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Preface

The electronic version of this report1 makes the included programs and applications available
to the reader. The markings [ER], [CR], and [NR], are promises by the author about the
reproducibility of each figure result.

Reproducibility is a way of organizing computational research, which allows both the au-
thor and the reader of a publication to verify the reported results at a later time. Reproducibility
facilitates the transfer of knowledge within SEP and between SEP and its sponsors.

ER denotes Easily Reproducible and are the results of a processing described in the paper.
The author claims that you can reproduce such a figure from the programs, parameters,
and makefiles included in the electronic document. The data must either be included
in the electronic distribution, or be easily available (e.g. SEG-EAGE data sets) to SEP
and non-SEP researchers. The data may also be available in the SEP data library, which
can be viewed at http://sepwww.stanford.edu/public/docs/sepdatalib/toc_html/. We as-
sume you have a UNIX workstation with Fortran, Fortran90, C, X-Windows system and
the software downloadable from our website (SEP makerules, SEPlib, and, to properly
reproduce the documents, the SEP latex package). Before the publication of the elec-
tronic document, someone other than the author tests the author’s claim by destroying
and rebuilding all ER figures. Some ER figures may not be reproducible by outsiders
because they depend on data sets that are too large to distribute, or data that we do not
have permission to redistribute but are in the SEP data library.

CR denotes Conditional Reproducibility. The author certifies that the commands are in place
to reproduce the figure if certain resources are available. SEP staff have only attempted
to make sure that the makefile rules exist and the source codes referenced are provided.
The primary reasons for the CR designation is that the processing requires 20 minutes
or more, or commercial packages such as Matlab or Mathematica.

M denotes a figure that may be viewed as a movie in the web version of the report. A movie
may be either ER or CR.

NR denotes Non-Reproducible. This class of figure is considered non-reproducible. SEP
discourages authors from flagging their figures as NR except for artist drawings, scan-
nings, etc.

Our testing is currently limited to IRIX 6.5 and LINUX 2.1 (using the Portland Group For-
tran90 compiler), but the code should be portable to other architectures. Reader’s suggestions
are welcome. For more information on reproducing SEP’s electronic documents, please visit
<http://sepwww.stanford.edu/redoc/> .

Jon Claerbout, Biondo Biondi, Robert Clapp, and Marie Prucha

1http://sepwww.stanford.edu/private/docs/sep108
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Amplitude-preserved wave-equation migration

Paul Sava and Biondo Biondi1

ABSTRACT

We analyze the amplitude variation as a function of reflection angle (AVA) for
angle-domain common image gathers (ADCIG) produced via wave-equation migration.
Straightforward implementations of the two main ADCIG methods lead to contradictory,
thus inaccurate, amplitude responses. The amplitude inaccuracy is related to the fact that
downward-continuation migration is the adjoint of upward-continuation modeling, but it
is only a poor approximation of its inverse. We derive the frequency-wavenumber domain
diagonal weighting operators that make migration a good approximation to the inverse
of modeling. With these weights, both ADCIG methods produce consistent results. The
main applications that follow from this paper are true-amplitude migration and pseudo-
unitary modeling/migration, usable for iterative inversion. The two most important factors
that degrade the accuracy of wave-equation ADCIGs are the limited sampling and offset
range, combined with the band-limited nature of seismic data.

INTRODUCTION

Traditionally, migration velocity analysis and AVO employ offset-domain common-image
gathers, since most of the relevant information is not described by zero-offset or stacked im-
ages. However, it is difficult to produce these gathers with wave-equation migration because
the offset dimension of the downward continued data shrinks with depth. A solution to this
problem is to use angle-gathers instead of offset-gathers. Angle-domain common image gath-
ers (ADCIG) obtained by wave-equation migration are very powerful at measuring the quality
of migration and the accuracy of the velocity model.

ADCIGs are attractive because they provide straightforward information for amplitude
analysis, that is, amplitude versus angle (AVA) instead of the more common amplitude versus
offset (AVO) analysis. The main focus of this paper is to evaluate how accurate is the the
amplitude response of wave-equation migration as a function of reflection angle.

Angle-domain common-image gathers are representations of the seismic images sorted by
the incidence angle at the reflection point. Angle-gathers can be obtained using wave-equation
techniques either for shot-profile migration, as described by de Bruin et al. (1990), or for shot-
geophone migration, as described by Prucha et al. (1999). In either case, angle-gathers are
evaluated using slant-stacks on the downward continued wavefield, prior to imaging. However,

1email: paul@sep.stanford.edu, biondo@sep.stanford.edu
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decomposing the downward continued wavefield before imaging produces angle-gathers as a
function of the less intuitive offset ray-parameter instead of the true reflection angle. Angle-
domain gathers can also be computed by slant-stacking the image, instead of the downward
continued wavefield. This alternative procedure directly produces angle-gathers as a function
of reflection angle. In both cases, the slant-stack transformation can be more conveniently
performed by a radial-trace transform (RTT) in the frequency-wavenumber domain (Ottolini,
1982).

AVA analysis requires that the procedures used to compute ADCIGs preserve the ampli-
tude of the reflections as a function of angle. It is thus puzzling that straightforward imple-
mentations of both ADCIG methods produce contradictory amplitudes, and that downward-
continuation migration is not a good approximation of the corresponding upward-continuation
modeling for either method.

To solve the puzzle, we must take into account the weighting function that is introduced in
the migration process by the imaging step. We show that this weighting is well approximated
by a diagonal operator in the frequency-wavenumber domain. Since the two methods for
computing ADCIGs perform a slant-stack at different stages, one before imaging and the
other one after imaging, the corresponding weighting functions are different. Once the weights
are taken into account, the AVA responses produced by the two methods are consistent, and
migration is an approximate inverse of forward modeling. We find that, when restricted to flat
reflectors, the weight we obtain for amplitude compensation is identical to those derived by
Wapenaar et al. (1999).

According to the physical model for reflection data, the weights can be set to make migra-
tion a good approximation of a linearized inversion. We adopt the physical model proposed by
Stolt and Benson (1986) and define the appropriate weights for both methods used to compute
ADCIGs. Modeling and migration can also be easily made pseudo-unitary, if needed for an it-
erative estimation procedure. We achieve this by splitting in half the weighting factor between
modeling and migration.

MODELING AND MIGRATION AMPLITUDES

This section sets the general framework of amplitude analysis and correction in relation to
wave-equation modeling and migration.

The data (D) recorded at the surface can be modeled from the image (I ) by integrating
over depth (z) all the contributions of the reflected wavefield

D (ω)=
∫
+∞

0
dz eikzzI (z) , (1)

where the vertical wavenumber (kz), given by the double square root (DSR) equation, is the
sum of two components:kzs for continuing the sources, andkzr for continuing the receivers
(kz = kzs+ kzr). The expressions forkzs andkzr depend on the migration type and CIG type.
However, the discussion in this section is general and independent of the particular expressions
for kzs andkzr.
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The image is linked to physical parameters, such as reflectivity (R), by a reflection operator
(G) that relates the upgoing wavefield, to the downgoing wavefield, such thatI = G R. The
form of this reflection, or scattering, operator depends on the physical model adopted for the
reflection process.

In the case of constant velocity, for which we can use the definitions introduced by Clay-
ton and Stolt (1981) and Stolt and Benson (1986), the operator (G) is a simple frequency-
wavenumber domain multiplication defined by

G=
i ωs2

4kzskzr
. (2)

Amplitude correction in constant velocity

Migration is, by the standard definition, the operation adjoint to forward modeling. It is per-
formed by the downward continuing the recorded wavefield and imaging at zero time:

Î (z)=
∫
+∞

−∞

dω e−ikzzD (ω) . (3)

We substitute Equation (1) into Equation (3), and expand the integral in Equation (1) to nega-
tive depth, for which the image is zero, by definition:

Î (z)=
∫
+∞

−∞

dω e−ikzz
∫
+∞

−∞

dz
′

eikzzI
(

z
′
)

. (4)

We then change the integration variableω to kz and obtain:

Î (z)=
∫
+∞

−∞

dkz e−ikzz dω

dkz

∫
+∞

−∞

dz
′

eikzzI
(

z
′
)

. (5)

The pair of integrals in Equation (5) describe forward and inverse Fourier transforms, and
thus the effect of chaining modeling and migration on the image is simply the equivalent of
applying the Jacobiandω/dkz. This result is valid only for real values ofkz, which is what we
want, since we are not interested in the wavefield component for whichkz becomes imaginary
(that is, we neglect evanescent waves).

In constant velocity, the frequency-wavenumber representation of the Jacobian is simply a
multiplication:

̂I (kz) =
dω

dkz
I (kz)

=
dω

dkz
G (kz) R(kz) . (6)

The Jacobian weighting is introduced by the imaging step, therefore, the Jacobian depends
on the coordinates used to define the wavefield during imaging: constant ray-parameter or
constant offset wavenumber.



4 Sava and Biondi SEP–108

In matrix notation, Equation (1) is written

d= Li = LGr , (7)

whered, i, andr are respectively the data, image, and reflectivity vectors,G is a diagonal
matrix representing the reflection operator, andL is the modeling operator. With this notation,
Equation (5) becomes

î = L∗d= L∗Li =Wi =WGr , (8)

whereW is a diagonal matrix representing the Jacobiandω/dkz.

Amplitude correction in variable velocity

The results presented in the preceding subsection are strictly valid in constant velocity. When
velocity varies, the propagation operator (L ) is not only a constant magnitude phase-shift
multiplication, but also includes an amplitude term that changes with depth and horizontal
location. Therefore, the integrals in Equation (5) cannot be interpreted as Fourier transforms
anymore. Clayton and Stolt (1981) show how this issue can be theoretically side-stepped by
datuming the data just above each reflector, and by approximating the velocity as constant in
the imaging interval. In practice, this issue is taken care of by evaluating the Jacobian and the
reflection operatorG, using the local velocity at the imaging location.

When the continuation equation includes the amplitude term (A), Equation (7) becomes

d= LAi = LAGr . (9)

Since conventional migration is the adjoint of modeling, Equation (8) becomes

î = A∗L∗d= A∗L∗LAi = A∗WAi = A∗WAGr , (10)

In layered media, the frequency-wavenumber amplitude term of the continuation operator
can be computed using the WKBJ approximation as a diagonal real operator (Clayton and
Stolt, 1981):

A=

√
kzs(z)

kzs(z= 0)

kzr (z)

kzr (z= 0)
, (11)

wherekzs andkzr are the depth wavenumbers associated with source and receiver.

APPLICATIONS OF AMPLITUDE-PRESERVED MIGRATION

Two important applications derive from the theoretical development of amplitude-preserving
migration: “true-amplitude” migration operators, and pseudo-unitary modeling/migration op-
erators used in iterative inversion.



SEP–108 Amplitude-preserved migration 5

True-amplitude migration

We define “true-amplitude” migration as the process of recovering the amplitude of the reflec-
tivity vector given perfect data, infinite bandwidth and aperture.

The expression for the true-amplitude migration operator is

L∗t =G−1A−1W−1L∗, (12)

which we can immediate verify to be inverse to modeling using Equation (9):

L∗t d=G−1A−1W−1L∗LAGr = r . (13)

Even in the simple case of layered media, the operatorA is singular for evanescent waves
propagating at the surface, and null, thus not invertible, for evanescent waves at depth. As
discussed in the preceding section, we are not interested in the evanescent energy, and thus we
are not even trying to invertA for those wavefield components.

Pseudo-unitary modeling/migration

The “true-amplitude” migration defined in Equation (12) is a good approximation in the case
of mild velocity variations, commonly labeled as “time-migration” problems. In complex
overburden, the so called “depth-migration” situations, the reflectors are sparsely and unevenly
illuminated (Rickett, 2001), therefore the amplitude corrections described in the preceding
sections may become a poor approximation. In these cases, the amplitude term (A) is neither
diagonal nor invertible because of reflections becoming evanescent and/or moving out of the
acquisition aperture. Direct inversions are not likely to produce good results, therefore we have
to solve the inversion problem using iterative schemes (Prucha et al., 2001). Thus, instead of
simply applying “true-amplitude” migration, we iteratively solve the least-squares problem
described by the optimization goal

(LAG ) r ≈ d (14)

where the operatorLAG fits the reflectivity model (r ) to the recorded data (d).

In order to achieve fast convergence, the modeling operator has to be as close to unitary as
possible. Following the discussion in the preceding sections, we can define the pseudo-unitary
operator as

Lu = LW−
1
2 (15)

for which it is immediate to verify thatL∗uLu = I .

With this new operator, our least-squares problem may be rewritten as:(
LuW

1
2 AG

)
r ≈ d.
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We can redefine the model variable as a new, preconditioned variable

p=W
1
2 AGr ,

which changes the optimization problem to the simple equation:

Lup≈ d. (16)

ADCIG METHODS

Angle-domain common-image gathers are the instrument we use to analyze the amplitude
variation with reflection angle. As we discussed in in an earlier section, ADCIGs can be
conveniently formed in the frequency domain. Following the derivation of Fomel (1996), if

Figure 1: A scheme of reflection
rays in an arbitrary-velocity medium.
paul2-local [NR]

α

α

γ γ

γ γ

z

x

z

2 h

RS

we consider that, in constant velocity media,t is the traveltime from the source to the reflector
and back to the receiver at the surface, 2h is the offset between the source and the receiver,z
is the depth of the reflection point,α is the geologic dip,γ is the reflection angle, ands is the
slowness (Figure 1), we can write

ph =
∂t

∂h
= 2scosα sinγ (17)

−
∂t

∂z
= 2scosα cosγ . (18)

Combining Equations (17) and (18), we find that

tanγ =−
∂z

∂h

∣∣∣∣
t ,x

. (19)
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Equation (19) is derived in constant velocity media, but it remains perfectly valid in a differ-
ential sense in any arbitrary velocity media if we considerh to be the effective offset at the
reflector depth and not the surface offset (Figure 1).

In the frequency-wavenumber domain (Sava and Fomel, 2000), formula (19) takes the
trivial form

tanγ =−
kh

kz
. (20)

This equation indicates that angle-gathers can be conveniently formed with the help of frequency-
domain migration algorithms (Stolt, 1978). Furthermore, wave-equation migration is ideally
suited to compute angle-gathers using such a method, since the migration output is precisely
described by the offset at the reflector depth, which is a model parameter, and not by the
surface offset, which is a data parameter (Biondi, 1999).

We can also recognize that Equation (17) describes nothing but the ray parameter of the
propagating wave at the incidence with the reflector. Using the definition

ph =
∂t

∂h
,

it follows that we can write a relation similar to Equation (20) to evaluate the offset ray pa-
rameter in the Fourier-domain:

ph =
kh

ω
. (21)

Both Equations (20) and (21) can be used to compute image gathers through radial trace
transforms (RTT) in the Fourier domain. The major difference is that Equation (20) operates
in the space of the migrated image, while Equation (21) operates in the data space.

The two methods are also different in three other ways:

1. The image-space method (20) is completely decoupled from migration, therefore con-
version to reflection angle can be thought of as a post-processing after migration. Such
post-processing is interesting because it allows conversion from the angle domain back
to the offset domain without re-migration (Figure 2), which is, of course, not true for
the data-space method (21), where the transformation is a function of the data frequency
(ω).

2. From Equation (17), it follows that offset ray parameter (ph) is also a function of the
structural dip (α), which is not true for the reflection angle (γ ) estimated in the image
space. The angles we obtain using Equation (20) are geometrical measures, completely
independent on the structural dip. For AVA purposes, it is also very convenient to have
the amplitudes as a function of reflection angle and not offset or offset ray-parameter.

3. Both methods require accurate knowledge of the imaging velocity. The difference is that
the data-space method is less sensitive to the location of velocity boundaries. However,
conversion fromph to reflection angleγ is also critically influenced by errors in the
velocity maps.
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Figure 2: Synthetic example of conversion between the angle and offset domains in the image
space. Left panel: synthetic angle gather. Middle panel: conversion from angle to offset.
Right panel: conversion back to the angle domain.paul2-polarity [ER]

SOURCES OF INACCURACY

Figure 2 shows a synthetic example of conversion from the angle domain to offset domain
and back to the angle domain. The original ADCIG is described by polarity reversal at zero
incidence angle. After conversion to offset and back to angle, the image gather displays the
same polarity reversal. The angle-gathers are also flat, which indicates that the transformation
is kinematically correct.

The obvious question that remains to be addressed is how reliable in general are the am-
plitude versus angle estimates for images obtained using wave-equation migration.

As mentioned earlier, we compute the image-gathers either in the image space, or in the
data space via Fourier-domain radial-trace transforms. Analysis of our procedure reveals four
major sources of distorsion of the amplitude response which are: (1) the limited offset and
depth wavenumber bandwidths, (2) the limited temporal frequency bandwidth, (3) the in-
correct implementation of RTT, and (4) the unweighted imaging condition. In the next four
subsections, we discuss each of these sources of error, and refer to image gathers in the angle
domain, although the discussion is fully applicable to offset ray-parameter, as well.

We demonstrate the various transformations and sources of inaccuracy using a very simple
synthetic model (Figure 3), which is a perfectly focused image (a spike in the offset domain).

Limited offset and depth wavenumber bandwidths

One of the main sources of amplitude error is the finite bandwidth of the depth (kz) and offset
(kh) wavenumbers (Figure 4). We apply RTT in the Fourier domain using Equations (20). In
practical terms, this transformation amounts to a horizontal stretch ofkh at constantkz. How-
ever, sincekz andkh are limited in range, we can correctly evaluate the angle transformation
only within a finite angle range (−γmax,+γmax). The maximum angles to which our trans-
formation is correct is a function of image sampling on offset and depth (Figure 4).γmax can
be evaluated from the data, but cannot be modified during processing. We simply need to be
aware of it and limit our analysis to the proper angle range.
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Figure 3: Synthetic offset-gather. From left to right, Fourier-domain representation, space-
domain representation, and amplitude response. The image is represented by one single per-
fectly focused event at a depth of 0.5 km.paul2-offam [ER]

kz

γ

γ
max− γ

max+

kz

kh
TRANSFORM
RADIAL−TRACE

γ
max− γ

max+

−π/2 +π/2

Figure 4: Truncation of the depth and offset wavenumber bandwidths limits the range over
which we can compute angle-gathers. Akz− kh offset-gather (left panel) is transformed by
RTT to akz−γ angle-gather (right panel).γmax is the maximum angle for which the RTT is
not affected by truncation of thekh bandwidth. paul2-khband[NR]
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Limited temporal frequency bandwidth

Another major source of inaccuracy is the limited temporal frequency band of the recorded
data. Figure 5 schematically explains this phenomenon. We begin with an image gather in the
offset domain, perfectly described in its limitedkz− kh band (a). From the image we model
data described inω− kh coordinates (b). In the case of wide temporal frequency bands, we
record the entire data (b, black shape). After migration, we return to the image domain (c,
black shape) described bykz−kh coordinates, from which we compute angle-gathers by RTT
(d, black shape). Inverse Fourier transform alongkz brings us back in the angle domain, with
correct amplitudes for all angles smaller thanγmax.

Alternatively, we can record a narrower frequency band (b, gray shape). After migration,
we obtain the image as described by the DSR equation (c, gray shape). Conversion to angle
follows the same style as in the full-band case (d, gray shape). The major distinction between
the two cases is that we do not recover correct amplitudes even for the (−γmax,+γmax) range.

Again, this second cause of inaccuracy is related to data sampling and cannot be corrected
during processing. One possible way to recover consistent amplitudes is to low-pass-filter the
angle-domain gathers to appropriate maximum depth wavenumbers (kz).

The same logic applies to offset ray-parameter gathers, as depicted in Figure 5 (e,f).

RTT implementation

A third source of inaccuracy is the actual implementation of the radial-trace transform. In
theory, RTT can be implemented either as a push operator (loop over input) or as a pull op-
erator (loop over output). Figure (6) shows an example with a push implementation (from
thekz−kh domain to thekz−γ domain), and Figure (7) shows a pull implementation (in the
kz−γ domain from thekz−kh domain).

As expected, the push implementation leaves empty regions in thekz− γ domain, while
the pull implementation fills the entire domain. After inverse Fourier transform, the ampli-
tude responses in the two cases are completely different (Figure 8): the pull implementation
generates flat amplitudes, while the push implementation does not.

Under those circumstances, it would be tempting to consider just the pull implementation.
However, inversion for angle-domain regularization, requires implementations for both the
forward and adjoint operators. Therefore, if we use pull in one transformation, we need to use
a corrected push in its adjoint (Claerbout, 1995). This correction is given by the Jacobian of
the transformation fromkh to γ or ph.

Figure 9 shows the angle-domain representation for the ideal offset-gather in Figure 3.
Since we use a wide temporal frequency band and a pull implementation of RTT, the amplitude
response is flat for the whole usable angle range.
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a b c d

e f

zk

kh

ω

kh

zk

kh

zk

γ

ω

hp

zk

hp

Figure 5: Schematic simulation of migration, modeling and conversion to the angle domain.
For angle-domain gathers, start with the image in (a), model to obtain the data in (b), migrate
(c), and convert to angle (d). For offset ray-parameter gathers, start with the image in (a),
model to obtain the data in (b), convert to offset ray-parameter in the data space (e), and image
(f). The black shapes correspond to a wide temporal frequency band, and the gray shapes
correspond to band-limited data.paul2-adconv[NR]
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Figure 6: Conversion from offset-domain to angle-domain image gathers. The push imple-
mentation of RTT leaves empty spaces that degrade the amplitudes. This effect can be partially
corrected by weighting with the transformation Jacobian.paul2-angpushA[ER]
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Figure 7: Conversion from offset-domain to angle-domain image gathers. The pull imple-
mentation of the RTT fills the entire usable space, therefore the amplitude response is correct.
paul2-angpullA[ER]

Figure 8: Amplitude response for RTT implemented as unweighted push (left), and pull
(right). Ideally, the amplitude should be constant at all angles.paul2-ampA[ER]
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Incorrect imaging condition

A more subtle source of error is related to the implementation of the modeling operator and
its adjoint. In brief, conversion from the data space to the image space involves a change of
coordinates from temporal frequency (ω) to depth wavenumber (kz). A correct implementation
of this transformation requires weighting by the transformation Jacobian. Figures 10 and
11 show the amplitude responses of modeling followed by migration without the Jacobian.
Although the angle-gathers are kinematically correct (flat), the amplitude responses are not.
More details on the Jacobian weighting follow in the next section.

TRANSFORMATION JACOBIANS

True-ampliude migration and the pseudo-unitary modeling/migration pair make use of the
diagonal operator of the imaging Jacobian. In this section, we derive the analytical expression
of this operator.

The two methods used to compute ADCIGs differ by the stage at which they operate: after
imaging for ADCIGs with output in reflection-angle, and before imaging for ADCIGs with
output in offset ray-parameter. Imaging takes place in different spaces as well: at constantkh

for reflection-angle image gathers, and at constantph for offset ray-parameter image gathers.
Consequently, the imaging Jacobians have different expressions.

Figure 9: Ideal angle-gather for wide temporal frequency and pull implementation of RTT.
From left to right, Fourier-domain, space-domain, and amplitude response.paul2-angam
[ER]

Angle-gathers

For reflection-angle gathers, the dispersion relation used to downward continue the wavefield
is given by the DSR equation:

kz = kzs+kzr

=
1

2

√
(2ωs)2

−

∣∣∣ Ekm− Ekh

∣∣∣2+ 1

2

√
(2ωs)2

−

∣∣∣ Ekm+ Ekh

∣∣∣2 (22)
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wheres is the local slowness,kzs andkzr are respectively the vertical wavenumber for the
source and receiver components, andEkm and Ekh are respectively the midpoint and offset
wavenumbers. The Jacobian for this transformation is thus the common prestack Stolt migra-

Figure 10: Reflection-angle gather implemented using Equation (20). We do not use the
correct weighting of the transformation Jacobian, therefore the amplitudes are distorted.
paul2-ghmig[CR]

Figure 11: Offset ray-parameter gather implemented using Equation (21). We do not use
the correct weighting of the transformation Jacobian, therefore the amplitudes are distorted.
paul2-gpmig[CR]

tion Jacobian:

Wkh =
dω

dkz

∣∣∣∣
Ekh=const

=

[
s

(
ωs

kzs
+

ωs

kzr

)]−1

. (23)

As mentioned in the preceding sections, in the case of variable velocity media, those quantities
are evaluated at the reflector location. For an arbitrary 2-D reflector geometry (Figure 1), we
can rewrite Equation (23) as

Wkh =

[
s

(
1

cos
[
γ −α

] + 1

cos
[
γ +α

])]−1

, (24)

whereα is the structural dip angle, andγ is the reflection angle.



16 Sava and Biondi SEP–108

For flat reflectors, defined byEkm= 0 andα = 0, the Jacobian takes the simple form

Wkh =
1

2s
cosγ . (25)

Figure 12: Reflection-angle gather computed in the image space. The weighting factors restore
correct amplitudes. Compare with the theoretical response in Figure 10.paul2-chmig [CR]

Figure 13: Offset ray-parameter gather computed in the data space. The weighting factors
restore correct amplitudes.paul2-cpmig [CR]

Ray-parameter gathers

For the case of offset ray-parameter gathers, we can rewrite the DSR equation (22) as

kz = kzs+kzr

=
1

2

√
(2ωs)2

−

∣∣∣ Ekm−ω Eph

∣∣∣2+ 1

2

√
(2ωs)2

−

∣∣∣ Ekm+ω Eph

∣∣∣2. (26)

In this case, the imaging Jacobian becomes

W ph =
dω

dkz

∣∣∣∣
Eph=const

=

4ωs2
+

(
Ekm−ω Eph

)
· Eph

4kzs
+

4ωs2
−

(
Ekm+ω Eph

)
· Eph

4kzr

−1

, (27)
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which can be re-arranged as:

W ph =

[(
s−
Eph · Eph

4s

)(
ωs

kzs
+

ωs

kzr

)
+

Ekm · Eph

4ωs

(
ωs

kzs
−

ωs

kzr

)]−1

. (28)

For an arbitrary 2-D reflection geometry (Figure 1), we can write Equation (28) as

W ph =

[(
s−
Eph · Eph

4s

)(
1

cos
[
γ −α

] + 1

cos
[
γ +α

])+ Ekm · Eph

4ωs

(
1

cos
[
γ −α

] − 1

cos
[
γ +α

])]−1

.

(29)

For flat reflectors, defined byEkm= 0 andα = 0, the Jacobian takes the simple form

W ph =
1

2s

1

cosγ
, (30)

which is equivalent to the weighting factor introduced by Wapenaar et al. (1999).

For the case of flat reflectors, we also have

W ph =
1

4s2

1

Wkh

. (31)

which explains the opposite behavior of theuncorrectedmigration amplitudes for reflection-
angle gathers (Figure 10) and offset ray-parameter gathers (Figure 11).

After we apply the Jacobian weights, we obtain the corrected angle-gathers shown in Fig-
ures 12 and 13. As expected, the amplitudes are constant for the entire usable angular range.

JACOBIAN FOR COMMON-AZIMUTH MIGRATION

The dispersion relation of 3-D common-azimuth migration can be written as a cascade of 2-D
inline prestack migration and 2-D zero-offset crossline migration (Biondi, 1999):

kzx =
1

2

√
(2ωs)2

−|kmx−khx|
2
+

1

2

√
(2ωs)2

−|kmx+khx|
2

kCA
z =

√
k2

zx
−km

2
y. (32)

We can derive the expression for the common-azimuth Jacobian by simply applying the
chain rule to Equation (32):

dkCA
z

dω
=

dkCA
z

dkzx

dkzx

dω
. (33)

If we note that

dkCA
z

dkzx

=
kzx

kCA
z

(34)
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we obtain the common-azimuth Jacobian:

WCA
=

kCA
z

kzx

W2D (35)

whereW2D is the 2-D version of the Jacobian we derived in the preceding sections, either for
reflection-angle ADCIGs, Equation (23), or for offset ray-parameter, Equation (28).

However, computing the reflection operator weight, Equation (2), and the WKBJ ampli-
tudes, Equation (11), requires us to evaluate separately the sourcekzs and receiverkzr compo-
nents of the dispersion relation. Therefore, for the “true-amplitude” migration weights, Equa-
tion (12), we need to use the more complicated expression for the common-azimuth dispersion
relation as introduced by Biondi and Palacharla (1996).

In addition to the amplitude terms we have discussed in the preceding sections, “true-
amplitude” common-azimuth migration requires an additional correction that takes into ac-
count that its dispersion relation is obtained by a stationary-phase approximation of the full
3-D DSR equation. We, therefore, need to augment the amplitude term in Equation (9) by
another factor, which results from stationary-phase approximation theory (Bleistein and Han-
delsman, 1975):

Astat=

√√√√√ 2π
z∫

0

∣∣∣∣d2kCA
z

dkh
2
y

∣∣∣∣dz′
e

i sgn

(
d2kCA

z
dkh

2
y

)
π
4
, (36)

where the second derivative ofkCA
z with respect tokhy is:

d2kCA
z

dkh
2
y

= −
(2ωs)2

− (kmx−khx)2[
(2ωs)2

− (kmx−khx)2
−
(
kmy− k̂hy

)2]3/2

−
(2ωs)2

− (kmx+khx)2[
(2ωs)2

− (kmx+khx)2
−
(
kmy+ k̂hy

)2]3/2 (37)

with

k̂hy = kmy

1
2

√
(2ωs)2

−|kmx+khx|
2
−

1
2

√
(2ωs)2

−|kmx−khx|
2

1
2

√
(2ωs)2

−|kmx+khx|
2
+

1
2

√
(2ωs)2

−|kmx−khx|
2
. (38)

This additional correction factor includes both a phase shift component and an amplitude
component which increases with depth. It has thus a behavior similar to the correction term
that is often used to transform 2-D data recorded withpoint sources and receivers to 2-D data
recorded withline sources and receivers (Clayton and Stolt, 1981). The physical explanation is
also analogous: Common-azimuth migration assumes that the data were recorded for all values
of the crossline offset (hy) and then stacked alonghy. The inverse ofAstat transforms the data
recorded at zero crossline offset into the data “expected” by common-azimuth migration.



SEP–108 Amplitude-preserved migration 19

Figures 14-16 demonstrate the effects of applying the different weights in common-azimuth
migration. These images are obtained by migrating a synthetic data set containing five dipping
reflectors with dips from 0 to 60 degrees (Biondi, 2001).

Figure 14 shows a subset of the migration results. The front face of the cube displayed in
the figure is an in-line section stacked overph. The other two faces are sections through the
prestack image as a function of the offset ray parameter (ph). Those images are obtained by
migration without any weighting factors. Figure 15 shows the same subset as in Figure 14, but
obtained by applying all the appropriate weights and the phase shift related to the stationary-
phase approximation. The weights balance the amplitudes along the reflector, so that the
dipping reflectors are comparable with the flat one.

Figure 16 shows one particular ADCIG, detailing the effects of each type of weighting:
no weights (Figure 16a), Jacobian and modeling weights (Figure 16b), Jacobian, modeling
and WKBJ weights (Figure 16c), and Jacobian, modeling, WKBJ and phase-shift weights
(Figure 16d).

Figure 14: A subset of the results of common-azimuth migration of the synthetic data set.
The front face of the cube is an in-line section stacked alongph. The other two faces are
sections through the prestack image. The migrated cube is obtained from migration without
any weighting. The amplitudes of the dipping reflectors are lower than expected, and the
whole image has the wrong phase.paul2-CA-pull-none-vp[CR]

VARIABLE-VELOCITY JACOBIANS

The transformation Jacobians, given by Equation (23) for reflection-angle gathers and by
Equation (28) for offset ray-parameter gathers, are strictly speaking valid only for constant
velocity media. In the case of variable velocity, downward continuation is implemented in the
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Figure 15: A subset of the results of common-azimuth migration of the synthetic data set. The
front face of the cube is an in-line section stacked alongph. The migrated cube is obtained
from migration with all the appropriate weights and the stationary-phase phase shift. The
amplitudes of the dipping reflectors are comparable with those of the flat reflector, and the
whole image has the correct phase.paul2-CA-pull-WKBJ-stat-vp[CR]

mixt ω−k andω− x domain. The dispersion relation is approximated using an expansion of
the DSR equation. In one of the most usual forms, the dispersion relation can be written as

kz = kzs+kzr

kzs =
1

2

√
(2ωs)2

−

∣∣∣ Eks

∣∣∣2≈ kz0+
dkz

ds

∣∣∣∣
s=so

(ss−s0)

kzr =
1

2

√
(2ωs)2

−

∣∣∣ Ekr

∣∣∣2≈ kz0+
dkz

ds

∣∣∣∣
s=so

(sr −s0) . (39)

Equations (39) give the effective dispersion relation for which we need to implement the Ja-
cobian weighting.

Appendix A outlines the derivation for the expresion of the Jacobian in variable velocity
media. For the case of migration with output in offset, the Jacobian expression is:

Wkh =

[
ωs0

kzs0
s0+

ωs0

kzs0

(
2−

[
ωs0

kz0

]2
)

(ss−s0)+
ωs0

kzr0
s0+

ωs0

kzr0

(
2−

[
ωs0

kz0

]2
)

(sr −s0)

]−1

(40)

where(ss−s0) and(sr −s0) are respectively the slowness perturbations at the source and re-
ceiver. In constant velocity media,(ss−s0) = 0 and(sr −s0) = 0, Equation (40) obviously
takes the same form as Equation (23) we derived earlier for the case of constant velocity.
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Figure 16: ADCIGs obtained by common-azimuth migration with different amplitude
weights: a) No weights, b)G−1WCA

phx

−1
(Jacobian), c)G−1A−1WCA

phx

−1
(Jacobian and WKBJ),

d) A−1
statG

−1A−1WCA
phx

−1
(Jacobian, WKBJ, and stationary phase). The relative amplitudes of

the dipping reflectors are modified by the different migration weights.paul2-CIG-amp[CR]
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For the expressions of all Jacobians, we need to compute the quantityωs/kz which may
lead to numerical instability whenkz approaches zero. A simple way so stabilize the Jaco-
bian, which we have used for the current examples, is to add a small positive quantity to the
denominator, and computeωs/ (kz+ ε).

Another approach, which we have not tested yet, but which appears to have the potential
to be more accurate, is to write

ωs

kz
=

ωs

1
2

√
(2ωs)2

−

∣∣∣Ek∣∣∣2
=

1√
1−

∣∣∣Ek∣∣∣2
[2ωs]2

. (41)

For small valuesof x =
∣∣∣Ek∣∣∣/ [2ωs] we can computeωs/kz using the following Taylor series

expansion:

1
√

1− x2
≈ 1+

1

2
x2
+

3

8
x4
+

5

16
x6
+

35

128
x8
+ . . . (42)

This expansion is very similar to the transformation used by Huang et al. (1999) for the ex-
tended Local Born Fourier migration method, or by Sava and Biondi (2000) in wave-equation
MVA. This interesting possibility, however, awaits future research.

REAL DATA

We now provide, as an example, an image gather obtained for a real dataset. Figure 17 rep-
resents an offset ray-parameter gather at a particular horizontal location. According to the
theory, in the absence of weighting, the amplitude at highph needs to be decreased, while the
amplitude at lowph needs to be increased.

The left panel shows the gather computed without the Jacobian weighting factor, while the
right panel shows the gather after amplitude compensation. As expected, the Jacobian weight-
ing attenuates most of the energy at highph, and enhances the amplitude of the reflections at
lower ph.

CONCLUSIONS

This paper demonstrates that angle-domain common image gathers generated by wave-equation
migration can be used for AVA analysis if proper care is taken to ensure that amplitudes are
not distorted during processing. Angle gathers can be computed both in the image space (with
output in true reflection angle) or in the data space (with output in offset ray-parameter). The
image-space method is independent of the structural dip. The two most important factors that
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Figure 17: Real data example. The bottom panels are offset ray-parameter gathers computed
with compensated (left) and uncompensated (right) amplitudes. The top panels show the am-
plitude variation with offset ray parameter for an event at about 1.75 km depth. The amplitude
decrease at small incidence angles is caused by the absence of innermost offsets from the
recorded data.paul2-kja10.5[CR]
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influence the accuracy of the amplitude response are the sampling of the offset axis and the
incorrect treatment of amplitudes during migration. While the limited sampling cannot be
corrected, the migration operator can be modified to incorporate the appropriate correction
factors. We have analyzed the Jacobian compensation factors, and show that they can success-
fully be applied to real data. We have shown how to construct “true amplitude” wave-equation
migration operators, as well as pseudo-unitary modeling and migration operators.

ACKNOWLEDGMENTS

This research was partially funded by the ACTI project #4731U0015−3Q. Some of this work
was prompted by discussions with John Etgen at BP.

REFERENCES

Biondi, B., and Palacharla, G., 1996, 3-D prestack migration of common-azimuth data: Geo-
physics,61, no. 6, 1822–1832.

Biondi, B. L., 1999, 3-D Seismic Imaging:http://sepwww.stanford.edu/sep/bion

do/Lectures/index.html .

Biondi, B., 2001, Narrow-azimuth migration: Analysis and tests in vertically layered media:
SEP–108, 105–118.

Bleistein, N., and Handelsman, R. A., 1975, Asymptotic expansions of integrals: Rinehart
Winston.

Claerbout, J. F., 1995, Basic Earth Imaging: Stanford Exploration Project.

Clayton, R. W., and Stolt, R. H., 1981, A Born-WKBJ inversion method for acoustic reflection
data: Geophysics,46, no. 11, 1559–1567.

de Bruin, C. G. M., Wapenaar, C. P. A., and Berkhout, A. J., 1990, Angle-dependent reflectiv-
ity by means of prestack migration: Geophysics,55, no. 9, 1223–1234.

Fomel, S., 1996, Migration and velocity analysis by velocity continuation: SEP–92, 159–188.

Huang, L., Fehler, M. C., and Wu, R. S., 1999, Extended local Born Fourier migration method:
Geophysics,64, no. 5, 1524–1534.

Ottolini, R., 1982, Migration of reflection seismic data in angle-midpoint coordinates: Ph.D.
thesis, Stanford University.

Prucha, M., Biondi, B., and Symes, W., 1999, Angle-domain common-image gathers by wave-
equation migration: 69th Ann. Internat. Meeting, Soc. Expl. Geophys., Expanded Abstracts,
824–827.



SEP–108 Amplitude-preserved migration 25

Prucha, M. L., Clapp, R. G., and Biondi, B. L., 2001, Imaging under salt edges: A regularized
least-squares inversion scheme: SEP–108, 91–104.

Rickett, J., 2001, Model-space vs data-space normalization for finite-frequency depth migra-
tion: SEP–108, 81–90.

Sava, P., and Biondi, B., 2000, Wave-equation migration velocity analysis: Episode II: SEP–
103, 19–47.

Sava, P., and Fomel, S., 2000, Angle-gathers by Fourier Transform: SEP–103, 119–130.

Stolt, R. H., and Benson, A., 1986, Seismic migration - theory and practice: Geophysical
Press, London - Amsterdam.

Stolt, R. H., 1978, Migration by Fourier transform: Geophysics,43, no. 1, 23–48.

Wapenaar, K., Van Wijngaarden, A., van Geloven, W., and van der Leij, T., 1999, Apparent
AVA effects of fine layering: Geophysics,64, no. 6, 1939–1948.



26 Sava and Biondi SEP–108

APPENDIX A

This appendix presents a derivation of the expression for the weighting Jacobian in the case of
variable velocity.

The dispersion relation

kz=
1

2

√
(2ωs)2

−|k|2 (A-1)

can be approximated using a Taylor series expansion around the constant reference slowness
(s0):

kz≈ kz0+
dkz

ds

∣∣∣∣
s=so

(s−s0) . (A-2)

We then take the derivative ofkz with respect to the frequencyω

dkz

dω
=

dkz0

dω
+

d

dω

[
dkz0

ds

]
(s−s0) ,

and if we note that

dkz0

ds
=

ω2s0

kz0

we obtain

dkz

dω
=

dkz0

dω
+

d

dω

[
ω2s0

kz0

]
(s−s0) . (A-3)

We continue by evaluating the derivatives with respect toω on the right hand side. With
little algebra, we obtain

d

dω

[
ω2s0

kz0

]
=

ωs0

kz0

(
2−

[
ωs0

kz0

]2
)

.

therefore

dkz

dω
=

ωs0

kz0
s0+

ωs0

kz0

(
2−

[
ωs0

kz0

]2
)

(s−s0) . (A-4)

The prestack weighting Jacobian is:

Wkh =

[
ωs0

kzs0
s0+

ωs0

kzs0

(
2−

[
ωs0

kz0

]2
)

(ss−s0)+
ωs0

kzr0
s0+

ωs0

kzr0

(
2−

[
ωs0

kz0

]2
)

(sr −s0)

]−1

(A-5)

which, in constant slowness, takes the simple form

Wkh =

[
ωs0

kzs0
s0+

ωs0

kzr0
s0

]−1

. (A-6)
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Offset and angle domain common-image gathers for shot-profile
migration

James Rickett and Paul Sava1

ABSTRACT

In order to estimate elastic parameters of the subsurface, geophysicists need reliable infor-
mation about angle-dependent reflectivity. In this paper, we describe how to image non-
zero offsets during shot-profile migration so that they can be mapped to the angle domain
with Sava and Fomel’s (2000) transformation. CIGs also contain information about how
well focused events are at depth, and so provide a natural domain for migration-focusing
velocity analysis.

INTRODUCTION

For simple velocity models (e.g. constantv) a one-to-one mapping exists between recording
offset (|Es− Eg|) on the surface and incidence angle. Early amplitude versus offset (AVO) stud-
ies took advantage of this fact: authors looked at amplitude variation of events in common-
midpoint gathers after normal moveout (NMO). It soon became clear, however, that NMO
does not adequately correct for the focusing aspects of wave propagation, and that amplitude
studies should be conducted after migration (Resnick et al., 1987).

Kirchhoff migration algorithms can easily migrate data recorded at different offsets sep-
arately, and produce common image point gathers (CIGs) with migrated amplitude versus
offset. Alternatively, interpreters often compare amplitude on near-offset migration images
with far-offset images to look for anomalies linked to the presence of hydrocarbons. However,
offset on the surface is adata-spaceparameter, whereas incidence angle is amodel-spacepa-
rameter; even for many relatively simplev(z) velocity models, no simple relationship exists
between surface offset and incidence angle at the reflector.

For Kirchhoff amplitude versus angle (AVA) studies, all offsets need to be migrated, and
the incidence angle determined at the imaging step by ray-tracing. Two disadvantages of this
process are that it is sensitive to the stability of the ray-paths, and complicates the algorithm’s
I/O requirements.

de Bruin et al. (1991) first described how to calculate angle-dependent reflectivity with a
wave-equation migration process. Their algorithm is appropriate for shot-profile algorithms,
and involves a local slant-stack as part of the image-forming step. Similarly, Prucha et al.

1email: james@sep.stanford.edu, paul@sep.stanford.edu

27
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(1999) describe how to extract angle domain common-image-point gathers during shot-geo-
phone migration in the offset-midpoint domain. Since these two migration methods are based
on finite-frequency solutions to the wave-equation, there is no sensitivity to ray-traced angles.
There is also no significantly increased I/O burden over zero-offset imaging with the same
algorithm other than the need to output another model-space axis.

