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SUMMARY

Crack-influence parameters of Sayers and Kachanov (1991)
have been shown to be directly related to Thomsen’s (1986)
weak-anisotropy parameters for seismic wave speeds. These
results are applied to the problem of seismic propagation in
reservoirs having polar (HTI) symmetry due to aligned verti-
cal fractures. To take full advantage of these relationships, it
is also helpful to obtain more accurate expressions for seismic
wave speeds in polar media at longer offsets than those origi-
nally intended for Thomsen’s weak anisotropy formulation.

INTRODUCTION

Recently published work of the author (Berryman, 2007; 2008)
shows how anisotropy due to cracks or large-scale fractures
can be quantified using crack-influence parameters of Sayers
and Kachanov (1991). Taking maximal advantage of this work
requires use of exact or nearly exact formulas for anisotropic
seismic wave speeds in field applications. Thomsen’s (1986)
weak anisotropy formulation, while accurate for short-offset
data, is not adequate at longer offsets in strongly polar media.
The point of the work summarized here is to arrive at a formu-
lation almost as simple as Thomsen’s, yet accurate enough to
be useful at least to angles on the order of 8 ~ 45°.

EXACT RESULTSFOR VTI AND HTI MEDIA

If p is inertial mass density, and the coefficients Cjj are the
usual elastic stiffnesses (for example, in isotropic media, Cj; =
C22 =C33 =A +2[d, C44 =C55 =Cg6 = I, C12 =C|3=C3 = A
with A and p being the well-known Lamé elastic parameters),
then the exact results for VTI media with X3-axis of symmetry

(S0 C11 = C2 # C33, C13 = &3 # C12, C44 = Cs55 # Ceg, and
Ci2 = C11 — 2Cge) are given exactly by:

1 .2 2
V%(Q) = % {C44+ [C“Sln 6 + 33 cos 9} +R(9)} (@))]
and
1 .
Vé\,(e) = BT {044 + [Cu sin 0 4 C33 cos’ 9] — R(G)} , (2
where
R() — [(c11 —Cu)sin20
2
~ (o —cu)eo’6) ®
+ 4(ci3+ C44)2 sin? Bcos? 0,

and where polar angle 6 is measured from the vertical x3-axis
directed into the earth. Results for horizontally polarized shear
waves in VTI media will not be treated in the following discus-
sion. Results for HTI media (for example, from aligned verti-
cal cracks) are obtained directly by substituting 64 = 6 — 17/2

for any vertical plane that is also perpendicular to the vertical
plane of symmetry.

Thomsen’s anisotropy parameters €, O, y can be related di-
rectly to the Sayers and Kachanov (1991) crack-influence pa-

rameters Ny and 1, for horizontal cracks according to &, =

- 202G
e = pe[(1+vo)ni +na] f\’,g MyGo =~ HL — &, and

Yh= C“gc: 54“ = pc2Gg, where Poisson’s ratio Vg, Young’s mod-
ulus Egp, and shear modulus Gy are the values for the assumed
isotropic background medium. For the penny-shaped cracks
(having penny radius a) considered (see TABLE 1), Thomsen’s
parameters € and 0 are always found to be equal to each other
to lowest order in the crack density pc = na>, with n = N/V

being the crack number density.

Table 1
Crack NI Ist Model | 2nd Model
Parameters Approx. Vo =0.00 | vp=0.4375
Mm(GPah) | — 5 0.0000 -0.0192
—1 3(1-v)(5—w)

Table 1: Examples of the first crack-influence parameters (the
two for lowest order in powers of pc) estimated by Berryman
& Grechka (2006), from simulations of Grechka.

EXTENDING THOMSEN'S FORMULAS TO LARGER
OFFSETSFOR VTI AND HTI SYMMETRY

The most obvious problem with Thomsen’s approximations to
the wave speeds generally occurs in Vsy(8). As noted in ear-
lier work, the key issue is that Thomsen’s approximation for
Vey(0) is completely symmetric around 8 = 11/4 = 45°, while
— unfortunately — this is usually not true of the actual wave
speeds Vgy(6). This inherent error may seem innocuous in it-
self since it is not immediately clear whether it affects the re-
sults for small angles of incidence (< 15°) or not, but this in-
accuracy clearly does lead to large over- or under-estimates of
wave speeds in the neighborhood of both the extreme value
(i.e, a peak or a trough) located at 8 = B and also in the
neighborhood of 8 = 45° £ B. So these discrepancies can
certainly become issues at offsets larger than the original de-
sign criterion having polar angles 6 < 15°.

