
Stanford Exploration Project, Report 124, April 4, 2006, pages 9–24

Wave-equation angle-domain common-image gathers for
converted waves:
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ABSTRACT
Common-image gathers are very useful for velocity and amplitude analysis. Wavefield-
extrapolation methods produce Angle-Domain Common-Image Gathers (ADCIGs). For
the conventional PP case, ADCIGs are a function of the opening angle. However, the
ADCIGs for converted-wave data (PS-ADCIGs) are a function of the half-aperture angle,
that is, the incidence angle plus the reflection angle. In PS-ADCIGs, both the P-to-S
velocity ratio (γ ) and the image dip play a major role in transforming the subsurface offset
into the opening angle. We introduce a simple methodology to compute PS-ADCIGs.
Our methodology exploits the robustness of computing PP-ADCIGs, and incorporates
the velocity ratio (γ ), with an image dip field, which is estimated along the prestack
image. Our methodology also transforms the half-aperture angle in PS-ADCIGs into an
independent P-incidence angle to form P-ADCIGs, and an independent S-reflection angle
to form S-ADCIGs. Numerical studies show that when the P-to-S velocity ratio and image
midpoint information are not incorporated, the error in computing PS-ADCIGs is large
enough to introduce artifacts in the velocity model. Synthetic results show the accuracy
of the transformation introduced in this paper. Real data results on the 2-D Mahogany
field show the practical application and implications for converted-wave angle-domain
common-image gathers.

INTRODUCTION

Imaging is the combined process of migration and velocity analysis. The final image provides
two important pieces of information about the earth’s subsurface: its structure and some of its
rock properties. To obtain a reliable image, we need a reliable velocity model. Therefore, the
imaging process becomes a combined procedure between migration and migration velocity
analysis.

The final image by itself provides information about the accuracy of the velocity model.
This information is present in the redundancy of the prestack seismic image, (i.e. non-zero-
offset images). For 2-D seismic data, the information is distributed along a 3-dimensional
image space, the coordinates of which are I (mξ = (mξ , zξ ),h). The subsets of this image for a
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fixed image point (mξ ) with coordinates (zξ ,h) are known as common-image gathers (CIGs),
or common-reflection-point gathers (CRPs). If the CIGs are a function of (zξ ,h), the gathers
are also referred as offset-domain common-image gathers (ODCIGs). These gathers can also
be expressed in terms of the opening angle θ , by transforming the offset axis (h) into the
opening angle (θ ) to obtain a common-image gather with coordinates (zξ ,θ ); these gathers are
known as Angle-Domain Common-Image Gathers (ADCIGs) (de Bruin et al., 1990; Prucha
et al., 1999; Brandsberg-Dahl et al., 1999; Rickett and Sava, 2002; Sava and Fomel, 2003;
Biondi and Symes, 2004).

There are two kinds of ODCIGs: those produced by Kirchhoff migration, and those pro-
duced by wavefield-extrapolation migration, referred to, from now on, as wave-equation mi-
gration. There is a conceptual difference in the offset dimension between these two kinds of
gathers. For Kirchhoff ODCIGs, the offset is a data parameter (h = h D), and involves the
concept of flat gathers. For wave-equation ODCIGs, the offset dimension is a model parame-
ter (h = hξ ), and involves the concept of focused events. In this paper, we will refer to these
gathers as subsurface offset-domain common-image gathers (SODCIGs).

There are problems observed with ODCIGs, which can be alleviated by parameterizing the
offset axis into an angle axis to form angle-domain common-image gathers. Unlike ODCIGs,
ADCIGs produced with either method have similar characteristics, since they describe the
reflectivity as a function of the angle at the reflector.

Depending on the seismic experiment we are analyzing, the coordinates of the image space
possess different information relevant to the experiment. We refer to a conventional seismic
reflection experiment, where the source and the receiver have the same type of wave, as single-
mode. For this case, the transformation from ODCIGs to ADCIGs is a well-known process in
the literature (Sava and Fomel, 2003). In this case the angle axis represents the true reflection
opening angle.

A seismic experiment where the receiver records different components of the wavefield
(i.e. P, SV, SH) is known as multi-component seismic; throughout this paper, we refer to the
experiment where the source represents a P-wavefield and a receiver wavefield represents a SV-
wavefield as a converted-mode case, as in the conversion from a P wave into an S wave at the
reflection point. This paper discusses the common-image gathers for this kind of experiment,
focusing mainly on SODCIGs and their accurate transformation into ADCIGs.

