap compared to figure 4(a). Figure 5 shows the vertical average migration response at
15 Hz and 5 Hz. It is clear that at low frequencies, the migration update starts to have
small vertical-wavenumber contribution.
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Figure 5: The vertical stack of (a) migration operator response, (b) low-frequency migration
operator response and (c) laterally smooth low-frequency migration operator response. [CR]
ali2/. wemva27stacks

SYNTHETIC EXAMPLES
In this synthetic example, we will compare three inversion results after 20 iterations: lowfrequency back-scattered FWI, correlation-based WEMVA (Almomin, 2011), and the combined gradient of WEMVA and the back-scattered FWI weighted by a scalar. The receiver
spacing is 20 m, the source spacing is 80 m, and the temporal sampling is 2 ms. Figure 6(a)
shows the true slowness anomaly we are inverting for. There is one reflector at the bottom of the slowness model. Figure 6(b) shows the results of low-frequency back-scattered
FWI. Although it has the correct anomaly shape, the result has strong side-lobes and the
amplitude is still very weak, because convergence is very slow.
Figure 7(a) shows the results of correlation-based WEMVA. As shown earlier, the gradient has low vertical resolution. Also, the anomaly has negative side-lobes. However, the
amplitude of the anomaly is much stronger than with back-scattered FWI, and the kinematics of the reflector below converges much faster. Figure 7(b) shows the results of the
combined gradient. The amplitude of the anomaly is even stronger and is closer to the true
anomaly than is the WEMVA inversion. Furthermore, the side-lobes are much weaker, and
the model has much better vertical resolution. Notice that figures 6(b), 7(a) and 7(b) have
different color scales.

DISCUSSION AND CONCLUSIONS
I showed that the forward-scattered and back-scattered wavefields have overlap in their estimated slowness models. The synthetic example showed that supplying the back-scattered
information can improve the tomographic inversion results in terms of convergence rate and
accuracy. The overlap is strongest in the low-frequency part of the data. Therefore, the
data must contain low frequencies for the combined gradient to give the best results. Moreover, I used a scalar weight that does not vary with iterations to calculate the combined
gradient. Varying the weights with iterations could improve the results even more.
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(a)

(b)

Figure 6: The true slowness model with a cosine perturbation (a) and the inversion results
using low-frequency back-scattered FWI (b). [ER] [CR] ali2/. wemva30tv,wemva30bp

(a)

(b)

Figure 7: Slowness inversion results using (a) correlation-based WEMVA inversion and (b)
the combined gradient. [CR] ali2/. wemva30fp,wemva30fbp
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Random boundary condition for low-frequency wave
propagation
Xukai Shen and Robert G. Clapp

ABSTRACT
In this paper we present a random boundary that is effective at both high-frequencies
(Reverse Time Migration) and low-frequencies (waveform inversion). This boundary
condition uses larger, irregularly-shaped randomized velocity grains that are effective
in introducing incoherency in wavefronts at a large range of wavelengths. We use
source functions with a range of peak frequencies to compare this boundary condition
to alternative implementations.

INTRODUCTION
A random boundary condition (Clapp, 2009) is attractive in Reverse Time Migration (RTM)
imaging, since it generates time-reversible wavefields that scatter incoherently from boundaries. The advantage of the random boundary condition is that the receiver wavefield can
be first propagated from max-time to 0, then simultaneously propagated with the source
wavefield from 0, to max-time. This eliminates the need to either store the entire wavefield
on disk, or use checkpointing schemes at the cost of an extra propagation. Such reduction in memory requirement is particularly suitable for implementation on novel hardwares
such as GPUs (Micikevicius, 2008). The incoherent nature of the reflections off the random
boundary creates random correlations when the imaging condition is applied, resulting in
little to no degradation of the final image.
In theory, this random boundary condition can be easily extended to wavefields at all
temporal frequency ranges. However, due to memory and computational requirements,
overly large boundary regions are unfavorable. Therefore, problems arise when we move
to low frequencies. In that case, increased spatial wavelengths mandate larger boundary
regions if we are to use the same random boundary scheme. For low-frequency applications
such as waveform inversion, if we can keep the size of the random boundary approximately
the same as that used in RTM, computational efficiency will be greatly improved, especially in 3D by avoiding extra computation of waves propagating in the boundary domain.
In this paper, we introduce a scheme of perturbing the grain shape of the random boundary
condition to keep the boundary region small but still effective with low frequency wave propagation. The same random boundary is also effective for high-frequency wave propagation.
We briefly discuss the theory and illustrate the method using synthetic examples.

BOUNDARY DESIGN
Randomness in a velocity boundary has different effects at different temporal frequencies.
Because lower-frequency signals have longer wavelengths, the averaging effect within the
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dominant wavelength makes the same random boundary appear less random than at higher
frequencies. This can be easily understood by taking the extreme case; zero frequency
has infinite wavelength, so it sees a random boundary as a constant velocity, no matter
what velocity distribution is used. For a random velocity field to appear random to a lowfrequency signal, a coarser “grain” of random velocity anomalies is necessary. If grains are
bigger than a single cell, two adjustable parameters become important in determining the
effectiveness of such random boundaries.
The first parameter is the size of grains. A simple way to determine the grain size is:
lgrain ≈

fRTM
flowfreq

(1)

where lgrain is the effective length of the random velocity grain, fRT M is the dominant
frequency in the RTM that uses the random boundary condition, and flowf req is the dominant low frequency used in modeling. The above equation holds because of the inverse
relationship between frequency and wavelength at a given velocity. The second parameter
is the shape of grains, the easiest to implement of which is cubic, with side lengths equal
to the effective length lgrain . Although this works much better than a single-cell random
velocity anomaly, its effectiveness is diminished by its regular shape. To further increase
the randomness of reflected and scattered wavefields, we propose randomly shaped grains
in place of cubic grains. We generate randomly shaped grains by perturbing cubic grains
of certain lengths. In this case, the effective length of such a randomly shaped grain is
equal the the side length of the cubic grain being perturbed. The perturbed grains will
have similar volume or grain size to the cubic grains, but have random shapes that more
effectively scatter coherent wavefields. It will be shown next that randomly shaped grains
also work well with higher-frequency signals, because the irregular, small-scale features at
grain boundaries scatter shorter wavelengths effectively.

EXAMPLES
To illustrate the idea, we show examples of acoustic modeling using constant velocity fields
with random boundaries of different “grain” size and shape. Each example is compared
with a constant boundary condition, where wavefields propagate through boundary regions
that have the same velocity values as the inner region. In addition, we use zero-value
boundary conditions when wavefields reach the end of each boundary region. The entire
velocity field, including the boundary regions, is 6000 meters in x,y and z, with the same
20-meter spacing used in all directions. Boundary regions are 1000 meters (50 gridpoints) in
each direction, and either the velocity is constant throughout the region, or velocity values
are randomly assigned different grain sizes. In the inner region of the velocity fields, the
velocity is constant at 3 km/s; in the boundary regions the velocity is at least 1.5 km/s and
no greater than 4.2 km/s. Two types of grains are used in random boundaries, shown in
Figure 1: cubic grains with two different side lengths: 20 m (1 grid point )and 200 m (10
grid point), and randomly shaped grains with effective length of 200 m (10 grid points).
3-D modeling is used for all examples, but for display purposes, we only show 2D slices of
3D velocity and wavefields.
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Figure 1: Velocity with different boundary regions: a) constant velocity ; b) cubic grains
with 20 m side length ; c) cubic grains with 200 m side length; d) randomly shaped grains
with 200 m effective length. [ER] xukai2/. velview

Low-frequency modeling

Figure 2 and 3 shows wavefields at 3.5 seconds using a point source with a peak frequency of
6 Hz in velocity fields with the different boundary regions mentioned in Figure 1. The top
row of figure 2 shows 2D slices of the wavefield using one realization of each velocity. For
a 6 Hz peak frequency (which is typical in waveform inversion), a random boundary with
small grain size is only slightly better than constant velocity. In this case, the dominant
wavelength is 500 m, and only when grain size becomes comparable to the dominant wavelength does the wavefield start to appear random. However, there are some low-frequency
residuals remaining in the images using big cubic grains. The bottom row of figure 2 shows
a stacked wavefield of the same source and record time using 16 different realizations of
random boundaries. It is now obvious that the low-frequency residuals are evidence of poor
performance from using big cubic grains. The regular shape of these cubic grains cannot
scatter certain incident wavefronts, thus leaving coherent energy at these angles. Randomly
shaped grains, on the other hand, scatter those low-frequency components quite well. This
can be seen in the wavenumber domain amplitude spectrum of these wavefields (Figure
3), where the randomly shaped grains reduce lower-wavenumber components much more
effectively than cubic grains.
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Figure 2: Time-domain wavefield snapshots for a point source with 6 Hz peak frequency in
velocity fields with different random boundary conditions. The top row shows one realization
of velocity with a) constant velocity, b) cubic grains with 20 m side length, c) cubic grains
with 200 m side length, and d) randomly shaped grains with effective length 200 m. The
bottom row shows average wavefields using 16 realizations of velocity with e) constant
velocity, f) cubic grains with 20 m side length, g) cubic grains with 200 m side length, and
h) randomly shaped grains with 200 m effective length. [CR] xukai2/. wvmvsixhoriz

Figure 3: Wave-number-domain amplitude spectrum of wavefield snapshots for a point
source with 6 Hz peak frequency in velocity fields with different random boundary conditions. The top row shows one realization of velocity with a) constant velocity, b) cubic
grains with 20 m side length, c) cubic grains with 200 m side length, and d) randomly
shaped grains with effective length 200 m. The bottom row shows average wavefields using
16 realizations of velocity with e) constant velocity, f) cubic grains with 20 m side length,
g) cubic grains with 200 m side length, and h) randomly shaped grains with 200 m effective
length. [CR] xukai2/. wvmvsixkabshoriz
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Figure 4: Time-domain and frequency-domain broadband source with a peak frequency
of 25 Hz: a) Time-domain wavelet; b) Frequency-domain amplitude spectrum. [ER]
xukai2/. srctwentyfive

Figure 5: Time domain wavefield snapshots for a broadband point source with a peak
frequency of 25 Hz, in velocity fields with different random boundary conditions. The top
row shows one realization of velocity with a) constant velocity, b) cubic grains with 20 m
side length, c) cubic grains with 200 m side length, and d) randomly shaped grains with
effective length 200 m. The bottom row shows average wavefields using 16 realizations of
velocity with e) constant velocity, f) cubic grains with 20 m side length, g) cubic grains
with 200 m length, and h) randomly shaped grains with effective length 200 m. [CR]
xukai2/. wvmvtwentyfivehoriz
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Broadband modeling application
In this section, we test a broadband point source with a peak frequency of 25 Hz, using the
same boundary as in the previous example. Figure 4 shows the amplitude spectrum of the
point source used, which contains non-trivial high- and low-frequency components. Figure
5 (top row) shows 2D slices of the wavefield using one realization of each velocity. In this
case, the proposed random boundaries still work quite well. A random boundary with a
small grain size is effective at high frequency, but has difficulty eliminating low-frequency
components of the source. This is more obvious in the bottom row of Figure 5, which is
the stacked wavefield of the same source and record time, using 16 different realizations of
random boundaries.

Spectra of random boundaries

Figure 6: Velocity field with different random boundaries: a) cubic grains with 20 m length;
b)cubic grains with 200 m length; and c) randomly shaped grains with 200 m effective length.
The bottom row shows their corresponding k spectra: d) cubic grains with 20 m side length,
e) cubic grains with 200 m side length, and f) randomly shaped grains with 200 m effective
length. [ER] xukai2/. velfullrndbnd
Another way to analyze the previous two examples is to consider the spectra of different
random boundaries. Figure 6 shows a velocity field filled with different random boundaries.
We can look at their k spectra by Fourier transform along both the x and z axes and take
the absolute amplitudes (Figure 6). It can be seen that randomly shaped grains at high
k values have an amplitude similar to that of single-cell random boundary, and at low k
values have an amplitude similar to that of a large cubic-grain random boundary. The large
cubic-grain random boundary, on the other hand, has a far lower high-k component, and
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there are even notches at certain k values. These features become obvious in stacked kz and
kx spectra of each random field (Figure 7). Large amplitude at high k values means more
detailed randomness, which is useful for scattering high-frequency waves. Large amplitude
at low k values means many coarse “grains”, which is useful for scattering low-frequency
waves. Random fields that have both can effectively scatter broadband signals, and this
is the case for randomly shaped grains. The large volume of the grains effectively scatters
low-frequency signals, while the edges of grains effectively scatter high-frequency signals.
On the other hand, regular notches in the spectrum mean that the random field (cubic
grains in this case) displays certain patterns that will render it unable to deal with certain
wavefronts; this is analogous to the null space in inversion.

Figure 7: Stacked kx and kz spectra of each random field obtained by stacking the amplitude
k spectrum along the x and z directions. On the left is the kx spectrum; on the right is the
kz spectrum. The blue is from cubic grains of side length 20 m, red is from cubic grains
of side length 200 m, and pink is from randomly shaped grains of length 200 m. [ER]
xukai2/. vkabsstk

CONCLUSIONS
Large grain size in a random boundary condition is effective for low-frequency data. Randomly shaped grains work better than regularly shaped grains, and are also very effective
in dealing with broadband sources. Of key importance is matching the grain size in the random boundary to the spectrum of the wavefield used in modeling. Applying such frequencymatched boundary conditions extends the utility of the random boundary condition beyond
RTM, with possible applications including waveform inversion.
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Subsalt imaging by target-oriented wavefield least-squares
migration: A 3-D field-data example
Yaxun Tang and Biondo Biondi

ABSTRACT
We pose the reflectivity-imaging problem as a linear inversion problem and solve it in
the image domain in a target-oriented fashion. The most computationally intensive
part of the image-domain inversion is the explicit computation of the Hessian matrix.
We show how we can overcome the cost issue by using the phase-encoding technique
in the 3-D conical-wave domain. We apply the inversion-based imaging methodology
to a 3-D field data set acquired from the Gulf of Mexico (GOM), and we precondition
the inversion with non-stationary dip filters, which naturally incorporate interpreted
geological information. Numerical examples demonstrate that imaging by regularized
inversion successfully recovers the reflectivities from the effects of uneven illumination,
yielding images with more balanced amplitudes and higher spatial resolution.

INTRODUCTION
Successful geological interpretation requires accurate reflectivity images of the subsurface.
Reflectivity images obtained by prestack depth migration, however, are often distorted
by uneven subsurface illumination. This is because the migration operator is only the
adjoint of the forward Born modeling operator (Lailly, 1983), which is non-unitary due to
the limited acquisition geometry, complex overburden and band-limited wavefields. The
distorted image, as exemplified by biased amplitudes and the shadow zone effect, presents
significant difficulties for accurate geological interpretation.
To correct the effects of uneven illumination, the reflectivity imaging problem can be
posed as a linear inverse problem, which, instead of using the adjoint operator, uses the
pseudo-inverse of the Born modeling operator to optimally reconstruct the reflectivity. This
inversion-based imaging method is also widely known as least-squares migration (Nemeth
et al., 1999; Kühl and Sacchi, 2003; Clapp, 2005; Valenciano, 2008).
Least-squares migration can be implemented in either the data domain or the image
domain. In this paper, we focus on the image-domain inversion scheme because it can be
implemented in a target-oriented fashion and hence is more suitable for large-scale 3-D
applications. The target-oriented image-domain formulation allows us to invert only areas
of particular interest, enabling accurate imaging at the reservoir level.
As shown by Valenciano (2008), image-domain least-squares migration contains three
main steps: (1) compute the migrated image for a chosen target area, (2) compute the
Hessian, the normal operator of the Born modeling operator, for the same target area, and
(3) deblur the migrated image using the Hessian with an iterative solver. Among the three
steps, the explicit computation of the Hessian is the most computationally intensive part,
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because it requires either storing a huge number of Green’s functions for reuse (Valenciano,
2008), or performing a large number of wavefield propagations. (Each receiver-side Green’s
function has to be recomputed for each shot, if the Green’s functions are not stored) (Tang
and Lee, 2010). Fortunately, the computational cost can be drastically reduced by using the
phase-encoding method, which does not require storing any Green’s functions and significantly reduces the required number of wavefield propagations (Tang, 2009). In this paper,
we extend phase-encoding theory to 3-D and show how the cost of Hessian can be drastically
reduced by using a simultaneous phase-encoding scheme in the 3-D conical-wave domain.
Regularization is a crucial component of solving an ill-posed inverse problem. One important advantage of the image-domain inversion scheme is that solving the linear inversion
problem (step 3) is very fast, which involves only sparse-matrix and vector multiplications.
Therefore, different regularization parameters or schemes can be tried at very low cost.
The high efficiency of this method also makes interpretation-driven interactive reflectivity
imaging possible, where we can repeat the inversion with regularizations that incorporate
different geological scenarios and obtain the results in almost real time. In this paper, we
precondition the inversion problem with non-stationary dip filters (Clapp, 2003; Hale, 2007;
Claerbout, 2008), which impose smoothness on the reflectivities along given dip directions.
We show that the dip filter naturally incorporates prior knowledge based on interpreter’s
geological interpretation into the inversion, and it helps the inversion converge to a geologically meaningful result.
This paper is organized as follows: we first review the theory of image-domain leastsquares migration. Then we show how the phase-encoded Hessian can be efficiently computed in the 3-D conical-wave domain. Following that, we discuss how to precondition the
inversion with dip filters. Finally, we apply the method to a 3-D field data set acquired
from the Gulf of Mexico (GOM), where we invert subsalt reflectivities in a target-oriented
fashion.

THEORY
Image-domain least-squares migration
Image-domain least-squares migration (Valenciano, 2008; Tang, 2009) optimizes the reflectivity model by minimizing an objective function defined in the image domain as follows:
1
J(m) = ||Hm − mmig ||2 + R(m),
2

(1)

where m is the reflectivity model, and mmig is the migrated image
mmig = L∗ dobs ,

(2)

where ∗ denotes taking the adjoint, dobs is the vector of observed primaries, and L is
the Born modeling operator, which models only singly scattered waves. In equation 1,
H = L∗ L is the Hessian operator, which contains all necessary information, including
information of acquisition geometry, velocity model and frequency content of seismic waves,
for correcting the effects of distorted illumination. The second term R(m) in equation 1
is a regularization term that incorporates user-defined model covariance into the inversion,
and  determines the strength of the regularization. Objective function J can be minimized
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with any iterative solver, such as the conjugate gradient method. The most important
components in minimizing J are the explicit calculation of the Hessian operator H and
the definition of the regularization term R(m). In the subsequent subsections, we first
demonstrate how to calculate the Hessian H efficiently in 3-D. Then we discuss how to
incorporate dip constraints into the inversion and solve it as a preconditioning problem.

The 3-D phase-encoded Hessian
3-D conical-wave migration (Whitmore, 1995; Duquet et al., 2001; Zhang et al., 2005; Liu
et al., 2006) has been widely used to migrate marine streamer data sets. In this section, we
demonstrate how the Hessian can be efficiently computed in this domain using simultaneous
phase encoding, which encodes both source- and receiver-side Green’s functions.
As derived in Appendix A, each component of the the 3-D conical-wave domain Hessian
reads
X
XXX
H(x, x0 ) =
|ω|5
G(x, xr , ω)G∗ (x0 , xr , ω)
ω

X

ys psx xr

W (xr , xs , ys )fs (ω)G(x, xs , ys , ω)eiωpsx xs

xs

X

0

W (xr , x0s , ys )fs∗ (ω)G∗ (x0 , x0s , ys , ω)e−iωpsx xs ,

(3)

x0s

where fs (ω) is the source signature at frequency ω; xs and ys are the source locations in
the inline and crossline directions, respectively; xr = (xr , yr , 0) is the receiver location; psx
is the horizontal component of the source ray parameter; W (xr , xs , ys ) is the acquisition
mask operator, which contains ones where we record data, and zeros where we do not; and
G(x, xs , ys , ω) and G(x, xr , ω) are the Green’s functions connecting the source and receiver
positions to the image point x = (x, y, z), respectively.
The diagonal part of the Hessian (when x = x0 ), which contains autocorrelations of both
source and receiver-side Green’s functions, can be interpreted as a subsurface illumination
map with contributions from both sources and receivers. The rows of the Hessian (for
fixed x’s and varying x0 ), which contains crosscorrelations of both source and receiver-side
Green’s functions, can be interpreted as resolution functions (Lecomte, 2008; Tang, 2009).
They measure how much smearing an image can have due to a given acquisition setup.
The exact Hessian defined by equation 3, however, is nontrivial and very expensive
to implement. It requires either storing a huge number of Green’s functions for reuse, or
performing a large number of wavefield propagations to repeatedly calculate the Green’s
functions, resulting in a computational cost proportional to Nys Npsx Nxr Nyr , with Nys ,
Npsx , Nxr and Nyr being the number of crossline shots, inline conical waves, inline receivers
and crossline receivers, respectively.
In order to reduce the computational cost, we use the simultaneous phase-encoding
technique to efficiently calculate an approximate version of equation 3. The simultaneous phase-encoding, however, is only strictly valid when the acquisition mask operator is
independent along the encoding axes (Tang, 2009). For the 3-D conical-wave-domain Hessian, the encoding axes are the inline source axis xs and the receiver axis xr = (xr , yr ),
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respectively. Ocean-bottom cable (OBC) and land acquisition geometries, where receivers
are fixed for all sources, obviously satisfy this condition. But marine-streamer acquisition
geometry, where the receiver cable moves with sources, apparently does not. To make the
theory applicable to the marine-streamer data case, we assume that the receiver location
xr depends only on the crossline source position ys , but is independent of the inline source
position xs . This implicitly assumes that for a fixed crossline ys , all inline shots share the
same receiver array. Therefore, we can express the acquisition mask operator as a product
of two separate functions:
W (xr , xs , ys ) ≈ Wr (xr , ys )Ws (xs , ys ),

(4)

where Wr and Ws define the distributions of receiver position xr and the inline source
position xs , respectively, for a given crossline source position ys .
Substituting equation 4 into equation 3 yields
X
XXX
H(x, x0 ) =
|ω|5
Wr (xr , ys )G(x, xr , ω)G∗ (x0 , xr , ω)
ω

X

ys psx xr

Ws (xs , ys )fs (ω)G(x, xs , ys , ω)eiωpsx xs

xs

X

0

Ws (x0s , ys )fs∗ (ω)G∗ (x0 , x0s , ys , ω)e−iωpsx xs .

(5)

x0s

With further encoding on the receiver-side Green’s functions, we obtain the simultaneously
phase-encoded Hessian as follows:
X
XX
e
e
H(x,
x0 , pr ) =
|ω|5
ω

ys psx

×

X

×

X

×

X

×

X

Wr (xr , ys )G(x, xr , ω)α(xr , pr , ω)

xr

Wr (x0r , ys )G∗ (x0 , x0r , ω)α(x0r , pr , ω)

x0r

Ws (xs , ys )fs (ω)G(x, xs , ys , ω)eiωpsx xs

xs
0

Ws (x0s , ys )fs∗ (ω)G∗ (x0 , x0s , ys , ω)e−iωpsx xs ,

(6)

x0s

where α is the receiver-side encoding function, to be specified later. Equation 6 can be
greatly simplified as follows:
X
XX
e
e
H(x,
x0 , pr ) =
|ω|5
S(x, psx , ys , ω)S ∗ (x0 , psx , ys , ω)
ω

ys psx

R(x, psx , ys , pr , ω)R∗ (x0 , psx , ys , pr , ω),

(7)

X

(8)

if we define
S(x, psx , ys , ω) =

xs

Ws (xs , ys )fs (ω)G(x, xs , ys , ω)eiωpsx xs ,
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and
R(x, psx , ys , pr , ω) =

X

Wr (xr , ys )G(x, xr , ω)α(xr , pr , ω).

(9)

xr

For one-way wave-equation-based applications, S and R can be obtained by solving the
following one-way wave equations:

q
( 
ω2
∂
2 S(x, p , y , ω) = 0
−
i
+
∇
sx s
∂z
v 2 (x)
.
(10)
P
S(x, y, z = 0, psx , ys , ω) = xs Ws (xs , ys )δ(x − xs , y − ys )fs (ω)eiωpsx xs
and

q
2
− i v2ω(x) + ∇2 R(x, psx , ys , pr , ω) = 0
.
P
R(x, y, z = 0, psx , ys , pr , ω) = xr Wr (xr , ys )δ(x − xr , y − yr )α(xr , pr , ω)

( 

∂
∂z

2

(11)
2

∂
∂
In both equations 10 and 11, v(x) is the velocity at image point x, ∇2 = ∂x
2 + ∂y 2 is the
Laplacian operator, and δ(·) is the Dirac delta P
function. Therefore, S is the wavefield generated by propagating the conical-wave source xs Ws (xs , ys )δ(x − xs , y − ysP
)fs (ω)eiωpsx xs ,
whereas R is the wavefield generated by propagating the encoded-area source xr Wr (xr , ys )δ(x−
xr , y − yr )α(xr , pr , ω). It is quite obvious that the computational cost of equation 7 is independent of the number of receivers, as opposed to equation 3, for which the cost is
proportional to the number of receivers.

However, the phase-encoded Hessian brings unwanted crosstalk. This becomes clear by
comparing equations 6 and 3. The crosstalk can be suppressed by carefully choosing the
phase-encoding function α (Tang, 2009). In this paper, we choose α to be a random phaseencoding function; thus pr denotes the realization index of the random phase-encoding
function. It would be very easy to verify that, with this choice of encoding functions, the
expectation of the crosstalk becomes zero. Therefore, equation 6 converges to equation 5
by stacking over pr , according to the law of large numbers (Gray and Davisson, 2003):
Xe
e
e
e
H(x,
x0 ) =
H(x,
x0 , pr ) ≈ H(x, x0 ).

(12)

pr

For most practical applications where the number of shots is big, the randomly phaseencoded Hessian with one realization seems to be sufficient (Tang, 2009).

Regularizations
Regularization helps to stabilize the inversion; it can shape the null space and remove
unwanted features in the inverted result by introducing user-defined model-covariance operators. In this paper, we choose to use the following regularization term:
1
R(m) = ||D∗ Dm||2 ,
2

(13)

where operator D contains wavekill filters (Claerbout, 2008), which annihilate local planarevents with given dips. The operator imposes continuity of reflectors along its dipping
direction. This idea has also been explored by Clapp (2005) and Ayeni et al. (2009), who
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use similar filters (Clapp, 2003; Hale, 2007) to regularize the data-domain least-squares
migration.
Instead of solving the inversion problem as a regularization problem, we solve it as a
preconditioning problem by making change of variables as follows:
m = Sn,

(14)

where n is the vector of preconditioned variables and S is the preconditioning operator,
which is defined to be an approximate inverse of the regularization operator D∗ D. To find
the inverse of D∗ D, we factorize it into minimum-phase filters A such that D∗ D ≈ A∗ A.
We use the Wilson-Burg factorization (Claerbout, 1992; Fomel et al., 2003) and apply it on
the helix (Claerbout, 1998, 2008). Since minimum-phase filters have stable inverses, we can
define the preconditioning operator as follows:
S = A−1 (A∗ )−1 .

(15)

Unlike D∗ D, operator S contains dip filters, which smooth along given dip directions.
Substituting equations 13, 14 and 15 into 1 yields
1
(16)
Jp (n) = ||HSn − mmig ||2 + ||n||2 .
2
Objective function 16 is often solved by setting  = 0 and iterating until an acceptable
result is obtained (Claerbout, 2008). Solving it in this way implicitly assumes that we are
starting with a model that has all the user-defined covariance, and that the more iterations
we run, the more we honor the data. Once a solution vector nsol has been found, the final
model is obtained by computing msol = Snsol .

3-D FIELD-DATA EXAMPLES
We apply the target-oriented inversion method to a data set acquired from the Gulf of
Mexico (GOM). The data set was acquired using a narrow-azimuth towed-streamer (NATS)
acquisition system, and further rotated using azimuth moveout (AMO) (Biondi et al., 1998)
into zero azimuth. The minimum and maximum inline offsets are 0.3 km and 8.2 km,
respectively. The frequency content of the data set ranges between 5 Hz and 35 Hz. The
velocity model used for migration and Hessian computation is shown in Figure 1, which is
obtained using target-oriented wavefield tomography (Tang and Biondi, 2011).
We compute the migrated image using the 3-D conincal-wave migration operator, where
we synthesize 101 conical waves for each crossline and migrate 12625 conical waves in total.
The minimum and maximum inline take-off angles at the surface for the conical waves are
−30◦ and 30◦ , respectively. The maximum frequency used for migration is 20 Hz. The
image obtained for the target area is shown in Figure 2. Note that the amplitudes of the
sediment reflectors are biased; also notice the illumination shadows below the salt due to
the non-unitary characteristic of the Born modeling operator.

The 3-D Hessian matrix
We compute the phase-encoded Hessian using equations 6, 10 and 11. Since the number of
shots is big, we compute only one random realization of the phase-encoded Hessian. The
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Figure 1: Target area selected (outlined by a box) for wavefield least-squares migration.
[CR] yaxun2/. lsm3d-target

Figure 2: Migrated image for the selected target region. Note the illumination shadows
below the salt. [CR] yaxun2/. lsm3d-imag
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target region contains 784740 points, with 123 samples inline, 58 crossline and 110 in depth.
The number of elements computed per row for the Hessian is 5155 (11 in x, 15 in y and 31
in z). Therefore, the widths of the local filter for each image point are 0.25 km, 0.35 km and
0.27 km in x, y and z directions, respectively. The top panels in Figures 3 and 4 present the
diagonal components of the Hessian matrix at two different slices. Note that the values of
the diagonal of the Hessian are far from uniform, and the left-side values are much higher
than those elsewhere in the target region. This is because the salt body, which has relatively
high velocities, prevents most of the energy from penetrating itself. The unevenness of the
diagonal components also suggests that the Hessian matrix is highly nonstationary (each
row is substantially different than the others). This is further illustrated by the bottom
panels in Figures 3 and 4, which show the off-diagonal components of the Hessian matrix
at two different image points. For an image point that is well illuminated (bottom panels
in Figure 3), the off-diagonals have relatively wide spectrum coverage and are more focused
around the diagonal. On the other hand, for an image point that is poorly illuminated
(bottom panels in Figure 4), the off-diagonals have relatively narrow spectrum coverage
and are more spread in the space domain.
To further appreciate the nonstationarities of the 3-D Hessian matrix, we apply the
Hessian to a reflectivity model containing a collection of point scatterers (Figure 5). The
result can also be considered as the filter response of the Hessian (where each row can be
seen as a filter) to point scatterers. Note how the shape and strength of the filters change
across the space. Also note that the filter is more elongated in the crossline direction than
in the inline direction. This is a result of the single-azimuth acquisition geometry. Figure 6
shows the Hessian filter response for four horizontal reflectors. Note the imprint of shadow
zones on the reflectors. The characteristics of the shadow zones very closely match those in
the migrated image (Figure 2), indicating that the computed Hessian matrix, albeit with
some approximations, accurately captures the effects of uneven subsurface illumination due
to limited acquisition geometry, band-limited wave phenomena and complex overburden.
In the subsequent section, I demonstrate how the effects of uneven illumination can be
optimally removed by inverting the Hessian matrix through regularized linear inversion.

Inversion result
Since the goal is to invert sediment reflectivities, we incorporate a mask operator (Figure 7)
into the inversion to prevent updating the reflectivities of the salt boundary. We first run
the inversion without applying any regularizations; the inverted image after 100 iterations
is shown in Figure 9. Compared to migration (Figure 8), inversion significantly improves
the spatial resolution of the image; the amplitudes are more balanced, and the illumination
shadows are filled in. However, the inverted image is more noisy, and the continuity of
the reflectors seems to be degraded. The increased noise level reveals the ill-posedness of
the inversion problem due to the narrow bandwidth of the Hessian filter (bottom panels of
Figures 3 and 4). Another reason might be that the approximations used to compute the
Green’s function (acoustic one-way wave equation) and the migration do not fully match
the way seismic waves propagate through the earth. The inconsistency of the operator
and the data may further increase the ill-posedness of the inversion problem. Therefore,
regularization becomes necessary.
In order to regularize the inversion with a reasonably accurate model covariance, we
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Figure 3: The Hessian matrix for the target region. The top panel shows the diagonal
components of the matrix; the bottom left panel shows the off-diagonals of the matrix
taken from the image point at inline 7.45 km, crossline 2.50 km and relative depth 0.30
km (the intersection of the crosshairs in the top panel); the bottom right panel shows the
amplitude spectrum of the off-diagonal components. [CR] yaxun2/. lsm3d-hess-filter1
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Figure 4: The Hessian matrix for the target region. The top panel shows the diagonal
components of the matrix; the bottom left panel shows the off-diagonals of the matrix
taken from the image point at inline 8.65 km, crossline 1.60 km and relative depth 0.80
km (the intersection of the crosshairs in the top panel); the bottom right panel shows the
amplitude spectrum of the off-diagonal components. [CR] yaxun2/. lsm3d-hess-filter2
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(a)

(b)

Figure 5: Hessian filter response for point scatterers. Panels (a) and (b) show different slices of the same 3-D cube. Note the nonstationarity of the filters. [CR]
yaxun2/. lsm3d-imag-spike1,lsm3d-imag-spike2

104

Tang and Biondi

SEP–143

(a)

(b)

Figure 6: Hessian filter response for horizontal reflectors. Panels (a) and (b) show different
slices of the same 3-D cube. Note the imprint of shadow zones on the reflectors. [CR]
yaxun2/. lsm3d-imag-flat1,lsm3d-imag-flat2
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Figure 7: A mask operator used during inversion. [CR] yaxun2/. lsm3d-mask

interpret the migrated image and manually pick several key reflectors (Figure 10). We
estimate dip fields based on the interpreted reflectors using the structure tensor method
(van Vliet and Verbeek, 1995; Hale, 2007). The estimated dips have been smoothed with a
triangle filter and are shown in Figure 11. The dip field is then used to build a bank of dip
filters for preconditioning. Figures 12, 13 and 14 show impulse responses of the dip filters
as smoothing strength increases. Note that the stronger the smoothing effect, the longer
the filter response. These dip filters also vary spatially, and each dip filter smooths along a
direction conformal to the corresponding dip values.
Figure 15 presents the inverted image after 100 iterations when preconditioned by the
dip filter with weak smoothing (Figure 12). The result is significantly improved over the one
obtained without any regularizations (Figure 9). The reflectors are much more coherent and
they extend further into the shadow zone, filling in the illumination gap almost completely.
The regularized image is much easier to interpret geologically.
To see the effects of regularization (or preconditioning), we increase the smoothing
strength of the dip filters. Figure 16 shows the inversion result after 100 iterations when we
use dip filters with moderate smoothing (Figure 12) for preconditioning. The result further
enhances the coherence and continuity of the reflectors and the inverted image looks even
cleaner. However, the spatial resolution of the image seems somewhat degraded by the
smoothing effect of the preconditioner (This becomes clear by comparing the depth slices
of Figures 9, 15 and 16).
Figure 17 shows the inversion result when we further increase the smoothing strength of
the dip filters (Figure 14). In this extreme case, inversion is dominated by preconditioning.
The inverted image honors the user-supplied model-covariance, but not necessarily the data.
(The data fitting plays little role in this case.)
Figures 18 and 19 compare the residuals at the last iteration and the convergence of
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(a)

(b)

Figure 8: The migrated image of the 3-D GOM data set.
Panels (a) and (b)
show different slices of the same 3-D cube. The image has been masked using the
mask operator shown in Figure 7 to focus on comparing sediment reflectivities. [CR]
yaxun2/. lsm3d-imag-mask1,lsm3d-imag-mask2
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(a)

(b)

Figure 9: The inverted image without applying any regularization. Panels (a) and (b) show
different slices of the same 3-D cube. [CR] yaxun2/. lsm3d-noreg-invt1,lsm3d-noreg-invt2
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Figure 10: Interpreted horizons from the migrated image. The horizons are then used to
build the dip field for dip filtering. [CR] yaxun2/. lsm3d-refl-pick

objective functions for different methods. As expected, inversion without any regularization,
which fits the data most closely, has the smallest residual, whereas inversion preconditioned
with strong dip filters, which fits the data least closely, has the biggest residual.