After wave equation migration, offset no longer refers to the recording offset at the sur-
face, but rather refers to the subsurface offset between upgoing and downgoing wavefields.
Offset after migration is therefore a model-space rather than a data-space parameter. Figure 1
graphically illustrates the meaning of offset before, during, and after migration.

h

     zero−offset
(c) Conventional

     imaging

h

(d) Non−zero offset
imaging

h

(a) Before migration (b) During migration

h=0

Model−space parameter

Data−space parameter

Figure 1: Illustration of offset before (a), during (b), and after (c,d) migration.
james2-offsetexp[NR]

For shot-geophone migration in the offset-midpoint domain, Sava and Fomel (2000) pro-
vide an algorithm that converts CIGs in the offset domain to angle gathers. The authors offer
this as an alternative to Prucha et al.’s approach which requires extracting offset ray-parameter
gathers as part of the migration imaging condition.
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MULTI-OFFSET IMAGING

We produce angle gathers for shot-profile migrations by combining de Bruin et al.’s (1991)
approach with that of Sava and Fomel (2000). Rather than extracting a single zero-offset/zero-
time reflectivity image, we extract multiple zero-time images with a range of offsets. In 2-D
this can be performed with the following sum over frequency:

I (x,h,z)=
∑
ω

q−(x−h,z,ω) q+(x+h,z,ω)∗. (1)

Gathers produced this way contain off-diagonal elements of Berkhout’s reflectivity matrix
(1985), and are equivalent to those produced by imaging multiple non-zero offsets in an offset-
midpoint shot-geophone migration. Consequently, the offset axes can be mapped to angle with
Sava and Fomel’s (2000) transformation, which is based on the relationship

tanγ =−
∂z

∂h

∣∣∣∣
t ,x
=
| Ekh|

kz
, (2)

whereγ is the half-opening (incidence) angle. The imaging condition (t = 0) and their
common-midpoint nature (constantx) allow image gathers to be related to the partial deriva-
tive at constantt andx.

Shot to midpoint transformations

Implicit in the multi-offset imaging scheme outlined above is a transformation from shot-
receiver to midpoint-offset space. Although this transformation is buried within the migration
process, the subtleties associated with the conversion remain.

If the wavefields are sampled with spacing1x, then equation (1) will image with half-
offset spacing1h = 1x, as shown in Figure 2 (a). Sampling in offset can be refined further
by considering Figure 2 (b); however, to do so requires imaging onto midpoints which do not
lie on the propagation grid.

This problem is experienced whenever data are transformed from shot-geophone to midpoint-
offset space, and no perfect solution exists. A typical workaround is to refine the midpoint grid,
and fill empty bins with zeros; however, this doubles the data-volume and hence also doubles
the cost of migration. Another alternative is to process even and odd offset separately; the
disadvantage of this approach is that each half of the dataset may be undersampled.

By working in the shot-geophone domain, these problems are avoided until after the mi-
gration is complete. Migration decreases the data-volume, increases the signal-to-noise ratio,
and resolves locally conflicting dips. Therefore, it is easier to resample the data on whatever
grid suits the interpreter after migration.
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Figure 2: Imaging offsets (a) with
1h = 1x based on equation (1)
alone, and (b) with1h = 1x/2,
where the midpoint lies be-
tween propagation grid nodes.
james2-cmpboth[NR]
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Computational considerations

The cost of downward continuing a 3-D wavefield one depth step in the Fourier domain is
proportional toNxy log(Nxy). On the other hand, the cost of imaging with a 3-D version of
equation (1) is proportional toNxyNhxy. Clearly, if the number of offsets is large, then the
cost of the imaging step may be comparable (or even greater) than the cost of the downward
continuation.

This increase in computational cost is not a problem with shot-geophone migration. In
that instance, the cost of the imaging step (proportional toNxyNhxy), will always be less than
the cost of the downward continuation [proportional toNxyNhxy log(NxyNhxy)].

INTERPRETATION

As with AVO studies, the rock-physics interpretation of angle-domain CIGs after shot-profile
migration is fraught with pitfalls: two of the most important being caused by velocity problems
and sampling problems.

The first major pitfall is common to all angle-dependent reflectivity studies: if events are
not correctly imaged, they will not be flat in the angle domain, and artifacts will appear in AVA
interpretations. For these methods to be successful, velocities must be very well understood.

While the second major pitfall may also cause problems for other migration algorithms,
geometries suitable for shot-profile migration are particularly susceptible to sampling prob-
lems on the shot axis.
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Example common-image gathers

Figure 3 illustrates the effect velocity plays on offset-domain common-image gathers. The
three panels show CIGs produced by migrating the Marmousi synthetic dataset with three
different velocity models: the correct velocity [panel (a)], a velocity that is too low [panel
(b)], and a velocity model that is too high [panel (c)]. Interpreting patterns in the offset-
domain CIGs is difficult; however, after transformation to the angle domain (Figure 4, standard
residual-moveout patterns indicates the sign of the velocity error: events curving up meaning
too low, and events curving down meaning too high.

To illustrate the problems associated with sampling for shot-profile migrations, Figure 5
shows the same image gathers as Figure 3, but after migrating only every twentieth shot. Even
if the velocity is correct, energy does not cancel at non-zero offsets, and so events are not flat
in the angle-domain (Figure 6). When the velocities are incorrect, the angle gathers remain
chaotic: shot aliasing has effectively rendered the angle-gathers uninterpretable in terms of
velocities.

Although both de Bruin’s (1991) original methodology and the approach described here
provide means of obtaining common-image gathers from shot-profile migration, the problem
of shot-aliasing remains important for the geometries that are best suited to shot-profile mi-
gration.

Figure 3: Offset-domain common-image gathers. Panels (a), (b), and (c) were mi-
grated with velocity models that were correct, 6% too low, and 6% too high, respectively.
james2-offvel4000[CR,M]
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Figure 4: Angle-domain common-image gathers. Panels (a), (b) and (c) were migrated with
velocity models that were correct, too low, and too high, respectively.james2-angvel4000
[CR,M]

CONCLUSIONS

We construct offset-domain common-image gathers after shot-profile migration. The offset-
domain gathers then can be transformed to the angle domain by Sava and Fomel’s (2000)
transformation where residual moveout can be used for velocity analysis or image enhance-
ment. The angle domain also potentially contains information about reflectivity as a function
of angle that can be used to infer rock properties across the reflecting interface.

For sparse-shot geometries, suitable for shot-profile migration, however, the problem of
shot-aliasing remains. Shot aliasing can cause corruption of the angle domain gather, render-
ing simple moveout-based velocity analysis very difficult.
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Figure 5: Poorly illuminated offset-domain common-image gathers. Panels (a), (b), and (c)
were migrated with velocity models that were correct, 6% too low, and 6% too high, respec-
tively. Shot spacing was 500 m, instead of 25 m for Figure 3.james2-offcov4000[CR,M]

Figure 6: Poorly illuminated angle-domain common-image gathers. Panels (a), (b) and (c)
were migrated with velocity models that were correct, 6% too low, and 6% too high, respec-
tively. Shot spacing was 500 m, instead of 25 m for Figure 4.james2-angcov4000[CR,M]
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PS-wave polarity reversal in angle domain common-image
gathers

Daniel Rosales and James Rickett1

ABSTRACT

The change in the reflection polarity at normal incidence is a fundamental feature of
converted-wave seismology due to the vector nature of the displacement field. The con-
ventional way of dealing with this feature is to reverse the polarity of data recorded at
negative offsets. However, this approach fails in presence of complex geology. To solve
this problem we propose operating the polarity flip in the angle domain. We show that
this method correctly handle the polarity reversal after prestack migration for arbitrarily
complex earth models.

INTRODUCTION

An important issue in converted wave seismic processing is how to deal with the polarity
reversal that occurs near zero-offset. Conventional methodology (Harrison and Stewart, 1993)
involves multiplying the data recorded at negative offsets by−1. However, this approach fails
where there is structural complexity and non-constantvp/vs ratio (γ ).

For P-wave datasets, angle-domain common-image gathers [e.g., de Bruin et al. (1991);
Prucha et al. (1999)] decompose reflected seismic energy into components from specific open-
ing angles (θ ). Since thePS-wave polarity reversal occurs at normal incidence (θ = 0), the
angle-domain common-image gathers provide a natural domain in which to address the polar-
ity reversal problem. Moreover, analyzing angle gathers for converted wave seismic data may
lead to: velocity analysis and amplitude versus angle analysis for converted waves.

In this work we present a theoretical discussion of the polarity reversal problem. We image
PS-wave data into offset-domain CIGs with a prestack recursive depth migration algorithm.
We use the radial-trace transformation introduced by Sava and Fomel (2000) to obtain angle-
domain gathers after migration. We reinterpret the opening angle (θ ) for the case of converted
waves, this leads to a solution of the polarity reversal problem that is valid for any structurally
complex media.

1email: daniel@sep.stanford.edu, james@sep.stanford.edu
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THEORY

Polarity flip

The polarity inversion visible at zero-offset in converted wave data (PS) is an intrinsic prop-
erty of the shear wave displacement (Danbom and Domenico, 1988). In a constant velocity
medium, the vector displacement field produces opposite movements in the two geophones at
either side of the source (Figure 1). This leads to the polarity flip in the seismic gather.

Figure 1: Polarity inversion in con-
verted waves seismic data.+g and
-g correspond to positive and nega-
tive polarity in a common shot gather.
Modified from Tatham and McCor-
mack (1991).daniel2-pflip [NR]
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For media with more complex velocity, the normal incidence ray determines the location
of the polarity flip. For flat reflectors inv(z) media, and in areas with constantγ , the normal
incidence ray emerges at the surface at zero-offset. However, in general, theP andS-wave ray
paths corresponding to the normal-incidence (zero-amplitude) ray will not necessarily emerge
at the surface at the same point. Figure 2 illustrates this for the case of a dipping layer and a
non-constantγ .

This path deviation produces a polarity reversal at non-zero offset in the data space. In
areas of complex structure, the picking of this polarity flip point is difficult; however, in the
angle domain (model space), this point is a uniquely determined function of theP-velocity,
S-velocity, and reflector dip; therefore, it is easy to correct the polarity flip in the model space.

Figure 2: Polarity flip problem for a
dipping layer and a non-constantγ .
daniel2-pflip2 [NR]
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Converted-wave migration by depth extrapolation

Recursive migration methods based on wavefield extrapolation have the advantage over Kirch-
hoff methods in that they accurately handle the finite-frequency effects of wave-propagation.
For example, rough velocity models and triplicating wavefronts that can cause problems for
Kirchhoff migrations present no difficulties for recursive methods. Biondi (2000) demon-
strated these advantages for a complex 3-DP-wave dataset.

For the examples in this paper, we migrated the prestack data with a shot-profile migration
algorithm, imaging the cross-correlation of upgoing and downgoing wavefields at zero-time
(Claerbout, 1971); however, the methodology is also applicable for “survey-sinking” shot-
geophone algorithms based on the double square root equation (Claerbout, 1985).

Migrating converted waves with conventional wavefield extrapolation algorithms simply
involves extrapolating downgoing waves with theP-wave velocity field, and upgoing waves
with the S-wave velocity field. The difficulty comes in the interpretation of common-image
gathers in terms of incidence angle at the reflector.

Angle domain common image gathers

Both de Bruin et al. (1991) and Prucha et al. (1999) obtainP-wave angle-domain common-
image gathers by slant-stacking the wavefields during migration, before invoking the imaging
condition. Their methodologies suit shot-profile and shot-geophone algorithms, respectively.
However, we follow an alternative approach advocated by Sava and Fomel (2000).

Fomel (1996) presented the following partial differential equation describing an image
surface in depth-midpoint-offset space:

tanθ =−
∂z

∂h

∣∣∣∣
t ,x

, (1)

whereθ is theP-wave opening or incidence angle.

For converted waves,θ has a no simple physical interpretation. In this case,θ is a complex
function of theP-incidence angle, theS-reflection angle, and the structural dip,α (Figure 3).
Figure 3 shows the geometrical relationship between theP-incidence angle, theS-reflection
angle, and the structural dip with the opening angle for the converted waves case. Following
Fomel’s (1996) derivation we will derive thePSrelationship for angle domain common image
gathers. In order to relate the first-order traveltime derivatives of thePS-wave with theP-
incidence angle and theS-reflection angle, we use the well-known equations for apparent
slowness

∂t

∂s
=

sinα1

vp
, (2)

∂t

∂r
=

sinα2

vs
. (3)

Considering the traveltime derivative with respect to the depth of the observation surface (z),
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Figure 3: Reflection rays for aPS-
data in a constant velocity medium
(Adapted from Fomel (1996)).
daniel2-sergey[NR]
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the contributions of the two branches of the reflected ray add together to form

−
∂t

∂z
=

cosα1

vp
+

cosα2

vs
. (4)

Introducing midpointx= s+r
2 and half-offseth= r−s

2 coordinates, and relatingα1 andα2 with
the P-incidence angle (βp), theS-reflection angle (βs), and the structural dip (α)

α1 = α−βp,

α2 = α+βs;

and using the chain rule:

∂t

∂x
=

∂t

∂s
+

∂t

∂r
,

∂t

∂h
=

∂t

∂r
−

∂t

∂s
.

We can transform relations (2), (3), and (4) to:

∂t

∂x
=

sin(α−βp)

vp
+

sin(α+βs)

vs
, (5)

∂t

∂h
=

sin(α+βs)

vs
−

sin(α−βp)

vp
, (6)

−
∂t

∂z
=

cos(α−βp)

vp
+

cos(α+βs)

vs
. (7)

Dividing (6) by (7) and using elementary trigonometric equalities, we obtain:

−
∂z

∂h
=

vp sinα cosβs+vp sinβscosα−vssinα cosβp+vssinβp cosα

vp cosα cosβs−vp sinα sinβs+vscosα cosβp+vssinα sinβp
= tanθ (8)
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For vp = vs, the P-incidence angle will be the same as theS-reflection angle; hence,θ in
equation (8) corresponds to the ray incidence angle. However, for converted waves (vp 6=

vs) no such simple physical interpretation exists, andθ relates theP-incidence angle, the
S-reflection angle, and the structural dip.

For the determination of the polarity flip in the angle domain we defineθo as thepolarity
flip angle, for which theP-incidence angle equals theS-reflection angle and they are both
equal to zero (βp= βs= 0), i.e normal incidence. Thusθo corresponds to the point of polarity
flip in angle domain. Equation (8) reduces to:

tanθo= tanα
vp−vs

vp+vs
= tanα

γ −1

γ +1
. (9)

It is important to emphasize that for constantγ the polarity flip will not necessarily occur
at θ = 0 because of the reflector dip effect.

Methodology

The polarity flip angle depends on both velocity fields and on the reflector’s dip. Its determi-
nation is of crucial importance for the polarity regularization. This section describes the basic
steps of our methodology for the polarity flip angle determination and polarity regularization.
The algorithm that we use is:

1. Migrate common shot gathers to offset-domain CIGs.

2. Transform offset-domain gathers into angle-domain gathers (Sava and Fomel, 2000).

3. Determine the polarity flip angle,θo with equation (9).

4. Flip negative polarities in the angle domain.

5. Stack over angle to produce a final structural image.

The first step is to transform the data to the temporal frequency domain; subsequently, we
downward continue the shot and receiver wavefields withvp andvs respectively, and image
the data at zero time. In this way, we obtain the offset-domain CIGs, and if we use the correct
velocity models, the energy is focused close to zero offset.

The common angle gathers are evaluated in the Fourier-domain by equation (10). The
method involves a radial-trace mapping after migration in thekh-kz domain (Sava and Fomel,
2000). Rickett and Sava (2001) describe how we prepare the offset-domain CIGs with a shot-
profile migration algorithm.

tanθ =−
| Ekh|

kz
. (10)
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To determine the structural dip, we apply plane-wave destructors (Fomel, 2000), which
characterize the seismic images as a superposition of local plane waves. With the dip field and
the two migration velocity models, we calculate the polarity flip angle using equation (9). Flip
the polarity is an easy process after we have the polarity flip angle: we just apply a mask to
the common angle gathers that follows the polarity flip angles and multiply the data by−1.

NUMERICAL EXAMPLES

To test the methodology we created a realistic synthetic example. The model consists of four
reflectors, dipping at angles of 15◦, 0◦,−30◦,−45◦, embedded in simple linearv(z) velocities.

The velocity gradients were chosen in order to simulate a typical near seafloor velocity
profile: theP-velocity model consists of an initial velocity of 1700 m/s and a gradient of 0.15
s−1. On the other hand, theS-velocity model has an initial velocity of 300 m/s and a gradient
of 0.35 s−1.

We used ray-tracing in order to generate the data set. Figure 4 shows a common shot
gather located in the center of the model. It is possible to note that the polarity flip varies with
respect to the travel time as a function of the reflector dip and thevp

vs
ratio (Figure 2).

Figure 4: Common shot gather,
taken in the middle of model.
daniel2-csg2[CR]

Figure 5 shows two angle-domain gathers after (left) and before (right) the polarity correc-
tion in the angle domain. The events in the common angle gathers are flat, this is not obvious
for the−45◦ event in the top of Figure 5, because of the low coverage in the modeling for that
event at that depth. However, it is possible to observe that this event gets flatter with the rise
in the fold, bottom of Figure 5. The flatness in the gathers implies that we used the correct ve-
locity model for the migration. Moreover, it is possible to observe in the common angle gather
before the correction that the same event changes its polarity. The point for this change is the
polarity flip angle (θo) determined by equation (9). With theP and S velocity models used
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for the migration and the dip map estimated by plane-wave destructors, we calculate the curve
superimposed on the common angle gather, this curve represents the polarity flip angle. The
angle-domain gather after the correction for the polarity inversion is in the right of Figure 5.
It is clear that our methodology correctly handles the polarities after migration.

Figure 5: Two common angle gathers. After the prestack migration without the polarity cor-
rection (left). Before the prestack migration with the polarity correction (right). The line in
the gathers mark the polarity flip angle, as a function of the dip,P-velocity andS-velocity.
daniel2-cag2[CR]

Figure 6 presents the final migration results. The top represents the result with the cor-
rection in the model space (flipping in the angle domain), the center represents the result with
the correction in the data space (flipping the negative offsets), and the bottom represents the
migration result without any correction. It is possible to observe that the correction in the
model space perfectly recovered all the events with a strong illumination; the correction in the
data space produced a weaker image for the dipping events; no correction resulted in the loss
of the flat event.
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CONCLUSIONS

We presented a series of important concepts in non-conventionalPS-seismic processing for
an important problem in converted wave seismic processing: the polarity flip.

We used frequency domain common shot migration in order to obtain an image of the
subsurface with converted wave data. The shot-profile migration algorithm enables the use of
two different velocity models, one for theP-wave path and the other for theS-wave path of
the data; therefore, we do not have to introduce a mixedPS-velocity model.

We introduce common angle gather for converted waves. In this domain the normal in-
cidence reflection is determined by the polarity flip angle, this polarity flip angle helps to
regularize the polarities in the angle domain; we demonstrated this fact with a syntheticPS
data set.

The introduction of common angle gather in converted waves seismic processing and
imaging brings a series of opportunities for buildingS-velocity models, and analysis of am-
plitude versus angle for converted waves; therefore, the opportunity to extract as much infor-
mation as possible fromPSseismic data.
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Figure 6: Final migration sections: The top figure shows the image with the polarity correction
in the model space. The center figure shows the image with the polarity correction in the data
space. The bottom figure shows the image without any correctiondaniel2-img2[CR,M]
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Amplitude analysis in the angle domain

Douglas Gratwick1

ABSTRACT

This paper discusses amplitude vs. angle (AVA) analysis using image gathers generated
from a wave-equation migration algorithm. An AVA cross-plot muting algorithm is used
to highlight parts of an image corresponding to a Class III, low impedance, AVO sand.
Processing to eliminate surface multiples is used on the synthetic data, thereby enhancing
reflectors. Results show that our AVA muting algorithm is effective for both a synthetic
and a real dataset.

INTRODUCTION

Amplitude variation with offset, AVO, has become an essential tool in the petroleum industry
for hydrocarbon detection (Rutherford and Williams, 1989). AVO responses vary depending
on the physical parameters of the reflection interface and incidence angle (Shuey, 1985). In
relatively simple geologic settings, offset is a simple function of angle (Castagna and Smith,
1994). However, a more realisticV(z,m) will make offset and incidence angle a complex re-
lation (Scheriff, 1995). In these settings, amplitude variation with angle (AVA) is a preferable
alternative to AVO analysis.

Wave equation migration methods generally provide for easy angle domain image gather
extraction (Prucha et al., 1999). The gathers from wave equation methods are in depth and
offset ray parameter. The details of the angle domain image gather extraction will be discussed
in this paper. The models chosen for this study are relatively simple, with flat layers allowing
for a direct comparison between offset ray parameter and angle. However, the presence of a
salt body caused complex wave propagation. The resultant triplication and multi-pathing is
generally handled well by wave equation migration methods (Biondi, 2000), and this is the
migration method used in our study.

The attribute chosen for our AVA analysis is the intercept*gradient (A*B) attribute, which
is commonly used in the petroleum industry (Castagna et al., 1998). Typical Gulf of Mexico
bright spots are low impedance sands and are characterized by a high negative normal inci-
dence reflection (AVO intercept) and a negative gradient, thus giving a positive A*B attribute.

The basic goal in this study was to propose and test an effective AVA muting algorithm
that could be used with interpreted data as an aid to identify sands that fall into the Class III

1email: doug@sep.stanford.edu
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AVO category. Also some basic AVA theory and the effectiveness of AVA as a hydrocarbon
indicator will be discussed.

Figure 1: Theoretical energy partition
at an interface.doug1-inter [NR]

AVO THEORY

Basic AVO theory is well understood because it is widely used as a tool in hydrocarbon de-
tection (Smith, 1987). We will highlight a few of the most important ideas to keep in mind
when doing AVA analysis. Figure 1 shows the theoretical energy partition at an interface.
This figure illustrates an important point that accounts for AVA phenomena: the conversion of
P-wave energy to S-wave energy. Though the majority of seismic data is recorded simply as a
single component pressure wave, the fact that the Earth is elastic causes amplitudes of P-wave
arrivals to be a function of S-wave properties of the rocks. In theory, the best AVA attribute
would be one that included the S-wave reflection coefficient (Rs) (Castagna and Smith, 1994).
In practice,Rs is tricky to obtain and the P-wave reflection coefficient (Rp) is what we have in
the vast majority of cases (Smith and Sutherland, 1996).

Classification of AVO sands was first done by Rutherford and Williams (1989). Though a
greater number of AVO signatures have now been classified, we will focus on only the typical
Gulf of Mexico bright spot (Class III). This anomaly is caused by a relatively low impedance
oil or gas bearing sand that shows up as a high amplitude anomaly on far offset sections.
Figure 2 shows the cause of this: a high negative reflection coefficient (intercept, A) and a
negative gradient, B. In the cases of deeper targets or on-shore facies, the hydrocarbon bearing



SEP–108 AVO 47

Figure 2: AVO classifications.
doug1-type[NR]

sands might be high impedance, and thus the dim spot associated with Class I AVO sands
would be of interest (Mavko, 2000).

The formulas for A and B up to a 30o incidence angle are described by Shuey (1985) as
approximations of the Zoeppritz equations:

R(θ ) ≈ A+ Bsin2θ (1)

with

A =

(
1V p

V p
+

1ρ

ρ

)
/2 (2)

and

B = −2
Vs

2

Vp
2

1ρ

ρ
+

1Vp

2Vp
−4

Vs
2

Vp
2

1Vs

Vs
, (3)

whereVp,Vs,ρ are the average across an interface, that isX1+X2
2 , and1Vp,1Vs,1ρ are the

difference across an interface, that isX2−X1. Past 30o these approximations break down, and
thus we must be careful to limit our maximum offset ray parameter to the value corresponding
to an incidence angle of 30o.
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MIGRATION / IMAGE GATHER EXTRACTION

The migration program used in this project was developed by Biondi. It uses a variation
of the split-step method (Stoffa et al., 1990) with the Double Square Root (DSR) equation
(Claerbout, 1985). So for each depth step wave-fields at different reference velocities are
generated, then an interpolation in the space domain is used as needed. For this study, three
reference velocities were used. By using the split-step with the DSR, Biondi’s algorithm is
very effective in positioning reflectors correctly, even in regions of sharp velocity contrast,
such as sediment in contact with salt (Claerbout, 1985).

The extraction of angle gathers using this migration algorithm is relatively straight for-
ward. After the wave-field has been downward continued, a slant stack is applied before
imaging (Biondi, 2000):

D(ω,m,xh;z= 0)
DSR
=⇒ D(ω,m,xh;z) (4)

D(ω,m,xh;z)
Slant Stack
=⇒ D(ω,m, Ph;z) (5)

D(ω,m, Ph;z)
Imaging
=⇒ D(t = 0,m, Ph;z) . (6)

In order to ensure true amplitudes in the image, migration was done as in my other paper in
this report (Gratwick, 2001). Amplitude weighting was applied according to Sava and Biondi
(2001). Angle gathers are subsets ofD(t = 0,m, Ph;z) with the midpoint constant (Biondi,
2000). The angle gathers are actually not exactly a function of angle. Instead they are a
function of offset ray parameter (Ph). Offset ray parameter and angle are related by equation
(7):

δt

δh
= Ph =

2sinθ cosφ

V(z,m)
. (7)

In equation (7),θ is the incident angle,φ is the geologic dip, andV(z,m) is the velocity func-
tion. Thus, if the geology is relatively flat and the velocity function can be well approximated,
incidence angle is a simple function of offset ray parameter.

AVA ANALYSIS ALGORITHM

The AVA analysis performed in this study is done using AVA cross-plotting (Castagna and
Swan, 1997). There are a number of sources that document this technique as being effective
to find Class III AVO sands (low impedance), and a technique described by Ross is the model
for our algorithm (Ross, 2000). The basic outline of this technique involves the plotting of
each image point on an A vs. B grid, then zeroing points in the cross-plot, leaving only points
of high A*B values.
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Figure 3: Typical amplitude plot for
Class III AVO sand. Line is least-
squares fit. Y-intercept of line is A
(AVO intercept), slope of line is B
(AVO gradient). doug1-amp[NR]

Extracting A and B

In order to extract A and B values from the image, it must be assumed that the reflectors in the
angle gathers are flat. This is because the algorithm takes amplitude values from horizontal
lines on the image gathers. Getting image gathers flat is trivial for synthetic data, since the
velocity function is known. For real data, getting image gathers flat is a product of good
velocity analysis (Yilmaz, 1987). In practice, often we use the envelope of a trace, rather than
the amplitude. This way, events do not need to be exactly flat. For our study, the gain in
resolution of the A*B image justified using amplitude instead of envelope.

Since we don’t want points in the image gather that correspond to values outside the range
of our maximumPh, a mute is applied to zero irrelevant parts of the image gathers (Gratwick,
2001). Figure 3 shows a hypothetical amplitude vs. offset ray parameter plot for a reflector
from a Class III AVO interface. There is a simple least-squares fit to these points (zeroed
amplitude values are not included), and the y-intercept of this line is the AVO intercept (A).
The slope of this least-squares line is the AVO gradient (B). Thus from the image gathers, two
panels are created: one for the intercept and another for the gradient.

Cross-plot Muting

A scatter-plot of A vs. B from the synthetic data image used in this study is seen in Figure 4.
There is a noticeable clustering of points in the middle of the plot. These correspond to the
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Figure 4: A vs. B scatter-plot (from
synthetic image used in this study).
doug1-plot1 [NR]

Figure 5: A vs. B scatter-plot with
mute fairway defined. doug1-plot2
[NR]
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Figure 6: A vs. B scatter-plot with
mute fairway zeroed, leaving points
of image corresponding to a Class III
anomaly. doug1-plot3 [NR]

background values, or those parts of the image that are not associated with a Class III anomaly.
The points farthest from the origin in quadrants I (upper-right) and III (lower-left) are parts of
the image that are associated with a Class III anomaly. Thus, a mute fairway can be defined
where values in the fairway are regarded as background parts of the image (Figure 5). These
values are muted, and we are left with a scatter-plot of points where a Class III AVO anomaly
is detected (Figure 6). When transformed back into two panels (A and B) and multiplied
together (A*B), the resultant image has energy only at areas associated with an interpreted
Class III AVO anomaly.

SYNTHETIC DATA EXAMPLE

The elastic synthetic data used for this study is provided by BP (Gratwick, 2000). A benefit of
using the synthetic is that we know the density, S-wave velocity, and P-wave velocity functions
used to create the data. These three parameters can give both an AVO intercept (A) panel and
AVO gradient (B) panel, using equations (1), (2), and (3). Multiplying the two panels together
gives the expected A*B response of the migrated image (Figure 7). Areas of the model that
have a Class III anomaly should show up as the same color (white) in the image and at the
same locations.

The initial (no mute) A*B of the image is seen in Figure 8. Overall, the image is compa-
rable to the model but there are two notable problems:
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Figure 7: A*B model fromVp,Vs,andρ models. (Note: white denotes high A*B value, or
Class III AVO anomaly) The model has a salt body (2-3 km depth, 4-20 km distance) and a
channel structure (4-5 km depth, 16-28 km distance).doug1-AB_model[ER]
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Figure 8: Original A*B Extracted from angle gathers (no mute).doug1-AB_data_orig[ER]

1. Areas of poor illumination; specifically on the left side of the channel structure and
under the salt. In these areas there is not enough energy from the wave-field to detect
AVA effects.

2. Multiples corrupting the primary signal. The interference occurs at different offset ray
parameter, different parts of the image, and can cause the least-squares line fit to be
incorrect because of anomalous amplitude points. This is most evident in the sand lens
at 4.5 km depth under the salt.

To account for the problems with the low energy, the AVA muting algorithm described in
the previous section was implemented. Figure 9 shows the result of the mute applied to all
areas of the image at once (all image points were plotted at the same time). The hydrocarbon
layers below the salt are much more clear, and even parts of the left flank of the channel can
be seen easier.

To account for problems with multiple energy, a multiple suppression technique introduced
by Rickett et al. (2001) was used along with the AVA mute algorithm. This technique is
designed to reduce energy from surface multiples; in this case from the water bottom and from
the top and bottom of the salt. The multiple suppression worked well to resolve the sand lens
at 4.5 km under the salt, but still internal salt multiples corrupted events near the base of the
salt (Figure 10).
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Figure 9: A*B after AVA mute algorithmdoug1-AxB_data_orig[ER]

REAL DATA EXAMPLE

The real data used in this study were provided by WesternGeco. The synthetic model used in
the previous section was modeled after this real dataset. Thus many of the imaging problems
faced in the synthetic data presented themselves in the real data. Since we had a rough idea of
the subsurface geology, the velocity analysis was relatively easy. The actual geology and syn-
thetic model are likely very different, but the size and shape of the salt body is fairly uniform
between the two, and the velocity gradients are comparable. Figure 11 shows extracted image
gathers from both outside and under the salt. We can see that the events are relatively flat, so
our AVA algorithm should work well. Figure 12 shows the stack of the angle gathers. There
are a few notable bright spots around the right side of the salt and closer to the bottom of the
salt that may correspond to hydrocarbons.

The A*B image of the WesternGeco data is shown in Figure 13, and the image after the
AVA muting algorithm is show in Figure 14. Overall, the AVA algorithm seems to have worked
well, with the A*B image confirming that the bright spots in the stacked image could very
well be reflections from a low impedance gas or oil sand. Similar to the synthetic image, the
algorithm helps to illuminate reflectors under the salt. However, the real data image seems
to have even less energy under the salt. This is expected since the wavefield in the real data
undergoes a lot more scattering than in the synthetic model.
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Figure 10: A*B after Rickett multiple suppression and the AVA mute algorithm
doug1-AxB_data_rickett[ER]
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Figure 11: Angle gather from outside the salt (left) and in the salt (right).doug1-gulf_ig
[ER]
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Figure 12: Image obtained from stacking angle gathers.doug1-gulf_stack[ER]

CONCLUSION

The goal in this study was to create and implement an AVA analysis algorithm that effectively
identified Class III AVO sands. From the synthetic and real data cases, it is clear that our
algorithm can select parts of the image corresponding to Class III AVO anomalies. However,
it is also clear that a multiple suppression technique must be used in order to make our AVA
algorithm effective in complex settings. Even then, the scattering effect of sharp velocity
contrasts can inhibit good AVA analysis.

It is important to realize that seismic attributes, such as amplitude, hold a lot of information
about rock properties. However, amplitudes can be altered significantly throughout the course
of seismic processing. With this in mind, AVA data should be used carefully, as an aid to
interpretation, rather than a direct hydrocarbon indicator.

ACKNOWLEDGMENTS
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Figure 13: Original A*B image showing some bright spots under right margin of salt at about
43 km. doug1-gulf_AB [ER]



SEP–108 AVO 59

Figure 14: A*B after mute algorithm, isolating the bright spots of the previous figure (espe-
cially directly below salt).doug1-AxB_data_gulf[ER]
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Short Note

The accuracy of wave-equation migration amplitudes

Douglas Gratwick1

INTRODUCTION

When migrating seismic data for the purpose of reservoir characterization, it is necessary to
use a migration algorithm that preserves relative amplitude trends (Scheriff, 1995). In the
industry, this is usually attained using Kirchhoff methods with asymptotic Green’s functions
(Biondi, 2000). This method is useful in many geologic settings, but when a complex veloc-
ity Earth introduces more complex wave propagation phenomena, “wave-equation” migration
(WEM) based on downward continuation becomes more attractive (Prucha et al., 1999).

The goal of this paper is to address the problems associated with amplitude preservation
encountered in WEM and how to correct them, at least to first order. Three effects will be
discussed:

1. The “squeeze” effect, wherePh coverage is reduced.

2. The “under-migrated” amplitude effect, where a hypothetical constant amplitude reflec-
tor shows decreasing amplitude magnitude at largerPh.

3. The “over-migrated” amplitude effect, where the opposite occurs, and amplitudes in-
crease with largerPh.

This paper shows that for relatively simple velocity models, a weight described by Sava
and Biondi (2001) perfectly preserves amplitude trends. Also we outline a method to mute
parts of an image gather outside the coverage of the recording geometry.

MIGRATION ALGORITHM

The migration algorithm used is a variation of the split-step method (Stoffa et al., 1990). A
brief description of the basic algorithm can be found in this report (Gratwick, 2001). Our

1email: doug@sep.stanford.edu
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image gathers are a function of offset ray parameter,Ph, which is given by equation (1):

Ph =
2sinθ cosφ

V(z,m)
, (1)

whereθ is the incidence angle,φ is the geologic dip, andV(z,m) is the local interval velocity
function as a function of midpoint. The flow of the migration and the factors which affect
amplitude preservation are outlined in Figure 1. All schematic image gathers are from a hy-
pothetically flat, constant amplitude reflector. The expected image gather after true amplitude
migration is seen in the upper-left corner of Figure 1.

CORRECTION FOR CONSTANT AMPLITUDE

“Squeeze” effect

The first effect to address is the “squeeze,” wherePh coverage is reduced, especially at higher
frequencies. This is mainly a function of CMP trace sampling. Specifically, it is a function
of half-offset wavenumber and frequency.Ph can be calculated by a radial trace transform in
(ω,kh) domain using equation (2):

Ph =
kh

ω
, (2)

where the maximumkh is given as 1
21h . So if we, sample twice as much in half-offset, the

maximumkh doubles, and our maximumPh increases, as seen in Figure 2.

“Under-migrated” effect

The second problem which can arise involves the completeness of our migration with respect
to frequency. The range ofω needed to cycle through is a function the data spectrum. Figure 3
shows a CMP gather in (ω,kh) domain. To be correct, our migration must cycle through the top
and bottom lines in the plot. However, we must be careful not to cycle too high, as temporal
aliasing is still a factor (maximum frequency can be no higher than the Nyquist,1

21t ).

“Over-migrated” effect

The last problem is solved by applying the Jacobian weights discussed by Sava and Biondi
(2001). Figure 4 shows what happens to our migrated amplitudes without using the proper
weights. The top-left corner is the spectrum plot seen in Figure 3, with the lines at the top
and bottom edges of the plot showing that we have now migrated up to 45 Hz. The bottom-
left is our expected amplitude, and the top-right is a migrated image gather. Notice in the
bottom-right, which is a graph of amplitude taken at 2 km depth, that amplitudes are actually
increasing with increasingPh. Obviously this will present a problem when trying to interpret
AVA. With the weights applied, we see that the amplitude is much closer to constant (Figure 5).
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Figure 2: Two amplitude plots after
migration. Bottom has half the1h of
the top. doug2-kh_compare[CR]

Figure 3: A CMP in (ω,kh) domain.
We must cycle equal to or pastω
at the line, but not past temporal
Nyquist. doug2-spect[ER]
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Figure 4: Unweighted migration to 45 Hz. Top left is the data spectrum, top right is the
migrated image gather. Bottom left is the desired amplitude, and bottom right is the actual
amplitude at 2 km.doug2-frame_const_45[ER]
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Figure 5: Weighted migration to 45 Hz. Top left is the data spectrum, top right is the migrated
image gather. Bottom left is the desired amplitude, and bottom right is the actual amplitude at
2 km. doug2-frame_constw_45[ER]
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CORRECTION FOR SYNTHETIC AMPLITUDE VARIATION WITH ANGLE

Our objective behind true amplitude migration is to use image gathers for amplitude variation
with angle (AVA) analysis. We now present a case where the AVO intercept is positive, and
there is a negative AVO gradient which causes a polarity reversal. This Class I AVO effect
occurs in high impedance gas sands, present in continental environments, or in extremely
deep water. The polarity reversal causes the classic “dim spot” in stacked sections (Rutherford
and Williams, 1989). Figure 6 shows the same four panels as in Figures 4 and 5. The AVO
gradient actually seems a little steeper in the migrated graph, however this is simply because
the graph is normalized to zero, since energy drops to zero outside the maximum aperture of
the migration. So in fact, the amplitude gradient is preserved perfectly.

COMMON IMAGE GATHER APERTURE MUTE

Recording geometries limit the maximum offset ray parameter. However, our migration can
put energy in part of the image gathers beyond this maximum aperture. Therefore a mute
needs to be applied to this part of the image gathers. The maximumPh is a function of the
coefficients on the right side of equation (1) and is given by equation (3):

Ph(max) =
2tan−1(hmax

z )cosφmax

V(z,m)
, (3)

wherehmax is the maximum half offset,φmax is the maximum expected geologic dip,z is
depth, andV(z,m) is the midpoint interval velocity function. This simple relation is a rea-
sonable approximation, but to truly define the migration aperture, ray-tracing needs to be used
to account for the wavefield path above the reflector. Figure 7 shows identical image gathers,
with the right panel having the mute applied. As expected, the deeper reflectors have a reduced
maximumPh.

The main use of this mute is to zero points outside of the migration aperture so that they
are not used in our least-squares fit to find AVO intercept and AVO gradient (Gratwick, 2001).

CONCLUSIONS

Since the tests presented in this paper are for constant velocity, we can assume that the Jacobian
weights are correct to the first order. The use of these weights is necessary to do true amplitude
migration. When doing true amplitude migration, we also must keep in mind spatial and
temporal sampling to reduce “squeezing” and aliasing effects. Also, the use of an offset ray
parameter mute is necessary so that points outside of the maximum migration aperture are not
used in our AVA analysis.



70 Gratwick SEP–108

Figure 6: Weighted migration to 45 Hz. Top left is the data spectrum, top right is the migrated
image gather. Bottom left is the desired amplitude, and bottom right is the actual amplitude at
2 km. doug2-frame_t1w_45[ER]
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Figure 7: Identical image gathers. Right shows the result of thePh mute. doug2-ph_mute
[ER]
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Short Note

Amplitude behavior in angle gathers

Carmen B. Mora1

INTRODUCTION

In a previous report, Sava and Fomel (2000) presented a method for computing angle-domain
common-image gathers by a radial-trace transform in the Fourier domain. The method con-
verts offset-domain common-image gathers, which are computed using 2-D prestack wave-
equation migration (Prucha et al., 1999) into true reflection angle-domain common-image
gathers.

Obtaining the output images in angle-domain is very attractive for amplitude versus angle
(AVA) analysis. However, because the application of AVA analysis is to detect anomalous
amplitude behavior, we need to understand how the relative amplitudes are affected by the
method in order to guarantee that the method itself is not a source of amplitude distortions.

According to the AVA analysis theory, the variation of seismic reflection coefficients with
angle (and offset) can be used as a direct hydrocarbon indicator (Ostrander, 1984; Swan, 1993).
The physical relationship between the variation of reflection/transmission coefficients with in-
cident angle and rock parameters has been widely investigated. This relationship is established
in the Zoeppritz equations (Mavko et al., 1998), which relate reflection and transmission co-
efficients for plane waves and elastic properties of the medium.

In this note, I investigate the amplitude behavior of angle gathers using two synthetic
data sets. I compare the resulting amplitudes from angle-domain common-image gathers with
the amplitudes from offset-ray parameter images obtained using two different approaches:
prestack wave-equation migration (Prucha et al., 1999) and migration/inversion (Prucha et al.,
2000).

SYNTHETIC DATA

I generated two synthetic data sets assuming an earth model that includes two flat layers with
constant elastic properties on each layer. In model 1, I chose the same elastic properties
for both the overlaying and the underlying layer, which results in no AVA effect along the

1email: cmora@sep.stanford.edu
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interface. In model 2, I chose rock properties corresponding to velocity and density contrast
in the underlying layer which leads to an AVA effect of decreasing amplitudes with increasing
angle on incidence. Figure 1 shows the expectedP-wave reflection coefficient corresponding
to model 1 and model 2, calculated using Zoeppritz equations.
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Figure 1:P-wave reflection coefficient from Zoeppritz equations for model 1 (left) and model
2 (right). cmora1-Zoeppritz[CR]

The modeling was done using a ray tracing approach to get the timing of the event and
using the exact Zoeppritz equations to set the amplitude values. Figure 2 shows the picked
amplitudes for the resulting modeled data.

PROCESSING

I applied three different processing sequences to each data set in order to compare the resulting
amplitudes from angle-domain common-image gathers with the amplitudes from offset-ray
parameter images.

1. Prestack wave-equation migration with output in offset domain + conversion to angle
gather by Fourier transform.

2. Prestack wave-equation migration with output in offset ray parameter domain.

3. Iterative execution of prestack wave-equation migration and inversion with output in
offset ray parameter domain (10 iterations).