A final side product of our analysis is the ability to separate the final image into two parts,
each one corresponding to a distinctive wave. Throughout this process, the ratio between the
different velocities plays an important role in the transformation. We present and analyze
the kinematics of our equations and present results on two simple yet convincing synthetic
examples. An application of our methodology into the 2-D real data set from the Mahogany
field in the Gulf of Mexico yields angle-domain common-image gathers that can be used for
future velocity updates.
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WAVE-EQUATION IMAGING

A prestack image provides information on both velocity errors and rock-property characteris-
tics. This paper obtains the prestack image through wave-equation methods. Several authors
have described this process in general, so it will not be the main focus of this paper. However,
this section describes the basics of wave-equation imaging, and outlines the method we use to
obtain subsurface offset-domain common-image gathers.

Biondi (2003) shows the equivalence of wave-equation source-receiver migration with
wave-equation shot-profile migration. The main contribution of this paper is independent
of the migration algorithm implemented, as long as the migration algorithm is based on the
wavefield downward continuation, and the final prestack image is a function of the horizontal
subsurface offset. For the purposes of this paper, we are using shot-profile migration as our
imaging algorithm.

The final prestack image is obtained with the following imaging condition (Sava and
Fomel, 2005):

I (mξ ,hξ ) =

∑

ω

U s
z (mξ −hξ ,ω)U r

z (mξ +hξ ,ω). (1)

Here, mξ = (mξ , zξ ) is a vector describing the locations of the image points, and hξ = (hxξ
,hzξ

)
is a vector describing the subsurface offset. For 2-D converted-wave seismic data, the com-
ponent mξ represents the horizontal coordinate, zξ is the depth coordinate of the image point
relative to a reference coordinate system, and h xξ

is the horizontal subsurface offset (Rickett
and Sava, 2002). The summation over temporal frequencies (ω) extracts the image I (mξ ,hξ )
at zero-time. The propagation of the receiver wavefield (U r

z ) and the source wavefield (U s
z )

is done by downward continuing the recorded data, and the given source wavelet, each one
respectively as:

U s
z = U s

z=0e
+i z

√

ω2
v2p (mξ ,zξ )

−k2mxξ ,

U r
z = U r

z=0e
−i z

√

ω2
v2s (mξ ,zξ )

−k2mxξ , (2)

where vp is the P-wave velocity and vs is the S-wave velocity.

The next section describes the main focus of this paper, which is the transformation of
subsurface offset into the angle domain.

TRANSFORMATION TO THE ANGLE DOMAIN

The transformation to the angle domain follows an approach similar to that of its single-mode
(PP) counterpart (Sava and Fomel, 2003). Figure 1 describes the angles we use in this section.
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For the converted-mode case, we define the following angles:

θ ≡
φ +σ

2
,

α ≡
2αx +φ −σ

2
. (3)

In definition 3 the angles φ, σ , and αx represent the incident, reflected, and geological dip
angles, respectively. This definition is consistent with the single-mode case; notice that for
the single-mode case the condition that the angles φ and σ are the same holds. Therefore, the
angle θ represents the reflection angle, and the angle α represents the geological dip (Sava
and Fomel, 2003; Biondi and Symes, 2004). For the converted-mode case, the angle θ is the
full-aperture angle, and the angle α is the pseudo-geological dip.

Figure 1: Definition of angles for
the converted-mode reflection exper-
iment. The angles θ , φ, σ , αx rep-
resent the full-aperture, the incident,
the reflection, and the geological dip
angles, respectively. daniel1-angles
[NR]
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The main goal of this paper is to obtain a relationship between the known quantities from
our image, I (mξ ,hξ ) and the full-aperture angle (θ ). Appendix A presents the full derivation
of this relationship. Here, we present only the final result, its explanation and its implications.
The final relationship we use to obtain converted-mode angle-domain common-image gathers
is the following (Appendix A):

tanθ =
4γ (mξ ) tanθ0 + D(mξ )(γ (mξ )2

−1)(tan2 θ0 +1)
tan2 θ0(γ (mξ )−1)2 + (γ (mξ )+1)2 , (4)

this equation consists of three main components: γ (mξ ) is the P-to-S velocity ratio, tanθ0
is the pseudo-opening angle, and D(mξ ) is the field of local step-outs of the image. Equa-
tion 4 describes the transformation from the subsurface-offset domain into the angle domain
for converted-wave data. This equation is valid under the assumption of constant velocity.
However, it remains valid in a differential sense in an arbitrary-velocity medium, by consider-
ing that hξ is the subsurface half-offset. Therefore, the limitation of constant velocity applies
in the neighborhood of the image. For γ (mξ ), it is important to consider that every point of
the image is related to a point on the velocity model with the same image coordinates.

