
Stanford Exploration Project, Report 110, September 18, 2001, pages 1–71

Short Note

Effective AMO implementation in the log-stretch, frequency-
wavenumber domain

Ioan Vlad and Biondo Biondi1

INTRODUCTION

Azimuth moveout (AMO), introduced by Biondi et al. (1998), is used as part of the styling
goal (in conjunction with a derivative as a roughener) in Biondi and Vlad (2001). This paper
describes the implementation of AMO for the above-stated purpose, with a historical back-
ground, proof, and discussion of pitfalls and practical steps.

THE AZIMUTH MOVEOUT

AMO is conceived as a cascade of forward and reverse dip moveout (DMO) operators. Thus,
the accuracy and speed of the DMO operator used is highly important. Computing the DMO
in the frequency domain is accurate and simple, but computationally expensive because the
DMO operator is temporally nonstationary. The technique of logarithmic time-stretching, in-
troduced by Bolondi et al. (1982) increases the computational efficiency because the DMO
operator is stationary in the log-stretch domain, and Fast Fourier Transforms can be used in-
stead of slow Discrete Fourier Transforms. Gardner (1991), Black et al. (1993) and Zhou et
al. (1996) derived equivalent and accurate log-stretch, frequency-wavenumber DMO opera-
tors. The implementation of the AMO presented in this paper is based on the derivation and
algorithm in Zhou et al. (1996).

THE LOG-STRETCH, FREQUENCY-WAVENUMBER AMO IN 3D

Starting from the parametric DMO relations of Black et al. (1993), Zhou et al. (1996) derives
an expression for a DMO applicable on 2D NMO-ed data. In order to extend the expression
to 3D, we only have to replace the productkh between the wavenumber and half offset with
the dot product of the same quantities, which are vectors in the case of 3D data. In order to
perform AMO from the offsetEh1 to the offsetEh2, we need to cascade one forward DMO from
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offset Eh1 to zero offset with a reverse DMO from zero offset to offsetEh2. Thus, applying log-
stretch, frequency-wavenumber AMO on a 3D cube of dataP

(
t ,mx,my

)∣∣
Eh1

in order to obtain

P
(
t ,mx,my

)∣∣
Eh2

involves the following sequence of operations:

1. Apply log-stretch along the time axis on theP
(
t ,mx,my

)∣∣
Eh1

cube, with the formula:

τ = ln

(
t

tc

)
, (1)

wheretc is the minimum cutoff time introduced to avoid taking the logarithm of zero.
All samples from times smaller thantc are simply left untouched, the rest of the proce-
dure will be applied to the cubeP

(
t > tc,mx,my

)∣∣
Eh1

.

2. 3D forward FFT of theP
(
τ ,mx,my

)∣∣
Eh1

cube. The 3D forward Fourier Transform is
defined as follows:

P
(
�,kx,ky

)
=

∫ ∫ ∫
P

(
τ ,mx,my

)
ei (�τ−kxmx−kymy)dτ dmx dmy (2)

It can be seen that the sign of the transform along theτ -axis is opposite to that over the
midpoint axes.

3. For each element of the cube, perform the AMO shift:

P
(
�,kx,ky

)∣∣
Eh2

= ei (81−82) P
(
�,kx,ky

)∣∣
Eh1

,where (3)

8j =


0, f or Ek · Eh = 0
Ek · Eh, f or � = 0

�
2


√

1+

(
2Ek·Eh
�

)2
−1− ln

√
1+

(
2Ek·Eh
�

)2
+1

2

 otherwise
, (4)

whereEk · Eh = kxhx +kyhy (5)

and j can take the values 1 or 2. The frequency domain variables must have incorporated
in their value a 2π constant (they are defined according to equation (2))

4. Do reverse 3D FFT in order to obtain theP
(
τ ,mx,my

)∣∣
Eh2

cube.

5. Do reverse log stretch along the time axis and affix to the top of the cube the slices from
times smaller thantc. The final result is aP

(
t ,mx,my

)∣∣
Eh2

cube.

Figure 1 shows the impulse response of the above described AMO.
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Figure 1: AMO impulse responsenick2-impresp1[ER]

STRETCHING AND ALIASING

For the purpose of this discussion we define stretching of a single-dimension space as any
transformation from one space to another that has the following property: at least an arbi-
trarily chosen sequence of two consecutive, equal in length, intervals in the input space is
transformed into a sequence of two consecutive,not equal in length, intervals in the output
space. Stretching an x-space to a y-space will be denoted as

y = f (x) (6)

Two obvious examples of stretching are

N M O : y =
√

x2 +α, and
log−stretch: y = log

(
x
α

)
,

whereα is a positive real number whose value does not matter for the purpose of this discus-
sion. As it can be seen in Fig. 2, if we keep the same sampling rate (1y = 1x), aliasing can
occur when doing the reverse transformation, from x to y. In order to avoid aliasing, we need
to compute1ymax, the largest accceptable sampling rate in the y domain. This can sometimes
lead to a larger number of samples in they domain, and thus to larger computational expense.
This can be limited to some extent if the signal in thex-space has been bandpassed, as is
often the case with seismic data, with the largest frequency present in the data (fmax) smaller
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than the Nyquist frequency given by the sampling rate (fN y). Thus, we can replace in our
calculations1x with

1xmax =
1

2 fmax
,

which will result in a1ymax larger than that computed using1x, the sampling rate in thex
space. In order to compute1ymax, we will consider two points in thex space, as seen in Fig.

