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Abstract
This dissertation addresses the problem of interpolating irregularly spaced seismic exploration
data to regular spatial locations. This problem arises in practice in three-dimensional seismic
exploration in such applications as Kirchhoff prestack migration, multiple elimination, waveequation migration, and 4-D seismic monitoring.
I formulate data regularization as a linear-estimation problem and solve it with an iterative
optimization algorithm. I develop a general method of accelerating the iterative convergence
using inverse recursive filtering and show that invertible multidimensional filters can be created
by spectral factorization in helical coordinates.
Different choices exist for the regularization operator in iterative data regularization.
• Smoothly varying surfaces are regularized with recursive helical smoothers based on
the tension-spline theory.
• The local plane-wave model is suitable for characterizing different types of seismic data.
Such data are successfully regularized with plane-wave destructor filters.
• Seismic reflection data exhibit additional degrees of predictability because of multiple
coverage. They can be regularized with finite-difference offset and shot continuation
filters.
To provide a theoretical basis for the latter choice, I introduce a special partial differential
equation that describes offset continuation as a wave-like process. I study the properties of this
equation theoretically and prove that the process described by it provides for a kinematically
v

and dynamically equivalent offset continuation transform. Kinematic equivalence means that
in constant velocity media the reflection traveltimes are transformed to their true locations on
different offsets. Dynamic equivalence means that, in the OC process, the geometric spreading
term in the amplitudes of reflected waves transforms in accordance with the geometric seismics
laws, while the angle-dependent reflection coefficient stays the same.
Synthetic and real data tests demonstrate the performance and applicability of the proposed
data regularization methods. I show that a local plane-wave continuity of the input data allows
for an efficient regularization with plane-wave filters. Increasing the filter accuracy leads to
more accurate results. Alternatively, seismic data can be regularized with offset-continuation
filters, which operate efficiently in frequency slices and bring information from neighboring
offsets. Offset continuation succeeds in structurally complex situations where more simplistic
approaches fail. The dataset tested is 3-D marine from the North Sea.
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Preface
All of the figures in this dissertation are marked with one of the three labels: [ER], [CR], and
[NR]. They may also have an additional [M] label. These labels define to what degree the
figure is reproducible from the data directory, source code and parameter files provided on the
web version of this dissertation 1 .
Reproducibility is a way of organizing computational research that allows both the author
and the reader of a publication to verify the reported results at a later time. Reproducibility facilitates the transfer of knowledge within the Stanford Exploration Project (SEP) and between
SEP and its sponsors.

ER denotes Easily Reproducible. The figures marked [ER] are the results of a processing
described in the dissertation. The reader can reproduce such a figure from the programs,
parameters, and makefiles included in the electronic document. The data must either be
included in the electronic distribution or be easily available (e.g. SEG-EAGE data sets)
to SEP and non-SEP researchers. The data may also be available in the SEP data library,
which can be viewed at http://sepwww.stanford.edu/public/docs/sepdatalib/toc_html/.
The reader is assumed to have a UNIX workstation with Fortran, Fortran90, C, XWindows system and the software downloadable from the SEP website (SEP makerules,
SEPlib, and, to properly reproduce the documents, the SEP LATEX package). Before the
publication of the electronic document, someone other than the author has tested the
author’s claim by destroying and rebuilding all ER figures. Some ER figures may not
1 http://sepwww.stanford.edu/public/docs/sep107/
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be reproducible by outsiders because they depend on data sets that are too large to distribute, or data that we do not have permission to redistribute but that are in the SEP
data library.
CR denotes Conditional Reproducibility. The author certifies that the commands are in place
to reproduce the figure if certain resources are available. SEP staff have only attempted
to assure that the makefile rules exist and that the source codes referenced are provided.
The primary reasons for the CR designation is that the processing requires 20 minutes
or more, or commercial packages.
All CR figures in Chapters 3, 4, and 6, as well as CR figures in Appendices, and Figures 5.3, 5.4, 5.9 and 5.30, were generated with Mathematica. They can be reproduced
from the provided Mathematica scripts if the reader has access to the Mathematica software from Wolfram Research.
All the other CR figures in Chapter 5 are marked so because they took longer than 20
minutes to reproduce on the testing computers.
M denotes a figure that may be viewed as a movie in the web version of the report. A movie
may be either ER or CR.
NR denotes Non-Reproducible. This class of figure is considered non-reproducible. SEP
discourages authors from flagging their figures as NR except for artist drawings, scannings, etc.
Figures 3.12, 6.2, 6.3, 6.6, and B.1 are schematic illustrations hand-drawn in

xfig.