CONCLUSIONS
Solving wavefield least-squares migration in the image domain makes possible target-oriented
application of this method, allowing reflectivity inversion at the reservoir level. The 3-D
examples demonstrate that simultaneous phase-encoding in the conical-wave domain drastically reduces the computational cost of the 3-D Hessian matrix. The phase-encoded Hessian,
albeit with some approximations, accurately quantifies the illumination effects on the migrated image. Since inverting the Hessian is very fast, different regularization parameters
or schemes can be tried at very low cost. For the 3-D example shown in this chapter, it
takes only about 6 minutes to run 100 iterations using 34 CPUs (17 nodes with 2 cores
on each). This is a very important advantage over the conventional data-domain implementation, which requires full-domain modeling and migration at each iteration. The high
efficiency of this method also makes interactive reflectivity imaging possible, where we can
repeat the inversion with regularizations that incorporate different geological scenarios and
obtain the results in almost real time. The 3-D reflectivity inversion results illustrate that
inversion preconditioned with dip filters successfully recovers the reflectivity from the effects
of uneven illumination, yielding more balanced amplitudes and higher spatial resolution in
the inverted image.
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(a)

(b)

Figure 11: The estimated dip field from the interpreted reflectors.
Panels (a)
and (b) are the slopes in the inline and crossline directions, respectively.
[CR]
yaxun2/. lsm3d-dipx-pick,lsm3d-dipy-pick
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Figure 12: Impulse responses of the dip filters with weak smoothing.
yaxun2/. lsm3d-dipflt3

[CR]

Figure 13: Impulse responses of the dip filters with moderate smoothing.
yaxun2/. lsm3d-dipflt1

[CR]
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Figure 14: Impulse responses of the dip filters with strong smoothing.
yaxun2/. lsm3d-dipflt6
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Figure 19: Evolution of objective functions for different inversion methods.
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APPENDIX A
3-D CONICAL-WAVE DOMAIN HESSIAN
In general, a 3-D surface seismic data set can be represented by a 5-D object d(xr , xs , ω),
with xr = (xr , yr , zr = 0) and xs = (xs , ys , zs = 0) being the receiver and source position,
respectively, and ω being the angular frequency. Under the Born approximation (Stolt and
Benson, 1986), the data can be modeled by a linear operator as follows:
d(xr , xs , ω) =

X

ω 2 fs (ω)G(x, xs , ω)G(x, xr , ω)m(x),

(A-1)

x

where fs (ω) is the source function; G(x, xs , ω) and G(x, xr , ω) are the Green’s functions
connecting the source and receiver position to the image point x = (x, y, z), respectively.
We can transform data into the conical-wave domain by slant-stacking along the inline
source axis xs as follows:
X
W (xr , xs , ys )d(xr , xs , ys , ω)eiωpsx xs ,
(A-2)
d(xr , psx , ys , ω) =
xs

where W (xr , xs , ys ) is the acquisition mask operator, which contains ones where we record
data, and zeros where we do not; psx is the surface ray parameter in the inline direction.
The inverse transform is
X
W (xr , xs , ys )d(xr , xs , ys , ω) = |ω|
(A-3)
d(xr , psx , ys , ω)e−iωpsx xs ,
psx

where |ω| on the right hand side of the equation is also known as the “rho” filter (Claerbout,
1985).
To find a reflectivity model m that best fits the observed data for a given background
velocity, we can minimize a data-misfit function that measures the differences between the
observed data and the synthesized data in a least-squares sense. In the point-source case,
the data-misfit function is
F (m) =

1 XXX
|W (xr , xs )[d(xr , xs , ω) − dobs (xr , xs , ω)]|2 ,
2 ω x x
s

(A-4)

r

where dobs is the observed data. Substituting equation A-3 into A-4 yields
F (m) =

1 XXXXX 2
|ω|
2 ω y x p
0
s

r

sx

psx

×[d(xr , psx , ys , ω) − dobs (xr , psx , ys , ω)]∗
X
0
×[d(xr , p0sx , ys , ω) − dobs (xr , p0sx , ys , ω)]
e−iω(psx −psx )xs .
xs

(A-5)
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P −iω(p0 −ps )xs
sx
x
If the inline source axis xs is reasonably well sampled, we have
≈
xs e
1
0
|ω| δ(psx − psx ), where δ(·) is the Dirac delta function. Therefore, an objective function
equivalent to equation A-4 in the 3-D conical-wave domain takes the following form:
F (m) ≈

XXX
1X
|ω|
|d(xr , psx , ys , ω) − dobs (xr , psx , ys , ω)|2 .
2 ω
y p
x
s

sx

(A-6)

r

The Hessian operator in the 3-D conical-wave domain can be obtained by taking the
second-order derivatives of F (m) (equation A-6) with respect to the model parameters:
X
X X X  ∂d(xr , ps , ys , ω)   ∂d(xr , ps , ys , ω) ∗
x
x
0
5
.
(A-7)
H(x, x ) =
|ω|
0)
∂m(x)
∂m(x
ω
y p
x
s

sx

r

When x = x0 , we obtain the diagonal components of the Hessian, which are also known
as the subsurface illumination; otherwise, we obtain the off-diagonal components of the
Hessian, which are also known as the resolution function for a given acquisition setup.
With equations A-1 and A-2, we obtain the expression of the derivative of d with respect
to m as follows:
∂d(xr , psx , ys , ω)
∂m(x)

=

X

ω 2 W (xr , xs , ys )fs (ω)G(x, xs , ys , ω)

xs

×G(x, xr , ω)eiωpsx xs .

(A-8)

Substituting equation A-8 into equation A-7 yields the expression for each component of
the Hessian matrix in the 3-D conical-wave domain:
X
XXX
H(x, x0 ) =
|ω|5
G(x, xr , ω)G∗ (x0 , xr , ω)
ω

X

ys psx xr

W (xr , xs , ys )fs (ω)G(x, xs , ys , ω)eiωpsx xs

xs

X
x0s

0

W (xr , x0s , ys )fs∗ (ω)G∗ (x0 , x0s , ys , ω)e−iωpsx xs .

(A-9)
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Wave-equation inversion of time-lapse seismic data sets
Gboyega Ayeni and Biondo Biondi

ABSTRACT
We propose a linearized wave-equation inversion formulation for time-lapse seismic data
sets. Our method poses time-lapse imaging as a joint least-squares problem that utilizes
target-oriented approximations to the Hessian of the objective function. Because our
method accounts for illumination mismatches —caused by differences in acquisition
geometries— and for band-limited wave-propagation effects, it provides better estimates of production-related changes in reservoir acoustic properties than conventional
time-lapse processing methods. Using data sets from a North Sea field, we demonstrate how our method can be used to image differences between time-lapse data sets.
Furthermore, we show that obstruction artifacts may be attenuated by wave-equation
inversion.

INTRODUCTION
Reservoir rock and fluid property changes can be obtained from seismic amplitude and/or
travel-time changes (Lumley, 1995; Calvert, 2005). Several successful applications of timelapse seismic imaging to reservoir monitoring have been published by previous authors
(Lefeuvre et al., 2003; Whitcombe et al., 2004; Ebaid et al., 2009).
However, in practice, production-related changes in time-lapse seismic images can be
masked by non-repeatability artifacts (e.g., changes in geometry, ambient noise). To correctly interpret time-lapse seismic differences, such artifacts must be attenuated —a prerequisite conventionally achieved through image cross-equalization methods (Rickett and
Lumley, 2001). Although cross-equalization methods are well developed and provide reliable results in many practical applications, they are inadequate where large inconsistencies
exist between time-lapse data sets or where the reservoir overburden is complex. Where
these conventional methods fail, wave-equation inversion provides a way to attenuate unwanted artifacts in time-lapse images, thereby enhancing production-related changes.
The proposed method is based on linear least-squares migration/inversion of seismic data
sets (Nemeth et al., 1999; Kühl and Sacchi, 2003; Clapp, 2005). Because each iteration of a
data space implementation of least-squares migration/inversion is approximately twice the
migration cost, this approach is expensive. However, by posing this problem in the image
space, it can be efficiently solved in a target-oriented way (Valenciano et al., 2006; Tang,
2008). For the time-lapse imaging problem, we can either invert for the complete baseline
and monitor images or we can invert for a static baseline and time-lapse images between
surveys. The input vectors in the resulting formulations contain the migrated images (or
combinations thereof) and the output vector contains the inverted images. The operators
are a concatenations of target-oriented approximations to the Hessian of the least-squares
objective function (Ayeni and Biondi, 2010). We regularize the inversion using spatial (dip)
and temporal (difference) constraints.
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Because we assume that the data contain only primaries, robust multiple/noise attenuation is required prior to inversion. Furthermore, we assume compaction and velocity changes
between surveys are small, therefore these can be removed by warping of the monitor images
to the baseline.
First, we discuss linearized wave-equation inversion of time-lapse data sets. Then, we
apply this method to a North Sea field time-lapse data set. We show that even with the
presence of a gap (caused by a simulated obstruction) in the monitor data-set, wave-equation
inversion give improved results over conventional methods.

METHODOLOGY
Given a linearized modeling operator L, the seismic data d for survey i due to a reflectivity
model m is
di = Li mi .
(1)
Assuming we have two data sets (baseline d0 and monitor d1 ) acquired at different times
over an evolving reservoir, joint least-squares migration/inversion involves solving the regression




d0
L0
0


  d1 
0
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 m0


 0  ,

 0 R0
0
≈
(2)

 m1


 0 

0
1 R1 
−ζ0 Λ0 ζ1 Λ1
0
where Ri and Λi are the spatial and temporal regularization operators respectively, and
i and ζi are the corresponding regularization parameters. Although we can directly solve
equation 2 by minimizing the quadratic-norm of the regression (Ajo-Franklin et al., 2005),
we choose to transform it to an image space problem of the form (Appendix A)
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(3)

T

where Hi = Li Li is the wave-equation Hessian, and Rii = 2i Ri Ri and Λij = ζi Λi ζj Λj are
T
the spatial and temporal constraints. Note that L , the migration operator, is the adjoint
of the modeling operator L. The inverted time-lapse image ∆m̂ is then the difference
between the inverted baseline and monitor images (m̂0 and m̂1 ). Alternatively, we can
re-write equation 3 to invert directly for the time-lapse image and a static baseline image
(Appendix A). Furthermore, equation 3 can be extended to multiple seismic data sets (Ayeni
and Biondi, 2010).
As shown in Appendix A, if there are physical movements of reflectors and velocity
changes (e.g., due to reservoir depletion and compaction) between surveys, the baseline
and monitor images will not be aligned. Such misalignments must be accounted for before
or during inversion. As is the case in many practical time-lapse monitoring problems,
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we assume that the monitor data are migrated with the baseline velocity. The updated
inversion problem is then given by (Appendix A)
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(4)

where m̃b1 and m̂b1 are respectively the migrated and inverted monitor images repositioned
(warped) to the baseline image. The superscript b on the operators denotes that they are
referenced to the baseline image. For example, Hb1 is the Hessian matrix with the monitor
geometry but with the baseline velocity. Note that whereas the conventional time-lapse
image ∆m̃b estimated at the baseline position is given by
∆m̃b = m̃b1 − m̃0 ,

(5)

the inverted time-lapse image ∆m̂b is given by
∆m̂b = m̂b1 − m̂0 .

(6)

The wave-equation Hessian at image point x is defined as (Plessix and Mulder, 2004;
Valenciano et al., 2006)
 X 4X
H x, x0 =
ω
|fs (ω)|2 G(xs , x, ω)Ḡ(xs , x0 , ω)
ω

xs

X

G(x, xr , ω)Ḡ(x0 , xr , ω),

(7)

xr

where x0 denotes all image points, Ḡ is the complex conjugate of Green’s function G at
frequency ω, fs is the source function, and xs and xr are the source and receiver positions,
respectively. For any practical application, it is infeasible (and unnecessary) to compute
the full Hessian matrix. Because the problem is posed in the image space, we only need
to compute the Hessian for a target region of interest around the reservoir. In addition,
we only compute off-diagonal elements sufficient to capture the dominant structure of the
Hessian. This target-oriented approximation of the Hessian is given by (Valenciano et al.,
2006)
X X
H (xT , xT+ax ) =
ω4
|f (s)|2 G(xs , xT , ω)Ḡ(xs , xT+ax , ω)
ω

xs

X

G(xT , xr , ω)Ḡ(xT+ax , xr , ω),

(8)

xr

where xT is an image point within the target area, and xT+ax represents points within a
small region around xT . For any image point, elements of H (xT , xT+ax ) represents a row
of a sparse Hessian matrix H whose non-zero components are defined by ax . Therefore, ax
defines the how many off-diagonal elements of the Hessian are computed — which represents
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the size of the point spread function (PSF) around each image point. Note that because of
symmetry, only one half of the approximate Hessian is required. The target-oriented Hessian
and computational savings are discussed in further detail by Valenciano et al. (2006) and
Tang (2008).
In this paper, the spatial regularization operators are non-stationary dip filters. First,
we estimate the local dips on the migrated baseline image using a plane-wave destruction
method (Fomel, 2002). Then we construct the operator based on factorization of directional
Laplacian representations of the local dip filters (Hale, 2007). The temporal constraint is
implemented as a difference between the aligned images. To attenuate multiples and other
unwanted artifacts in the data, we perform a high-resolution Radon demultiple on the data.
In order to align the baseline and monitor images prior to inversion, we perform pre-stack
warping using a cyclic local cross-correlation method (Ayeni, 2010).
In the next section, we apply the proposed method to a field time-lapse data set. We
show applications to complete and incomplete monitor data sets.

EXAMPLE
We apply the proposed method to a North Sea time-lapse data set with two years of production between the baseline and the monitor. The shots and receivers are spaced at 25
m, and the maximum offset is 3200 m. First, we show how wave-equation inversion can
improve time-lapse amplitude information on complete data sets. In this example, the baseline and monitor data sets have similar geometries. Secondly, we simulate an obstruction
in the monitor data with a gap 400 m wide. In this example, except at the obstruction
where no sources or receivers are present in the monitor, the baseline and monitor data sets
have similar geometries. Figure 1 shows the full migrated baseline stacked section. After
preliminary processing of the data, we identified the reservoir location around which the
target area for inversion is defined. Henceforth, we show the results only for the target area.
All inversion results are obtained using the RJMI formulation.

Figure 1: Raw baseline stacked image. [CR] gayeni1/. raw-2759-full-g-06
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Example 1: Complete baseline and monitor data
Figure 2 shows the migrated pre-stack image obtained from the raw baseline data set. Note
in Figure 2 that multiples show significant curvature relative to the correctly-migrated flat
primaries. The same image after multiple attenuation is shown in Figure 3. In order
to remove small velocities errors, we applied a residual moveout correction to the image
gathers. The pre-processed pre-stack monitor image is shown in Figure 4. To obtain this
image, in addition to the pre-processing applied to the baseline, we also applied a bulk
amplitude correction to the monitor data. We estimate the amplitude correction as the
ratio between the root-mean-square energy in the baseline versus the monitor. In addition,
we perform pre-stack warping of the monitor to the baseline image. Apparent vertical
displacements between the baseline and monitor are shown in Figure 5. Figure 6 shows
the Hessian diagonal for the target area. Local dip estimates obtained from the stacked
baseline image (not shown) are shown in Figure 7. Figure 8 shows the time-lapse images
after different processing steps. Note the incremental improvements in the time-lapse image
quality after processing and after inversion.

Figure 2: Raw pre-stack baseline image for the target area. Note the presence of several
multiples and other undesired artifacts. [CR] gayeni1/. raw-2759-06

Figure 3: Preprocessed pre-stack baseline image of the target area. Note that the artifacts
in the raw image (Figure 2) have been attenuated. [CR] gayeni1/. flat-2759-06-s
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Figure 4: Preprocessed pre-stack monitor image of the target area obtained using the same
parameters as in the baseline (Figure 3). Note that this image has been warped (using
apparent displacements in Figures 5) to the baseline image. [CR] gayeni1/. warp-2759-08

Figure 5: Apparent vertical displacements between the baseline and monitor images (Figures 3 and 4). Red, blue and green denote positive, negative and zero displacements respectively. Note that the maximum apparent displacements correspond to the reservoir location
between position 2000 m to 3000 m. Also, note that the apparent displacement varies with
opening angle. [CR] gayeni1/. warp-2759-08-rflat-ts

Figure 6: Illumination (Hessian diagonal) for the target area. Red indicates high illumination whereas blue indicates low illumination. [CR] gayeni1/. hs-2759-06
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Figure 7: Dip estimates obtained from the stacked baseline image. Red indicates positive
dips whereas blue indicates negative dips. These dip estimates are used to construct the
spatial regularization operator. [CR] gayeni1/. dm-dip-2759

Example 2: Complete baseline and Incomplete monitor data
Figure 9 shows that gapped monitor data. Here, we simulate an obstruction in the geometry
such that neither sources nor receivers are present between 2500 and 2900 m. This gap in
the the data coincides with the reservoir location. We image gapped monitor data using the
same parameters and in the previous example. However, in order to warp this incomplete
monitor to the complete baseline, we first perform Radon interpolation to fill in the monitor
gap. The interpolated monitor data are then imaged and processed using the same parameters as in the complete monitor case. The resulting pre-stack image is then used to estimate
the apparent displacement vectors (Figure 10) used to warp the incomplete monitor image
to the baseline. The ratio of the Hessian diagonal (illumination ratio) between the baseline
and monitor is shown Figure 11. Note that the region with low illumination ratios correspond to the location of the simulated obstruction. Figures 12 and 13 show the spatial and
wavenumber domain point-spread-functions (PSFs) at point x = 2600 m and z = 2600 m,
respectively. Note that there is significant differences in the PSFs away from the diagonal
(center of the spatial PSF) and at various wavenumbers. Figure 14 shows the time-lapse images after different processing steps. Note the incremental improvements in the time-lapse
image quality after processing and after inversion. Furthermore, note that compared to the
complete data example (Figure 8(b)), the time-lapse image from conventional processing
(Figure 14(b)) is of poorer quality.

DISCUSSION
Data preprocessing sufficiently attenuates multiples and other artifacts in the data (Figures 2 and 3). This is required to ensure that the data satisfy sufficiently the primaries-only
assumption in our inversion formulation. By warping the images before stacking, we ensure
that defocusing effects due to velocity and compaction effects are minimized. Because the
overburden geology along the studied section is fairly simple, the monitor image (Figure 4)
is sufficiently aligned to the baseline using only vertical components of the prestack apparent
displacement vectors (Figure 5). In practice, even with good repeatability between surveys,
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(a)

(b)

(c)

Figure 8: Time-lapse images (a) from the raw data, (b) after time-lapse processing and (c)
after wave-equation inversion. Note the incremental improvements in the time-lapse image
from (a) to (c). [CR] gayeni1/. raw-2759-4d,rwarp-2759-4d,inv-2759-4d
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Figure 9: Gapped monitor data. Note that we have sources and receivers are missing around
within the simulated obstruction. [CR] gayeni1/. dmhl-dat-2759-b4-hole

Figure 10: Apparent vertical displacements between images from the baseline and interpolated monitor data sets. Comparing this to Figure 5, note that estimates of
the apparent displacements are similar to those from the complete data case. [CR]
gayeni1/. dmhl-warp-2759-08-rflat-ts
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Figure 11: Illumination ratio between the baseline and monitor. Red indicates regions with
equal illumination (i.e., ratio equals unity) whereas blue indicates unequal illumination (i.e.,
ratio less than unity). [CR] gayeni1/. hs-2759-rat

(a)

(b)

(c)

Figure 12: Point-spread-functions at point x = 2600 m and z = 2600 m for the (a) baseline and (b) monitor. Note in the difference PSF (c), that there is significant energy
away from the center of the PSF (i.e. in the off-diagonal parts of the Hessian). [CR]
gayeni1/. hs-2759-offd-06,hs-2759-offd-08,hs-2759-offd-diff

(a)

(b)

(c)

Figure 13: Wavenumber domain point-spread-functions at point x = 2600 m and
z = 2600 m for the (a) baseline and (b) monitor. Note in the difference PSF
(c), that there is significant illumination differences at various wavenumbers. [CR]
gayeni1/. hs-2759-fft-06,hs-2759-fft-08,hs-2759-fft-diff
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(a)

(b)

(c)

Figure 14: Time-lapse images (a) from the raw data, (b) after time-lapse processing and
(c) after wave-equation inversion. Also, because of artifacts introduced by the incomplete
monitor data, conventional methods fail to provide results of comparable quality to the
complete data example (Figure 8(b)). Note that inversion provides satisfactory results.
[CR] gayeni1/. dmhl-raw-2759-4d,dmhl-rwarp-2759-4d,dmhl-inv-2759-4d
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it is difficult to interpret an unprocessed time-lapse image (Figure 8(a)). However, after
careful processing, it is possible to make meaningful interpretation of amplitude information
in the time-lapse image (Figure8(b)). Although in many cases, results from a conventional
processing workflow may suffice, the quality of the time-lapse image can be improved by
wave-equation inversion (Figure 8(c)). In the second example, because the monitor data
is incomplete, the effective geometries differ for the two surveys, thereby leading to illumination mismatch (i.e., illumination ratios not equal to unity) in parts of the target area
(Figure 11). However, the Hessian diagonal gives only a partial measure of the illumination
mismatch between time-lapse surveys (Figure 11). Large geometry differences (e.g., an obstruction in the monitor acquisition) can cause large differences in the off-diagonal terms
of the Hessian (Figure 12). Such geometry differences lead to differences in wavenumber
illumination between surveys (Figure 13). Therefore, a point-by-point amplitude compensation using only the Hessian diagonal is inadequate. Where there is significant geometry
difference between surveys, conventional time-lapse processing is insufficient (Figure 14(b)).
In this case, wave-equation inversion provides a significant improvement to the time-lapse
image (Figure 14(c)). Although the amplitude information derivable from the interpolated
monitor data (not shown) are of poor quality the kinematics are similar to those of the complete baseline image. Therefore these provide adequate estimates of the warping parameters
(Figure 10) comparable to those from the complete data case (Figure 5).

CONCLUSIONS
We have proposed a wave-equation inversion scheme for time-lapse seismic data sets. Applying the proposed method to a North sea field data set shows that it can improve productionrelated time-lapse seismic responses. This method can improve time-lapse amplitude information and can be used to attenuate artifacts caused by geometry/illumination differences
between surveys.
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APPENDIX A
Assuming we have two data sets (baseline d0 and monitor d1 ) acquired at different times,
the following sections shows derivations of the the joint inversion formulations for image
differences and for multiple images.

Joint Inversion for Image Differences (JID)
We can formulate baseline and monitor data modeling as follows:


 

L0 0
m0
d0
=
,
L1 L1
∆m
d1

(A-1)
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which can be divided into the following two parts:
L0 m0 = d0 ,

(A-2)

L1 m0 + L1 ∆m = d1 ,

(A-3)

where the time-lapse reflectivity image ∆m is given by
∆m = m1 − m0 .

(A-4)

Note that Equation A-1 assumes that both m0 and m1 are collocated. This means that
there is no physical movement of the reflector between the baseline and the monitor images.
In addition, equation A-1 assumes that there are no overburden velocity changes. If stress
changes cause any physical movement of a point from baseline position (x0 , y0 , z0 ) in m0 to
monitor position (x1 , y1 , z1 ) in m1 , we can update equation A-3 such that the point in m0
is repositioned at (x1 , y1 , z1 ). The updated modeling equation for the monitor data then
becomes
m−
m−
m−
L1 S m0 + (L1 m1 − L1 S m0 ) = L1 S m0 + L1 ∆mm = d1 ,
(A-5)
where Sm− is an orthogonal warping operator that aligns m0 to m1 , and
m−

∆mm = m1 − S

m0

(A-6)

is the time-lapse image estimated at the monitor position (x1 , y1 , z1 ). And the combined
modeling equation becomes


 

L0
0
m0
d0
.
(A-7)
≈
m−
∆mm
d1
L1 S
L1
However, note that equation A-7 requires that we know the true reflector position in the
monitor which we may obtain from a geomechanical model. Furthermore, any regularization
on the time-lapse image must be applied at the monitor position, or by first repositioning
the time-lapse image to the baseline position as follows:
m+

∆m = ∆mb = S

∆mm ,

(A-8)
m+

m−

where ∆mb is the time-lapse image at the baseline position and S
= (S )−1 is an
operator that repositions events from the monitor position to the baseline position.
Assuming we migrate the monitor data with the true monitor velocity, we arrive at the
image-space inversion problem by minimizing the quadratic-norm


 

L0
0
m0
d0
−
≈0
(A-9)
m−
∆mm
d1
L1 S
L1
for which the solutions m̂0 and ∆m̂m satisfy the solution
"
#
  T
m+
m−
m+
LT0 L0 + S LT1 L1 S
S LT1 L1
m̂0
L0
≈
m−
m
T
T
∆
m̂
0
L1 L1 S
L1 L1

m+

S

LT1



LT1

d0
d1


, (A-10)

or simply
"

m+

m−

H0 + S H1 S
m−
H1 S

m+

S

H1

H1

#

m̂0
∆m̂m




≈

m+

m̃0 + S m̃1
m̃1


.

(A-11)
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Note that the time-lapse image we obtain is ∆m̂m at the monitor position and not ∆m̂ =
∆m̂b at the baseline position. Although what is most interesting is ∆m̂m , as shown later
in this section, we may choose to re-write the formulation as a function of ∆m̂b .
Assuming we migrate the monitor data with the wrong (e.g. baseline) velocity, then
equation A-10 becomes
"
#
  T


α+
m−
m+
α+
m̂0
S ĽT1 L1
d0
LT0 L0 + S ĽT1 L1 S
L0 S ĽT1
≈
, (A-12)
m−
∆m̂m
d1
0
ĽT1
ĽT1 L1 S
ĽT1 L1
where ĽT1 , the migration operator with the monitor geometry but with baseline velocity
α+
migrates the monitor data to apparent position (x01 , y10 , z10 ), and S repositions the migrated
data from (x01 , y10 , z10 ) to (x0 , y0 , z0 ). However, because the operator L1 is a function of the
true monitor velocity, if the true monitor velocity is known, we should solve equation A11 instead of equation A-12. Note that in the case where the monitor migration velocity
is the correct one, equation A-12 becomes equation A-11. If we have neither the true
monitor velocity nor a geomechanical model, we may modify the Hessian in equation A-12
using the apparent displacements between (x01 , y10 , z10 ) and (x0 , y0 , z0 ) so we can approximate
equation A-12 as
#
"
  T


α+
α−
α+
α+
S ĽT1 Ľ1
m̂0
d0
LT0 L0 + S ĽT1 Ľ1 S
L0 S ĽT1
≈
, (A-13)
α−
∆m̂a
d1
0
ĽT1
ĽT1 Ľ1 S
ĽT1 Ľ1
Then equation A-11 becomes
"
α+
α−
H0 + S Ȟ1 S
α−
Ȟ1 S

α+

S

Ȟ1
Ȟ1

#

m̂0
∆m̂a




≈

α+

m̃0 + S m̃1
m̃a1


,

(A-14)

where Ȟ1 is the modified Hessian in which we account for the mis-positioning due to compaction and velocity change. To account for such mis-positioning, we compute the updated
Hessian using perturbed Green’s functions:
X X
Ȟ (yT , yT+ax ) =
ω4
|f (s)|2 Gα (ys , yT , ω)Ḡα (ys , yT+ay , ω)
ω

ys

X

Gα (yT , yr , ω)Ḡα (yT+ay , yr , ω),

(A-15)

yr

where y denotes an apparent point in the monitor image that corresponds to baseline point
x. The modified Green’s function Gα is given by
Gα = G(x) exp−iω∆tα ≈ G(x) exp−iω

|xα |
vo

,

(A-16)

where ∆tα is the time-delay corresponding to the absolute apparent displacement |xα | and
vo is the baseline velocity.
Instead of inverting for the time-lapse image at the monitor position, another approach
is to directly invert for ∆m̂b = ∆m̂ at the baseline position by making the substitution
m−

∆mm = S

∆m

(A-17)
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L0
m−
L1 S

0
m−
L1 S



m0
∆m
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≈

d0
d1


(A-18)

which leads to the image-space problem
# 
"
#
 "

m+
m+
m−
m+
m−
m̃0 + S m̃1
m̂0
m̃0 + m̃b1
H0 + S H1 S
S H1 S
.
≈
=
m+
m+
m−
m+
m−
∆m̂
m̃b1
S m̃1
S H1 S
S H1 S
(A-19)
where m̃b1 , the migrated monitor image repositioned to the baseline position (x0 , y0 , z0 ), is
defined as
m+
m̃b1 = S m̃1 .
(A-20)
If we migrate the monitor data with the baseline velocity, equation A-19 becomes
"
#
# 
 "

α+
α+
α−
α+
α−
m̂0
m̃0 + S m̃a1
S Ȟ1 S
m̃0 + m̃b1
H0 + S Ȟ1 S
≈
,
=
α+
α+
α−
α+
α−
∆m̂
m̃b1
S m̃a1
S Ȟ1 S
S Ȟ1 S
(A-21)
where,
α+
m+
S m̃a1 ≈ m̃b1 = S m̃1 .
(A-22)
However, provided the velocity change is isotropic, compaction effects are small, differences in kinematics are small, and the velocity change is small, we can make the following
approximation:
m−
m−
L1 S mb1 ≈ U Lb1 mb1 = d1 ,
(A-23)
where the operator L1 is a function of both the monitor velocity and geometry, whereas Lb1 is
m−
a function of the baseline velocity but the monitor geometry. U is an orthogonal operator
that translates a data due to a reflectivity spike at baseline position (x0 , y0 , z0 ) and baseline
background velocity v0 , to data due to a spike at (x1 , y1 , z1 ) and monitor background velocity
v1 . Note that in equation A-23, we have made the following approximation
h

i−1
m−
m−
b T b
b T
U ≈ L1 S
(L1 ) L1
(L1 ) .
(A-24)
Provided equation A-23 holds, we can write
m−

(Lb1 )T (U

m−

)T U

m−

Lb1 mb1 ≈ (Lb1 )T (U

)T d1 ,

(A-25)

where,
m−

(U

m−

)T U

m−

m−

m+

m−

= (U )−1 U = U U
m−
m+
(Lb1 )T (U )T = S LT1 .

= I,

(A-26)

Therefore, we can write
m+

(Lb1 )T Lb1 mb1 ≈ S

m−

LT1 L1 S

m+

mb1 ≈ S

LT1 d1 ≈ m̃b1 ,

(A-27)

where, (Lb1 )T Lb1 = Hb1 is the Hessian computed using the baseline velocity but with the
monitor geometry. Making these substitutions into equation A-19, we have


 

H0 + Hb1 Hb1
m̂0
m̃0 + m̃b1
.
(A-28)
≈
∆m̂
Hb1
Hb1
m̃b1
An important advantage of the formulation in equation A-28 is that it allows us to readily
regularize the time-lapse image. However, it may be desirable to invert directly for the
individual seismic images, as shown in the following sections.
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Joint Inversion of Multiple Images (JMI)
We can pose the problem as an inversion for the individual (baseline and monitor) images.
Then, the modeling equation becomes
 



L0 0
m0
d0
=
.
(A-29)
m1
d1
0 L1
Using the same assumptions and procedure as in the previous section, we arrive at the
following formulation:



 
H0 0
m̂0
m̃0
≈
,
(A-30)
m̃1
0 H1
m̂1
where the baseline and monitor velocities are known. Where the monitor has been aligned
with baseline, we have


 

H0 0
m̂0
m̃0
≈
,
(A-31)
0 Hb1
m̂b1
m̃b1
which holds approximately whether or not we migrate the monitor data with the baseline
or monitor velocity.

Regularized Joint inversion of Multiple Images (RJMI)
Because in the JMI formulation, the models are completely decoupled, they can be regularized by minimizing the norm



0 R0
0
m̂0
≈0 ,
(A-32)
0
1 R1
m̂1
where Ri is the spatial regularization operator and i the spatial regularization parameter
for survey i. To add any temporal regularization, we need to warp the inverted monitor
images to the baseline and then apply temporal constraints or we can regularize the timelapse image directly by minimizing the norm:



 m̂0
−ζ0 Λ0 ζ1 Λ1
≈0 ,
(A-33)
m̂1
where Λi is the temporal regularization operator and ζi is the regularization parameter.
Therefore the full regularized inversion requires a minimization of the norm:




L0
0
d0


  d1 
0
L1 


 m̂0

 0 R0

0 
0 
(A-34)
−

 ≈0 ,

m̂1

 0 
0
1 R1 
−ζ0 Λ0 ζ1 Λ1
which leads to the image-space problem

H0
0
 0
H
1

 R00
0

 0
R11

 Λ00 −Λ01
−Λ10 Λ11

0








 
 m̂0



 m̂1 ≈ 





m̃0
m̃1
0
0
0
0





,




(A-35)
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T

T

where Rii = 2i Ri Ri and Λij = ζi Λi ζj Λj are the spatial and temporal constraints, respectively.
If the monitor has been aligned to the baseline, then we can impose the spatial regularization by minimizing



0 R0
0
m̂0
≈0 ,
(A-36)
0
1 Rb1
m̂b1
and the temporal regularization by minimizing


−ζ0 Λ0 ζ1 Λb1





m̂0
m̂b1


≈0 ,

(A-37)

where Rb1 and Λb1 are defined with respect to the baseline-aligned monitor image. If the
time-lapse image at the baseline position, the regularized image-space inversion problem is
given by




H0
0
m̃0
 0
 b 
Hb1 


  m̃1 
 R00


0 

 m̂0 ≈  0  ,
(A-38)
b
b
 0



R11  m̂1

 0 
 Λ00 −Λb 
 0 
−Λb10

01

Λb11

0

where the superscript (b ) denotes that the operators and images are referenced to the
baseline position. Note that in the simplest case, where the temporal regularization is a
difference operator equation A-33 becomes
h
i  m̂ 
m+
0
≈0 ,
(A-39)
ζ −I S
m̂1
and for the baseline-aligned images, the temporal constraint in equation A-37 becomes



 m̂0
ζ −I I
≈0 .
(A-40)
m̂b1
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Least-squares reverse time migration for the Cascadia
ocean-bottom dataset
Mandy Wong, Shuki Ronen, and Biondo Biondi

ABSTRACT
We present a method based on least-squares reverse time migration (LSRTM) for imaging ocean-bottom data. We show that by using LSRTM, we not only enhance the resolution of the image but also suppress the migration artifacts. Furthermore, LSRTM
also raise the relative amplitude of true reflectors in the subsurface. This method can
also be extended to imaging with higher-order multiples. In certain geometries, LSRTM
with multiples can further improve the image with a larger aperture. We demonstrate
the concept and methodology in 2D and apply our proposed scheme to an ocean-bottom
field survey located in the northern Cascadia continental margin.

INTRODUCTION
Ocean-bottom seismic (OBS) acquisition is an established technology in which seismometers
are placed on the sea bottom and shots are fired at the sea surface. In areas congested by
platforms or other obstacles, ocean-bottom seismic is advantageous, because it is operated
by small boats without cumbersome towed streamers.
There are several different processing schemes for ocean-bottom data. The traditional
method, inherited from surface seismic processing, is to remove all free-surface multiples
and to migrate only with the primary signal (Wang et al., 2009). Therefore, initial work on
OBS data processing has been dedicated to the removal of free-surface multiples.
While multiples are often treated as noise, they are formed by the same source signal as
primaries, but travel along different paths in the medium. The receiver ghost, also known
as the mirror signal, is the next order of reflection beyond the primaries, with an additional
reflection off the sea surface. For a deep water OBS survey, the subsurface reflection point
of the receiver ghost is located at a greater distance from the receiver station than the
primary (Figure 1). Therefore, the mirror signal can provide wider subsurface illumination
than the primaries. Several authors have used the mirror signal in migrating OBS data
(Godfrey et al., 1998; Ronen et al., 2005; Grion et al., 2007; Dash et al., 2009).
While mirror imaging can greatly expand the illumination aperture of an OBS survey,
a similar concept can be applied to image with even higher-order surface-related multiples.
Figure 1 shows that the subsurface reflection point of the next order of surface-related multiples, denoted as the double-mirror signal, is at an even greater distance from the receiver
station than the mirror signal. This translates to an even wider subsurface illumination for
the entire survey.
In OBS acquisition, Muijs et al. (2007) made an early attempt to image primary and
free-surface multiples together. This requires the data to be decomposed into up-going
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Figure 1: The subsurface reflection point of the double-mirror signal (in green double-line),
the mirror signal (in black dashed-line), and the primary signal (in red solid-line). Note the
double mirror image point is located at a greater distance from the receiver station than
the mirror signal and the primary. [NR] mandy1/. illum2

and down-going constituents, followed by downward extrapolation and a 2D deconvolutionbased imaging condition. While this technique is computationally efficient, its image contains crosstalk artifacts caused by interference from up-going and down-going waves not
associated with the same subsurface reflector. In contrast to existing methods, we use
least-squares reverse time migration to optimally combine structural information provided
by each order of multiple reflection into images that are free from crosstalk.
It is the objective of the data processor to put everything together and not overload
the interpreter with alternative images. In our earlier work (Wong et al., 2010), we have
shown how the information in the primary and mirror signal can be combined to give one
coherent image. In this paper, we focus on the improvement from performing LSRTM with
the mirror signal and the subsequent higher-order multiples. Ultimately, we wish to perform
joint inversion of the primaries and all the down-going surface related multiples. The rest
of this paper is organized as follows. We first discuss the theory of linear least-squares
inversion, we then apply the inversion scheme to a field survey located on the northern
Cascadia continental margin.