Transformation into independent angles

Following definition 3, and after explicitly computing the full-aperture angle with equation 4,
we have almost all the tools to explicitly separate the full-aperture angle into its two compo-
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nents, the P-incidence angle (φ), and the S-reflection angle (σ ). Snell’s law, and the P-to-S
velocity ratio are the final components for this procedure. After basic algebraic and trigono-
metric manipulations, the final expressions for both of the independent angles are

tanφ =
γ sin2θ

1+γ cos2θ
,

tanσ =
sin2θ

γ + cos2θ
. (5)

This is clearly a non-linear relation among the angles. The main purpose of this set of equa-
tions is to observe and analyze the kinematics of the P-incidence wave, and the S-reflected
wave. This analysis might lead to estimates of independent velocity perturbations for both
the P-velocity model and the S-velocity model. The following section describes the proposed
methodology to implement both equation 4 and system 5

Implementation

There are several ways to implement equation 4. The flow in Figure 2 presents the basic
steps to implement and obtain the angle-domain common-image gathers for converted-wave
data. The first step takes the final image I (mξ ,hξ ) and obtains two main components: first,
the intermediate angle gathers, tanθ0, using for example, the Fourier-domain approach (Sava
and Fomel, 2003); second, the estimated step-out of the image, D(mξ ), using plane-wave
destructors (Fomel, 2002). This step combines the two previous components, together with
the γ (mξ )-field, and uses equation 4 to form converted-wave angle-domain common-image
gathers. The third step divides the PS-ADCIGs into P-ADCIGs and S-ADCIGs. The final step
in the diagram flow is responsible for this operation. The following sections present simple

Figure 2: Diagram flow for the
subsurface-offset transformation to
the angle domain. The flow dia-
gram also presents the computation
of the individual P-ADCIGs and S-
ADCIGs. daniel1-flow [NR]

m(       ,h   )ξ ξI 

ξ m(        )D  θ 0Tan

P−to−S Vel. ratio

Equation 4

Tan θ

Tan σTan φ

synthetic examples as well as a real-data result from the Gulf of Mexico.
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Table 1: First synthetic experiment: Acquisition geometry, corresponding computed angle
values.

Refl. dip Shot-loc. CIG-Loc 2θ (◦)
Flat layer 500 2000 40.45◦

10◦ layer 500 1750 38.7◦

30◦ layer 500 1000 35◦

SYNTHETIC EXAMPLES

This section consists of two main, simple synthetic examples to illustrate two of the main con-
cepts described in the previous section. Throughout this section, we will refer to two different
methodologies, first, the conventional methodology, and second, the proposed methodology.
The conventional methodology consists of the transformation from ODCIGs into ADCIGs
with the transformation for the single-mode case (Sava and Fomel, 2003). The proposed
methodology is the one discussed in the previous section. All the examples are a single-shot
gather experiment.

The first example consists of three sections, all of them displayed in Figure 3. From left to
right we have a flat-layer, a 10◦ dipping layer, and a 30◦ dipping layer. All the sections consist
of, from top to bottom, a single shot gather, an image from one shot gather, an angle-domain
common-image gather obtained with the conventional methodology, and the angle-domain
common-image gather obtained with the proposed methodology. The data space consists of
only one shot gather; therefore, the representation in an ADCIG should have non-zero energy
for only one angle. Table 1 shows the survey details and the computed angle values for this
experiment. In both angle-domain gathers, the solid line corresponds to the expected angle
value; as expected the angle gathers obtained with the proposed methodology perfectly match
the values in the table.

Our second experiment is also a single-shot experiment. The intention of this exercise
is to present the separation of the full-aperture angle (θ ) into its P-incidence (φ), and its S-
reflection (σ ) components. Figure 4 shows, from top to bottom, the flat-layer case, a 10◦

dipping layer case, and a 30◦ dipping layer case for this experiment. Each case consists of,
from left to right, the image of a single-shot gather; the corresponding angle-domain common-
image gather, which is taken at the location marked in the image; the corresponding P-angle-
domain common-image gather; and the corresponding S-angle-domain common-image gather.
Table 2 shows the corresponding values for this experiment. The solid lines in each of the
angle-gathers represent the computed value in table 2.