Figures 6.4 and 6.5 were first created in Mathematica. They are marked NR because I
added some annotations to them in xfig.
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Chapter 1
Introduction

This dissertation addresses the problem of interpolating irregularly spaced seismic exploration
data to regular spatial locations. Geophysical fields are often measured on spatially irregular
locations and need to be interpolated to a regular grid in order to be displayed, processed
or interpreted. In atmospheric sciences, the problem of data estimation on a regular grid
from observations at irregular locations is known as spatial analysis (Daley, 1991). The term
gridding is accepted in the potential field community (Li and Gotze, 1999). In this dissertation,
I adopt the term data regularization to address the same problem in the seismic exploration
context.

MOTIVATION AND PROBLEM FORMULATION

Until recently, conventional seismic exploration techniques successfully escaped the problem
of data regularization. Two-dimensional seismic exploration (seismic profiling) conveniently
positions seismic sources and receivers at regular locations. Although the problem of missing data does occur occasionally (missing near offsets in marine surveys, dead or severely
contaminated traces, etc.), it has only minor importance in 2-D data processing.
The rapid development of three-dimensional seismic methods in recent years has brought
1
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another spatial dimension to the acquisition patterns. In fact, the data dimensionality has increases by two, because both the source and receiver locations become two-dimensional variables in a 3-D seismic setting. The difficulty of acquiring regularly positioned data has become
apparent. An ideal situation, where both sources and receivers are uniformly distributed on the
surface, almost never occurs in the practice of 3-D exploration. In typical marine observations,
receiver streamers are towed behind a vessel. This setting leads to an irregular offset-azimuth
distribution. Furthermore, the regularity of midpoint distribution at large offsets is often affected by cable feathering. On land, there is more variety in observation systems, but uniform
3-D coverage is rarely achieved because of practical and economic constraints (Stone, 1994).
Figure 1.1 shows the common-midpoint (CMP) distribution for a selected range of offsets
in a 3-D marine dataset, acquired in the North Sea. The CMP distribution looks fairly uniform,
but the data irregularity becomes apparent if we consider an analogous plot for a selected
bin in in-line and cross-line offsets (Figure 1.2). Such irregularities are fairly common in
marine acquisition (Biondi, 1999). I use this North Sea dataset for testing data regularization
techniques presented in this dissertation.

Figure 1.1: Midpoint distribution for
a wide range of offsets in the North
Sea dataset. intro-cmp-all [ER]

The problem of data irregularity in 3-D seismic exploration manifests itself in different
situations. Some of them are

3

Figure 1.2: Midpoint distribution for
a 50 by 50 m offset bin in the North
Sea dataset. intro-cmp-win [ER]

• Kirchhoff prestack migration, the most popular method of 3-D seismic imaging, constructs the image by integrating the input data over both source and receiver locations
(Bleistein, 1987). In practice, integration is replaced by summation over all available
data. Data irregularities often transform into image artifacts (Gardner and Canning,
1994).
• Multiple elimination is an important processing task in many regions, where primary
reflections are contaminated by multiples. Some of the most powerful methods of multiple elimination assume uniform distribution of sources and receivers (Weglein et al.,
1997; Verschuur and Berkhout, 1997; Dragoset and Jericevic, 1998). Data regularization by interpolating missing data is a necessary step in extending these methods to 3-D
(van Dedem and Verschuur, 1998).
• Common-azimuth migration is a powerful imaging method, tailored for narrow-azimuth
marine acquisitions (Biondi and Palacharla, 1996a; Biondi, 1997). Its implementation
suggested by Biondi and Palacharla (1996a) implies that the input data are regularly
spaced in midpoint and offset coordinates and therefore relies heavily on preprocessing by data regularization. A similar situation occurs in offset plane wave migration
(Mosher et al., 1997).
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• 4-D seismic monitoring compares 3-D images from repeated seismic surveys in order
to monitor changes in the reservoir (Greaves and Fulp, 1987; Lumley, 1995). It often
requires co-locating datasets with different acquisition geometries (Legott et al., 1999;
Morice et al., 2000). Data regularization onto a uniform grid provides a method for
accurate data matching.