To improve this situation while still making use of a simple
and practical approximation to the phase speed, we reconsider
an approach originally proposed by Berryman (1979). In par-
ticular, notice that the square root of R*(8) in Eq. (3) can be
exactly and conveniently rewritten as:

R(6) = [cy; sin® B+ C33c0s2 0 —Cas]\/1—2(0), (4)

where

[(C11 — Ca4)(C33 — Caa) — (C13 + Cas)?] sin” 26
[c11sin? B + C33 cos? B — Cyy)? '

{0)= ®
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To simplify this expression, first notice that {(6) has an ab-
solute maximum (or minimum) value, which occurs when 6
takes the value 6y, determined by

C33 —C
tan? O = —=——H = | _xm, (©6)
Ci1 —C4q
where c c
Xm = TR . %)
Ci1 —Cuq

The inequality in (7) is true for VTI media having horizontal
fractures, since for this case the stiffness difference c;; — Cs3
is known to be positive (as it is also known that pc, 12, and Gy
are all positive, while Poisson’s ratio satisfies vy < 7).

Then, the extreme value {m = {(6n) is itself given by

Z —1- (C13+Cu)?

mo = (C11—C44)(C33—Cas)

_ 2(e=9d)c3

C11—Cy4 (8)
2(275)v%(0)

VB(0)(1+2)VE(0)”

where the second and third expressions in (8) relate {m to the
difference between the Thomsen parameters € and J, and also
to Vp(0) and vg(0). In general, (€ — ) — and therefore {m —
can take values positive, negative, or zero. Furthermore, {(8)
may be rewritten as

24m

)= M 9
26) = 1ot ©
where 5 5
1| tan"8  tan 6
X(6) = 2 [tan2 6n tan?8 :| ' (10)

It is always true that { (6) < 1. [Note that {m > 0 for all layered
media since € — 0 > 0 for layered elastic media (Postma, 1955;
Backus, 1962; Berryman, 1979). However, such a simple con-
straint is not known for other types of anisotropic systems.]
The square root in equation (4), can be expanded to first order

as
¢®) _,__&m
2 1+x(8)

Approximate results for Vp(8) and Vg, (8) are therefore:

1-2(0)~1- (11)

V%,(@) ~ % ( [C“ sin® 6 + C33 cos? 9]

_ Zm[(C] 1 7C44) sin? 6+<C33 7044) cos? 6]
2[1+x(8)]

) (12)

and

2,(0) =~ %(044

+ inl(C11—Ca4) sin* B+ (C33—Caq) cOs® 6]
2[1+x(6)]

). 13)

The only approximation made in arriving at equations (12) and
(13) was the approximation of the square root shown in (11).

Although this simple approach is the one most commonly used,
the analysis presented is not really limited to using only the
first order Taylor approximation in (11). Other researchers
(Fowler, 2003; Pederson et al., 2007) have explored rational
approximations to such square roots, but we now choose to
take a rather different approach.

Progress is made by noting that the quantity %[l + x(6)] may
be rewritten as:

u+an—§<

N —

tan®  tan 9m> 2 B (tan2 0 + tan? Qm)2
tanOn  tan /)  4tan? Otan? Oy
(14)
To simplify this expression, first multiply numerator and de-
nominator of (14) by cos* B cos? Omn. The denominator of the
result is then proportional to sin? 26 sin® 26, while the numer-
ator is now proportional to the square of the quantity cos? 8x
c0s? Bm(tan? 8 + tan? By,) = sin? 0 cos? B + sin? Omcos? 6 =
% (1 —cos20cos26m). Combining these two results gives
B Zmsin? 26msinZ26

0)= , 15
¢ [1 — cos26mcos26)? )

which (although this may not be immediately obvious) is just
a more compact version of (5). Equation (15) is exact; no ap-
proximations were made in the transition from (5) to (15).

Dividing the expression in the text before Eq. (15) by 2cos2 6,
we also have

[1—c0s26mcos26)]

s 2 2 2
sin” 6 +tan” By cos” 6 =
m 2¢0s2 Bm

(16)

Using the definitions Xy = {1 +4/1-C (9)} , the exact ex-

pression for quasi-SV-wave speed can now be rewritten as
20V2, = 2C44+ (C11 —Cys) (sin2 6 -+ tan® By cos? 9) X_. (17)

Similarly, the exact equation for quasi-P-wave speed becomes
2pv% =2C44+ (C11 — C4q) (sin2 6 -+ tan® Bmcos? 9) Xi. (18)

Both of these expressions are exact rearrangements of the orig-
inal equations.