THEORY
In general, pre-stack imaging of OBS acquisition is done in the common-receiver domain.
For processing, the idea of reciprocity is applied, in which these common-receiver gather
(CRG) are injected at the source location while the source wavelet is injected at the receiver
location. We will first discuss how the migration operators are constructed. Afterwards, we
will discuss how the least-squares migration problem is defined.
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Figure 2: (a) The raypath of a mirror signal. (b) The raypath of the same signal in mirror
imaging. The apparent position of the receiver is now at twice the ocean depth above the
seabed. This assumes the sea surface is a perfect reflector. [NR] mandy1/. Figure2

Conventional mirror imaging
The essence of conventional mirror imaging is to account for the kinematics of the mirror
signal (Figure 2 (a)) by placing the receiver position at twice the ocean depth above the
seabed. If the sea surface is a perfect reflector with a reflectivity of -1, then the simulated
mirror migration path (Figure 2 (b)) will be equivalent to the mirror signal.
One advantage with mirror imaging is that the mirror’s illumination aperture is much
wider than that of the primary signal. Another advantage is that mirror imaging can be
easily adapted to existing migration algorithms by changing the receiver position.

Higher order mirror imaging
To image with higher-order multiples, we need to construct a migration operator that can
account for the kinematics of the appropriate wave paths. To simulate the final down-going
leg of the wave path, an areal shot is pre-calculated by first injecting the source wavelet at
the receiver location, letting the wavefield propagate, and then capturing the signal at the
sea surface (Figure 3). To generate the incident wavefield, the saved areal shot is re-injected
at the sea-surface with a -1 factor. The re-injected signal is then allowed to travel back
and forth in the water column using a reflecting top boundary and a well-defined velocity
contrast at the sea-bottom. This algorithm can correctly simulate the wave paths traversed
by the mirror signal, the double-mirror signal and even higher-order multiples.
Note that this technique does not migrate all orders of multiples. It only migrates
surface-related multiples with a single reflection in the reflectivity model or with reflections
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Figure 3: Illustration for the migration of the double-mirror signal. For the incident wavefield, an areal shot is pre-calculated to simulate the final down-going leg of the wave path.
To generate the incident wavefield, the saved areal shot is re-injected at the sea-surface
with a -1 factor. The re-injected signal is then allowed to travel back and forth in the
water column using a reflecting top boundary and a well-defined velocity contrast at the
sea-bottom. [NR] mandy1/. Figure3

in the acoustic modeling based on a sharp boundary in the velocity model.
Least-squares reverse time migration (LSRTM)
In OBS acquisition, pre-stack images are created from data in the common-receiver domain. This intrinsically requires that each trace in the CRG is de-signatured. In RTM, the
migration image is a linear operator applied to the recorded data:
X
mmig (x) =
ω 2 fs∗ (ω)G∗ (xr , x, ω)G∗ (x, xs , ω)d(xr , xs , ω)
(1)
xr ,xs ,ω

where ω is frequency, m(x) represents the reflectivity at image point x, fs (ω) is the source
waveform, and G(xs , x, ω) is the Green’s function that is the solution to the two-way acoustic
constant-density equation. In practice, the Green’s function is calculated using a finitedifference time-domain technique, and the multiplication in the frequency domain is replaced
by a zero-lag cross-correlation in the time domain.
The difference between mirror imaging and higher-order mirror imaging lies within the
incident wavefield, Us (xr , x, ω) = ω 2 fs (ω)G(xr , x, ω), which is calculated differently to the
method described in the previous two sub-sections.
To obtain a better reflectivity image, we go beyond migration by formulating the imaging problem as a least-squares inversion problem. The solution minv (x) is obtained by
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minimizing the objective function S(m), which is defined as the least-squares difference
between the forward modeled data dmod and the recorded data dr .
S(m) =k dmod − d k2 =k Lm − d k2

(2)

In least-squares reverse time migration (LSRTM), the forward modeled data is defined to
be the Born approximation of the linearized acoustic wave equation:
X
dmod (xr , xs , ω) =
Us (xr , x, ω)G(x, xr , ω)m(x)
(3)
x

It is important to point out that the forward modeling operator L is the adjoint of
the reverse-time migration operator LT . Even for the case of modeling certain classes of
surface-related multiples, the operator is still linear with respect to m(x). This is because
L simulates only events that would interact with the model space once.

FIELD EXAMPLE
Next we present results of LSRTM on an OBS survey located at the northern Cascadia
continental margin offshore of western Canada. The area is known to contain gas hydrates,
which have a characteristic structure known as the bottom-simulating reflector (BSR), that
marks the base of the hydrate stability zone. OBS data were collected along five parallel
lines normal to the margin (Figure 4). Line spacing was 500 m with ten ocean-bottom
seismometers deployed with 100 m spacing at a water depth of about 1300 m.

Pre-processing
In our 2D study, we extract a 2D shot line from directly above the OBS line. Following
the processing step in Dash et al. (2009), we apply a gapped deconvolution with a 12-ms
gap length and 300-ms filter length to suppress the source bubble. Out of the ten OBS
receivers, only six were used for final imaging. These receivers were selected according to
their data quality. Three receivers were rejected due to large tilt angles, and one receiver
was rejected because it was saturated with noisy traces.
Since we only use the down-going wavefield, only acoustic separation above the seafloor
is needed. We used the adaptive decomposition method of Schalkwijk et al. (1999).
These data are bandpassed between 5 and 45 Hz to avoid dispersion in the time-domain
finite-difference calculation. These data before and after pre-processing are shown in Figure 5.
Figure 6 (a) shows the migration velocity used for our RTM and LSRTM. The velocity
ranges from 1480m/s in the water column to 1820m/s in the sediment layer. The BSR lies
at an approximate depth of 1500-m with a velocity inversion.

Migration and Inversion result
Figure 6 (b) shows the mirror-imaging RTM result. Overall, we can identify some migration
artifacts associated with RTM, such as the high-amplitude low-frequency artifacts. The
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Figure 4: The geometry of the Northern Cascadia dataset. Ten ocean-bottom seismometers
were deployed with 100 m spacing at a water depth of 1300 m. The shot line spacing was
500 m. [NR] mandy1/. geo

resolution is low, and the structural information below the BSR is generally difficult to
identify.
Seismic inversion is an ill-posed problem. To prevent divergence to unrealistic solutions,
we add an additional term to our objective function S(m). In Nemeth et al. (1999); Ronen
and Liner (2000), data weighting operators are used to remove the acquisition footprint by
having zero weighting on regions corresponding to the acquisition gap. The overall fitting
goal becomes
S(m) =k W (Lm − d) k2 +2 k m k2 ,
(4)
where W is a diagonal data-weighting matrix, and  tunes the level of damping in our
objective function. The criterion for choosing  is:
0.2 =

k m k2
.
k W(LT (dmod − d)) k2

(5)

In the first iteration,  is defined by limiting the gradient contribution from the damping
term to be 20% of the gradient contribution from the data fitting term. From experiments
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Figure 5: (a) A hydrophone common receiver gather (CRG) before pre-processing and (b)
down-going data after pre-processing. [CR] mandy1/. dataCom

with both synthetic and field dataset, we found that this limit yields satifactory results.
For this dataset, the damping term alone seems to adequately regularize the inversion and
yield a satisfactory result. For more complex survey regions, other regularization terms are
needed to further constrain the inversion.
We apply LSRTM in two cases: (1) using the mirror-imaging operator (LSRTM-M)
and (2) using the higher-order mirror-imaging operator (LSRTM-HM). The results after 10
iterations are shown in Figure 6 (c) and (d) respectively. Overall, the inversion images have
higher resolution and fewer artifacts than the RTM image. However, there is not much
difference between the two inversion results. One reason is that this dataset records only a
small portion of the double-mirror signal. We expect the LSRTM-HM to provide substantial
improvement in the case of a shallow-water dataset in which higher-order multiples overlap
with lower order multiples. Comparing between RTM and LSRTM, we have identified two
areas of improvement with some close-up sections in Figure 7:
1. Panels (a) and (b) show the RTM and LSRTM-M images from a section at x=9400
to 11600 m and z=1350 to 1700 m. We can see that the reflectors under the seabed
are better resolved with LSRTM.
2. Panel (c) and (d) shows the RTM and LSRTM-M images from a section at x=7500
to 9500 m and z=1400 to 1750 m. For regions beneath the BSR, the amplitude of the
true reflector has been strengthened, and we can now identify some structures there.
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Convergence
We use the iterative conjugate direction method to minimize our objective function. Figure
8 (a) shows the value of the objective function over 20 iterations. The inversion converges
nicely with the residuals dropping to 50% of the original value. It is important to point out
that the final residual drops is problem dependent. In general, if the raw dataset contains a
low signal-to-noise ratio, then the residual drop will be less. Figure 9 (a) shows a common
receiver gather for this data set. After 20 iterations, the corresponding forward modeled
data 9 (b) is able to capture most of the prominent signal in the data. The difference of
the two yields the data residual shown in Figure 9 (c).
Another way to evaluate convergence is to study the ratio of the model residual over
data residual. The model residual is defined to be applying the migration operator to the
data residual at each iteration. (It is also called the gradient.) In Figure 8 (b), we can see
that the ratio almost drops down to zero over iterations, which also indicates convergence.

DISCUSSION AND FUTURE WORK
Although our modeling operator in LSRTM-HM can generate higher-order surface-related
multiples, we do not see major improvement in the inverted images. One reason is related
to the fact that there is limited signal coming from the double-mirror event in our recorded
data. This dataset only has recording up to five seconds which results in some truncation
in the double-mirror signal. It will be interesting to test on datasets with either a longer
recording time or a shallower sea bottom. Another reason is related to the constant density
assumption in our ascoutic modeling. In Figure 9 (b), we can see that the double-mirror
signal is generated in the modeling. However, its amplitude is significantly weaker than
that in the field dataset (Figure 9 (a)). With a constant density propagation kernel, the
higher-order multiples are generated solely from reflection off sharp contrasts/interfaces in
the migration velocity model. For the Cascadia dataset, it turns out that the seabed’s
reflectivity is attributed significantly to the density contrast, which is not accounted for
in our modeling. As an result, the velocity constrast alone does not account for the full
reflectivity of the sea bottom. We are currently trying to match the correct reflectivity
by implementing our LSRTM using the full ascoutic wave equation. That is, without the
constant density assumption. Nearby well log data will be used to estimate the density
constrast at the sea bottom.
The computational cost of LSRTM is higher than that of RTM, with a factor proportional to the number of iterations. For an OBS survey, such additional computational costs
can still be affordable. This is because the number of pre-stack migrations needed equals
the number of OBS receivers in the survey. The number of migration needed is substantially
smaller than that in a towed-streamer survey. Recently, Dai et al. (2010) suggested using
phase encoding in LSRTM, which can reduce the computation substantially but introduces
crosstalk into the image.

CONCLUSION
Although only 2D modeling and migration are used, we see improvements in the LSRTM
image over conventional methods. Such improvements include suppression of migration
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artifacts, enhancement of amplitudes along true reflectors, and better resolution. We expect
the extension to 3D will bring further improvements.
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Figure 6: (a) Migration velocity model, (b) RTM image of the mirror signal, (c) LSRTM of
the mirror signal (LSRTM-M), and (d) LSRTM of mirror and higher-order mirror signals
(LSRTM-HM). [CR] mandy1/. RTMinv
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Figure 7: A section of the image cut from x=9400-11600 m and z=1350-1700 m after
applying (a) RTM and (b) LSRTM-M. Another section of the image cut from x=7500-9500
m and z=1400-1750 m after applying (c) RTM and (d) LSRTM-M. [CR] mandy1/. Zoom

a)

b)

Figure 8: (a) Objective function over 20 iterations and (b) The ratio of model residual over
data residual over 20 iterations (Note in log scale). [NR] mandy1/. ResidualPlot
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Figure 9: (a) A common receiver gather after pre-prosessing for one of the ocean-bottom seismometer, (b) the forward modeled data of the same gather using the LSRTM-M reflectivity
image at the 20th iteration and(c) the data residual of the same gather at the 20th iteration,
which is equivalent to the difference between (a) and (b). [CR] mandy1/. DatspaceResid
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Imaging using compressive sensing
Robert G. Clapp

ABSTRACT
Constructing 3-D angle gathers is quickly becoming the computational bottleneck in
Reverse Time Migration (RTM). Both the expansion in volume size (120-900x) and the
cost of cross-correlating wavefields greatly increase the cost of RTM. Both the storage
and computational cost can be greatly reduced by reformulating the imaging process
as a compressive sensing problem. Preliminary results show that this approach holds
promise but finding an acceptable L-1 inversion approach is still problematic.

INTRODUCTION
Reverse Time Migration is quickly becoming the standard high-end imaging technique. The
last few years has seen numerous papers on how to speed up the finite-difference kernel on
various platforms (Micikevicius, 2009; Nguyen et al., 2010; Nemeth et al., 2008; Clapp et al.,
2010). These techniques was sufficient when RTM was simply used to produce a final image.
When RTM is used to construct angle gathers for velocity or rock property analysis,
the finite difference kernel becomes a secondary concern. The construction of angle gathers,
particularly 3-D angle gathers, through sub-surface offset correlation (Sava and Fomel,
2006) or time-shift gathers (Sava and Fomel, 2003) becomes the dominant cost. Some have
proposed reducing the cost of 3-D angle gathers by constructing angle gathers along only
a few azimuths. While these techniques are significantly less costly than full 3-D angle
gathers, they are still expensive and not ideal. Compressive sensing (Donoho, 2006) offers
a potential solution to this computation and storage problem. In compressive sensing, a
random sub-set of the desired measurements are made. An inversion problem is then set up
to estimate in an `1 , or preferably `0 , sense, a sparse basis function that fully characterizes
the desired signal. For compressive sensing to work, a signal must be highly compressible.
For compressive sensing to be worthwhile, the cost of inverting for the basis function must
be significantly less than the cost of acquiring the full signal.
In this paper, I show how angle gather construction fits the criteria for compressive
sensing. I demonstrate how angle gathers are highly compressible in the multi-dimensional
wavelet domain. Further, I demonstrate how the cost of constructing a sub-set of the
sub-surface offsets and then performing an `1 inversion is significantly less expensive.

COMPRESSIVE SENSING
Compressive sensing is a statistical technique whose start is usually traced back to Donoho
(2006), but whose start could be placed as early as the basic pursuit work of Mallat and
Zhang (1993). A compressive sensing problem at its heart is a special case of a missing data
149

150

Clapp

SEP–143

problem. In geophysics, we often think of a missing data problem as solving for a model m
given some data d which exist in the same vector space. We have a masking operator M
(1 where the data is known, 0 elsewhere). We add in some knowledge of the covariance of
the model through a regularization operator A. We then estimate the best model from the
following system of equations in a `2 sense,
0 ≈ rd = `2 (d − Mm)
0 ≈ rm = `2 (Am),

(1)

where rd and rm are the result of taking the `2 norm of the first and second equations.
The success of this approach relies on the accuracy of A to describe the covariance of the
model.
Compressive sensing approaches the problem from a different perspective. It starts from
the notion that there exists a basis function that d can be transformed into through the
linear operator L0 in which very few non-zero elements are needed to represent the signal.
The compressive sensing approach is then to set up the missing data problem in two phases.
First, estimate the elements of the sparse basis function m through,
0 ≈ r = `1 (d − MLm),

(2)

where we are now estimating m in the `1 sense. We can then apply L to recover the full
model. Compressive sensing makes the claim that if the signal can be represented in this
basis function by n points, if you collect bm randomly sampled points, where b is typically
4-5, significantly less than what the Nyquist-Shannon criteria would suggest.
Figure 1 shows an example of this technique applied to a 2-D missing data problem. In
this case, we are trying to recover the image seen in Figure 1(a). We start from the data
points seen in Figure 1(b), and recover the image seen in Figure 1(c). In this case, the
image was subsampled by a factor of 8 and nearly perfect recovery was achieved.

(a)

(b)

(c)

Figure 1: The original image (a), the image sub-sampled by a factor of 8 (b), and
the reconstructed image (c) using compressive sensing. Baraniuk et al. (2008). [NR]
bob1/. before,random,after

Reconstruction using compressive sensing techniques is expensive. `1 solvers are significantly more expensive than their `2 counterparts, which in themselves can represent a
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significant cost. As a result, only certain classes of problems benefit from compressive sensing techniques. For compressive sensing to be useful, the cost of acquiring the full dataset
must be significant. In addition, the signal must be highly compressible. The following two
sections address both criterion.

IMAGING CONDITIONS COSTS IN RTM
There are many different imaging condition choices in RTM, that can have dramatically
different cost profiles depending on the compute engines’ memory structure and size, along
with implementation method. All RTM imaging conditions start from a source s(x, y, z, t)
and receiver g(x, y, z, t) wavefields. Generally some kind of correlations of these two wavefields is done to produce the RTM image. The data handling problem becomes challenging
because the source wavefield is propagated forward in time while the receiver wavefield is
propagated backward in time. As a result, one of the wavefields is stored to disk, or a
checkpointing or random boundary condition is applied.
Until recently, a zero-time, zero-subsurface offset imaging condition was the most commonly implemented method. This amounts producing an image I(x, y, z) by
I(x, y, z) =

XX
shot

s(x, y, z, t)g(x, y, z, t).

(3)

t

With this imaging condition, we normally store I(x, y, z) at a relatively low cost memory
hierarchy (it exists in RAM on a CPU, in global memory in the GPGPU, or attached
RAM on a FPGA). For simplicity, let’s assume that g(x, y, z, t) is written to disk in a
non-compressed form and then read backwards during the source propagation. Given that
we often need to propagate six to eight time steps between imaging steps due to stability
constraints, to avoid an IO bottleneck we need the cost of reading the receiver wavefield to
be 1/6 the cost of our finite difference stencil. As of this writing, we are nearing a cross-over
point where this will no longer be valid.
The relative cost of implementing the actual imaging condition is a little trickier. For
this exercise, let’s assume that we are implementing acoustic RTM on a GPGPU (the
relatively simple memory model simplifies the calculation). Let’s assume a naive secondorder in time, 14th order in space approach. In this case, at each sample we need to read in
the previous wavefield, the velocity, and store the updated wavefield. In addition, we will
access 43 values in the current wavefield, but because these are stored in shared memory
1
latency. Therefore, the cost of propagating the wavefield
they will have approximately 10
eight times between imaging steps will be nx ∗ ny ∗ nz ∗ 8 ∗ (3 + 43 ∗ .1). The imaging step at
each point will require the reading of the source and receiver wavefield from global memory,
and the reading and writing of the image, a cost of nx ∗ ny ∗ nz ∗ 4, or a magnitude less
than the propagation cost.
Alternate imaging condition choices such as offset-gathers(Sava and Fomel, 2003), timeshift gathers(Sava and Fomel, 2006), and extended image gathers(Sava, 2007), dramatically
alter this balance. For conciseness I will limit this discussion to sub-surface offset gathers,
but similar limitations apply to all of the choices. To construct sub-surface offset gathers
used to form angle gathers, the image, in its most general form, expands by one to three
dimensions. In the extreme case, the image becomes I(x, y, z, hx , hy , hz ), where hx , hy , and
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hz represent lags in x, y, and z. The imaging condition then becomes
I(x, y, z, hx , hy , hz ) =

XX
shot

s(x + hx , y + hy , z + hz )g(x − hx , y − hy , z − hz ).

(4)

t

In this formulation, the cost of propagating the wavefield and reading the receiver wavefield
from disk is the same as the zero-time, zero-offset imaging condition. The IO requirements
and computational cost of the imaging steps changes dramatically. The image is now 20
(in the case where we only evaluate hx ) to several thousand times larger. As a result,
it must now be read and written to disk at every imaging step. If we assume that we
are constructing 400 sub-surface offsets at each point, the computational cost increases
dramatically. We now benefit from transferring the source and receiver wavefields to shared
memory, reducing their cost by possibly up to 80%, but we still end up with a cost of
nx ∗ ny ∗ nz ∗ 800 ∗ (2 ∗ .2 + 2), more than a magnitude more expensive than the propagation.
However, that is not the real problem. We must read and write each image point at each
image step, resulting in an increased IO requirement of 800x. As a result, only approaches
that construct several different azimuths of 1-D angle gathers have been generally shown.
Sub-sampling sub-surface offsets offers benefits in both computation and storage. The
reduction in offset calculation proportionally reduces the storage on large memory machines, potentially eliminating the need to go to disk. Total computation is reduced by
sub-sampling, but given the required random nature of compressive sensing, cache misses
will not be proportionally reduced.

COMPRESSIBILITY
There is significant literature on compressing seismic data. Relatively low compression
ratios are achievable by compressing a trace. Significantly higher compression ratios are
achieved by multi-dimensional approaches. Generally, the best results have used either
multi-dimensional wavelets (Mallat, 1999) or its successor curvelets (Candes and Donoho,
1999). Villasenor et al. (1996) showed that compression ratios of 100:1 were achievable by
compressing a 4-D volume (t, hx , hy , s). Further, Villasenor et al. (1996) states that the
header information was the limiting factor in achieving even higher ratios.
Sub-surface offset gathers potentially represent an even higher, up to six, dimensional
problem. To test compressibility, I used a 4-D volume (x, y, z, hx ) of dimensions (32,32,400,64).
Figure 2 shows one of these sub-surface offset gathers and its neighbors, note the similarly.
Following Villasenor et al. (1996), I chose the 9/7 bi-orthonormal transform(Antonini et al.,
1992) used in JPEG compression. Figure 3 shows the resulting transform space and a histogram of the absolute values. I then used several different thresholds (throwing away 90%,
95%, 98%, and 99% of the data in the wavelet domain). Figure 4 shows the result of transforming this thresholding volume back into the space-domain. The resulting images are
near-perfect at 95% and potentially acceptable at 98%. This translates into an acceptable
compression ratio of approximately 30:1.
We get a more interesting result if we look at the compressibility of angle gathers.
Figure 5 shows the same locations as Figure 2 but in the angle domain. Figure 6 shows
the resulting wavelet domain space and a histogram of its absolute values. Note an even
greater clustering around 0. Figure 7 shows the result of thresholding the wavelet domain
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Figure 2: Five sub-surface offset gathers. B and C are one midpoint in X before and
after A. E is one midpoint in Y before A. Note the spatial similarity, which lends itself to
compression. [ER] bob1/. raw

at 95%, 98%, 99%, 99.5%. Note how we see near perfect reconstruction of the angle gather
up to 99% and potential up to 99.5%. This is a 100:1 to 200:1 compression ratio (which
translates into 20 to 50x reduction in sub-surface offsets).
Framing the compression in terms of angle gathers requires a change in formulation. The
L in equation 2 now becomes chain of two operators. The first translates from sub-surface
offset to angle. The second is multi-dimensional wavelet transform.

DISCUSSION AND CONCLUSIONS
Today, angle gather construction is acomputational bottleneck in terms of computation,
cache misses, and IO. Compressive sensing, which reconstructs a sub-sampled signal by a `1
inversion of the data transformed into a sparse basis function, offers a potential solution. I
showed that the angle gather constructions meets the two criterion for compressive sensing:
the data is highly compressible using multi-dimensional wavelets and reducing the data size
dramatically reduces computational cost. The next step in this work is to apply an `1 solver
to reconstruct a sub-sampled offset gather.
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Figure 3: Panel A shows the wavelet domain representation of the 4-D volume used in this
experiment. Panel B shows a zoom into portion of the wavelet domain. Panel C shows
a histogram of the wavelet domain values. Note how the vast majority of the values are
nearly zero. [ER] bob1/. wavelet1
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Figure 4: The result of zeroing the smallest values of the wavelet domain representation
shown in Figure 3A. All four panels show the same sub-surface offset gather shown in
Figure 2. A shows the result of clipping 90% of the values; B, 95%; C, 98%; and D,99%.
Note how the reconstructed gather is nearly identical up to a 98% clip. [ER] bob1/. offset
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Figure 5: Four angle gathers at the same locations seen in Figure 2. [ER] bob1/. angle
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Figure 6: Panel A shows the wavelet domain representation of the 4-D volume used in this
experiment transformed into the angle domain. Panel B shows a poriton of the wavelet
domain. Panel C shows a histogram of the wavelet domain values. Note how the vast
majority of the values are nearly zero. [ER] bob1/. wavelet2
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Figure 7: The result of zeroing the smallest values of the wavelet domain representation
shown in Figure 3A. All four panels show the same sub-surface offset gather shown in
Figure 5. A shows the result of clipping 95% of the values; B, 98%; C, 99%; and D,99.5%.
Note how the reconstructed gather is nearly identical up to a 99% clip. [ER] bob1/. angle2
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Memory efficient 3D reverse time migration
Chris Leader and Robert Clapp

ABSTRACT
Reverse time migration in three dimensions has two key bottlenecks - wavefield computation and IO limitations due to mass data transfer. Wave propagation and correlation
in three dimensions imposes large computational constraints, both in terms of the
number of floating point operations and the size of objects that need to be allocated.
Furthermore, wavefields must be constantly written and read from disk since memory
cannot possibly hold them all, this causes conventional RTM to become IO bound
quickly. To address the computation requirements GPU propagation kernels are used
to greatly reduce the computation time for source side modeling, achieving speeds in excess of 2.5 gigapoints calculated per second. Additionally, data handling requirements
are vastly reduced by imposing pseudo-random boundaries on the velocity field, allowing time reversable source propagation. Achieving time reversable source propagation
alleviates the requirement of checkpointing or boundary reinjection; this minimal data
transfer results in GPU on-device operations becoming further accelerated.

INTRODUCTION
For advanced, accurate imaging Reverse Time Migration (RTM) is now the standard method.
Despite the computational requirements relative to Kirchhoff or one-way wave-equation migration methods it has many characteristics that are desirable. In complex velocity fields
the assumptions underlying one-way Wave Equation Migration (WEM) are insufficient, as
only upward primary reflections are used, velocity approximations (FFD, PSPI etc) are
made and only approximate phase and amplitude information is retained. Hence events
with multiple reflections, overturning waves and steep dip information are not correctly
positioned. Kirchhoff migration can image these steep dips, however the high frequency assumption results in sections of the data being incorrectly positioned and high angle artifacts
in complex velocity structures. Conversely RTM images can resolve turning waves, horizontal waves and prismatic waves. In addition, no velocity, amplitude or phase approximations
are necessary; though for practical purposes often such approximations are made.
For practical implementations, 3D RTM imposes large data handling problems. Generally, the source is fully propagated and saved in memory; the recorded data is then back
propagated and correlated with the forward modeled shot at each imaging time step. Once
geometries are 3D, it is not possible to hold this source wavefield fully in memory.
In addition to these large memory requirements, computational problems must also
be addressed. As 3D surveys continue to become larger, with longer crossline and inline
offsets and denser source sampling, then to fully benefit from this additional data the source
modeling and receiver back propagation have to be performed over large velocity models.
This problem is further compounded by the fact that finite difference wave propagation
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is less stable in as dimensionality increases, meaning smaller time steps have to be used
(Dablain, 1986). Typical model dimensions can range from 500mb to tens of gigabytes, and
the number of time steps needed to accurately model these data without dispersion is often
around 10000. Using a spatial stencil order of 8 and temporal of 2, then over 1 giga point
(Gpts) of calculations are needed per time step for both the source and the receiver.
In the following sections I will discuss how using GPUs can greatly accelerate finite difference time domain wave propagation, and how random velocity boundaries can improve the
IO performance of RTM. Initially I will give a brief overview of GPUs. A standard measure
for kernel performance is the number of model points calculated per second (Micikevicius,
2009), and this is the metric that will be used subsequently.

GENERAL PURPOSE GRAPHICS PROCESSING UNITS
Using a General Purpose Graphics Processing Unit (GPGPU) one can perform many independent parallel instructions simultaneously - far more than possible using a parallel CPU
based system. These are known as SIMD (Single Instruction Multiple Data) devices, as they
are capable or running one set of instructions many times over parallel threads. With the
release of the programming language CUDA in 2006 Nvidia provided a way of harnessing
the power of graphics processing units with limited knowledge of graphics processing.

Device
Grid 1

Figure 1: A schematic for the architechture of an Nvidia GPU [NR]
chris1/. GPUarch
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The GPU can be thought of as a 2D structure, or grid. This grid is broken into blocks,
each block in term consists of a group of threads, Figure 1. Each of these thread-blocks has
its own shared memory, which can be unique per thread-block, and it’s own set of registers,
which are the same between all thread-blocks. Each thread in this hierarchy can execute
a set of instructions (a kernel) concurrently, allowing for fine grain parallelism. The true
potential of the GPGPU architechture lies in how memory latency can be hidden. The
GPU partitions resources using registers and shared memory, these both have a latency
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of only a few cycles. Mass simultaneous execution effectively hides memory latency and
context switching is (essentially) free. Parallel CPU execution, such as that possible when
using OpenMP, MPI or POSIX, does not partition resources and features a memory latency at least an order of magnitude higher than the GPU equivalent, making this form of
parallelisation vastly less efficient.
A schematic for how thread-block and global memories can interact is shown in Figure 2.
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Shared Memory
Registers

Figure 2: A schematic for the
memory heirarchies within the GPU
[NR] chris1/. GPUmem
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3D WAVE PROPAGATION
The method used for wavefield forward and back propagation was time domain finite differencing of the 3D acoustic wave equation. This method approximates the temporal and
spatial derivatives as a sum of Taylor series’ about a symmetric sequence of points, such
that this sum closely approximates the Taylor series of the desired derivative.

∂ 2 u(x, y, z)
= c(x, y, z)2 ∇2 u(x, y, z)
∂t2

(1)

The velocity model (Figure 3) used to test these propagation and imaging routines
features velocities ranging between 1490 m/s to 4480 m/s; using a Ricker wavelet of central
frequency 25 Hz then time steps of 0.5 ms and spatial sampling of 10m was used, adhering
to the guidelines of Dablain (1986), extrapolated to 3D.
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CPU Implementation
Solving Equation 1 numerically using a finite-difference time domain approach can be simply
set up as a serial convolution repeated across the entire domain. Of course this is the most
naive and least efficient way to do this. Over a very modest model size of 1 million points,
for 8000 time steps this takes around 93 minutes to propagate. This serial methodology
can be improved by blocking the domain into smaller ’pencil’ shaped blocks about the fast
axis; this will give a better cache hit rate, reduce calls to L3 memory and hide some latency.
This can roughly half the computation time.
By parallelising over multiple cores a non-blocked speed up of around 3.5x is seen (over
8 cores, after this speed up saturates). Using the optimum blocking and parallelism discovered this computation time is reduced to around 16 minutes, giving a 5.5x - 6x speed
up. Nonetheless, 3D model sizes are typically two or three orders of magnitude larger than
this, meaning for a realistic model size this parallel, blocked CPU methodology will take
several hours per shot. It should be stressed that this is the best speed up observed using
a Fortran90 with OpenMP approach, by further vectorising loops and coding at assembly
levels this can be further accelerated many times.

GPU Implementation
Using the identical serial kernel in CUDA this propagation takes 18 minutes. This is slower
than the fastest CPU technique because GPU global memory latency is higher than on the
CPU, to harness the power of the GPU shared memory and registers must be used.
Micikevicius (2009) describes an efficient way of setting up the base wave propagation
kernel that utilises latency hiding by copying stencil location values into shared memory,
dependent on thread location. Performing this propagation in 3D is about 27 times faster
than the naive GPU approach, with speeds of over 3 Gpts/s achievable for typical model
dimensions, and a run time of 41s (for the previously used model).
Operations purely on GPU global memory are slower than on a CPU, with latencies
of 400-600 cycles, rather than 100-200 on a CPU. Due to this, a typical school of thought
minimises data manipulation on the GPU. This approach constitutes sending to host (CPU)
the full 3D wavefield at each desired modeling time step, causing the CPU wavefield object
to be 4D. This can then be transposed and windowed accordingly. This method gives a
speed of 24x over the best, blocked and parallelised CPU equivalent. Having to copy data
this way is a shortcoming of interacting Fortran90, C and CUDA.
Storing the entire 4D wavefield as an allocated object on the CPU is unwise - memory
is quickly saturated. For example, a model size of 500x500x500 dictates that only 64 time
steps could be performed (on a 4 Gb card).
Several improvements can be made to make the GPU propagation as fast as possible. A
new windowing kernel can be used to only send 2D wavefield slices back to the host (corresponding to desired acquisition geometries), this only marginally slows down the modeling
and makes the full implementation vastly more flexible. In fact since now less data has to
copied back to the CPU a speed up of about 1.3x is seen.
The final speed up thus far when compared to most efficient, blocked and parallelised
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Figure 3: A 3D cubeplot of the velocity model used for 3D imaging [ER] chris1/. velslice3d

164

Leader and Clapp

SEP-143

CPU routine is about 35x, and the current throughput is about 2.2 Gpoints/s. If the CPU
modeling was fully optimised the observed speed up would be 15-20x. The evolution of
computation speed (measured in million computed points per second) against propagation
scheme can be observed in Figure 4.

Figure 4: Graphing the speed up between various CPU and GPU propagation schemes
[NR] chris1/. speed
The finite computational domain used when simulating wavefield propagation provides
additional challenges. To accurately simulate real world physics, an infinite domain must be
used, but of course this is not possible. If no boundary conditions are used then reflections
from the computational domain are prevalent in the modeled data. There are many ways
of reducing or hiding these domain reflections, such as zero value, zero order, absorbing,
damping and Perfectly Matched Layer (PML) (Turkel and Yefet, 1998). For modeling an
absorbtion scheme was used, which reduced throughput by about 10%.
This accelerated 3D wave propagation method will provide the engine for 3D RTM.

REVERSE TIME MIGRATION
Reverse time migration is a well known method, whereby reflection events are imaged in
a kinematically accurate manner. Baysal and Sherwood (1983) and Claerbout (1985) pioneered the method, whereby an image is constructed by back propagating the receiver
wavefield (recorded data) and forward propagating the source wavefield (modeled data, using assumed wavelet) and then cross correlating these at each imaging step. Mathematically
this reduces to the imaging condition shown in Equation 2. It can be shown that this system
is simply the adjoint of linearised modeling (Biondi, 2010).

I(z, x, y) =

n
nshots
X X
i

Ps (t, z, x, y; si )Pg (t, z, x, y; si )

(2)

t

I(x, y, z) is the image at point (x, y, z), Ps (t, z, x, y; si ) is the source wavefield for shot
si and Pg (t, z, x, y; si ) is the corresponding recorded wavefield. This can be extended to a
prestack imaging condition where subsurface offsets are included. This is necessary velocity
estimation and many inversion methods. Equation 2 simply extracts the zero subsurface
offset image.
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nshots
n
X X
i

Ps (t, z, x + xh , y + yh ; si )Pg (t, z, x − xh , y − yh ; si )
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(3)

t

In Equation 3, xh and yh represent the subsurface half offsets. For each set of subsurface
offsets the two wavefields are laterally shifted and the imaging condition reapplied, hence a
5D prestack image can be constructed (Biondi, 2006).
In 3D the computational intensity of RTM can become a hinderance relative to simpler
migration operators. This is because the modeled shot, Ps (si ), has to run forward in time,
and the recorded data, Pg (si ), is reversed in time. Since domain boundary damping makes
the shot modeling non-reversable then practically we model and save the entirity of Ps (si ),
and hold this in memory as we reverse through Pg (si ), applying the imaging condition at
each time step. Of course, for large wavefields this is unpractical. One partial solution is
referred in literature as checkpointing (Symes (2007); Dussaud and Cherrett (2008)). Here
we effectively block the propagation and periodically reinject the source model. For example,
let some intermediate position in the propagation be tcheck , initially Ps (tmax − tcheck ; si ) is
read, the receiver incrementally back propagated to tcheck and the correlations applied. This
can then be done tmax /tcheck times (Clapp, 2008a) and can be parallelised. The memory
problem is thus solved, however this process is fundamentally IO bound.