Figure 3 shows the resulting CIG gathers for each processing sequence in model 1 and Figure
4 shows the resulting CIG gathers in model 2. We can see some artifacts that are stronger
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Figure 2: Picked amplitudes at the flat reflector for the resulting modeled data for model 1
(left) and model 2 (right).cmora1-avo_data[CR]

Figure 3: CIG result of applying the 3 processing sequences to model 1. Left: Prestack
wave-equation migration with output in offset domain + conversion to angle gather by Fourier
transform. Middle: Prestack wave-equation migration with output in offset ray parameter
domain. Right: Iterative execution of prestack wave-equation migration and inversion with
output in offset ray parameter domain.cmora1-image-con-all[CR]
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Figure 4: CIG result of applying the 3 processing sequences to model 2. Left: Prestack
wave-equation migration with output in offset domain + conversion to angle gather by Fourier
transform. Middle: Prestack wave-equation migration with output in offset ray parameter
domain. Right: Iterative execution of prestack wave-equation migration and inversion with
output in offset ray parameter domain.cmora1-image-avo-all[CR]

in cases 2 and 3. These artifacts could affect the amplitudes values in the near and far offset.
Also, for cases 2 and 3, the output is in the offset ray parameter domain which is not directly
the angle of incidence; the offset ray parameter,phx, is related to the aperture angleθ , the
dip φ along the in-line direction, and the velocity functionV (z,m), as follows (Prucha et al.,
1999):

phx =
2sinθ cosφ

V (z,m)
(1)

Therefore, for cases 2 and 3, I calculated the conversion to the angle domain using the relation
from equation (1). Figure 5 shows the picked amplitudes at the flat interface in the migrated
CIG gather for model 1. Figure 6 shows the picked amplitudes at the flat interface in the
migrated CIG gather for model 2.

DISCUSSION

From Figures 5 and 6 we can observe that, in general, results from angle gather are smoother
and have a shape more similar to the theoretical tendency. In Figure 5, corresponding to model
1 (no AVA effect), the picked amplitudes are flatter in the angle gather case. In Figure 6, corre-
sponding to model 2 ( decreasing amplitudes with increasing angles of incidence), the picked
amplitudes follow the expected tendency more closely. The output in angle gather is a function
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Figure 5: Picked amplitudes at the flat reflector for model 1: before migration (left), after
migration and angle gather conversion (middle left), after migration (middle right) and con-
version to angle domain, after migration/inversion and conversion to angle domain (right).
cmora1-con_all[CR]

Figure 6: Picked amplitudes at the flat reflector for model 2: before migration (left), after
migration and angle gather conversion (middle left), after migration (middle right) and con-
version to angle domain, after migration/inversion and conversion to angle domain (right).
cmora1-avo_all[CR]
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of the reflection angle at the reflector, so no conversion is needed to do AVA analysis. Chang-
ing parameters (sampling, regularization, etc.) for the angle gather generation don’t require
re-migrating the data because migration and conversion to angle gather are separate processes.
Results in the offset ray parameter domain could be improved if we use regularization in the
inversion process (Prucha and Biondi, 2000); therefore, a next step should incorporate this
approach.

CONCLUSION

I analyzed the amplitude behavior of angle gather and compared the resulting amplitudes
from angle-domain common-image gathers with the amplitudes from offset-ray parameter
images gathers in two models with and without AVA effect. Since results from angle gather
are smoother and with a shape more similar to the theoretical tendency. I could observe that
the angle gather method is not introducing amplitude distortions; therefore, this result gives us
confidence about using this method in applications related to AVA analysis. Observed artifacts
in offset ray parameter gather affect the picked amplitudes in the near and far offset. Typically,
far offset amplitudes are not used in AVA analysis, but, in this case, near offset traces should be
muted out in order to do AVA analysis. A next step should use regularization in the inversion
process in order to improve the results in offset ray parameter domain.
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Model-space vs. data-space normalization for recursive depth
migration

James Rickett1

ABSTRACT

Illumination problems caused by finite-recording aperture and lateral velocity lensing can
lead to amplitude fluctuations in migrated images. I calculate both model and data-space
weighting functions that compensate for these illumination problems in recursive depth
migration results based on downward-contination. These weighting functions can either
be applied directly with migration to mitigate the effects of poor subsurface illumination,
or used as preconditioning operators in iterative least-squares (L2) migrations. Computa-
tional shortcuts allow the weighting functions to be computed at about the cost of a single
migration. Results indicate that model-space normalization can significantly reduce am-
plitude fluctuations due to illumination problems. However, for the examples presented
here, data-space normalization proved susceptible to coherent noise contamination.

INTRODUCTION

Migration is the adjoint of a linear forward modeling operator rather than the inverse [e.g.
Claerbout (1995)]. This means that, although migration treats kinematics correctly, the ampli-
tudes of migrated images do not accurately represent seismic reflectivity.

Geophysical inverse theory provides a rigorous framework for estimating earth models
that are consistent with some observed data. Typically the matrices involved in industrial-
scale geophysical inverse problems are too large to invert directly, and we depend on iterative
gradient-based linear solvers to estimate solutions. However, operators such as prestack depth
migration are so expensive to apply that we can only afford to iterate a handful of times, at
best.

In this paper I compute diagonal weighting functions that can be applied directly to mi-
grated images to compensate for the inadequacies of the adjoint with respect to seismic am-
plitudes. Furthermore, these weighting functions can be applied as preconditioning operators
that speed the convergence of iterative linear solvers, facilitating least-squares recursive depth
migration.

As well as looking at model-space weights, I also consider data-space weighting functions
derived from the operatorAA ′ (whereA is our linear forward modeling operator), and develop

1email: james@sep.stanford.edu
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a framework for computing and applying both model and data-space weights simultaneously.

MODEL-SPACE WEIGHTING FUNCTIONS

For an over-determined system of equations, the inverse problem can be summarized as fol-
lows - given a linear forward modeling operatorA, and some recorded datad, estimate a model
m such thatAm ≈ d. The model that minimizes the expected error in predicted data is given
by:

mL2= (A′A)−1 A′d. (1)

To attempt to speed convergence, we can always change model-space variables fromm to
x through a linear operatorP, and solve the following new system forx,

d= APx= Bx. (2)

When we find a solution, we can then recover the model estimate,mL2 = Px. If we choose
the operatorP such thatB′B≈ I , then even simply applying the adjoint (B′) will yield a good
model estimate; furthermore, gradient-based solvers should converge to a solution of the new
system rapidly in only a few iterations. The problem then becomes: what is a good choice of
P?

Rather than trying to solve the full inverse problem given by equation (1), I look for a
diagonal operatorWm such that

W2
m A′d≈mL2. (3)

Wm can be applied to the migrated (adjoint) image with equation (3); however, in their
review of L2 migration, Ronen and Liner (2000) observe that normalized migration is only a
good substitute for full (iterative)L2 migration in areas of high signal-to-noise. In these cases,
Wm can be used as a model-space preconditioner to the fullL2 problem, as described in the
introduction.

Claerbout and Nichols (1994) noticed that if we model and remigrate a reference image,
the ratio between the reference image and the modeled/remigrated image will be a weighting
function with the correct physical units. For example, the weighting function,Wm, whose
square is given by

W2
m=

diag(mref)

diag(A′A mref)
≈
(
A′A

)−1
, (4)

will have the same units asA−1. Furthermore,W2
m will be the ideal weighting function if the

reference model equals the true model and we have the correct modeling/migration operator.

Equation (4) with forms the basis for the first part of this paper. However, when following
this approach, there are two important practical considerations to take into account: firstly, the
choice of reference image, and secondly, the problem of dealing with zeros in the denominator.
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Similar normalization schemes [e.g. Slawson et al. (1995); Chemingui (1999); Duquet et
al. (2000)] have been proposed for Kirchhoff migration operators. In fact, both Nemeth et al.
(1999) and Duquet et al. (2000) report success with using diagonal model-space weighting
functions as preconditioners for KirchhoffL2 migrations. However, normalization schemes
that work for Kirchhoff migrations are not computationally feasible for recursive migration
algorithms based on downward-continuation.

Three choices of reference image

The ideal reference image would be the true subsurface model. However, since we do not
know what that is, we have to substitute an alternative model. I experiment with three practical
alternatives, which I will denotem1, m2, andm3.

Claerbout and Nichols (1994) attribute to Symes the idea of using the adjoint (migrated)
image as the reference model. The rationale for this is that migration provides a robust estimate
of the true model. As the first alternative I take Symes’ suggestion, so thatm1 = A′d. The
second alternative is to try an reference image of purely random numbers:m2 = r , wherer
is a random vector. This is has the advantage of not being influenced by the data, but has the
disadvantage that different realizations ofr may produce different weighting functions. The
third alternative that I consider is a monochromatic reference image (m3) consisting of purely
flat events: literally flat-event calibration.

Stabilizing the denominator

To avoid division by zero, Claerbout and Nichols (1994) suggest multiplying both the numera-
tor and denominator in equation (4) bydiag(A′A mref), and stabilizing the division by adding
a small positive number to the denominator:

W2
m=

diag(mref) ·diag(A′A mref)

|diag(A′A mref)|
2
+ ε2I

, (5)

Although this does solve the problem of division by zero, the numerator and denominator will
still oscillate rapidly in amplitude with the phase of the image.

Illumination, however, should be independent of the wavefield’s phase. Therefore, I cal-
culate weighting functions from the ratio of the smoothed analytic signal envelopes (denoted
by <>) of the model-space images:

W2
m=

diag(< mref >)

diag(< A′A mref >)+ ε2I
, (6)

whereε is a damping parameter that is related to the signal-to-noise level.

Numerical comparison

The Amoco 2.5-D synthetic dataset (Etgen and Regone, 1998) provides an excellent test for
the weighting functions discussed above.
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The velocity model (Figure 1) contains significant structural complexity in the upper
3.8 km, and a flat reflector of uniform amplitude at about 3.9 km depth. Since the entire
velocity model (“Canadian foothills overthrusting onto the North Sea”) is somewhat patho-
logical, I restricted my experiments to the North Sea section of the dataset (x > 10 km). The
data were generated by 3-D acoustic finite-difference modeling of the 2.5-D velocity model.
However, making the test more difficult is the fact that the 2-D linear one-way recursive ex-
trapolators (Ristow and Ruhl, 1994) that I use for modeling and migration do not accurately
predict the 3-D geometric spreading and multiple reflections that are present in this dataset.

Figure 1: Velocity (in km/s) model used to generate the synthetic Amoco 2.5-D dataset.
james3-amocovel[CR]

Figure 2 compares the migrated image (m1) with the results of remodeling and remigrating
the three reference images described above. The imprint of the recording geometry is clearly
visible on the three remigrations in Figures 2 (b-d).

Figure 3 compares the illumination calculated from the three reference images with the
raw shot illumination. Noticably, the shot-only weighting function [panel (a)] does not take
into account the off-end (as opposed to split-spread) receiver geometry. Panel (b), the weight-
ing function derived from modelm1, appears slightly noisy. However, in well-imaged areas
(e.g. along the target reflector), the weighting function is well-behaved. Panel (c) shows the
weighting function derived from the random reference image (m2). Despite the smoothing,
this weighting function clearly bears the stamp of the random number field. A feature of white
noise is that no amount of smoothing will be able to remove the effect of the random numbers
completely. The final panel (d) shows the flat-event illumination weighting function, derived
from m3. This is noise-free and very well-behaved since it depends only on the velocity model
and recording geometry, not the data.

For a quantitative comparison, I picked the maximum amplitude of the 3.9 s reflection
event on the calibrated images. The normalized standard deviation (NSD) of these amplitudes
is shown in Table 1, where

NSD=

√√√√∑
ix

(aix

ā
−1

)2
. (7)
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Figure 2: Comparison of calibration images: (a) original migration, (b) original migration
after modeling and migration, (c) random image after modeling and migration, and (d) flat
event image after modeling and migration.james3-amocomigs[CR,M]
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Figure 3: Comparison of weighting functions: (a) original migration, (b) original migration
after modeling and migration, (c) random image after modeling and migration, and (d) flat
event image after modeling and migration.james3-amocowghts[CR,M]
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Weighting function: NSD:

No weighting function 0.229

Shot illumination 0.251

mref=m1 (migrated image) 0.148

mref=m2 (random image) 0.195

mref=m3 (flat events) 0.140

Table 1: Comparison of the reflector strength for different choices of illumination-based
weighting function.

Table 1, therefore, provides a measure of how well the various weighting function compensate
for illumination difficulties. The amplitudes of the raw migration, and the migration after flat-
event normalization are shown in Figure 4. This illustrates the numerical results from Table 1:
for this model the normalization procedure improves amplitude reliability by almost a factor
of two.

Figure 4: Normalized peak ampli-
tude of 3.9 km reflector after mi-
gration (solid line), and then nor-
malization by flat-event illumination
(dashed line) derived withmref=m3.
The ideal result would be a constant
amplitude of 1. james3-eventamp
[CR]

Computational cost

As it stands, the cost of computing a weighting function of this kind is twice the cost of a
single migration. Add the cost of the migration itself, and this approach is 25% cheaper than
running two iterations of conjugate gradients, which costs two migrations per iteration.

However, the bandwidth of the weighting functions is much lower than that of the mi-
grated images. This allows considerable computational savings, as modeling and remigrating
a narrow frequency band around the central frequency produces similar weighting functions
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than the full bandwidth. Repeating the first experiment (mref=m1) with half the frequencies
gives a NSD= 0.147 - the same as before within the limits of numerical error.

DATA-SPACE WEIGHTING FUNCTIONS

If the system of equations,d = Am, is underdetermined, then a standard approach is to find
the solution with the minimum norm. For theL2 norm, this is the solution to

m̂L2= A′
(
AA ′

)−1 d. (8)

As a corollary to the the methodology outlined above for creating model-space weighting
functions, Claerbout (1998) suggests constructing diagonal approximations toAA ′ by probing
the operator with a reference data vector,dref. This gives data-space weighting functions of
the form,

W2
d=

diag(dref)

diag(AA ′ dref)
≈
(
AA ′

)−1
, (9)

which can be used to provide a direct approximation to the solution in equation (8),

m̂L2≈ A′W2
d d. (10)

Alternatively, we could useWd as a data-space preconditioning operator to help speed up
the convergence of an iterative solver:

Wdd=WdAm. (11)

Combining weighting functions

With two possible preconditioning operators,Wm andWd, the question remains, what is the
best strategy for combining them?

The first strategy that I propose is to calculate a model-space weighting function,Wm, and
use it to create a new preconditioned system with the form of

d= A Wm x= B x.

Now probe the composite operator,B, for a data-space weighting function for the new system,

W̃2
d=

< diag(dref) >

< diag(BB′ dref) >+εdI
≈

1

BB′
. (12)

The new data-space weighting function is dimensionless, and can be applied in consort with
the model-space operator. This leads to a new system of equations,

W̃d d = W̃d A Wm x (13)

with m = Wm x,
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with appropriate model-space and data-space preconditioning operators. The adjoint solution
to this system is given by

m=W2
m A′ W̃2

d d. (14)

A second alternative strategy is the corollary of this: create a new system that is precon-
ditioned by an appropriate data-space weighting function, and then calculate a model-space
weighing function based on the new system.

Numerical comparisons

Again, the Amoco 2.5-D dataset provides an excellent test dataset for comparing flavors of
weighting function. Unfortunately the data-space weights proved susceptible to coherent noise
in the form of multiples not predicted by the modeling operator. While data-space weights did
improve the signal in poorly illuminated areas, they also boosted up the noise level causing an
increasein NSD. So further work will be required to make this approach useful.

DISCUSSION

While the methodologies described in this paper are valid for general linear operators, they
have several fundamental limitations. Most importantly, they require an accurate forward
modeling operator: both the physics of wave propagation and the true earth velocity must
be accurately modeled. While the physics of wave-propagation is broadly understood, earth
velocity models are never completely true-to-life.

Another important caveat is that the “wave-equation methods” outlined here require the
data and models to be represented on a regular grid. While we can choose our model-space,
prestack seismic data is never recorded on a perfectly regular grid. Before we can apply
any wave-equation technique (such as those described here), we need to regularize the data.
Chemingui (1999) and Fomel (2000) provide two different approaches to solving this problem.

CONCLUSION

Model-space weighting functions based on equation (6) provide a robust way to compensate
for illumination problems during recursive depth migration based on downward-continuation.
Data-space weights can be calculated either to work alone, or in consort with model-space
weights. However they are less robust to errors caused by inadequate forward modeling.
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Imaging under salt edges: A regularized least-squares inversion
scheme

Marie L. Prucha, Robert G. Clapp, and Biondo L. Biondi1

ABSTRACT

We introduce a method for improving the image in areas of poor illumination using least-
squares inversion regularized with dip penalty filters in one and two dimensions. The use
of these filters helps to emphasize the weak energy that exists in poorly illuminated areas,
and fills-in gaps by assuming lateral continuity along the reflection-angle axis and/or the
midpoint axes. We tested our regularized inversion method on synthetic and real data.
The inversion employing one-dimensional filters along the reflection-angle axis generated
prestack images significantly better than the images obtained by simple migration and
unregularized inversion. The inversion employing two-dimensional filters reduced the
frequency of the image but also increased reflectors’ continuity and reduced noise.

INTRODUCTION

Seismic energy that propagates through a complex subsurface can easily be directed outside of
the bounds of our survey, causing poor illumination. Additionally, energy that does stay inside
the bounds of our survey will be attenuated as some of it becomes evanescent. It is impossible
to create a survey of infinite length and we have little control over the formation of evanescent
waves, so we have to try to make due with the data we can collect. This data will have areas
of poor illumination where noise makes it impossible for us to find the real event. Therefore,
we need to try to remove noise and make the event more visible.

Illumination problems generally occur in areas where the subsurface is complex. This
means that there are also likely to be artifacts caused by multipathing. To get around this, we
choose to work in the angle domain, which doesn’t allow multipathing (Xu et al., 1998). The
methodology we follow to carry out processing in the angle domain has been explained by
Prucha et al. (1999).

Reducing multipathing artifacts is not enough to overcome poor illumination. We are
trying to improve our model by using a preconditioned inversion scheme. This scheme uses
dip penalty filters (Clapp et al., 1997) which can be applied in the common midpoint (CMP) -
depth plane, the reflection angle - depth plane (Prucha et al., 2000), or both.

This paper will explain the theory behind our inversion method and the use of our dip

1email: marie@sep.stanford.edu,bob@sep.stanford.edu,biondo@sep.stanford.edu
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penalty filters. Then we will show the results of using this method on a synthetic dataset and
on some real 2-D data. Finally, we will discuss the problems we still must solve and our plans
for the future.

THEORY

One of the most common processing steps taken with data from complex areas is migration.
Unfortunately, it is also well-known that migration does not provide the best possible model
(Duquet and Marfurt, 1999; Ronen and Liner, 2000). It is possible to get a better model by
inversion. However, inversion alone is not enough to fill in areas of poor illumination. For-
tunately, we often have some idea of how we think eventsshouldbehave in areas of poor
illumination, so we can impose our idea through a regularization operator. This can be repre-
sented by these familiar equations:

d≈ Lm (1)

0≈ εAm

whered andm are the data and model, respectively,L is the angle domain modeling operator
described by Prucha et al. (1999), andA is the regularization operator. A simple substitution
of variables can help reduce the number of iterations necessary (Fomel et al., 1997). This
substitution ism= A−1p wherem is the model andp is our new variable. This gives us a new
set of equations:

d≈ LA−1p (2)

0≈ εp.

The inverse operatorA−1 is applied using helical polynomial division (Claerbout, 1998). We
chose to make the operatorA−1 a smoothing operator that would act along a specified dip. This
operator was constructed from dip penalty, or steering, filters (Clapp et al., 1997). We imple-
mented these filters in 2-D by cascading them (Clapp, 2000). This cascaded method means
that our preconditioning operatorA−1 is a combination of two preconditioning operators in
different dimensions:

A−1
= A−1

αz A−1
xz (3)

whereA−1
xz are filters that are constructed from dips along reflectors in the CMP-depth plane.

These filters smooth along chosen reflectors (Figures 4 and 12). The second term,A−1
αz , are

filters in the angle-depth plane and, because we assume we are using the correct velocity, we
simply smooth horizontally.

One potential drawback to this cascading method is that it can introduce anisotropy to
the events, depending on the strength and direction of the dip penalty filters in each dimen-
sion. Fomel (2000) describes a method using spectral factorization that may eliminate this
anisotropy, but at this early stage we have not determined if such a solution is necessary.

By imposing these smoothing conditions on the model and doing iterative inversion, we
hope to fill in areas that do contain real information while smoothing and removing the noise.
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RESULTS

Synthetic data

We applied our methodology to a synthetic 2-D dataset. This dataset was provided to us by
SMART JV and is designed to have serious illumination problems. A common angle section
from the migration of this dataset can be seen in Figure 1. We are particularly interested in
the area beneath the edge of the salt. As you can see inside the oval drawn on Figure 1, the
amplitude of the reflectors decreases very sharply underneath the salt. Also, there is a lot of
noise under the salt edge. This is not a surprise since this is a prestack section.

Figure 1: Constant angle panel from migration.marie1-syn.mig[CR]

We first applied just an inversion to this data, with no type of regularization. Inversion is
simply the first equation from the set shown in equation (1). Figure 2 shows a constant angle
panel after 8 iterations. This result looks even worse than the migration result.

We then applied regularization only in the angle - depth direction. Figure 3 shows a con-
stant angle section after 5 iterations of the method described above. Within the oval we can see
that the amplitude along the reflectors is more constant. The reflectors can almost be traced
all of the way to the salt. The noise under the salt is much weaker than is seen in the migrated
result. The image of the salt flank is also sharper than in the migration result.

Finally, we applied regularization in both directions described in the theory section. To
do so, we first picked reflectors from the stacked migration (Figure 4). As you can see, we
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Figure 2: Constant angle panel using inversion only.marie1-syn.inver[CR]

Figure 3: Constant angle panel with preconditioning only along the angle axis.
marie1-syn.1dprec[CR]
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extended our picked reflectors beyond what can be seen in the migration (Figure 1), in the way
that seems most reasonable.

Figures 5 and Figure 6 show the constant angle panel after one and five iterations. The
reflectors continue at almost a constant amplitude as far as they were picked in Figure 4, then
even farther with decreasing amplitude. More iterations increase the amplitudes. Unfortu-
nately, increasing the number of iterations also decreases the frequency of the data. Even the
first iteration causes a slight decrease in frequency. Although these sections look artificial be-
cause of the smoothing, we have also cleaned up almost all of the noise. These results seem
promising.

Figure 4: Stacked migration with picked reflectors overlaid. The dip penalty filters smooth
along these reflectors.marie1-syn.over[CR]

We can also analyze the effects of inversion and regularization in Angle-Domain Common
Image Gathers (ADCIG). Figure 7 shows an ADCIG from the migrated image. Figure 8
shows the same gather after inversion with no regularization. It is actually noisier than the
migration result, although the real reflectors are also stronger. Figure 9 is the same ADCIG
with regularization only along the angle axis. This gather is smoother and less noisy than
the migrated angle gather and the inverted gather. The real reflectors are easier to see. For
example, the reflection at depth of about 1.6 km can be followed all the way across the angle
axis. In the ADCIG obtained by migration (Figure 7) the same reflection is visible only at
small offset ray parameters. Figure 10 shows the same angle gather after five iterations of 2-D
preconditioning. This gather is much smoother, with more constant amplitudes, and almost
all of the noise is gone. It is possible to see where the preconditioning tries to fill in for the



96 Prucha et al. SEP–108

Figure 5: Constant angle panel with one iteration of 2-D preconditioning.
marie1-syn.prec.1iter[CR]

Figure 6: Constant angle panel with five iterations of 2-D preconditioning.
marie1-syn.prec.5iter[CR]
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reflectors that can’t normally be imaged due to our limited survey geometry. It does seem that
the preconditioning may be too strong, but the results are encouraging.

Figure 7: Migrated angle gather
from CMP location 9.9 km.
marie1-syn.mig.ang[CR]

Figure 8: Inverted angle gather
from CMP location 9.9 km.
marie1-syn.inver.ang[CR]

Real data

We applied our preconditioning method to a 2-D line from the 3-D Elf North Sea dataset.
The results are encouraging. Figure 11 is the migrated stack of the 2-D line. Figure 13
is the result of 1 iteration of the preconditioned inversion. Note the the inversion result is
lower frequency than the migration. Also, by comparing the inversion result with the picked
reflectors (Figure 12) we can see that the smoothing is too strong and may smooth poorly
where there are no reflectors picked. Overall, the result looks too artificial.
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Figure 9: Angle gather after 5 iter-
ations of preconditioning only along
the angle axis at CMP location 9.9
km. marie1-syn.1dprec.ang[CR]

Figure 10: Angle gather after 5
iterations of 2-D precondition-
ing at CMP location 9.9 km.
marie1-syn.prec.ang[CR]



SEP–108 Imaging and inversion 99

Performing more iterations helps to increase the frequency content of the inversion result.
Figure 14 shows the result of five iterations. Although it is higher frequency than Figure 13, it
still looks artificial.

Figure 11: Stacked migrationmarie1-mig.stack[CR]

We can also consider the results of the smoothing along the angle axis. Figure 15 shows
the angle gather that results from migration. Figure 16 is the angle gather after 3 iterations of
preconditioned inversion. The preconditioned result is lower frequency and smoothes energy
all across the gather, but it is possible to see where the true events end on the preconditioned
results. This shows where the linear operatorL from equations (1) and (2) stops operating and
where the preconditionerA−1 takes over. The events change in character as they are smoothed
across angles where our survey geometry does not provide large angle information.

CONCLUSIONS AND PLANS

The inversion results obtained by regularizing the inversion process with one-dimensional fil-
ters are significantly better than the results of simple migration. We plan to apply soon this
method to the real data set shown in this paper. The inversion results obtained by regulariz-
ing the inversion process with two-dimensional filters are lower frequency and more artificial
looking than we want them to be. We have found that we can increase the frequency content
by increasing the rate of depth sampling. However, doubling the sample rate increases the
computational cost. We would prefer to find a solution that can solve both the frequency and
the appearance problems.
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Figure 12: Stacked migration with picked reflectors. Dip penalty filters smooth along a dip
field created from the picked reflectors.marie1-overlay[CR]

Figure 13: Zero angle panel after one iteration of preconditioned inversion. Note the helix
wrap arround artifact at 0.8 km.marie1-prec.1iter[CR]
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Figure 14: Zero angle panel after five; iterations of preconditioned inversion.
marie1-prec.5iter[CR]

Figure 15: Migrated angle gather
marie1-mig.ang[CR]
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Figure 16: Angle gather after 3 it-
erations of preconditioned inversion
marie1-prec.ang[CR]

We are hoping to use this method to fill in areas of poor illumination. This means that it
can be used on a specific target. This can be partially done by downward continuing the data
to a depth just above the region of interest, then following the described inversion scheme just
over the target area. Additionally, we want to find a way to apply the smoothing on just one
reflector or at least in a small area. This would leave the frequency content and appearance of
the rest of the image near that of the migrated image.
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Narrow-azimuth migration: Analysis and tests in vertically
layered media

Biondo Biondi1

ABSTRACT

Analysis of common-azimuth migration for vertically layered media shows that down-
ward continuing the data in a narrow strip around the zero crossline offset should yield a
kinematically correct migration scheme. I introduce two migration methods that exploit
the common-azimuth equations to define an optimal range of crossline-offset wavenum-
bers and thus to minimize the number of crossline offsets that are necessary to sample
adequately the crossline-offset dips. Tests on synthetic data generated assuming a verti-
cally layered medium confirm the theoretical analysis and suggest further testing on data
sets with complex velocity functions.

INTRODUCTION

Common-azimuth is an attractive alternative to shot-profile migration for wave-equation 3-D
prestack migration. It is computationally more tractable (Biondi and Palacharla, 1996) and it
can easily generate Angle-Domain Common Image Gathers (ADCIG) (Prucha et al., 1999).
In the past few years, we have shown that it produces good images both with challenging
synthetic data (SEG/EAGE salt data set) (Biondi, 2000) and real data (Vaillant et al., 2000).
However, in variable velocity, common-azimuth migration is not exact. In this paper, I gener-
alize common-azimuth migration to overcome this limitation, following some of the ideas that
we previously explored (Vaillant and Biondi, 1999, 2000). My aim is to define a method that
is accurate in presence of arbitrary velocity variations.

I attack the problem by studying the simple case of vertically layered media, because
the general case is difficult to analyze and numerical tests are expensive. On the contrary,
in layered media, I can easily analyze the accuracy limitations of common-azimuth migration
with the help of raytracing modeling and a synthetic data set modeled over five dipping planes.

I compare “raytracing migration” of an event with both the correct dispersion relation and
its common-azimuth approximation. This analysis of the kinematics is consistent with the
migration results of the synthetic data. It confirms previous results that even in the worst-
case scenario for common-azimuth migration, (reflector’s dip oriented at 45 degrees with re-
spect to the acquisition geometry, and one reflections path close to overturn) the kinematics of

1email: biondo@sep.stanford.edu
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common-azimuth migration are a good approximation of the kinematics of the exact migra-
tion.

The raytracing modeling also confirms that the departure of the exact raypaths from the
common-azimuth assumption is small. For the particular example analyzed, the maximum
crossline offset at depth is less than 200 m, when the full inline offset is 2.9 km. These results
suggest that a narrow-azimuth extension to common-azimuth should be capable of handling
correctly all the events in the data.

I thus define and test two narrow-azimuth schemes. Both schemes downward continue the
data along a narrow crossline-offset strip, and take advantage of the common-azimuth equa-
tions to define the proper range of crossline-offset dips. The adaptation of the first schemes
to lateral velocity variations is straightforward, and thus it is a good candidate for future tests
on data with complex velocity. The second scheme is less affected by artifacts caused by the
boundaries along the crossline-offset axis. It may have potential for fast and accurate migra-
tion when the velocity is only slowly varying as a function of the horizontal coordinates.

Tests on the synthetic data show that a narrow crossline-offset range (e.g. four or even two
crossline offsets) is sufficient to obtain accurate migration results of the most steeply dipping
(60 degrees) reflector in the synthetic data. These encouraging results suggest further test on
more challenging data.

ANALYSIS OF COMMON-AZIMUTH MIGRATION ERRORS

Kinematics of common-azimuth migration are only approximately correct when the veloc-
ity varies. The errors are related to the departure of the reflected events wavepaths from the
common-azimuth geometry. This phenomenon can be easily understood by analyzing the
raypaths of reflections. Figure 1 shows an example of raypaths for an event bouncing off a
reflector dipping at 60 degrees and oriented at 45 degrees with respect to the offset direc-
tion. The offset is equal to 2.9 km, and the velocity function isV (z) = 1.5+ .5z km/s. The
projections of the rays on the crossline plane clearly show the raypaths departure from the
common-azimuth geometry. Notice that the source ray (light gray) is close to overturn. A
dipping reflector oriented at 45 degrees with rays close to overturn is the worst-case scenario
for common-azimuth migration.

The event modeled with raytracing can also be imaged using raytracing by a simple process
that I will identify as raytracing migration. Starting from the initial conditions at the surface
given by modeling, both the shot and the receiver rays are traced downward until the sum of
their traveltimes is equal to the traveltime of the reflected event. When raytracing migration is
performed using the exact equation derived from an asymptotic approximation of the double-
square root equation, the rays are exactly the same as the rays shown in Figure 1. On the
contrary, if the common-azimuth approximation is introduced in the raytracing equations, the
rays will follow the paths shown in Figure 2. As expected, the projections of the rays on the
crossline plane overlap perfectly, confirming that the rays follow a common-azimuth geometry.
However, in Figure 2 it is also apparent that the common-azimuth rays do not meet at the
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ending points. This discrepancy in the kinematics causes errors in the migration. To connect
the kinematic analysis with migration errors, I migrated a data set with similar characteristics
as the events analyzed above. This data set was created by Louis Vaillant (Vaillant and Biondi,
2000). Data were generated using SEPlibKirmod3d program. The reflectivity field consists
of a set of five dipping planes, from zero dip to 60 degrees dip. The azimuth of the planes
is 45 degrees with respect to the direction of the acquisition. The velocity wasV (z) = 1.5+
.5z km/s, which roughly corresponds to typical gradients found in the Gulf of Mexico. The
maximum source-receiver offset was 3 km. Figure 3 shows the geometry of the reflectors.

Figure 4 shows a subset of the migration results. The front face of the cube displayed
in the figure is an inline section through the stack. The other two faces are sections through
the prestack image as a function of the offset ray parameterpxh . This migration results were
obtained by including all the appropriate weighting factors, as discussed by Sava and Biondi
(2001), including the phase shift and weights related to the stationary phase approximation.

Figure 5 shows an individual ADCIG gather from the same migrated image shown in Fig-
ure 4. The three events in the figure correspond to the planes dipping at 30, 45 and 60 degrees.
Notice that the events are almost perfectly flat as a function of the offset ray parameterpxh ,
except for the reflections from the 60 degrees dipping plane with large offset ray parameters
(i.e. large reflection angle). Figures 1- 2 show the rays corresponding to one of these events;
in particular the one corresponding topxh=.00045 s/m. Figure 6 shows the three orthogonal
projections of these rays. The black (blue in colors) rays are the exact rays, while the light
gray (cyan in colors) rays are the common-azimuth rays for the same events recorded at the
surface. The solid (red in colors) dot corresponds to the imaging location for the common-
azimuth migration. It is at the midpoint between the end points of the two rays. It is deeper
than the correct one by1z=48 m, and laterally shifted by1x=-56 m and1y=-2 m. How-
ever, at fixed horizontal location, the dot is shallower by1z−plane=-21 m than the reflecting
plane. This is about the same vertical shift that is observable on the corresponding event in the
ADCIG gather shown in Figure 5.

The maximum crossline offset of the exact rays is about 200 m. This maximum offset
occurs at the intersection between the crossline offset ray parameter (pyh) curves shown on the
top-right panel in Figure 6. This small value for the maximum crossline offset, compared with
the inline offset, suggests the that event could be exactly downward continued by expanding
the computational domain in a narrow strip around the zero crossline offset. However, to
minimize the number of crossline offsets needed to adequately sample the crossline-offset
dips (pyh), it is important to define an optimal range ofpyh that is not symmetric around the
origin. In the next section I will discuss how to use the common-azimuth migration equations
for defining such a range.

To evaluate the importance of not centering the range ofpyh at zero, I migrated the data
assumingpyh = 0 for all events, and I also performed the corresponding raytracing migration.
Figure 7 shows the same ADCIG gather as in Figure 5, but extracted from the image obtained
assumingpyh = 0. In this gather the events are significantly frowning down. Furthermore, no
image is present for the largerpxh . For example, the deeper reflector is not imaged at the ray
parameter corresponding to the event represented in Figures 1- 2 (pxh=.00045 s/m). The lack
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Figure 1: Ray corresponding to an event reflected by a reflector dipping at 60 degrees and
oriented at 45 degrees with respect to the offset. The offset is 2.9 km offset, andpxh=.00045
s/m. The velocity function isV (z) = 1.5+ .5z km/s. Notice the small, but finite, crossline
offset of the rays at depth. Also notice that the source ray (light gray) is close to overturn.
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Figure 2: Equivalent common-azimuth rays for the same event shown in Figure 1. The
common-azimuth rays are similar to the true rays shown in Figure 1, but the end points do
not meet, causing a misspositioning of the migrated image.biondo1-sem2[CR]
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Figure 3: Geometry of the set of
slanted planes, dipping at 0◦, 15◦,
30◦, 45◦ and 60◦ towards increasingx
andy, at 45◦ with respect to the inline
direction. biondo1-planes[NR]
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of images is readily explained with raytracing. If the conditionpyh = 0 is introduced in the
raytracing equations one of the rays tends to overturn shallower than the true rays. Figure 8
shows the raytracing migration corresponding topxh = .000325s/m, one of the larger values
of pxh for which an event could be raytraced without neither of the rays overturning. The
rays traced assumingpyh = 0 (light-gray lines) are clearly far from the correct rays (black
lines). Figure 9 shows the corresponding common-azimuth raytracing migration for the same
event (pxh = .000325s/m) and offset 2.35 km. As for Figure 1, the solid dot corresponds
to the imaging location for the common-azimuth migration. For common-azimuth migration
the errors are much smaller than forpyh = 0, and about half than in Figure 6. The dot is
deeper than the correct one by1z=22 m, and laterally shifted by1x=-23 m and1y=-4 m. At
fixed horizontal location, the dot is shallower by1z−plane=-9 m than the reflecting plane. This
is about the same vertical shift observable on the corresponding event in the ADCIG gather
shown in Figure 5.

Figure 4: Subset of the results of
common-azimuth migration of the
synthetic data set. The front face of
the cube is an inline section through
the stack. The other two faces are
sections through the prestack image.
This migration results were obtained
by including all the appropriate
weighting factors, including the
phase shift and weights related to
the stationary phase approximation.
biondo1-CA-pull-WKBJ-stat-vp
[CR]
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Figure 5: An ADCIG extracted from
the same migrated image shown in
Figure 4. The three events in the
figure correspond to the planes dip-
ping at 30, 45 and 60 degrees. Notice
that the events are almost perfectly
flat except for the large offset ray
parameters (i.e. large reflection an-
gle) of the 60 degrees dipping plane.
biondo1-CIG-CA-pull-WKBJ-stat-cig
[CR]
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Figure 6: Orthogonal projections of rays shown in Figure 1 and Figure 2. The imaging point
of common-azimuth migration (solid, red in colors, dot) is deeper than the correct one by
1z=48 m, and laterally shifted by1x=-56 m and1y=-2 m. However, the dot is shallower by
1z−plane=-21 m than the plane at the same horizontal location. This vertical shift is consistent
with the shift observed in the ADCIG gather shown in Figure 5. The maximum cross-line
offset of the exact rays is about 200 m.biondo1-sem3[CR]
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Figure 7: An ADCIG extracted from
the migrated image obtained by
assumingpyh = 0 during downward
continuation. The three events
in the figure correspond to the
planes dipping at 30, 45 and 60
degrees. Notice that the events are
frowning down and that no image
is present at large ray parameters.
biondo1-CIG-PS-1-nhy-WKBJ-stat-cig
[CR]
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Figure 8: Orthogonal projections of rays tha are traced downward assumingpyh = 0 and
corresponding topxh=.000325 s/m and 2.35 km offset.biondo1-sem6[CR]
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Figure 9: Orthogonal projections of rays for the same event as in Figure 8, but the rays are
traced downward assuming common-azimuth geometry (1z=22 m,1x=-23 m,1y=-4 m, and
1z−plane=-9 m). biondo1-sem5[CR]

TWO SCHEMES FOR NARROW-AZIMUTH MIGRATION

The kinematic analysis presented in the previous section suggests a generalization of common-
azimuth migration based on the downward continuation of a narrow strip around the zero
crossline offset. The computational cost of such a generalization is obviously proportional
to the number of crossline offsets used to represent this narrow strip. The width of the strip
is dependent on the reflector geometry and on the velocity model, but the sampling depends
on the crossline-offset dip spectrum. To minimize the cost it is crucial to define an optimal
criterion to define the range of crossline-offset dips (pyh). As demonstrated in the previous
section, for dipping reflectors the dip spectrum is not centered around the zero dip (pyh = 0),
and thus a symmetric range would be wasteful. I exploit the information provided by the
common-azimuth equation to define a range of crossline-offset dips. For this reason I named
my generalization narrow-azimuth migration, even if narrow crossline-offset would be a more
accurate name.

The common-azimuth equation provides the crossline-offset dippyh as a function of the
other dips in the data when the data are propagated along a constant azimuth (Biondi and
Palacharla, 1996). In the frequency-wavenumber domain the common-azimuth relationship
is:
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whereω is the temporal frequency,kxm andkym are the midpoint wavenumbers,kxh andkyh are
the offset wavenumbers, andv(s,z) andv(s,z) are the local velocities. Ideally we would like to
define a range ofkyh that is varying with depth, as a function of the local velocities. However,
that may lead to complex implementation. For the moment I chose a simpler solution. I define
a range ofkyh by setting a minimum velocityvmin and a maximum velocityvmax, and define
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The disadvantage of this solution is that the choice ofvmin andvmax is somewhat arbitrary.

The central point of thekyh range is then defined as a function ofkmin
yh

andkmax
yh

as

Skyh =
kmax

yh
+kmin
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2
, (4)

and the range as

Skyh−

(
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)
dkyh ≤ kyh ≤

Skyh+
Nyh

2
dkyh , (5)

whereNyh is the number of crossline offsets anddkyh is the sampling inkyh .

The two narrow azimuth schemes that I propose and tested differ in the definition of the
crossline-offset wavenumber samplingdkyh . The first, and simplest, uses a constant value for
dkyh ; that is

dkyh1=
2π

Nyh1yh
. (6)

The second one allowsdkyh to vary as

dkyh2=
kmax

yh
−kmin

yh

Nyh

. (7)

Varying dkyh is equivalent to vary the width of the crossline-offset strip, and, at constantNyh ,
is also equivalent to vary the sampling1yh. At lower frequenciesdkyh is smaller, and thus the
maximum crossline offset is larger. The migrated results benefit because the lower frequencies
are the most affected by boundary artifacts and a wider strip reduces the artifacts caused by
the boundaries. On the contrary, as the frequency increases,dkyh is larger and1yh smaller,
and thus spatial aliasing is avoided.

The main disadvantage of this second scheme is that the transformation between space
and wavenumber domains becomes more cumbersome. Mixed space/wavenumber domain
downward-continuation methods (Biondi, 1999) become more expensive, and thus the scheme
becomes less attractive when the velocity is laterally varying.
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Migration tests

I run both narrow-azimuth migration methods on the synthetic data set described above, vary-
ing the number of crossline-offset samplesNyh from 2 to 16. To create data with more than
one crossline offset I padded the common-azimuth data with zeros. I also run a full phase-shift
3-D prestack migration on the same data. Full phase-shift 3-D prestack migration is equivalent
to the first method of narrow-azimuth migration, but with thekyh range centered atkyh = 0,
instead of at theSkyh given by equation (4).

For both the full phase-shift migration and the first narrow-azimuth methods, I kept the
maximum value of the crossline offset constant at 800 m for all values ofNyh . Therefore,
according to equations (6) and (5) the sampling rate ofkyh was independent ofNyh , but the
range ofkyh decreased asNyh decreased. Both methods lose accuracy as the range ofkyh

decreases, but the accuracy of full phase-shift migration degrades quicker than the accuracy of
narrow-azimuth migration.

For all of these tests I used all the appropriate weighting factors, as discussed by Sava and
Biondi (2001), except the phase shift and weights related to the stationary phase approxima-
tion. I excluded the stationary phase correction because as the range ofkyh increases it is not
anymore necessary. Indeed, the phase of the migrated images changes as theNyh increases.
However, the amplitude of the deeper reflectors decreases asNyh increases because of the
increasing amount of zero padding.

Figure 10 shows the the results of full phase-shift migration of the synthetic data set with
Nyh = 16. It shows the same subset of the migrated cube as in Figure 4. The front face
of the cube is an inline section through the stack. The other two faces are sections through
the prestack image. The kinematics of the migration are correct. The events are flat in the
ADCIG shown in Figure 11. I use this results as benchmark for the narrow-azimuth and the
full phase-shift migration asNyh decreases.

Figures 12 shows two ADCIGs, taken at the same location as the ADCIG in Figure 11, but
obtained withNyh = 8. The ADCIG on the left (a) was obtained by full phase-shift migration,
and the ADCIG on the left (a) was obtained by the first method for narrow-azimuth migration.
For narrow azimuth-migration I usedvmin = 1.8 km/s andvmax= 2.1 km/s. The kinematics
of the narrow-azimuth migration are correct. On the contrary, the results of full phase shift
migration begin to degrade at largerpxh .

Figures 13 and 14 shows the same ADCIGs as in Figure 12, but with respectivelyNyh = 4
and Nyh = 2. The kinematics of the narrow-azimuth migration are correct forNyh = 4 and
show only a slight degradation at largepxh for Nyh = 2. On the contrary, the results of full
phase shift migration are poor even at smallpxh .