These two synthetic examples clearly show that the proposed methodology accurately
transforms SODCIGs into ADCIGs for the converted-mode case. Moreover, we are able to
compute the specific incidence and reflection angles.
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Figure 3: First synthetic example. From left to right, a flat-layer case, a 10◦ dipping layer,
and a 30◦ dipping layer. From top to bottom, a single shot gather, an image from a single
shot gather, an angle-domain common-image gather obtained with the conventional method-
ology, and the angle-domain common-image gather obtained with the proposed methodology.
daniel1-ps-all-x [CR]
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Figure 4: Second synthetic example, independent angle separation: From top to bottom, a flat-
layer case, a 10◦ dipping layer, and a 30◦ dipping layer. From left to right: the image of a single
shot gather, the corresponding PS-ADCIG, the independent P-ADCIG, and the independent
S-ADCIG. The solid lanes represent the corresponding values in table 2. daniel1-ps-ind-ang
[CR]

REAL DATA EXAMPLE

This test uses a portion of the 2-D real data set from the Mahogany field, located in the Gulf of
Mexico. The 2-D data set is an Ocean Bottom Seismic (OBS) multicomponent line. The data
has been already preprocessed. The hydrophone and the vertical components of the geophone
has been combined to form the PZ section. Also, the data has also been separated into the PS
section. We concentrate on the PZ section and the PS section.

Figure 5 presents a typical shot gather for this OBS data set. On the left we have the PZ
common-shot gather, and on the right we have the PS common-shot gather. The PZ shot gather
has fewer time samples than the PS shot gather because of the longer time needed to observe
the converted-wave events. Also, note the polarity flip in the PS common-shot gather, a typical
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Table 2: Second synthetic experiment: Acquisition geometry, corresponding computed angle
values.

Refl. dip Shot-loc. CIG-Loc. P-angle S-angle
Flat layer 500 1000 26◦ 14◦

10◦ layer 500 1500 48◦ 22.3◦

30◦ layer 500 1000 47◦ 22◦

characteristic of this type of data set.

Figure 5: Typical common-shot gathers for the OBS Mahogany data set from the Gulf of
Mexico. Shot gather after PZ summation (a), PS shot gather (b). daniel1-shots [CR]

In both data sets, the PZ and the PS components were migrated using wave-equation shot-
profile migration. Both, the P and the S velocity models are unknown for this problem; for
simplicity, migrate using a velocity model with a linear gradient, Figure 6 shows both velocity
models, the P-velocity model on the left panel, and the S-velocity model in the right panel.
Complementary, Figure 7 represents the local step-out field for this experiment.

Figure 8 presents a PS image on the left, and two angle-domain common-image gathers on
the right. Both common-image gathers are taken at the same location, indicated by the solid
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Figure 6: Velocity models used for
the shot-gather migration. P-velocity
on the left panel, S-velocity on the
right panel. daniel1-vels [CR]

line at CIG=14500 in the image. The PS image was taken at zero subsurface offset, this is
not the ideal position to take the final image, since the polarity flip destroys the image at this
location. The ideal case will be flip the polarities in the angle domain (Rosales and Rickett,
2001); unfortunately, we do not have the correct velocity model yet; therefore, we have only
an approximate solution to the final PS image.

The angle-domain common-image gather on panel (b) of Figure 8 represents the angle-
domain common-image gathers using the conventional methodology, which will be tanθ0 on
the diagram flow on Figure 2. The angle-domain common-image gather on panel (c), repre-
sents the true converted-wave angle-domain common-image gather. The transformation to the
angle-domain was performed with the diagram flow on Figure 2.

The geology for this section of the Mahogany data set consists of very low geological
dips, with a relatively layering; therefore, the angle gather on panel (b) has the polarity flip
very close to zero angle. The true angle gather also preserves this characteristic. The residual
curvature for the events, whether primaries or multiples, is much larger than the residual cur-
vature of the same events in the true angle-domain common-image gather. This effect is due
to the correction for both the step-out of the image and the P-to-S velocity ratio, as presented
in the theory section of this paper.

Figure 9 presents the PS and the PZ results of shot-profile migration with the velocity
models on Figure 6. Panel (a) presents the PS image on the top and its corresponding angle-
domain common-image gathers on the bottom. Panel (b) presents the PZ image on the top and
its corresponding angle-domain common-image gathers on the bottom. In both representations
of the angle gathers, it is possible to observe events at a very similar depth, these events
probably represent the same geological feature. Also notice the many multiples, due to the
shallow sea bottom (120 m). These multiples are more prominent in the PS section because
the PZ summation already eliminates the source ghost. This is not the case for the PS section.
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Figure 7: Local step-out of the im-
age; this represents the field D(mξ )
on equation 4. daniel1-dips [CR]

Figure 10 compiles all the different angle-domain common-image gathers for this data set,
all of which are taken at the same position, CIG=14500. From left to right, the panels show
PP-ADCIG, PS-ADCIG, P-ADCIG, and S-ADCIG. Notice that most of the primary events
have a residual curvature. The residual moveout is more prominent for those events that we
identify as multiples.