Figure 5: A slice of the 3D wavefield after long propagation times, without and with random
boundaries [CR] chris1/. basic
Clapp (2008b) proposed a different scheme - to use pseudo-random boundaries optimised
to scatter these wavefields incoherently (Figure 5). The RTM imaging principle operates
on the fact that incoherent data are either correlated out in imaging, or stacked out subsequently. Pseudo-random boundaries create a lot of noise in the propagated shot, however
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this will not correlate coherently with the receiver wavefield. Furthermore this propagation
is now entirely time reversible, and by saving the velocity field the shot can be reverse
propagated to its original state within machine precision (Figure 6). The benefits of this
are twofold - computationally the source wavefield is time reversible, and so only two source
wavefields are needed for any given time and no checkpointing is necessary; geophysically
this algorithm provides accurate imaging, and any residual boundary scattered noise is well
below the noise threshold. Thus a manner in which 3D RTM is both computationally and
memory efficient can be constructed.
As seen in Figure 5, the low frequency component of the wavefield is not well scattered. For RTM this is not a significant problem, since low frequency artifacts are often
prevalent and are removed by a low cut filter (or domain decomposition) before imaging
(Taweesintananon (2011) provides an overview of these methods). However techniques such
as waveform inversion methods rely on low frequency information. Shen and Clapp (2011)
show how random boundaries can be further optimised, such that low and high frequencies
become incoherent after scattering.

Figure 6: An example of the time reversable wave propagation [CR] chris1/. shotrand3
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GPU implementation
Setting up this scheme optimally requires some thought. A random boundary of user input
depth is imposed on this velocity section, which is then bound as a texture on the GPU.
The source is then fully propagated and the final two 3D wavefields saved; now we have all
the array inputs for our migration. This runs from tmax to t0 , and at each time step source
and receiver wavefields are injected and propagated, at each imaging time step these fields
are multiplied and the image stored and updated on the GPU. Damping boundaries are
used for the receiver propagation, only one image object is used, and all correlations are
stacked into this, then after propagation is completed the stacked image is sent back to the
CPU. Under this scheme six 3D objects need to be stored - two wavefield slices for both the
receiver and the source fields, the velocity model and the image. The fact that no device to
host transfers occur during the time loop makes this kernel very efficient.
The extension to subsurface offsets adds data handling and numerical complexity. The
aforementioned scheme produces a poststack image, since each image is stacked into one
object on the GPU. When applying the imaging condition in Equation 3 the wavefields
must be shifted and correlated mutliple times, for each time step, to produce the subsurface
offset gathers. For practical execution we now need to transfer each imaging time step back
to the host. Furthermore this multiplication is inefficient on the GPU, since the threads
may need re-indexing after shifting, and a global memory operation is used. Future work is
underway to see if these shifted correlations are better performed on the CPU. Other work
at SEP on how compressive sensing can be used to reduce this new bottleneck is currently
being performed (Clapp, 2011).

RESULTS
Using the latest SEAM velocity model both 2D and 3D random boundary migration routines
were experimented with. A simple RTM result using a 2.5D dipping reflector is shown in
Figure 7; this was created using a single shot at 20m depth and then applying a very low
cut filter. Here very little background noise can be seen from the random boundaries, and
with more shots this will reduce further. Few of the typical RTM artifacts are seen because
of the simplistic nature the ray paths take in this model - all multiples and direct arrivals
are muted and there is no multi-pathing or overturning of waves.
In the vastly more complex SEAM model multiple shots are required to suppress artifacts, especially since there are now many more conventional RTM artifacts due to the
basic imaging condition used, such as those from correlating wavefields travelling in the
same direction. Currently more work must be undertaken to ensure the velocity model is
fully block-aligned in the GPU and the determine the best approach to begin to suppress
these new imaging artifacts; a basic one shot RTM over the SEAM model can be seen in
Figure 8. Some reflectors are noticeable and continuous, however there are several erroneous
events and a lot of shallow noise.

CONCLUSIONS
The goal of this investigation was to try and reduce the RTM bottlenecks of 3D wavefield
computation and memory transfers. The former of these was vastly reduced by using a
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Figure 7: RTM result using one shot over a single dipping reflector [CR] chris1/. basicimg

Figure 8: RTM result using one shot over a windowed section of the SEAM model [CR]
chris1/. seamimg

SEP-143

Accelerating 3D RTM

169

series of GPU oriented kernels to perform wave propagation in a massively parallel sense, a
total speed up of 30x was seen. The memory transfer data handling problem within RTM
was diminished by using increasingly random boundaries on the velocity model to produce
time-reversable wavefield modeling, alleviating the method from the intensely IO bound
technique of checkpointing. A simple 2.5D single reflector model showed an encouraging
RTM result, which demonstrates that random boundaries in 3D do indeed provide results
comparable to checkpointing; work is underway to obtain detailed images of more complex
velocity structures.

ACKOWLEDGMENTS
I would like to thank Bob Clapp for his patience and assistance on CUDA and C++ programming, and for providing an object oriented framework which inspired how this procedure was set up. I would also like to thank Xukai Shen and Ali Almomin for their CUDA
debugging and receiver gather interpretation expertise.

REFERENCES
Baysal, E, K. D. and J. Sherwood, 1983, Reverse time migration: Geophysics, 45, 1514–
1524.
Biondi, B., 2006, 3d seismic imaging: Society of Exploration Geophysicists.
——–, 2010, 3d seismic imaging, additional notes: Migration as adjoint of linearized modeling: Society of Exploration Geophysicists.
Claerbout, J., 1985, Basic earth imaging: Society of Exploration Geophysicists.
Clapp, R., 2008a, Reverse time migration: Saving the boundaries: SEP-136, 136.
——–, 2008b, Reverse time migration with random boundaries: SEP-138, 138.
Clapp, R. G., 2011, Imaging using compressive sensing: SEP-Report, 143, 149–158.
Dablain, M. A., 1986, The application of high-order differencing to the scalar wave equation:
Geophysics, 51, 54–66.
Dussaud, E, S. W. L. L. S. P. D. B. and A. Cherrett, 2008, Computational strategies for
reverse time migration: SEG Expanded Abstracts, 78, 2874–2877.
Micikevicius, P., 2009, 3d finite difference computation on gpus using cuda: GPGPU, 2.
Shen, X. and R. G. Clapp, 2011, Random boundary condition for low-frequency wave
propagation: SEP-Report, 143, 85–92.
Symes, W., 2007, Reverse time migration with optimal check pointing: Geophysics, 72,
213–221.
Taweesintananon, K., 2011, Reverse-time migration using wavefield decomposition: SEPReport, 143, 171–190.
Turkel, E. and A. Yefet, 1998, Absorbing pml boundary layers for wave-like equations:
Applied numerical mathematics, 27.

170

Leader and Clapp

SEP-143

Stanford Exploration Project, Report SEP143, May 24, 2011

Reverse-time migration using wavefield decomposition
Kittinat Taweesintananon

ABSTRACT
Reverse-time migration (RTM) is capable of imaging very steeply dipping reflectors and
overhangs. However, it usually produces strong artifacts that contaminate the shallow
parts of the migrated images. These artifacts can be suppressed using an imaging
condition with appropriate decomposed source and receiver wavefields. In this paper,
such a technique is applied and examined. This imaging condition keeps only energy at
the points where strong backscattering originates. The results show that RTM using
wavefield decomposition is a promising remedy for attenuating artifacts compared to
the implementation of a low-cut filter. However, some artifacts still remain in the
decomposed RTM image. These residual artifacts are caused by the cross-correlation
between the upgoing component of the direct source wavefield and the backscattered
component of the receiver wavefield.

INTRODUCTION
RTM is a migration method based on wavefield extrapolation in time. As a two-way waveequation migration, it can image very steeply dipping reflectors and even overturned events.
This method is based on two consecutive steps: numerical propagation of wavefields from
the recording surface into image space, followed by the image formation process using these
wavefields. RTM was first used for poststack depth migration of 2D seismic data in the late
1970s (Baysal et al., 1983; Whitmore, 1983).
Poststack RTM involves the extrapolation of receiver wavefields from recorded seismic
data by computing the full two-way solution for the acoustic wave equation with time
running backwards. In contrast, prestack RTM involves the extrapolation of source and
receiver wavefields.
Prestack RTM for a shot profile consists of three steps: 1) forward extrapolating the
source wavefield S(t, ~x) from time t = 0 to t = tmax , 2) backward extrapolating the receiver
wavefield R(t, ~x) from time t = tmax to t = 0, and 3) applying a suitable imaging condition
to construct the reflectivity image (Biondi, 2005). The conventional imaging condition for
RTM is the zero-lag cross-correlation of source and receiver wavefields (Claerbout, 1985).
Since RTM is a type of shot-gather migration, each shot profile is migrated independently.
Thus, the final RTM image is the sum of the images from all individual profiles.
The extrapolated wavefields are full two-way solutions of the wave equation. These twoway solutions do not limit the propagation directions of wavefields. Therefore, RTM can
correctly image very steeply dipping reflectors and even overturned events. In extremely
complex areas, it can also handle strong lateral velocity variations and multi-path arrivals
(Etgen et al., 2009). Thus, RTM can produce more accurate images than other popular
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migration methods such as Kirchhoff, beam, and one-way wave-equation migration. Nevertheless, the two major drawbacks of RTM are strong low-frequency artifacts and high
computational cost. Such artifacts are generated due to the nature of the conventional
RTM imaging condition. Many remedies, such as velocity smoothing and post-migration
filtering, have been proposed to suppress these artifacts, but they all have severe limitations.
This paper focuses on a promising technique for attenuating artifacts in correlationbased RTM images called wavefield decomposition. This technique is to decompose source
and receiver wavefields into the appropriate components based on their propagation direction, so that the decomposed wavefields can produce the image without artifacts (Liu et al.,
2007, 2011). In this paper, I first provide an overview of RTM, its artifacts, and some common solutions for attenuating them. Next, I examine RTM using wavefield decomposition.
Finally, I discuss the benefits and drawbacks of this technique and its practical implications.

REVERSE-TIME MIGRATION
For a single shot profile, the conventional correlation-based imaging condition for 2-D
prestack RTM can be written as
I(~x) =

tX
max

S(t, ~x)R(t, ~x),

(1)

t=0

where tmax is the maximum recorded time and ~x = (x, z) is the vector position of a wavefield
in 2-D space. Source and receiver wavefields are extrapolated in time by solving the acoustic
wave equation


1 ∂2
2
− ∇ P (t, ~x) = 0,
(2)
v 2 (~x) ∂t2
where P (t, ~x) is the pressure wavefield, and v(~x) is the acoustic velocity in the computational
domain.
In this paper, I use an explicit finite-difference method using a 2nd-order forward difference in time and a 4th-order central difference in space for wavefield extrapolation. The
stability and antidispersion conditions for this method were described by Dablain (1986).
In practice, we can restrict the computational domain for wavefield extrapolation to only
parts of the physical domain. Such a limitation produces artificial reflectors at the boundaries of the computational domain. In this study, I applied a Gaussian taper (Cerjan et al.,
1985) along the artificial boundaries in order to suppress these undesired reflections. At the
end of each Gaussian tapering region, I also applied an absorbing boundary condition using
paraxial approximations of the acoustic wave equation (Clayton and Engquist, 1980). In
this study, I applied absorbing conditions to all computational boundaries for extrapolating
source and receiver wavefields, so that additional surface-related artifacts were suppressed.
To illustrate the wavefield extrapolation used, Figures 1(a) and 1(b) show an extrapolated wavefield in a constant-velocity model with a reflecting top boundary, whereas Figures 1(c) and 1(d) show an extrapolated wavefield in the same model with an absorbing
top boundary instead. The extrapolation using such an absorbing top boundary was used
to generate seismic data without surface-related multiples (SRM).

SEP–143

RTM using wavefield decomposition

(a)

(b)

(c)

(d)

173

Figure 1: Wavefield snapshots illustrate the wavefield extrapolation used in this paper. (a)
and (b) show snapshots from a single modeling experiment with a reflecting top boundary
at 0.25 and 0.55 seconds, respectively. (c) and (d) show snapshots from a single modeling
experiment with a nonreflecting top boundary at 0.25 and 0.55 seconds, respectively. [ER]
kittinat/. wvfld0-mult1,wvfld0-mult2,wvfld0-nomult1,wvfld0-nomult2

RTM ARTIFACTS AND REMEDIES
Strong RTM artifacts result from the undesired cross-correlations of head waves, diving
waves, and backscattered waves (Yoon et al., 2004; Yoon and Marfurt, 2006). These artifacts
are strong when high velocity contrasts are present, especially in the shallow regions. In
addition, undesired artifacts caused by SRMs can also confuse the interpretation.
Figure 2(a) shows a simple 1-D velocity model consisting of a strong velocity contrast,
whereas Figure 2(b) is a shot profile corresponding to this velocity model. Figure 3(a) shows
the conventional RTM image from this shot profile using the true interval velocity as the
migration velocity. The figure contains many artifacts due to head waves, diving waves, and
backscattered waves at shallow depths. In addition, there are also artifacts due to SRMs
at the bottom of the figure. Muting the head waves, diving waves, and direct waves before
RTM can suppress the corresponding artifacts as shown in Figure 3(b). In practice, the
artifacts due to SRMs can be removed by using an appropriate SRM elimination program.
Here, the synthetic data without SRM are generated by applying a nonflecting top boundary
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to wavefield extrapolation. Figure 4(b) shows the RTM image from the muted shot profile
without SRM shown in Figure 4(a). Although artifacts due to head waves, diving waves,
and SRM have been removed, the adverse effect of backscattered waves still remains above
the strong reflector (Figure 4(b)). Thus, only RTM artifacts due to backscattered waves
cannot easily be suppressed by pre-migration processing.

(a)

(b)

Figure 2: (a) 1-D true interval velocity model. (b) Synthetic shot profile from an explosive
source on the surface in the velocity model (a). [ER] kittinat/. vel0,data0-srm

(a)

(b)

Figure 3: RTM images from the shot profile in Figure 2(b) before (a) and after (b) muting the head waves and diving waves. The true interval velocity shown
in Figure 2(a) has been used as the migration velocity for both images.
[ER]
kittinat/. rtm-sharpv0-srm,rtm-sharpv0-srm-muted
Robein (2010) summarized four main approaches that have been used to suppress RTM
artifacts due to backscattered waves: 1) smoothing the velocity model, 2) applying an
appropriate filter to the post-migration image, 3) using nonreflecting wave propagation
with directional damping, and 4) modifying the imaging condition.
Smoothing strong velocity contrasts can reduce the amplitude of undesired reflected
waves; however, this can bias the accuracy of imaging due to incorrect velocity models.
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(b)

Figure 4: (a) A shot profile without SRM after muting the head waves and diving waves;
weighting and tapering are also applied. (b) An RTM image from this shot profile; the
true interval velocity shown in Figure 2(a) has been used as the migration velocity. [ER]
kittinat/. data0-nosrm,rtm-sharpv0-muted-nosrm

Figure 5(b) shows the same RTM image as Figure 4(b), but using the smoothed migration
velocity shown in Figure 5(a). As shown in Figure 5(b), velocity smoothing can partly
reduce the artifacts caused by backscattered waves; however, the artifacts still have an
adverse effect on the shallow parts of the image. Although velocity smoothing can also
cause other kinds of artifacts (Fei et al., 2010), this approach is currently used due to its
robustness and low computational cost.

(a)

(b)

Figure 5: The effects of velocity smoothing on the RTM image. (a) Smoothed migration velocity corresponding to the true interval velocity in Figure 2(a). (b) RTM image from muted data without SRM using this smoothed migration velocity (a). [ER]
kittinat/. vel0-mig,rtm-v0-nosrm-muted
There are many post-migration approaches whereby RTM artifacts are filtered after
imaging. Low-cut filtering is an approach that can highly attenuate RTM artifacts as
shown in Figure 6, where a causal low-cut filter was used. However, there still remains
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some noise in the figure. Moreover, low-cut filters can reduce the amplitude of steeply
dipping reflectors, which mainly contain low-frequency information. Guitton et al. (2006)
presented another possible post-migration solution by applying a least-squares filter to RTM
images. In addition, the application of a Laplacian filter with appropriate pre- and postmigration processing is an effective solution that can remove RTM artifacts without hurting
steeply dipping reflectors (Zhang and Sun, 2009).

Figure 6:
The RTM image
in Figure 5(b) after applying
a causal low-cut filter.
[ER]
kittinat/. rtm-v0-nosrm-muted-lowcut

Applying a directional damping term to the wave equation can suppress unwanted internal reflections, including backscattered waves (Fletcher et al., 2006). This approach is more
effective than velocity smoothing, since it does not alter the migration velocity. However,
picking the problematic interfaces, which cause artifacts due to backscattered energy, is
required in order to obtain directional damping coefficients. Therefore, the approach using
directional damping is time consuming.
Modifying the imaging condition in RTM is another solution. This generally provides
more effective noise attenuation than the other methods discussed above. The ultimate goal
of this approach is to keep only energy along reflectors in the final image. There are various
techniques used for modifying the imaging condition. The results of using different imaging
conditions were discussed by Valenciano and Biondi (2003), Yoon et al. (2004), Liu et al.
(2007), and Chattopadhyay and McMechan (2008).
RTM using wavefield decomposition is a method based on the modification of the imaging condition. This method modifies the imaging condition using wavefield decomposition
in the Fourier domain, and was first introduced by Liu et al. (2007). This technique solves
the problem of artifacts by suppressing their formation in the RTM algorithm. To demonstrate why this technique is worth investigation, we first need to understand the origin of
RTM artifacts.

Origin of RTM artifacts due to backscattered waves
In order to investigate the origin of RTM artifacts due to backscattered waves, let us assume
a flat interface with high velocity contrast as shown in Figure 7. The source wavefield (solid)
and receiver wavefield (dashed) are extrapolated using a full propagator corresponding to
Equation 2. When the propagated wavefields encounter this strong interface, part of the
energy is transmitted and carries on downwards, while the remaining energy is reflected
back to the surface. This phenomenon is observable for both source and receiver wavefields.
Thus, at any point above the reflector, the corresponding source and receiver wavefields have
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exactly the same propagation paths, along which non-zero cross-correlations are produced
(Robein, 2010; Liu et al., 2011). Accordingly, the cross-correlation of these wavefields
creates not only the reflectivity image but also noise at all nonreflecting points along the
propagation paths, such as point B and point C in Figure 7. Thus, low-frequency noise is
a common characteristic of the RTM image with a strong reflector.

(a)

(b)

Figure 7: The solid lines represent the propagation paths of a source wavefield, where
the arrows indicate the propagation direction with time running forward. The dashed lines
represent the propagation paths of a receiver wavefield, where the arrows indicate the propagation direction with time running backwards. [NR] kittinat/. rtm-artifact1,rtm-artifact2
Note that, in this paper, I use the terms with the suffix -going such as upgoing and
downgoing for describing the propagation direction of wavefields with time running forward. At point B in Figure 7(a), the downgoing source wavefield coincides in time with
the propagated receiver wavefield that has been reflected. This receiver wavefield is indeed
propagating downward with time running forward, i.e. downgoing receiver wavefield. On
the other hand, at point C in Figure 7(b), the upgoing reflected source wavefield coincides
in time with the upgoing receiver wavefield.
At either point B or point C in Figure 7, both source and receiver wavefields are propagating in the same direction and the same path with time running forward. Thus, the
correlation-based images at point B and point C are caused by forward scattering events.
These images are undesirable and can be considered to be noise, because they do not represent a reflected event. In contrast, at any point on the reflector, source and receiver
wavefields are propagating in opposite directions with respect to the normal vector of the
reflector. Thus, the cross-correlation of these source and receiver wavefields, which results
from backward scattering events, produces the desired image.
To keep only energy corresponding to backward scattering events in the final image,
we might apply the cross-correlation to only the source and receiver wavefields that are
propagating in opposite directions with respect to the reflector normal. This approach
requires us to compute the propagation direction of both the source and receiver wavefields
at every point in the computational domain. Although this approach involves intensive
computation, it can provide the reflectivity images without forward scattering noise.
The computation of the wavefield propagation direction at every point in the compuational domain can be done using a Poynting vector (Yoon et al., 2004). This works well for
simple models, but it does not produce satisfactory results in complex subsurface structures
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(Guitton et al., 2006). Xie and Wu (2006) applied the local one-way propagator, which is
endowed with the Rayleigh integral, in order to decompose the wavefields. Another practical method is to decompose the wavefields in the Fourier domain in order to obtain the
appropriate directional components of the wavefields based on Cartesian directions (Liu
et al., 2007). This method is robust and worth investigation.
Wavefield decomposition based on Cartesian propagation directions can be used to modify the RTM imaging condition. This application was introduced by Liu et al. (2007, 2011),
Suh and Cai (2009), and Fei et al. (2010). They all introduced methods to decompose
source and receiver wavefields into one-way components along horizontal directions (leftgoing/rightgoing) and vertical directions (upgoing/downgoing). They then applied the zerolag cross-correlation as the imaging condition to the appropriate combinations of these
wavefield components. The results showed that such a method can effectively eliminate
unwanted artifacts from conventional RTM images, and image quality was also improved.
Liu et al. (2007) applied wavefield decomposition in the F-K domain and obtained
promising RTM results. The same authors later showed that a cheaper wavefield decomposition method in the wavenumber domain (T-K domain) can also provide the same results
(Liu et al., 2011). Moreover, Suh and Cai (2009) applied a fan filter in the T-K domain
before decomposing the filtered wavefields in the F-K domain. This approach produces better RTM images, but the computational cost significantly increases. In addition, Fei et al.
(2010) illustrated how the decomposition method attenuates the artifacts in RTM images.
However, Fei et al. (2010) did not provide the detail of the method they used to decompose
the wavefields.
As mentioned above, Liu et al. (2007, 2011) advocated using wavefield decomposition
for RTM in the Fourier domain. Next section, I describe this method with both horizontal
and vertical propagation decompositions.

RTM USING WAVEFIELD DECOMPOSITION
A common method of wavefield decomposition is to obtain wavefields’ one-way components
with respect to two orthogonal directions, i.e. horizontal directions (leftgoing/rightgoing)
and vertical directions (upgoing/downgoing). Hereafter I use the notations z+ to represent
the downgoing wave component with respect to the vertical depth axis, and x+ to represent
the rightgoing wave component with respect to the horizontal space axis. Note that a
downgoing wavefield indicates a wavefield where the vertical direction of propagation is
downward with time running forward, whereas a rightgoing wavefield indicates a wavefield
where the horizontal direction of propagation is rightward with time running forward.
Source and receiver wavefields can be decomposed into their downgoing and upgoing
components as follows (Liu et al., 2007):
S(t, ~x) = Sz+ (t, ~x) + Sz− (t, ~x),

(3)

R(t, ~x) = Rz+ (t, ~x) + Rz− (t, ~x),

(4)

where Sz+ (t, ~x), Sz− (t, ~x), Rz+ (t, ~x) and Rz− (t, ~x) are the downgoing and upgoing source
and receiver wavefields, respectively. Similarly, they can also be decomposed into their
horizontal components as follows:
S(t, ~x) = Sx+ (t, ~x) + Sx− (t, ~x),

(5)
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R(t, ~x) = Rx+ (t, ~x) + Rx− (t, ~x),

(6)

where Sx+ (t, ~x), Sx− (t, ~x), Rx+ (t, ~x) and Rx− (t, ~x) are the rightgoing and leftgoing source
and receiver wavefields respectively.
Thus, the conventional imaging condition can be separated into four imaging conditions
based on combinations of vertical wavefield components:
I(~x) =

tX
max

Sz+ (t, ~x)Rz− (t, ~x) +

t=0
tX
max

+

tX
max

Sz− (t, ~x)Rz+ (t, ~x)
t=0
tX
max

Sz+ (t, ~x)Rz+ (t, ~x) +

t=0

Sz− (t, ~x)Rz− (t, ~x)

t=0

= Iz,+− (~x) + Iz,−+ (~x) + Iz,++ (~x) + Iz,−− (~x).

(7)

The first term is the cross-correlation of the downgoing source and upgoing receiver wavefields, which is equivalent to the result of downward continuing migration. The second term
is the cross-correlation of the upgoing source and downgoing receiver wavefields. Thus, the
first two terms can represent any reflector that causes vertical backscattering. The images
corresponding to these two terms are caused by backward-scattered events with respect to
the vertical axis. The subimages from the remaining two terms can be considered as noise,
which results from vertical forward-scattered events where source and receiver wavefields
are vertically propagating in the same direction. Thus, the last two terms contribute to
artifacts in RTM. However, these are related to tomographic information in wave-equation
migration velocity analysis (Almomin et al., 2011).
In order to suppress RTM artifacts, the imaging condition that contains only the first
two terms in Equation 7 (Liu et al., 2007, 2011) as
Ivert (~x) =

tX
max

Sz+ (t, ~x)Rz− (t, ~x) +

t=0

tX
max

Sz− (t, ~x)Rz+ (t, ~x).

(8)

t=0

This condition might be called the vertical backscatter-based imaging condition.
The horizontal backscatter-based imaging condition can be derived in a similar way.
This horizontal imaging condition contains only cross-correlation of the source and receiver
wavefields that are propagating in horizontally opposite directions:
Ihoriz (~x) =

tX
max
t=0

Sx+ (t, ~x)Rx− (t, ~x) +

tX
max

Sx− (t, ~x)Rx+ (t, ~x).

(9)

t=0

The first term is the cross-correlation of the rightgoing source and leftgoing receiver wavefields. The second term is the cross-correlation of the leftgoing source and rightgoing receiver
wavefields. Thus, this imaging condition represents any reflector that causes horizontal
backscattering.
To use the benefits of both vertical and horizontal backscatter-based imaging conditions,
they are added togather (Liu et al., 2011):
I(~x) = Ivert (~x) + Ihoriz (~x).

(10)
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This imaging condition might be called the Cartesian backscatter-based imaging condition.
Note that the subimages from both vertical and horizontal imaging condition partly overlap,
because of the overlap between the vertical and horizontal wavefield components. For
example, the wavefield that is moving in any downright direction can be considered to be
either downgoing or rightgoing.
In addition, the Cartesian backscatter-based imaging condition described above only
involves the decomposition of source and receiver wavefields into their vertical or horizontal
components. Thus, some backward-scattered events are indistinguishable from forwardscattered events using only this decomposition scheme. Therefore, the image illumination is
reduced. However, Equation 10 produces no forward-scattered artifacts based on Cartesian
directions of propagation. Thus, this proposed imaging condition can suppress artifacts in
RTM images.

WAVEFIELD DECOMPOSITION
The conventional method for wavefield decomposition operates in the Fourier domain. This
method was first applied to vertical seismic profiles (Hu and McMechan, 1987). Here,
wavefields are decomposed into their upgoing and downgoing components in the F-K domain
by using a 2-D fast Fourier transform (FFT):
(
P̃ (f, kz ) for f kz ≥ 0
P̃z+ (f, kz ) =
,
(11)
0
for f kz < 0
(
0
for f kz ≥ 0
P̃z− (f, kz ) =
,
(12)
P̃ (f, kz ) for f kz < 0
where P̃ (f, kz ) is the 2-D Fourier transform of the wavefield P (t, z) at any horizontal position
x, and f and kz are the frequency and vertical wavenumber representations of the wavefield.
Note that the wavefield P (t, z) can be either the source wavefield S(t, z) or the receiver
wavefield R(t, z).
A similar method can be used to obtain the
wavefields:
(
P̃ (f, kx )
P̃x+ (f, kx ) =
0
(
0
P̃x− (f, kx ) =
P̃ (f, kx )

leftgoing and rightgoing components of
for f kx ≥ 0
for f kx < 0

,

(13)

for f kx ≥ 0
for f kx < 0

,

(14)

where P̃ (f, kx ) is the 2-D Fourier transform of the wavefield P (t, x) at any depth z, and f
and kx are the frequency and horizontal wavenumber representations of the wavefield.
In this paper, I apply smooth-cut F-K filters to the wavefield decomposition instead
of using the sharp-cut filters shown in Equations 3 to 6, so that noise due to the FFT
of discontinuous functions is reduced. Using smooth-cut filters might slightly reduce the
illumination of reflectivity images, but it is worth attentuating the noise from FFT.
The decomposed wavefields, as in Equations 3 to 6, are the the 2-D inverse Fourier
transforms of the decomposed wavefields derived from Equations 11 to 14. Thus, the terms
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on the right-hand sides of Equations 3 to 6 are all complex. However, in each equation,
the summation of the imaginary parts becomes zero, and the wavefield is equal to the
summation of the real parts of the decomposed wavefields; for example,
S(t, ~x) = Sz+ (t, ~x) + Sz− (t, ~x),
= Re[Sz+ (t, ~x)] + Re[Sz− (t, ~x)].

(15)
(16)

In their proposed imaging condition, Liu et al. (2007) applied only the real parts of the
decomposed source and receiver wavefields to the imaging conditions in Equations 8 and 9.
Thus, a question is raised about the effect that the imaginary components might have on
the decomposed RTM images. Considering decomposed wavefields as complex functions, I
rewrite Equations 8 and 9 to be
Ivert (~x) =

tX
max

∗
Sz+
(t, ~x)Rz− (t, ~x) +

t=0

and
Ihoriz (~x) =

tX
max

tX
max

∗
Sz−
(t, ~x)Rz+ (t, ~x),

(17)

∗
Sx−
(t, ~x)Rx+ (t, ~x),

(18)

t=0

∗
Sx+
(t, ~x)Rx− (t, ~x)

t=0

+

tX
max
t=0

where an asterisk denotes the complex conjugate. Equations 17 and 18 can be computed
using only the wavefield decomposition in the T-K domain (Liu et al., 2011). Thus, this
method is practical, because there is no need to save wavefields at every time step.

RESULTS AND DISCUSSION
I applied RTM using the imaging conditions proposed in the previous section to a single
shot profile corresponding to the 1-D velocity model in Figure 2(a). The same approach
was also applied to a synthetic data set derived from a 2-D velocity model windowed from
the SEAM model. Because of its complicated structures, this synthetic data can illustrate
the effectiveness of the proposed imaging conditions.
I found that the imaging condition that uses only the real parts of the decomposed
wavefields (Equations 8 and 9) can produce the same images as the imaging condition
that utilizes the complex-valued decomposed wavefields (Equations 17 and 18). Indeed,
the difference between the RTM images derived from these two imaging conditions can
be seen; however, the difference is negligible with respect to the RTM image. Thus, the
imaginary parts have a negligible effect on the decomposed RTM image. Therefore, the
imaging condition using only real parts of decomposed wavefields as in Equations 8 and 9
can replace the imaging conditions in Equation 17 and 18.

Examples with 1-D model
Figures 8(a) to 8(d) illustrate the vertically decomposed RTM images from a single shot
profile without SRM corresponding to the model in Figure 2(a). These decomposed images
are related to the four terms on the right-hand side of Equation 7. Figure 8(b) results
from the upgoing source and downgoing receiver wavefields. This figure was expected to
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contain less artifacts; however, there are many artifacts above the reflector, as shown in
Figure 8(b). I found that these artifacts in Figure 8(b) were caused by cross-correlation
between the upgoing component of the direct source wavefield and the downgoing component
of the backscattered receiver wavefield. The upgoing component of the source wavefield
that produces severe artifacts indeed propagates in almost horizontal directions, where it is
indistinguishable from the downgoing source wavefield.
Figure 8(e) illustrates the RTM image corresponding to Equation 8, i.e. the vertical
backscatter-based imaging condition. As shown in the figure, the horizontal reflector has
been imaged well. However, there are artifacts at shallow depths resulting from those in
Figure 8(b).
On the other hand, Figures 9(a) to 9(d) show the four horizontally different decomposed RTM images from a single shot profile without SRM corresponding to the model in
Figure 2(a). Figure 9(e) illustrates the RTM image using the horizontal backscatter-based
imaging condition as in Equation 9. The figure shows strong artifacts aligned vertically
above the reflector. These artifacts have a similar origin as those in Figure 8(b), i.e. crosscorrelation between the downgoing direct source wavefield and the backscattered receiver
wavefield. Specifically, the component of the source wavefield that cause severe artifacts
indeed propagates in almost vertical directions, where the leftgoing and rightgoing components of the source wavefield overlap.
Figure 10 illustrates the sum of the vertical and horizontal backscatter-based imaging
conditions (Equations 10), i.e. the Cartesian backscatter-based imaging condition. As
shown in the figure, the RTM artifacts at shallow depths have been attenuated except for the
vertically aligned artifacts. These severe artifacts result from the cross-correlation between
direct source wavefields and backscattered receiver wavefields. It can be seen that the RTM
image using wavefield decomposition as in Figure 10 contains less artifacts compared to the
conventional RTM image as in Figure 5(b). However, there is no significant improvement
when comparing Figure 10 to the image after applying a low-cut filter (Figure 6).

Examples with complex 2-D model
Figure 11(a) shows a complex 2-D velocity model windowed from the SEAM model. This
model is used for modeling a 2-D synthetic data set, which contains 69 shot profiles. This
data set involves the deployment of a 1-D array of regularly spaced geophones (every 20
meters) on the entire surface. For each shot record, a source is exploded on the surface with
80-meter shot spacing. In the pre-migration process, muting head waves and diving waves
is appied to this data set. However, SRM elimination is not implemented. For RTM, the
smoothed velocity in Figure 11(b) is used.
Figure 12(a) illustrates a conventional RTM image using the cross-correlation imaging
condition in Equation 1, whereas Figure 12(b) shows the same image after applying a causal
low-cut filter. We can see that RTM artifacts are partially attenuated using the low-cut
filter.
Figures 13(a) to 13(d) illustrate the vertically decomposed RTM images corresponding
to the four decomposed images on the right-hand side of Equation 7. Figure 13(b) results
from the upgoing source and downgoing receiver wavefields. This figure contains artifacts
at shallow depths which have the same origin as those in Figure 8(b).
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 8: Different vertically decomposed RTM images from the single shot profile in Figure 4(a) along with smooth migration velocity in Figure 5(a): (a) using the downgoing
source and upgoing receiver wavefields, (b) using the upgoing source and downgoing receiver wavefields, (c) using the downgoing source and downgoing receiver wavefields, and
(d) using the upgoing source and upgoing receiver wavefields. (e) The sum of the images (a) and (b) equivalent to Equation 8. (f) The sum of the images (c) and (d). [ER]
kittinat/. v0-SdRu,v0-SuRd,v0-SdRd,v0-SuRu,v0-SdRuPSuRd,v0-SdRdPSuRu

184

Taweesintananon

SEP–143

(a)

(b)

(c)

(d)

(e)

(f)

Figure 9: Different horizontally decomposed RTM images from the single shot profile in
Figure 4(a) along with smooth migration velocity in Figure 5(a): (a) using the rightgoing source and leftgoing receiver wavefields, (b) using the leftgoing source and rightgoing
receiver wavefields, (c) using the rightgoing source and rightgoing receiver wavefields, and
(d) using the leftgoing source and leftgoing receiver wavefields. (e) The sum of the images (a) and (b) equivalent to Equation 9. (f) The sum of the images (c) and (d). [ER]
kittinat/. v0-SrRl,v0-SlRr,v0-SrRr,v0-SlRl,v0-SrRlPSlRr,v0-SrRrPSlRl
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Figure 10: The RTM image from the
Cartesian backscatter-based imaging
condition as in Equation 10, i.e. the
sum of Figure 8(e) and Figure 9(e).
[ER] kittinat/. v0-vertPhoriz

(a)

(b)

Figure 11: (a) A 2-D velocity model windowed from the SEAM model. (b) The smoothed
velocity model used as the migration velocity. [ER] kittinat/. vel1,vel1-mig

(a)

(b)

Figure 12: (a) A conventional RTM image of an entire 2-D synthetic data set using the
cross-correlation imaging condition in Equation 1. (b) A causal low-cut filtered result of
the image in (a). [CR] kittinat/. crtm0-v1,crtm0-v1-lowcut
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Figure 13(e) illustrates the RTM images the vertical backscatter-based imaging condition. As shown in the figure, the illumination of steeply dipping reflectors is poor. In
contrast, Figure 13(f) represents the decomposed images from the decomposed source and
receiver wavefields that have been propagated in vertically opposite directions.
On the other hand, Figures 14(a) to 14(d) show the four different decomposed RTM
images based on horizontal propagation directions of source and receiver wavefields. We can
see that Figures 14(a) and 14(b) illustrate not only the images of steeply dipping reflectors
but also artifacts in the shallow parts. These artifacts have the same origin as those in
Figure 9(e).
Figure 14(e) is the result of using the imaging condition in Equation 9, i.e. the horizontal
imaging condition. As shown in the figure, this imaging condition can image steeply dipping
reflectors to an extent; however, most of low-angle reflectors cannot be imaged. In contrast,
Figure 14(f), which involves the cross-correlation of the decomposed source and receiver
wavefields caused by horizontally forward-scattered events, contains the major artifacts in
the shallow parts of the model and the images of low-angle reflectors.
Figure 15 illustrates the result of using the Cartesian backscatter-based imaging condition, i.e. Equations 10. As shown in the figure, the result has the benefits of both
vertical and horizontal imaging conditions. Both steeply dipping and low-angle reflectors
are well imaged. In addition, Figure 15 contains artifacts in the shallow parts as a result
of Figures 13(b), 14(a), and 14(b). However, strong RTM artifacts have significantly been
attenuated.
It can be seen that the RTM image (Figure 15) using the Cartesian backscatter-based
imaging condition, as in Equation 10, contains less strong artifacts compared to the conventional RTM image (Figure 12(a)) and the low-cut filtered RTM image (Figure 12(b)).
Thus, the combination of the vertical and horizontal imaging conditions is an effective
technique for attenuating typical RTM artifacts, especially for complex velocity models.
However, further investigation is necessary for removing the remaining artifacts in the shallow parts of the migrated images.
A possible solution is to modify the F-K filters in Equations 11 to 14, so there is no
overlap between the decomposed wavefields with opposite propagation directions. In this
study, I also tried using fan filters to decompose wavefields in the F-K domain. These
filters aimed to limit the aperture of propagation directions of wavefields. However, as a
result of the FFT of discontinuous functions, there still remained the overlap between the
decomposed wavefields with opposite propagation directions.