These results can be consolidated further by using the result
(16), together with the definition
Ci1 — &

4 —onc. (19)

Ci1 +C33 —2Cyy =
11+C33 H O

So finally, we have two very compact expressions for the exact
wave speeds:

PVE, = Cas+ %C [1 — cos 26mcos 26] [1 /I z(e)} (20)

for the quasi-SV-wave speed, and also the corresponding equa-
tion which is

PVE = Cas + %C [1 — cos 26 cos 26] [1 +4/1 —z(e)} (21)

for the exact quasi-P-wave speed.
Extended formulasfor HTI symmetry

To complete this analysis, we show how the results for HTI
symmetry arise when the fractures/cracks are aligned and ver-
tical. These results follow easily from our earlier work:

V%(@H)/V%(O)(l—i—Ze) o~ —%SinZGH
_ -5 2sin® Bysin®26y
2(1+2¢) [14cos26mcos264]’
(22)
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from which we find:

Vp(BH)/Vp(0)VIF+26 ~ 11— 15z sin® 64
-0 2sin? O sin® 26y
4(1+2¢) [14c0s26yc0s264]

(23)
Similarly,
Ve (60)/v3(0) =~ 1 + [v3(0)/v3(0)]
><£—5 2sin” By sin® 26y
2 [14c0s26mcos264]’
(24)
from which follows:
Vor(BH)/Vs(0) ~ 1 + [% /Vs }
o E=8 _2sin® Gnsin® 26,

4 [T+c0s26mcos264]

(25)
Again, these formulas reduce exactly to the equivalent Thom-
sen formulas for HTI symmetry if 6y — 45°. It should always
be remembered, however, that these formulas apply only in
planes perpendicular to the plane of the aligned fractures. For
other angles of propagation, we must also account for the az-
imuthal dependence on angle @, although this is in fact easy to
do. Examples of these results are presented in the three Fig-
ures.

DISCUSSION AND CONCLUSIONS

The preceding analysis presented for the phase velocity equa-
tions does not depend on the source of the anisotropy, and
therefore can be applied to layered media, etc., as well as to
fractured media as we have done here.

The Kachanov (1980) and Sayers and Kachanov (1991) crack-
influence parameters are ideally suited to analyzing the role
of fracture mechanics in producing anisotropic elastic con-
stants for aligned fractures in a reservoir exhibiting VTI or
HTI symmetry. When this approach is combined with poroe-
lastic analysis through the use of Skempton’s (1954) coeffi-
cient [see Berryman (2007)], it becomes very easy to analyze
a wide range of complicated situations that may raise in reser-
voir analysis, such as trying to deduce whether the fractures
are dry/drained, or fluid-saturated/undrained. Skempton’s co-
efficient B introduces a single parameter that varies from 0 to 1
as fluid properties change from being negligible to being very
strong influences on the fracture compliance — and therefore
on the Thomsen seismic parameters.

Another important observation from the modeling presented
is that the Thomsen weak anisotropy formulation is valid for
crack densities up to about pc >~ 0.05, but should be replaced
by more accurate approximations, or (better yet) exact calcu-
lations whenever possible if the crack density is much above
0.05. When the crack density is pc ~ 0.1, or higher, then
higher accuracy approximations are essential. Conversely, if
the crack density pc estimated from seismic data using the
weak anisotropy formulation is in fact larger than pc ~ 0.05,
one conclusion we might reach is that a more accurate method
is required both to verify and properly quantify the result.
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Figure 1: For aligned vertical cracks having crack density pc =
0.2 and HTI overall symmetry: two examples of anisotropic
quasi-SV shear wave speeds for two values of Poisson’s ratio
Vo of the host medium: top Vo = 0.00, bottom vy = 0.4375.
Background wave speeds are top Vs = 1.77 km/s, bottom Vs =
1.00 km/s. Speeds in red are those for the new approximation.
The corresponding exact result is then overlain in black. Fi-
nally, Thomsen’s weak anisotropy curves are overlain in blue.
Two of the vertical lines indicate locations of the true peaks of
these curves: Thomsen’s approximation is the dashed blue line
and it is always at 45°. The solid black line is the true peak of
the exact expression. The value of By, from equation (6) is the
vertical line shown in red. The other two dashed black verti-
cal lines are two estimators (not treated here) of the peak of
our approximate curve; these two estimators are often nearly
indistinguishable.
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Figure 2: Quasi-P-wave speeds for the same two model reser-
voirs, for three choices of crack density pc = 0.05,0.10,0.20.
Background P-wave speed for the first model is vp = 2.50 km/s
and for the second model vp = 3.00 km/s. As before, speeds
in red are those for the new approximation. The corresponding
exact result is then overlain in black. Finally, Thomsen’s weak
anisotropy curves are overlain in blue.
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Figure 3: Quasi-SV shear-wave speeds for the same two
model reservoirs, for three choices of crack density pc =
0.05,0.10,0.20. The two values of Poisson’s ratio Vg of the
host medium considered are: top Vo = 0.00, bottom vy =
0.4375. Background shear-wave speed for the first model is
Vs = 1.77 km/s and for the second model vs = 1.00 km/s. As
before, speeds in red are those for the new approximation. The
corresponding exact result is then overlain in black. Finally,
Thomsen’s weak anisotropy curves are overlain in blue. Plots
for Vg (0) are not dependent on the formulation of the new
scheme and, therefore, are not displayed.