It is important to note that one can use the output of data regularization consistently for different data processing tasks.
In this dissertation, I focus on a general approach to three-dimensional seismic data regularization. I address the following problem: given irregularly spaced data as input, produce a
regularly spaced output that will preserve the essential features of the input. Although this is a
well-known problem in some other Earth sciences (atmospheric sciences, potential fields, mining and petroleum engineering), two particular properties of seismic exploration data require
special treatment. First, the extremely large exploration datasets prohibit computationally expensive methods and require algorithmic efficiency. Second, multiple coverage makes seismic
data predictable in the offset direction, which can be additionally explored for optimal results.
The goal of this work is to develop a collection of efficient, practically affordable numerical methods for data regularization. The most optimal methods need to be specifically tailored
for seismic reflection data to take advantage of the additional degrees of predictability that
such data possess.

COMPARISON WITH PREVIOUS METHODS

Several methods of seismic data regularization appear in the geophysical literature and in the
practice of seismic exploration.
One group of methods is based on different types of integral (Kirchhoff) continuation operators, such as offset continuation (Stovas and Fomel, 1993, 1996; Chemingui and Biondi,
1994; Bagaini and Spagnolini, 1996), shot continuation (Schwab, 1993; Bagaini and Spagnolini, 1993; Spagnolini and Opreni, 1996), and azimuth moveout (Biondi et al., 1998). Integral
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continuation operators can be applied directly for missing data interpolation and regularization (Bagaini et al., 1994; Mazzucchelli and Rocca, 1999). However, they do not behave well
for continuation at small distances in the offset space because of limited integration apertures
and, therefore, are not well-suited for interpolating neighboring records. Additionally, like all
integral (Kirchhoff-type) operators, they suffer from irregularities in the input geometry. The
latter problem is addressed by accurate but expensive inversion to common offset (Chemingui,
1999).
Another group of methods formulates data regularization as an iterative optimization problem with a convolution operator (Claerbout, 1992, 1999). Convolution with prediction-error
filters is a popular choice for interpolating locally plane seismic events (Spitz, 1991). The
method has a comparatively high efficiency, which degrades in the case of large data gaps.
Handling non-stationary events presents an additional difficulty. Non-stationary predictionerror filtering leads to an accurate but relatively expensive method with many adjustable parameters (Crawley, 1999; Clapp et al., 1999).
Methods based on nonuniform discrete Fourier transforms (Duijndam et al., 1999; Hindriks et al., 1997) or Radon transforms (Thorson and Claerbout, 1985; Ji, 1994) have some
attractive computational properties but do not outperform convolutional optimization methods
and have serious limitations with respect to regularizing aliased data.
In this dissertation, I follow Claerbout’s iterative optimization framework, extending it in
several important ways. The major original contributions of this work are summarized below.

Contributions
1. Preconditioning by recursive filtering as a general method for accelerating the convergence of iterative data regularization.
2. A general approach to iterative data regularization using B-spline forward interpolation.
3. New choices for the regularization filters:
(a) tension-spline filters for regularizing smooth two-dimensional surfaces,
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(b) local plane-wave-destructor filters for regularizing seismic images,
(c) offset and shot continuation filters for regularizing prestack seismic data.
4. A comprehensive theory of differential offset continuation, which serves as a bridge
between integral and convolutional approaches.

The most innovative part of this dissertation is the theory and practical implementation of
differential offset continuation. The theory captures the intrinsic connection among different
parts of seismic reflection data. The practical implementation transforms differential offset
continuation into a local efficiently computed regularization operator.

OUTLINE

The dissertation is organized according to the following outline:

Fundamentals of data regularization
Theoretical fundamentals of this work are introduced in Chapter 2. I pose data regularization
as an optimization problem and trace its statistical roots. The optimization objective consists
of two parts: fitting the observed data with the forward modeling operator and “styling” the
model with an appropriately chosen regularization operator.

Forward interpolation
Chapter 3 addresses the choice of the forward modeling operator. I discuss the general theory
of forward interpolation and possible practical strategies. I identify B-spline interpolation as
the most accurate forward operator among other similar-cost options.
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Iterative data regularization
The practical aspects of data regularization by iterative optimization are discussed in Chapter 4. Considering two possible formulations of the optimization problem, I show that the
data-space formulation (also known as model preconditioning) provides significantly faster
convergence and exhibits more appropriate behavior at early iterations than the alternative,
model-space formulation. I introduce preconditioning by recursive filtering and apply it in
multidimensional problems with the help of Claerbout’s helix transform (Claerbout, 1998a).