Finally, I compare the results of using the two methods for narrow-azimuth migrations that
I presented in the previous section. Figure 15 shows the ADCIGs taken at the same location as
in Figure 12, also obtained withNyh = 8. The ADCIG on the left is obtained using the second
narrow-azimuth method; that is, when using equation (7) to determine the sampling rate for
kyh . The ADCIG on the right is obtained using the first narrow-azimuth method; that is, when
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using equation (6) to determine the sampling rate forkyh . The kinematics of the two images
are equivalent. However, the image obtained using the second method has less artifacts caused
by the boundaries along the crossline-offset axis.

CONCLUSIONS

In vertically layered media, reflected events have a limited crossline offset at depth even in
the worst-case scenario for common-azimuth geometry. This result confirms the robustness of
common-azimuth migration and leads to its generalization obtained by downward continuing
the data in a narrow strip around the zero crossline offset. Both narrow-azimuth migration
methods that I propose in this paper achieve high efficiency by exploiting the common-azimuth
equations to define an optimal range of crossline-offset wavenumbers.

Tests on synthetic data generated assuming a vertically layered medium show that very few
(2 or 4) crossline offsets are needed to obtain migrated images with the correct kinematics.
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Figure 10: Subset of the results
of full phase-shift migration of the
synthetic data set withNyh = 16.
The front face of the cube is an
inline section through the stack.
The other two faces are sec-
tions through the prestack image.
biondo1-PS-16-nhy-WKBJ-vp
[CR]

Figure 11: An ADCIG extracted
from the same migrated image shown
in Figure 10. The three events in
the figure correspond to the planes
dipping at 30, 45 and 60 degrees. No-
tice that the events are perfectly flat.
biondo1-CIG-PS-16-nhy-WKBJ-cig
[CR]
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Figure 12: ADCIGs extracted from the migrated image obtained withNyh = 8 for a) full-phase
shift migration, and b) narrow-azimuth migration.biondo1-CIG-both-8[CR]

Figure 13: ADCIGs extracted from the migrated image obtained withNyh = 4 for a) full-phase
shift migration, and b) narrow-azimuth migration.biondo1-CIG-both-4[CR]
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Figure 14: ADCIGs extracted from the migrated image obtained withNyh = 2 for a) full-phase
shift migration, and b) narrow-azimuth migration.biondo1-CIG-both-2[CR]

Figure 15: ADCIGs extracted from the migrated image obtained withNyh = 8 for a) narrow-
azimuth migration withdkyh from equation (7), and b) narrow-azimuth migration withdkyh

from equation (6). biondo1-CIG-8-uneven[CR]
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Analysis of the damping factor in phase-shift migration

Daniel Rosales1

ABSTRACT

Cosmetic processes, the use of different parameters in standard seismic data processing in
order to improve the appearance of the data, are generally not considered in the mathemat-
ical formulation of migration algorithms, even though they are physically and mathemat-
ically related to the wave propagation process. The inclusion of causality and viscosity
in phase-shift migration as a damping factor will take care of these “superficial” features
and numerical instability due to evanescent energy.

INTRODUCTION

Phase shift migration uses the dispersion relation of the scalar wave equation (Gazdag, 1978)
in order to perform wavefield downward continuation. This relation presents computational
implementation problems when facing evanescent waves due to negative number in the square
root. The solution is to redefine the Fourier kernel for the downward continuation by adding
a damping factor,ε, (Claerbout, 1999a). However, this redefinition faces stability problems
related to the choice ofε.

Concepts like causality (Claerbout, 1999b) and viscosity (van Trier and Symes, 1990;
Claerbout, 1995) can be incorporated in the redefinition of the Fourier kernel in order to per-
form phase shift migration. This modification does not discard the evanescent energy in the
computational implementation of phase shift migration; it is steady with respect to the damp-
ing factor, and it incorporatescosmeticfeatures to the final image.

This work presents a review of the theory for the damping factor in the dispersion relation.
Numerical examples show how the omission of causality and viscosity in the redefinition of
the dispersion relation translates into a loss of high frequency information in the final migra-
tion result. Finally, I will show examples with the redefinition of the dispersion relation that
incorporates causality and viscosity in phase-shift migration.

THEORY REVIEW

Migration is the process of downward continuation of the wavefield plus the application of
the imaging condition (t = 0). The downward continuation process can be achieved in the

1email: daniel@sep.stanford.edu
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Fourier domain (Stolt, 1978; Gazdag, 1978). The phase-shift method extrapolates the wave-
field downwards with exp(ikzz), where thedispersion relation of the scalar wave equation
defineskz (Claerbout, 1985):

k2
x+k2

z =
ω2

v2
,

kz = ±

√
ω2

v2
−k2

x. (1)

The use of (1) for calculatingkz obscures two aspects of it: first, which of the two square roots
is intended, and second, what happens whenk2

x > ω2

v2 (evanescent waves). Claerbout (1999a)
emphasizes the fact that for coding and theoretical work it is necessary to definekz for both
positive and negativeω, and for allkx values.

The inclusion of the damping factor can solve the ambiguity in thekz selection. This
damping is traditionally included as a cutoff frequency; Claerbout (1999a) defines a function
R= ikz(ω,kx) that includes this cutoff frequency as:

R = ikz =
√

(−i ω+ ε)2+ (vkx)2. (2)

This function (2) has a positive real part (Figure 1), which implies that we can extrapolate
waves safely withe±Rz. However, since the damping factor has been included as a cutoff
frequency we can lose frequency information with an inappropriate choice ofε.

Figure 1: Function (2) for anε = 0.1.
(Claerbout, 1999a) daniel1-fradan
[ER]

A theoretical redefinition ofR= ikz that incorporates causality and viscosity concepts will
not only solve for the ambiguity of thekz selection but also preserve the frequency content of
our original data.

Redefining R

The principle of causality: no response before a stimulus, is not considered in theR defini-
tion [equation (2)]. The omission of causality translates into improper behavior of the high
frequencies. In order to include causality into the definition ofR, let s= −i ω̂ be the causal,
positive, discrete representation of the differentiation operator,

s=−i ω̂ =
2

1t

1−ρZ

1+ρZ
, (3)
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which is simplified by writtings=−i ω+ε. Claerbout (1985) proposes the use of the follow-
ing Muir recursion starting fromR0= s:

Rn+1= s+
X2

s+ Rn
. (4)

This recursion produces a continuous fraction. Studying the limit forn→∞ we obtain:

R∞ = s+
X2

s+ R∞
,

R∞(s+ R∞) = s2
+ X2

+s R∞,

R2
∞
= s2

+ X2,

R = ±

√
s2+ X2. (5)

If we let X2
= v2k2

x in equation (5) thenR is ±ikzv. The retarded time expression ofe−R z
v

[equation (6)] will downward continue, in time, the data for phase-shift migration.

e−R z
v = e−(R−s) z

v e−s z
v . (6)

The following change of variables:

R′ = R−s (7)

transforms the Muir recursion (4) into:

R′n+1=
v2k2

x

2s+ R′n
. (8)

Again, taking the limit forn→∞ in this recursion we will obtain

R′
∞
· (2s+ R′n) = v2k2

x

R′
∞

2
+2s R′

∞
−v2k2

x = 0 (9)

This quadratic expression yields to two square roots forR′,

R′ =−s±
√

s2+v2k2
x. (10)

We need to select the one that is able to handle the evanescent region,i.e, the square root that
goes to zero atkx = 0, which corresponds to the positive square root.

R′ =−s+
√

s2+v2k2
x, (11)

multiplying numerator and denominator bys+
√

s2+v2k2
x, equation (11) transforms into:

R′ =
v2k2

x√
s2+v2k2

x+s
. (12)
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I already showed that the real part of
√

s2+v2k2
x is positive (Figure 1); therefore,R′, as defined

in equation (12), also has a positive real part.

Finally, we downward continue the data in the Fourier domain by multiplying by:

e−R′ zv e−i ω z
v (13)

Expression (13) incorporates the causality and viscosity concepts in phase shift migration,
controls the evanescent energy and will not allow discontinuity between evanescent and non-
evanescent regions.

Controlling the angle

It is possible to perform a dip filter with our phase-shift migration algorithm; because we
calculateR′ with the Muir recursion (4,8), we can use the recursion starting withR0= r0s, in
order to have control on the desire dip.

R′0= s(r0−1), (14)

wherer0 defines the cosine of the angle that starts the Muir recurrence, often 0◦ or 45◦; fol-
lowing the recursion (8) we find

R′1=
v2k2

x

s(1+ r0)
(15)

and subsequently:

R′2=
v2k2

x

2s+ v2k2
x

s(1+r0)

(16)

The expressions (14), (15), and (16) are the relations for a 5◦, 15◦, and 45◦ dip migration in
the Fourier-domain, respectively.

NUMERICAL EXAMPLES

Figure 2 shows from left to right: a two-spike synthetic model, modeling with equations (1)
and (2). It is possible to observe the decay of amplitude (energy) with respect to time when
we include the damping factor (ε) in our modeling equation. The same effect is observable in
Figure 3, which shows the migration results using the results of Figure 2.

The energy decay is a function of the damping factor (ε). Figure 4 presents experimental
results of the energy variability with respect toε. The experiment consists of modeling and
migration of the two-spike model with equation (2) for different values ofε. Each sample
in the plot (Figure 4) represents the energy of each modeling-migration result forε ranging
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Figure 2: Modeling Comparison. From left to right: synthetic model; modeling withkz =√
ω2

v2 −kx
2; modeling withR= ikz=

√
(−i ω+ ε)2+vkx

2 daniel1-compar_1[ER]

Figure 3: Modeling-Migration Comparison. From left to right: synthetic model; results with

kz=

√
ω2

v2 −kx
2; results withR= ikz=

√
(−i ω+ ε)2+vkx

2 daniel1-modmig_1[ER]

Figure 4: Energy decay with re-
spect to the damping factorε
daniel1-energy[ER]
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between 0.002 and 0.04 every 0.002. It is possible to observe that the energy decays exponen-
tially with respect to the damping factor; this decrease is due to the omission of causality in
the redefinition ofikz.

For comparison, Figure 5 shows three results of the experimental procedure described
before. It is possible to observe that the bigger the damping factor, the less energy is present
in the final result.

Figure 5: Three different values ofε for the original model, right withε = 0.00312, center
ε = 0.008, leftε = 0.04 daniel1-threeep[ER]

The new R

Including causality and viscosity in the definition ofR= ikz (equation 12) it is possible to
preserve the energy content for any arbitraryε value.

Figure 7 presents the modeling-migration results, using the model of synthetic data set
in Figure 6, with equations (2) and (12) for two different values ofε. Figure 8 shows the
respective frequency spectrum.

We can assure the stability of theR definition presented in equation (12) based on the
results of Figures 7 and 8; besides, thisR definition is valid for all values ofω andkx.

We also perform the phase-shift migration over a real data set, we present the results on
Figures 9 and 10. These results show a comparison between phase-shift migration without
considering the damping factor [R definition in equation (1)] and considering the damping
factor [R definition in equation (12)].

The image that we obtain with the damping factor is much cleaner than the image without
the damping factor; therefore, the events definition and the faults are more clear.

Angle results

In the previous section we discussed the possibility of controling the aperture angle in phase-
shift migration. Here, we present some synthetic results that show how we can control the
angle using the expressions in (15), (16), (12).
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Figure 6: Synthetic data setdaniel1-mod3[ER]

Figure 11 shows the impulse response for the expressions (15), (16), (12). Observe how
we limit the aperture angle response with the three different expressions.

CONCLUSIONS

We present a stable definition ofR= ikz that includes the causality and viscosity concepts in
phase-shift migration; moreover, this expression is valid for any value ofω andkx.

We implemented the damping factorε in the R definition, equation (12), such that there is
no loss of high frequency information. This redefinition also presents the possibility of having
different damping factors in order to improve even more the quality of the final image.

The fact that we use Muir recursion to develop a stableR definition lets us have control
over the migration angle just as wavefield migration does.
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Figure 7: Comparison between modeling-migration using model on Figure 6 usingR defini-
tion as in equation (2), left, and equation (12), right. The top figures have a damping factor
ε = 5, the bottom figures have a damping factor ofε = 15 daniel1-mod3_comp[ER]



SEP–108 Damping 127

Figure 8: Comparison between the frequency spectrum of the modeling-migration results on
Figure 7. The top figures have a damping factorε = 5, the bottom figures have a damping
factor ofε = 15 daniel1-mod3_freq[ER]
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Figure 9: Data Comparison. Left the migration result without considering damping. Right the
migration result using the newR with ε = 5 daniel1-out1[ER,M]
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Figure 10: Data Comparison. Left the migration result without considering damping. Right
the migration result using the newR with ε = 15 daniel1-out2[ER,M]
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Figure 11: Angle control; the impulse responses correspond to, (a), (b), (c), and (d) corre-
sponds to the the 15◦, 45◦, 90◦, and the response from the double square root equation (1),
respectively.daniel1-compan[ER]
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Acoustic daylight imaging:
Introduction to the underlying concept:
A prospect for the instrumented oil field

Jon Claerbout1

ABSTRACT

Why and how it is that the autocorrelation of natural noise gives us a reflection seismo-
gram.

There I was, stuck in a dreary lecture, staring up at the fire sprinklers near the ceiling. I
would much rather be conjuring up prospects for the instrumented oil field. What if that water
nozzle near the ceiling was a geophone, and I was down here in the reservoir? If that geophone
was recording all the noise in this room, all the people chattering and banging about, from all
that sound, would I be able to figure out the shape of this room and the location of all the
furniture in it? It reminds me of that old question, “Can you hear the shape of a drum?”

We are taught that sound waves and light waves are both waves, so why do we need to
control the illumination in one case, but not the other? The idea of acoustic daylight imaging
is that we should be able to make seismic images from the natural ambient seismic noises just
as our eyes do with the natural ambient light.

One geophone is not enough. A line of geophones is not enough either. Imagine your eye
had a retina with just one light sensing cell, or even a linear array of rods and cones. That still
would not be enough. You need a retina with an areal array of sensors.

So, if the ceiling was covered with geophones, from those sounds, I could tell you the
shape of this room and everything in it. I could even tell you if somebody moved any pieces of
furniture. This is exactly what James Rickett and I showed the readers of The Leading Edge
in August 1999 when we told them about the seismology of our sun, Sol.

THE LESSONS OF SOLAR SEISMOLOGY

To make a long story short, solar physicists figured out how to build an instrument like a video
camera which when pointed at the sun uses the concept of Doppler shift to give us a virtual
array of 1000×1000 seismometers on the sun’s surface! Further, they can position and space
their million seismometers just as easily as you can point and zoom a camera!

We had a lot of fun with those solar seismograms. We couldn’t let off any shots up there
1email: claerbout@stanford.edu
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on the sun, but we did have an experiment much like that of geophones on the ceiling of the
lecture hall or the hypothetical instrumented oil field. We got a magnificent common-midpoint
gather. Disappointingly, the sun is a fluid and all its CMP gathers are almost exactly the same.
No reflections. No shear waves either. But there are plunging waves that come back up and
reflect off the sun surface, and go back down again for multiple bounces, about 5-6 clear
multiple reflections. Their velocity was 10 km/sec at the sun’s surface growing rapidly with
depth.

We call imaging based on the ambient noise, “acoustic daylight imaging”. Our excursion
into solar seismology left us with the embarrassing situation that we had demonstrated this
concept on the sun before we were able to demonstrate it on earth.

Figure 1: Noise record after notch-
filtering (Bryan Kerr and James Rick-
ett) jon1-strip [NR]
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Since then we have had better luck on earth. Some students2 set up a local geophone array.
On their first try, without using any sources, they got the ground roll loud and clear, and some
hints at reflections. Naturally, we feel optimistic about the instrumented oil field. We only
hope they don’t botch it when they build it. We live in a 3-D world, and we don’t think 2-D
data will work.

Figure 2: 3-D impulse response summed over azimuth calculated by two methods, (a) 3-D
autocorrelation, and (b) spectral factorization. (Bryan Kerr and James Rickett)jon1-longimp
[NR,M]

HOW IT WORKS

Since I first started (with some dense algebra in Geophysics), I figured out a way to explain
the basic idea with almost no math. Almost none, but a little bit will help. Since we are going
ahead with almost no math, you’ll need to be satisfied with getting only the vertically incident
seismogram at zero-offset, but you will get all the multiple reflections of all orders with correct
amplitudes too.

Let us start off with a triangle function, say the sampled function (3,2,1) which looks like

2Preliminary results from a small-scale 3-D passive seismic study in Long Beach, CA, by Bryan Kerr and
James Rickett (?), in an upcoming report of the Stanford Exploration Project
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a triangle when you plot it. Suppose we have a downgoing wave which is a triangle function.
We like to write it asD = 3+2Z+ Z2. You can think ofZ as the the “unit delay operator”
meaning that the “2” comes a moment after the “3” and the “1” comes two moments later
corresponding toZ2. Some of you will recognizeZ as theZ-transform variable but that isn’t
necessary here.

One of the very most interesting things you can do with a signal is take its autocorrela-
tion or compute its energy as a function of frequency. We do this for the triangle with this
expressionDD = (3+ 2/Z + 1/Z2)(3+ 2Z + Z2). If you multiply it out and look at the
term that has noZ you see it is 32+ 22

+ 1 which is the total energy. Coefficients of other
powers ofZ are the autocorrelation at other lags. If you remember Fourier series, you will
recall that whenZ = ei ω1t we have the Fourier transform and spectrum. The expression
DD = (3+2/Z+1/Z2)(3+2Z+ Z2) represents both the autocorrelation and the spectrum
of the downgoing triangle wave. It represents the autocorrelation when you look at the coeffi-
cients of the product, and it represents the spectrum when you consider numerical values for
Z.

From all of thisZ business, the main thing we need to recognize is thatD= 3+2Z+Z2 is
a causal function meaning that the “3” occurs at timet = 0 and everything else happens later.
LikewiseD= 3+2/Z+1/Z2 is an anticausal function meaning that the action is beforet = 0.

OK, now with all that theoretical background out of the way, let us put it to some use.
Examine Figure 1. It depicts a pancake earth with two different experiments. On the left is the

Figure 3: Pancake earth with prospector’s boundary conditions (left) and earthquake boundary
conditions (right) jon1-eqcor [NR]

one we are familiar with, reflection seismology. Theoretically, the geophysicist on the surface
generates a downgoing impulse, the “1”. The earth surface is called a free surface which
means that it is perfectly reflecting. Any upcoming waveU = u1Z+u2Z2

+u3Z3
+·· · at the

earth surface will create a downgoing waveD of opposite polarityD = −U . Of course the
downgoing wave hits subsurface reflectors and makes another upcoming wave ad infinitum,
and it all gets very complicated with lots and lots of multiple reflections. When all is said
and done, however, at the earth’s surface, the upcoming wave is opposite the downgoing wave
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U = −D at all times except the very first. At that first moment (actually the zeroth moment)
there is a downgoing wave with no upcoming wave.

The story is different for the earthquake picture. Here the impulse “1” comes from the
opposite side of the earth. The up- and down-going waves have exactly the opposite polarity
at the earth surface at all times, so we writeU =−X andD = X.

Now we have finished with all our definitions and we are ready to see the most amazing
correspondence between the prospectors’ world and the earthquake world, and this correspon-
dence is what gives us the potential to make big bucks in the instrumented oil field by knowing
what is going on at all times.

We need the concept of conservation of energy flux. For this we need to make another
simplifying assumption. You will recognize that this one isn’t quite true, but it turns out to
be a good engineering approximation. We assume that the earth does not absorb any acoustic
energy.

We define the net downgoing energy flux as the downgoing energy minus the upgoing
energy. If you are willing to think of numerical values forZ (Fourier transform) the net
energy flux is actually a function of frequency. LetD(Z) represent the downgoing wave and
U (Z) represent the upcoming wave. The net downgoing energy flux isDD−UU . By our
assumption that no energy is absorbed, and since energy isn’t piling up at any layer boundary,
the downward energy flux in any one layer must equal to that in the next layer. Applying this
idea to all the layers, we find that the net downgoing energy flux in the top layer matches that
in the bottom halfspace. In other words, what goes in must come out, so the downgoing net
energy flux anywhere is simply that at the bottomE E. Thus

DD−UU = E E

Next we apply this energy flux concept.

In the prospectors’ world, at the earth’s surface the downgoing wave is 1+ R and the
upcoming wave is−R. We insert these values into the net energy flux and then simplify the
algebra a little.

(1+ R)(1+ R) − RR = E E

R + 1 + R = E E

OK, the hard part is done. We are done with the math and now we only need to understand
what it means. The righthand side is a spectrum or an autocorrelation. Something likeE E=
(3+ 2/Z + 1/Z2)(3+ 2Z + Z2). The lefthand side has two parts, a causal waveform like
R= r0+ r1Z+ r2Z2

+ r3Z3
+·· · and an anticausal waveform likeR= r0+ r1/Z+ r2/Z2

+

r3/Z3
+·· · . This is just about it, the Big Apple. Our energy flux statement says if we compute

the autocorrelationE E of the escaping waveE we can look at one side of the autocorrelation
to see the reflected waveR. That’s amazing! We have finished with the central part of the
story which is its hardest part. We are almost ready to pull it all together.

One more little step is required to get us all the way to acoustic daylight imaging. There is
no more math, but there is a conceptual step, and it is a big one. (You didn’t expect this to be
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child’s play, did you?) You may have heard of the Principle of Reciprocity. Reciprocity says
a common midpoint gather is symmetric about zero offset. It says if you interchange a shot
with a geophone you get the same seismogram. We all know a common midpoint gather is
not exactlysymmetric or people would never record split spread. Nobody does record marine
data with split spread. Land data is different. Only with vibrators is it practical to come
close to fulfilling the requirements of reciprocity since for reciprocity to apply, both the sender
and receiver should be at the same depth. Let’s stop all this quibbling about practicalities of
reciprocity and accept it so that we can move forward to the acoustic daylight imaging concept.

Both the earthquake person listening to natural noises and the prospector are on the same
earth. One experiment says we have an impulse of excitation at the surface, and a waveE
goes off to the interior of the earth. The other experiment says we have an impulse incident
from the deep interior of the earth and we see the waveX on the surface. Reciprocity says that
E = X.

PuttingE = X into the energy flux equation gives us the main conclusion,

R + 1 + R= X X

which is the mathematics that says,

“One side of the autocorrelation of the earthquake seismogram is the reflection seismo-
gram.”

LIMITING FACTORS

You might agree that the earth’s natural noise comes from below, but you might not be willing
to agree that it is an impulse function. Of course you are correct. What saves the day is that
we depend only upon theautocorrelationof the natural noises. In other words, the theorem
is equally true if the autocorrelation of the natural noises incident from below is an impulse
function.

The potential nonimpulsiveness of the autocorrelation of the random noise excitation iden-
tifies a practical problem which leads to processing design issues.

Expressed back in the framework of our boring lecture room, if all the noise makers are
tuned into the key of C, our final images are certain to resonate at that frequency. Luckily,
natural noises do seem to have a fairly rich spectrum of frequencies and directions of arrival.
Luckily also in imaging theory (and practice), when something is missing, it doesn’t ruin the
image; it merely degrades it. Imaging theory and practice are not so fragile as inversion. Thus
missing frequencies and directions of illumination should not wholly frustrate our activity, but
naturally they would limit us accordingly.

Another side of the same problem is more serious. When too much light is coming from
one direction we need to shield ourselves from the glare. There is an analog in seismology.
We have the practical problem that a great deal of the natural noises come in the form of
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ground roll. We cannot escape this problem without “shielding our eyes” with adequate spatial
filtering. This is why simple 2-D arrays seem to us to be inadequate. With Steve Cole’s PhD
dissertation, we did set out a lot of geophones (4056), and they did suppress a lot of surface
noises, enough so that we could see the natural noises arriving from great distances.

I have always felt the great thing about seismology is that it really works. Hundreds and
thousands of wiggles and eventually it has often come to make good sense. Our experiments
are truly repeatable. In time we really do learn more. Years ago with 2-D seismology we
had “noises” but now with 3-D seismology, we realize those noises were the geology, now
beautifully imaged. Our field has not always treated everyone kindly, but in our field, the gap
between theory and practice has always been a good place to put your eyes to see the future.
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Short Note

Preliminary results from a small-scale 3-D passive seismic study
in Long Beach, CA

Bryan Kerr and James Rickett1

INTRODUCTION

While helioseismologists routinely crosscorrelate stochastic acoustic noise to produce time-
distance curves (Duvall et al., 1993) that look like active-source seismograms, terrestrial geo-
physicists have had less success. Baskir and Weller (1975) describe the first published attempt
to use passive seismic energy to image subsurface reflectivity. They briefly describe crosscor-
relating long seismic records to produce correlograms that could be processed, stacked and
displayed as conventional seismic data. Unfortunately their field tests seem to have been in-
conclusive. Cole (1995) crosscorrelated data collected using a 4000 channel 2-D field array
on Stanford campus. Unfortunately again, possibly due to the short (20 minute) records or bad
coupling between the geophones and the dry California soil, his results were also disappoint-
ing.

In this paper we present results from a small environmental-scale passive 3-D survey,
recorded in Long Beach, California. In total, about four hours of 60-channel passive data were
recorded and processed. Although no clear reflection events are visible, a coherent dispersive
ground-roll event is visible, and the correlograms do resemble active source seismograms.

EXPERIMENTAL SETUP

The array consisted of 60 40-Hz single-component geophones arranged in a 6-by-10 grid 25 m
wide and 45 m long. Figure 1 shows the array’s orientation relative to a U.S. Geological Survey
high-resolution shotgun-source survey that was performed 2 days prior to this exercise. The
array was shifted 1 m northwest of the USGS line to avoid placing geophones on the asphalt
road. Figure 1 also shows the location of a deep well that was being drilled at a depth of nearly
150 m during data acquistion.

A manually triggered Geometrics RX-60 seismograph recorded 60 channels at a sample
interval of 4 ms; no filters were used. Over two days, this passive experiment produced approx-
imately 170 minutes of 10-second long records and 20 60-second long records. During each of

1email: bckerr@pangea.stanford.edu, james@sep.stanford.edu
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the 60-second records, the first author performed a “two footed” stomp at one the geophones
along the northeastern and southwestern edges of the array. The array also recorded energy
from the intermittant operation of the nearby drill-bit, drill-truck engine, and the gasoline-
powered water pump. Figure 2 shows five seconds of recorded data after notch-filtering.

Figure 1: Long Beach passive ar-
ray. “Mainline Shotpoints and Geo-
phones” denote the source and re-
ceiver locations for the USGS high-
res survey (see text). Approxi-
mate locations of the well, drill-truck,
and water pump are also shown.
bckerr-arraytest[NR]
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PROCESSING FLOW

We processed the raw data records with the following steps:

1. Notch-filtering to remove spectral spikes (e.g. 60 Hz noise).

2. Sort into (x, y,t) cube.

3. Zero padx andy-axes.

4. 3-D autocorrelation or spectral factorization (Rickett and Claerbout, 2000).

5. Stack over record axis.

6. Stack over radius (distance from zero spatial lag).

7. Low-pass filter to 30 Hz.

8. Offset dependent gain correction [d′(hi )= hi d(hi )] for display purposes.
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Figure 2: Five seconds of pas-
sive seismic data after notch-filtering.
bckerr-strip [CR]
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RESULTS

Figure 3 shows the impulses reponses derived by autocorrelation and spectral factorization.
The ground-roll cone is clearly visible with a velocity of about 150 m/s. Events that may
possibly be reflections are visible, however results are definitely not conclusive.

Figure 3: Impulse response calculated by (a) 3-D autocorrelation, and (b) spectral factoriza-
tion. Compare with Rickett and Claerbout (2000), Figure 3.bckerr-longimp[CR,M]

Remaining processing problems include how to adaptively remove monochromatic fre-
quency spikes from the raw data, as noise sources drift in and out over time. Ground-roll
removal is also a problem since with the 5 m geophone spacing, the 150 m/s velocities are
spatially aliased at all frequencies above 15 Hz. The other option of imaging reflectors outside
the ground-roll window is restricted by the maximum-offsets of the experiment to events less
than 200 ms two-way traveltime.

CONCLUSIONS

The clearly visible ground-roll event in the impulse responses is promising for future attempts
at passively imaging subsurface reflectors. Further processing of this data set might be able
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to bring reflections out above the noise. It should be noted that this was a spontaneous exper-
iment. Time was not available to properly design the array such that ground-roll attenuation
was maximized.
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Multiple realizations: Model variance and data uncertainty

Robert G. Clapp1

ABSTRACT

Geophysicists typically produce a single model, without addressing the issue of model
variability. By adding random noise to the model regularization goal, multiple equi-
probable models can be generated that honor somea priori estimate of the model’s
second-order statistics. By adding random noise to the data, colored by the data’s co-
variance, equi-probable models can be generated that give an estimate of model uncer-
tainty resulting from data uncertainity. The methodology is applied to a simple velocity
inversion problem with encouraging results.

INTRODUCTION

Risk assessment is a key component to any business decision. Geostatistics has recognized
this need and has introduced methods, such as simulation, to attempt to assess uncertainty
in their estimates of earth properties. Geophysics has been slower to recognize this need, as
methods which produce a single solution have long been the norm.

The single solution approach, however, has a couple of significant drawbacks. First, be-
cause least-square estimates give invert for the minimum energy/variance solution, our models
tend to have low spatial frequency than the true model. Second, it does not provide informa-
tion on model variability or provide error bars on the model estimate. Geostatisticians have
both of these abilities in their repertoire through what they refer to as “multiple realizations”
or “stochastic simulations.” They introduce a random component, based on properties of the
data, such as variance, to their estimation procedure. Each realization’s frequency content is
more representatitve of the true model’s and by comparing and contrasting the equiprobable
realizations, model variability can be assessed.

In previous works (Clapp, 2000, 2001), I showed how we can modify standard geophysical
inverse techniques by adding random noise into the model styling goal to obtain multiple
realizations. Claerbout (1998) shows how an estimate of the correct scaling for the random
noise can be obtained for the missing data problem. In this paper, I extend this early work.
I show how we can modify the data fitting goal in a parallel manner achieving a potentially
more significant result. By adding random noise colored by the inverse data covariance, we can
obtain multiple model estimates that show how data uncertainty map to model uncertainty. In
terms of velocity estimation we can rephrase this relation as how our uncertainty in semblance

1email: bob@sep.stanford.edu
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picks affects our estimate of interval velocity.

In this paper I begin by reviewing the methodology of adding noise to the model styling
goal. I show why and when the methodology is effective. I then show how we can encode
data uncertainty into our model estimation. I conclude by demonstrating both techniques on
simple 1-D and 2-D tomography problems.

REVIEW: INCORPORATING MODEL VARIANCE

In Clapp (2001), I began with the standard geophysical problem, a linear relationshipL be-
tween a modelm andd, with a regularization operatorA, written in terms of fitting goals
as:

0 ≈ d−Lm (1)

0 ≈ εAm.

To produce models with appropriate levels of variance we modify the second goal, replacing
the zero vector0 with standard normal noise vectorn, scaled by some scalarσm,

0 ≈ d−Lm (2)

σmn ≈ εAm.

For the special case of missing data problem, Claerbout (1998) shows how to get an approxi-
mate value forσm. This paper suggests we first solve the simple problem described by

d≈ Im , (3)

whereI is the identity matrix and we do not allow them to change at known locations. For
example, let’s assume that as our input we have the data in Figure 1. We estimate a model
using the fitting goal (3) and obtain Figure 2. We then look at the residualsrdata at known
locations, Figure 3. The variance of the residual should have the same variance as the random
noise in (2). We can the estimate many different models by applying,

0 ≈ d−Jm (4)

σmn ≈ εAm,

whereJ is a selector matrix, 1 at known locations, 0 elsewhere, andA is a Prediction Error
Filter (PEF) estimated from the known data locations. Figure 4 shows three such realizations.

Comparison to geostatistics

The most common method to create models that the honor both first and second order statistics
is geostatistical simulation. A comparison between the method presented in this paper and the
standard geostatistical technique is therefore warranted.
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Figure 1: A wood texture from Claer-
bout (1998) with a hole removed
to simulate a missing data problem.
bob1-wood.hole[ER]

Figure 2: The result of solving a
missing data problem using the data
in Figure 1 as input, a PEF found
from the known data locations, and
fitting goal (3). bob1-wood.pef
[ER,M]

Figure 3: Left panel is the his-
togram of the known data locations
shown in Figure 1. The right panel
is the histogram of the residual at
the same known locations after ap-
plying fitting goal (3). Note how
the almost uniform distribution of the
data approaches a normal distribu-
tion. bob1-wood.histo[ER,M]

Figure 4: Three realizations using fitting goals (4) and the input data shown in Figure 1.
bob1-wood-multi [ER,M]
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For the comparison I will begin by describing the general procedure in sequential Gaussian
simulation. First, some decision on stationarity is made. The known data is transformed to a
new function that is standard normal. The covariance is described through variograms. Each
point in the model space is randomly visited. At each point they find the best linear combi-
nation of known data, and points previously estimated through kriging (Isaaks and Srivastava,
1989), based on the predetermined variogram model. At the same time they calculate a kriging
variance, which can be considered a measure of the uncertainty of the estimated value based
on the surrounding points. A random number is then selected from a distribution function that
has the calculated kriging mean and variance.

Each step in the geostatistical simulation procedure has a corollary in an operator based
simulation. We begin by making a decision on stationarity. If the problem is non-stationary, we
can break the problem into patches (Claerbout, 1992) (what geostatiscians call “distinct sub-
zones” ) or we can use a non-stationary covariance description (Clapp et al., 1997; Crawley,
2000) (geostatisticians use kriging with external drift to allow some degree of non-stationarity).
We transform into a space that is Gaussian (if we have an accurate description of the model’s
covariance function, the residual space will have a Gaussian distribution). The operator ap-
proach solves a global, rather than a local, problem. The kriging estimate corresponds to our
PEF estimated with a0 in the model styling residual. Finally, the kriging variance corresponds
to the variance of the residual in the PEF estimation.

Uses

Introducing model variance into the estimation process has several attractive properties. For
missing data problems, we can produce models that have a more realistic texture and behave
more accurately when used as inputs as for processes such as fluid flow. We can quickly test
the accuracy of our covariance description by applying

mtest= A−1σmodel(n+ rdata), (5)

wheremtest is our estimated model. Figure 5 shows the application of (5) to the Seabeam es-
timation problem (Claerbout, 1998; Crawley, 1995). With the correct covariance description,
we get a believable estimate; the incorrect description gives a far less satisfactory answer.

When we have a more complex mapping operator, introducing model variability can help
us understand the null space of our mapping operator. This can be potentially interesting
for understanding Amplitude Versus Offset (AVO) effects from standard velocity estimation
techniques (Mora and Biondi, 1999, 2000).

What the method doesn’t address is a potentially more interesting question: how does data
uncertainty map to model uncertainty? In the next section, I will propose a methodology for
addressing this issue.
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Figure 5: A fast way to check PEFs. The left is the input data. The center panel shows the
result of applying fitting goals (5) with a reasonable covariance description. The right shows
the result using an unrealistic covariance description.bob1-fast [ER,M]

DATA UNCERTAINTY

To understand the method that I am proposing, let’s begin by rewriting our standard fitting
goals. We normally write

d ≈ Lm (6)

0 ≈ εAm.

We can rewrite these, adding our model variance information as

d ≈ Lm (7)

σnn ≈ εAm,

or put another way

0 ≈ d−Lm (8)

0 ≈ εA(m+mu),

whereAmu =−σnn is the model variability not characterized byA.

There is a corollary way to think about data variance. Normally we limit our characteri-
zation of data covariance to a diagonal matrix often referred to as the weight operatorW. A
more appropriate choice is the data covariance matrix. We can rewrite our system of equations
and add in an appropriate level of data variance:

0 ≈ W(d+du−Lm ) (9)

0 ≈ εA(m+mu).
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Or potentially more conveniently as a cascade of two operators

W = DH, (10)

whereD is a diagonal weighting matrix used before, andH is the normalized data inverse
covariance matrix, which we could characterize through a filtering operation.

Given this formulation we can define perturbeddnew through

dnew= d+W−1σdn, (11)

whereσd is our data variance. Assuming appropriate choices forD andH, the data for realiza-
tion will have the correct structure, something that would happen if we simply added random
noise to the data vector.

SUPER DIX

To test the methodology, I will return to the Super Dix example (Clapp et al., 1998; Rosales,
2000; Clapp, 2000). In 1-D we write the Super Dix fitting goals as

0 ≈ W (d−CCp) (12)

0 ≈ εp,

whereC is causal integration, the data is thed(i )
∑i

j v
2
rms( j ), our model isv2

int = Cp, and
we do not allow the model estimate to change at the first time sample. For this example, I
approximated the inverse data covariance by a simple derivative in time. Figures 6 and 7 show
the effect of introducing model and data variance. Note how, as expected, increasing model
variance (Figure 6) produced higher frequency interval velocity estimates, but the general
trends of the curves are preserved. When increasing data variance (Figure 7), we maintain
approximately the same smoothness, but our estimate of approximate layer velocities change.

2-D example

We can extend the basic 1-D formulation into 2-D. We redefine our data by

d1= d−CCv0, (13)

whered1 is our new data array andv0 is an array containing our zero time velocity at each
Common Midpoint (CMP) location. The end result of equation (13) is to remove the zero
frequency component of our model. Our fitting goals change to

d1 ≈ CMA−1p (14)

0 ≈ εp,
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Figure 6: Effect of changing the
model variance on interval velocity.
bob1-model-var[ER,M]

Figure 7: Effect of changing the
data variance on interval velocity.
bob1-data-var[ER,M]
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whereM is a masking operator that doesn’t allow our velocity estimate to change at zero time
andA−1 is our model covariance estimate. After estimatingp we can convert back to interval
velocity through

vint =

√
Cv0+A−1p. (15)

The modifications to the original fitting goals is necessary because of the constraint that we do
not change our velocity att = 0. In the 1-D case, we didn’t have to worry about our change of
variable fromv2

int to p because our preconditioned operator did not modify the zero time. In
the 2-D case ourA−1 operator can introduce smoothness laterally as well as vertically, forcing
us to modify our inversion scheme in order to take advantage of the preconditioning speed up.

To test the methodology I chose the relatively simple Gulf of Mexico dataset provided by
Western and used in Claerbout (1995). Figure 8 shows a near offset section from the data. I
performed semblance analysis and chose a fairway within which all validvrms picks would
fall (Figure 9). For each CMP, I automatically picked the maximum semblance at each time
within the fairway (Figure 10). For my diagonal operatorD, I used the amplitude of the
semblance at the pickedvrms (left panel of Figure 11) and then scaled by 1/t to correct ford
being the result of summing operation. Figure 12 shows the result of estimating an interval

Figure 8: Near offset section of a Gulf of Mexico dataset.bob1-beidata[ER]

velocity without adding any model variance or data uncertainty. Figure 13 shows two different
realizations for the interval velocity adding model variability. I estimated a PEF from myvrms

picks and used filtering with that PEF forH and polynomial division with it forH−1. For my
data variance I used the width of the picked semblance block (the right panel of Figure 11).
Note how, as expected, the variance generally increases with depth. For my different data
realizations I applied equation (14). Figure 14 shows two different realizations of the interval
velocity using the data with the added uncertainty.
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Figure 9: Semblance analysis for a
CMP from the data shown in Fig-
ure 8. Overlaid is the fairway used by
the automatic picker.bob1-fairway
[ER]

Figure 10: The automatically picked
velocities for each CMP within the
fairway shown in Figure 9. Over-
layed are smoothed contours for the
same field.bob1-rms[ER]



156 Clapp SEP–108

Figure 11: The left panel is the amplitude of the semblance at eachvrms shown in Figure 10.
The right panel is the approximate width of the corresponding semblance blob at the same
location. Overlaid on the right plot are contours for the same field.bob1-range-wt[ER,M]

Figure 12: The result of estimating
for an interval velocity from thevrms

picks in Figure 10 without adding any
model variance or data uncertainty.
Overlaid are contours for the same
field. bob1-int [ER]
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Figure 13: Two different realizations for the interval velocity adding model variability. Over-
laid are contours for the same fields.bob1-model-var-dix2d[ER,M]

Figure 14: Two different realizations for the interval velocity adding data variability. Overlaid
are contours for the same fields.bob1-data-var-dix2d[ER,M]
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CONCLUSIONS

I have demonstrated a method for creating equiprobable realizations that shows how data un-
certainty affects model uncertainty.
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A least-squares approach for estimating integrated velocity
models from multiple data types

Morgan Brown and Robert G. Clapp1

ABSTRACT

Many exploration and drilling applications would benefit from a robust method of inte-
grating vertical seismic profile (VSP) and seismic data to estimate interval velocity. In
practice, both VSP and seismic data contain random and correlated errors, and integration
methods which fail to account for both types of error encounter problems. We present a
nonlinear, tomography-like least-squares algorithm for simultaneously estimating an in-
terval velocity from VSP and seismic data. On each nonlinear iteration of our method, we
estimate the optimal shift between the VSP and seismic data and subtract the shift from
the seismic data. In tests, our algorithm is able to resolve an additive seismic depth error,
caused by a positive velocity perturbation, even when random errors are added to both
seismic and VSP data.

INTRODUCTION

Although the interval velocities obtained from surface seismic data normally contain errors
(caused by poor processing, anisotropy, and finite aperture effects, among other factors),
prospects are often drilled using only depth-converted seismic data. Unsurprisingly, depth
converted seismic data often poorly predicts the true depth of important horizons. This “mis-
tie” is more than a mere inconvenience; inadvertently drilling into salt (Payne, 1994) or into an
overpressured layer (Kulkarni et al., 1999) can result in expensive work interruptions or dan-
gerous drilling conditions. For depth conversion, vertical seismic profile (VSP) data generally
produces better estimates of interval velocity than does surface seismic data. For this reason,
VSP data has been used to “calibrate” seismic velocities to improve depth conversion, before,
during, and after drilling.

Methods to independently estimate interval velocity from VSP and surface seismic data
exist and are more or less mature. Surprisingly, there exists no robust, “industry-standard”
method for jointly integrating these two data types to estimate a common velocity model. The
main challenge in developing such a method lies in measuring and accounting for the errors
between each data type. Data errors may be either random or correlated, or most commonly,
both. A viable integration scheme must account for both types of error.

Some calibration algorithms (Ensign et al., 2000) directly compute the depth misfit be-
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tween depth-converted seismic and VSP data (or sonic log picks) and use it to compute a
correction velocity. The reliability of such algorithms is hampered by the assumption that the
VSP data is error-free, when in fact, these data have random (hopefully) first-break-picking
errors and also possibly exhibit correlated errors resulting from correction of deviated well
VSP data to vertical (Noponen, 1995).

Various authors have employed least-squares optimization algorithms to solve a related
problem: the estimation of an optimal time shift to tie crossing 2-D seismic lines at the inter-
sections (Bishop and Nunns, 1994; Harper, 1991). While these algorithms correctly assume
that all data has errors, they assume that these errors are uncorrelated, or in other words, that
the data are realizations of the same random variable. We expect seismic time/depth pairs to
differ from VSP time/depth pairs by a low frequency shift, and that both data have random
errors. Figure 1 illustrates this relationship as shifted probability distribution functions. A
common view in practice, and one espoused by geostatistics, is that the inherent inaccuracy,
or “softness” of seismic data causes the observed misfit between seismic and wellbore data
(Mao, 1999). No attempt is made to estimate the joint data correlation, and the net effect is a
faulty assumption that the seismic data is less accurate than it really is.