CONCLUSIONS
RTM can image steeply dipping reflectors and overturned events. However, the conventional correlation-based imaging condition in RTM always produces strong low-frequency
artifacts. To suppress these artifacts, an imaging condition using appropriate decomposed
source and receiver wavefields based on their propagation direction has been applied and
examined. This imaging condition contains only the backward scattered events based on
Cartesian directions. The imaging condition discussed in this paper successfully attenuates
such artifacts in complex velocity models compared to applying a low-cut filter. However,
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 13: Different vertically decomposed RTM images from 2-D synthetic data along
with the smoothed migration velocity in Figure 11(b): (a) using the downgoing source
and upgoing receiver wavefields, (b) using the upgoing source and downgoing receiver
wavefields, (c) using the downgoing source and downgoing receiver wavefields, and (d)
using the upgoing source and upgoing receiver wavefields. (e) The sum of the images
(a) and (b) equivalent to Equation 8. (f) The sum of the images (c) and (d). [CR]
kittinat/. v1-SdRu,v1-SuRd,v1-SdRd,v1-SuRu,v1-SdRuPSuRd,v1-SdRdPSuRu
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 14: Different horizontally decomposed RTM images from 2-D synthetic data along
with the smoothed migration velocity in Figure 11(b): (a) using the rightgoing source
and leftgoing receiver wavefields, (b) using the leftgoing source and rightgoing receiver
wavefields, (c) using the rightgoing source and rightgoing receiver wavefields, and (d) using the leftgoing source and leftgoing receiver wavefields. (e) The sum of the images
(a) and (b) equivalent to Equation 9. (f) The sum of the images (c) and (d). [CR]
kittinat/. v1-SrRl,v1-SlRr,v1-SrRr,v1-SlRl,v1-SrRlPSlRr,v1-SrRrPSlRl
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Figure 15:
The RTM image
from the Cartesian backscatterbased imaging condition as in
Equation 10, i.e. the sum of Figure 13(e) and Figure 14(e). [CR]
kittinat/. v1-vertPhoriz

there are still remaining artifacts in the decomposed RTM images. These are caused by the
cross-correlation between the upgoing components of the direct source wavefields and the
downgoing components of the backscattering of receiver wavefields. Thus, further investigation is still necessary to remove these residual artifacts.

ACKNOWLEDGMENTS
I would like to thank Biondo Biondi, Mandy Wong, Sjoerd de Ridder, Ali Almomin, and
the other SEP colleagues for their valuable comments and suggestions. I also thank Exxon
Mobil for providing the SEAM Phase 1 model used in this study.

REFERENCES
Almomin, A., B. Biondi, and R. Clapp, 2011, Combining forward-scattered and backscattered wavefields in velocity analysis: SEP-Report, 143, 77–84.
Baysal, E., D. D. Kosloff, and J. W. C. Sherwood, 1983, Reverse time migration: Geophysics, 48, 1514–1524.
Biondi, B. L., 2005, 3-d seismic imaging: Stanford Exploration Project.
Cerjan, C., D. Kosloff, R. Kosloff, and M. Reshef, 1985, A nonreflecting boundary condition
for discrete acoustic and elastic wave equations: Geophysics, 50, 705–708.
Chattopadhyay, S. and G. A. McMechan, 2008, Imaging conditions for prestack reverse-time
migration: Geophysics, 73, S81–S89.
Claerbout, J. F., 1985, Imaging the earth’s interior: Blackwell Science Inc.
Clayton, R. W. and B. Engquist, 1980, Absorbing boundary conditions for wave-equation
migration: Geophysics, 45, 895–904.
Dablain, M. A., 1986, The application of high-order differencing to the scalar wave equation:
Geophysics, 51, 54–66.
Etgen, J., S. H. Gray, and Y. Zhang, 2009, An overview of depth imaging in exploration
geophysics: Geophysics, 74, WCA5–WCA17.
Fei, T. W., Y. Luo, S. Aramco, and G. T. Schuster, 2010, De-blending reverse-time migration: SEG Technical Program Expanded Abstracts, 29, 3130–3134.
Fletcher, R. F., P. Fowler, P. Kitchenside, and U. Albertin, 2006, Suppressing unwanted
internal reflections in prestack reverse-time migration: Geophysics, 71, E79–E82.

190

Taweesintananon

SEP–143

Guitton, A., B. Kaelin, and B. Biondi, 2006, Least-square attenuation of reverse-time migration artifacts: SEG Technical Program Expanded Abstracts, 25, 2348–2352.
Hu, L.-Z. and G. A. McMechan, 1987, Wave-field transformations of vertical seismic profiles:
Geophysics, 52, 307–321.
Liu, F., G. Zhang, S. A. Morton, and J. P. Leveille, 2007, Reverse-time migration using
one-way wavefield imaging condition: SEG Technical Program Expanded Abstracts, 26,
2170–2174.
——–, 2011, An effective imaging condition for reverse-time migration using wavefield decomposition: Geophysics, 76, S29–S39.
Robein, E., 2010, Seismic imaging: A review of the techniques, their principles, merits and
limitations: EAGE.
Suh, S. Y. and J. Cai, 2009, Reverse-time migration by fan filtering plus wavefield decomposition: SEG Technical Program Expanded Abstracts, 28, 2804–2808.
Valenciano, A. A. and B. Biondi, 2003, 2-d deconvolution imaging condition for shot-profile
migration: SEG Technical Program Expanded Abstracts, 22, 1059–1062.
Whitmore, N. D., 1983, Iterative depth migration by backward time propagation: SEG
Technical Program Expanded Abstracts, 2, 382–385.
Xie, X.-B. and R.-S. Wu, 2006, A depth migration method based on the full-wave reversetime calculation and local one-way propagation: SEG Technical Program Expanded Abstracts, 25, 2333–2337.
Yoon, K. and K. J. Marfurt, 2006, Reverse-time migration using the poynting vector: Exploration Geophysics, 37, 102–107.
Yoon, K., K. J. Marfurt, and W. Starr, 2004, Challenges in reverse-time migration: SEG
Technical Program Expanded Abstracts, 23, 1057–1060.
Zhang, Y. and J. Sun, 2009, Practical issues in reverse time migration: True amplitude
gathers, noise removal and harmonic source encoding: First Break, 27, 53–59.

Stanford Exploration Project, Report SEP143, May 24, 2011

Elastic wavefield directionality vectors
Ohad Barak

ABSTRACT
The direction of energy propagation at every point in a wavefield propagated using an
elastic finite-difference method can be deduced from the displacement vectors. The
pressure-wave amplitude and displacements can be separated from the shear-wave amplitude and displacements using a separation operator. Amplitude separation can be
used to create a more informative image by correctly imaging converted waves. Displacement separation enables calculation of the propagation direction, which can be
used to create angle gathers without utilizing extended imaging conditions.

INTRODUCTION
When modeling elastic wave propagation, both pressure and shear wave energy is propagated. This enables a more physical reverse-time propagation of 3-C receiver data. However, the cross-correlation imaging condition (Claerbout, 1971) is not sensitive to the type
of wave being modeled, and this can result in a migrated image containing many artifacts
without physical meaning. Therefore, when imaging with elastically propagated wavefields,
a method of separating the two wave types is required. For isotropic media, the Helmholtz
separation (Morse and Feshbach, 1953) separates the wavefield into a scalar P amplitude
field and a vector S amplitude field. Yan and Sava (2008) show how this separation can be
used to image primary modes (PP or SS) and converted modes (PS or SP) separately, resulting in an image with a more physical meaning. Yan and Sava (2009) extend this method
to VTI and TTI media. Though these are effective methods, they do not separate the actual displacement fields into P displacements and S displacements. Zhang and McMechan
(2010) deal with this problem directly, developing an elastic wavefield decomposition into
P and S displacements, while preserving the original physical units, phase, amplitude and
vector characteristics of the modeled field. They show an implementation for both isotropic
and anisotropic media.
One method of constructing angle domain common-image gatherss by wavefield methods
is the extended imaging condition by Sava and Fomel (2003), which requires performing
cross-correlations between source and receiver wavefields at several horizontal spatial lags.
A transform is then applied to these correlated wavefields to create the angle gathers. An
alternate ray-based method is presented by Koren et al. (2008), which involves shooting
ray-pairs from the subsurface points at which angle gathers are required, and saving the
travel times to the surface and the surface location of the ray’s emergence. The trace data
at those locations is then interpolated from nearby recorded seismic data, and is copied
into the subsurface image point’s angle gather, at the opening angle of the ray pair. This
methodology also incorporates dip gathers, by considering various tilting angles of the plane
of the ray pairs, in relation to the vertical direction.
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The angle gather construction methodology I wish to implement is a conceptual hybrid
of these wavefield and ray-based methods. In the isotropic case, the direction of P wave
propagation is tangent to the particle displacement direction, while the S wave’s propagation
direction is perpendicular to the displacements. If the vector displacement field (which is
calculated as part of elastic wavefield finite-difference algorithm) can be decomposed into P
and S wave displacements, it follows that the direction of polarization of each wave mode
can, in principle, be determined. Under the isotropic assumption, the wave propagation
direction can be readily deduced from the polarization direction. This is true only if, at
a certain model point at a particular time window, only one wave exists. If this is indeed
the case, then the displacement vector will be along a certain line, e.g. - the wave will be
linearly polarized. Such information constitutes an “arrow” in space and time, indicating
the wave’s propagation direction within a time window. In this respect, this arrow can be
likened to a ray, since it points toward the propagation direction of the wavefront. Having a
directionality determination capability for finite-difference wavefield propagation methods
is an exciting prospect, since the consequence is an ability to construct angle gathers during
wavefield propagation, without applying any additional transforms to the wavefields, as in
the extended imaging condition by Sava and Fomel (2003). It also makes the expensive
data gathering step required by the method developed in Koren et al. (2008) unnecessary.
The scope of this report is much more limited than actual angle gather construction for
elastic wavefields, and my purpose here is only to show whether it is possible to acquire P and
S wave polarization directions during wavefield propagation. Furthermore, I limit myself to
an isotropic medium assumption. I decompose each wavefield into P and S displacements
using Zhang and McMechan (2010)’s method, and deduce from the displacements the angle
of the polarization direction of each wave mode to the vertical axis, at each point in the
modeling space, and at each time. From these angles, it is possible to ascertain the wave
propagation direction. Angle gathers can eventually be constructed by summing the source
and receiver wave’s propagation angle to the vertical. This will constitute the “opening
angle”. The value of the angle gather at the particular opening angle will be the crosscorrelation product of the source and receiver wavefields at the imaging point.

THEORETICAL BACKGROUND
Elastic wavefield modeling
The elastic isotropic wave equation in index notation reads:
∂σii ∂σij
+
+ fi (X, t) = ρÜi ,
∂xi
∂xj

(1)

where σii are the normal stresses, σij are the transverse stresses, fi is the source function
in direction i, X is the spatial source location operating at time t, ρ is density and U is the
displacement. The stresses are propagated using the stress-displacement relation:
∂Uj
∂Ui
σii = (λ + 2µ)
+λ
,
∂xi
∂xj


∂Ui ∂Uj
σij = µ
+
,
∂xj
∂xi

(2)
(3)
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where λ and µ are the Lame elastic constants.
The finite-difference implementation follows the staggered grid methodology of Virieux
(1986). The code I am using implements the variable grid size finite difference method,
developed by Wu and Harris (2002), although I have not used the grid size variability so
far. The code performs 3D elastic wavefield propagation, and was ported to Fortran90 by
Robert Clapp of SEP.

P-wave and S-wave amplitude separation and displacement decomposition
The Helmholtz amplitude separation is based on the assumption that any vector field can
be described as resulting from a combination of a scalar and vector potential fields:
U = ∇Φ + ∇ × Ψ,

(4)

Where Φ is the scalar potential field and Ψ is the vector potential. U is the elastic displacement vector wavefield. The scalar potential generates pressure waves, and the vector
potential generates shear waves. Therefore, the Helmholtz method of separating the P-wave
amplitude from the S-wave amplitude is to apply a divergence operator and a curl operator
to the displacement field:
P = ∇ · U = ∇2 Φ;
(5)
S = ∇ × U = −∇2 Ψ.

(6)

The derivation of P-wave and S-wave displacement decomposition by Zhang and McMechan
(2010) is done in the wavenumber domain. For an isotropic medium, the linear equation
system they arrive at is:
K × ŨP = 0,

(7)

K × Ũ = K × ŨS ,

(8)

K · ŨS = 0,

(9)

K · Ũ = K · ŨP ,

(10)

and
where Ũ is the 3D spatial fourier transform of the displacement field Ũ = (Ũx , Ũy , Ũz ). ŨP
and ŨS are the unknown P and S displacements. K = (Kx , Ky , Kz ) is the wavenumber
vector that describes the particle displacement direction. Ki = Vωi , where Vi is the phase
velocity in the i direction, and ω is angular frequency.
The solutions for P-wave displacements of these systems in 2D are:

ŨxP
ŨzP

= Kx2 Ũx + Kx Kz Ũz ,
=

Kz2 Ũz

+ Kz Kx Ũx .

(11)
(12)
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The solutions for S-wave displacements are:
ŨxS = Kz2 Ũx − Kx Kz Ũz ,

(13)

ŨzS

(14)

=

Kx2 Ũz

− Kz Kx Ũx .

It is important to note that the K in these equations is normalized by the absolute value of
the wavenumber |K|. Therefore, if we use K 0 to designate the non-normalized wavenumbers,
each wavenumber must be divided by √ 021 02 . Equations 12 - 14 then take the form:
Kx +Kz

ŨxP

=

ŨzP

=

ŨxS =
ŨzS =

Kx02
Kx0 Kz0
Ũ
+
Ũz ,
x
Kx02 + Kz02
Kx02 + Kz02
Kz02
Kz0 Kx0
Ũ
+
Ũx ,
z
Kx02 + Kz02
Kx02 + Kz02

Kz02
Kx0 Kz0
Ũ
−
Ũz ,
x
Kx02 + Kz02
Kx02 + Kz02
Kx02
Kz0 Kx0
Ũ
−
Ũx .
z
Kx02 + Kz02
Kx02 + Kz02

(15)
(16)

(17)
(18)

As mentioned previously, these are decomposition operators for isotropic media only. I
decided to use them initially, in order to evaluate the possibility of using elastic wavefield
directionality for the purposes of angle gather creation. The main difference between displacement decomposition and the Helmholtz amplitude separation is that the decomposition
is reversible. The sum of the decomposed P and S displacement vectors will result in the
original pre-decomposed displacements. However, there is no theoretical way to go from
the separated P and S amplitude fields back to the original displacement fields from which
they were calculated.

P-wave and S-wave decomposition in the space domain
The numerators in equations 16 - 18 can be calculated in the space domain by a finite∂2
difference approximation to the 2nd spatial derivative operator ∂x
2 . This finite-difference
i
operator can be convolved over the displacement field U in the space domain. However,
the denominator in equations 16 - 18, a division in the wavenumber domain, can only be
approximated in the space domain by a deconvolution. I chose to perform this deconvolution using spectral factorization and helical deconvolution, following the implementation
in Claerbout (1997). This method has the advantage of treating multidimensional problems as one dimensional problems. Specifically, it enables execution of multidimensional
deconvolutions as 1-D deconvolutions.
Using spectral factorization, a series of coefficients can be transformed to an alternate set of
causal filter coefficients which have a causal inverse. The Wilson-Burg spectral factorization
method (Fomel et al., 2003) ensures that the filter is minimum-phase. The autocorrelation
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Figure 1: Sketch of the helix concept - convolution takes place by winding a “coil” of filter
coefficients over a “coil” of data values (Claerbout, 1997). [NR] ohad1/. coil

of this new set of filter coefficients recreates the original values of the input series. The
upshot of this is that application of the original series’ coefficients to a dataset is akin to
convolving the data with the spectrally factorized filter coefficients in one direction, and
then convolving again in the other direction (“coiling” and then “uncoiling” the filter coefficients over the data). This effectively applies the filter and its time reverse (adjoint) to
the data, which amounts to multiplying the data by the original input series’ coefficients.
In the case of finite differencing, the “input” series might be the Laplacian, which when
made to traverse over the data has the effect of a 2nd derivative approximation.
Application of a 2nd derivative finite-difference operator to a dataset U is done by:
∂2
0
Ui = h ∗ h ∗ U,
2
∂xi

(19)

0

where h is the spectrally factorized filter coefficients and h is the time-reversed filter.
However, since equations 16 - 18 denote division of the displacement fields by a 2nd derivative
operator, a deconvolution with the filter coefficients is required:
1
∂2
∂x2i

 0
−1
0
Ui = h ∗ h
U = h−1 ∗ (h )−1 ∗ U.

(20)

The method of performing Zhang and McMechan (2010)’s displacement decomposition in
the space domain is to first decide on the order of the 2nd derivative finite difference operator,
and then use spectral factorization to produce the filter coefficients h of this operator. Then,
deconvolution with these filter coefficients must be applied to each displacement field, and
the derivatives shown in equations 16 - 18 must then be performed on these deconvolved
displacement fields:
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(21)
(22)
(23)
(24)

I use the SEPlib polydiv module to perform the helical deconvolution of the spectrally
factorized filter coefficients with the displacement wavefields, and then
 apply the spatial
P
P
S
S
derivative operators, saving the decomposed results Ux , Uz , Ux , Uz in separate arrays.

Determination of polarity and its angle to the vertical direction
My assumption is that if a single wave (P or S) exists within the modeled wavefield in a
particular location, then the particle displacement there will have a distinct direction vector
in space. In other words, the spatial components of the displacement vector will be linearly
polarized when viewed along the time axis. As a measure of this polarization, which I call
the “Polarization Coefficient,” I use the absolute value of statistical correlation between
the displacement components:
My assumption is that if in any location within the modeled wavefield a single wave of
a particular type (P or S) exists, then the particle displacement there will have a distinct
direction vector in space. In other words, the spatial components of the displacement vector
will be linearly polarized when viewed along the time axis. As a measure of this polarization,
which I call the “Polarization Coefficient”, I use the absolute value of statistical correlation
between the displacement components:
rij =

|Cov(Ui , Uj )|
.
Var(Ui )Var(Uj )

(25)

The logic behind this is that if the energy going through a certain model point is indeed
polarized, then there will be a linear dependence between the displacement components, and
r will tend to 1. Otherwise, it will tend to 0. However, this measure is unstable where one
of the displacement components is much smaller than the other (as shown in the following
figures), where we would expect the polarization to actually be very specific (i.e. - along the
larger component). The calculation of the polarization coefficient should be applied only
within specific time windows during wavefield propagation, since conceptually, if a wavefield
is complicated enough and is propagated for a certain length of time, then there will be
many waves propagating in many directions, and no polarization can be expected at any
one location for the entire propagation time.
Equation 25 can be used to produce a displacement correlation field. This field, in turn,
will tell us to what degree the wavefield is polarized within a particular time window during
propagation.
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Determination of correlation time window size
The size of the time window within which the degree of polarization should be estimated is
a major factor in the entire method, and can be considered as its Achilles’ heel, it being a
distinct point of failure (or success). On a conceptual basis, I think that the time window
size should be related to the time period of the most energetic wave in the wavefield. Tying
the window size to this parameter should enable us to decide on the resolution at which we
wish to observe the wavefield’s polarity, as a function of multiples of the most dominant frequency. However, this is useful only if there is a distinct dominant frequency. Though this
may be the case for the source wavefield, the receiver wavefield may have a more variable
spectrum. It is always possible to overestimate the correlation time window size, but that
may result in a displacement correlation field with unuseful low values. This point remains
unclear, and will likely require a lot of tuning to get right. At this stage, I define the time
window size to be:
√
T = nw /(fc 2),

(26)

where T is the time window size in seconds, nw is a parameter indicating the desired number
of wave periods, and fc is the central frequency of the source wavelet which, for the source
wavefield only, is also the dominant frequency.
Estimation of angle between polarization direction and vertical direction
Only where there is a large polarization coefficient is it worthwhile to attempt to estimate
the angle of the polarization direction to the vertical axis, within that time window. The
slope of the line with the best fit to the crossploted displacements is estimated by linear
regression. The angle to the vertical is the arctangent of this slope. Figure 2 explains this
idea.

Ux

Figure 2: Crossplot of 2D displacement components of a nearly linearly
polarized wave at some model location. The red dots represent samples
of the displacements within a time
window. The blue arrow indicates
the polarization vector acquired by
linear fitting of the displacement values. [NR] ohad1/. UxUz-example

Uz

€

θ
€ U x = bU z

€

€ independent
Considering the displacement values Ux and Uz within a time window as two
series, the standard linear regression equation can be applied to determine the slope of the
line that best fits these series in the least-square sense:
Ux = bUz ,

(27)

where b is the slope, and is calculated by
Pn
Ux Uz − nUx Uz
b = i=1
,
Pn i 2i
i=1 Uzi − nUz

(28)
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where Ux and Uz are the averages of the displacement values in the x and z directions
respectively, within the the time window of length n time steps.
The angle between the linear fitting to the vertical axis is
θ = tan−1 (b) .

(29)

Notice that the polarization line could “point” toward either direction, which is why I
defined θ = tan−1 (b) . This means that for θ = 0o , the polarization is in the +Uz or in the
−Uz direction. In the case of a P wave, the interpretation is that within this time window,
the wave at this particular location is propagating in the +Uz or in the −Uz direction. In
the case of an S wave, the interpretation is that the wave is propagating in the +Ux or in
the −Ux direction.

From propagation angles-to-vertical to actual dip-angle gathers
The construction of PP angle gathers from the saved angles to vertical during wavefield
propagation may be technically difficult, but the physical principle is simple. For PP reflections, the incidence angle is equal to the reflection angle. Therefore, a simple summation of
the source wavefield’s angle to the vertical at an imaging point at a particular propagation
time, with the receiver wavefield’s angle to the vertical, is enough to determine opening
angle. The result of the cross-correlation between the wavefields at that time can be placed
into an angle gather at the resulting opening angle. Though we save only the angle to
the vertical for each wavefield, this is simply a reference axis. Once the opening angle is
determined, adding half of that opening angle to either the source or receiver wave’s angle
to the vertical will produce an angle which is perpendicular to dip angle at that (specular)
reflection point.
For PS (or SP) angle gathers, the relation between the P incidence angle and the S reflection
angle is more complicated, as shown in Rosales and Rickett (2001).

PROPAGATION AND DECOMPOSITION RESULTS
Basic elastic propagation test
As a test case for the amplitude separation and displacement decomposition operators, I
used a homogeneous medium, with parameters as follows:

1. P-wave velocity: Vp = 2500 ms
2. S-wave velocity: Vs = 1500 ms
gr
3. Density: ρ = 2 cm
3

4. Spatial sampling: ∆x = ∆z = 5m
5. Temporal sampling: ∆t = 0.5ms
6. Model dimensions: nx = nz = 200
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The source function was a minimum phase Ricker wavelet, with a central frequency of 10hz ,
which was applied at the center of the model. I padded the model with absorbing boundaries - an additional 16 elements in each direction. The wavefield propagation snapshots
shown below are all at propagation time T = 250ms, and are shown without the surrounding absorbing boundaries.
Figure 3 is a snapshot of the propagation of the 2D elastic wavefield, at time T = 250ms. In
this case, the source is a pressure source, meaning that theoretically, only P-waves should
be generated. The top figures show the displacements in the X direction (Ux ), and in the
Z direction (Uz ). The bottom figures are the result of applying the Helmholtz separation
to the wavefield (equation 6). The P-wave is shown on the bottom left, and has the typical
appearance of an acoustic wave in a homogeneous acoustic medium. The S-wave is on the
bottom right, and ideally we would see nothing there. However, the artifacts seen at the
edges are the result of minute reflections off the absorbing boundaries. Since the propagation
is elastic, a wave mode conversion occurs at these boundaries as a result of a very slight
impedance contrast artificially produced by the absorbtion, and shear wave energy appears.
This is actually a validation of the correct behaviour of the propagation code. However, as
part of future work, it may be worth trying to do impedance matching along the boundaries
to improve their effectiveness.

Figure 3: 2D elastic propagation
snapshot at T = 250ms for a pressure source. X is the vertical direction, Z is horizontal. Top left:
displacements in X direction. Top
right: displacements in Z direction. Bottom left: P-wave amplitude, acquired by Helmholtz separation. Bottom right: S-wave amplitude. [ER] ohad1/. 0amp-and-disp
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Figure 4 is similar to Figure 3, but in this case the source is a vertical dipole source, which
excites both pressure and shear wave modes. These modes are apparent on the bottom row
of the figure, which shows the result of applying Helmholtz separation to this wavefield. The
pressure wave is radiating in the vertical direction, since the source was vertical. The shear
wave is propagating in the horizontal direction, with the particle motion itself being vertical.
The displacement snapshots on the top row of the figure show the Ux and Uz displacements,
respectively. These displacements are a combination of P and S displacements in each
direction. The vertical displacements (Ux ) are more dominant than the horizontal ones
(Uz ), because the source excites motion in the vertical direction.

Figure 4: 2D elastic propagation
snapshot at T = 250ms for a vertical dipole source. X is the vertical direction, Z is horizontal. Top
left: displacements in X direction.
Top right: displacements in Z direction. Bottom left: P-wave amplitude, acquired by Helmholtz separation. Bottom right: S-wave amplitude. [ER] ohad1/. 1amp-and-disp
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Polarization coefficient and displacement decomposition in the wavenumber and space domain
The bottom right of Figure 5 is the polarization coefficient (equation 25) of the pressuresource wavefield (Figure 3), calculated at time T = 200ms. The time window size in which
the polarization coefficient was calculated was 90ms, with its center at T = 200ms. The polarization coefficient is clipped below r = 0.8, which means that the field shows only model
locations with very high polarization (clipped values are blue). As we may expect, this
being a solitary pressure wave in a homogeneous medium, the field is indeed very linearly
polarized.
The other panels in Figure 5 show crossplots (hodograms) of the vertical and horizontal
displacement, in various locations in the wavefield within the time window centered at
T = 200ms. For a linearly polarized wave, we expect this crossplot to appear as a thin line
(the effect of linear dependence between displacement components). Otherwise, we should
see an irregular shape in the crossplot. The panel on the bottom left of Figure 5 is the
displacement crossplot at the center-left of the wavefield. The upper left panel is the displacement crossplot near the upper left corner of the wavefield, and the upper right panel
is displacement at the center-top of the wavefield. Since there is only a single propagating
P-wave present in the wavefield, all these locations exhibit linear dependence between the
displacement components, indicating a high degree of polarization. The fundamental characteristic of P-waves, that the particle motion is tangent to the wave propagation direction,
can be seen from this figure. All the crossplots seem to “radiate” away from the source,
since there is only one source at the center. This is a demonstration of how polarization of
displacements indicates the wavefield’s directionality.

Figure 5: Bottom right: Polarization coefficient for a pressure source
clipped below r = 0.8, and Ux vs.
Uz displacement crossplots at certain
locations in the wavefield at T =
208ms. Bottom left: crossplot at
x = 500, z = 330. Top left: crossplot at x = 330, z = 330. Top right:
crossplot at x = 330, z = 500. [ER]
ohad1/. 0Uxzpol
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Figure 6 displays the same panels as Figure 5, but in this case the source is a dipole source
in the vertical direction, meaning that the displacement in the vertical axis (Ux ) at the
center of the wavefield is being forced. This results in the P and S waves shown in Figure
4. For this source, the polarization coefficient exhibits large regions of non-polarized waves,
as seen by the polarization coefficient map on the bottom right of Figure 6. Examining the
surrounding crossplot panels, a different picture of polarization appears: where in Figure
5 the polarization on the left of the model is horizontal, in Figure 6 it is vertical. The
reason for this is that when a dipole source is excited, the wavefield contains a mixture
of P and S waves, and thus a mixture of P and S displacements, as seen in Figure 4.
Therefore, the linear polarization crossplot on the bottom left panel of Figure 6 is a result
of shear wave displacements, while the linear polarization crossplot on the top right is a
result of pressure wave displacements. The shear wave and its associated vertical particle
motion propagates in the horizontal direction, while the pressure wave and its associated
vertical particle motion propagates vertically. Consequently, the panel on the top left of
Figure 6, which displays the crossplot at the upper left corner of the wavefield, is a mixture of shear and pressure displacements, and therefore exhibits particle motion which is
not linearly polarized. This figure shows the need for a displacement decomposition method.

Figure 6: Bottom right: Polarization coefficient for a vertical dipole
source clipped below r = 0.8, and
Ux vs. Uz displacement crossplots at
certain locations in the wavefield at
T = 208ms. Bottom left: crossplot
at x = 500, z = 330. Top left: crossplot at x = 330, z = 330. Top right:
crossplot at x = 330, z = 500. [ER]
ohad1/. 1Uxzpol
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Figure 7 is an example of the implementation of P and S wave displacement decomposition
in the wavenumber domain (equations 12 and 14), when a pressure source is applied. Shear
waves are not expected to form in this case since the medium is homogeneous. The top row
shows the vertical displacements, and the bottom row shows the horizontal displacements.
From left to right, the panels are the pressure wave displacements after decomposition (U P ),
the shear wave displacements after decomposition (U S ), the sum of the shear and pressure
displacements (U P + U S ), and the original displacements before decomposition. Figure 9
is the same, but in this case the source is a vertical dipole source. The expectation is that
the sum of displacements after decomposition will be equal to the displacements before
decomposition, and it is does appear to be so.
Figure 8 is the implementation of P and S wave displacement decomposition in the space
domain (equations 24), when a pressure source is applied. The results are similar to those
from the wavenumber domain decomposition, shown in Figure 7. Figure 10 shows the space
domain decomposition for a vertical dipole source. In this case, the decomposed displacements are different from those seen by the wavenumber decomposition, shown in Figure
9. Notice the vertical streaks in the top left panels of Figure 9. I interpret these streaks
as artifacts of the Fourier transform, since when I use more zero padding before applying
the 2D Fourier transform, their magnitude decreases. However, it is interesting that the
resulting summations in both cases appear similar, and likewise appear almost identical
to the pre-decomposed displacements. This shows that the decomposition method in the
wavenumber domain by Zhang and McMechan (2010), and the decomposition in the space
domain both work in principle for an isotropic medium.
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Figure 7: Decomposed displacements snapshot at T = 250ms for a pressure source. Displacement decomposition is in wavenumber domain. X is the vertical direction, Z is horizontal. Top row: displacements in X direction. Bottom row: displacements in Z direction.
From left to right: P displacements, S displacements, P+S displacements and original displacements. [ER] ohad1/. 0Fseparated-combined
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Figure 8: Decomposed displacements snapshot at T = 250ms for a pressure source. Displacement decomposition is in space domain. X is the vertical direction, Z is horizontal. Top
row: displacements in X direction. Bottom row: displacements in Z direction. From left
to right: P displacements, S displacements, P+S displacements and original displacements.
[ER] ohad1/. 0separated-combined
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Figure 9: Decomposed displacements snapshot at T = 250ms for a vertical dipole source.
Displacement decomposition is in wavenumber domain. X is the vertical direction, Z is
horizontal. Top row: displacements in X direction. Bottom row: displacements in Z direction. From left to right: P displacements, S displacements, P+S displacements and original
displacements. [ER] ohad1/. 1Fseparated-combined
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Figure 10: Decomposed displacements snapshot at T = 250ms for a vertical dipole source.
Displacement decomposition is in space domain. X is the vertical direction, Z is horizontal.
Top row: displacements in X direction. Bottom row: displacements in Z direction. From left
to right: P displacements, S displacements, P+S displacements and original displacements.
[ER] ohad1/. 1separated-combined
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However, a large difference between the wavenumber and space domain methods appears
when comparing the errors of the sum of the decomposed displacement fields vs. the predecomposed displacement fields. The comparison is done by calculating the absolute value
of the difference between the summed-decomposed displacements and the undecomposed
displacements for each model point at each propagation time, and then summing all that
into a single number:
T X
N
X
Ei =
Uin,t − (Upn,t
+ Usn,t
) ,
(30)
i
i
t=1 n=1

Uin,t

where
is the displacement in direction i before decomposition, at model point n at
propagation time t, Upn,t
is the decomposed P wave displacement, and Usn,t
is the decomi
i
posed S wave displacement. Figures 11 and 12 show a comparison of the absolute difference
field at T = 200ms for the wavenumber and space domain decompositions. The figures are
misleading, since the maximum value of the wavenumber domain difference is 6 orders of
magnitude less than the space domain decomposition difference. The expectation is that
the sum of displacements after decomposition will be equal to the displacements before decomposition. It appears that this is the case for decomposition in the wavenumber domain,
at least from the relative error point of view.
The following table shows the summations of the absolute displacement fields and the absolute decomposition errors, over the entire propagation time, for a pressure source and a
dipole source:
Source
Pressure
Dipole

|Ux |
3.54e-10
5.19

Ex space
5.51e-11
0.88

Rel. err
0.15
0.17

Ex wavenumber
6.06e-17
1.68e-6

Rel. err
0.17e-6
0.32e-6

Source
Pressure
Dipole

|Uz |
3.54e-10
3.32

Ez space
7.56e-11
0.36

Rel. err
0.21
0.10

Ez wavenumer
5.95e-17
1.03e-6

Rel. err
0.16e-6
0.31e-6
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Figure 11: Absolute errors of decomposed displacements in comparison to original displacements for a
pressure source. T = 250ms. Top:
displacement decomposition in space
domain. Bottom: displacement decomposition in the wavenumber domain.
Wavenumber domain errors are 6 orders of magnitude
smaller than space domain. [ER]
ohad1/. 0space-vs-wavenumber-diff

Figure 12: Absolute errors of decomposed displacements in comparison
to original displacements for a vertical dipole source. T = 250ms. Top:
displacement decomposition in space
domain. Bottom: displacement decomposition in the wavenumber domain.
Wavenumber domain errors are 6 orders of magnitude
smaller than space domain. [ER]
ohad1/. 1space-vs-wavenumber-diff
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The correctness of the displacement decomposition operators can be verified when comparing Figure 5 to Figures 13 and 14. Since there is only a pressure wave in the wavefield,
we expect the decomposition operator to not have an effect on the resulting pressure wave
polarization. Looking at these two figures, we can see they are similar, indicating that the
decomposition operators do not introduce a significant amount of numerical inaccuracies.
However, it is clear that decomposition in the wavenumber domain has introduced less
errors into the P wave displacements.