Choice of regularization and numerical results
Chapter 5 is the culmination of this dissertation. In this chapter, I focuse on the choice of the
regularization operator and develop three possible strategies: tension splines, local plane-wave
destruction, and offset continuation. Each of the strategies is appropriate for a particular kind
of the regularized data. The performance of the proposed methods is tested and illustrated on
several synthetic and real-data examples.

Offset continuation for reflection seismic data
Chapter 6 contains the theory of differential offset continuation. I introduce a partial differential equation for describing offset continuation as a continuous process and prove that, under
certain assumptions, it provides correct kinematic and amplitude behavior for the continued
data. I establish theoretical links between integral, differential, and frequency-domain operators by solving an initial-value problem for the proposed equation.

Conclusions
Chapter 7 completes the dissertation with a summary of the results and a discussion of the
advantages and limitations of the proposed numerical methods.
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Chapter 2
Fundamentals of data regularization

In this chapter, I develop a general theoretical framework for addressing the data regularization
problem. The problem fundamentals are traced back to statistical estimation theory. Following
Claerbout (1992, 1999), I formulate data regularization as a simple linear-estimation problem.

STATISTICAL ESTIMATION

Let d be the vector of observed data, and m be the ideal underlying model. The regularized
data represent the model estimate <m>. Taking into account the lack of information about
m, we can treat both m and d as random vectors and approach the problem of finding <m>
statistically.
For any two random vectors x and y, let us denote by Cx y the mathematical expectation of
the random matrix x yT , where yT denotes the adjoint of y. Analogously, Cx will denote the
mathematical expectation of x xT . For zero-mean vectors, the matrices Cx and Cx y correspond
to covariances. In a more general case, they are second-moment statistics of the corresponding
random processes.
Applying the Gauss-Markoff theorem, one can obtain an explicit form of the estimate
<m> under three very general assumptions (Liebelt, 1967):
9
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1. The estimate has a linear relationship with the input data:
<m>= A d ,

(2.1)

where A is a linear operator.

2. The estimate corresponds to the minimum of Ce = E e eT , where E is the mathematical expectation and e denotes the model error e =<m> −m. For unbiased estimates
(zero mathematical expectation of e), the matrix Ce corresponds to the model error
covariance. Although we do not make any explicit assumptions about the statistical
distribution of the error, minimizing Ce is particularly meaningful in case of normal
(Gaussian) distributions (Tarantola, 1987).
3. The square matrix Cd is invertible.
Doing a simple algebraic transformation, we find that




Ce = E (<m> −m) (<m> −m)T = E (A d − m) dT AT − mT =
T
A Cd AT − Cmd AT − A Cmd
+ Cm =

T


−1
A
−
C
C
A − Cmd C−1
C
− Cmd C−1
md
d
d
d
d Cmd + Cm .

(2.2)

It is evident from equation (2.2) that Ce will be minimized when A = Cmd C−1
d . This leads
immediately to the Gauss-Markoff result
<m>= Cmd C−1
d d.

(2.3)

Equation (2.3) has fundamental importance in different data regularization schemes. With
some slight modifications, it appears as the basis for such methods as optimal interpolation in
atmospheric data analysis (Gandin, 1965; Daley, 1991), least-squares collocation in geodesy
(Moritz, 1980), and linear kriging in petroleum and mining engineering (Journel and Huijbregts, 1978; Hohn, 1999). In order to apply formula (2.3) in practice, one needs first to get
an estimate of the matrices Cmd and Cd . In geostatistics, the covariance matrices are usually
chosen from simple variogram models (Deutsch and Journel, 1997).
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Unfortunately, a straightforward application of the Gauss-Markoff formula (2.3) is computationally unaffordable for typical seismic data applications. If the data vector contains N
parameters, a straightforward application will lead to an N by N matrix inversion, which requires storage proportional to N 2 and a number of operations proportional to N 3 . Although
the data can be divided into local patches to reduce the computational requirements for an
individual patch, the total computational complexity is still too high to be affordable for the
values of N typical in 3-D seismic exploration (N as high as 1010 ).
We can take two major theoretical steps to reduce the computational complexity of the
method. The first step is to approximate the covariance matrices with sparse operators so that
the matrix multiplication is reduced from N 2 operations to something linear in N . The second
step is to approach model estimation as an optimization problem and to use an iterative method
for solving it. The goal is to obtain a reasonable model estimate after only a small number of
iterations.