In this paper, we present a nonlinear least-squares algorithm using VSP and surface seismic
data for the simultaneous estimation of interval velocity and an additive seimic correction
velocity. We test the algorithm on a real VSP dataset. To simulate seismic data, we perturb
the VSP data with depth errors derived from a positive velocity anomaly. The tests show that
our algorithm correctly handles the errors in VSP data and leads to an unbiased residual. We
also add random errors to both the VSP and seismic data and show that by assuming that the
data are correlated, we can improve the final result.

Figure 1: We assume that seismic
time/depth pairs differ from VSP
time/depth pairs by a shift (due to
poor processing, anisotropy, finite
aperture effects, etc.), and that both
are random variables. The respec-
tive probability distribution functions
(pdf’s) are displayed as bell shaped
curves. If the seismic data are consid-
ered soft, and no effort is made to es-
timate correlated errors (shift in pdf),
then a common, incorrect tendency is
to assume that the seismic data are
much less accurate than they are in re-
ality. morgan1-soft[NR]
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LEAST SQUARES FORMULATION

The fundamental data unit of this paper is the “time/depth pair”, which is quite simply the
traveltime of seismic waves to a specified depth, along an assumed vertical raypath. We denote
time depth pairs by (τp,ζp), indexed byp, the “pair” index. The output velocity function is
linear within layers. We denote layer boundaries, which are independent of the time/depth
pairs, bytl , indexed byl , the “layer” index. We begin by deriving the 1-D data residual – the
depth error between the depth component of a time/depth pair (ζp) and its time component
(τp) after vertical stretch with the (unknown) interval velocity:

ep = ζp−

∫ τp

0
v(t)dt. (1)

For implementation purposes, we break the integral into the sum of integrals between neigh-
boring time/depth pairs (t = [τp,τp+1]):

ep = ζp−

p∑
q=1

∫ τq

τq−1

v(t)dt. (2)

We assume that the interval velocity in layerl is linear,

v(t)= v0,l +kl t ; {t = [tl ,tl+1]} , (3)

so the integral in equation (2) has a closed form. To obtain a correspondence between time/depth
pairs and layer boundaries, note that, given a time/depth pair, we can always determine in
which layer it resides. In other words, we can unambiguously writel as a function ofp, l [ p].
Now we can evaluate the integrals of equation (2):

ep = ζp−

p∑
q=1

v0,l [q](τq+1− τq)+
kl [q]

2
(τ2

q+1− τ2
q ). (4)

Equation (4) defines the misfit for a single time/depth pair, as a function of the model param-
eters2. Now pack the individual misfits from equation (4) into a residual vector,rd:

rd = ζ −A
[

v0

k

]
≈ 0 (5)

The elements of vectorζ are the time/depth pair depth values,A is the summation operator
suggested by equation (4). and [v0 k]T is the unknown vector of intercept and slope parame-
ters. The primary goal of least squares optimization is to minimize the mean squared error of
the data residual, hence the familiar fitting goal (≈) notation.

2Equation (4) implictly assumes that layer boundaries do not occur between time/depth pairs. The code
does not make this assumptions: layer boundaries can occur anywhere in time, and are completely indepen-
dent of the time/depth pairs. When a layer boundary lies between time/depth pairsp and p+1, the integral
has two parts: depth contribution from above and below the layer boundary.
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1-D Model Regularization: Discontinuity Penalty

In many applications, the interval velocity must be smooth across layer boundaries. To ac-
complish this, we incorporate a penalty on the change in velocity across the layer boundary,
and effectively exchange quality in data fit for a continuous result. However, as mentioned
by Lizarralde and Swift (1999), an accumulation of large residual errors would result if we
forced continuity in the velocity function across layer boundaries with large velocity contrast.
Therefore we “turn off” the discontinuity penalty at certain layers via a user-defined “hard
rock” weight.

Let us write the weighted discontinuity penalty at the boundary between layersl andl +1:

wh
l

[
v0,l +kl tl −

(
v0,l+1+kl+1tl

)]
(6)

wh
l is the hard rock weight. We suggest that thewh

l be treated as a binary quantity: either 1 for
soft rock boundaries or 0 for hard rock boundaries. As before, we write the misfits of equation
(6) in fitting goal notation and combine with equation (5):[

A
εC

][
v0

k

]
≈

[
ζ

0

]
(7)

C is simply the linear operator suggested by equation (6): a matrix with coefficients of±1
and±tl , with rows weighted by thewh

l . Application ofC is tantamount to applying a scaled,
discrete first derivative operator to the model parameters in time. The scalarε controls the
trade off between model continuity and data fitting. Lizarralde and Swift (1999) give a detailed
strategy for choosingε.

Estimating and Handling Random Data Errors

In this paper, we assume zero-offset VSP (ZVSP) data. We derive a simple measure of ZVSP
data uncertainty below. The uncertainty in surface seismic data depends on velocity and ray-
path effects in a more complex manner, although Clapp (2001) has made encouraging progress
in bounding the uncertainty. Somewhat counter to intuition, we adopt the convention that trav-
eltime is the independent variable in a time/depth pair, i.e.,z= f (t). Bad first break picks and
ray bending introduce errors into the traveltimes of ZVSP data, but depth in the borehole to the
receiver is well known. To obtain an equivalent depth error, we need only scale the traveltime
error in ZVSP data by the average overburden velocity. By definition, the traveltimet (along
a straight ray) is related to depthz in the following way:

z= tvavg, (8)

wherevavg is the average overburden velocity. If the traveltime is perturbed with error1t it
follows that the corresponding depth error,1z is simply the traveltime error scaled byvavg:

1z=1tvavg. (9)



SEP–108 Integrated velocity estimation 163

If the data errors are independent and follow a Gaussian distribution, least squares theory pre-
scribes (Strang, 1986) that the data residual of equation (5) be weighted by the inverse variance
of the data. Assuming that we have translated a priori data uncertainty into an estimate of data
variance, we can define a diagonal matrixW where the diagonal elementswi i = σ−1

i : the
inverse of the variance of thei th datum. This diagonal operator is applied to the data residual
of equation (7): [

WA
εC

][
v0

k

]
≈

[
Wζ

0

]
(10)

Estimating and Handling Correlated Data Errors

We assume that the measured VSP depths,ζ vsp, consist of the “true” depth,̃ζ , plus a random
error vector,evsp:

ζ vsp= ζ̃ +evsp (11)

Furthermore, we assume that the measured seismic depths,ζ seis, are the sum of the true depth,
a random error vector,eseis, and a smooth perturbation,1ζ :

ζ seis= ζ̃ +eseis+1ζ (12)

When the data residuals are correlated, the optimal choice forW in equation (10) becomes
the square root of the inverse data covariance matrix. Guitton (2000) noted that after applying
a hyperbolic Radon transform (HRT) to a CMP gather, coherent noise events, which are not
modeled by the HRT, appear in the data residual. He iteratively estimated a prediction error
filter from the data residual and used it as the (normalized) square root of the inverse data
covariance.

If we subtract1ζ from ζ seis, then the error is random, as desired. Unfortunately,1ζ

is unknown. We iteratively estimate1ζ , and the velocity pertubation which is assumed to
produce1ζ , 1v, using the following tomography-like iteration:

1ζ = 0
iterate {

Solve equation (10) forv= [v0 k]T :

[
WA
εC

]
v≈

[
W(ζ +1ζ )

0

]

Solve equation (10) for1v:

[
WA
εC

]
1v≈

[
W(Av− ζ )

0

]
1ζ = A1v

}

The first stage of the iteration solves equation (10) for an interval velocity function, using
the VSP data, and the corrected seismic data. In the second stage of the iteration, we estimate
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a correction velocity function from the residual, which is similar to Guitton’s approach. By
forcing the correction velocity to obey equation (10), we force it to be “reasonable”, and hence,
we ensure that the estimated correction depth results from this reasonable velocity. One future
feature that we envision is the ability to force the correction velocity to be zero in one or more
layers. For example, if we had strong evidence to believe that most of the seismic/VSP mistie
was caused by anisotropy in one prominent shale layer, we might only want nonzero correction
velocity in this layer.

By forcing the correction velocity to be reasonable (continuous, for example), our esti-
mateddepthcorrection may not fully decorrelate the residual in the first step of the iteration.
For this reason, we must do more than one iteration. We find that for this example, the cor-
rection velocity changes very little after 15 nonlinear iterations, and that 5 nonlinear iterations
gives a decent result.

We admit that our nonlinear iteration may be risky. We have solved a very simple ana-
log to the classic reflection tomography problem, where traveltimes depend both on reflector
position and on velocity. Our approach was to completely decouple optimization of velocity
from correction depth. Modern tomography approaches attempt to simultaneously optimize
reflector position and velocity, and we should attempt to improve our method similarly.

REAL DATA RESULTS

Figure 2 illustrates the experiment. A VSP, donated by Schlumberger, is overlain by first
break picks, obtained by picking from the first trace and crosscorrelating. Layer boundaries
are shown as horizontal lines. Most layers contain more than three time/depth pairs. In some
regions, the waveform is quite crisp, and the picks predictably appear accurate. In other re-
gions, notably after 1.8 seconds, the wavelet coherency and amplitude are degraded, and the
picks appear “jittery”. Nonetheless, we assume a variance of 0.006 seconds in the picked VSP
traveltimes, and compute the equivalent depth uncertainty from equation (9). The inverse of
the depth uncertainty is directly input as the residual weight to equation (10). Figures 3-6 il-
lustrate the scheme we proposed earlier for simultaneously inverting VSP and surface seismic
time/depth pairs for interval velocity.

Figure 3 is the “proof of concept”. We simply add a positive correlated depth error, corre-
sponding to “anisotropy” in layers 2-4, to the VSP time/depth pairs to simulate surface seismic
data. The topmost panel contains the known (solid line) and the estimated (+) velocity per-
turbations. Our algorithm has reconstructed the known velocity perturbation quite well. The
second panel from top shows the depth error produced by backprojecting the known (solid
line) and estimated (+) velocity perturbations. The center panel contains the VSP (v) and
seismic (s) time/depth pairs. The solid line shows the modeled depth, or the backprojected
final estimated velocity. The second panel from bottom shows the estimated velocity func-
tion. Notice that we have declared 4 of the 26 layer boundaries as “hard rock” boundaries,
per equation (6), in order to suppress large residual errors from occuring across the obviously
high-velocity-contrast layer boundaries. Inspecting the bottom panel, we see that the residual
appears uncorrelated.
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Figure 2: Left: Schlumberger VSP, with first break picks (-) and layer boundaries (horizontal
lines). Right: Residual weight associated with first break picks.morgan1-showvsp[ER]
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Figure 4 illustrates that failure to account for correlated errors leads to an undesirable
result. In this case, we add the same correlated depth error as in Figure 3 to simulate seismic
data. Additionally, we add to the seismic data random errors with a standard deviation of
0.024 seconds, four times the assumed standard deviation of the VSP data. Finally, we add
random errors with the same standard deviation (0.024 sec) to the VSP data, in the interval
[1.25 1.46] seconds, to simulate a region of poor geophone coupling. We do not perform the
correlated data error iteration outlined above, but instead simply solve equation (10). The
most important panel to view is the residual panel; without explictly modeling the correlated
errors, least squares optimization simply “splits the difference” between VSP and seismic
error, causing bias in both. The v’s correspond to VSP errors, the s’s to seismic errors.

Figure 5 shows the application of our algorithm to the data of Figure 4. Instantly, we see
that the estimated velocity perturbation and correlated depth error match the known curves
reasonably well. The estimated perturbations don’t match as well as in Figure 3 because of
the random errors. The residual is random, though it appears to be poorly scaled in the region
where we added random noise to the VSP. In fact, we have used the same residual weight as
shown in Figure 2. If we know that we have bad data, we should reduce the residual weight
accordingly. Additionally, we see that the final velocity function doesn’t look as much like the
“known” result of Figure 3, which had no additive random noise.

Figure 6 is the same as Figure 5, save for a change to the residual weight. We reduce the
residual weight in the [1.25 1.46] sec. interval by a factor of 4. We notice first that the residual
is both random and well-balanced. Also note that the estimated final velocity function much
more resembles that of Figure 3, which is good. The modeled data, in the center panel, is
nearly halfway in between the VSP and seismic data in the region of poor VSP data quality,
which makes sense, since we have reduced the residual weight.

The last example underscores an important philosophical point, which we emphasized in
the introduction and in Figure 1. All too often, when different data types fail to match, the
differences are chalked up to the inaccuracy of the “soft data”. In effect, by failing to account
for correlated error, they assume that the soft data has a much larger variance than it really
does. Our algorithm effectively adjusts the mean of the seismic pdf to match the mean of the
VSP pdf.

In this example, we see that after removing the correlated error, the soft data (seismic) has
in fact improved the final result, because the velocity more closely resembles that in Figure 3.
Don’t throw away the data! Use physics to model correlated errors and remove them from the
data. It may not be as soft as you think.
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Figure 3: Proof-of-concept plot. Positive depth perturbation (but no random errors) added to
seismic time/depth pairs.morgan1-misfit1[ER]
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DISCUSSION

We have developed an algorithm to simultaneously invert VSP and seismic time/depth pairs
for interval velocity, in cases when the VSP data contains random errors and the seismic data
contains both random and correlated errors. Our algorithm utilizes a nonlinear iteration, where
we decouple estimation of the correlated depth error and velocity. This decoupling is in general
a risky strategy, and although our results are reasonable, we should explore alternatives.

Extension of the algorithm to 2-D and 3-D is the next important issue. Modern wells are
deviated, and many operators expend considerable resources to acquire “source-over-receiver”
VSP data, in order to ensure vertical raypaths (Noponen, 1995). In this scenario, the subsur-
face is sparsely sampled by the VSP at any given spatial location. The sparsity is the main rea-
son why we parameterize the interval velocity as a piecewise linear function. Layer-constant
velocities are even less parameter-intensive.

We assumed that the errors in VSP data are random. This is likely untrue in practice, but
more research is needed. In the future, we may attempt to estimate correlated error in all data
sources with the nonlinear iteration. We would also like to incorporate additional data types
into our algorithm, such as well logs.
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Figure 4: Random errors added to VSP and seismic data of Figure 3. Correlated errorsnot
handled. Residual is biased.morgan1-misfit2[ER]
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Figure 5: Application of our algorithm to data of Figure 4. Residual is random, but poorly
scaled in region where VSP random errors are larger.morgan1-misfit3[ER]
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Figure 6: Same data as in Figure 5, residual weight reduced in region where VSP random
errors are larger. Here, the “soft” seismic data has actually improved the velocity estimate, as
it more closely resembles Figure 3.morgan1-misfit4[ER]
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A differential scheme for elastic properties of rocks with dry or
saturated cracks

James G. Berryman,1 Steven R. Pride,2 and Herbert F. Wang3

ABSTRACT

Differential effective medium (DEM) theory is applied to the problem of estimating phys-
ical properties of elastic media with penny-shaped cracks, filled either with air or liquid.
These cracks are assumed to be randomly oriented. It is known that such a model captures
many of the essential physical features of fluid-saturated or partially saturated rocks. By
making the assumption that the changes in certain factors depending only on Poisson’s
ratio do not strongly affect the results, it is possible to decouple the equations for bulk
(K ) and shear (G) modulus, and then integrate them analytically. The validity of this
assumption is then tested by integrating the full DEM equations numerically. The analyt-
ical and numerical curves for bothK andG are in very good agreement over the whole
porosity range of interest. Justification of the Poisson’s ratio approximation is also pro-
vided directly by the theory, which shows that, as porosity tends to 100%, Poisson’s ratio
tends towards small positive values for dry, cracked porous media and tends to one-half
for liquid saturated samples. A rigorous stable fixed point is obtained for Poisson’s ratio,
νc, of dry porous media, where the location of this fixed point depends only on the shape
of the voids being added. Fixed points occur atνc = 1/5 for spheres, andνc ' πα/18
for cracks,α being the aspect ratio of penny-shaped cracks. Results for the elastic con-
stants are then compared and contrasted with results predicted by Gassmann’s equations
and with results of Mavko and Jizba, for both granite-like and sandstone-like examples.
Gassmann’s equations do not predict the observed liquid dependence of the shear modulus
G at all. Mavko and Jizba predict the observed dependence of shear modulus on liquid
bulk modulus for small crack porosity, but fail to predict the observed behavior at higher
porosities. In contrast, the analytical approximations derived here give very satisfactory
agreement in all cases for bothK andG.
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INTRODUCTION

The elastic moduli of rock are dependent on its mineral properties, porosity distribution, and
state of saturation. Two major theoretical approaches have been developed to address the prob-
lem of estimating elastic moduli from knowledge of rock constituents and microstructure. Ef-
fective medium theories, which include the classical bounds of Voigt (1928) and Reuss (1929)
and Hashin and Shtrikman (1961,1962) as well as estimates obtained from self-consistent
theories [e.g., Hill (1965), Budiansky (1965), and Berryman (1980a,b)], require a parameter
characterizing the pore distribution. Alternatively, poroelastic constitutive equations (Biot,
1941; Gassmann, 1951) are phenomenological and do not require characterization of matrix
and pore space geometry. However, they contain the fundamental discrepancy that shear mod-
ulus is always independent of saturation state (Berryman, 1999). Although the lack of a shear
dependence on saturating fluid bulk modulus can be correct for special microgeometries and
very low modulation frequencies, this predicted lack of dependence is often contradicted by
high frequency experiments (above∼ 1 kHz), and especially so in rocks with crack porosity.
As a result, Biot’s theory has been modified in various ways. For example, Mavko and Jizba
(1991) partition porosity into “soft” and “stiff” porosity fractions to account for the change of
both bulk modulus and shear modulus with fluid saturation.

Recent comprehensive reviews of the literature on analysis of cracked elastic materials
include Kachanov (1992), Nemat-Nasseret al. (1993), and Kushch and Sangani (2000), as
well as the textbook by Nemat-Nasser and Hori (1993). Some of the notable work on dry
cracked solids using techniques similar to those that will be employed here includes Zim-
merman (1985), Laws and Dvorak (1987), Hashin (1988), and Sayers and Kachanov (1991).
Pertinent prior work on both dry and saturated cracked rocks includes Walsh (1969), Budian-
sky and O’Connell (1976), O’Connell and Budiansky (1974, 1977), Henyey and Pomphrey
(1982), Hudson (1981, 1986, 1990), and Mavko and Jizba (1991).

The purpose of this paper is to obtain approximate analytical results for the elastic moduli
of dry and fully-saturated cracked rock based on Differential Effective Medium (DEM) theory
(Bruggeman, 1935; Clearyet al., 1980; Walsh, 1980; Norris, 1985; Avellaneda, 1987). Penny-
shaped cracks have been used extensively to model cracked materials (Walsh, 1969; Willis,
1980; Kachanov, 1992; Smyshlyaevet al., 1993), but the penny-shaped crack model is itself
an approximation to Eshelby’s results (Eshelby, 1957; Wu, 1966) for oblate spheroids having
small aspect ratio. In order to obtain some analytical formulas that are then relatively easy
to analyze, a further simplifying assumption is made here that certain variations in Poisson’s
ratio with change of crack porosity can be neglected to first order. The consequences of this
new approximation are checked by comparison with numerical computations for the fully
coupled equations of DEM. The agreement between the analytical approximation and the full
DEM for cracked rock is found to be quite good over the whole range of computed porosities.
Justification for the approximation is provided in part by an analysis of the actual variation of
Poisson’s ratio and some further technical justifications are also provided in two appendices.

For simplicity, the main text of the paper treats materials having only crack porosity, and
we consider these models to be granite-like idealizations of rock. A third appendix shows how
the results of the main text change if the model is treated instead as a sandstone-like material
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having finite stiff porosity in addition to the soft, crack porosity.

DIFFERENTIAL EFFECTIVE MEDIUM THEORY

Differential effective medium theory (Bruggeman, 1935; Clearyet al., 1980; Walsh, 1980;
Norris, 1985; Avellaneda, 1987) takes the point of view that a composite material may be con-
structed by making infinitesimal changes in an already existing composite. There are only two
schemes known at present that are realizable,i.e., that have a definite microgeometry associ-
ated with the modeling scheme. The differential scheme is one of these (Norris, 1985; Avel-
laneda, 1987). This fact provides a strong motivation to study the predictions of this theory
because we can have confidence that the results will always satisfy physical and mathematical
constraints, such as the Hashin-Shtrikman bounds (Hashin and Shtrikman, 1961; 1962).

When inclusions are sufficiently sparse that they do not form a single connected network
throughout the composite, it is appropriate to use the Differential Effective Medium (DEM) to
model their elastic behavior (Bergeet al., 1993). If the effective bulk and shear constants of
the composite areK ∗(y) andG∗(y) when the volume fraction of the inclusion phase isy, then
the equations governing the changes in these constants are

(1− y)
dK∗(y)

dy
=
[
K i −K ∗(y)

]
P∗i (1)

and

(1− y)
dG∗(y)

dy
=
[
Gi −G∗(y)

]
Q∗i , (2)

where y is also porosity in the present case and the subscripti stands for inclusion phase.
These equations are typically integrated starting from porosityy= 0 with valuesK ∗(0)= Km

andG∗(0)=Gm, which are assumed here to be the mineral values for the single homogeneous
solid constituent. Integration then proceeds fromy= 0 to the desired highest valuey= φ, or
possibly over the whole range toy = 1. When integrating this way, we imagine the result
is simulating cracks being introduced slowly into a granite-like solid. The same procedure
can be used for a sandstone-like material assuming this medium has starting porosityy = φ0

with K ∗(φ0) = Ks andG∗(φ0) = Gs. Integration then proceeds fromy = φ0 to y = 1. This
introduction of crack (or soft) porosity into a material containing spherical (or stiff) porosity
is conceptually equivalent to the porosity distribution model of Mavko and Jizba (1991). For
simplicity, we will treat the granite-like case here, but the changes needed for other applica-
tions are not difficult to implement, and are treated specifically in Appendix A.

The factorsP∗i andQ∗i appearing in (1) and (2) are the so-called polarization factors for
bulk and shear modulus. These depend in general on the bulk and shear moduli of both the
inclusion, the host medium (assumed to be the existing composite medium∗ in DEM), and
on the shapes of the inclusions. The polarization factors have usually been computed from
Eshelby’s well-known results (Eshelby, 1957) for ellipsoids, and Wu’s work (Wu, 1966) on
identifying the isotropically averaged tensor based on Eshelby’s formulas. These results can
be found in many places including Berryman (1980b, 1995) and Mavkoet al. (1998).
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The special case of most interest to us here is that for penny-shaped cracks, where

P∗i =
K ∗+ 4

3Gi

K i +
4
3Gi +παγ ∗

(3)

and

Q∗i =
1

5

[
1+

8G∗

4Gi +πα(G∗+2γ ∗)
+2

K i +
2
3(Gi +G∗)

K i +
4
3Gi +παγ ∗

]
, (4)

with α being the crack (oblate spheroidal) aspect ratio,γ ∗ = G∗[(3K ∗+G∗)/(3K ∗+4G∗)],
and where the superscript∗ identifies constants of the matrix material when the inclusion
volume fraction isy. This formula is a special limit of Eshelby’s results not included in
Wu’s paper, but apparently first obtained by Walsh (1969). Walsh’s derivation assumes that
K i /Km << 1 andGi /Gm << 1, and makes these approximations before making assumptions
about smallness of the aspect ratioα. By taking these approximations in the opposite order,
i.e., letting aspect ratio be small first and then making assumptions about smallness of the
inclusion constants, we would obtain instead the commonly used approximation for disks.
But this latter approximation is actually inappropriate for the bulk modulus when the inclusion
phase is air or gas (for then the ratioK i /Km << 1) or for the shear modulus when the inclusion
phase is any fluid (for thenGi ≡ 0), as the formulas become singular in these limits. This is
why the penny-shaped crack model is commonly used instead for rocks.

In general the DEM equations (1) and (2) are coupled, as both equations depend on both
the bulk and shear modulus of the composite. This coupling is not a serious problem for nu-
merical integration, and we will show results obtained from integrating the DEM equations
numerically later in the paper. But, the coupling is a problem in some cases if we want ana-
lytical results to aid our intuition. We will now present several analytical results for both bulk
and shear modulus, and then compare these results to the fully integrated DEM results later
on.

Some analytical results forK ∗

We now assume the inclusion phase is a fluid soK i = K f andGi = G f = 0. The fluid can be
either a liquid or a gas. We consider three cases: (1) liquid inclusion:K f >> παγm, (2) gas
inclusion: K f << παγm, (3) general inclusion:K f ' παγm. Case 1 corresponds to liquid
inclusions, Case 2 to gas inclusions, and Case 3 to a circumstance in which crack aspect ratio
is tuned to fluid modulus, or in which we do not want to limit ourselves to the assumptions of
either of the previous two cases.

Liquid inclusion: K f >> παγm

In this limit, it is somewhat more convenient to rewrite the DEM equations in terms of com-
pliances, rather than stiffnesses, so we have

(1− y)
d

dy

(
1

K ∗(y)

)
=
[
K ∗(y)−K f

]
P∗ f /(K ∗)2

=

(
1

K f
−

1

K ∗

)
. (5)
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The only terms that couple the equations for bulk to shear have been readily neglected in
this case, sinceP∗i ' K ∗/K f . Thus, we expect little if any deviation between the analytical
results and the full DEM for the liquid saturated case. We are treating here the granite-like
case such that the limit of zero inclusion volume fraction corresponds toK ∗(0)= Km, i.e., the
bulk modulus of the pure solid. Then, integrating (5) fromy= 0 to y= φ (φ is the resulting
porosity in the composite medium) gives directly(

1

K f
−

1

K ∗

)
=

(
1

K f
−

1

Km

)
(1−φ). (6)

which may be rearranged as(
1

K ∗
−

1

Km

)
=

(
1

K f
−

1

Km

)
φ. (7)

Eqn. (7) can also be obtained as the smallφ limit of Gassmann’s equation when the saturat-
ing fluid is a liquid. Gassmann’s result for the bulk modulus (Gassmann, 1951) is expressible
as

1

K ∗
=

1− θ B

Kdry
, (8)

whereθ = 1−Kdry/Km is the Biot-Willis parameter (Biot and Willis, 1957), andB is Skemp-
ton’s coefficient (Skempton, 1954)

B=
θ/Kdry

θ/Kdry+φ(1/K f −1/Km)
. (9)

Expanding (8) for smallφ gives (7) to first order inφ. Note however that Gassmann’s full
equation (8) has the further advantage that it is valid for all values ofK f (right down to zero),
not just for values in the liquid range.

Eqn. (7) is also the result of Mavko and Jizba (1991) for a granite-like material under
high confining pressure so that the crack-like pores are closed. Their result is stated for a
sandstone-like material including both crack-like pores and other pores. But since we have
not considered the presence of any other pores except the crack-like pores in this argument,
the correct comparison material is just the mineral matrix.

Appendix A shows how to obtain the result of Mavko and Jizba (1991) from a modified
DEM scheme.

Gas inclusion: K f << παγm

For this limit, the stiffness form and the compliance form of the DEM equations are of equal
difficulty to integrate, but a complication arises due to the presence of shear modulus de-
pendence in the termγm in P. We are going to make an approximation (only for analytical
calculations) thatγ ∗ ' K ∗[3(1−2νm)/4(1−ν2

m)], so the effect of variations in Poisson’s ratio
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away fromνm for the matrix material is assumednot to affect the results significantly (i.e.,
to first order) over the range of integration. Without this assumption, the DEM equations for
bulk and shear are coupled and must be solved simultaneously (and therefore numerically in
most cases).

With this approximation, the equation to be integrated then becomes

(1− y)
dK∗(y)

dy
=

1

b

[
K f −K ∗(y)

]
, (10)

where

b=
3πα(1−2νm)

4(1−ν2
m)

. (11)

The result of the integration is

K ∗−K f = (Km−K f )(1−φ)
1
b . (12)

This result seems to show a very strong dependence ofK ∗ on the aspect ratio and Poisson’s
ratio through the productα(1−2ν). But, we show in Appendix B thatν→ νc ' πα/18, so
only the dependence onα is significant.

It seems that this decoupling approximation might have a large effect for a dry system, but
an exact decoupling can be achieved in this case (see Appendix B). The result shows that the
only significant approximation we have made in (11) is one of order 2(νc− νm) and this term
is of the order of 20% ofb, and usually much less, for all the cases considered here.

General inclusion: K f and παγm arbitrary

Making the same approximations as in the previous case forγm, but making no assumption
about the relative size ofK f and the aspect ratio, we find that DEM gives(

K ∗−K f

Km−K f

)(
Km

K ∗

) 1
1+b

= (1−φ)
1

1+b , (13)

which can be rewritten in the form(
1

K f
−

1

K ∗

)(
K ∗

Km

) b
1+b

=

(
1

K f
−

1

Km

)
(1−φ)

1
1+b . (14)

It is now easy to check that (14) reduces to (6) whenb→ 0 and that (14) reduces to (12) when
K f → 0.

Analytical results for G∗

We now consider the same three cases for application of DEM to estimating the shear modulus
G∗.
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Liquid inclusion: K f >> παγm

In this limit, the polarization factor for shear is given by

Q∗ f
'

1

c
+

4G∗

15K f
, (15)

where

1

c
≡

1

5

[
3+

8(1−νm)

πα(2−νm)

]
. (16)

In this case, we have approximatedγ ∗ ' G∗/2(1− νm) in order to decouple theG∗ equation
from the one for bulk modulusK ∗. Note that asy→ 1, we anticipateν∗→ 0.5, so forν∗

in the usual range from 0 to 0.5 the factor (1− ν) varies at most by a factor of 2. Therefore,
the condition onK f is not affected. The parameterc depends on a factor (1− ν)/(2− ν)
which changes at most by a factor of 3/2. Thus, we expect some small deviations between the
analytical formula and the full DEM forG∗ in the liquid saturated case.

Also note that we could argue, in this limit, that the first term on the right hand side of
(15) is dominant and therefore the second term should be neglected. However, for purposes of
comparison with Mavko and Jizba (1991), it will prove helpful to retain the second term.

Integrating the DEM equation, we have

1

G∗
+

4c

15K f
=

(
1

Gm
+

4c

15K f

)
(1−φ)−

1
c . (17)

In the limit of smallc (i.e., smallα) andφ→ 0, we have

1

G∗
−

1

Gm
=

(
4

15K f
+

1

cGm

)
φ+ . . . , (18)

which should be contrasted with the result of Mavko and Jizba [1991] for the same problem

1

G∗
−

1

Gdry
=

4

15

(
1

K ∗
−

1

Kdry

)
. (19)

Because we need some other results to permit the analysis to proceed, a thorough comparison
of the present results with the Mavko and Jizba formula will be postponed to the section on
the ratio of compliance differences.

Gas inclusion: K f << παγm

In this second limit, the equation forG∗ is especially simple, since

Q∗ f
=

1

5

[
1+

8(1−νm)(5−νm)

3πα(2−νm)

]
≡

1

d
(20)
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is a constant under our constant Poisson’s ratio approximation. The DEM equation is then
integrated to obtain

G∗ = Gm(1−φ)
1
d (21)

which should be compared to (12). Within the analytical approximation, we will use (21) as
our defining equation forGdry, and note that we can then replace the volume fraction factor
1−φ by

(1−φ)=

(
Gdry

Gm

)d

(22)

whenever it is convenient to do so.

Our decoupling approximation for shear modulus in this case turns out to be somewhat
better than the corresponding one for the bulk modulus. The result in Appendix B shows that
the only significant approximation we have made in (20) is one of order 0.7(νc− νm) and this
term is of the order of 7% ofd or less for all the cases considered here. The relative error is
therefore about one third of that made in the case of the bulk modulus.

General inclusion: K f and παγm arbitrary

In this more general case, we have

Q∗ f
=

1

c
+

2G∗(2−3g)

15(K f +gG∗)
, (23)

where

g≡
πα

2(1−νm)
. (24)

Again, the DEM equations can be easily integrated and yield

(
G∗

Gm

)( 1
G∗ +

cg
dK f

1
Gm
+

cg
dK f

)1− c
d

= (1−φ)
1
d . (25)

Then, it is easy to check that the two previous cases are obtained whenα→ 0 andK f → 0,
respectively.

EXAMPLES

We now consider some applications of these formulas. We take quartz as the host medium,
havingKm= 37.0 GPa andGm= 44.0 GPa. Poisson’s ratio is then found to beνm= 0.074.
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For liquid saturation, the shear modulus goes to zero as the crack volume fraction in-
creases, while the bulk modulus approaches the bulk modulus of the saturating liquid, which
we take as water here (K f = 2.2 GPa). This means that the effective value of Poisson’s ratio
increases towardsν∗ = 0.5 as the crack volume fraction increases, and thus the approximation
that ν∗ is constant clearly does not hold for this case. We therefore expect that the greatest
deviations of the analytical approximation should occur for the case of liquid saturation.

In contrast, for the dry case, both shear modulus and bulk modulus tend towards zero as
the crack volume fraction increases. Thus, since the trends for both moduli are similar, the
approximation of constant Poisson ratio might hold in some cases, depending whether bulk
and shear moduli go to zero at similar or very different rates with increasing crack volume
fraction.

We consider three cases in Figures 1–6: (1)α = 0.1 for Figures 1 and 2. (2)α = 0.01 for
Figures 3 and 4. (3)α = 0.001 for Figures 5 and 6. The first two cases are easily integrated
for DEM. We use two Runge-Kutta schemes from Hildebrand (1956): equations (6.13.15)
and (6.14.5). When these two schemes give similar results to graphical accuracy, we can be
confident that the step size used is small enough. If they differ or if either of them does not
converge over the range of crack volume fractions of interest, then it is necessary to choose a
smaller step size for integration steps. We found that a step size of1y= 0.01 was sufficiently
small for bothα = 0.1 andα = 0.01, while it was necessary to decrease this step size to
1y = 0.001 for the third case,α = 0.001. (Still smaller steps were used in some of the
calculations to be described later.)

The results show that our expectations for the agreement between the analytical and nu-
merical results are in concert with the results actually obtained in all cases. The analytical ap-
proximation gives a remarkably good estimate of the numerical results in nearly all cases, with
the largest deviations occurring — as anticipated — for the intermediate values of crack vol-
ume fraction in the cases of liquid saturation for the bulk modulus estimates. We consider that
the results of Figures 1–6 are in sufficiently good agreement that they provide cross-validation
of both the numerical and the analytical methods.

For the saturated case, we anticipated little if any deviation for the bulk modulus between
the analytical results and the full DEM as is observed forα = 0.1 andα = 0.01. Larger
deviations are found forα = 0.001. We also observed the anticipated small deviations for the
shear modulus between the analytical formula and the full DEM.

Note that Gassmann’s predictions for bulk modulus are in very good agreement with the
numerical DEM results for saturated cracks andα = 0.001.

For the dry case, we anticipated that the analytical shear modulus formula would be a
somewhat better approximation of the full DEM, than that for the bulk modulus. Both approx-
imations were expected to be quite good. These results are also observed in the Figures.



182 Berryman et al. SEP–108

On improvements

The analytical results obtained here for the dry case could be improved somewhat several
different ways. Instead of replacingν∗ by νm, we could have replaced it by the fixed point
valueνc obtained in Appendix B. Since the fixed point is an attractor and the values rapidly
approachνc for small but finite volume fractions, this approximation would guarantee an im-
proved approximation over most of the range of crack volume fraction. However, it will make
the approximation a little worse in the very small volume fraction region. It has been and will
continue to be a significant advantage for our analysis to have formulas valid in the smallφ

limit, so we have chosen not to do this here. Alternatively, instead of choosing either of the
extreme values ofν∗, we could use their mean, their harmonic mean, or their geometric mean,
etc., with similar benefits and drawbacks. Or, we could make direct use of the results from
Appendix B for the decoupled equation for Poisson’s ratio. This approach will improve the re-
sults over the whole range of volume fractions, but will complicate the formulas considerably.
We want to emphasize, however, that our goal here has not been to achieve high accuracy in
the analytical approximation, but rather to gain insight into what the equations were comput-
ing and why. Having accomplished this even with the simplest approximationν∗ ' νm, we do
not think it fruitful to dwell on this issue and we will therefore leave this part of the subject
for now. For the interested reader, some additional technical justifications of the analytical
approximation are provided in Appendix C.

Next we want to do more detailed comparisons between these results and those of Gassmann
(1951) and of Mavko and Jizba (1991) in the remainder of the paper.

RATIO OF COMPLIANCE DIFFERENCES

We have already seen that there are several advantages of the differential scheme presented
here for purposes of analysis. Another advantage will soon become apparent when we analyze
the ratio of the compliance differences

R=
1/G∗−1/Gdry

1/K ∗−1/Kdry
. (26)

This ratio is of both theoretical and practical interest. It is of practical interest because it is
often easier to measure bulk moduli, and it would therefore be possible to estimate the shear
behavior from the bulk behavior if the ratioR were known to be either a universal constant,
or a predictable parameter. Mavko and Jizba (1991) show that this ratio is given byR' 4/15
when the differences between the dry and the starred quantities are due to a small amount of
soft (crack-like) porosity that is liquid filled for the starred moduli. The derivation of this ratio
makes it clear that the valueR= 4/15 is actually an upper bound,i.e., a value that cannot
be exceeded for such systems, but also a value that clearly is not achieved for many systems
lacking such soft porosity. In particular, it was already known by Mavko and Jizba (1991)
that R' 0 when the microgeometry of all the porosity is spherical. The crack-like porosity in
Mavko and Jizba’s model has finite compressiblity normal to its plane and is incompressible
in the plane of the crack. Thus, their soft porosity can be thought of as cracks whose aspect
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Figure 1: Bulk modulus for dry and liquid saturated cracked porous media withα = 0.1. Full
DEM calculation is shown as a solid line for the saturated case and as a dot-dash line for the
dry case. The analytical approximations in the text are displayed as a dashed line for both dry
and saturated cases. Agreement between full DEM and analytical approximation is excellent
in both cases. Gassmann’s prediction is shown by the dotted line.jim1-allk1pg [NR]

ratios approach zero. Goertz and Knight (1998) have also done a parameter study showing
that a related ratio (RGm/Km) is generally less than 4/15 for oblate spheroids and it tends
to zero as the oblate spheroids’ aspect ratios approach unity. It would be helpful to see this
behavior directly in the equations, and it is the purpose of this section to show this behavior
analytically.

Each of the four material constants appearing in (26) can be computed/estimated using
the DEM. But,R is normally defined only in the limit of very small values of soft porosity,
in which case both the numerator and the denominator tend to zero. This type of limit is
well-known in elementary calculus, and the result is given by L’Hôpital’s rule:

R=
d(1/G∗−1/Gdry)/dy

d(1/K ∗−1/Kdry)/dy
. (27)

From this form ofR, it is now quite easy to relate the ratio to theP’s andQ’s discussed earlier.
In particular, we find that

(1− y)
d

dy
(1/G∗−1/Gdry)=

2K f

5Gm

παγm−2Gm/3

παγm(K f +παγm)
(28)

and

(1− y)
d

dy
(1/K ∗−1/Kdry)=−

K f

παγm(K f +παγm)

(
1+3πα(1−2νm)/4(1−ν2

m)
)
, (29)
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Figure 2: Shear modulus for dry and liquid saturated cracked porous media withα = 0.1.
Full DEM calculation is shown as a solid line for the saturated case and as a dot-dash line
for the dry case. The analytical approximations in the text are displayed as a dashed line for
both dry and saturated cases. Agreement between full DEM and analytical approximation is
again excellent in both cases. The Mavko-Jizba (1991) prediction is shown by the dotted line.
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Figure 3: Same as Figure 1 forα = 0.01. jim1-allk01pg [NR]
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Figure 4: Same as Figure 2 forα = 0.01. Note that the Mavko-Jizba agreement is poor except
at low porosities (<∼ 2%). jim1-allmu01pmj_25[NR]
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Figure 5: Same as Figure 1 forα = 0.001. Gassmann (1951) is in very good agreement with
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Figure 6: Same as Figure 2 forα = 0.001. Again, note that the Mavko-Jizba prediction is in
poor agreement except at very low porosities (<∼ 0.2%). jim1-allmu001pmj [NR]

and therefore that

R=
4

15

(
1−

3πα

4(1−νm)

)(
1+3πα(1−2νm)/4(1−ν2

m)
)−1

. (30)

[For sandstones, we could instead evaluate (30) aty = φ0 andν(φ0) = νs. It is only the soft,
crack-like porosity that needs to be very small for (30) to be applicable.] Equation (30) is an
exact expression for the ratios of these two slopes when the calculation starts aty = 0 and
ν(0)= νm. It depends only on the aspect ratioα and Poisson’s ratioνm of the mineral. It
shows a sublinear decrease ofR with increasingα, and the value ofR reaches zero when
αc = 4(1− νm)/3π . Because the formulas used for the penny-shaped crack model are valid
only for very low aspect ratios, this latter behavior should not be taken literally. We do expect
R to decrease as the aspect ratio increases, and the trend should be to zero, but this zero value
should only be achieved atα = 1. This is the type of behavior observed, for example, by
Goertz and Knight (1998). We will check the quantitative predictions by doing a numerical
study here for oblate spheroids as a function of aspect ratio. The results will be similar to
those obtained by Goertz and Knight (1998), but not identical for several reasons: (1) Goertz
and Knight plotRGm/Km (instead ofR) for the Mori-Tanaka method (Benveniste, 1987), (2)
the R values presented here are for an infinitesimal change in soft porosity, and (3) the present
calculation is (therefore) actually not dependent on the type of effecive medium approximation
used, only on the Eshelby (1957) and Wu (1966) factorsP andQ.

The appropriate expressions forP andQ for oblate spheroids can be found in Berryman
(1980b). We repeat the analysis given above in (27)–(29) step by step for oblate spheroids.
The results are shown in Figure 7, together with the results obtained using the penny-shaped
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cracks as presented already in Equation (30). We see that the results agree completely for
α’s smaller than about 0.001, and are in qualitative agreement over most of the rest of the
range. As already discussed, the penny-shaped crack model is a limiting approximation for
the oblate spheroids, and deviations from the curve for oblate spheroids do not have physical
significance; they merely indicate the degree of error inherent in this choice of approximation
scheme. The results for oblate spheroids should be considered rigorous.

DISCUSSION AND CONCLUSIONS

Discussion

We began the paper by pursuing the differential effective medium predictions for the bulk
and shear moduli in a cracked material in which the cracks can be either gas-saturated (dry)
or liquid-saturated. The DEM equations can be integrated numerically without serious diffi-
culty for the exact model of oblate spheroids of arbitrary aspect ratio, but the full formulas for
oblate spheroids are rather involved. In order to make progress on analytical expressions, part
of the effort was directed towards study of the penny-shaped crack model of Walsh (1969).
This model is not too difficult to analyze if an additional approximation is entertained. The
problem for analysis is that the ordinary differential equations for bulk and shear moduli are
coupled. If they can be decoupled either rigorously or approximately, then they can be inte-
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grated analytically. We accomplished the decoupling for the penny crack model by assuming
that changes in Poisson’s ratio occurring in those terms proportional to the aspect ratio are
negligible to first order. This permits the decoupling to occur and the integration to proceed.
We could subsequently check the analytical results against the full DEM integration for penny-
shaped cracks, which showed that the analytical results were in quite good agreement with the
numerical results.