Figure 13: Bottom right: Polarization coefficient for a pressure source
clipped below r = 0.8, and UxP vs.
UzP displacement crossplots at certain locations in the wavefield at
T = 208ms. Decomposition is in the
wavenumber domain. Bottom left:
crossplot at x = 500, z = 330. Top
left: crossplot at x = 330, z = 330.
Top right: crossplot at x = 330, z =
500. [ER] ohad1/. 0FUpxzpol

Figure 14: Bottom right: Polarization coefficient for a pressure source
clipped below r = 0.8, and UxP vs.
UzP displacement crossplots at certain locations in the wavefield at
T = 208ms. Decomposition is in the
space domain. Bottom left: crossplot at x = 500, z = 330. Top left:
crossplot at x = 330, z = 330. Top
right: crossplot at x = 330, z = 500.
[ER] ohad1/. 0Upxzpol
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The effect of decomposition on polarization can be seen when comparing Figure 6 to Figures
15 - 18. Notice in particular the top left panel in these figures, indicating the crossplot of
vertical and horizontal displacements on the upper left corner of the wavefield. Where in
Figure 6 this panel displayed non-linear polarization as a result of a mixture of P and S
displacements, in Figures 15 and 16 the polarization appears more linear, similar to the
same panel in Figure 5 where only a P wave existed. In Figures 17 and 18, the same panel
likewise shows a more linear polarization, but in this case the polarization is flipped by
90 degrees compared to that in Figure 15. This is exactly what we would expect to see for a shear wave, the particle motion is perpendicular to the wave’s propagation direction.
Looking at the bottom left panel of Figures 15 and 16, we can see that the Uxp displacement
amplitude is about 20% of that in the top right panel, since at that location the P displacement should be quite small (refer to Figure 4). Similarly, looking at the top right panel of
Figures 17 and 18 we can see that the Uxs displacement amplitude is significantly lower than
in the bottom left panels of these figures. Again - refer to Figure 4 to understand why that
should be so.

Figure 15: Bottom right: Polarization coefficient for a vertical dipole
source clipped below r = 0.8, and
UxP vs. UzP displacement crossplots
at certain locations in the wavefield
at T = 208ms. Decomposition is
in the wavenumber domain. Bottom left: crossplot at x = 500, z =
330. Top left: crossplot at x =
330, z = 330. Top right: crossplot at x = 330, z = 500. [ER]
ohad1/. 1FUpxzpol
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Figure 16: Bottom right: Polarization coefficient for a vertical dipole
source clipped below r = 0.8, and
UxP vs. UzP displacement crossplots
at certain locations in the wavefield
at T = 208ms. Decomposition is
in the space domain. Bottom left:
crossplot at x = 500, z = 330. Top
left: crossplot at x = 330, z = 330.
Top right: crossplot at x = 330, z =
500. [ER] ohad1/. 1Upxzpol

Figure 17: Bottom right: Polarization coefficient for a vertical dipole
source clipped below r = 0.8, and UxS
vs. UzS displacement crossplots at
certain locations in the wavefield at
T = 208ms. Decomposition is in the
wavenumber domain. Bottom left:
crossplot at x = 500, z = 330. Top
left: crossplot at x = 330, z = 330.
Top right: crossplot at x = 330, z =
500. [ER] ohad1/. 1FUsxzpol
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Figure 18: Bottom right: Polarization coefficient for a vertical dipole
source clipped below r = 0.8, and UxS
vs. UzS displacement crossplots at
certain locations in the wavefield at
T = 208ms. Decomposition is in the
space domain. Bottom left: crossplot at x = 500, z = 330. Top left:
crossplot at x = 330, z = 330. Top
right: crossplot at x = 330, z = 500.
[ER] ohad1/. 1Usxzpol

Observing Figures 15 - 18, we can see that when there is more than one wave mode in the
field, decomposition in the space domain produces a smoother polarization correlation field
than the wavenumber method. This is in accordance with the errors visible in Figures 11
and 12 for the wavenumber domain decomposition errors. It seems that though the error
is smaller when decomposing in the wavenumber domain, its spread around the true result
is very “ringy.” The error introduced by the space domain deconvolution method may be
larger, but it is much smoother. Because what I need is a measure of polarization correlation
and subsequently its direction, I think that it will be more advantageous to have a smooth
error.
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Determination of polarization angle to the vertical
The following figures are the result of applying linear regression to the displacement fields
and then calculating the polarization’s angle to the vertical (equations 28 and 29), within the
same time windows at which the polarization coefficient is calculated. If the polarization
coefficient is below r = 0.8, then the angle is set to a clipped value (greater than 90o ;
clipped angles are red), so that the polarization coefficient figures and the angle figures
display similar clipped regions. This is a visualization of the eventual methodolgy I intend
to implement: when polarization cannot be estimated, I do not wish to bring the wavefield
data from that location into an angle gather.
Figure 19 is a snapshot at propagation time T = 208ms of the undecomposed displacements
(top), the polarization coefficient field (bottom-left) and the polarization angle-to-vertical
field (bottom-right). There is a single pressure source at the center. The color in the angle
field ranges from white to black, where black designates vertical polarization (θ = 0o ), and
white designates horizontal polarization θ = 90o ). In this figure, because there is only a
single P-wave, the field is highly linearly polarized. Also, the polarization direction is the
propagation direction. The angle field therefore is a good indication of the propagation
direction, and this can be verified when observing the displacement fields. However, notice
the “waviness” along the diagonals radiating from the center of the field, where the source
is located. If the polarization estimation were perfect, we would expect all lines radiating
from the source to have the same color, meaning the same polarization angle.

Figure 19: Displacement snapshot at
T = 208ms for a pressure source.
Top: displacements in X and Z directions.
Bottom left: polarization coefficient clipped below r =
0.8. Bottom right: angle of polarization direction to the vertical
(Dark blue= 0o , white= 90o ). [ER]
ohad1/. 0U-disp-and-ang

Figures 20 and 21 are the result of wavenumber domain decomposition and space domain
decomposition, respectively. As the decomposition should, theoretically, have no effect
on this single mode wavefield, we expect these figures to be identical to Figure 19. The
polarization coefficient and the polarization angle panels in Figure 20 are very similar to
their undecomposed counterparts, but in Figure 21 a circular artifact is evident. I attribute
this artifact to the helical deconvolution by which the decomposition was done (equation
24). As a result of the length of the filter, data is “spread” from one part of the model to
another, in this case from the surrounding absorbing boundary region to the internal part
of the wavefield. As the filter length changes, the amplitude and location of this artifact
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changes. If the filter is too long, data from the bottom edge of the wavefield could actually
be incorporated into the top edge, due to the wrap-around of the helical coordinate system.

Figure 20: P wave displacement
snapshot at T = 208ms for a
pressure source, decomposition in
wavenumber domain. Top: displacements in X and Z directions. Bottom
left: polarization coefficient clipped
below r = 0.8. Bottom right: angle
of polarization direction to the vertical (Dark blue= 0o , white= 90o ).
[ER] ohad1/. 0FUp-disp-and-ang

Figure 21: P wave displacement
snapshot at T = 208ms for a pressure source, decomposition in space
domain. Top: displacements in X
and Z directions. Bottom left: polarization coefficient clipped below
r = 0.8. Bottom right: angle of
polarization direction to the vertical
(Dark blue= 0o , white= 90o ). [ER]
ohad1/. 0Up-disp-and-ang

Figure 22 is the undecomposed displacements snapshot at propagation time T = 208ms,
for a vertical dipole source at the center of the field. This excites both P and S wave
modes, and therefore the displacements are a mixture of P and S. This is the reason for
the smaller region of linear polarization seen in the bottom-left of the figure, in comparison
to Figure 19. The bottom-right of the figure shows the polarization’s angle to vertical. A
dark region, indicating vertical polarization, is visible along both directions away from the
source. The vertical polarization to the right and left of the source are a result of vertical
S displacements, and those that are over and under the source are a result of vertical P
displacements.
Figures 23 and 24 are the decomposed P displacements of the dipole-source generated
field, by wavenumber and by space domain decomposition, respectively. They both exhibit
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Figure 22: Displacement snapshot
at T = 208ms for a vertical dipole
source. Top: displacements in X
and Z directions. Bottom left: polarization coefficient clipped below
r = 0.8. Bottom right: angle of
polarization direction to the vertical
(Dark blue= 0o , white= 90o ). [ER]
ohad1/. 1U-disp-and-ang

the generally correct behaviour for the P-wave - it propagates mostly vertically, and the
polarization direction should be likewise mostly vertical, radiating vertically from the source
at the center (refer to Figure 4). However, the smoothness of the polarization coefficient field
derived by space domain decomposition is much greater than the one derived by wavenumber
domain decomposition. This in turn affects the smoothness of the polarization angle field.

Figure 23: P wave displacement
snapshot at T = 208ms for a vertical dipole source, decomposition in
wavenumber domain. Top: displacements in X and Z directions. Bottom
left: polarization coefficient clipped
below r = 0.8. Bottom right: angle
of polarization direction to the vertical (Dark blue= 0o , white= 90o ).
[ER] ohad1/. 1FUp-disp-and-ang

Figures 25 and 26 are the decomposed S displacements of the dipole-source generated field,
by wavenumber and by space domain decomposition, respectively. In this case, we expect
there to be a mostly vertically polarized wave, propagating to the sides away from the source
at the center. This effect can be seen in both figures, on the bottom-right panel. Just as was
shown above for the P-wave, the relative smoothness of the space domain decomposition
compared to the wavenumber domain decomposition is evident.
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Figure 24: P wave displacement
snapshot at T = 208ms for a
vertical dipole source, decomposition in space domain. Top: displacements in X and Z directions.
Bottom left: polarization coefficient. Bottom right: angle of polarization direction to the vertical
(Dark blue= 0o , white= 90o ). [ER]
ohad1/. 1Up-disp-and-ang

Figure 25: S wave displacement
snapshot at T = 208ms for a vertical dipole source, decomposition in
wavenumber domain. Top: displacements in X and Z directions. Bottom
left: polarization coefficient clipped
below r = 0.8. Bottom right: angle
of polarization direction to the vertical (Dark blue= 0o , white= 90o ).
[ER] ohad1/. 1FUs-disp-and-ang
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Figure 26: S wave displacement
snapshot at T = 208ms for a vertical dipole source, decomposition in
space domain. Top: displacements
in X and Z directions. Bottom left:
polarization coefficient clipped below
r = 0.8. Bottom right: angle of
polarization direction to the vertical
(Dark blue= 0o , white= 90o ). [ER]
ohad1/. 1Us-disp-and-ang

DISCUSSION AND CONCLUSION
I have verified that the displacement decomposition operator (Zhang and McMechan, 2010)
works for an isotropic elastic wavefield in a homogeneous medium. Currently, I have implemented it in the wavenumber domain, as stated in equations 12 and 14, and in the space
domain, as stated in equation 24. Since the wave propagation itself is in the time-space
domain, executing transforms to wavenumber domain at each time step may be more costly
in the eventual 3D implementation than using the space domain decomposition by filter
deconvolution. For the moment, it appears that both methods produce similar results as
far as understanding of the polarization direction is concerned. This is despite the fact that
the error introduced by the wavenumber domain displacement decomposition is six orders of
magnitude smaller than the one introduced by space domain displacement decomposition.
It appears that the space domain error is large but smooth, while the wavenumber domain
error is small, but highly variable.
The size of the sliding time window within which the polarization coefficient is calculated is a critical decision to the derivation of polarization direction, and therefore to the
calculation of the wave propagation direction. The ability to calculate the propagation direction during propagation is the cornerstone of the method I wish to eventually implement
for constructing angle gathers. Therefore, a robust formulation of the time window size as
a function of the wavefield parameters is required.
The cut-off value for the correlation between the displacements on the two axes, which I
use as a determination of the level of local polarization, is another critical factor. Obviously,
where the displacement values are very small or where they are not correlated there is no
point in trying to estimate polarization. At those locations in the wavefield, either there is
no significant energy anyway, or there is more than one wave at the same time. It should be
noted that this same limitation exists for current angle gather construction methodology,
but it is not addressed until the result is viewed. The use of statistical correlation (equation
25) does not seem to be the most robust way of measuring the linearity of polarization in
the propagating wavefield. There are other methods, such as executing SVD on a matrix
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consisting of the displacement components of an image point over within a time window
(Meersman et al., 2006), which may provide a more stable polarization estimation.
I calculate the slope of the line that best fits, in the least-square sense, the crossplotted
displacements Ux and Uz . This slope is then used to determine the angle between the
polarization direction and the vertical. According to the results (Figures 19 - 25), this
method is imperfect. I would expect that along the line radiating from the source in
Figure 19, the polarization angle would be constant. I have a nagging suspicion that the
cause of this is the staggered grid methodology, which in effect means that the Ux and Uz
displacements are not calculated at the same model location. I will need to find a way to
test this possibility. If this is a critical issue, some correction to the displacements will be
necessary so they’ll be calculated at the same grid points. Zhang and McMechan (2010)
mention that they interpolate the values from one staggered grid to another, to ensure that
displacement information for different axes is located at the same grid points.
As for the use of this directionality information - I believe knowing the wavefield’s direction at each time during propagation incorporates the advantages of wavefield propagation
methods and ray-based methods. It may thus enable a method of angle gather creation in
the style shown in (Koren et al., 2008), but without the restrictions imposed by ray theory.
Furthermore, knowing the wavefield’s direction will make it unnecessary to “shoot” rays in
many directions from various CDP’s in the model space, and then create the angle gather
using only the data from those rays that reached the surface near shot-receiver points, where
data exists. This can result in a significant saving of computational and I/O resources.
Using the displacement information inherent in elastic wavefield propagation can also
make redundant the angle gather creation method by spatial and temporal lag crosscorrelation (Sava and Fomel, 2003). The extended imaging condition there requires crosscorrelation at various spatial lags between the receiver and source wavefields, but the reason
for doing this is exactly because there is no information as to the wavefield’s propagation
direction. Therefore, a “scan” of a CIG’s local neighbourhood is executed, to cover all
directions where the source and receiver wave energy could have arrived from. Just as for
the ray-based method, a possible reduction in computational resources can be achieved by
using the pre-existing wavefield directionality information in the displacement fields.
Another use for wavefield directionality information is for the cross-correlation imaging
condition itself. If we have the source and receiver propagation direction, we can ensure
that we cross-correlate only those events traveling in opposite directions, such as the upgoing receiver wavefield with the downgoing source wavefield. By doing that, we remain
within the assumptions of the cross-correlation imaging condition, and the resulting image
should contain fewer artifacts. Many authors acknowledge the need for this separation, and
useful methods exist to carry it out. What I am suggesting is that the same directionality
information acquired by displacement decomposition, which I wish to use for angle gather
construction, can also be used in conjunction with the imaging condition, in order to image
the events which the imaging condition was designed for.
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Ambient seismic noise eikonal tomography for near-surface
imaging at Valhall
Sjoerd de Ridder and Joe Dellinger

ABSTRACT
We demonstrate that in three passive seismic datasets recorded by an ocean-bottomcable array at the Valhall field in the Norwegian North Sea, virtual-source interferometry over the frequency range 0.35-1.75 Hz produces strong omnidirectional Scholte-wave
sources. We then use these virtual-sources gathers to image the shallow structure in
high resolution using eikonal traveltime tomography. Unlike conventional tomography,
which determines velocities between source and receiver using an inversion scheme,
eikonal tomography computes the local traveltime gradient at each receiver, and thus
directly estimates the local velocity in the neighborhood of each receiver. The Scholtewave images produced from imaging the passive noise reveal many of the same features
visible in the active P-wave data. These results suggest that a permanent recording
system using passive seismic noise might be useful for real-time surveillance of shallow
shear-wave velocity anomalies.

INTRODUCTION
The permanent ocean-bottom array at the Valhall field in Norway provides an excellent
source of passive seismic data to test what might be accomplished with seismic interferometry. The array, installed in 2003 (Kommedal et al., 2004), can record data for long periods in
all weather conditions. The subsurface structure is well known, both from numerous wells
and from seismic imaging. During periods without active seismic acquisition at Valhall,
there is abundant passive energy in the data over a wide range of frequencies. Previous
attempts to synthesize omnidirectional point sources at conventional seismic exploration
frequencies (3-60 Hz) failed at Valhall (Artman, 2007; Landes et al., 2009), so passive data
will not replace active data in the higher frequencies ranges there. However, at lower frequencies (0.18-1.75 Hz), omnidirectional virtual Scholte-wave sources have been successfully
generated (Dellinger and Yu, 2009; Bussat and Kugler, 2009; Dellinger et al., 2010). We
process three passive datasets from the Valhall permanent array in Norway, generate virtual
Scholte-wave source gathers using seismic interferometry, and then use these sources to image the shallow structure using eikonal traveltime tomography (Lin et al., 2009). Finally, we
compare our results to the P-wave velocity structure at Valhall as determined from active
data (Sirgue et al., 2010).

THE AMBIENT SEISMIC NOISE FIELD AT VALHALL
We use three OBC recordings of ambient seismic noise recorded at Valhall: 29 hours in
2004, 6.5 hours in 2005 in conditions that transitioned from calm to stormy, and 2 hours in
221
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2008 recorded under stormy conditions as the remnants of tropical storm Laura passed over.
Unlike the previous passive datasets, the 2008 dataset was recorded without the customary
low-cut recording filter. Figure 1 shows spectra of the vertical component of the particle
velocity for all three datasets. The ambient seismic field is excited by various noise sources
that dominate in different frequency regimes (Olofsson, 2010). In the Valhall recordings,
we distinguish five frequency regimes based on their distinctive spectral amplitudes and
excitation mechanisms (Dellinger and Yu, 2009). Band A (< 0.18 Hz) contains energy from
ocean swells. This energy has tremendous amplitude in the pressure component (which
explains why low-cut recording filters are customary) but is virtually absent in the vertical
component of the particle velocity sensor. Bands B (0.18-0.35 Hz) and C (0.35-1.75 Hz)
contain microseism energy generated by the interaction of weather-generated ocean waves
and the sea floor (Longuet-Higgins, 1950; Rhie and Romanowicz, 2004, 2006). In ocean
acoustics, this band is referred to as the double-frequency microseism peak. This energy
has proven to be suitably random in propagation direction, as required for interferometry.
Bands D (1.75-18 Hz) and E (> 18 Hz) contain human-generated noise associated with
field operations, boats and distant seismic shooting. Note that repetitive artificial sources
can be identified by the spiky character of their spectra. Natural sources are more random
and result in relatively smooth spectra. When weather is calm and the microseism peak is
weak, human-generated noise sources overwhelm the microseism energy at the upper end of
the microseism band. This pushes the upper limit of useful microseism energy down during
calm weather conditions. Thus ambient seismic-noise data is best recorded during stormy
conditions and/or during periods with few noise-making field operations.
Weather records (NMI, 2011) indicate that the 2005 recording began in calm weather
that then transitioned to stormy, a change that is readily apparent in the change in the
spectrum over time windows. Weather records for the 2004 dataset are not available, but
the data show that the 2004 dataset started under weather conditions even calmer than the
start of the 2005 dataset, and ended under weather conditions somewhat less stormy than
at the end of the 2005 dataset. Comparing the spectrum of the (unfiltered) 2008 recording
with the (filtered) 2004 and 2005 recordings shows that the low-cut filter suppresses much
of the microseism band of interest. In this paper we wish to compare results for all three
datasets, and so we will perform our analysis for energy in frequency band C, between 0.351.75 Hz. Band C is highlighted in Figure 1. Seismic interferometry for microseism energy
also succeeds in band B for the 2008 recording (Dellinger and Yu, 2009; Dellinger et al.,
2010).

EIKONAL TOMOGRAPHY
Tomography produces an estimated velocity field from a large number of measurements of
travel time (or phase). Traditionally, a forward-modeling operator is constructed by solving
the eikonal equation in a background velocity model for each observable data point. These
data points then act as a global constraint on the inversion. The resulting linear system
is typically solved by matrix inversion techniques, regularized by spatial smoothing and
Tichonov regularization. In contrast, eikonal tomography (Lin et al., 2009) is a procedure
that uses the spatial gradient of a travel-time map as a local constraint on the wave-speed
map. This relation is described by the scalar eikonal equation (Aki and Richards, 2002):
|∇ti (x)| = c−1
i (x).

(1)
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Figure 1: Frequency spectra of the vertical component of the particle velocity for the 2004
(top panel), 2005 (middle panel) and 2008 (bottom panel) datasets. We divide the data
into five frequency bands labeled A to E. Band A (< 0.18 Hz) is the frequency regime for
ocean swells, bands B (0.18-0.35 Hz) and C (0.35-1.75 Hz) contain microseism energy, and
in bands D (1.75- 18 Hz) and E (> 18 Hz) human-generated noise dominates. The 2005 data
have been subdivided into calm and stormy spectra. Five spectra for the 2004 dataset are
shown, computed over consecutive 6-hour intervals. [NR] sjoerd1/. Valhall-AMS-Spectra
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Evaluating this equation for one virtual-source gather leads to an estimate of the local wave
velocity.
We perform ambient-seismic-noise eikonal tomography as follows: First, the data are
bandpassed (for band C) and virtual-seismic source gathers are constructed by correlation.
Figure 2a shows 30 seconds of bandpassed seismic noise recorded in the 2008 dataset by one
line of the Valhall array. Figure 2b shows a virtual-source gather created by correlating 2
hours of noise along that line with the data for the station at the offset marked 0, located
towards the right end of the line. For ideal ambient seismic noise, positive and negative
time lags of the correlation should contain a symmetrized impulse response (Wapenaar and
Fokkema, 2006). We stacked positive and negative time lags to enhance the quality of the
created virtual-source gathers.
Next, traveltimes are estimated by picking the maximum value of the envelope function of the virtual-seismic-source data within a defined moveout window. Figure 2c shows
picks for the virtual-source gather in figure 2b. We also calculate a signal-to-noise ratio
(SNR) quality factor, defined as the amplitude of the envelope peak within the moveout
window divided by the average amplitude outside the window. We keep only the traveltime
picks exceeding a specified SNR and regularize them using biharmonic spline interpolation (Sandwell, 1987) (see Appendix ). The traveltime map should only be interpreted
for portions surrounded by picks that we kept. Next, we use equation 1 to estimate the
local velocity at each point for waves from each virtual-source gather. The final step is to
produce tomographic maps by statistically characterizing the estimates at each position in
the model.

s0 (x) =

N
1 X
si (x)
N

(2)

i=1

and

N

σs2 (x)

X
1
=
(si (x) − s0 (x))2 .
N (N − 1)

(3)

i

Figure 3 shows how this works. Figure 3a shows an amplitude snapshot for a virtualsource gather gather in the southern portion of the Valhall data for the 2008 dataset. Notice
that the impulse response is nearly perfectly omnidirectional. Figure 3b shows regularized
travel times across the array for this virtual-source. Note that more distant picks did not
have a sufficient SNR and were discarded. Figure 3c shows a map of velocity estimates
calculated using those regularized picked travel times. This process is repeated for each
virtual-source gather, potentially producing a large number of velocity estimates.

EXPLICIT INVERSION BY STATISTICS
Whereas for conventional seismic imaging, the inversion contains a wavefield extrapolation
step (Claerbout, 1985), eikonal tomography finds an estimate of the model directly after
merely regularizing the data. This possible because measurements are available throughout
the domain of the model space. Different illuminations of the model by diferent sources
are still added together through a weighted sum to find a composite model. Evaluating
equation 1 for N virtual-source gathers, one at each receiver station, and applying the
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a)

b)

c)

Figure 2: Three panels demonstrating the first half of the processing flow of ambient seismic
noise eikonal tomography for a receiver line in the 2008 dataset: (a) 30 seconds of ambient
seismic noise after bandpassing between 0.35 Hz and 1.75 Hz; (b) data from a virtual-source
created at a station near the right end of the line; (c) travel-time picks superimposed on
top of the envelope function of the virtual-seismic-source data in the middle panel. [CR]
sjoerd1/. Laura-V-picked
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b)

c)

Figure 3: Three panels showing the continuation of the processing flow begun in Figure 2,
traveltime map construction and velocity estimation for one virtual-source: (a) A snapshot
showing Scholte-waves propagating away from a virtual-source in the southern portion of the
Valhall array. The virtual-source was created using data from the 2008 dataset, bandpassed
between 0.35 Hz and 1.75 Hz. (b) Regularized travel time surfaces picked from this virtualsource gather. (c) The resulting velocity estimates. [NR] sjoerd1/. Eikonal-tomo

acceptence criteria mentioned above leads to a set of estimates of the local wave velocity at
each receiver location x.
A logarthmic histogram of the SNR of all picks in the Valhall array (Figure 4(a)) shows
the large majority of picks have very low SNR. Generally the SNR ratio decreases quite
rapidly with increasing source-receiver distance due to geometrical spreading (Figure 4(b)).
The deficiency between SNR’s of 30 to 40 and the jump in the SNR scatter plots at a radius
of 750 m are related to the dispersion of the Scholte wave in the correlation gathers. They
coincide with phase cycles, which are strongly reflected in the amplitude of the envelope
function.
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Figure 4: a) Histogram of SNR. b) Scatter plot of 1% of all SNR’s versus radius, line is the
lower acceptence level. [NR] [CR] sjoerd1/. snrhist,snrscat
A complication with Gaussian statistics on measurements of velocity or slowness is that
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they are both always positive. Tarantola (2006) suggests these so called Jeffreys quantities
are more safely analyzed in their logarithmic magnitudes. Here we briely disuss the model
estimate distributions. The expected value and variance of the estimate sets are calculated
on the estimates in three magnitudes: linear slowness, linear velocity and logarithm of
velocity. For linear slowness magnitudes we have (again)
s0 (x) =

N
1 X
si (x)
N

(4)

i=1

and

N

σs2 (x) =

X
1
(si (x) − s0 (x))2 .
N (N − 1)

(5)

i

For linear velocity magnitudes we calculate
N
1 X
ci (x)
c0 (x) =
N

(6)

i=1

and

N

σc2 (x) =

X
1
(ci (x) − c0 (x))2 .
N (N − 1)

(7)

i

When characterizing logarithmic slowness or velocity magnitudes an expected value and
variance can be obtained from either slowness or velocity as
`0 (x) = −

N
N
1 X
1 X
log10 (si ) =
log10 (ci )
N
N
i=1

(8)

i=1

and
N

X
1
(`σ ) (x) =
(log10 (si ) + `0 )2 =
N (N − 1)
2

i

N

X
1
(log10 (ci ) − `0 )2 .
N (N − 1)

(9)

i

The results of either approach are most intuitively compared in units of velocity (m/s).
So the expected values are compared through:
`0
c0 with s−1
0 and 10 .

(10)

The variances are compared through:
σc with

i
1
1 `0 h `
−`σ
σ
and
10
10
−
10
.
s
σ
2
s20

(11)

The last term is the average between two velocity values corresponding to the expected
value plus and minus the square-root of variance in logarithmic space.
Normal distributions are fitted to the estimates in Figures 5 and 6 on the respective
magnitudes. For the estimates near a high-velocity anomaly we find c0 = 348 m/s and σc =
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38.8 m/s, s0 = 0.00290 ⇒ 345 m/s and sσ = 0.000328 ⇒ 38.7 m/s, and `0 = 2.54 ⇒ 346
m/s and `σ = 0.0487 ⇒ 38.9 m/s. For the estimates near a low-velocity anomaly we find
c0 = 299 m/s and σc = 36.36 m/s, s0 = 0.00339 ⇒ 295 m/s and sσ = 0.000410 ⇒ 35.6
m/s, and `0 = 2.47 ⇒ 297 m/s and `σ = 0.0527 ⇒ 36.1 m/s. For both estimate sets
we find the expected value on the logarithmic velocity magnitude to be within the values
of the expected value on the linear slowness and linear velocity magnitudes. However the
deviations on these expected values are about 10 times smaller then the standard deviations
on the estimates, regardless of which magnitudes are analyzed.
In Figures 5(d) and 6(d) Q-Q plots indicate how well the estimates fit normal distributions (plus symbols for slowness magnitudes, circles for velocity magnitudes and quandrangles for logarithmic velocity magnitudes). Q-Q plots for the different magnitudes carry a
different unit on their vertical axis. The diagonal corresponds to a perfect fit. The intermediate quantiles follow Gaussian statistics quite well. In the lower and higher quantiles
the data differs from a normal distribution. In the high-velocity anomaly (Figure 5(d)) the
slowness magnitudes fit a normal distribution better in the lower quantiles and the velocity
magnitudes better in the higher quantiles (not surprising because velocity is inverse slowness). In the low-velocity anomaly (Figure 6(d)) the logarithmic velocity magnitudes fit a
normal distribution best in the lower quantiles while the velocity magnitudes better in the
higher quantiles.
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Figure 5: Histograms and their normal distribution fits of the gradient estimates in a high
velocity region: a) linear slowness magnitude, b) linear velocity magnitude, c) logarithmic
velocity magnitude, d) normal Q-Q plots of the gradient magnitudes (plus symbols: linear
slowness, circles: linear velocity, quandrangles: logarithmic velocity). [CR] [CR] [CR]
[NR] sjoerd1/. estimates1a,estimates1b,estimates1d,fits1
These observations might not hold in general for low- and high-velocity anomalies. For-
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Figure 6: Histograms and their normal distribution fits of the gradient estimates in a lowvelocity region: a) linear slowness magnitude, b) linear velocity magnitude, c) logarithmic
velocity magnitude, d) normal Q-Q plots of the gradient magnitudes (plus symbols: linear
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tunately, the choice of which magnitude to use to analyze the gradient estimates does not
significantly change the resulting tomography maps. Gaussian statistics do not adequately
fit the tails of the estimate sets. For simplicity we chose to base the tomographic images on
the expected value of a linear slowness basis. For this data, the variance is a very limited
measure and does not infer an estimate certainty in a Gaussian statistics sense. Thus two
additional quality measures of the expected value are the density of accepted picks and the
velocity-estimate density. The first is a (regularized) map of the number of accepted travel
time picks per station. The second is simply a map of N , the number of raw travel time
measurements available at that location.

SCHOLTE-WAVE VELOCITY MAPS
Correlations were performed for time blocks of at most 3 hours. Signal to noise ratios were
calculated using a moveout window 4 seconds wide centered on a moveout-velocity trajectory
of 350 m/s. For the inversion we only used picks with SNRs of over 2 that were located within
a radius of 1750 m of the virtual-source gather. We found the eikonal tomography results to
be more improved by excluding picks at larger offsets than by elevating the SNR threshold.
Further offsets might get sensitive to deeper structures or contain other wavemodes. Thus
the gradients would fundamentally start to conflict. Figures 7-9 contain images of Scholtewave velocities and quality factors obtained by performing eikonal tomography on the 2004,
2005 and 2008 datasets, respectively. The top left panels show the expected-value velocity
maps, and the top right panels show the associated standard deviations. The lower left
and right panels show maps of the regularized pick density and the number of estimates
(N ), respectively. For comparison, Figure 10 shows maps of estimated P-wave (not Scholtewave) velocities between 60 and 105 m (in Figure 10a) and between 150 and 195 m (in
Figure 10b) beneath the ocean floor. This result was obtained by Sirgue et al. (2010) using
full-waveform inversion (FWI) between 3.5 Hz and 7 Hz on a conventional active seismic
dataset.
Several high- and low-velocity anomalies can be distinguished in the Scholte-wave maps
from the 2004 and 2005 data. These appear to correspond to structures also observable in
the P-wave velocity map. The high-velocity anomalies are interpreted to be channel features
(indicated by arrows). Dotted circles indicate two distinct low-velocity zones. The FWI
inversion was performed for frequencies higher than those in this eikonal tomography study,
so it is not surprising that the tomographic images of Scholte-wave velocities obtained from
the eikonal tomography lack the short-wavelength resolution of the P-wave velocity map
obtained from FWI.
The traveltime map estimated from the 2008 dataset contains generally higher velocitiesthan the traveltime maps from the 2004 and 2005 datasets. This might be because the
(unfiltered) 2008 dataset contains stronger low frequencies, and thus is more sensitive to
higher velocities deeper in the Earth. However, parts of the 2008 map (especially in the
South) bear little resemblance to the 2004 or 2005 maps, or to the structures in the P-wave
velocity map. Only 2 hours of data were available from 2008, and as a result the SNRs of
the virtual-source gathers generally were lower. The 2008 Scholte-wave velocity map was
thus constructed using far fewer accepted picks than the maps of 2004 and 2005, so the map
from the 2008 dataset may simply be unreliable. Availability of longer data sets recorded
without a low-cut filter would enable further investigation of the application of the lower
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frequencies in the microseism energy to subsurface imaging.
Note the isolated low near the center of the array in the pick-density map for the
2004 eikonal inversion. This receiver station was probably malfunctioning (or possibly
was simply mislocated) and slipped through initial quality control. It did not damage the
results, however, because it was discarded by the automated picking algorithm. The P-wave
velocity map in Figure 10b prominently displays a large meandering channel that passes
under the extreme southeastern part of the array. This channel is deeper than the narrower
channels marked by the meandering dotted arrows in Figure 10b. There is no corresponding
anomaly in the eikonal result for the 2004 data. There are anomalies in the 2005 and 2008
data at approximately the right location, but they are certainly not conclusive matches. It
is possible that the lower-frequency, deeper-sensing 2008 dataset might be detecting that
channel. Unfortunately the edges of the array have relatively few travel times to work
with, so this remains inconclusive. Note that FWI was able to use active sources, which
covered a wider area, to image well outside the receiver array even at these shallow depths.
Interferometry uses the receivers as sources and so has a more restricted image space.

CONCLUSIONS
The ambient seismic field at Valhall contains omnidirectional noise suitable for seismic noise
tomography at low frequencies between 0.35 Hz and 1.75 Hz. Scholte-waves traveling along
the ocean floor can provide a tomographic image of features in the near surface (between 0
and 105 meters beneath the ocean floor). We have demonstrated that eikonal tomography is
an effective tool for studying surface waves at Valhall, even though the gradient estimate sets
do not closely resemble Gaussian distributions. This research shows that there is potential
for developing a low-cost near-surface monitoring system using passive noise recorded by
permanent ocean-bottom arrays.
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Figure 7: Images of Scholte-wave velocities and uncertainties obtained from eikonal tomography on the 2004 dataset; the expected value (a), the standard deviation of velocity (b),
pick density at each station (c), and the number of velocity estimates at each grid point
(d). Dotted arrows in (a) indicate channel features. [CR] sjoerd1/. Artman-V-Etom
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Figure 8: Images of Scholte-wave velocities and uncertainties obtained from eikonal tomography on the 2005 dataset; the expected value (a), the standard deviation of velocity (b),
pick density at each station (c), and the number of velocity estimates at each grid point
(d). Dotted arrows in (a) indicate channel features. [CR] sjoerd1/. Jianhua-V-Etom
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Figure 9: Images of Scholte-wave velocities and uncertainties obtained from eikonal tomography on the 2008 dataset; the expected value (a), the standard deviation of velocity (b),
pick density at each station (c), and the number of velocity estimates at each grid point (d).
Dotted arrows in (a) indicate channel features. This dataset produces a distinctly different
result from the other two, possibly because it was recorded without a low-cut recording
filter. [CR] sjoerd1/. Laura-V-Etom
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Figure 10: Images of average P-wave velocities obtained using waveform inversion (Sirgue et al., 2010) of active P-wave data; (a) between 60 and 105 m beneath the ocean
floor, and (b) between 150 and 195 m beneath the ocean floor. Dotted arrows indicate channel features; dotted circles indicate two distinct low-velocity zones. [NR]
sjoerd1/. Valhall-Laurent-FWI
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APPENDIX: BICUBIC SPLINE REGUARIZATION
Bicubic spline interpolation is method of interpolation and regularization that relies on
fitting the data by a set of weighted Green’s functions for cubic cplines (Sandwell, 1987). It
is intuitively comparable to bending a metal plate to fit through desired points, by applying
and positioning different weights at positions along the plate. The Green’s function for a
cubic spline with forcing at δ(x) satisfies
∇4 G(x) = δ(x).

(12)

To fit N datapoints using N forcing functions weighted by wj , we have the system
∇4 di (x) =

N
X

wj δ(xi − xj ).

(13)

j=1

Using the defined Green’s function, we have the system
di (x) =

N
X

wj G(xi − xj ),

(14)

j=1

or in matrix notation
d = Gw,

(15)

where Gij = G(xi −xj ) is a kernel with Green’s functions. The system is solved using an f90
library that performs LU decomposition (Moreau, 2011; Press et al., 1986). Green’s function
solutions for cubic splines in various dimensions have been derived and are summarized by
Wessel (2009). This paper uses the two dimensional solution
G(xi − xj ) = r2 (lnr − 1) ,
where r = |xi − xj |.

(16)
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Interpreter input for seismic image segmentation

Adam Halpert

ABSTRACT
While automatic segmentation of seismic images can dramatically speed up interpretation of salt bodies and alleviate a major model-building bottleneck, human expertise
at this task is valuable and should be included. Here, I demonstrate a strategy to
incorporate such expertise into the highly-efficient Pairwise Region Comparison (PRC)
segmentation algorithm. By supplying a limited manual interpretation of the salt
boundary, interpreters can correct local inaccuracies and guide the automatic result in
both two and three dimensions. In the 3D case, accuracy of the segmentation improves
even in areas far from the manual picks. Examples from a wide-azimuth Gulf of Mexico
survey demonstrate the effectiveness of this procedure.