REPRESENTING COVARIANCE MATRICES BY SPARSE OPERATORS

In order to understand the structure of the matrices Cmd and Cd , we need to make some
assumptions about the relationship between the true model m and the data d. A natural assumption is that if the model were known exactly, the observed data would be related to it by
a forward interpolation operator L as follows:
d = Lm+n ,

(2.4)

where n is an additive observational noise. For simplicity, we can assume that the noise is
uncorrelated and normally distributed around zero:
Cmn = 0 ;

Cn = σn2 I ,

(2.5)

where I is an identity matrix of the data size, and σn is a scalar. Assuming that there is no
linear correlation between the noise and the model, we arrive at the following expressions for
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the second moment matrices in formula (2.3):


Cd = E (L m + n) mT LT + nT = L Cm LT + σn2 I ,

(2.6)



Cmd = E m mT LT + nT = Cm LT .

(2.7)

Substituting equations (2.6) and (2.7) into (2.3), we finally obtain the following specialized
form of the Gauss-Markoff formula:
<m>= Cm LT L Cm LT + σn2 I

−1

d.

(2.8)

Assuming that Cm is invertible, we can also rewrite equation (2.8) in a mathematically equivalent form
<m>= L LT + σn2 C−1
m

−1

LT d .

(2.9)

The equivalence of formulas (2.8) and (2.9) follows from the simple matrix equality
−1 T
Cm LT (LCm LT + σn2 I)−1 ≡ (LT L + σn2 C−1
m ) L .

(2.10)

It is important to note an important difference between equations (2.8) and (2.9): The inverted
matrix has data dimensions in the first case, and model dimensions in the second case. I
discuss the practical significance of this distinction in Chapter 4.

In order to simplify the model estimation problem further, we can introduce a local differential operator D. A model m complies with the operator D if the residual after we apply this
operator r = D m is uncorrelated and normally distributed. This means that


E D m mT DT = D Cm DT = σm2 I ,

(2.11)

where the identity matrix I has the model size. Furthermore, assuming that D is invertible, we
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can represent Cm as follows:
−1
Cm = σm2 DT D
.

(2.12)

Substituting formula (2.12) into (2.8) and (2.9), we can finally represent the model estimate in
the following equivalent forms:
−1
<m> = P PT LT L P PT LT +  2 I
d;

−1 T
<m> = L LT +  2 DT D
L d,
−1
where P PT = DT D
and  =

(2.13)
(2.14)

σn
σm .

The first simplification step has now been accomplished. By introducing additional assumptions, we have approximated the covariance matrices Cd and Cmd with the forward interpolation operator L and the differential operator D. Both L and D act locally on the model.
Therefore, they are sparse, efficiently computed operators. Different examples of operators L,
D, and P are discussed later in this dissertation. In the next section, I proceed to the second
simplification step.

DATA REGULARIZATION AS AN OPTIMIZATION PROBLEM
The Gauss-Markoff equation (2.3) is derived as a solution of an optimization problem – minimizing the model error covariance matrix. After simplifying this equation to the forms (2.13)
and (2.14), we can again recast it as a solution to an optimization problem of a different kind.
In fact, equations (2.13) and (2.14) correspond to two fundamentally different optimization
formulations.

Model-space regularization
Model-space regularization implies adding equations to system
Lm ≈ d

(2.15)
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to obtain a fully constrained (well-posed) inverse problem. The additional equations take the
form
Dm ≈ 0 .

(2.16)

The full system of equations (2.15)-(2.16) can be written in a short notation as
"
Gm m =

L

#

"
m≈

D

d

#

0

= d̂ ,

(2.17)

where d̂ is the effective data vector:
"
d̂ =

d

#
,

0

(2.18)

and Gm is a column operator:
"
Gm =

#

L
D

.