To attempt to understand why the analytical results worked so well, we studied the behav-
ior of Poisson’s ratio for the same system, and found that, as the porosity increases, for the dry
systems Poisson’s ratio tends to a small positive value on the order ofπα/18, whereα is the
aspect ratio, and for liquid saturated systems it tends towards 1/2 in all cases. These results
permit error estimates for the analytical formulas showing that errors will always be less than
about 5%–20%, depending on the aspect ratio and the porosity value.

We have also shown that the Mavko and Jizba (1991) proportionality factor of 4/15 relat-
ing the differences in shear compliances to the differences in bulk compliances for cracked
systems is an upper bound and that this upper bound is approximately achieved forα ≤

0.001. The proportionality factor decreases monotonically with increasing aspect ratio of
oblate spheroids, and vanishes identically for spheres atα = 1.

Conclusions

The analytical approximation made in this paper seems to be very effective at capturing the
first order behavior of the bulk and shear moduli for cracked porous media in both the dry
and saturated cases. The resulting formulas are not rigorous, unlike Gassmann’s formulas
for low frequency behavior, but these approximate formulas nevertheless have a wider range
of validity (considering both porosity and frequency ranges) than either Gassmann (1951) or
Mavko and Jizba’s (1991) results.

We believe these results will, at the very least, provide a helpful way of understanding
the behavior of these complex systems, and may also provide a stepping stone towards more
general formulas in the future.

APPENDIX A – SANDSTONE-LIKE SAMPLE CALCULATIONS

The main focus of the paper is on the effects of addition of cracks to pre-existing materials.
When cracks are added to homogeneous background, we think of this as being a granite-like
material. This case has been treated in the main text. To show the generality of the method,
we want to give a brief treatment of the sandstone-like situation of a material having a pre-
exisiting porosityφ0 in this appendix. This porosity may itself be either liquid saturated or
gas saturated (dry). For simplicity, we will assume here thatφ0 is liquid saturated when liquid
saturated cracks are to be added, dry when dry cracks are to be added.

There are two further alternatives to be considered. First, cracks may be added randomly
to the pre-existing material. Second, cracks may be added preferentially to the porosity-free
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host material. We discuss these two cases in turn.

Random addition of cracks

Random addition of inclusions is the case considered in the main text, so the DEM equations
themselves do not change. We use (1) and (2) as before, but the range of integration changes to
the interval starting aty= φ0 up to y= φ = φ0+φcrack. The only differences in the resulting
formulas are that (a) everywhere the factor (1−φ) appeared before it is now replaced by the
ratio (1−φ)/(1−φ0), and (b) everywhereKm andGm appeared these material constants are
replaced byK (φ0) andG(φ0). So, for example, equation (6) becomes

1

K f
−

1

K ∗
=

(
1

K f
−

1

K (φ0)

)(
1−φ

1−φ0

)
(31)

Whenφcrack << (1−φ0), we can rewrite this expression as

1

K ∗
−

1

K (φ0)
=

(
1

K f
−

1

K (φ0)

)(
φcrack

1−φ0

)
(32)

This formula still differs from the Mavko and Jizba (1991) result, but the difference is never-
theless expected because their derivation does not assume random placement of cracks. We
can resolve this discrepancy when we make use of an assumption of preferential addition of
cracks in the next subsection.

Preferential addition of cracks

The factor (1− y) on the left hand sides of both (1) and (2) arises from the need to account for
the fact that, when an inclusion is placed in a composite, the volume of the inclusion replaces
not only host material, but also some of the other inclusion material previously placed in the
composite. Wheny is the inclusion volume fraction, the remaining host volume fraction is
(1− y). So random replacement ofdy of the composite medium only replaces (1− y)dy
of the host material. Replacing insteaddy/(1− y) of the composite then gives the correct
factor ofdy host replacement; thus, the factor of (1− y) is required in (1) and (2) for random
inclusion placement at finite values ofy.

If we now assume instead that the inclusions are place preferentially in pure host material
(and this gets progressively harder to do in practice for larger integrated overall inclusions
fractionsy), then the DEM equations must be modified to account for this situation.

For example, with preferential addition of inclusions, it is clear from the preceding con-
siderations that DEM equation (5) is replaced by

d

dy

(
1

K ∗

)
'

1

K f
−

1

Km
. (33)

Integrating (33) gives

1

K ∗
−

1

K (φ0)
=

(
1

K f
−

1

Km

)
φcrack. (34)
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The validity of this result clearly depends onφ0 being sufficiently small so that it is possible
to find enough pure host material to which cracks can be added “randomly.” Takingφ0→ 0
guarantees satisfaction of the requirement, but the approximation must eventually break down
asφ0→ 1.

Eqn. (34) is almost the corresponding result of Mavko and Jizba (1991). Mavko and Jizba
use as their comparison state the dry porous material, assuming that no cracks are present or
that, when present, they are closed due to applied external pressure. We can also obtain the
same result using (33), but nowK ∗(φ0)= Kdry(φ0), so the integration has a different starting
value than in the previous paragraph. Then, we find

1

K ∗M J

−
1

Kdry(φ0)
=

(
1

K f
−

1

Km

)
φcrack. (35)

Eqn. (35) is exactly the corresponding result of Mavko and Jizba (1991). Although the right
hand sides of (34) and (35) are identical, the results differ,i.e., K ∗ 6= K ∗M J , since the assumed
host material is fluid saturated in the first case and dry in the second case.

APPENDIX B – POISSON’S RATIO FOR DRY CRACKS

When the cracks are taken to be dry, so thatK i = Gi = 0 in (1) and (2), it turns out that an
elegant decoupling of the DEM equations is possible [also see Zimmerman (1985) and Hashin
(1988)]. If we consider the parameter ratioG∗/K ∗ = 3(1− 2ν∗)/2(1+ ν∗), we find that it
satisfies the equation

(1− y)
d ln(G∗/K ∗)

dy
=−

3(1− y)

(1+ν∗)(1−2ν∗)

dν∗

dy
= P∗i −Q∗i . (36)

Furthermore, it is generally true for dry inclusions (not just for penny-shaped cracks) that both
P∗i and Q∗i are functions only of the same ratioG∗/K ∗, or equivalently of Poisson’s ratio
ν∗. Thus, we can solve (36) for eitherν∗ or the ratio of moduli, without considering any other
equation.

It is also important to notice that the dimensionless polarization factorsP andQ are both
often close to unity, and furthermore that it is possible that, for special values of Poisson’s ratio,
we might findP∗i = Q∗i . If this happens for some critical valueν∗= νc, then the equation (36)
guarantees that this value of Poisson’s ratio will be preserved for all values of porosity, since
the right hand side vanishes initially, and therefore always. Such a critical value is usually
called afixed pointof the equations, and such fixed points can be eitherstableor unstable.
If they are unstable, then a small deviation from the critical point causes a rapid divergence
of Poisson’s ratio from the fixed point. If they are stable, then a small deviation produces
a situation in which the value of Poisson’s ratio gradually (asymptotically) approaches the
critical value. When this happens, we say the fixed point is anattractor. For the DEM equation
(36), a fixed point that is an attractor will only be reached in the limitφ→ 1, but the value
of Poisson’s ratio will change fairly rapidly in the direction of the attractor when the first
cracks are added to the system. Such behavior of Poisson’s ratio has been noted before by
Zimmerman (1994) and by Dunn and Ledbetter (1995), among others.
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For penny-shaped cracks, we have

P∗i −Q∗i =
4(1−ν∗2)

3πα(1−2ν∗)
−

1

5

[
1+

8(1−ν∗)(5−ν∗)

3πα(2−ν∗)

]
, (37)

which has a fixed point approximately (using one step of a Newton-Raphson iteration scheme)
at

νc =
2πα

36+5πα
. (38)

This shows that, whenα is very small, Poisson’s ratio for the dry cracked material tends
toward small positive values. For somewhat larger values ofα, Poisson’s ratio approaches a
value proportional toα and on the order ofπα/18.

For comparison, consider spherical void inclusions [see Berryman (1980) for the general
expressions forP andQ]. Then, we have

P∗i −Q∗i =
1+ν∗

2(1−2ν∗)
−

2(4−5ν∗)

7−5ν∗
, (39)

which has a fixed point at

νc =
1

5
. (40)

This result has been remarked upon previously by Zimmerman (1994). Similarly considering
needle-shaped void inclusions, we have

P∗i −Q∗i =
2(1+ν∗)

3(1−2ν∗)
−

1

5

[
7

3
+2(3−4ν∗)

]
, (41)

which has a fixed point at

νc =
1

8

[
7−
√

29
]
' 0.20185. (42)

Dunn and Ledbetter (1995) have shown that all the prolate spheroids have critical Poisson’s ra-
tios close to that for spheres. We see that needles, being the extreme case of prolate spheroids,
is in agreement with this result.

Dunn and Ledbetter (1995) have shown that disk-shaped inclusions (which are achieved
by taking oblate spheroids to theα = 0 limit) have a critical Poisson’s ratio ofνc = 0. This
result and the others obtained above are collected for comparison in TABLE 1.

TABLE 1. Fixed points of equation (36) for commonly considered inclusion shapes.

Shape νc

Needle ∼ 0.202
Sphere 1

5
Penny ∼ 2πα

36+2.245πα

Disk 0
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TABLE 2. Typical values of Poisson’s ratio for various solid materials contained in rocks. See
for example Mavkoet al. (1998).

Mineral νm

Quartz 0.06 – 0.08
Corundum 0.24
Dolomite 0.20 – 0.30
Calcite 0.29 – 0.32

Feldspar 0.32 – 0.35

To clarify the behavior of the solution of (36), we will do an approximate analysis by
expanding the right hand side aroundν = 0 and also note that for smallν, G∗/K ∗ ' 3(1−
3ν∗)/2. Then, (36) becomes

(1− y)
dν∗

dy
'

1

15
−

6ν∗

5πα
, (43)

which can easily be integrated to yield

(
πα

18
−ν∗)' (

πα

18
−νm)(1−φ)

1
h (44)

whereνm is the starting, or in our case the mineral, value of Poisson’s ratio, and

h= 5πα/6. (45)

A more precise, and therefore more tedious, analysis of the right hand side of (37) gives the
improved approximation (38) for the asymptotic value ofνc.

In Figure 8, we show the actual results for Poisson’s ratio from the full DEM in the same
three examples shown in Figures 1–6. The starting value of Poisson’s ratio isνm = 0.0742.
For comparison, TABLE 2 contains a listing of various Poisson’s ratios for minerals that could
be important in rocks in order to show the range of behavior observed in nature. Except for
different starting locations, we expect the qualitative behavior of the curves for Poisson’s ratio
to closely follow that of Figure 8 and (44) in all cases.

[Technical note concerning the dry case: Forα = 0.1, the Runge-Kutta scheme used to
solve the coupled DEM equations forK ∗ andG∗ was sufficiently accurate thatν∗ could be
computed from these values. However, forα = 0.01 and 0.001, the accuracy obtained was
not sufficient, so we instead used the same Runge-Kutta scheme but applied it directly to (36).
This approach gave very stable results.]

Figure 9 compares the results for oblate spheroids to those of penny-shaped cracks; both
curves are obtained by finding the zeros ofP−Q numerically. To provide additional insight,
the curveν = 2πα

36+2.245πα
[which was obtained by using the functional form of (38) and fitting

the coefficient in the denominator atα = 1] is also shown. We see that the results for penny-
shaped cracks deviate substantially from those of oblate spheroids asα→ 1, but they are in
agreement at lower values ofα ≤ 0.001. The deviations from the results for oblate spheroids,
again, are not physical and should simply be viewed as artifacts introduced by the very low
aspect ratio limiting procedure used to obtain the approximate formulas for penny-shaped
cracks.
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Figure 8: Asymptotic behavior of Poisson’s ratio as a function of crack volume fraction for
three values ofα: 0.1, 0.01, 0.001. The asymptotic value for saturated samples is always
νc = 1/2. For dry samples, the asymptotic value depends on the geometry of the inclusion,
and therefore onα for cracks. The limiting valueνc ' πα/18 is a stable attractor of the DEM
equations, as is observed in this figure.jim1-nu_long [NR]

APPENDIX C – TECHNICAL JUSTIFICATION OF THE APPROXIMATION FOR γ

It is inherent in the mathematical form of all DEM schemes that they always give correct
values and slopes of the curves for small values of the inclusion volume fraction, and that they
always give the right values (but not necessarily correct slopes) at high volume fractions. We
see that these expectations are fulfilled in all the examples shown here.

The approximations made in the text to arrive at analytical results were chosen as a conve-
nient means to decouple the equations for bulk and shear moduli, which are normally coupled
in the DEM scheme. For theliquid saturatedcase, the approximations for bulk modulus are
very good for all values of aspect ratio, but for shear modulus the exponent determined by
(16) can deviate as much as a factor of 2/3. The value chosen is the maximum value possible,
guaranteeing that the analytical approximation will always be a lower bound for this case.

In contrast, for the case ofdry cracks, the approximations for the shear modulus are ex-
pected to be somewhat better than those for the bulk modulus. The analytical approximation
is again expected to be a lower bound for the full DEM result for the shear modulus. Analysis
for the bulk modulus is more difficult in this limit as it requires checking that the ratioG∗/K ∗

remains finite as the porosityφ→ 1, and this would be difficult to establish if Poisson’s ratio
were going toν = 1/2, as it does for the liquid saturated case. But, Appendix B shows that
Poisson’s ratio actually tends to a value of aboutνc ' πα/18, so there is no singularity in the
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K ∗ behavior for this case. This feature is also confirmed by the numerical results.
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oclib

An out-of-core optimization library

Paul Sava1

ABSTRACT

This paper introduces aFortran90 out-of-core optimization library designed for large-
scale problems. The library is centered around the filtering operators and gradient solvers
currently in use at SEP.

MOTIVATION

Migration and modelling are adjoint operators. The industrial practice is to use migration
(the adjoint operator) instead of inversion (the inverse operator), since the adjoint and inverse
operators are not too different from each-other. In various circumstances, however, we can find
it useful to experiment with inversion rather than migration, either to asses the quality of our
approximations, or to shape our images according to various styling goals.

Since our model and data spaces can be rather large for realistic problems, and since the
memory of our computers, although growing, is still not large enough to solve all our problems
in-core, I introduce a library that can be used to perform out-of-core optimization.

The main features of the library are: an adjustable memory parameter specifying the
amount of data that can be loaded in core at a given time; support for both real and complex
optimization; various gradient solvers mimmicking those introduced in Clearbout’s most re-
cent book (Geophysical Estimation by Example); and various commonly-used operators (like
helicon or polydiv ).

This paper is designed to be more of a reference to the library than a tutorial, although I
also present a simple program which illustrates how the library operates.

INTRODUCTION

Geophysical data analysis often calls for reconstruction of a model of the Earth’s subsurface
(the model,m) from measurements of a physical quantity recorded at some distance (the data,
D). The relationship between the model and the data are often non-linear. However, in practice,

1email: paul@sep.stanford.edu
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we linearize this relationship, so that we can formulate and attempt to solve a problem in linear
form.

Mathematically, we can represent our optimization problem through an equation like

Lm≈ D,

whereL is the linearized operator relating the modelm and the dataD (Claerbout, 1999).

Common industrial practice is to recover the model by applying the adjoint of the operator
L to the recorded data

m≈L∗D,

whereL∗, the adjoint operator, is an approximation to the operator we would really like to
apply,L−1.

The adjoint approximation is not only very convenient to use, but it also appears to produce
good results in practice. However, there are situations when, given thatL is not at all unitary,
the model we produce is only a distant approximation of the true one.

In the particular case of seismic imaging, the model (reflectivity map) and the data (seismic
data) are extremely large. It becomes therefore, completely infeasible to computeL−1 other
than by an iterative application of the operatorL and its adjoint. Furthermore, the model and
the data are far too large to be kept in the RAM memory of current computers.

A solution for the large size problems is to implement inversion in an out-of-core fashion,
where only limited chunks of the model and data are kept in memory at any given time. This
is the purpose of the optimization library I am introducing in this paper.

Generally speaking, the types of problems that can be solved using this library are regu-
larized inversion in standard form[

WL

εA

]
m≈

[
WD

0

]
, (1)

or in its preconditioned form [
WLP

ε I

]
p≈

[
WD

0

]
, (2)

whereA is a regularization operator,W is a weighting operator,P is a preconditioning oper-
ator, andp is the preconditioned form ofm.

The operatorsL, A, W , P are application-dependent and therefore have to be externally
implemented, likely in an out-of-core manner, by the user of the library. All other operations
needed to solve the inversion problem are build intooclib .

Although other languages allow for more creative implementation, this entire library is
implemented inFortran90 mainly because this is still the programming language of choice in
scientific computing and also the language most commonly used at SEP (Claerbout, 1999).
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Applications

Several applications, including some presented in the current report, use this library. Here is a
very brief description of some:

• Wave-equation migration velocity analysis

The inversion solves the problem in Equation (1), where the modelm is represented
by slowness perturbation, and the dataD is given by the measured image perturbation
(Biondi and Sava, 1999; Sava and Biondi, 2000).

• Least-squares inversion

The inversion solves the problem in Equation (1), where the modelm is the seismic
image in the angle-domain, andD is the recorded seismic data (Prucha et al., 2001;
Rickett, 2001).

Interface design

The library operates with two fundamental objects, model/data vectors and operators. All vec-
tors are SEP files stored on a disk, and are represented inside the library as SEP file tags
(Nichols et al., 1994). The operators are function calls that must conform with the following
interface:function oc_operator(adj,add, x_,yy_, op1 . . . op9) result(stat)

where

• stat [logical] is a success flag

• adj [logical] is a flag signaling the adjoint operator

• add [logical] is a flag specifying if the result of the operator is to be added to the output

• x_ [char(len=128)] is a file tag in the model space

• yy_ [char(len=128)] is a file tag in the data space

• op1 . . . op9 [integer,optional] are (9) secondary operators used by the main operator.

The remaining of this paper functions as a reference of the main functions and subroutines
available in the current version ofoclib . Appendices F and F present a simple example (the
Makefile and the main program). Next table presentes a list of the mainFortran90 modules
that compose the library.
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Algebraic operations on files moduleoc_file_mod

moduleof_filealgebra_mod

moduleoc_filter_mod

Out-of-core operators moduleoc_adjnull_mod

moduleoc_scale_mod

moduleoc_weight_mod

moduleoc_helicon_mod

moduleoc_polydiv_mod

moduleoc_laplacian_mod

moduleoc_helocut_mod

moduleoc_dottest_mod

moduleoc_combine_mod

Out-of-core gradient solvers moduleoc_solver_mod

moduleoc_solverreg_mod

moduleoc_solverpre_mod

moduleoc_sd_mod

moduleoc_cg_mod

moduleoc_cgstep_mod

moduleoc_cd_mod

moduleoc_gmres_mod

Out-of-core LSQR solvers moduleoc_lsqr_mod

moduleoc_lsqrreg_mod

moduleoc_lsqrpre_mod

The appendices A, B, C, and D present a detailed description of the interfaces for the main
functions and subroutines in each module.
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APPENDIX A

Module oc_file_mod

1. Purpose: defines thefileinfo type and basic operations on files.

2. Types

(a) fileinfo:

member type description

name character(len=128) :: file tag
nd integer :: number of file dimensions

esize integer :: file element size
n integer(nd) :: SEPlib n for file
o real(nd) :: SEPlib o for file
d real(nd) :: SEPlib d for file

blon integer :: number of blocks
bloe integer :: number of elements in a block
blob integer :: number of bytes in a block

3. Functions and subroutines

(a) subroutine oc_allocatefile(file, t_, maxmem)

Purpose: allocate an object of typefileinfo

(b) subroutine oc_deallocatefile(file)

Purpose: deallocate an object of typefileinfo

(c) subroutine oc_infofile(file)

Purpose: print the file informations

(d) subroutine oc_checksimilarity(file1,file2,caller)

Purpose: check if two files have identical spaces and elements

• caller : string identifying the caller (optional)

(e) subroutine oc_checkspace(file1,file2,caller)

Purpose: check if two files have identical spaces

• caller : string identifying the caller (optional)

(f) function oc_allocate(tmp,name,esize,n,o,d) result(t_)

Purpose: allocate a new file

• t_ : file tag

• tmp : flag for temporary files

• name: file name

• esize : SEPlib esize (optional)

• n,o,d : SEPlib n,o,d (optional)
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(g) function oc_clone(tmp, t0_,name, maxmem) result(t_)

Purpose: duplicate the structure of a file in a new file

• t_ : new file tag

• tmp : flag for temporary files

• t0_ : old file tag

• name: new file name

(h) subroutine oc_append(t_,s_, maxmem)

Purpose: append the contents of files_ at the end of filet_

(i) subroutine oc_adddim(t_, nnew)

Purpose: add a new axis to a file

• nnew: SEPlib n

(j) subroutine oc_shapeheader(t_, esize, n,o,d)

Purpose: shape a file header

• t_ : file tag

• name: file name

• esize : SEPlib esize

• n: SEPlib n

• o,d : SEPlib o,d (optional)

(k) subroutine oc_print(t_, maxmem)

Purpose: print the contents of a file

Module oc_filealgebra_mod

1. Purpose: defines algebraic operations on files

2. Functions and subroutines

(a) function oc_rdp(t1_,t2_,maxmem) result(dp)

Purpose: dot product of two real files

• t1_ : vector of file tags

• t2_ : vector of file tags

(b) function oc_cdp(t1_,t2_,maxmem) result(dp)

Purpose: dot product of two complex files

• t1_ : vector of file tags

• t2_ : vector of file tags

(c) subroutine oc_assign(t_, sca, maxmem)

Purpose: assign a value to an entire file

• sca : scalar (real or complex)
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(d) subroutine oc_linear(t0_, ti_, scai, maxmem)

Purpose: linear combinations of files

• t_ : output file tag

• ti_ : vector of input file tags

• scai : vector of scalars to multiply the file tags

(e) subroutine oc_random(t_, scale, maxmem)

Purpose: fill a file with random numbers (real or complex)

• scale : scaling factor for the ramdom numbers

(f) subroutine oc_complexify(t_, maxmem)

Purpose: complexify a file

(g) subroutine oc_mask(k_,t_,maxmem)

Purpose: mask a file with another file

• k_ : mask file tag

• t_ : data file tag

(h) subroutine oc_product(t0_, ti_, maxmem)

Purpose: product of files

• t0_ : product file tag

• ti_ : vector of input file tags

(i) function oc_norm(t_, maxmem) result(norm)

Purpose: return the norm of a vector

• t_ : vector of file tags

• norm : (real) norm of the data in filet_

(j) subroutine oc_normalize(t_, magnitude, maxmem)

Purpose: normalize a file

• t_ : vector of file tags

• magnitude : magnitude of the data in filet_

Module oc_filter_mod

1. Purpose: definitions of the out-of-core helix filters

2. Types

(a) rfilter:
member type description

flt real(:) filter coefficients
lag integer(:) filter lags

(b) cfilter:
member type description

flt complex(:) filter coefficients
lag integer(:) filter lags
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3. Functions and subroutines

(a) subroutine allocatehelix(aa, nh)

Purpose: allocate space for the filter coefficients

• aa: helix filter (real or complex)

• nh: number of coefficients

(b) subroutine deallocatehelix(aa)

Purpose: deallocate filter space

• aa: helix filter (real or complex)

(c) subroutine buildfilter(ff,x_,fbox,nf,maxmem)

Purpose: build a helix filter

• ff : output filter (real or complex)

• x_ : file tag for the filtering space

• fbox : multidimensional array with the filter coefficients

• nf : number of coefficients

(d) subroutine printfilter(ff,nf)

Purpose: print the filter coefficients

• ff : filter (real or complex)

• nf : number of coefficients
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APPENDIX B

Module oc_adjnull_mod

1. Purpose: nullify the output of an operator

2. Functions and subroutines

(a) subroutine oc_adjnull(adj,add, x_,yy_)

Purpose: nullify operator output

Module oc_scale_mod

1. Purpose: scaling operator

2. Functions and subroutines

(a) subroutine oc_scale_init(eps,maxmem)

Purpose: initialize the scaling operator

• eps : scaling parameter (real or complex)

(b) function oc_scale(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: scaling operator

Module oc_weight_mod

1. Purpose: weighting operator

2. Functions and subroutines

(a) subroutine oc_weight_init(w_,maxmem)

Purpose: initialize the weighting operator

• w_: weighting file tag (real or complex)

(b) function oc_weight(adj,add, x_,yy_, op1 . . . op9) result(stat)

Purpose: weighting operator

Module oc_helicon_mod

1. Purpose: convolution on a helix

2. Functions and subroutines

(a) subroutine oc_helicon_init(aa,maxmem)

Purpose: initialize the helicon operator
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• aa: helix filter (real or complex)

(b) function oc_helicon(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: helical convolution

Module oc_polydiv_mod

1. Purpose: polynomial division on a helix

2. Functions and subroutines

(a) subroutine oc_polydiv_init(aa,maxmem)

Purpose: initialize polydiv

• aa: helix filter (real or complex)

(b) function oc_polydiv(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: helical polynomial division

Module oc_laplacian_mod

1. Purpose: Laplacian and similar operators.

2. Functions and subroutines

(a) oc_laplacian_init(t_,nf,niter,maxmem)

Purpose: initialize the laplacian operators

• t_ : filtering file tag

• nf : number of filter coefficients

• niter : number of Wilson iterations

(b) subroutine oc_laplacian_factor(bb,t_,nf,niter,maxmem)

Purpose: find a laplacian minimum-phase factor

• bb: laplacian minimum-phase factor (real or complex)

• t_ : filtering file tag

• nf : number of filter coefficients

• niter : number of Wilson iterations

(c) function oc_laplacian(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: laplacian operator

(d) function oc_ilaplacian(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: inverse laplacian operator

(e) function oc_hderivative(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: helix derivative operator

(f) function oc_ihderivative(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: inverse helix derivative operator
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Module oc_helocut_mod

1. Purpose: Helix low-cut filter

2. Functions and subroutines

(a) subroutine oc_helocut_init(aa,maxmem)

Purpose: initialize the helocut operator

• aa: helix filter (real or complex)

(b) function oc_helocut(adj,add, x_,yy_,op1 . . . op9) result(stat)

Purpose: helix low-cut filter

Module oc_dottest_mod

1. Purpose: dot product test on out-of-core operators

2. Functions and subroutines

(a) subroutine oc_dottest_init(no_add,adj_first,maxmem)

Purpose: init dot product test

• no_add : skip DP test foradd=.true.

• adj_first : start DP test with the adjoint

(b) subroutine oc_dottest(oper, x_,yy_,op1 . . . op9)

Purpose: dot product test

• oper : out-of-core operator
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Module oc_combine_mod

1. Purpose: combined out-of-core operators.

2. Functions and subroutines

(a) subroutine oc_chain(A,B,C adj,add, x_,yy_,op1 . . . op9)

Purpose: chain operators (overloaded)

D=Am

D=ABm

D=ABCm

• A,B,C : out-of-core operators

(b) subroutine oc_row(A1,A2, adj,add, x1_,x2_,y1_,op1 . . . op9)

Purpose: row combined operator

[A1 A2]

[
m1

m2

]
= D

• A1,A2 : out-of-core operators

(c) subroutine oc_column11(A1,eps,A2, adj,add, x_,y1_,y2_, maxmem,op1 . . .

op9)

Purpose: [
A1

εA2

]
m=

[
D1

D2

]
• A1,A2 : out-of-core operators

• eps : scaling factor

(d) subroutine oc_column20(A1,B1,eps, adj,add, x_,y1_,y2_, maxmem,op1 . . .

op9)

Purpose: [
A1B1

ε I

]
m=

[
D1

D2

]
• A1,B1 : out-of-core operators

• eps : scaling factor

(e) subroutine oc_column21(A1,B1,eps,A2, adj,add, x_,y1_,y2_, maxmem,op1

. . . op9)

Purpose: [
A1B1

εA2

]
m=

[
D1

D2

]
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• A1,A2,B1 : out-of-core operators

• eps : scaling factor

(f) subroutine oc_column30(A1,B1,C1,eps, adj,add, x_,y1_,y2_, maxmem,op1

. . . op9)

Purpose: [
A1B1C1

ε I

]
m=

[
D1

D2

]
• A1,B1,C1, : out-of-core operators

• eps : scaling factor
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APPENDIX C

Module oc_solver_mod

1. Purpose: implements a basic least-squares gradient solver

Lm≈ D

R=Lm0−D
iterate {

g=L∗R
G=Lg
(m,R)←−step (m,R,g,G)
}

2. Functions and subroutines

(a) subroutine oc_solver_init(niter,maxmem,verb,mmovie,dmovie,resstop)

Purpose: initialize the basic solver

• niter : iterations number

• verb : verbose flag (optional)

• mmovie: model movie output flag (optional)

• dmovie : data movie output flag (optional)

• resstop : stop iterations at this residual power (optional)

(b) subroutine oc_solver( L,S, x_,yy_, x0_,res_,op1 . . . op9)

Purpose: simple solver

• L: out-of-core linear operator

• S: gradient step

• x0_ : starting model tag

• res_ : residual tag
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Module oc_solverreg_mod

1. Purpose: implements a regularized least-squares gradient solver

[
WL

εA

]
m≈

[
WD

0

]
[

Rd
Rm

]
=

[
WL
εA

]
m0−

[
WD

0

]
iterate {

g=
[
L∗W∗ εA∗

][ Rd
Rm

]
[

Gd
Gm

]
=

[
WL
εA

]
g

(
m,
[

Rd
Rm

])
←−step

(
m,
[

Rd
Rm

]
,g,
[

Gd
Gm

])
}

2. Functions and subroutines

(a) subroutine oc_solverreg_init(niter,eps,maxmem,verb,mmovie,dmovie,resstop,rescale)

Purpose: initialize the regularized solver

• niter : iterations number

• eps : scaling factor

• verb : verbose flag (optional)

• mmovie: model movie output flag (optional)

• dmovie : data movie output flag (optional)

• resstop : stop iterations at this residual power (optional)

• rescale : rescale model (optional)

(b) subroutine oc_solverreg( L,A,S, x_,yy_, nreg, W ,k_,x0_,res_,op1 . . . op9)

Purpose: regularized solver

• L: out-of-core linear operator

• A: out-of-core regularization operator

• S: gradient step

• nreg : dimension of the regularization output

• W: out-of-core weighting operator

• k_ : data mask tag

• x0_ : starting model tag

• res_ : residual tag
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Module oc_solverpre_mod

1. Purpose: implements a preconditioned least-squares gradient solver

[
WLP

ε I

]
p≈

[
WD

0

]
[

Rd
Rm

]
=

[
WLP

ε I

]
p0−

[
WD

0

]
iterate {

g=
[
P ∗L∗W∗ ε I

][ Rd
Rm

]
[

Gd
Gm

]
=

[
WLP

ε I

]
g

(
p,
[

Rd
Rm

])
←−step

(
p,
[

Rd
Rm

]
,g,
[

Gd
Gm

])
}

m=Pp

2. Functions and subroutines

(a) subroutine oc_solverpre_init(niter,eps,maxmem,verb,mmovie,dmovie,resstop,rescale)

Purpose: initialize the preconditioned solver

• niter : iterations number

• eps : scaling factor

• verb : verbose flag (optional)

• mmovie: model movie output flag (optional)

• dmovie : data movie output flag (optional)

• resstop : stop iterations at this residual power (optional)

• rescale : rescale model (optional)

(b) subroutine oc_solverpre( L,P,S, x_,yy_, npre, W ,k_,p0_,res_,op1 . . . op9)

Purpose: preconditioned solver

• L: out-of-core linear operator

• P: out-of-core preconditioning operator

• S: gradient step

• npre : dimension of the preconditioning output

• W: out-of-core weighting operator

• k_ : data mask tag

• p0_ : starting model tag

• res_ : residual tag
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Module oc_sd_mod

1. Purpose: steepest descent step

SD(m,R,g,G) {

α =−
(G∗·R)
(G∗·G)

{
m=m+αg
R= R+αG

}

2. Functions and subroutines

(a) integer function oc_sd(forget,x_,g_,rr_,gg_,s_,ss_,maxmem)

• forget : re-initialize operator

• x_ : model file tag

• g_: gradient file tag

• rr_ : residual file tag

• gg_ : conjugate gradient file tag

• s_ : previous step file tag

• ss_ : conjugate previous step file tag

Module oc_cg_mod

1. Purpose: conjugate-gradient descent step

CG(m,R,g,G) {

β =
‖gk‖

2

‖gk−1‖
2

{
s= g+βs
S=G+βS

α =−
‖g‖2

‖S‖2

{
m=m+αs
R= R+αS

}

2. Functions and subroutines

(a) integer function oc_cg(forget,x_,g_,rr_,gg_,s_,ss_,maxmem)

• forget : re-initialize operator

• x_ : model file tag

• g_: gradient file tag

• rr_ : residual file tag

• gg_ : conjugate gradient file tag

• s_ : previous step file tag

• ss_ : conjugate previous step file tag
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Module oc_cgstep_mod

1. Purpose: conjugate-gradient descent step

CGSTEP(m,R,g,G) {

1= (G∗ ·G) (S∗ ·S)− (S∗ ·G) (G∗ ·S)

α =− 1
1

[
+ (S∗ ·S) (G∗ ·R)− (G∗ ·S) (S∗ ·R)

]
β =− 1

1

[
− (G∗ ·S) (G∗ ·R)+ (G∗ ·G) (S∗ ·R)

]
{

m=m+αg+βs
R= R+αG+βS

}

2. Functions and subroutines

(a) integer function oc_cgstep(forget,x_,g_,rr_,gg_,s_,ss_,maxmem)

• forget : re-initialize operator

• x_ : model file tag

• g_: gradient file tag

• rr_ : residual file tag

• gg_ : conjugate gradient file tag

• s_ : previous step file tag

• ss_ : conjugate previous step file tag

Module oc_cd_mod

1. Purpose: conjugate-directions descent step

CD(m,R,g,G) {

βi =−
(G∗·S)
(S∗·S)


s= g+

k−1∑
1

βi si

S=G+
k−1∑

1
βi Si

α =−
(S∗·R)
(S∗·S)

{
m=m+αs
R= R+αS

}

2. Functions and subroutines

(a) integer function oc_cd(forget,x_,g_,rr_,gg_,s_,ss_,maxmem)
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• forget : re-initialize operator

• x_ : model file tag

• g_: gradient file tag

• rr_ : residual file tag

• gg_ : conjugate gradient file tag

• s_ : previous step file tag

• ss_ : conjugate previous step file tag

Module oc_gmres_mod

1. Purpose: generalized minimum-residual descent step

GMRES(m,R,g,G) {

βi =−
(g∗·gi )
(g∗i ·gi )


g= g+

k−1∑
1

βi gi

G=G+
k−1∑

1
βi Gi

γ =
(g∗·g)(

g∗k−1·gk−1

) {
s= g+γ s
S=G+γ S

α =−
(g∗·g)
(S∗·S)

{
m=m+αs
R= R+αS

}

2. Functions and subroutines

(a) integer function oc_gmres(forget,x_,g_,rr_,gg_,s_,ss_,maxmem)

• forget : re-initialize operator

• x_ : model file tag

• g_: gradient file tag

• rr_ : residual file tag

• gg_ : conjugate gradient file tag

• s_ : previous step file tag

• ss_ : conjugate previous step file tag
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APPENDIX D

Module oc_lsqr_mod

1. Purpose simple LSQR solver

Lm≈ D

m= 0
U= D β =

√
‖ U ‖2 U= 1

β
U

v=L∗U α =
√
‖ v ‖2 v= 1

α
v

w= v
ρ̄ = α φ̄ = β

iterate {
U=−αU U= U+Lv
β =

√
‖ U ‖2 U= 1

β
U

v=−βv v= v+L∗U
α =

√
‖ v ‖2 v= 1

α
v

ρ =
√

ρ̄2+β2

c= ρ̄

ρ
ρ̄ =−cα

s= β

ρ
θ = sα

φ = cφ̄ φ̄ = sφ̄
t1=

φ

ρ
t2=−

θ
ρ

m=m+ t1w
w= v+ t2w
}

2. Functions and subroutines

(a) subroutine oc_lsqr_init(niter,maxmem,verb,movie)

Purpose: initialize the simple LSQR solver

• niter : iterations number

• verb : verbose flag (optional)

• movie : movie output flag (optional)

(b) subroutine oc_lsqr( L, x_,yy_,op1 . . . op9)

Purpose: simple LSQR solver

• L: out-of-core linear operator
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Module oc_lsqrreg_mod

1. Purpose: regularized LSQR solver

[
WL

εA

]
m≈

[
WD

0

]

m= 0[
Ud
Um

]
=

[
WD

0

]
β =

√
‖ U ‖2 U= 1

β
U

v=
[
L∗W∗ εA∗

][ Ud
Um

]
α =

√
‖ v ‖2 v= 1

α
v

w= v
ρ̄ = α φ̄ = β

iterate {

U=−αU
[

Ud
Um

]
=

[
Ud
Um

]
+

[
WL
εA

]
v

β =
√
‖ U ‖2 U= 1

β
U

v=−βv v= v+
[
L∗W∗ εA∗

][ Ud
Um

]
α =

√
‖ v ‖2 v= 1

α
v

ρ =
√

ρ̄2+β2

c= ρ̄

ρ
ρ̄ =−cα

s= β

ρ
θ = sα

φ = cφ̄ φ̄ = sφ̄
t1=

φ

ρ
t2=−

θ
ρ

m=m+ t1w
w= v+ t2w
}

2. Functions and subroutines

(a) subroutine oc_lsqrreg_init(niter,eps,maxmem,verb,movie)

Purpose: initialize the regularized LSQR solver

• niter : iterations number

• eps : scaling factor

• verb : verbose flag (optional)

• movie : movie output flag (optional)

(b) subroutine oc_lsqrreg( L,A, x_,yy_,nreg,W,op1 . . . op9)

Purpose: regularized LSQR solver

• L: out-of-core linear operator
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• A: out-of-core regularization operator

• nreg : dimension of the regularization output

• W: out-of-core weighting operator

Module oc_lsqrpre_mod

1. Purpose: preconditioned LSQR solver

[
WLP

ε I

]
p≈

[
WD

0

]

p= 0[
Ud
Um

]
=

[
WD

0

]
β =

√
‖ U ‖2 U= 1

β
U

v=
[
P ∗L∗W∗ ε I

][ Ud
Um

]
α =

√
‖ v ‖2 v= 1

av

w= v
ρ̄ = α φ̄ = β

iterate {

U=−αU
[

Ud
Um

]
=

[
Ud
Um

]
+

[
WLP

ε I

]
v

β =
√
‖ U ‖2 U= 1

β
U

v=−βv v= v+
[
P ∗L∗W∗ ε I

][ Ud
Um

]
α =

√
‖ v ‖2 v= 1

α
v

ρ =
√

ρ̄2+β2

c= ρ̄

ρ
ρ̄ =−cα

s= β

ρ
θ = sα

φ = cφ̄ φ̄ = sφ̄
t1=

φ

ρ
t2=−

θ
ρ

p= p+ t1w
w= v+ t2w
}

m=Pp

2. Functions and subroutines

(a) subroutine oc_lsqrpre_init(niter,eps,maxmem,verb,movie)

Purpose: initialize the preconditioned LSQR solver

• niter : iterations number

• eps : scaling factor
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• verb : verbose flag (optional)

• movie : movie output flag (optional)

(b) subroutine oc_lsqrpre( L,P, x_,yy_,npre,W,op1 . . . op9)

Purpose: preconditioned LSQR solver

• L: out-of-core linear operator

• P: out-of-core preconditioning operator

• npre : dimension of the preconditioning output

• W: out-of-core weighting operator
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APPENDIX E

m.H:

Spike n1=50 n2=30 nsp=6 \

k1=17,34,27,20,33,41 l1=17,34,27,20,33,41 \

k2=1,2,15,18,29,30 l2=1,2,15,18,29,30 \

mag=-1,1,1,-1,1,-1 >$@

d.H: m.H $B/OCsimple

< m.H Window >d.H

OCsimple operation=1 model=m.H data=d.H maxmem=600 >$n

view1: m.H d.H

< m.H Merge axis=3 space=n d.H | Window |\

Grey pclip=100 gainpanel=a eout=1 > j.T

< j.T Grey color=g bias=0.5 | Tube

i.H: d.H $B/OCsimple

< m.H Window | Scale rscale=0. >$@

OCsimple operation=2 model=i.H data=d.H \

maxmem=600 niter=20 eps=0.02 verb=y >$n

view2: d.H i.H m.H

< m.H Merge axis=3 space=n d.H i.H| Window |\

Grey pclip=100 gainpanel=a eout=1 > j.T

< j.T Grey color=g bias=0.5 \

titles=model:data:inversion | Tube

dot: m.H d.H $B/OCsimple

OCsimple operation=0 model=m.H data=d.H maxmem=600 >$n
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APPENDIX F

program OCsimple

use sep

use oc_global_mod

use oc_file_mod

use oc_dottest_mod

use oc_cgstep_mod

use oc_solver_mod

use oc_laplacian_mod

implicit none

logical :: verb

character(len=128) :: x_,yy_,t_, name

integer :: maxmem, stat, niter, nf, operation

type(fileinfo) :: file

type(cfilter) :: aa

real :: eps

call sep_init()

call from_param("operation",operation,0)

call from_param("maxmem",maxmem)

call from_param("verb",verb,.false.)

call from_param("nf",nf,5)

call from_param("niter",niter,10)

call from_param("eps",eps,1.0)

x_= "model"; call auxinout(x_ )

yy_="data" ; call auxinout(yy_)

name="test.H"; t_=oc_clone(F, x_,name,maxmem)

call sep_close()

!! operator init

call oc_allocatefile(file, x_, maxmem)

call oc_infofile(file)

do while(2*nf+1 > file%n(1))

nf=nf-1

end do

call oc_deallocatefile(file)

call oc_laplacian_init(x_,nf,10,0.0,maxmem)

select case(operation)

case(0) !! dot product test

call oc_dottest_init(maxmem=maxmem)

call oc_dottest(oc_laplacian, x_,yy_)

case(1) !! simple forward operator

stat = oc_laplacian(F,F,x_,yy_)

case(2) !! inversion

call oc_solver_init(niter,maxmem,verb)

call oc_solver(oc_laplacian,oc_cgstep,x_,yy_)

case default

call seperr("missing operation")

end select

call exit (0)

end program OCsimple
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Coherent noise attenuation: A synthetic and field example

Antoine Guitton1

ABSTRACT

Noise attenuation using either a filtering or a subtraction scheme is achieved as long as the
prediction error filter (PEF), which (1) filters the coherent noise in the first method and (2)
models the noise in the second one, can be accurately estimated. If a noise model is not
known in advance, I propose estimating the PEF from the residual of a previous inverse
problem. At this stage, the filtering and subtraction method give similar results on both
synthetic and real data. However the subtraction method can more completely separate
the noise and signal when both are correlated.