INTRODUCTION
Automated seismic image segmentation allows for fast interpretation of regions within seismic images, and is especially useful for identifying large subsurface salt bodies that are
tedious to interpret manually. This automation helps to alleviate a substantial bottleneck
within the iterative imaging, interpretation and model-building workflow. At this point,
however, complete automation is not a feasible or even desirable goal. Experienced human interpreters offer a great deal of expertise, especially in complex geological settings
where computers are unable to provide an accurate automatic interpretation. Here, I discuss a strategy for incorporating such expertise into the framework of automated image
segmentation.
Beyond relatively simple horizon auto-picking, which tends to get lost along chaotic or
discontinuous boundaries, a variety of options exist for global image segmentation. One
useful approach, developed by Lomask et al. (2007), uses the eigenvector-based Normalized
Cuts Image Segmentation (NCIS) method (Shi and Malik, 2000). However, this method is
relatively inefficient; large seismic images require substantial preprocessing, and the computational domain must be windowed around a prior best-guess of the boundary to make
the method computationally feasible. More recent work (Halpert et al., 2010) adopts a
“Pairwise Region Comparison” (PRC) approach based on the method of Felzenszwalb and
Huttenlocher (2004). This method holds several advantages over the NCIS approach, including computational efficiency and the ability to operate on full seismic images. In this
paper, the PRC method is used as a basis to explore how an interpreter’s own top- or
base-salt picks can influence automated segmentation results in two or three dimensions.
Throughout the paper, I show 2D (Figure 1(a)) and 3D (Figure 1(b)) field data examples
from a wide-azimuth Gulf of Mexico dataset provided by WesternGeco.
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(a)

(b)

Figure 1: (a) 2D and (b) 3D images taken from a field dataset that will be used for examples
throughout this paper. [ER] adam1/. oct-2d,oct-3d
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SEGMENTATION METHOD
The PRC segmentation algorithm is a graph-based method that relies heavily on the concept
of “minimum spanning trees” (Zahn, 1971). In short, the algorithm makes comparisons
between pairs of nearby pixels in a migrated image, and determines whether the pixels
belong in the same image segment, or in separate regions. See Halpert (2010) for full
details on how this method is adapted for seismic images. This algorithm is very efficient
compared to other segmentation techniques such as NCIS; for example, the 1000 x 1000 pixel
2D result here was computed in less than a minute, while the 3D result (1000 x 800 x 40)
required 10 minutes on a single processor. Parallelization of this scheme is made possible
by operating simultaneously on different chunks of the input cube, although additional
pre- and post-processing is necessary. Segmentation results (for example, Figures 2(a) or
5(a)) are shown as random-color segments overlying the image. Very few parameters are
required; the user controls the minimum segment size, and can quickly choose segments to
merge together in two or three dimensions. All results shown here required merging 5-10
segments within the salt body.

INTERPRETER GUIDANCE
It is clear from the initial 2D segmentation result in Figure 2(a) that the algorithm did
not perform ideally in several locations. Specifically, the salt segment “leaks” through the
boundary at two locations, one along the top of the salt body and one along the base. In
such situations, we want to use interpreter input to rectify the inaccuracies. Figure 2(b)
shows manual interpretations of the salt boundary in the region where the leakages occurred.
These boundary segments were quickly picked using a few seed points and an auto-picker.
At this point, these manual interpretations must somehow be incorporated into the
automated framework of the PRC method. Broadly speaking, this can be done in two
ways. First, we can modify the algorithm itself to check for the manual interpretations
when assigning weights to pixel pairs. However, this option adds unnecessary complexity
to the process and would likely severely curtail the algorithm’s efficiency (one of its major
advantages). Alternatively, we could modify the input data according to the picks, and allow
the segmentation algorithm to proceed normally. Since this option preserves the algorithm’s
efficient structure, I focus here on modifying the input amplitude of the envelope volumes
to accommodate the manual interpretations.
A simple solution to the problem would involve assigning a high amplitude value to the
manually picked points. While this is the basic idea behind the solution described here, it is
unfortunately not quite so straightforward. Assigning high amplitudes to a string of points
without regard to neighboring amplitude values causes the algorithm to treat the manual
interpretation as a segment distinct from those surrounding it, even those also inside a salt
body. Instead, I define a new amplitude value (A) for a “picked” pixel at position (x,y,z) in
terms of the highest-amplitude pixel in a neighborhood surrounding it and a scaling factor
α:
Axyz = α max Aijk ,
(1)
ijk

where i, j, and k are constrained by |x − i| ≤ 5, |y − j| ≤ 5, |z − k| ≤ 5. This approach
ensures that a boundary will be emphasized on the input data where it has been manually
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(a)

(b)

Figure 2: (a) 2D segmentation result without interpreter guidance. The salt body segment
shows significant “leakage” at the locations indicated. (b) Manual interpretations of the
salt boundary near where the leakages occurred. [ER] adam1/. 2d-merge,2d-topbase
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(a)

(b)

Figure 3: Amplitude of the envelope calculations from the original image (a), and modified according to the manual salt picks in Figure 2(b). The salt boundary is clearer
and more continuous in the modified image, especially at the indicated locations. [ER]
adam1/. 2d-env-orig,2d-env-new
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picked, but will not appear radically different from its surroundings. Figures 3(a) and 3(b)
illustrate this idea; the manually picked points are now clearly visible in panel (b), but
the character of the boundary does not change noticeably. Now, segmenting the new input
image with parameters identical to the original segmentation yields the result seen in Figure
4. The segments conform to the manual picks seen in Figure 2(b), while the rest of the
image is segmented as accurately as the original result in Figure 2(a).

Figure 4: 2D interpreter-guided segmentation results. This result incorporates the manual
picks seen in Figure 2(b). [ER] adam1/. 2d-merge-new

THREE DIMENSIONS
While the PRC algorithm suffers from the same leakage problem in 3D (Figure 5(a)) seen
in the 2D example, the same solution cannot be applied. Because segments are much larger
in 3D, amplitude changes on a single 2D section are not significant enough to alter 3D
segmentation results. Instead, we must “project” an interpreter’s manual picks on an inline
section, like those seen in Figure 5(b), into the third (crossline) dimension. If we make the
assumption that the dip of the salt flank does not fluctuate by more than two pixels per
slice in the crossline direction, we can construct a square pyramid (Figure 6) in the crossline
direction with sides of length 2h, where h is the number of crossline samples between the
base of the pyramid and its apex, which is the manually interpreted point P . Now, the new
amplitude value for any pixel Q that falls within the pyramid is
Q
AQ
new = Aorig +

A0
,
||P Q||

(2)

where A0 is the amplitude value at point P as determined by equation (1), and ||P Q|| is the
distance between the two points. As seen in Figure 7(b), the interpreter’s picks now influence
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(a)

(b)

Figure 5: (a) 3D segmentation result prior to any interpreter guidance. (b) Manually
interpreted salt boundary picks. Manual picks from one or more sections are used to guide
the automatic 3D segmentation. [ER] adam1/. 3d-origseg,oct-3d-picks

Figure 6: Schematic illustrating
the concept of “spraying” manual interpretations of a 2D section into the third dimension. The
black dot represents a pixel along
a manually-picked horizon.
[NR]
adam1/. pyramid
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(a)

(b)

Figure 7: 3D amplitude of the envelope calculations from (a)the original image, and (b)
modified according to the manual picks seen in Figure 5(b). The 3D effects of the procedure to incorporate the picks are evident on the crossline and depth slices.
[ER]
adam1/. 3d-env-orig,3d-env-new

SEP-143

Interpreter-guided segmentation

245

Figure 8: 3D interpreter-guided segmentation results, incorporating the picks seen in Figure
5(b). Note that in this result, the segmentation is more accurate in all three directions.
[ER] adam1/. 3d-newseg

amplitude values in all three directions, but the magnitude of that influence decays with
distance from the manual picks. Accordingly, the updated 3D segmentation result in Figure
8 is improved throughout the image cube, and not just on the two inline sections where
manual picks were provided. For example, Figure 9 shows image slices far away from the
two crosslines for which manual interpretations were supplied. In Figures 10(a) and 10(b),
the effects of the 3D interpreter input procedure on the envelope volumes are apparent.
Figures 11(a) and 11(b) compare the original and interpreter-guided segmentation results
for this location, demonstrating that the 3D segmentation results can improve dramatically
even far away from any manual pick locations.

CONCLUSIONS
The Pairwise Region Comparison algorithm offers a highly efficient means of automatically
segmenting salt bodies in seismic images, but its accuracy can suffer in areas with discontinuous boundaries or poor illumination. In such cases, altering the input amplitude data
according an interpreter’s manual picks can successfully guide the segmentation to a more
accurate result, even in areas far from the manual picking locations. Combining interpreter
expertise with automation in this manner could help alleviate a major bottleneck in the
model-building and imaging workflow.
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Figure 9: Slices from the 3D image cube far away from any interpreter-supplied salt picks.
[ER] adam1/. o3d-far
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(a)

(b)

Figure 10: Envelope volumes at the position of the image slices seen in Figure 9, (a) before
and (b) after incorporating interpreter input from a distant location. In (b), continuity
of the salt boundary is improved, allowing a more accurate segmentation result. [ER]
adam1/. o3d-env-orig-far,o3d-env-new-far
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(a)

(b)

Figure 11: A comparison of segmentation results (a) without using interpreter input, and
(b) after incorporating information from the picks in Figure 5(b). Even though the data
slices shown here are far from the location of the manual picks, the strategy of spreading
information from 2D picks into the third dimension allows for a much more accurate result
in (b). [ER] adam1/. 3d-origseg-far,3d-newseg-far
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Anisotropic tomography with rock physics constraints
Yunyue Li, Dave Nichols, Konstantin Osypov, and Ran Bachrach

ABSTRACT
Anisotropic model building is a challenging problem, well-known for its non-linear
and underdetermined nature. To reduce the null-space and stabilize the inversion,
we propose a new preconditioning scheme in linearized tomography to include rock
physics prior information. We introduce the rock physics information in the form of
covariance among P-wave vertical velocity (v0 ),  and δ, and is generated by stochastic
realizations of a compacting shale model. We design a VSP synthetic survey with
the common industry geometry on two different examples, of which one fulfills the
assumption of our rock physics model and the other does not. The results show that
by utilizing the proper rock physics prior information, tomography can better resolve
the anisotropy parameters, especially in the area where inversion is poorly constrained
by the data. However, precautions should be taken when the lithology of the subsurface
is largely unknown. Finally, we perform a posterior uncertainty analysis to evaluate the
contribution of the rock physics prior information. The results show that the null-space
is greatly reduced by introducing the prior information.

INTRODUCTION
Anisotropic model building tries to resolve more than one parameter at each grid point of
the subsurface. This number could be 3 for a vertical transverse isotropic (VTI) media,
and increase to 5 for a tilted transverse isotropic (TTI) media. Traditional surface seismic
tomography may be able to produce accurate isotropic earth models efficiently for a large
area when the acquisition is dense and the earth is well-illuminated by rays at a wide range
of angles. However surface seismic data inversion becomes ill-posed and highly underdetermined due to the rapidly increasing dimensionalities of the model space with the increasing
complexity of the subsurface.
One big disadvantage of the surface seismic tomography is the lack of the depth information. During tomography, not only is the low wavenumber earth model estimated,
but the depth of the reflectors is unknown as well. To add the depth dimension into the
inversion, several localized tomography experiments around the wells are analyzed (Bakulin
et al., 2010d,c). In these studies, joint inversion of surface seismic data and borehole data
(check-shots, walkaway VSPs) shows great potential to yield better defined earth models.
However, due to the ambiguity among the parameters, even the borehole aided localized
tomography has difficulty in resolving a reliable, unique anisotropic model in 3D (Bakulin
et al., 2009).
To constrain the inversion further, we need to consider some prior knowledge of the
subsurface. This prior knowledge can be characterized by the covariance of the model space
and is independent of the data. There are many ways to obtain the covariance information
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based on different assumptions. For example, we often smooth our earth model horizontally
and vertically, which implies a certain user-defined spatial correlation lag. More realistically,
we can use the geological information as a prior and shape our estimate accordingly. This
model shaping can be posed as a decomposition of the earth model into different layers and
horizons before tomography (Bakulin et al., 2010a), or as a regularization/preconditioning
operator during tomography (Bakulin et al., 2010b). We can obtain the geological information either by interpreting and picking the horizons or by building a set of steering filters
(Clapp, 2000) according to the current subsurface image.
In addition to the spatial covariance, for a multi-parameter estimation, a point-by-point
cross-parameter covariance is also needed to fully describe the subsurface. One source of
the cross-parameter covariance comes from rock physics study (Hornby et al., 1995; Sayers,
2004, 2010; Bachrach, 2010b). In particular, Bachrach (2010a) develops both deterministic
and stochastic modeling schemes based on the rock physics effective media models for compacting shale and sandy shale. Along with appropriate laboratory core measurements, the
parameters needed by the rock physics model are limited in a certain range, which greatly
reduces the correlation lag in the earth model parameters. These rock physics modeling results can be used to construct the initial earth model and the covariance relationships among
the earth model parameters. When all of these four ingredients - surface seismic, borehole
traveltime measurements, geological information and rock physics priors - are available, we
will have a better chance to resolve anisotropic models that both flatten the gathers and
follow the geological and rock physics principles at the same time.
In this paper, we assume the spatial covariance and the local cross-parameter covariance
can be fully separated and focus on utilizing the rock physics modeling results to constrain
the anisotropic tomography. A VSP survey with a common industry geometry is simulated
on two different models, one with only shale (sandy shale), and the other with one layer of
pure sand (isotropic). We compare the inversion results using the unconstrained tomography, current constrained tomography and the rock physics constrained tomography. Finally,
we perform a-posteriori uncertainty analysis (Osypov et al., 2008) for the shale example to
evaluate the contribution of rock physics prior knowledge to the reduction of the null-space.

THEORY
Here, we define a VTI tomography in using event traveltime as data. To the first order,
when we assume the ray path does not change with perturbation in the background velocity
model, the traveltime misfit is related to the velocity perturbation as follows:
Z
∆t =
raypath

1
∆v d l.
v2

(1)

For weak anisotropy, the angle dependent velocity in VTI media can be described by vertical
velocity v0 and the Thomson anisotropic parameters  and δ as follows (Tsvankin and
Thomsen, 1994):
v(θ) = v0 (1 + 2δ sin2 θ cos2 θ + 2 sin4 θ),

(2)

where θ is the angle between propagation direction and the vertical direction. The angles
are defined by the raypath in equation 1. Consequently, the velocity perturbation can be
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expressed as follows:
∆v(θ) =

∂v(θ)
∂v(θ)
∂v(θ)
∆v0 +
∆ +
∆δ.
∂v0
∂
∂δ

(3)

Now we can see explicitly that the traveltime misfit has three contributions from v0 ,  and
δ, respectively:
Z
Z
Z
1 ∂v(θ)
1 ∂v(θ)
1 ∂v(θ)
∆t =
∆v0 d l +
∆ d l +
∆δ d l.
(4)
2
2
2
v (θ) ∂v0
v (θ) ∂
v (θ) ∂δ
In practice, we usually formulate the seismic tomography problem as an inversion problem with another model space regularization term. Then the objective function reads:
S(∆m) = ||T∆m − ∆t||2D + ||m0 + ∆m − mprior ||2M ,

(5)

where D denotes the data space whose covariance is CD and M denotes the model space
whose covariance is CM . In the data space fitting goal, operator T is a row operator vector
[Tv0 T Tδ ], each element corresponding to one of the three terms in equation 4 respectively;
∆m is a column model vector [∆v0 ∆ ∆δ]0 ; ∆t is the traveltime misfit. In the model space
fitting goal, m0 is the background (initial) model [v00 , 0 , δ0 ]0 ; mprior is the mean of the prior
distribution in the model space [v0p , p , δp ]0 . We evaluate both fitting goals in L2 using an
LSQR solver.
We can also obtain the normal equation representation of the objective function by
taking the derivative of equation 5 with respect to ∆m:
−1/2

−1/2

CD T
CD ∆t
−1/2 ∆m =
−1/2
λ CM
λ CM (mprior − m0 ),

(6)

where λ is the balancing factor between the data fitting equation and the model fitting
equation. For the synthetic study here, we may assume CD = I, since there is no noise in
these data.
To speed up the convergence, we turn this regularized problem into a preconditioned
problem by doing a variable substitution:
1/2
∆t
TCM
∆m0 =
.
−1/2
λI
λ CM (mprior − m0 )

(7)

Now LSQR inverts the preconditioning variable ∆m0 , and the real model updates are ob1/2
tained by ∆m = CM ∆m0 after inversion.
For a multi-parameter model inversion, we assume the model covariance can be fully
decoupled into two different parts: spatial covariance for each parameter, and the local
cross-parameter covariance. Mathematically, that translates into:
1/2

CM = Sσ =

Sv 0 0
0 S 0
0 0 Sδ

σvv σv σvδ
σv σ σδ
σδv σδ σδδ

,

(8)

where S is a spatial smoothing matrix, and σ is the square-root of the point-by-point
cross-parameter covariance matrix. Each element of S can be estimated according to the

252

Li et al.

SEP–143

user’s assumption for the smoothness of different parameters. For example, the steering
filters (Fomel, 1994; Clapp et al., 2004) provide a good choice to incorporate the structural
information of the subsurface. The local cross-parameter covariance can be estimated from
the rock physics modeling (Bachrach, 2010a).

Figure 1: Left: Stochastic realizations of a rock physics modeling for shale and sandy
shale. The ellipsoids are fitted locally to describe the multi-Gaussian relationship among
the parameters. Right: Small dots in the background are the estimated prior distribution
by the operator using the ellipsoids on the left. Larger dots are the null-space projection of
the operator. [NR] elita2/. covariance

The left panel on Figure 1 shows an example of the stochastic realizations of a rock
physics model for shale and sandy shale. The dots are scattered v0 ,  and δ results of
hundreds of realizations, while the nine ellipsoids are fitted locally with v0 the controlling
variable to describe the multi-Gaussian relationship among the parameters. With a statistical study of the laboratory measurements on the cores, the range of the required input
parameters for the rock physics model has been limited to a relatively narrow range, which
leads to tight ellipsoids in Figure 1. We refer interested readers to details in Bachrach
(2010a).
In this paper, we build the cross-parameter covariance matrix for each grid point in
the subsurface according to the velocity, and linearly interpolate between the ellipsoids to
which the velocity value belongs. Notice that additional non-linearity has been introduced
during this process. Better methods to utilize the stochastic realizations could fit ellipsoids
centered at every velocity value, which can be more precise but outside the scope of this
study.
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NUMERICAL TESTS
We design a walkaway VSP survey on a 2D study area shown in Figure 2. There are 51
sources distributed evenly along a 5 km line on the surface with 2.5 km maximum offset,
and 10 receivers fixed every 1 km down the borehole. This acquisition geometry is designed
to be similar to the industry standard VSP surveys, which have good constraints for vertical
velocity and δ, but fewer constraints for  in the deeper part due to the limited propagation
angles.

Surface location (km)
0
2.5
5
0
5
2.5
Depth (km)

Figure 2: Walkaway VSP acquisition
geometry. [NR] elita2/. AcquiGeo

7.5
10
Two 1.5D models are evaluated using this method. One is a shale (sandy shale) model
which completely follows the covariance matrix we generated from the rock physics modeling; the other is the same except for a layer of isotropic sand where the prior information
is “wrong”.
Now we are ready to test our method using different prior information. For different
tests, we apply the same smoothing operator S, but different estimates of point-by-point
cross-parameter covariance σ. In the notations below, “no prior” means σ = I; “column
weighting” means σ has only diagonal elements which are constant for every grid point in the
subsurface; “diagonal covariance” means σ has only diagonal elements which vary according
to the rock physics modeling results; “full covariance” means σ has all nine elements which
vary according to the rock physics prior for each grid point in the subsurface.
Figure 3 shows the inversion results of the shale (sandy shale) model. It is obvious
that vertical velocity is the best constrained variable, therefore, all inversion schemes yield
good estimations for vertical velocity. However, instability is seen in the results of  and δ
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Figure 3: Inversion results of the shale (sandy shale) model. Panels on the left show the
velocity perturbation, in the middle  perturbation, and on the right δ perturbation. The
top row shows the inversion results without rock physics prior knowledge: Solid line: No
prior; Dashed dot line: Column weighting; Dashed line: True model. The bottom row shows
the inversion results with some rock physics knowledge: Solid line: Diagonal covariance;
Dashed dot line: Full covariance; Dashed line: True model. [NR] elita2/. model1
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when no prior information is included. The oscillations in  and δ are out-of-phase, which
is the numerical proof for the theoretical predicted trade-off between these two parameters.
Inversion with column weighting yields more stable results for δ and the shallow part of
. For the deeper part and also less constrained part of , column weighting gives a less
satisfactory result. When rock physics prior knowledge is introduced, the inversion is further
stabilized. Both the diagonal and the full covariance give good estimations for velocity and
δ, while superior result for  is obtained by full covariance since correct prior knowledge adds
information to the inversion. The fact that a much closer estimation for  was produced
using full covariance rather than the diagonal one suggests that large cross-terms exist in
the covariance matrix.
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Figure 4: Inversion results of the shale model with an isotropic sand layer. Panels are
arranged in the same order as Figure 3. [NR] elita2/. model2
Figure 4 shows the inversion results of the shale (sandy shale) model with an isotropic
layer in the middle. Similar stability conclusions can be drawn as for the shale (sandy shale)
case. Notice that for the well-constrained variable δ, inversion is able to resolve the isotropic
layer even though “wrong” prior information is provided. However, the inversion result is
highly biased towards the prior information for  where it is not so well constrained.

POSTERIOR UNCERTAINTY ANALYSIS
For a regularized problem, an L-curve analysis is often useful to determine the damping
parameter λ in equation 7 and investigate the posterior distribution of the inversion (Hansen
and O’Leary, 1993). Typical L-curve has two distinct parts: one vertical part where the
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solution is dominated by the data fitting and one horizontal part where the solution is
dominated by the model styling. The corner of the L-curve corresponds to a good balance
between minimization of both fitting goals. In Figure 5, we obtain the L-curve for each
inversion scheme for the shale (sandy shale) model in log-log scale by varying λ from 1e − 11
to 0.1. The model residual is defined in the preconditioning space. Therefore, the shape of
the L-curve also depends on the covariance matrix. A good estimation of the covariance and
a proper λ will place the solution right at the corner of the L-curve, as in the case of using
the full covariance. The ”7-curve” shape in the log-log scale (which is still an ”L-curve” in
absolute scale) shows a relatively poor estimation of the covariance matrix, hence indicating
difficulties in finding a proper damping parameter λ.
Finally, to move beyond the deterministic inversion which produces only one solution,
we perform the null-space analysis following the work flow proposed by Osypov et al.
(2008). The effective null-space of an operator can be sampled by an iterative Lanczos
eigen-decomposition method. The right panel on Figure 1 shows the null-space projection
(darker dots) overlaid on the approximate prior distribution (smaller dots) when the full
covariance scheme is used. It is obvious that the full covariance matrix representation produces a good estimation to the true prior (by the similarity of the cloud shape on the left
panel and the right panel). Also, the null-space projection suggests that higher uncertainty
in anisotropic parameters for higher velocities, which often means greater depth, is embedded in rock physics knowledge. The reduced volume of the cloud shows the value of
information that the data bring into the inversion.

CONCLUSIONS
In this paper, we have proposed a new formulation to incorporate rock physics prior information with the anisotropic tomography. Two models were analyzed using this method,
and the inversion results demonstrate the trade-off among the parameters and the instability due to the huge null-space when no prior information is included. Any estimation
of the local cross-parameter distribution (column weighting, diagonal covariance and full
covariance) is helpful to stabilize the inversion and leads to a better representation of the
subsurface. However, we should be careful in using too tight of a prior distribution when
the lithology is uncertain, especially for areas where parameters are not well-constrained by
the data. The posterior distribution analysis shows that by adding the rock physics prior
information, we will obtain a better estimation of the true prior statistics in the inversion
and a smaller uncertainty in the posterior statistics.
The experiment of rock physics constrained tomography suggests to us a new workflow
in anisotropic model building.
• First, Build an initial model using the deterministic rock physics modeling and obtain
the initial image.
• Second, Build the point-by-point cross-parameter covariance according to the stochastic rock physics modeling. Build the spatial covariance using geology information
and/or the initial image.
• Third, run the rock physics constrained joint tomography with surface seismic data
and borehole data.
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Figure 5: L-curve for the shale (sandy shale) model inversion. [NR] elita2/. L-curve

Repeat the workflow if necessary. Up to now, it is possible to use all the information: surface
reflection seismic, borehole data, geological estimation and the rock physics covariance in
the tomography to produce a unique earth model that explains the seismic data and satisfies
the geological and rock physics theory at the same time.
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Model-building with image segmentation and fast image
updates

Adam Halpert and Gboyega Ayeni

ABSTRACT
An accurate salt interpretation is an essential component of velocity model-building in
areas dominated by complicated salt geology. The Pairwise Region Comparison (PRC)
image segmentation algorithm can automatically pick salt bodies on seismic images, and
be used as part of an iterative sediment-flood and salt-flood model-building workflow.
In areas where the salt interpretation is highly uncertain, however, human expertise is
needed to judge the relative accuracy of two or more possible models. We demonstrate
a fast image updating scheme based on shot-profile migration that can be used to
investigate how different salt interpretations provided by the PRC algorithm affect
the final image. With further efficiency improvements, this process could allow for
an interactive interpretation, model-building, and imaging workflow that substantially
reduces cycle time for large-scale iterative imaging projects.

BACKGROUND
The goal of any automated seismic image segmentation scheme is to automatically pick
out or delineate regions within a seismic image. Salt interpretation is an especially useful
application of this technology; large, subsurface salt bodies can be tedious and very timeconsuming to interpret manually, but the sharp salt/sediment velocity contrast makes an
accurate interpretation essential for building a satisfactory velocity model. This means that
we should not rely solely on an automatic salt interpretation, but should instead draw on
the expertise of experienced human interpreters to supplement the process. This can be
accomplished in a variety of ways; for example, a manual 2D interpretation can be used
to guide an automatic 3D segmentation (Halpert, 2011). A complementary option is to
use human expertise to choose the best of several possible interpretations provided by an
automatic algorithm. Here, we demonstrate one such strategy using fast image updates to
examine differences between possible models.
The “Pairwise Region Comparison” (PRC) seismic image segmentation approach (Halpert
et al., 2010; Halpert, 2010) relies on the graph-based segmentation method of Felzenszwalb
and Huttenlocher (2004). This method is more efficient than eigenvector-based algorithms
such as Normalized Cuts Image Segmentation (Shi and Malik, 2000; Lomask, 2007), and is
capable of operating on full seismic images. Here, the PRC method is used on images from
the Sigsbee 2A synthetic model to provide two possible top-salt interpretations. Then, a
fast image-update scheme based on shot-profile migration is used to examine how an image
changes as a result of the two interpretations.
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(a)

(b)

Figure 1: Perfect-velocity image (a) and automatic segmentation result (b) from the Sigsbee synthetic model. In (b), the salt body has been interpreted nearly perfectly. [ER]
adam2/. zig-perf,seg-perf
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SEGMENTATION PROCESS
Under ideal cirmucmstances, automated segmentation using the PRC method can provide a
quick and accurate interpretation of regions within a seismic image. For example, the image
in Figure 1(a) is a perfect-velocity migration of data from the Sigsbee synthetic model. In
the corresponding segmentation result (Figure 1(b)), the salt body is delineated clearly
and accurately. Unfortunately, perfect velocity models are non-existent in the real world.
Instead, a common approach to building a velocity model in areas dominated by complex
salt geology is to pick the top salt after migration with a sediment-flood velocity model,
and then pick the base of salt after migration with the resulting salt-flood velocity model
(Mosher et al., 2007). It is clear from Figure 2(a), a sediment-flood migration zoomed in
to the left half of the salt body, that the salt boundary of a sediment-flood image is not
likely to be imaged as well as the perfect-velocity example in Figure 1(a). The resulting
segmentation of the image into above- and below-salt regions (Figure 2(b)) is therefore not
as accurate.
Since the major source of inaccuracy in the Figure 2(b) result is within the salt canyon
indicated on the figure, we can restrict our analysis to that region. By setting a smaller
minimum segment size, the user can be much more selective about what regions to include
as salt. Figures 3(a) and 3(b) display two possible salt interpretations generated by the
automatic PRC algorithm for the region in question. In Figure 3(b), an extra segment
(indicated by the arrow) has been included in the salt. By replacing segments interpreted
as salt with salt velocities on the original sediment flood velocity model, two different
velocity models can also be created (Figures 4(a) and 4(b)).

IMAGE UPDATES
Image updates and comparisons will be performed using shot-profile migration (see Biondi
(2005)). In general, this type of migration uses downward-continued source (P s ) and receiver
(P g ) wavefields:
s
Pzs = Pz=0
e−ikz z

(1)

g
Pz=0
eikz z ,

(2)

Pzg

=

where z is the depth and kz is the vertical wavenumber calculated in a split-step fashion
(Stoffa et al., 1990) for a given frequency ω according to
s


ω
ω
ω2
2
,
(3)
kz =
2 − |k| + v(z, x) − v
vref
ref
where k is a vector containing the horizontal wavenumbers. Here, vref is a reference velocity
that is constant at each depth step, while v(z, x) is the actual estimated velocity. An image
is formed by correlating the two wavefields:
XX
I(z, x) =
Pzg (ω, x; si )Pzs (ω, x; si ).
(4)
i

ω

Performing full migrations is impractical for our stated purpose of allowing interpreters
to quickly judge the relative accuracy of two or more possible velocity models. One way
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(a)

(b)

Figure 2: Sediment-flood migration (a), and corresponding segmentation result (b). The
segmentation algorithm performs poorly within the area indicated on (b).
[CR]
adam2/. zig-sfimg,zig-largesfseg2

SEP-143

Segmentation and model-building

263

(a)

(b)

Figure 3: Two possible salt interpretations provided by the segmentation algorithm. In
(b), an extra segment (indicated by the arrow) has been included in the salt.
[CR]
adam2/. zig-canyonseg1,zig-canyonseg2a
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(a)

(b)

Figure 4: Salt-flood velocity models corresponding to the interpretations in Figures 3(a)
and 3(b). The models were created from a sediment-flood velocity model by assigning salt
velocities below the interpreted salt boundary. [CR] adam2/. velstitch1,velstitch2
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to speed up the process is to re-datum the wavefields to a depth just above the region of
interest – in this case, just above the salt canyon near z = 7500. If we only wish to investigate
changes in a specific area of the image, we can downward continue both wavefields to this
level, and inject areal source and receiver gathers. This allows us to obtain comparison
images like those in Figure 5(a) and 5(b), at a computational cost an order of magnitude
less than performing full migrations like the one in Figure 1(a). In this case, it is clear that
the salt canyon flanks in Figure 5(a) are more sharply focused, so the salt interpretation
and velocity model in Figures 3(a) and 4(a), respectively, are more accurate.

GENERALIZED WAVEFIELDS AND PHASE ENCODING
While restricting the domain and datuming the wavefields as described above significantly
lessened the computational expense of updating the image, the process still occurs over a
matter of minutes, rather than the seconds required to approach the level of interactivity we
seek. One possibility to improve the performance of shot-profile migration is to use phase
encoding (Romero et al., 2000), in which data from N shots are combined into a generalized
source gather:

P̂ (ω, x; j) =

N
X

i,j (ω)P (ω, x; si ).

(5)

i=1

Here, the  term is a complex weight value assigned to each shot.
A simple experiment combines all shots into a single generalized source gather, and
uses a single generalized plane-wave source function for migration. Figure 6 is the perfectvelocity image resulting from this procedure. While information from unwanted crosstalk
terms have significantly degraded the image, the salt body and its boundaries are still
visible. When the two possible salt-flood velocity models in Figures 4(a) and 4(b) are used,
we obtain the zoomed-in images in Figures 7(a) and 7(b), respectively. While the differences
between these two images is not as apparent as for Figures 5(a) and 5(b), the salt canyon
walls appear more continuous for the first model, especially near the location indicated by
the arrow. These migrations were completed in less than five seconds; although this is only
a 2D example, this is approaching a level at which interactive imaging becomes feasible.
Further improvents are necessary to obtain cleaner images than in Figures 6, 7(a) and
7(b). One option is to define the weighting coefficients from equation 5 as having only
imaginary (phase) components:
i,j (ω) =

eiφi,j (ω)
√
,
M

(6)

where M is the number of generalized sources. By making φ a random phase function,
it is possible to attenuate the crosstalk terms that arise from combining information from
different shots (Morton and Ober, 1998). The implementation of a scheme combining image segmentation, re-datumed wavefields and phase-encoding could allow interpreters to
interactively view high-quality images of several salt-interpretation scenarios.
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(a)

(b)

Figure 5: Images resulting from the velocity models in Figures 4(a) and 4(b). The salt
canyon walls are more focused in (a), indicating the the salt interpretation in Figure 3(a)
is more accurate. [CR] adam2/. shortimg1,shortimg2
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Figure 6: A perfect-velocity migration in which all shots have been combined into a single
generalized source gather, and a single plane-wave is used as the generalized source function.
Crosstalk artifacts have significantly degraded the image, but the salt body is still clearly
visible. [CR] adam2/. zmig-1p
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(a)

(b)

Figure 7: Generalized wavefield migrations corresponding to the velocity models in
Figures 5(a) and 5(b). While crosstalk artifacts obscure the differences between the
two images to a much greater extent than in Figures 5(a) and 5(b), the salt canyon
wall is still noticeably more continuous near the indicated location in (a).
[CR]
adam2/. zmig-mod1a,zmig-mod2
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CONCLUSIONS
The Pairwise Region Comparison (PRC) image segmentation algorithm can function effectively as part of an iterative salt interpretation and model-building workflow. However,
segmentation results have a higher degree of uncertainty when a boundary is faint or discontinuous (for example, on a sediment-flood image). In such cases, a targeted shot-profile
migration scheme using datumed wavefields can test two or more possible models relatively
quickly, allowing an interpreter to judge each model’s accuracy either qualitatively or quantitatively (e.g., flatness of angle gathers). The use of generalized wavefields further reduces
the computational expense of testing multiple salt-interpretation scenarios. With additional
improvements, such as the inclusion of phase-encoding migration to improve the quality of
images, this scheme could form the basis of an interactive interpretation and model-building
workflow.
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A new algorithm for bidirectional deconvolution
Yi Shen, Qiang Fu and Jon Claerbout

ABSTRACT
We introduce a new algorithm for bidirectional deconvolution. In our method, we
estimate the causal filters and anti-causal filters simultaneously instead of alternately.
We test three data examples (1D synthetic, 2D synthetic and 2D field data). The
results show that the wavelet can be compressed almost into a spike using our method.
The two filters can be estimated equally when we are dealing with a zero-phase wavelet.
In addition, our method has a lower computational cost and faster convergence rate
than the method discussed by Zhang and Claerbout (2010).

INTRODUCTION
In a previous report, Zhang and Claerbout (2010) introduced a bidirectional deconvolution
method that overcomes the minimum-phase assumption of the conventional deconvolution.
They factored the mixed-phase wavelet into two parts, the minimum-phase part and the
maximum-phase part, which can be estimated by a causal filter and an anti-causal filter,
respectively. Since such deconvolution is a non-linear problem, a pair of conventional linear deconvolutions were utilized to invert these two filters alternately and iteratively. In
their paper, both theory and data examples showed that the mixed-phase wavelet can be
accurately inverted using this bidirectional deconvolution.
However, there are some obstacles to inverting these two filters sequentially. There is a
battle between these two filters competing for the spectrum. This competition makes the
solution jump back and forth between the causal filter and the anti-causal filter, which may
lead to a low convergence rate and an unstable deconvolution result. In addition, when
Zhang and Claerbout (2010) inverted a zero-phase wavelet by this method, they produced
two different filters; that is, the causal part and the anti-causal part are different, which is
contrary to the nature of the zero-phase wavelet.
To avoid these problems, we invert these two filters at the same time instead of sequentially, hoping this simultaneous inversion will lead to a faster convergence rate and more
stable solutions.