(2.19)

The estimation problem (2.17) is fully constrained. We can solve it by means of unconstrained least-squares optimization, minimizing the squared power r̂T r̂ of the compound
residual vector
"
r̂ = d̂ − Gm m =

d − Lm

#
.

(2.20)

−Dm

The formal solution of the regularized optimization problem has a known form, which coincides with formula (2.14). One can carry out the optimization iteratively with the help of the
conjugate-gradient method (Hestenes and Steifel, 1952) or its analogs (Paige and Saunders,
1982).
The next subsection introduces an alternative formulation of the optimization problem.
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Data-space regularization (model preconditioning)

The data-space regularization approach is closely related to the concept of model preconditioning (Nichols, 1994). Regarding the operator P from equation (2.13) as a preconditioning
operator, we can introduce a new model p with the equality
m = Pp .

(2.21)

The residual vector r for the data-fitting equation (2.4) can be defined by the relationship
r = d − Lm = d − LPp ,

(2.22)

where  is the scaling parameter from equation (2.13). Let us consider a compound model
p̂, composed of the preconditioned model vector p and the residual r. With respect to the
compound model, we can rewrite equation (2.22) as
h

LP I

i

"

p

#
= Gd p̂ = d ,

r

(2.23)

where Gd is a row operator:
Gd =

h

LP I

i

,

(2.24)

and I represents the data-space identity operator.
System (2.23) is clearly underdetermined with respect to the compound model p̂. If from
all possible solutions of this system we seek the one with the minimal power p̂T p̂, the formal
(ideal) result takes the well-known form
"
<p̂ =

<p>
<r>

#

"
= Gd

T

Gd Gd


T −1

d=

−1 #
PT LT LPPT LT +  2 I d
.
−1
 LPPT LT +  2 I d

(2.25)

Applying equation (2.21), we obtain the corresponding estimate <m> for the initial model m,
which is precisely equivalent to equation (2.13). This proves the legitimacy of the alternative
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Table 2.1: Comparison between model-space and data-space regularization

Regularization

Model-space

Data-space


effective model

m

p̂ =


effective data

d̂ =

d
0





L
D



d



effective operator

Gm =

optimization problem

minimize r̂T r̂,
where
r̂ = d̂ − Gm m

formal estimate for m

p
r

Gd =



LP I



minimize p̂T p̂
under the constraint
Gd p̂ = d


LT L +  2 C−1 LT d,

CLT (LCLT +  2 I)−1 d,

where C−1 = DT D

where C = PPT .

data-space approach to data regularization: the model estimation is reduced to least-square
minimization of the specially constructed compound model p̂ under the constraint (2.22).
I summarize the differences between model-space and data-space regularization in Table
2.1.
Although the two approaches lead to similar theoretical results, they behave quite differently in the process of iterative optimization. In Chapter 4, I illustrate this fact with many
examples and show that in the case of incomplete optimization, the second (preconditioning)
approach is generally preferable.
The next chapter addresses the choice of the forward interpolation operator L – the necessary ingredient of the iterative data regularization algorithms.
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Chapter 3
Forward interpolation
As I will illustrate in later chapters, the crucial part of data regularization problems is in the
choice and implementation of the regularization operator D or the corresponding preconditioning operator P. The choice of the forward modeling operator L is less critical. In this
chapter, I discuss the nature of forward interpolation, which has been one of the traditional
subjects in computational mathematics. Wolberg (1990) presents a detailed review of different conventional approaches. I discuss a simple mathematical theory of interpolation from a
regular grid and derive the main formulas from a very general idea of function bases.
Forward interpolation plays only a supplementary role in this dissertation, but it has many
primary applications, such as trace resampling, NMO, Kirchhoff and Stolt migrations, logstretch, and radial transform, in seismic data processing and imaging. Two simple examples
appear at the end of this chapter.

INTERPOLATION THEORY

Mathematical interpolation theory considers a function f , defined on a regular grid N . The
problem is to find f in a continuum that includes N . I am not defining the dimensionality of
N and f here because it is not essential for the derivations. Furthermore, I am not specifying
the exact meaning of “regular grid,” since it will become clear from the analysis that follows.
19
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The function f is assumed to belong to a Hilbert space with a defined dot product.
If we restrict our consideration to a linear case, the desired solution will take the following
general form
X

f (x) =

W (x, n) f (n) ,

(3.1)

n∈N

where x is a point from the continuum, and W (x, n) is a linear weight function that can take
both positive and negative values. If the grid N itself is considered as continuous, the sum in
formula (3.1) transforms to an integral in dn. Two general properties of the linear weighting
function W (x, n) are evident from formula (3.1).
Property 1
W (n, n) = 1 .