INTRODUCTION

In a previous report (Guitton, 2000), I presented two methods specifically designed to obtain
independent and identically distributed (iid) residual components. When this requirement is
met, the inversion of the data becomes stable with fast convergence toward a minimum and at-
tenuation of the coherent noise present in the data. These two inversion strategies are (1) use of
a prediction error filter (PEF) to approximate the noise covariance matrix and (2) addition of a
coherent noise modeling operator in the fitting goal. The first method filters the coherent noise
while the second separates the coherent noise by subtraction. The subtraction method has the
advantage to mitigate the correlation between signal and noise by introducing a regularization
term into the inverse problem.

This paper is divided into two parts. Firstly, I use the filtering method to attenuate coherent
noise with both synthetic and real data. I show that the signal/noise separation is efficient as
long as the PEF used to approximate the noise covariance matrix renders the noise spectrum
accurately. Secondly, I use the subtraction method on the same data to separate noise from
signal. Although both methods yield similar attenuation of the coherent noise, I anticipate that
the subtraction method has the potential to handle the correlation between the noise and signal.

APPROXIMATING THE NOISE COVARIANCE MATRIX WITH A PEF

To address the delicate problem of estimating the noise covariance matrix (Tarantola, 1987),
while building on Claerbout and Fomel (1999), I have proposed to use a PEF for the approx-
imation (Guitton, 2000). The PEF is estimated from a noise model or from the residual of a

1email: antoine@sep.stanford.edu
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previous inversion. In this paper, I show that both methods filter the noise components as long
as the PEF incorporates enough spectral information for the noise. Because the noise covari-
ance matrix is supposed to filter out the inconsistent part of the data (the coherent noise), I call
this method the filtering method. It is based on the following fitting goal:

0≈ An(Hm−d), (1)

whereAn is a PEF estimated from the residual or from a noise model,H denotes a seismic
operator,m is the model we seek, andd the seismic data. The corresponding least-squares
inverse, or the pseudo-inverse ofm, is given by the equation

m̂= (H′A′nAnH)−1H′A′nAnd, (2)

where (′) is the adjoint operator. The model space is computed iteratively rather than by using
the direct inversion described in equation (2). I use two distinct strategies to compute the PEF
An needed in equation (1). With the first strategy, I derive a noise model from which a PEF
is estimated and kept unchanged, whereas with the second one, I compute the PEF from the
residual. I have slightly modified my inversion scheme described in my earlier report (Guitton,
2000). I propose the following algorithm when the PEF is estimated from the residual:

1. Solve the inverse problem for the fitting goal0≈ Hm - d.

2. Estimate a PEFAn from the residual when only coherent noise remains in the residual.

3. Restart the inverse problem (m= 0) for the fitting goal in equation (1).

4. Iterate with the new PEF.

5. Reestimate the PEFAn from the residualHm - d.

6. Go to step (4).

7. Stop when the residual has a white spectrum.

The novelty of this algorithm is that the first PEF is not estimated from the data but rather from
the residual of a previous inverse problem where no PEF is used in the fitting goal. This has the
advantage of isolating the coherent noise more accurately, thus furnishing a satisfying noise
model for the PEF estimation. This algorithm can be seen as a two-stage process in which the
first stage helps to estimate a first PEF for our inversion and the second stage reestimates the
PEF iteratively. Determining when to stop the inversion to compute the first PEF is critical:
too many iterations and the coherent noise is fitted, too few and some signal remains in the
residual. The filtering method is viable if the operatorH does not model the coherent noise
properly. In other words, the signal is expected to be orthogonal to the coherent noise for
proper attenuation.

The sections that follow describe the application of this method with synthetic and real
data. For each case, I estimate the PEF from a noise model or from the residual of a previous
inversion. My results demonstrate that both methods lead to a proper attenuation of the noise
components.
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Filtering the coherent noise in synthetic data

I designed a synthetic case where noise and signal are completely separable. Figure 1a shows
the synthetic CMP gather. The data are made of eleven hyperbolic events overlaid by a monochro-
matic event plus some Gaussian zero mean random noise.H is the velocity stack operator. In
the next two sections, I show that the noise filtering is achieved with or without a noise model.

• Filtering with a noise model

The noise model I use is shown in Figure 2a; it contains both the monochromatic event and the
random noise. The first parameter I set is the size of the PEF. Because the coherent noise of
this dataset was extremely predictable, it seemed that a one dimensional PEF with three coeffi-
cients PEF should suffice, but surprisingly, it did not. Figure 2b displays the inverse spectrum
of the PEF with three coefficients (a=3,1 ). Clearly, the estimated noise spectrum does not re-
semble the coherent noise spectrum in Figure 1b. Using 30 coefficients (a=30,1 ) significantly
improved the matching (Figure 2c). According to this result, I chose a 30 coefficients PEF and
iterated for the fitting goal in equation (1).

Figures 3a and b show, respectively, the estimated model space after inversion and the
reconstructed data. No footprint of the coherent noise appears in either space. In addition, the
residual (Figure 3c) is reasonably white, indicating that the inversion algorithm converged.
The “real” residual in Figure 3d, which measures the difference between the input data and
the reconstructed data, displays only the undesirable coherent noise.

Figure 1: (a) Synthetic data. (b) The amplitude spectrum of the data in panel a.
antoine1-datasynth[ER]
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Figure 2: (a) A coherent noise model used for the synthetic data examples. (b) The inverse
spectrum of the PEF estimated from the noise model, with 3 coefficients. (c) The inverse
spectrum of the PEF estimated from the noise model, with 30 coefficients.antoine1-pefs
[ER]

• Filtering without a noise model

The PEF (a=30,1 ) is now iteratively updated. The first stage of this method is to iterate with no
PEF in the fitting goal and then to estimate the PEF after a certain number of iterations from
the residual. I iterated 10 times before estimating the filter. Figure 4a displays the residual after
10 iterations and its corresponding spectrum in Figure 4b. As expected, the residual is mostly
noise, which makes the first PEF estimation reliable.

In the second stage, after the first PEF calculation, the model space is reset to zero and the
conjugate gradient (the iterative solver I used) is restarted. Figure 4c shows the residual after
the first iteration. The coherent noise has been properly attenuated. The spectrum in Figure 4d
shows almost no trace of the monochromatic event. I then recomputed the PEF after every 10
iterations. The outcome of this process, displayed in Figure 5, is comparable to that in Figure
3.

Filtering the coherent noise in real data

The real data example I discuss here inspired the preceding synthetic gather. Figure 6a shows
the CMP gather, 6b its amplitude spectrum, 6c the noise model obtained by simple low-pass
filtering of the CMP gather plus random noise, and 6d the amplitude spectrum of the model.
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Figure 3: Filtering the coherent noise in synthetic data with a noise model. (a) An esti-
mated model space. (b) Reconstructed data using the model space. (c) The weighted residual
(r = Ar (Hm−d)) after inversion. (d) The difference between the input data in Figure 1a and
the reconstructed data in 3b.antoine1-c-synth[ER,M]
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Figure 4: (a) The residual of the filtering scheme without a PEF after 10 iterations. (b) The
amplitude spectrum of the residual. (c) The residual after the first iteration with a PEF (esti-
mated from the residual in 4a) in the fitting goal. (d) The amplitude spectrum of the residual
in 4c. The noise spectrum has vanished from the residual.antoine1-s-synth-rec[ER]
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Figure 5: Filtering the coherent noise in synthetic data without a noise model.(a) An esti-
mated model space. (b) Reconstructed data using the model in 5a. (c) The weighted residual
(r = Ar (Hm−d)) after inversion. (d) The difference between the input data in Figure 1a and
the reconstructed data in 5b.antoine1-c-synth-rec[ER]
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Three types of noise appear in the data:

1. A low-velocity, low-frequency event that corresponds to the main target of the noise
attenuation process.

2. Amplitude anomalies that are both local (offset 0.9 km and time 2.7 s) and trace related
(offset 1.9 km).

3. A time shift near offset 2 km.

The next two sections present the results of the noise filtering methods when the real data set
is used, demonstrating that the coherent noise can be filtered with a single 1-D PEF.

• Filtering with a noise model

In this particular case, because I was assuming stationary signal and noise, I used one PEF
for the entire dataset. The coherent noise is not completely linear and the noncontinuity of the
coherent noise as displayed in Figure 6c indicates that a one-dimensional PEF is preferable.
I choose a 30-coefficient filter (a=30,1 ) to make sure that the PEF absorbs enough spectral
information from the residual.

The result of the inversion is displayed in Figure 7. The residual (Figure 7c) is not per-
fectly white, but the coherent noise has been filtered out. Because the noise model does not
incorporate them, the remaining artifacts are the amplitude anomalies.

The remaining very weak dipping event in the residual (Figure 7c) needs to be understood.
To investigate this issue, I show in Figure 8a the spectrum of the input data; in 8b, the residual
before the first iteration; and in 8c, the residual after the inversion ends. We can see that the
estimated PEF has eliminated almost all the coherent noise spectrum with a remaining tiny
peak at 10 Hertz. As the iterations go on (between Figures 8b and c), the peak does not change
in amplitude and becomes relatively more important in the spectrum of the residual, which
explains why some coherent information remains in the residual.

The bimodal shape of the spectrum in Figure 8c shows one mode around 10 Hertz for the
coherent noise, and one mode around 30 Hertz for the amplitude anomalies. Because I did not
reestimate the PEF iteratively, I will not get any whiter residual. I think that a nonstationary
PEF would treat the noise more efficiently (Guitton et al., 2001). The limited accuracy of the
filter I used for the entire residual caused the imperfect attenuation.

• Filtering without a noise model

As an alternative to using a noise model, I estimate the PEF iteratively. Once again, in the first
stage of this method, I iterate with no PEF in the fitting goal and then estimate the PEF after
a certain number of iterations from the residual. I iterated 35 times before estimating the first
filter. The number of iterations turns out to be an important element in the final separation.
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Figure 6: (a) A real CMP gather. (b) The amplitude spectrum of this gather. (c) A noise model
obtained by low-passing the data and adding random zero-mean Gaussian noise. (d) The am-
plitude spectrum of the noise model.antoine1-datawz[ER]
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Figure 7: Filtering the coherent noise in real data with a noise model. (a) An estimated
model space. (b) Reconstructed data using this model space. (c) The weighted residual
(r = Ar (Hm−d)) after inversion. (d) The difference between the input data in Figure 6a and
the reconstructed data in 7b.antoine1-c-syntwz08[ER,M]
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Figure 8: Filtering the coherent noise in real data with a noise model. (a) The amplitude spec-
trum of the input data in Figure 6a. (b) The amplitude spectrum of the residual before the
first iteration. (c) The amplitude spectrum of the residual after inversion.antoine1-sp-wz08
[ER,M]

Figures 9a and b shows the spectrum of the residual during the first stage for 10 and 35
iterations. After 10 iterations, I have one peak at 10 Hertz, and a second peak around 30 Hertz.
If I estimate a PEF after 10 iterations, it will absorb the two remaining events. The separation
tends to be very sensitive to the second peak. Because it overlaps with the signal spectrum,
the noise spectrum at 30 Hertz should be avoided in the PEF. I then decided to estimate a PEF
after 35 iterations (Figure 9b) since the second peak was considerably attenuated. Figure 9c
shows the inverse spectrum of the PEF estimated from the residual with the spectrum in Figure
9b. The main features of the spectrum are correctly absorbed in the filter.

In the second stage of the inversion scheme, I reestimated the PEF only twice during the
remaining 38 iterations. There were 73 iterations in total, 35 iterations for the first stage and
38 for the second. Figure 10 displays the final results. In Figure 10c, the residual appears fairly
white with little coherent information left. However, there remains a very weak background
event with the same slope as the coherent noise I wish to attenuate.

To investigate this problem further, I compute the spectrum of the residual after the inver-
sion ends. Figure 11a shows the spectrum of the input data; Figure 11b, the spectrum of the
residual; and Figure 11c, the same spectrum at a smaller scale. The residual looks white with
a slightly higher peak at 10 Hertz, which explains the residual in Figure 10c. Nonetheless, the
final result is, I think, very satisfactory and compares favorably with the result displayed in
Figure 7 when a noise model is known.
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To demonstrate the usefulness of a PEF in the fitting goal (equation (1)) further, I com-
puted a comparison, shown in Figure 12, of the normalized objective functions for the iterative
scheme with and without a PEF. The PEF clearly improves the optimization.

Figure 9: The amplitude spectrum of the residual in the first stage after (a) 10 iterations and
(b) 35 iterations. (c) The inverse spectrum of the PEF estimated from the residual with the
spectrum in 9b; as expected, 9c resembles 9b.antoine1-sp3-wz08[ER]

Discussion of the filtering method

Using a PEF to approximate the covariance matrix (equation (1)) leads to a proper filtering
of the coherent noise present in the data. Nonetheless, this PEF has to estimate accurately the
noise pattern. If a noise model does not exist, the PEF can be calculated from the residual of a
previous inverse problem in which no attempt has been made to attenuate the noise.

The next section describes what I call the subtraction method which does not filter the
noise but rather predicts it. This method has the ability to decrease the effects of signal/noise
correlations.

SUBTRACTING COHERENT NOISE

In contrast to the filtering method which attenuates the coherent noise by approximating the
noise covariance matrix with a PEF, the following method aims to model the coherent noise
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Figure 10: Filtering the coherent noise in real data without a noise model. (a) An estimated
model space. (b) The reconstructed data using the model space. (c) The weighted residual
(r = Ar (Hm−d)) after inversion. (d) The difference between the input data in Figure 6a and
the reconstructed data in 10b.antoine1-c-wz08-rec[ER]
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Figure 11: Filtering the coherent noise in real data without a noise model. (a) The amplitude
spectrum of the input data in Figure 6a. (b) The amplitude spectrum of the residual after
inversion. (c) The amplitude spectrum of the residual after inversion using a smaller scale than
in 11b. antoine1-sp2-wz08[ER]

Figure 12: Convergence of the itera-
tive schemes with or without a PEF
for seven iterations. The PEF (contin-
uous and dotted lines) allows the best
convergence.antoine1-conv[ER]
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and then subtract it from the input data. This method is based on the addition of a coherent
noise modeling operator to the fitting goal (Nemeth, 1996) as follows:

0≈ Hms+A−1
n mn−d, (3)

whereH is the signal modeling operator,ms denotes the model for the signal,An is a PEF that
models the coherent noise present in the datad, andmn denotes the model for the noise. This
method is based on the central assumption that the datad result from the addition of noisen
and signals. Thus, ideally, each operatorH andAn models a different part of the data. The
PEFAn and the operatorH have different physical units. To balance the two operators, I use
the fitting goal

0≈ Hms+γ A−1
n mn−d, (4)

where

γ =
‖H′d‖2
‖A−1′

n d‖2
. (5)

The constantγ is computed at the first iteration and kept constant. If I setB = γ A−1
n , I can

write the fitting goal in the following form:

0≈
(

H B
)(ms

mn

)
−d. (6)

With L = (H B) andm′ = (ms mn), the fitting goal becomes

0≈ Lm −d, (7)

which leads to the familiar normal equations

L ′Lm = L ′d (8)

that can be written as (
H′H H ′B
B′H B′B

)(
ms

mn

)
=

(
H′

B′

)
d. (9)

Based on the results derived in the appendix (equation (34)), the least-squares inverse ofm is(
m̂s

m̂n

)
=

(
(H′RnH)−1H′Rn

(B′RsB)−1B′Rs

)
d, (10)

whereRs= I −H(H′H)−1H′ andRn = I −B(B′B)−1B′.
H(H′H)−1H′ is the signal resolution matrix andB(B′B)−1B′ is the noise resolution matrix.
With d= s+n, we have

Rsd ≈ Rsn, (11)

Rnd ≈ Rns. (12)
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The operatorsRs andRn perform signal and noise filtering, respectively. These operators are
also called projectors and discussed in detail by Guitton et al. (2001) in this report. We can
see that equation (10) for the signal modelms resembles equation (2), except for the filtering
operatorRn. In other words,A′nAn in equation (2) plays the role ofRn in equation (10). The
correct separation of the signals and noisen depends on the invertibility of the Hessians
H′RnH andB′RsB in equation (10) (Nemeth, 1996).

The signal/noise separation is perfect if the signal and noise operators predict distinct parts
of the data. The separation becomes more difficult if the two operators overlap. However,
Nemeth (1996) has proven that the Hessians can be inverted if we introduce some regular-
ization in the fitting goal. Hence, the noise prediction can proceed even if signal and noise
are correlated. For instance, if we use a model space regularization (Fomel, 1997), we can
consider

0 ≈ Lm −d, (13)

0 ≈ εCm, (14)

where

C=
(

Cs 0
0 Cn

)
(15)

is the covariance operator for the modelm. It is important to keep in mind thatε does not have
to be the same for the noise model covariance and the signal model covariance. As proven
in the appendix (equation (39)), forε constant, the least-squares solution of the regularized
problem is (

m̂s

m̂n

)
=

(
(H′RnH+ ε2C′sCs)−1H′Rn

(B′RsB+ ε2C′nCn)−1B′Rs

)
d. (16)

The regularization operator can also include cross-terms accounting for the correlation be-
tween signal and noise, as follows:

C=
(

Cs Csn

Csn Cn

)
. (17)

Although I have not explored this possibility, the regularization clearly offers the possibility
to better separate noise and signal when the two components are correlated.

With respect to the filtering method, I concluded that a noise model is not mandatory as
long as we can derive it iteratively using a two-stage process. Accordingly, I used the following
algorithm to accomplish the separation with the subtraction method:

1. Solve0≈ Hms−d.

2. Estimate a PEFAn from the residual.

3. Restart a new inverse problem for the fitting goal in equation (4).
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4. Stop when the residual has a white spectrum.

With the data in my study, I did not reestimate the PEF iteratively because I noticed that the first
filter was accurate enough to predict the noise. However, for more complicated noisy events,
an iterative scheme might be preferable. In the next section, I use the subtraction scheme to
separate coherent noise from synthetic and real data. So far, no regularization is included in
the inversion.

Subtracting the coherent noise in synthetic data

For this first series of tests, I used the synthetic data in Figure 1. The first stage, after which
I estimate a PEF from the residual, took 45 iterations. The filter is one-dimensional with 30
coefficients (a=30,1 ). In the second stage, I use the inverse of the filter as the noise modeling
operator shown in equation (4).

The subtraction results in a reduction of the noise similar to that with the filtering method.
Figure 13 shows the result of the inversion. The residual (Figure 13d) is white, the model space
is well resolved with all the curvatures present (Figure 13a), and the noise model (Figure 13c)
clearly displays the linear coherent noise. The top and bottom of the residual (Figure 13d) were
masked to avoid edge effects caused by the helical boundary conditions. Figure 13b shows the
reconstructed data. This result compares favorably with that in Figure 3b. Finally, Figure 14a
compares the amplitude spectrum of the input data (Figure 14a) and of the residual (Figure
14b). Obviously, the residual energy is very small.

Subtracting the coherent noise in real data

For purposes of comparison, I used the CMP gather of Figure 6 again. The filter size is as
before (a=30,1 ). I iterated 45 times before estimating the PEF for the coherent noise. Then I
iterated 20 times, for a total of 65 iterations.

The coherent noise attenuation again resembles that obtained with the filtering approach.
In Figure 15, I show the result of the inversion. Figure 15a displays the model space, Figure
15b the reconstructed data from 15a, Figure 15c the noise model for the data (A−1

n mn), and
Figure 15d the residual. The noise model is mainly composed of the coherent noise I am
trying to attenuate. The residual shows linear events scattered throughout the panel. I think
this problem can be partially solved using nonstationary filters as opposed to a stationary one
(Guitton et al., 2001). The importance of the linear events in the residual does not, however,
negate the efficiency of this method. Because the amplitude spectrum of the residual in Figure
16b is whiter than the spectrum of the input data in Figure 16a, the fitting of the data was
successful.
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Figure 13: Subtracting the coherent noise in synthetic data. (a) An estimated model space. (b)
The reconstructed data from the model space. (c) The estimated coherent noiseA−1

n mn. (d)
The residual after inversion. ClickMovie to see how the four panels evolve as the iterations
continue. antoine1-compsy[ER,M]
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Figure 14: (a) The amplitude spectrum of the input data in Figure 1a. (b) The amplitude spec-
trum of the residual after inversion. (c) The normalized objective function. ClickMovieto see
how the two panels b and c evolve as the iterations continue.antoine1-compsf[ER,M]

Discussion of the subtraction method

The subtraction method is a compelling alternative to the filtering scheme. So far, the results
of the two methods are comparable. However, this study shows that the correlation between
the noise and signal can be incorporated in the inverse problem if we add a regularization term.
I intend to investigate this possibility in more detail to see whether the subtraction method can
yield more accurate noise filtering.

CONCLUSION

The signal/noise separation problem is addressed in two different ways. The first method in-
tends to approximate the noise covariance matrix with prediction error filters. The second
method introduces a noise modeling operator in the fitting goal. Although both methods sep-
arate the noise from the signal, the subtraction method can also mitigate the effects of the
correlation between signal and noise by incorporating a regularization term into the fitting
goal.
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Figure 15: Subtracting the coherent noise in real data. (a) An estimated model space. (b) The
reconstructed data from the model space. (c) The estimated coherent noiseA−1

n mn. (d) The
residual after inversion. ClickMovie to see how the four panels evolve as the iterations con-
tinue. antoine1-compwz[ER,M]
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Figure 16: (a) The amplitude spectrum of the input data in Figure 6a. (b) The amplitude spec-
trum of the residual after inversion. (c) The normalized objective function. ClickMovieto see
how the two panels b and c evolve as the iterations continue.antoine1-compwf[ER,M]
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APPENDIX

In this section, I show how a 2×2 block matrix can be inverted and then I use the result to
invert the Hessian in equation (9) with or without regularization.

Inversion of a 2×2 block matrix

Let us define the 2×2 block matrixM as follows:

M =
(

A B
C D

)
, (18)

whereA, B, C, andD are matrices. First, we consider the matrix equation(
A B
C D

)(
E
F

)
=

(
G
H

)
. (19)

If we multiply the top row by−CA−1 and add it to the bottom, we have

(D−CA−1B)F= H−CA−1G. (20)

Then we can easily findF andE. The quantity (D−CA−1B) is called theSchur complement
of A and, denoted asSA, appears often in linear algebra (Demmel, 1997). The derivation ofF
andE can be written in a matrix form(

A B
C D

)
=

(
I 0

CA−1 I

)(
A 0
0 SA

)(
I A−1B
0 I

)
, (21)

which resembles anLDU decomposition ofM . Alternatively, we have theUDL decomposition(
A B
C D

)
=

(
I BD−1

0 I

)(
SD 0
0 D

)(
I 0

D−1C I

)
, (22)

whereSD = A−BD−1C is the Schur complement ofD. The inversion formulas are then easy
to derive as follows:(

A B
C D

)−1

=

(
I −A−1B
0 I

)(
A−1 0

0 S−1
A

)(
I 0

−CA−1 I

)
(23)

and (
A B
C D

)−1

=

(
I 0

−D−1C I

)(
S−1

D 0
0 D−1

)(
I −BD−1

0 I

)
. (24)

The decomposition of the matrixM offers opportunities for fast inversion algorithms. The
final expressions forM are(

A B
C D

)−1

=

(
[A−1
+A−1BS−1

A CA−1] −A−1BS−1
A

−S−1
A CA−1 S−1

A

)
(25)
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and (
A B
C D

)−1

=

(
S−1

D −S−1
D BD−1

−D−1CS−1
D [D−1

+D−1CS−1
D BD−1]

)
. (26)

Equations (25) and (26) yield the matrix inversion lemma

(A−BD−1C)−1
= A−1

+A−1B(D−CA−1B)−1CA−1. (27)

Inversion of the Hessian

Using the preceding results, I can invert for the Hessian in equation (9), either with or without
regularization.

• Without regularization

The fitting goal is

0≈ Lm −d, (28)

with L = (H B) andm′ = (ms mn). The matrix equation we want to solve is(
H′H H ′B
B′H B′B

)(
ms

mn

)
=

(
H′d
B′d

)
, (29)

wherems andmn are the unknowns. Forms, I use the bottom row of equation (25). Formn, I
use the top row of equation (26). We have, then,

m̂s = (H′H−H′B(B′B)−1B′H)−1H′d− (30)

(H′H−H′B(B′B)−1B′H)−1H′B(B′B)−1B′d,

m̂n = (B′B−B′H(H′H)−1H′B)−1B′d− (31)

(B′B−B′H(H′H)−1H′B)−1B′H(H′H)−1H′d,

which can be simplified as follows:

m̂s = (H′(I −B(B′B)−1B′)H)−1H′(I −B(B′B)−1B′)d, (32)

m̂n = (B′(I −H(H′H)−1H′)B)−1B′(I −H(H′H)−1H′)d. (33)

B(B′B)−1B′ is the coherent noise resolution matrix, whereasH(H′H)−1H′ is the signal reso-
lution matrix. DenotingRs= I −H(H′H)−1H′ andRn = I −B(B′B)−1B′ yields the following
simplified expression for̂ms andm̂n:(

m̂s

m̂n

)
=

(
(H′RnH)−1H′Rn

(B′RsB)−1B′Rs

)
d. (34)
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• With model space regularization

The fitting goal becomes

0 ≈ Lm −d, (35)

0 ≈ εCm, (36)

with L = (H B), m′ = (ms mn) and

C=
(

Cs 0
0 Cn

)
. (37)

The matrix equation we want to solve is(
H′H+ ε2C′sCs H′B

B′H B′B+ ε2C′nCn

)(
ms

mn

)
=

(
H′d
B′d

)
. (38)

Using equations (25) and (26) we obtain(
m̂s

m̂n

)
=

(
(H′RnH+ ε2C′sCs)−1H′Rn

(B′RsB+ ε2C′nCn)−1B′Rs

)
d, (39)

whereRs= I −H(H′H)−1H′ andRn = I −B(B′B)−1B′.
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A pattern-based technique for ground-roll and multiple
attenuation

Antoine Guitton, Morgan Brown, James Rickett, and Robert Clapp1

ABSTRACT

We present a pattern-based method that separates coherent noise from signal. This method
finds its mathematical foundation in the work conducted by Nemeth (1996) on coherent
noise attenuation by least-squares migration. We show that a similar inverse problem can
be formulated to attenuate coherent noise in seismic data. In this paper, we use deconvo-
lution with prediction error filters to model the signal and noise vectors in a least-squares
sense. This new formulation of the noise separation problem has been tested on 2-D real
data for ground-roll and multiple attenuations. So far, it achieves similar results to the ap-
proach used by Brown and Clapp (2000) and Clapp and Brown (2000). However, we show
that the main strength of this new method is its ability to incorporate regularization in the
inverse problem in order to decrease the correlation effects between noise and signal.

INTRODUCTION

This paper introduces a noise attenuation method based on the recognition of coherent events.
Because this method exploits the spatial predictability of the noise and signal with prediction
error filters (PEF), it belongs to the family of pattern-based techniques (Spitz, 2000; Brown
and Clapp, 2000). Pattern-based noise attenuation techniques are known for their ability to
remove coherent noise in the most complex geology (Guitton, 1999). They also assume ad-
vance knowledge of a noise model, which might be rather difficult to derive in many situations.
However, in some circumstances, a noise model can be calculated. For example, we can de-
rive a multiple model using the “Delft approach” (Verschuur et al., 1992) in which the multiple
model is calculated via autoconvolution of the recorded wavefield. For ground-roll attenuation,
Brown et al. (1999) demonstrate that a satisfactory model can be obtained by low-passing the
data.

The recent pattern-based techniques in the literature are approximately equivalent to Wiener
optimal estimation (Castleman, 1996) since they utilize the PEF to approximate the signal and
noise power spectra. For instance, Spitz (2000) usesf − x domain PEF while Brown and
Clapp (2000) and Clapp and Brown (2000) uset− x domain PEF.

In this report, Guitton (2001) presents a method that is not based on the Wiener recon-

1email: antoine@sep.stanford.edu, morgan@sep.stanford.edu, james@sep.stanford.edu,
bob@sep.stanford.edu
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struction of the signal but that still usest − x domain PEF. Following Guitton’s idea, we use
the PEFs as prediction operators as opposed to filtering operators in the Wiener approach.
Nonetheless, this method belongs to the pattern-based type since PEFs are still estimated
for the noise separation. Our goal is to show that this new methodology leads to a proper
attenuation of ground-roll and multiples, and has the potential to rival the classical Wiener
formulation.

In the first part of this paper, we briefly review the theoretical developments of both the
Wiener-like scheme and the new proposed technique, discussing their differences and similar-
ities. Then, we compare the two strategies applied to a 3-D shot gather infested with ground-
roll, and multiple-infested CMP gathers in a region of complex geology.

THEORY REVIEW

We present the theoretical basis for both the Wiener method and the new proposed scheme.
We show that our new method offers the opportunity to better separate noise from signal using
inverse theory.

Wiener-like method

A constrained least-squares problem using PEFs gives a similar expression for the noise es-
timation to the Wiener method. To see this, consider the recorded data to be the simple su-
perposition of signal and noise, that isd = s+n. For the special case of uncorrelated signal
and noise, the so-calledWiener estimator, is a filter which when applied to the data, yields
an optimal (in a least-squares sense) estimate of the embedded signal (Castleman, 1996). The
frequency response of this filter is

H =
Ps

Pn+Ps
, (1)

wherePs andPn are the signal and noise power spectra, respectively.

Similarly, Abma (1995) solved a constrained least squares problem to separate signal from
spatially uncorrelated noise:

Nn ≈ 0

εSs ≈ 0 (2)

subject to↔ d= s+n

where the operatorsN andSrepresentt−x domain convolution with nonstationary PEF which
whiten the unknown noisen and signals, respectively, andε is a Lagrange multiplier. Min-
imizing the quadratic objective function suggested by equation (2) with respect tos leads to
the following expression for the estimated signal:

ŝ=
(
NTN+ ε2STS

)−1
NTN d (3)
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By construction, the frequency response of a PEF approximates the inverse power spectrum of
the data from which it was estimated. Thus we see that the approach of equation (2) is similar
to the Wiener reconstruction process. We refer to this approach as a “Wiener-like” method.
It has been successfully used by Brown and Clapp (2000) for ground-roll attenuation and by
Clapp and Brown (2000) for multiple separation.

Subtraction method

In contrast to the Wiener-like method which filters the noise, the following method aims to
model the noise and then subtract it from the input data. In this section, we show that the
formalism used by Nemeth (1996) can help to better separate correlated noise and signal. But
first, we detail the similarities and differences between the Wiener-like and the subtraction
method.

In equation (2), the noise and signal PEFs filter the data components. Alternatively, build-
ing on Nemeth (1996), the noise and signal nonstationary PEF can predict the data components
via a deconvolution as follows:

d= N−1mn+S−1ms. (4)

We callms the signal model component andmn the noise model component (not to be con-
fused with the noise model that we use to compute the noise PEF). Clearly,N−1mn models
the noise vectorn andS−1ms the signal vectors. Because we use PEFs in equation (4), this
approach is pattern-based in essence. WithLn = N−1 andL s= S−1, using linear algebra, we
can prove that the least-squares solution ofms andmn is(

m̂n

m̂s

)
=

(
(L ′nRsLn)−1L ′nRs

(L ′sRnL s)−1L ′sRn

)
d, (5)

with

Rs = I −L s(L ′sL s)
−1L ′s,

Rn = I −Ln(L ′nLn)−1L ′n. (6)

The operatorsRs andRn can be seen as signal and noise filters respectively sinceL s(L ′sL s)−1L ′s
andLn(L ′nLn)−1L ′n are the data resolution operators for the signal and the noise, respectively.
In the appendix B, we give a geometrical interpretation for bothRs andRn.

The degree of orthogonality between the noise operatorLn and the signal operatorL s

restricts the existence of̂mn andm̂s in equation (5). If the two operators overlap completely,
the HessiansL ′nRsLn andL ′sRnL s are not invertible. If the two operators overlap only partially,
Nemeth (1996) proves that the separability of the signal and noise can be improved if we
introduce a regularization term. If we use a model space regularization (Fomel, 1997), we
have (

m̂n

m̂s

)
=

(
(L ′nRsLn+ ε2C′nCn)−1L ′nRs

(L ′sRnL s+ ε2C′sCs)−1L ′sRn

)
d, (7)
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with Cn andCs the regularization operators for the noise modelmn and the signal modelms.
A data space regularization can also improve the separation but will not be considered here.

In equation (4), the outcome of the inversion ismn andms. The estimated signals̃ is then
easily derived as follows:

s̃= d−N−1mn. (8)

We call this new method the subtraction method. In the next two sections, we compare the
Wiener-like approach and the subtraction method for ground-roll and multiple attenuation.

Approximating the signal PEF

In this section, we describe a method that computes the signal PEF needed in equations (2)
and (4). Spitz (1999) showed that for uncorrelated signal and noise, the signal PEF can be
expressed in terms of 2 PEF’s: a PEFD, estimated from the datad, and a PEFN, estimated
from the noise model such that

S= DN−1. (9)

Equation (9) states that the signal PEF equals the data PEF deconvolved by the noise PEF.
Spitz formulated the problem in thef − x domain, but the helix transform (Claerbout, 1998)
permits stable inverse filtering with multidimensionalt− x domain filters.

COHERENT NOISE ATTENUATION RESULTS

We present coherent noise attenuation results when ground-roll and multiples are present in
the data. These results prove that at this stage, the subtraction technique compares favorably
to the Wiener-like method. So far, we did not incorporate a regularization term as suggested
above.

Attenuation of ground-roll

The first test aims to attenuate severely aliased hyperbolic ground-roll. The shot gather in
Figure 1a comes from a 3-D land acquisition survey in Saudi Arabia. This shot gather has been
previously used by Brown et al. (1999) and Fomel (2000). With this field example, because
the noise and the signal span distinct frequency bandwiths, the ground-roll may be attenuated
by applying a high-pass filter. However, Fomel (2000) shows that the separation in that case is
far from optimal. Nonetheless, a low-pass filtering of the data gives an excellent ground-roll
model that can be later used for the coherent noise attenuation. Figure 1b shows the noise
model obtained with a bandpass filter. We added random noise to the noise model in order to
stabilize the PEF inversion. We then estimated the noise PEFsN from this model.

After building the noise model, we performed the coherent noise attenuation using the two
preceding schemes (equations (2) and (4)). The PEF and patch sizes are different in the two
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cases. With this dataset, we noticed that a larger PEF was needed in the subtraction scheme.
The number of iterations needed in the PEF estimation and in the final inversion is the same
for both methods. The parameters used in the Wiener-like technique are directly taken from
Brown et al. (1999) and correspond to the best possible combination of parameters for an
optimal separation of the noise from the signal.

Figure 2 shows the result of the noise attenuation for both methods. The two panels look
similar and both show that the ground-roll has been correctly separated from the signal. Figure
3 shows the estimated noise computed by subtracting the signal in Figure 2 from the input data
in Figure 1a. We see that the subtraction did a better job at preserving the signal because few
coherent events remain outside the ground-roll cone in the estimated noise panel in Figure 3a.

Attenuation of multiples

We use the very popular Gulf of Mexico line provided by WesternGeco. In the middle of the
seismic section shown in Figure 4, the data contain a shallow salt body which generates strong
reverberations and diffractions. This dataset is frequently utilized to benchmark multiple at-
tenuation techniques.

The multiple model was calculated in the shot domain using a non-recursive version of the
SRME technique developed by Delft (Verschuur et al., 1992). We describe how we created
the multiple model in the appendix A [equation (16)]. In few words, the goal of our modeling
algorithm is to generate a kinematically correct multiple field. Therefore, there is no attempt
to compensate for source signature effects. Indeed, our hope is that the attenuation scheme is
robust enough to cope with significant amplitude errors in the multiple model. Figure 5 shows
a comparison between one recorded shot gather on the right, and the multiple model for the
same shot location on the left. This shot is taken at the vertical of the salt body. The kinematics
of the input data, displayed in the right-hand panel of Figure 5, are accurately reproduced in
the multiple model (left-hand panel of Figure 5). The missing energy at near offset in the
multiple model results from the lack of short offset traces. Out-of-plane effects might affect
the accuracy of the model considerably. In addition, the limited aperture of the recording
geometry may cause modeling problems when dipping beds are present in the subsurface
(Guitton, 1999).

The multiple prediction is done in the shot domain, but our multiple attenuation scheme
was tested in the CMP domain. The next two sections present multiple attenuation results for
one CMP gather outside the salt boundaries and one over the salt body.

Figure 6a shows a CMP gather extracted from the Gulf of Mexico dataset, outside the
salt boundaries, and infested with multiples. Figure 6b shows the multiple model at the same
location. The main patterns are accurately modeled but the relative amplitudes of high-order
multiples are not preserved. The multiple attenuation starts by estimating the PEF for the
data and the noise model. The PEF coefficients are then smoothed along radial directions to
stabilize their inversion (Clapp et al., 1999). Then, the noise attenuation begins with either
equation (2), for the Wiener-like method, or equation (4), for the subtraction scheme. Figure
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Figure 1: (a) Ground-roll contaminated shot gather. (b) The ground-roll model used to compute
the noise PEFN (low pass filter of a, plus random noise).antoine2-dune[ER]
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Figure 2: (a) The estimated signal using the subtraction scheme. (b) The estimated signal using
the Wiener-like method. Both results are very similar.antoine2-dune-signal[ER]
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Figure 3: (a) The estimated noise using the subtraction scheme. (b) The estimated signal us-
ing the Wiener-like method. Less coherent noise is left outside the ground-roll cone for the
subtraction method.antoine2-dune-noise[ER]
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Figure 4: Zero-offset section of the Gulf of Mexico data showing strong water-column multi-
ples below 3.5 seconds.antoine2-zero-offset[ER]

7 displays the result of the multiple attenuation using both methods. The multiples have been
correctly attenuated in the two cases. Figure 8 shows the difference between the input data and
the multiple-free gather using both methods. The two noise attenuation schemes lead to very
similar results.

For the last multiple attenuation result of this paper, we extracted a CMP gather over the
salt body. Multiple attenuation becomes more challenging because the salt body generates
strong internal multiples, diffractions and shadow zones that are difficult to incorporate in
the noise model. Figure 9 shows the selected CMP gather inside the salt boundaries with the
corresponding multiple model. Despite the inherent difficulty of modeling subsalt multiples,
the kinematics of the multiples in Figure 9a look similar to those in Figure 9b. Figure 10
shows the estimated signal. As expected, the remaining signal is less coherent inside the salt
boundaries than outside. Nonetheless, the two schemes reveal hidden information in a similar
way. Figure 11 proves that once again, the coherent noise attenuation is comparable for both
methods.

CONCLUSION

We applied a newt− x domain, pattern-based signal/noise separation technique to a 2-D line
contaminated with multiples. This technique differs from the Wiener-like method because the
data components are not filtered but rather predicted. The goal of this work was to show (1)
that the noise attenuation can be formulated in a totally different way using a new fitting goal,
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Figure 5: Left: A multiple model at one shot location. Right: The shot record at the same
location. The multiple model matches the recorded multiples accurately.antoine2-comp[CR]
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Figure 6: (a) A CMP gather infested with multiples, outside the salt boundaries. (b) The mul-
tiple model at the same location.antoine2-inp-1[CR]
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Figure 7: (a) The estimated signal using the subtraction method. (b) The estimated signal using
the Wiener-like method. Both results are comparable.antoine2-sig-1[CR]
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Figure 8: (a) The extracted multiples using the subtraction method. (b) The extracted multiples
using the Wiener-like method. The noise attenuation is similar in both cases.antoine2-noiz-1
[CR]
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Figure 9: (a) A CMP gather infested with multiples, inside the salt boundaries. (b) The multiple
model at the same location.antoine2-inp-400[CR]
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Figure 10: (a) The estimated signal using the subtraction method. (b) The estimated signal
using the Wiener-like method.antoine2-sig-400[CR]
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Figure 11: (a) The extracted multiples using the subtraction method. (b) The extracted multi-
ples using the Wiener-like method.antoine2-noiz-400[CR]
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(2) that this new formulation leads to a proper subtraction of the noise components, and (3)
that so far, this method is comparable in efficiency to the Wiener-like method. The first results
are encouraging. Yet, we have not explored the possibilities offered by the regularization to
improve the signal-noise separation.
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APPENDIX A

SURFACE-RELATED MULTIPLE PREDICTION THEORY

This section details how multiples are generated by convolution of shot gathers. For a 1-D
earth, the convolution can be done directly in thef −k domain. For a 2-D earth, the convolu-
tion becomes nonstationary. In addition, one convolution of the shot gathers tends to overpre-
dict high-order multiples. Ifp(g|s) represents a single frequency component of the primary
reflected wavefield recorded atg after an impulsive shot ats, then thefirst-order surface-
related multiple,m(g|s), can be computed with a Kirchhoff-style integral over the reflection
surface:

m(g|s)=
∫

p(g|g′) p(g′|s) dg′. (10)

Equation (10) is expensive to evaluate, especially for large 3-D data sets, but nevertheless
widely-used for multiples modeling.

s

?

g’
g

?
Figure 12: The wavefield is emitted ats and recorded atg. The multiple bounces somewhere
at g′. antoine2-hombre[NR]

One-dimensional earth and impulsive source

Let’s defineu0 as the primary wavefield andu1 the surface-related, first-order multiple wave-
field recorded at the surface. If the earth varies only as a function of depth, thenu will not
depend on boths andg, but only on the offset,h= g−s. In this one-dimensional case, equa-
tion (10) becomes

u1(g−s) =
∫

u0(g−g′) u0(g′−s) dg′ (11)

u1(h) =
∫

u0(h−h′) u0(h′) dh′, (12)
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whereh′ = g′− s. Equation (12) clearly represents a convolution, so can be computed by
multiplication in the Fourier domain such that

U1(kh)=U0(kh)2, (13)

whereUi (kh) is the Fourier transform ofui (h) defined by

Ui (kh)=
∫

ui (h) e−2π ikhhdh. (14)

Equation (13) can be extended to deal with a smoothly varying earth by considering common
shot-gathers (or common midpoint gathers) independently, and assuming the earth is locally
one-dimensional in the vicinity of the shot e.g., Rickett and Guitton (2000):

U1(kh,s)=U0(kh,s)2. (15)

Two-dimensional earth

In the general case, modeling multiples becomes more expensive. Equation (12) is not valid
anymore (except for smoothly varying media), and the convolution becomes nonstationary
(shot gathers are different from one location to another). Hence, the wavefield is not only a
function of offset,h, but also depends on another spatial coordinate such as shot locations.
Under this parameterization, equation (10) can be written as

u1(h,s)=
∫

u0(h−h′,s+h′) u0(h′,s) dh′. (16)

Now, following Dragoset and Jericevic (1998), we introduce some amplitude corrections in
the previous equation:

u0(h−h′,s+h′) = Ft→ω[
√

tu0(h−h′,s+h′,t)], (17)

u0(h′,s) = (1− i )

√
ω

4π
Ft→ω[

√
tu0g(h′,s,t)].