Figure 2: Illustration of how aliasing can occur while stretching: if the same sampling rate is
used for they-space (lower plot) as for thex-space (upper plot), serious aliasing will occur
when transforming back tox-space. This will not happen if the sampling rate in they-space
is smaller than or equal to1ymax nick2-strali [NR]

2, such as
xb = xa +1xmax (7)

andya andyb, the images ofxa andxb in the y space. Thus,

1y = yb − ya = f(xa+1xmax) − f(xa)
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The largest sampling rate in they-space that will not result in aliasing is1ymax, the minimum
possible value of1y. Suppose there is a valuexm that minimizes1y. Then,

1ymax =
[

f(x+1xmax) − f(x)
]∣∣

xm

In particular, in the case of log-stretch, given by equation (1), iftm plays the role ofxm from
the equation above, then

1τmax =

[
log

(
t +1tmax

tc

)
− log

(
t

tc

)]∣∣∣∣
tm

= log

(
1+

1tmax

tm

)
(8)

τmax will be minimum whentm is as large as possible, thus minimizing the expression under
the logarithm. How large cantm get? Since the length of the seismic trace is limited to a value
tmax,

tm = tmax−1tmax

becausetm is the equivalent ofxa from eq. (7) and Fig. 2. Thus, we get

1τmax = log

(
tmax

tmax−1tmax

)
(9)

F-K FILTERING

As it can be seen in Fig. 3, the impulse response of the AMO computed in the log-stretch,
frequency-wavenumber domain has some artifacts: high amplitude, large saddle corners. Low
temporal frequencies and high spatial slopes are also present. These artifacts can be eliminated
easily using a f-k filter, which is described below. Suppose we want to attenuate all spatial
frequenciesk that are larger than a certain thresholdkmax, where

k =

√
k2

x +k2
y and

kmax =
2|ω|

vmin
,

(10)

with ω, kx andky being the coordinates in the frequency-wavenumber domain (without logstretch),
andv being the minimum apparent velocity of the events that we want the filtered data cube
to contain. Thus, the data cube will become:

Pf i ltered
(
ω,kx,ky

)
=

{
P

(
ω,kx,ky

)
i f k ≤ kmax

e−ε(k−kmax)2 P
(
ω,kx,ky

)
i f k > kmax

(11)

Too small anε will result in an abrupt transition in the f-k domain, and thus ringing artifacts in
the t-x domain. Anε which is too big will result in no visible filtering of the targeted artifacts.
Moreover,ε depends on the choice of units and the number of samples for themx andmy

axes: since the exponential needs to be dimensionless, we have

ε =
ε0

dkxdky
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Figure 3: AMO impulse response artifactsnick2-impresp2[ER]

where

dkx =
1

nxdx
and dky =

1

nydy
.

Thus, the final expression ofε is
ε = ε0nxdxnydy, (12)

whereε0 is a value that is hand-picked only once, and embedded in the code. This way, we
will not have to change anything at all in the code or in the parameters in order to setε0, no
matter what the units of the data cube may be. The result of the filtering can be seen in Fig. 4:
the slices through the cube are taken at exactly the same locations as those in Fig. 3, but now
the artefacts are gone.

COST-CUTTING AVENUES

The largest computational savings come from the use of FFTs for AMO, instead of slow
Fourier integration necessary in the absence of log-stretch. Standard means of minimizing the
CPU time and the amount of memory used to compute the AMO have also been employed.
They include computing the AMO shift for only half of the elements of the cube in the complex
domain, since the Fourier transformF of a real function is Hermitian:

F(s) = F∗(−s) (13)
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Figure 4: AMO impulse response after f-k filteringnick2-fkfilter [ER]

(wheres denotes the frequency domain variable and the star symbol denotes the complex con-
jugate). Another way of reducing computational expenses was through the use of RFFTW and
FFTW type Fourier Transforms (Frigo and Johnson, 1998), adaptive to hardware architecture,
and taking advantage of the property stated in (13). Also, the code was divided into subrou-
tines in such a way that some quantities were not computed unnecessarily several times when
AMO was applied to more than one cube of data. Finally, shared memory parallelization with
the OpenMP standard was applied to all the computationally intensive do loops in the code.

CONCLUSIONS

Azimuth moveout can be successfully implemented in the log-stretch, frequency-wavenumber
domain. It is accurate, fast, and furthermore it does not have any characteristics that can result
in coding difficulties.
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