The initial linear P-velocity model is a pretty good approximation, since most of the pri-
mary events in the PZ section are flat in the angle-domain. However, there is a prominent
residual curvature in the angle-domain common-image gathers for the PS section. This indi-
cates an erroneous velocity model, most likely a very high initial S-velocity model. Moreover,
the S section contains a large number of multiples, which are not all present in the PZ section.

The individuals P-ADCIG and the S-ADCIG contain information that potentially can be
used for independent velocity updates. Notice that the angle coverage for these gathers is
smaller than for the PP- and-PS ADCIGs, since the coverage of an individual plane-wave is
smaller than the combination of two plane-waves, as is the case for converted-mode data.

It is very interesting to notice that the individual P-ADCIG has very similar characteristics
with the PP-ADCIG. Most of the residual moveout of the PS-ADCIG seems to be due to the
S component of the velocity model, as suggested for the individual S-ADCIG.

CONCLUSIONS

The accurate transformation from subsurface offset-domain CIGs into angle-domain CIGs for
the converted-mode case requires, the information along the midpoint axis, and the veloc-
ity ratio. Omitting this information leads to errors in the transformation that might result in
incorrect velocity updates.
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Figure 8: PS image on the left, and two angle-domain common-image gathers on the right;
both common-image gathers are taken at the same location, as represented by the solid line at
CIG=14500 in the image. daniel1-psimg-adcig [CR]

For the converted-mode case, the angle axis of the final image (I (mξ ,γ )), after the trans-
formation, is neither the incidence nor the reflection angle, but the average of both. The
full-aperture angle gathers can be transformed into two separate angle gathers, each one rep-
resenting the incidence angle and the other representing the reflection angle. This transforma-
tion might yield useful information for the analysis of rock properties or velocity updates for
the two different velocity models.

The next step will be to analyze how errors in either P or S velocity models are trans-
formed in the PS-ADCIGs. This will result in both a formulation for the residual moveout of
converted-mode data, and a methodology for vertical velocity updates of both P and S velocity
models.
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Figure 9: Panel (a) presents the PS image with its respective angle-domain common-image
gathers. Panel (b) presents the PZ image with its respective angle-domain common-image
gathers. daniel1-imag-cigs [CR]

APPENDIX A

DERIVATION OF THE EQUATION FOR THE ANGLE-DOMAIN
TRANSFORMATION

This appendix presents the derivation of the main equation for this paper, that is, the trans-
formation from the subsurface offset domain into the angle domain for converted-wave data.
Rosales and Biondi (2005) present the derivation for the angle-domain transformation. Biondi
(2005) and Shragge et al. (2005) present similar equations for different applications, for
anisotropic case and for the forward-scatter case, respectively. Throughout this Appendix
we will use the following defintions:

tanθ0 ≡ −
∂zξ

∂hξ

D(mξ ) ≡ −
∂zξ

∂mξ
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Figure 10: Compilation of angle-domain common-image gather for the 2-D Mahogany data
set, all the CIGs are taken at the same image location (CIG=14500). (a) PP-ADCIG, (b) PS-
ADCIG, (c) P-ADCIG, (d) S-ADCIG. daniel1-cigs-all [CR]

In this definitions, tanθ0 is the pseudo-reflection angle, and D(mξ ) is field for the local im-
age dips. The bases for this definition resides in the conventional PP case. For that case, the
pseudo-reflection angle represents the reflection angle, and the field D(mξ ) represents the ge-
ological dip (Fomel, 1996). Based on this definition, the angle equations from Biondi (2005);
Rosales and Biondi (2005); Shragge et al. (2005) can be rewritten as:

tanθ0 =
tanθ +S tanα

1−S tanα tanγ
, (A-1)

D(mξ ) =
tanα +S tanθ

1−S tanθ tanα.
(A-2)

Following basic algebra, equation A-2 can be rewritten as:

tanα =
D(mξ )−S tanθ

1−SD(mξ ) tanθ
(A-3)

Substituing equation A-3 into equation A-1, and following basic algebraic manipulations, we
obtain equation 4 in the paper.
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