Limitations of the multiple prediction using real data

In the real life, the source is not impulsive. In addition, multiples are computed directly from
the data and not from the primary wavefield. Hence, the relative amplitude of first order multi-
ples with respect to higher order multiples is not preserved. To illustrate this last point, consider
the surface-related multiple modeling equation (Verschuur et al., 1992)

ur = u0−W−1um, (18)

whereur is the recorded wavefield at the surface,W the source wavelet, andum the multiple
wavefield given by

um = u0⊗u0−W−1u0⊗u0⊗u0 (19)

+W−2u0⊗u0⊗u0⊗u0 . . .

um = u1+u2+u3+ . . . (20)
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where⊗ represents the nonstationary convolution andui the i-th order multiples. If we use
equation (16), replacingu0 by ur , we obtain for the approximated multiple fieldũm

ũm= u1+2u2+3u3+ . . . (21)

Comparing equation (33) and equation (34), we notice that higher order multiples in equa-
tion (34) are multiplied by a coefficient that is difficult to correct for. Therefore higher order
multiples have the correct kinematics, but the wrong amplitudes. Hence, our modeling scheme
explicitely overpredict high-order multiples (amplitude wise) but models them with the correct
pattern.
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APPENDIX B

GEOMETRIC INTERPRETATION OF THE NOISE AND SIGNAL FILTERS

In this section, we give a geometric interpretation of the noise and data filters which appear in
equation (5). The properties of the resolution operators are well known (Tarantola, 1987). Our
goal is to extend these properties to the particular case of the subtraction scheme proposed in
equation (5). But first, it is useful to give some definitions.

Definitions

We give a set of definitions that will help us to better understand the properties of the noise
and signal filters in equation (5).

Definition 1: an operatorP is a projector if

PP= P. (22)

Definition 2: two operatorsP andQ are complementary operators if

P+Q= I . (23)

Definition 3: two operatorsP andQ are mutually orthogonal if

PQ=QP= 0. (24)

Definition 4: the`2 norm of a vectorv is

‖v‖2=
∑

i

v2
i (25)

or

‖v‖2= v′v, (26)

where (’) is the adjoint.
Definition 5: two vectorsu andv are orthogonal if

u′v= v′u= 0. (27)

General properties of the noise and signal filters

Following the preceding definitions, we can define the noise and signal filters more precisely.
But first, remind that (

m̂n

m̂s

)
=

(
(L ′nRsLn)−1L ′nRs

(L ′sRnL s)−1L ′sRn

)
d,
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with

Rs = I −L s(L ′sL s)
−1L ′s,

Rn = I −Ln(L ′nLn)−1L ′n. (28)

Rs andRn are signal and noise filtering operators respectively. If we denote

Rs = I −Rs,

Rn = I −Rn. (29)

with Rs= L s(L ′sL s)−1L ′s andRn = Ln(L ′nLn)−1L ′n the signal and noise resolution operators,
we deduce thatRs andRs, Rs andRs are complementary operators (definition 2).

It can be shown thatRs, Rn, Rs andRn are projectors. ForRs andRs, we have

RsRs = L s(L ′sL s)
−1L ′sL s(L ′sL s)

−1L ′s,

= L s(L ′sL s)
−1L ′s,

RsRs = Rs, (30)

and

RsRs = (I −Rs)(I −Rs),

= I −2Rs+Rs,

RsRs = Rs. (31)

Thus,Rs andRs are projectors as defined in definition 1. The same proofs work forRn and
Rn.

We can prove thatRs andRs, Rn andRn are mutually orthogonal. ForRs andRs, we have

RsRs = (I −Rs)Rs,

= (Rs−Rs),

RsRs = 0. (32)

Hence,Rs andRs, Rn andRn are complementary, mutually orthogonal projectors.

Geometric interpretation

The operatorsRn andRs are the noise and signal resolution operators. They describe how
well the predictions match the noise and signal (Menke, 1989). In the following equations, we
consider that

Rnn= n (33)

and

Rss= s, (34)
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meaning that each component of the data has been predicted. These equalities will help us to
build a comprehensive geometric interpretation for the different operators. Based on equations
(33) and (34), we have for the data vectord the following equalities:

Rsd = Rsn+s

Rnd = Rns+n, (35)

and

Rsd = Rsn

Rnd = Rns. (36)

In the following equations, we prove that‖Rns‖2+‖Rns+n‖2= ‖d‖2:

‖Rns‖2+‖Rns+n‖2 = s′Rn
′
Rns+s′R′nRns+s′R′nn+n′Rns+

n′n

= d′Rnd+s′Rns+n′Rns+s′Rnn+ (37)

n′Rnn

= d′Rnd+d′Rnd

= d′d

‖Rns‖2+‖Rns+n‖2 = ‖d‖2.

Similarly, we have‖Rsn‖2+‖Rsn+ s‖2 = ‖d‖2. If we use equations (35) and (36), the last
two equalities can be written as follows:

‖Rnd‖2+‖Rnd‖2 = ‖d‖2,

‖Rsd‖2+‖Rsd‖2 = ‖d‖2. (38)

Hence,Rnd, Rnd andd form a right triangle with hypotenused and legsRnd andRnd, as
depicted in Figure 13; similarly,Rsd, Rsd andd form a right triangle with hypotenused and
legsRsd andRsd. If n ands are orthogonal,s is in the null space ofRn andRnd= Rns= s
(Figure 14). Similarly,n is in the null space ofRs andRsd= Rsn= n.

Figure 13: A geometric interpretation
of the noise filter whenn andsare not
orthogonal.antoine2-geom11[NR]

R  dn s
d

nR  sn
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Figure 14: A geometric interpretation
of the noise filter whenn and s are
orthogonal.antoine2-geom21[NR]

s = R  dn

d

n
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Adaptive multiple subtraction with non-stationary helical
shaping filters

James Rickett, Antoine Guitton, and Douglas Gratwick1

ABSTRACT

We suppress surface-related multiples with a smart adaptive least-squares subtraction
scheme in the time-space domain after modeling multiples with a fast but approximate
modeling algorithm. The subtraction scheme is based on using a linear solver to estimate
a damped non-stationary shaping filter. We improve convergence by preconditioning with
a space-domain helical roughening filter.

INTRODUCTION

Both surface-related and internal multiples are a major source of coherent noise in many basins
throughout the world. Dragoset and Jeričevíc (1998) describe a two-step multiple elimination
process: prediction based on the Delft autoconvolution model (Verschuur et al., 1992), fol-
lowed by subtraction with an adaptive noise cancellation (ANC) algorithm. However, prac-
tical multiple removal by adaptive noise cancellation is significantly more complex than the
one-dimensional theory described in the text books [e.g. Widrow and Stearns (1985)]. In par-
ticular the multidimensional nature of prestack seismic data leads to ambiguity in the choice
of potential parameters.

This paper describes an alternative to the conventional ANC algorithm also based on the
minimum energy criterion. However, our approach leverages helical preconditioning to en-
sure the non-stationary shaping filters vary smoothly, and do not accidentally remove primary
energy. In our description, we place particular emphasis on determining a robust set of param-
eters for the process.

THEORY

A canonical time series analysis problem (Robinson and Treitel, 1980) is that of shaping filter
estimation: given an input time seriesb, and a desired time seriesd, we must compute a filter,
f, that minimizes the difference betweenf∗b andd. Optimal filter theory provides the classical
solution to the problem by finding the filter that minimizes the difference in a least-squared

1email: james@sep.stanford.edu, antoine@sep.stanford.edu, doug@sep.stanford.edu
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sense, i.e. minimizing

∑
i

∣∣∣∣∣∣
∑

j

f j bi− j −di

∣∣∣∣∣∣
2

. (1)

With the notation thatB is the matrix representing convolution with time seriesb, we can
rewrite this desired minimization as a fitting goal [e.g. Claerbout (1998a)],

Bf−d≈ 0, (2)

which leads us to following system of normal equations for the optimal shaping filter:

BTBf = BT d. (3)

Equation (3) implies that the optimal shaping filter,f, is given by the cross-correlation ofb
with d, filtered by the inverse of the auto-correlation ofb. The auto-correlation matrix,BTB,
has Toeplitz structure that can be inverted rapidly by Levinson recursion.

For the multiple suppression problem, the vectord represents the multiple infested raw
data, and the matrixB represents convolution with the multiple model. Criterion (1) implies a
choice of filterf that minimizes the energy in the dataset after multiple removal.

One advantage with working with time-domain filters as opposed to frequency-domain
filters is that the theory can be adapted relatively easily to address non-stationarity. Following
Claerbout (1998a) and Margrave (1998), we extend the concept of a filter to that of a non-
stationary filter-bank, which in principle contains one filter for every point in the input/output
space. For a non-stationary filter-bank,f, we identifyf j with the filter corresponding to thej th

location in the input/output vector, and the coefficient,fi , j , with thei th coefficient of the filter,
f j . The response of non-stationary filtering withf to an impulse in thej th location in the input
is thenf j .

With a non-stationary convolution filter,f, the shaping filter regression normal equations,
are massively underdetermined since there is a potentially unique impulse response associated
with every point in the dataspace. We need additional constraints to reduce the null space of
the problem.

For most problems, we do not want the filter impulse responses to vary arbitrarily, we
would rather only consider filters whose impulse response varies smoothly across the output
space. This preconception can be expressed mathematically by saying that, simultaneously
with expression (1), we would also like to minimize

∑
i

∑
j

∣∣∣∣∣∑
k

rk fi , j−k

∣∣∣∣∣
2
 (4)

where the new filter,r , acts to roughen filter coefficients along the output axis off.
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Combining expressions (1) and (4) with a parameter,ε that describes their relative impor-
tance, we can write a pair of fitting goals

Bf−d ≈ 0, and (5)

ε Rf ≈ 0. (6)

By making the change of variables,q = Rf = S−1f (Fomel, 1997), we obtain the following
fitting goals

BSq−d ≈ 0, and (7)

ε q ≈ 0 . (8)

which are equivalent to the normal equations(
ST BT BS+ ε2I

)
q= ST BT d. (9)

Equation (9) describes a preconditioned linear system of equations, the solution to which
converges rapidly under an iterative conjugate gradient solver.

APPLICATION TO A SYNTHETIC DATASET

We tested the algorithm on the 2-D BP multiple dataset which is based on a sub-salt play in
the deep-water Gulf of Mexico.

Although the modeling algorithm is not the focus of this paper, we modeled surface-
related multiples with a very fast 1-D algorithm. The multiple model was simply the multi-
dimensional autoconvolution of common midpoint (CMP) gathers (Kelamis and Verschuur,
2000). This auto-convolution reduces to a multiplication in thef-k domain, and so it can be per-
formed rapidly with multi-dimensional FFT’s. More accurate multiple modelling algorithms
will better attenuate multiples associated with the dipping salt-flanks. However, in 3-D exam-
ples, multiple prediction will always be imperfect, so we were interested in how this algorithm
would adapt under less than ideal conditions.

Figures 1 and 2 show common-midpoint and common-offset sections before and after
multiple suppression. With an imperfect multiple model, there is always a trade-off between
suppressing multiples and preserving primary energy. For these results, we took a conserva-
tive approach - although some multiple energy remains in the data, hopefully all the primary
energy remains too. In the areas with no salt present (e.g.cmp_x>10000 m), the multiples are
almost entirely eliminated. However, in areas below the salt, especially where steeply-dipping
diffracted multiples are present, some muliple energy remains.

PARAMETER CHOICES

Important practical considerations when solving equation (9) include the choice ofε, the num-
ber of conjugate-gradient iterations, the choice of roughening filter, and the number and posi-
tion of adjustable coefficients in filterf.
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Figure 1: CMP gather withcmp_x=7000 m: (a) input gather, (b) gather after surface-multiple
attenuation, (c) modeled muliples, and (d) multiples that were removed.james1-cmp7000
[CR,M]
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Figure 2: Common offset section withoffset =1066 m: (a) input section, and (b) after multiple
attenuation.james1-coff40[CR,M]
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Choice ofε and number of CG iterations

In principle, the number of iterations should not be an important parameter since we should
iterate until the solution converges. However, determining the correct value ofε is a long-
standing difficulty with large exploration-type geophysical inverse problems. Conventional
solutions (Menke, 1989) such as picking the knee of misfit vs. model norm curves, or examin-
ing the singular-values of the operator matrix are not practical when the model-space is a large
multi-dimensional image. If the choice ofε is too small, the solution will begin to degrade as
the number of iterations increases as poorly resolved eigenvectors leak into the model space.
On the other hand, if the choice ofε is too large, the solution will converge to a smooth model
that does not satisfy our first fitting goal [expression (7)].

Despite these difficulties, with preconditioned problems we often obtain good results after
only a few iterations without the solution fully converging, and with little or no dependence
on the the choice ofε. Well-resolved low-frequency eigenvectors propagate into the solution
quickly after only a few iterations.

Therefore, to reduce the dimensionality of the parameter space, we setε = 0., and keep
the filters smooth by restricting the number of conjugate-gradient iterations (Crawley, 1999).
After solving the problem only once, we can plot misfit vs. model norm curves for intermediate
solutions with varying number of iterations, and choose the best result.

Choice of roughening filter, R

The most important consideration in the choice of roughening filter is that it is easily invertible.
A Fourier domain roughener would meet this criterion; however, we apply a time-space opera-
tor that is both cheaper, and less prone to Fourier artifacts such as wrap-around and Gibbs’ phe-
nomenom. Claerbout (1998b) describes how to construct invertible multi-dimensional time-
space operators by applying helical boundary conditions to the problem. Helical operators
cost O(N) operations to apply and invert rather thanO(N logN) for an equivalent Fourier
operator.

For the results shown in this paper, we chooseR to be the helical derivative operator
that roughens isotropically in the midpoint-time plane. A cascade of two one-dimensional
derivative filters first along the time axis and then along the midpoint axis also works well.
Anisotropic smoothing can be controlled by tweaking the “micropatch” parameters described
below.

Choice of non-stationary shaping-filter parameters

As described above, a non-stationary filter can have a different impulse response for each point
in the input/output space. For the non-stationary shaping filter estimation procedure, we need
to define which coefficients are adjustable for every individual impulse response. For simplic-
ity, we characterize each impulse response with the same set of adjustable coefficients: for the
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examples, shown here, they were one-dimensional non-causal symmetric filters about 180 ms
long. Tests indicated that if the filters were shorter than the seismic wavelength, the quality of
the results decreased. Increasing filter length beyond this length, however, did not alter results
significantly, even in cases when the kinematics of the multiples were not accurately predicted.

When implementing the non-stationary filters, it is not strictly necessary to force each point
of the input/output space to keep a unique impulse response. Rather, we apply the concept of
“micropatches” (Crawley, 2000), in which points within a small neighbourhood share a single
impulse response. This cuts computational memory requirements significantly, and provides
an alternative method of controling spatial and temporal variabilty of impulse responses.

CONCLUSIONS

We describe a robust methodology for adaptive noise cancellation, based on non-stationary
shaping filters and geophysical inverse theory. Helical preconditioning ensures the non-station-
ary shaping filters vary smoothly, preserving primary energy. Results on synthetic data show
that the algorithm successfully attenuates well-predicted multiples, and to a lesser extent
poorly-predicted multiples as well.
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Solutions to data and operator aliasing with the parabolic radon
transform

Antoine Guitton1

ABSTRACT

Focusing in the radon domain can be affected by data and operator aliasing. Antialiasing
conditions can be imposed on the parabolic radon transform (PRT) operator by dip lim-
iting the summation path. These dip limits in time translate into frequency limits in the
Fourier domain. Consequently, antialiasing the PRT enables better focusing in the radon
domain. If the radon domain is computedvia inverse theory, a regularization term in ei-
ther the time or frequency domain can reduce data aliasing effects. The frequency domain
regularization has the advantage of being noniterative, but needs to be applied in patches
in order to improve focusing.

INTRODUCTION

The parabolic radon transform (PRT) is extensively used to transform the data into a domain
where multiples and primaries are separable. This multiple-attenuation method proceeds as
follows: the data are sorted in common midpoint (CMP) gathers, flattened with a normal move-
out (NMO) correction, and then radon transformed. The multiples are then muted in the radon
domain and subtracted from the input data. The final result depends heavily on the mapping
of the primaries and multiples in the radon domain.

The limited aperture of the recording geometry and the spatial data sampling might con-
siderably affect the separability of primaries and multiples (Kabir and Marfurt, 1999). This
data sampling issue is called data aliasing. It causes many artifacts that dramatically affect
focusing in the radon domain (Figure 2).

A second source of problem can stem from aliasing of the radon transform operator. The
operator aliasing creates noise in the radon domain by the summation action of the PRT oper-
ator on the CMP gather (Abma et al., 1999; Lumley et al., 1994).

In this paper, I present solutions to correct for both operator and data aliasing. We can
antialias the operator by imposing dip limitations on the summation path of the PRT. These
dip limits translate easily into frequency limits. I also show that when using inverse theory,
data-aliasing artifacts can be attenuated by imposing some constraints on the sparseness of the
radon domain.

1email: antoine@sep.stanford.edu
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Figure 1: Left: A parabolic radon model (s.km−2). Right: Data derived from the left panel
using the PRT (offset inkm). antoine3-datasynt[ER]

Figure 2: Left: The radon domain obtained by applying the adjoint PRTL ′ to the input data
shown in Figure 1. The straight lines are caused by the limited aperture of the recording ge-
ometry. The other noisy events correspond to data-aliasing noise. Right: Reconstructed data
applying the forward operatorL to the left panel.antoine3-radon[ER]
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ANTIALIASING THE PARABOLIC RADON TRANSFORM

Aliasing of the operator can be avoided if we limit the dips of the PRT summation path.
This dip filtering can be easily implemented in the Fourier domain, which results in a simple
frequency limit condition.

Computing the PRT in the Fourier domain

Prior to the dip filtering, however, it is necessary to compute the PRT in the Fourier domain,
rather than in the time domain. The equations that follow show a method for computing the
PRT in the frequency domain. In the time domain, the equation for a parabola is

t(q,x)= τ +qx2, (1)

whereτ is the zero offset time,x the offset, andq the curvature of the parabola. The modeling
equation, which superposes on parabolas, from the radon domain to the CMP domain is

d(t ,x)=
∑

τ

∑
q

m(τ ,q)δ(τ − (t−qx2)), (2)

and the adjoint transform, which sums along parabolas, is

m(τ ,q)=
∑

t

∑
x

d(t ,x)δ(t− (τ +qx2)). (3)

We can easily transform these equations in the Fourier domain as follows:

d(ω,x) =
∑

q

m(ω,q)e− j ωqx2
, (4)

m(ω,q) =
∑

x

d(ω,x)ej ωqx2
. (5)

With ω constant, equations (4) and (5) describe a simple matrix multiplication with the oper-
atorL :

L ik = e− j ωqkx2
i . (6)

Hence, we can write equations (4) and (5) in the following more familiar way for each fre-
quency:

d = Lm , (7)

m = L ′d, (8)

whereL ′ is the adjoint ofL . I have computed the radon and offset domains in Figure 2 using
equations (7) and (8). The following is a possible algorithm for computing the radon domain:

• Fourier transform the data.
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• For each frequency, starting from the lowest to the highest, solve equation (8).

• Inverse Fourier transformm.

Because we can compute apseudo-inverse forL noniteratively in the Fourier domain (Kostov,
1989), the PRT is generally not computed in the time domain.

Antialiasing conditions for the PRT operator

Antialiasing the operator is equivalent to dip-filtering the operator. The anti-aliasing conditions
can be written (Abma et al., 1999) as

fmax≤
1

21T
, (9)

where1T is the local slope of the operator between two adjacent traces. For the PRT, we can
compute the local slope as follows:

1T =
∂t(q,x)

∂x
1x, (10)

1T = 2qx1x, (11)

where1x is the input trace spacing. The antialiasing condition becomes

fmax ≤
1

4qx1x
, (12)

ωmax ≤
π

2qx1x
. (13)

The antialiasing condition in equation (13) is then implemented in the Fourier domain. Figure
3 shows how the antialiasing works in the data space when the adjoint of the PRT (L ′) is
applied to the model in Figure 1: parabolas broaden with offset as a result of the dip filtering.
Thus, the antialiasing operator generates a loss of resolution. We now apply the antialiasing
operator to the CMP gather shown in the right-hand panel of Figure 1. The radon domain in
Figure 4 (as compared with that in Figure 2) has been cleaned up with a loss of resolution.
However, because we apply an antialiasing operator with aliased data, we are left with aliasing
noise nearq = 0s/km2. This aliasing noise is caused by the aliasing of the non-flat events in
the CMP domain. We can mitigate these artifacts by introducing some constraints in the radon
domain as a function of the expected aliased dips in the data (Biondi, 1998), but this is not
considered here. Nonetheless, we see that the use of an antialiasing operator with aliased
data is worthwhile. In addition, cleaning up the aliasing artifacts for a highq is particularly
interesting when multiples are present in the data. Indeed, multiples, often aliased in the CMP
domain, map in regions of highq where the antialiasing operator is the most efficient.

In the next section, I investigate the effects of the antialiasing operator when the radon
domain is derived with a least-squares approach.
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Figure 3: Effects of antialiasing
in the data space. The parabolas
broaden with offset as a result of
the low-pass filtering for largeqs.
antoine3-data_spikena[ER]

Figure 4: Left: The parabolic radon domain after use of the antialising condition. The aliasing
artifacts have decreased. Right: The reconstructed data after the forward operator is applied to
the left panel.antoine3-noal[ER]
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Operator antialiasing and least-squares inversion

The PRT in the Fourier domain allows us to derive a least-squares estimate of the data in
the radon domain. Equations (7) and (8) suggest the use of inversion to recover the original
amplitude in the data. In computing the pseudo-inverse of the matrixL , two cases need to be
distinguished.

The under-determined case:The least-squares inverse ofm for each frequency is

m̂under = L ′(LL ′+ εI )−1d, (14)

wherem̂ is the estimate of the model,LL ′+ εI a matrixnx×nx to invert, andε = σ 2
d/σ 2

m.

The over-determined case:The least-squares inverse form for each frequency is

m̂over= (L ′L + εI )−1L ′d, (15)

whereL ′L+εI is anq×nq matrix to invert with a Toeplitz structure (Kostov, 1989; Darche,
1990).

An interesting problem occurs when the conditioning of the matrix quickly deteriorates as
frequencies increase. This effect is partly caused by the frequency truncation of the operator.
A solution to this problem is to increaseε, which appears in equations (14) and (15), with the
frequency. To do so, I set

εω = log(nw+1)∗β, (16)

wherenw is the index of the computing frequency andβ a constant to setapriori. This choice
of εω allows us to increase the regularization with the frequency but not too much. Indeed a
too strong regularization would affect the amplitude recovery of the data.

The size of the matrix to invert makes possible the use of direct inversion as opposed
to iterative processes. Figure 5 shows the result of inversion using the aliased operator. The
aliasing artifacts are still strong, but some energy has focused, decreasing the width of the
horizontal events caused by near-offset aperture effects. The resulting data, which appear in
the right panel of Figure 5, are almost perfectly recovered. The residual in the left panel of
Figure 7 demonstrates that the data fitting is nearly perfect.

Now, using the antialiasing conditions on the operator, we obtain the data in Figure 6:
events are better focused in the radon domain and most of data aliasing artifacts have dis-
appeared. We observe a loss of resolution for the non-flat events caused by the antialiasing
conditions. The aliasing of the input data produces the remaining noisy events in the radon
domain. Again, the data in the right panel of Figure 6 are almost completely recovered, and
the residual in the right panel of Figure 7 is very small.

This result proves that the antialiasing PRT can be inverted as long asε is provided. It also
proves that the use of antialiasing conditions on the operator helps to mitigate data aliasing
artifacts. However, as Figure 6 indicates, data aliasing effects can’t be totally removed. The
next section shows that sparseness conditions in the radon domain can destroy data aliasing
artifacts.
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Figure 5: Left: The parabolic radon domain after least-squares inversion. The events of interest
are more focused, but the aliasing artifacts remain. Right: The reconstructed data; the result is
nearly perfect.antoine3-inval[ER]

REMOVING DATA ALIASING ARTIFACTS

Inverse theory offers an attractive framework for designing solvers that will enforce sparse-
ness in the radon domain (Sacchi and Ulrych, 1995; Nichols, 1994). These solvers impose
focusing in the model space by adding a regularization term in the objective function, which
then penalizes small values. This section presents two methods that address data aliasing. One
method is generally used in the time domain, and the other is specifically designed to work in
the frequency domain (Herrmann et al., 2000). For data examples of the time domain method,
the reader can refer to Guitton (2000) and Nichols (1994). Synthetic and real data examples of
the frequency domain method follow my description of it.

The time domain approach

The sparse solver in the time domain employs a regularization term that enforces spikyness
in the model space (Nichols, 1994). This approach is well-suited for time-domain processing
and makes use of iterative solvers as opposed to direct inversion as described in equations
(14) and (15). For instance, by choosing an approximation of the`1 norm for the model space
regularization, we can focus the energy of the model vectorm into its main components.
Ulrych et al. (2000) advocate a regularization by the Cauchy-Gauss model. In any case, the
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Figure 6: Left: The parabolic radon domain after inversion of the antialiasing operator. The
events are more focused and the aliasing artifacts have been weakened. We see a loss of res-
olution caused by the antialiasing conditions. The aliasing of the input data produces the re-
maining noisy events. Right: The reconstructed data.antoine3-invna[ER]
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Figure 7: Left: Residual for the aliased operator with least-squares inversion. Middle:
Input data. Right: Residual for the antialiasing operator with least-squares inversion.
antoine3-comp[ER]

objective function to minimize becomes

f (m)= ‖Lm −d‖2+ ε|m|sparse, (17)

where‖.‖ is the`2 norm and where|.|sparse induces a sparse model. Iteratively reweighted
least-squares algorithms with the proper weighting function produce an artifact-free model
space (Bube and Langan, 1997). A more ambitious Huber norm can be used as well (Guitton
and Symes, 1999) for thè1 case.

The frequency domain approach

In contrast, the method developed by Herrmann et al. (2000) computes an approximation of the
model covariance matrix in the Fourier domain. The main idea is to use the result of the inver-
sion, as shown in equations (14) and (15), at one frequency as a weight for the next frequency.
Consequently, this method takes advantage of the fact that the data are not aliased at low fre-
quencies. Hence, the information from the lowest frequencies to the highest is transmitted and
used to improve the focusing in the model space. I call this method the steering-weighting
matrices method. It has the advantage of working noniteratively.

Taking this approach, starting fromω=ωmin up toω=ωmax, we begin with the two fitting
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goals for each frequency

0 ≈ Lωmω−dω, (18)

0 ≈ ε1/2
ω W−1/2

ω mω, (19)

where the diagonal matrixW has components

Wi i
ω = |m̂

i
ω−1|, (20)

with Wωmin = I . The division in equation (19) can be avoided if we useW−1/2
ω−1 as a precondi-

tioning operator (Fomel, 1997). Then, omitting theω, we obtain

0 ≈ LW 1/2x−d, (21)

0 ≈ ε1/2x, (22)

with x=W−1/2m. The estimate of the model can be written as follows:

m̂=WL ′(LWL ′+ εI )−1d, (23)

or equivalently as

m̂= (L ′L + εW−1)−1L ′d. (24)

Equation (23), used in the under-determined case, is clearly easier to compute because we do
not have to calculateW−1. Since in practice we often have to deal with more unknowns than
data points, I use equation (23) in the following examples.

Results with the frequency domain approach

I implemented this method with synthetic and real data. The synthetic case perfectly attenuates
the aliasing artifacts. The real data case is not as convincing however, because we have a dense
information in the data space to interpret with few parabolas in the model space.

The result with synthetic data is striking (Figure 8): all the artifacts have disappeared,
leaving a clean model space. The data are almost entirely recovered. Figure 9 displays the
diagonal elements of the matrixW at each frequency. We can see that from the lowest to the
highest frequencies, the diagonal elements focus at four different locations corresponding to
the four parabolic curvatures present in the input data. The cut-off at 70 Hz which corresponds
to the highest frequency component present in the data, is used to calculate the model space.

With real data, however, the results suggest strategies to better focus the radon domain.
Figure 10 shows the inversion of one CMP gather in the parabolic radon domain when no
attempt were made to focus the model space components, that is, no weight in equation (23).
The residual is displayed in the right panel of Figure 12. Although the inversion produces a
satisfactory fitting of the input data, some aliasing artifacts appear in the radon domain. Figure
11 displays the result of the inversion using the steering-weighting matrices. It shows that
fewer artifacts appear in the radon domain. A comparison of the residual with and without
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Figure 8: Left: Model space using the steering matrices. Right: Data reconstructed from the
left panel. The aliasing artifacts are gone, and the focusing in the model space is perfect.
antoine3-spikeal[ER]

Figure 9: Diagonal elements of the
weighting matrix W at each fre-
quency. The four stripes correspond
to the location of the four curva-
tures in the radon domain. The cut-
off at 70 Hz corresponds to the high-
est frequency present in the data.
antoine3-weight[ER]
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weight , shown in Figure 12, demonstrates that the data fitting is satisfactory for both cases. It
turns out that the crucial parameter isεω. I don’t have any guideline for choosing it but trial
and error. The efficiency of the steering-weighting matrices method is based on the number of
parabolic events present in the data. The best results are achieved when few events have to be
focused in a large radon domain. However, since for real data cases this requirement may be
difficult to meet, I anticipate no or few improvements if we use this method. One solution may
be simply to apply it to different patches as suggested by Herrmann et al. (2000).

Figure 10: Left: A radon domain obtained using inversion without steering matrices. Right:
The reconstructed data.antoine3-nmo2[ER]

CONCLUSION

The inversion of the PRT can be done quickly in the Fourier domain using a least-squares
inverse. Employing an antialiasing operator helps focus more precisely in the radon domain.
I demonstrated that data aliasing effects can be eliminated using a sparse solver in the time
or frequency domain. The frequency domain solution, however, may need to be applied in
patches.
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Multiple suppression with land data: A case study

Gabriel Alvarez1

ABSTRACT

Some of the most important methods for multiple suppression are based on themoveout
difference between the hyperbolas corresponding to primary and multiple reflections in
a CMP gather. This moveout difference is exploited by means of the Parabolic Radon
Transform. In this case study I review the methodology and show the result of its applica-
tion to a 2-D land seismic line are. Of particular importance are the results that show that
without the suppression of multiples a distorted image is obtained of the Paleozoic and its
stratigraphic terminations against basement, which constitute the exploratory objective in
the area. This is partly due to the improved stacking velocities afforded by the suppression
of the multiples.

INTRODUCTION

Accurate interpretation of subsurface seismic images is of the utmost importance for oil ex-
ploration and production. To achieve this goal it is necessary not only that the images be of
good quality, but also that they correspond exclusively to the energy from the primary reflec-
tions, that is, those reflected from only one subsurface interface before their recording at the
surface of the earth. Any other form of energy is undesirable. Such energy may correspond,
for instance, to refractions, surface noise, guided waves and multiple reflections. They are col-
lectively called coherent noise. Multiple reflections, energy that has been reflected at more
than one interface, are particularly troublesome for seismic interpretation since they can be
easily mistaken as primary reflections. Figure 1 shows a schematic representation of some of
the more common forms of multiples. In general, long period multiples are more common in
marine data, whereas short period multiples are more common in land data.

Multiple reflections are particularly difficult to discriminate from primary reflections in land
data because they generally lack the familiar periodicity associated with marine data multiples.
This has led to the misconception that multiple reflections are only a problem with marine data.
Seismic interpretation in areas such as the one illustrated here can be severely jeopardized by
the presence of short period multiples which are extremely difficult to identify. Figure 2 shows
such a seismic line. It will be shown later that it is plagued with multiple reflections; but just
from the seismic section, there is no way to tell immediately which reflections are multiples.

1email: gabriel@sep.stanford.edu
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Figure 1: Broad multiple classification. Left: long period multiples. Right: short period multi-
ples. gabriel1-mul_esq1[NR]
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The suppression of multiples in seismic data processing can be achieved by several means
of which filtering in the parabolic Radon Transform domain is the most common (Hampson,
1986). This process will be described in some detail and the results of its application to the
seismic line in Figure 2 are presented. It is shown that the suppression of the multiples not
only produce a more faithful image of the subsurface, but has the added benefit of allowing
for the computation of more accurate NMO-stacking velocities.

THEORY OVERVIEW

Primary reflections in a common midpoint gather exhibit a hyperbolic moveout as a function
of offset (gray lines on the left of Figure 3). The governing equation of the hyperbolic moveout
is:

tx =

√
t2
0+

x2

V2
s

, (1)

where tx corresponds to the arrival time of the reflection at offsetx, t0 corresponds to the
arrival time at zero offset andVs is the NMO-stacking velocity. This velocity is the one that
best fits the moveout of the hyperbola and is determined by trial and error from among a series
of probable velocities. If correctly chosen, this velocity allows the moveout corrected primary
reflections to become horizontal (solid black horizontal lines in left of Figure 3).

Clearly the selection of the stacking velocities must be done to correct for the moveout of the
primary reflections and not for the multiples. At a given zero-offset arrival time the velocity of
a primary reflection is greater than that of a multiple, which according to Equation (1) implies
a smaller moveout. This difference in moveout makes it possible to flatten the primary re-
flections while leaving the multiples under-corrected with a moveout approximately parabolic
(Hampson, 1986). The Parabolic Radon Transform exploits this difference by summing trace
amplitudes along parabolas of different zero-offset time and curvature. Hence, the transform
can be considered a mathematical operator that maps parabolas in thet-x domain to small
regions of the parabolic moveout (p) and zero-offset time (τ ) domain.

This is schematically shown in Figure 3 which shows that the horizontal events int-x domain
map to a vertical strip in theτ -p domain atp= 0. The multiple reflections, on the other hand,
are mapped in theτ -p domain to a region away from thep= 0 vertical line. This separation
allows for the suppression of the multiple energy by zeroing out theτ -p region to the right of
the dashed line in Figure 3. The inverseτ -p transform would then return the primaries to the
t-x domain.

In practice the process is applied a little differently: it is the energy of the primaries that is
suppressed (energy to the left of the dashed line in Figure 3) and inversely transformed to the
t-x domain. The primaries are computed by subtracting the multiples from the original data
in this domain. This method was first introduced with the name “inverse velocity stacking”
(Hampson, 1986). The mathematical equivalent of the qualitative description given before for
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Figure 2: Stacked seismic section. Which reflections are multiples?gabriel1-res2_stack.rot
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Figure 3: Schematic representation of multiple suppression by filtering in the parabolic Radon
transform domain. Left:t-x domain, right:τ -p domain. gabriel1-mul_esq2[NR]

the Parabolic Radon Transform is a set of two equations:

y(p,τ )=
∫ xmax

xmin

z(x,t = τ + px2)dx (2)

z(x,t)= ρ(t)∗
∫ pmax

pmin

y(p,τ = t− px2)dp (3)

The first equation corresponds to the forward transform (fromt-x to τ -p) and the second one
to the inverse transform (fromτ -p to t-x). z andy represent the trace amplitudes int-x and
τ -p domain respectively.xmin andxmax correspond to the minimum and maximum CMP off-
set, pmin and pmax to the minimum and maximum parabola curvature used in the transform,
and, as usual, the symbol∗ denotes convolution. It is interesting to note that except for the dif-
ference in sign and the presence of theρ term, the equations for both transforms are basically
the same. The termρ represents a filter that corrects the high frequency loss incurred in the
forward transform (Claerbout, 1995). In the case of continuous functions these transforms are
exact inverses of one another. In seismic data processing we deal with sampled information,
however, which means that we need to use the discrete equivalents of equations (2) and ( 3):

y(pi ,τ )=
Nx−1∑
k=0

z(xk,t = τ + pi x
2
k )1x (4)
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z(xk,t)= ρ(t)∗
Np−1∑
t=0

y(pi ,τ = t− pi x
2
k )1p (5)

whereNx andNp are the number of traces and parabolas respectively.

The need to work with discrete equations may give raise to aliasing problems (Yilmaz, 1987)
as well as to some stability problems related to the selection of the number of parabolas used
in the transform. In commercial software packages the transform is normally implemented in
the f -x domain because of issues related to the amplitude of the inverse transform which is
computed via a numerical optimization process. The discussion of these details, which are
very important for the successful application of the method, are out of the scope of this paper.
See for example (Anderson, 1993) and (Alvarez, 1995).

GEOLOGICAL TARGET

The geological and geophysical target in the study area are the pinchouts of the Paleozoic
sequence against a metamorphic basement. The area is characterized by a series of paleohighs
and an important Paleozoic section. These basement highs controlled the sedimentation of
Tertiary sandstones. For the most part, the Cretaceous has been eroded away. The main risk
for exploration is the detection of the sandstone pinchouts and the quality of the reservoir rock.
In general the Paleozoic sequence has not been throughly studied although it is believed to be
of great potential for large oil accumulations.

METHODOLOGY

The selected line was processed in the following way:

• Conventional reprocessing of the original field data without any special regards for mul-
tiple suppression except for the usual selection of high stacking velocities. The result-
ing seismic section is illustrated in Figure 2 and can be considered the control section
against which the results of the multiple suppression will be evaluated. It is virtually
impossible to identify the multiple reflections in this section.

• Multiple suppression with Hampson’s method using three different implementations
of the Parabolic Radon transform: (1) SU package of Colorado School of Mines, (2)
Hampson-Russell AVO package, and (3) Promax processing system. Input data were
the NMO-corrected CMP gathers from the conventional processing sequence.

• Velocity analysis and stacking of primaries and multiples independently. DMO, velocity
analysis and finite difference migration of primaries.
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Figure 4: Supergathers before multiple suppression.gabriel1-HR_prim_mul1.SG[NR]

RESULTS AND ANALYSIS

In order to increase the signal-to-noise ratio of the data for comparison purposes “supergath-
ers” were created, with each one taken as an average of 11 consecutive CMP’s. Figure 4 shows
some of these supergathers before the multiple suppression. Notice the almost flat primary re-
flections and the curved multiples. Figure 5 shows the same supergathers for the extracted
primaries. Figure 6 shows the remaining multiples (the plot amplitude has been amplified to
show the details of the curvature). The extraction of the multiples was successful except on
the shallow part where there are not enough traces to discriminate between primaries and mul-
tiples. Basically the same results were obtained with all three implementations of the Radon
Transform.

Figure 7 shows the stacked section of the primary reflections after the suppression of the mul-
tiples. Comparison of this section with Figure 2 shows that many of the reflections in the orig-
inal stacked section did indeed correspond to multiple reflections. As mentioned before, these
multiple reflections would have been virtually impossible to identify in the original stacked
section. To stress this point, Figure 8 shows an amplified version of the stacked section for
the multiples. Obviously the shallow part is suspect as explained before, but the deep section
shows the most prominent multiple reflections. If a stacked section such as this were handed
to a seismic interpreter, there is the risk that he could make erroneous inferences about the
subsurface. A more extreme case would be that in which the NMO correction was performed
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Figure 5: Supergathers after multiple suppression. Primaries only.
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with the velocity of the multiples, such as could happen if the multiples (at least some of them)
were incorrectly taken to be primaries.
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Figure 6: Supergathers after multiple suppression. Residual multiples.
gabriel1-HR_mul1.agc.SG[NR]

It is important to realize that the suppression of the multiples not only makes interpretation
easier by highlighting the primaries, but also improves the resolution of the primaries by al-
lowing a better selection of the primary stacking velocities. Figure 9 shows a typical velocity
analysis before the suppression of the multiples, whereas Figure 10 shows the same velocity
analysis after the suppression of the multiple energy. It is clear that the presence of the mul-
tiples masked the velocity trend of the primaries making it more difficult to select the correct
stacking velocity function appropriate for the NMO correction of the primaries. By getting rid
of the multiples it becomes clear what the primary stacking velocities should be. The better
selection of the primary velocities improves the image of the stratigraphic features of interest
such as pinchouts of Paleozoic against the basement.

CONCLUSIONS

Multiple reflections often occur in land data, in particular in areas with layer-cake geology
and strong acoustic impedance contrast between adjacent layers in the subsurface. The fact
that these multiples tend not to be periodic makes them difficult to identify in the stacked
section and can lead to the erroneous conclusion that there are no multiples. The Parabolic
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Figure 7: Stacked section of primaries only.gabriel1-HR_prim_stack1.rot[NR]
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Figure 8: Stacked section of residual multiples.gabriel1-HR_mul_stack1.rot[NR]
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Figure 9: Velocity analysis before multiple elimination. Notice the multiples at low velocities.
gabriel1-velan4[NR]

Figure 10: Velocity analysis after multiple elimination.gabriel1-prim_velan2[NR]
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Radon Transform can be used to suppress the multiples if their difference in moveout with
respect to the primaries is large enough (as usually happens). Suppressing the multiples is a
requirement for any faithful interpretation of the seismic data.

The suppression of the multiples not only helps to identify the primaries, but also allows a
better selection of the stacking velocities for the primaries, in that way improving the quality
of the primary reflections themselves.

Multiples are a problem not limited to marine data. Multiples can be as severe a problem with
land data, especially since they are more difficult to identify and hence are more likely to be
mistaken as primaries.
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Houston, TX 77079 Houston, TX 77025
U.S.A. U.S.A.
tel: (281) 589-6725 tel: (713) 245-7285
fax: (281) 589-6558 fax: (713) 245-7339
Contact: James R. Myron contact: Chris Corcoran
email: jim@hstn.seres.pgs.com email: ctcorcoran@shellus.com

Phillips Petroleum Company Texaco Group Inc.
500A Plaza Office Building P.O. Box 5060
Bartlesville, OK 74004 5901 S. Rice Ave.
U.S.A. Bellaire, TX 77402-5060
tel: (918) 661-9425 U.S.A.
fax: (918) 661-5250 tel: (713) 432-6798
contact: Dan Whitmore fax: (713) 432-6908
email: ndwhitm@ppco.com contact: Youngsun Shin

email: shiny@texaco.com

Saudi Aramco Oil Company 3DGeo Development Inc.
Geophysical R&D 465 Fairchild Drive
EXPEC BLDG, X-3480A Suite 226
Dhahran 31311 Mountain View, CA 94043-2251
Saudi Arabia U.S.A.
tel: 966 (3) 874 7262 tel: (650) 969-3886
fax: 966 (3) 873 1020 fax: (650) 969-6422
contact: Mohammed N. Alfaraj contact: Dimitri Bevc
email: farajmn@mail.aramco.com.sa email: dimitri@3dgeo.com



324 SEP–108

SPONSORS OF THE STANFORD EXPLORATION PROJECT, 2000-2001

TotalFinaElf Veritas DGC Limited
Bureau M/059, CSTJF Crompton Way
Avenue Larribau Manor Royal Estate
64018 Pau Cedex RH10 2QR
France United Kingdom
tel: 33 (559) 836 786 tel: 44 (1293) 443219
fax: 33 (559) 834 858 fax: 44 (1293) 443012
contact: M. Henri Calandra contact: Helmut Jakubowicz
email: henri.calandra@totalfinaelf.com email: helmut_jakubowicz@veritasdgc.com

Unocal Corporation WesternGeco
E&P Technology 10001 Richmond Ave.
14141 Southwest Freeway Houston, TX 77042-4299
Sugar Land, TX 77478 U.S.A.
U.S.A. tel: (713) 689-5717
tel: (281) 287-7481 fax: (713) 689-5757
fax: (281) 287-5110 contact: Luis Canales
contact: Phil Schultz email: luis.canales@westgeo.com
email: phil.schultz@unocal.com