THEORY
In this paper, we still rely on the idea of bidirectional deconvolution to deal with the
mixed-phase wavelet. The wavelet can be factored into a minimum-phase part and a nonminimum-phase part. The deconvolution problem can be defined as follows:
d ∗ a ∗ br = r,
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where d is the data, a and b are the unknown causal filters, and superscript r denotes the
time reverse of filter b. Again, the hybrid norm is applied to r, and the reflectivity model
is simply r plus a time shift. Now consider perturbations ∆a and ∆b:
d ∗ (a + ∆a) ∗ (br + ∆br ) = r.

(2)

If we assume the the nonlinear part ∆a∆b is relatively small, we can neglect this term:
d ∗ a ∗ br + d ∗ a ∗ ∆br + d ∗ br ∗ ∆a ≈ r.

(3)

We use matrix algebraic notation to rewrite the fitting goal. We also want to guarantee
filter a to be causal and filter br to be anti-causal during the iterations. For this we need
mask matrices (diagonal matrices with ones on the diagonal where variables are free and
zeros where they are constrained). The free-mask matrix for ∆a is denoted K, whose first
diagonal element is zero, and that for ∆br is denoted Y, whose last diagonal element is
zero:


d ∗ a d ∗ br





Y 0
0 K



∆br
∆a



+ d ∗ a ∗ br ≈ 0.

(4)



r ∆a T and new operator F =
∆b
From
equation
(4),
we
have
our
new
model
m
=


d ∗ a d ∗ br . Now we can acquire these two filters only by applying the conventional
inversion method and hybrid norm solver. The pseudocode for minimizing this new objective
function by the hyperbolic conjugate-direction method developed by Claerbout (2010) is:
non - linear iteration
{
r = −d ∗ a ∗ br


F = d ∗ a d ∗ br
linear iteration
{
g = (FJ)T H 0 (r)
∆r = FJg
m ← Hyperbolic cgstep(g, m, ∆r, r)
}
a ← a + ∆a
br ← br + ∆br
}
√
2
2
where H 0 (r) is defined as the first derivative of the hybrid
norm

 R + r − R, where R is
Y 0
the l1 /l2 threshold parameter, J is the mask matrix
, and g is the gradient.
0 K
From the template we notice that both linear and non-linear iterations are needed. Perturbations ∆a and ∆br are inverted by the hyperbolic conjugate-direction method in each
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linear iteration. Filters a and br are updated in the non-linear iteration, which generates a
new operator F to update the model. However, this method requires only 2 linear iterations
to reach convergence, instead of the 100 linear iterations required by the previous method,
greatly speeding convergence. In addition, there is no need to reverse the filters in the
non-linear iteration, which makes our implementation more convenient.
Although the fitting goal is linearized, we still need the initial model to be close enough to
get a good result. Here we expect an impulse function for both filters a and b. The following
sections will show the application of this new method and demonstrate its effectiveness and
limitations, when compared with the previous method discussed by Zhang and Claerbout
(2010).

APPLICATION
Single wavelet
The first data example is the simplest mixed-phase wavelet, which only has three points
[3,7,2]. We use it to verify the ability of our method to deal with the mixed-phase wavelet.
The input data and its bidirectional result are shown in Figures 1 and 2. In this case, our
new method is able to compress the simple mixed phase wavelet into a spike.

Figure 1: The three data points
[3,7,2]. [ER] yishen/. data1

Figure 2:
The result
deconvolution method.
yishen/. mod1

of

our
[ER]

To illustrate the capabilities and limitations of our new method, we analyze the results
obtained by inverting the zero-phase wavelet. This wavelet is created by convolving the
minimum-phase with its own time-reversed wavelet.
Figures 3(a) and 3(b) show the filters estimated by our method. Figures 3(c) and
3(d) show the filters inverted by the previous method of bidirectional deconvolution. Here
we time-reverse the anti-causal filter br into a causal filter b for easier comparison. Ideally,
filter a and filter b should be identical, because the zero-phase wavelet is symmetric, with its
minimum-phase part the same as its maximum-phase part, but time-reversed. The results
of our method perfectly satisfy the theory, which shows the extreme similarity between
filter a and filter b. When we invert the filters, the update direction is the same for both
filters, because the searching gradients are equal. However, using the method from Zhang
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and Claerbout (2010) yields a filter a that is quite different from filter b, because they are
inverted separately.

(a)

(b)

(c)

(d)

Figure 3: For zero-phase wavelet inversion, (a) filter a estimated by our method; (b) filter
b estimated by our method; (c) filter a estimated by the previous method; (d) filter b
estimated by the previous method. [ER] yishen/. filt2anew,filt2bnew,filt2aold,filt2bold
Figures 4, 5 and 6 show the zero-phase wavelet and its bidirectional deconvolution,
using our new algorithm and the method of Zhang and Claerbout (2010). The results
show that the wavelet is almost compressed into a spike by our method, but it is not as
spiky as the result of the previous method. One possible reason may be the nature of
the non-linear problem. There may be multiple minima in this problem, and due to our
additional condition that filter a and filter b should be the same in this case, we find a
different minimum, which leads to a different result.
Thus a good starting guess may help us to get a better result. Or perhaps the preconditioning can also make the solution fast converge to the global minima by utilizing prior
information.

Figure 4: Zero-phase wavelet. [ER]
yishen/. data2

Figure 5:
Deconvolution result by our method.
[ER]
yishen/. mod2new

Figures 7 and 8 show the wavelet estimated by our method and the previous method. We
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Figure 6:
Deconvolution result
by the previous method.
[ER]
yishen/. mod2old

notice that both of the wavelets approximate the input zero-phase wavelet, which is shown
in Figure 4. However our estimated wavelet looks more symmetric and cleaner with less
side lopes than the one estimated by the previous method. The reason is that our estimated
filters are identical, which make the causal part and anti-causal part of the inverted wavelet
the same.

Figure 7: Shot wavelet estimated by
our method yishen/. wavelet2new

Figure 8:
Shot wavelet estimated by the previous method
yishen/. wavelet2old

2D synthetic data
After applying deconvolution on the simple 1D case, we test the Zhang and Claerbout
(2010) method and our new method on more complicated 2D synthetic data. Figure 9(a)
shows the starting reflectivity model. Figure 9(b) shows the data generated by convolving
the reflectivity model with the zero-phase wavelet in the previous section. All traces use
the same wavelet when generating the data, and all traces share the same wavelet when we
are doing the deconvolution.
Figures 10(a) and 10(b) show the bidirectional deconvolution using our method and
the older method. Both methods retrieve the sparse reflectivity model and compress the
wavelet into a spike, but the deconvolution model produced by the previous method is more
spiky than ours, just as in the previous section, because of the wavelet we use.
We also compare the computational costs of these two methods. To deal with this
synthetic data, we use 2 linear iterations and 280 non-linear iterations to reach convergence,
whereas Zhang and Claerbout (2010) used 100 linear iterations and 20 non-linear iterations,
a total of 2000 iterations. In fact, our code is almost 6 times faster than the previous method.
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(a)

(b)

Figure 9: (a) The 2D synthetic reflectivity model; (b) the synthetic data generated using
the zero-phase wavelet. [ER] yishen/. syn3,data3
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(a)

(b)

Figure 10: Given the 2D synthetic data in Figure 9(b), (a) reflectivity model retrieved
using our method; (b) reflectivity model retrieved using the previous method. [ER]
yishen/. mod3new,mod3old
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2D field data
The field data we use in this example is a common-offest section of marine field data. Figure
11 shows the input data. Figures 12(a) and 12(b) show the bidirectional deconvolution using
our method and the previous method. Both perform well to retrieve the sparse reflectivity
in this field data.

Figure 11: Input Common Offset data. [ER] yishen/. data4

The filters estimated by our method are shown in Figures 14(a), and 14(b), and the
filters estimated by the previous method are plotted in Figures 14(c) and 14(d). Because
the wavelet we aim to invert is not symmetric, filter a and filter b are not equal. However, the
strong events look like a double ghost (white, black,white), which approximates a symmetric
wavelet. Thus we would like our filters to resemble each other. From the result, we notice
that our filters satisfy these expectation.
Figures 13(a) and 13(b) show the estimated shot waveform. The data sampling is 4ms.
We notice that both of our method estimate the bubbles and the double ghost. However,
our inverted waveform is more like a double ghost, which can be noticed in the data. The
reason is that our filters more resemble each other than the ones estimated by the previous
method.
Our method requires 2 linear iterations and 100 non-linear iterations, or only 200 iterations in total. Zhang and Claerbout (2010) used 100 iterations and 8 non-linear iterations,
or 800 iterations in total. Therefore, our method is four times faster, which is a large
reduction in computational cost.
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(a)

(b)

Figure 12: Given the common offset data in Figure 11, (a) reflectivity model retrieved
using our method; (b) reflectivity model retrieved using the previous method. [ER]
yishen/. mod4new,mod4old
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(a)

(b)

Figure 13: For 2D synthetic data, (a) shot wavelet estimated by our method; (b) shot
wavelet estimated by the previous method. [ER] yishen/. wavelet4new,wavelet4old

(a)

(b)

(c)

(d)

Figure 14: Given the common offset data in Figure 11, (a) filter a estimated by our method;
(b) filter b estimated by our method; (c) filter a estimated by the previous method; (d) filter
b estimated by the previous method. [ER] yishen/. filt4anew,filt4bnew,filt4aold,filt4bold
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CONCLUSION
In this paper, we introduce an algorithm for bidirectional deconvolution that estimates the
two filters simultaneously. We test the new method on three data examples. The results
show that the wavelet can be compressed almost into a spike. When we are dealing with
the zero-phase wavelet, we obtain two identical filters, a major improvement compared with
the previous bidirectional method. Another important advantage is the low computational
cost and fast convergence rate due to the reduced number of linear iterations. However,
we are surprise to see that our results are not as spiky as the ones produced by Zhang
and Claerbout (2010). One possible reason may be the nature of the non-linear problem.
Perhaps we need a good initial guess or preconditioning to achieve acceptable results.

FUTURE WORK
As mentioned previously, the nature of the nonlinear problem strongly affects our results.
Thus, a good initial guess is needed to obtain a better sparse reflectivity. In most cases,
data will resemble the Ricker wavelet, as is true for the band-limited marine seismic data
with ghosts and the for the land response of an accelerometer. For this situation, we can use
the Ricker wavelet to approximate the data and derive the initial filter from this wavelet.
Since the Ricker wavelet vanishes at zero frequency and at the Nyquist frequency, it has no
stable inverse. Therefore, we use the approximated Ricker wavelet instead of the true one.
Another potential solution is to do the preconditioning, which utilizes prior information.
In this non-linear problem, we hope it can guide the gradient along sensible pathways thus
avoiding potential local minima.
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An approximation of the inverse Ricker wavelet as an initial
guess for bidirectional deconvolution
Qiang Fu, Yi Shen and Jon Claerbout

ABSTRACT
Bidirectional deconvolution is a powerful tool for performing blind deconvolution on a
signal that contains a mixed-phase wavelet, such as seismic data. Previously, we used
a prediction error filter (PEF) as the minimum-phase filter and an impulse function as
the maximum-phase filter as initial guesses. This surprised us by apparent instability
as the solution would jump from spiking the first pulse of a Ricker wavelet to get larger
middle pulse. In this paper, we propose new initial guesses for the causal and anticausal deconvolution filters that are more effective on data with a Ricker-like wavelet.
We test these on both synthetic data and field data. The results demonstrate that the
new starting filters do a better job than the previous initial guesses.

INTRODUCTION
Zhang and Claerbout (2010) proposed a new method for blind deconvolution to overcome
the minimum-phase assumption, called “bidirectional deconvolution”. A seismic data trace
can be represented by a convolution of a wavelet with a reflectivity series,
d = r ∗ w,

(1)

where d denotes the seismic data trace, r denotes the reflectivity series, and w denotes a
wavelet.
In conventional blind deconvolution, we assume that w is a minimum-phase wavelet.
However this assumption is not applicable for field seismic data. If w denotes a mixedphase wavelet, it can be represented by a convolution of two parts: w = wa ∗ wbr , where wa
is a minimum-phase wavelet and wb is a reversed minimum-phase wavelet; hence wbr itself
is a maximum-phase wavelet. (The superscript r denotes reversed in time.) Thus equation
1 can be rewritten as
d = r ∗ (wa ∗ wbr ).

(2)

If we know the inverse filters fa and fbr for wa and wbr , respectively, to satisfy


wa ∗ fa = δ(n)
,
wb ∗ fb = δ(n)

(3)

we can recover the reflectivity series:
r = d ∗ fa ∗ fbr ,
283
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where filter fa is the inverse signal of wa and filter fb is the inverse signal of wb
Now we can use nonlinear inversion to solve this blind deconvolution problem for a
mixed-phase wavelet by solving the two equations below alternately:

(d ∗ fbr ) ∗ fa = ra
(5)
(d ∗ fa )r ∗ fb = rbr
where both fa and fb are minimum-phase signals.
Shen et al. (2011) proposed another method to solve equation 4. Instead of solving for
fa and fb alternately, they solve fa and fb simultaneously. Using this new approach allows
us to estimate results with similar waveforms for fa and fb , which is a natural characteristic
for data with a Ricker-like wavelet. In addition, this new method is faster than previous
one. Hence we will use this to perform bidirectional deconvolution.
Since bidirectional deconvolution is a nonlinear problem, it requires that the starting
model be close to the true one, and it is highly sensitive to the initial guess for both fa and
fb . Shen et al. (2011) uses a simple one-spike impulse function for both filters. However,
sometimes the true model does not resemble an impulse function. Therefore, we attempt
to find a better initial guess.

APPROXIMATION OF THE INVERSE RICKER WAVELET
Generally, it is a complicated issue to find a good initial guess for bidirectional deconvolution. However, in most field and synthetic geophysical data the wavelet is similar to a
Ricker wavelet. For example, band-limited marine seismic data with ghosts and the land
response of an accelerometer are both Ricker-like. Hence Ricker-like wavelets have broad
applicability. For this reason, we choose a Ricker wavelet to approximate the wavelet of the
data and derive the initial filters from the inverse Ricker wavelet. If we could derive the
inverse of the Ricker wavelet, it would provide a suitable initial guess.
In theory, however, Ricker wavelets do not have a stable inverse. Therefore we must find
an approximate inverse to use as the initial guesses for filters fa and fb . Since we need two
initial guesses, one for each filter, our approximate inverse should consist of two symmetric
parts.
We have three tasks: first we must find a finite approximation for the continuous Ricker
wavelet; second we must separate the approximate form into two symmetric parts; and third
we must find a way to avoid the singularity problems we encounter when inverting these
two parts directly in the frequency domain. Let’s address these tasks one by one.

Finite approximation
It is known that a Ricker wavelet is the second-order derivative of a Gaussian function. For
computation, we use a finite and discrete approximation to a Ricker wavelet as a replacement
to the infinite and continuous real second-order derivative of a Gaussian function. We
use a second-order finite-difference operator to approximate a second-order derivative and
binomial coefficients to approximate a Gaussian function.
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In the Z domain,
Ricker = −(1 − Z)2 (1 + Z)2N .

(6)

The parameter N is half the order of the binomial we used. Here we use 2N in equation 6
instead of N simply to keep the order of the binomial even to facilitate the later separation.
In practice, we would choose the value of N parameter according to the wavelength (or
principle frequency component) of the wavelet in our data. The larger the value, the wider
the wavelet.
Figures 1(a) and 1(b) show this fourth-order (N =4) finite approximation of the Ricker
wavelet in the time and frequency domains. Here we use the fourth-order as an example,
but we can use a different-order implementation as long as the approximate Ricker wavelet
has the same wavelength (or principle frequency component) as the wavelet of our data.

Separation
We can manipulate equation 6 and decompose it into two symmetric parts. First, we shift
the Ricker wavelet to the center of the axes:

(a)

(b)

Figure 1: The fourth-order finite approximation of the Ricker wavelet: (a) in the time
domain; (b) in the frequency domain. [ER] qiang/. ricker,ricker-freq

Ricker = −

(1 − Z)2 (1 + Z)2N
Z
ZN

(7)

which rearranges to
Ricker = [(1 −

1
1
)(1 + )N ][(1 − Z)(1 + Z)N ].
Z
Z

(8)

We call one of these symmetric parts a “half-Ricker wavelet”:
H(Z) = (1 − Z)(1 + Z)N

(9)
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Figures 2(a) and 2(b) show this finite approximation of the Ricker wavelet in the time and
frequency domains.
We denote the inverse of the half-Ricker wavelet, which is our candidate as the initial
guess for both filter fa and filter fbr , as fˆa and fˆbr in the time domain and F̂a and Fˆbr in the
Z domain:

1
1


 F̂a (Z) = F̂b (Z) = H(Z) = (1−Z)(1+Z)N
(10)



 F̂br (Z) = F̂br ( Z1 ) =

1
1
H( Z
)

=

1
1
1 N
(1− Z
)(1+ Z
)

(a)

(b)

Figure 2: The fourth-order half-Ricker wavelet: (a) in the time domain; (b) in the frequency
domain. [ER] qiang/. half-ricker,half-ricker-freq

Avoiding the singularity
In the Z domain, the half-Ricker wavelet has two zeros, which makes it impossible to directly
invert. Therefore, we modify the formula with two new factors to avoid errors caused by
dividing by zero:
F̂a (Z) = F̂br (Z) =

1
1
=
H(Z)
(1 − ρ1 Z)(1 + ρ2 Z)N

(11)

For simplicity, we use the same value for ρ1 and ρ2 , ρ = ρ1 = ρ2 .
Figures 3(a) and 3(b) show the fourth-order Ricker wavelet in the time and frequency
domains with different ρ values.
Figures 4(a) and 4(b) show the fourth-order half-Ricker wavelet in the time and frequency domains with different ρ values.
Since we have fˆa and fˆbr in the Z domain (F̂a and F̂b ), we have two methods to recover
time-domain filter coefficients. The first one is to use Z = eiw to get frequency domain filters
and then transfer them into the time domain by an inverse Fourier transform. Another
method is to use a Taylor expansion to get time-domain filter coefficients. In theory, the
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(b)

Figure 3: The fourth-order Ricker wavelet with different ρ values: (a) in the time domain;
(b) in the frequency domain. [ER] qiang/. ricker-with-rho,ricker-with-rho-freq

(a)

(b)

Figure 4:
The fourth-order half-Ricker wavelet with
ues:
(a) in the time domain;
(b) in the frequency
qiang/. half-ricker-with-rho,half-ricker-with-rho-freq

different
domain.

ρ

val[ER]
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two methods should be the same. For less accuracy problem, we always use the frequency
method in this paper.
Finally we obtain the approximate inverse Ricker wavelet. Figures 5(a) and 5(b) show
the inverse fourth-order causal half-Ricker wavelet (fˆa ) in the time and frequency domains
with different ρ values. The inverse anti-causal half-Ricker wavelet (fˆar ) can be generated
by reversing fˆa along the time axis. fˆa and fˆar will be our initial guesses for bidirectional
deconvolution.

(a)

(b)

Figure 5: The inverse fourth-order causal half-Ricker wavelet (fˆa ) with different ρ values: (a) in the time domains ; (b) in the frequency domain.
[ER]
qiang/. freq-domain-a,freq-domain-a-freq
To test how good our approximation of the inverse Ricker wavelet is, we convolve our
fourth-order approximate Ricker wavelet (with no ρ factor) with our inverse Ricker wavelet
(equation 12).
test result = Ricker ∗ fˆa ∗ fˆbr

(12)

If our inversion is good, the output should be a spike in the time domain and a flat spectrum
in the frequency domain.
Figures 6(a) and 6(b) show the test result in the time domain and the frequency domain
with different ρ values. We see for ρ = .9 we get a good result. In particular, the frequency
spectra are flatten as ρ increases.
Large ρ value can yield even better results. For large ρ, the frequency spectra are almost
flat, except for two zero-value points (at 0 frequency and the Nyquist frequency). Figures
7(a) and 7(b) show these results.
However, for our goal (to use the approximate inverse Ricker wavelet as an initial guess
for bidirectional deconvolution), we do not need such large ρ values. With large ρ values,
the filter will be long and can easily to lead to an unstable result in our deconvolution
scheme.
We now have an approximate inverse of the Ricker wavelet separated into two symmetric
parts. This matches our requirements for initial guesses for filters fa and fbr . In the next
section we will test the approximation using synthetic and field data.
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(b)

Figure 6: The test results with different ρ values: (a) in the time domain; (b) in the
frequency domain. [ER] qiang/. freq-domain-result,freq-domain-result-freq

(a)

(b)

Figure 7: The test results with large ρ values: (a) in the time domain; (b) in the frequency
domain. [ER] qiang/. freq-domain-9-99-result,freq-domain-9-99-result-freq
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EXAMPLES
Synthetic data example
First we test our initial guess on synthetic data. Because we hope to improve the deconvolution of data with a Ricker-like wavelet, we will test the synthetic data with a Ricker
wavelet. We use a 2D reflectivity model to generate our synthetic data. Figure 8(a) shows
the model we used, and Figure 1(a) shows our approximate Ricker wavelet (fourth-order)
that we used to generate our data. The final synthetic data is shown in Figure 9(a). The
wavelet we used is causal, hence we have some time lag in our synthetic data then the spiky
model. We use the same deconvolution filter for all traces in our synthetic data example.
Figures 10(a) and 10(b) are the result of bidirectional deconvolution using a spike as initial
filters for fa and fbr . Figures 11(a) and 11(b) are the result of deconvolution using our
approximate inverse Ricker wavelet with ρ=0.7. We see both of the initial guesses (the
simple spike and our inverse Ricker wavelet) did a reasonably good job if we see the global
view. If we examine the result carefully, we find that the result with the inverse Ricker
wavelets as initial guesses has less ghosting, especially in the vicinity of 1.0 s to 1.2 s and 3
km to 5.4 km. This may be more obvious if we see the magnified views of the results. We
can also compare them to the magnified views of the synthetic data (Figure 9(b)) and the
model (Figure 8(b)), and we find both of bidirectional deconvolution results improve the
resolution of events. Figures 12(a) and 12(b) are magnified wiggle plots in the same time
window but for just a single trace in the vicinity of 4000 m of CMP x, from which we can
see the the result with inverse Ricker initial guess has less ghosting in wiggle. Although
there is improvement, it is not very significant for our synthetic case.

(a)

(b)

Figure 8: 2D reflection model we used to to generate our synthetic data: (a) the global
view; (b) the magnified view in the time window from .872 s to 1.072 s and in CMP x range
from 3 km to 5.4 km. [ER] qiang/. 2d-synthetic-model,2d-synthetic-model-local

Field data example
We also test our initial guess on a marine common-offset 2D data set. We use the same
deconvolution filter for all traces in our field data example as well. Figure 13 shows the 2D
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(b)

Figure 9: The synthetic data we used for our test: (a) the global view; (b) the magnified
view in the time window from 1 s to 1.2 s and in CMP x range 3 km to 5.4 km. [ER]
qiang/. 2d-synthetic-data,2d-synthetic-data-local

(a)

(b)

Figure 10: The result of bidirectional deconvolution using a spike as initial filters fa and fbr
on synthetic data: (a) the global view; (b) the magnified view in the time window from 1 s
to 1.2 s and in CMP x range 3 km to 5.4 km. [ER] qiang/. result-rho-0,result-local-rho-0
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(b)

Figure 11: The result of bidirectional deconvolution using our approximate inverse Ricker
wavelet with ρ=0.7 on synthetic data: (a) the global view; (b) the magnified view
in the time window from 1 s to 1.2 s and in CMP x range 3 km to 5.4 km. [ER]
qiang/. result-rho-7,result-local-rho-7

(a)

(b)

Figure 12: The magnified wiggle plot of the bidirectional deconvolution results at cmp=4.3
km in the time window from 1 s to 1.2 s: (a) with a spike as the initial guess; (b) with an inverse Ricker wavelet as the initial guess. [ER] qiang/. wiggle-local-rho-0,wiggle-local-rho-7
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input data set. Figure 14 shows the bidirectional deconvolution result with a simple spike
as the initial guesses and Figure 15 shows the bidirectional convolution with our inverse
Ricker wavelet as the initial guesses, using ρ=0.8.

Figure 13: A marine common-offset 2D data set we used for our test.
qiang/. 2d-field-data

[ER]

It is obvious that the result of using the inverse Ricker wavelet as an initial guess is
much better. For example, the ghost events before the first reflection are much suppressed,
and the upper boundary of the salt body, which is the event from about 2.2 s to 2.4 s, is
condensed. There appears to be a polarity change plus a time shift in our two bidirectional
deconvolution output results with different initial guesses. This is not an error. Given the
wavelets estimated from deconvolution process, it is a reasonable result.
Figures 16(a) and 16(b) are the wavelets estimated by a simple spike initial guess and
our inverse Ricker wavelet initial guess with ρ=0.8. On these wavelet, we can clearly see the
airgun bubbles. And the time interval between bubbles are corelate the data shown in 13
very well. The wavelets are causal-like, or in other words, we do not have too much energy
in the negative time before the first major impulse. These two evidence indicate that we
estimate the wavelet of our field data correctly.However, we still have some problem here.
We must mention that we tried to enlarge the filter length to get a longer estimated wavelet
by the same scheme, but we got a noisy result. It seems we have some instability here, but
we do not know the reason of this now. We are researching this and will explain the reason
in furtrue report after we figure it out.
The two wavelets in Figures 16(a) and 16(b) look very similar, but have opposite polarity
and a different origin in the time axis. The flipped polarity is caused by the origin shift.
Since we have the same input data and wavelet for deconvolution, even with different initial
guesses, we should get the same (or at least similar) estimated wavelet and deconvolution
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Figure 14: The result of deconvolution using a spike as initial filters fa and fbr on field data.
[ER] qiang/. result-0

Figure 15: The result of deconvolution using our approximate inverse Ricker wavelet with
ρ=0.8 on field data. [ER] qiang/. result-8
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(a)

(b)

Figure 16: Estimated wavelet from bidirectional deconvolution on field data: (a) using a
spike as initial filters fa and fbr ; (b) using our approximate inverse Ricker wavelet with
ρ=0.8. [ER] qiang/. wavelet-0,wavelet-8

filter after the process. Bidirectional deconvolution forces the polarity of both the estimated
wavelet and the deconvolution filter to be positive at the origin of the time axis. So if the
origin of the estimated wavelet has been shifted from positive to negative, the polarity will
be flipped. This estimated wavelet origin shift will cause the output of the deconvolution
result to shift on the time axis as well.

CONCLUSIONS
We tested a numerical inversion of the Ricker wavelet as an initial guess for a bidirectional
deconvolution scheme. This Ricker wavelet inversion has two symmetric parts, which makes
it suitable to be the initial guess. We tested our inversion of the Ricker wavelet on a field
data example, and the the inversion of the Ricker wavelet initial guess did improve the
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bidirectional deconvolution result (with a suitable ρ parameter). We found there is some
instability in our scheme if we use different filter length for our deconvolution filter and do
not have a explanation of it. We will continue researching on this.

FUTURE WORK
Preconditioning is a well-established technique in linear problems to hasten convergence by
utilizing prior information. In non-linear problems such as this, preconditioning may be
essential to guide the descent along sensible pathways thus avoiding potential local minima.
By adding prior information in the problem, the preconditioning can not only accelerate the
convergence but also has the ability to stabilize the result. Because we are facing a unstable
problem in our deconvolution implementation, it is our plan to add a preconditioning in the
bidirectional deconvolution method for next step. We hope it will help us to increase both
the stability and convergence speed of bidirectional deconvolution method.
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A log spectral approach to bidirectional deconvolution
Jon Claerbout, Qiang Fu, and Yi Shen

ABSTRACT
The blind-deconvolution problem for non-minimum-phase-source was established in
the time domain. This is a Fourier domain formulation. Changing variables from
A(Z)B(1/Z) to U (Z) = ln(A(Z)B(1/Z)) leads to a different kind of whiteness — the
output being orthogonal to its shifted soft clip.

INTRODUCTION
We three have been impressed by the excellent field data results of Zhang and Claerbout
(2010), making us feel that proper blind deconvolution will give much more reliable presentation of seismogram polarity, and hopefully impedance. Additionally Fu et al. (2011) have
estimated a field-data shot waveform of remarkable plausibility. Exploring with programs
similar to Zhang and Claerbout (2010), however, we discovered a variety of unexpected
irregularities that have sent us back to many investigations with synthetic data. Indeed,
we now have three quite independent approaches. We believe the heart of the problem lies
in the fundamental non-linearity of the basis of the formulation. We are not aware of any
realistic linear formulation of it. To allieviate the difficulties we have (1) come up with a
much improved starting solution in the form of Ricker wavelet inverses, (2) come up with a
smooth “simultaneous” descent method, and (3) come up with a log spectral formulation.
Unfortunately, we are not out of the woods yet. Hopefully, adding preconditioning to our
codes will guide us away from spurious solutions enabling us to make more firm conclusions
about the theory which would then allow us to plunge confidently into many field data
investigations.

THE LOG SPECTRAL APPROACH
A minimum phase wavelet can be made from any causal wavelet by taking it to Fourier
space, and exponentiating. The proof is straightforward: Let U (Z) = 1 + u1 Z + u2 Z 2 + · · ·
be the Z transform (Z = eiω ) of any causal function. Then eU (Z) will be minimum phase.
Although we would always do this calculation in the Fourier domain, the easy proof is in the
time domain. The power series for an exponential eU = 1 + U + U 2 /2! + U 3 /3! + · · · has no
powers of 1/Z, and it always converges because of the powerful influence of the denominator
factorials. Likewise e−U , the inverse of eU , always converges and is causal. Thus both the
filter and its inverse are causal. Q.E.D.
We seek to find two functions, one strictly causal the other strictly anticausal (nothing
at t = 0).
U + = u1 Z + u2 Z 2 + · · ·
U

−

2

= u−1 /Z + u−2 /Z + · · ·
297

(1)
(2)
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Notice U , U 2 , etc do not contain Z 0 . Thus the coefficient of Z 0 in eU = 1 + U + U 2 /2! + · · ·
is unity. Thus a0 = b0 = 1.
eU

+

U−

e

= A = 1 + a1 Z + a2 Z 2 + · · ·

(3)

= B = 1 + b1 /Z + b2 /Z 2 + · · ·

(4)

Define U = U − + U + . The decon filter is AB = eU and the source waveform is its inverse
e−U . With the Fourier transform of the data D(ω), the decon output is:
r = (rt ) = FT−1 D(ω) eU (Z(ω))

(5)

where U is found with a penalty function, our choice being the hyperbolic penalty function.
X
argmin(U) = hyp(r) =
H(rt )
(6)
t

where H(r) =

√

r2 + R2 − R, and R is the `1 /`2 threshold parameter.

Take the gradient of the penalty function assuming there is only one variable, u3 giving
a single regression equation:
X ∂H ∂r
∂r ∂H
=
∂r ∂u3
∂u3 ∂r
t
X
∂ U (Z)
(FT−1 D(ω)
0 ≈
e
)t H 0 (rt )
∂u
3
t
X
0 ≈
(FT−1 D(ω) Z 3 eU (Z) )t H 0 (rt )
0 ≈

(7)
(8)
(9)

t

so the deconvolution output selected at time t + 3 multiplies H 0 (rt ) (also known as the
“soft-clip” function).
Equation (9) requires us to do an inverse Fourier transform to find the gradient for only
u3 . For u4 there is an analogous expression, but it is time shifted by Z 4 instead of Z 3 .
Clearly we need only do one Fourier transform and then shift it to get the time function
required for other filter lags. Thus the gradient for all nonzero lags is:
X
0 ≈ ∆u = (∆uτ ) = (
rt+τ H 0 (rt ))
(10)
t

∆U

=

FT(r) FT(softclip(r))

(11)

where τ measures some filter lag. Actually, equation (11) is wrong as it stands. Conceptually
it should be brought into the time domain and have ∆u0 set to zero. More simply, the mean
can be removed in the Fourier domain.
Equation (10) says if we were doing least squares, the gradient would be simply the
autocorrelation of the residual. When the gradient at nonzero lags drops to zero, the
residual is white. Hooray! We long understood that limit. What is currently new is that we
now have a two-sided filter. Likewise the `1 limit must be where the output is uncorrelated
with the clipped output at all lags but zero lag.
(I’m finding it fascinating to look back on what we did all these years with the causal
filter A(Z) and comparing it to the non-causal exponential filter eU (Z) . In an `2 norm
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world for filter A(Z) we easily saw the shifted output was orthogonal to the fitting function
input. For filter eU (Z) we easily see now the shifted output is orthogonal to the output.
The whiteness of the output comes easily with eU (Z) but with A(Z) the Claerbout (2011)
contains a lengthy and tricky proof of whiteness.)
Let us figure out how a scaled gradient α∆u leads to a residual modification α∆r. The
expression eU is in the Fourier domain. We first view a simple two term example.
eα∆U
α∆U

e
−1

FT

α∆U

e

= eα(∆u1 Z+∆u2 Z

2)

(12)
2

2

= 1 + α(∆u1 Z + ∆u2 Z ) + α (· · · )

(13)

2

= (1, α∆u1 , α∆u2 ) + α (· · · )

(14)

With that background, ignoring α2 , and knowing the gradient ∆u, let us work out the
forward operator to find ∆r. Let “∗” denote convolution.
r + α∆r = FT−1 (DeU +α∆U )
= FT

−1

= FT

−1

U α∆U

(De e

(15)

)

(16)
−1

U

(De ) ∗ FT

α∆U

(e

)

(17)

= r ∗ (1, α∆u)

(18)

= r + αr ∗ ∆u

(19)

In familiar `2 problems we would find α as α = −(r · dr)/(dr · dr), now we must find it by
argmin(α) = H(r + αr ∗ ∆u)
(20)
This we do by the Newton method which iteratively fits the hyperbola to a parabola.
iterate {
alpha = - (Sum_i H’(r_i) dr_i ) / ( Sum H’’(r_i) dr_i^2 )
r = r + alpha dr
}

In the pseudocode above, in the `2 limit H 0 (r) = r and H 00 (r) = 1, so so the first iteration
gets the correct α, and changes the residual accordingly so all subsequent α values are zero.
We are not finished because we need to assure the constraint u0 = 0. In a linear
problem it would be sufficient to set ∆u0 = 0, but here we soonP
do a linearization which
breaks the constraint. In the frequency domain the constraint is ω U = 0. We meet this
constraint by inserting a constant P
β in equation (15) and chosing β to get a zero sum over
frequency of U + α∆U
denote a normalized summation
over frequency. By
P + β. Let
P
P
normalized,
I
mean
β
=
β.
We
must
choose
β
so
that
0
=
U
+
α
∆U + β. Clearly,
P
P
β = − U − α ∆U . Pick up again from equation (15) including β.
argmin(α) = H( FT−1 (DeU eα∆U eβ ) )
= H(
= H(

−1

FT (De eα∆U
P
FT−1 (DeU − U
P
−1
U− U

= H( FT

U

(De

P

(21)

P
e
e−α ∆U ) )
P
eα(∆U − ∆U ) ) )
P
−1 α(∆U − ∆U )
−

U

) ∗ FT

(e

(22)
(23)
))

(24)

Proceed now along the lines of equation (17) through (20), but with means removed in
Fourier space leading to slightly different vectors r̃ and ∆ũ
argmin(α) = H( r̃ + αr̃ ∗ ∆ũ )
which is solveable by the method of the same pseudocode above.

(25)
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ALGORITHM
Here we fill in more details of the algorithm. After we are certain of its behavior we would
naturally switch over to conjugate directions.
D(omega,x) = FT d(t,x)
u=0;
iteration {
U = FT(u)
remove mean from U(omega)
exp(U(Z))
dU = 0
for all x
r(t,x) = IFT( D exp(U) )
softclip( r )
dU += conjg(FT(r)) * FT(softclip)
remove mean from dU(omega)
for all x
dR = FT(r) * dU
dr = IFT(dR)
argmin(alpha) = H(r+alpha*dr)
u = u + alpha du
}

#

"*" means multiply

#

"*" means multiply

CONCLUSIONS
It is too early to draw reliable conclusions about this theory. It arose a few weeks before the
progress report deadline, and got coded a few days before. The coding (steepest descent)
illuminated a bug in the initial theory regarding the constraint. A few test cases were
successfully run, but we do not know how this method compares to Shen et al. (2011) and
Fu et al. (2011).
The problem formulation itself is nonlinear and thereby susceptible to many minima,
mostly bad ones. We don’t know whether preconditioning applies in the usual way to this
method. Perhaps some kind of tapering of ∆ut is a means of directing the method towards
a more appropriate optimum, but for now this is no more than speculation.
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