(3.2)

Equality (3.2) is necessary to assure that the interpolation of a single spike at some point n
does not change the value f (n) at the spike.
Property 2
X

W (x, n) = 1 .

(3.3)

n∈N

This property is the normalization condition. Formula (3.3) assures that interpolation of a
constant function f (n) remains constant.
One classic example of the interpolation weight W (x, n) is the Lagrange polynomial,
which has the form
W (x, n) =

Y (x − i)
i6 =n

(n − i)

.

(3.4)

The Lagrange interpolation provides a unique polynomial, which goes exactly through the data
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points f (n)1 . The local 1-point Lagrange interpolation is equivalent to the nearest-neighbor
interpolation, defined by the formula
(
W (x, n) =

1,

n − 1/2 ≤ x < n + 1/2

for

(3.5)

0, otherwise

Likewise, the local 2-point Lagrange interpolation is equivalent to the linear interpolation,
defined by the formula
(
W (x, n) =

1 − |x − n|,
0,

n −1 ≤ x < n +1

for

(3.6)

otherwise

Because of their simplicity, the nearest-neighbor and linear interpolation methods are very
practical and easy to apply. Their accuracy is, however, limited and may be inadequate for interpolating high-frequency signals. The shapes of interpolants (3.5) and (3.6) and their spectra
are plotted in Figures 3.1 and 3.2. The spectral plots show that both interpolants act as lowpass filters, preventing the high-frequency energy from being correctly interpolated.
Nearest Neighbor Interpolation: B-0
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Figure 3.1: Nearest-neighbor interpolant (left) and its spectrum (right). forwd-nnint [CR]

The Lagrange interpolants of higher order correspond to more complicated polynomials.
Another popular practical approach is cubic convolution (Keys, 1981). The cubic convolution
1 It is interesting to note that the interpolation and finite-difference filters developed by Karrenbach (1995)

from a general approach of self-similar operators reduce to a localized form of Lagrange polynomials.
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Linear Interpolation: B-1
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Figure 3.2: Linear interpolant (left) and its spectrum (right). forwd-linint [CR]

interpolant is a local piece-wise cubic function:

3
2

for
0 ≤ |x − n| < 1

 3/2|x − n| − 5/2|x − n| + 1,
W (x, n) = −1/2|x − n|3 + 5/2|x − n|2 − 4|x − n| + 2,
for
1 ≤ |x − n| < 2


 0,
otherwise
(3.7)
The shapes of interpolant (3.7) and its spectrum are plotted in Figure 3.3.
Cubic Convolution Interpolation
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Figure 3.3: Cubic-convolution interpolant (left) and its spectrum (right). forwd-ccint [CR]
I compare the accuracy of different forward interpolation methods on a one-dimensional
signal shown in Figure 3.4. The ideal signal has an exponential amplitude decay and a
quadratic frequency increase from the center towards the edges. It is sampled at a regular
50-point grid and interpolated to 500 regularly sampled locations. The interpolation result
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is compared with the ideal one. Figures 3.5 and 3.6 show the interpolation error steadily
decreasing as we proceed from 1-point nearest-neighbor to 2-point linear and 4-point cubicconvolution interpolation. At the same time, the cost of interpolation grows proportionally to
the interpolant length.

Figure 3.4: One-dimensional test signal. Top: ideal. Bottom: sampled at
50 regularly spaced points. The bottom plot is the input in a forward interpolation test. forwd-chirp [ER]

Figure 3.5: Interpolation error of the
nearest-neighbor interpolant (dashed
line) compared to that of the linear interpolant (solid line). forwd-binlin
[ER]

FUNCTION BASIS

A particular form of the solution (3.1) arises from assuming the existence of a basis function
set {ψk (x)}, k ∈ K , such that the function f (x) can be represented by a linear combination of
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Figure 3.6: Interpolation error of
the linear interpolant (dashed line)
compared to that of the cubic convolution interpolant (solid line).
forwd-lincub [ER]

the basis functions in the set, as follows:
f (x) =

X

ck ψk (x) .

(3.8)

k∈K

We can find the linear coefficients ck by multiplying both sides of equation (3.8) by one of the
basis functions (e.g. ψ j (x)). Inverting the equality
 X
ck 9 jk ,
ψ j (x), f (x) =

(3.9)

k∈K

where the parentheses denote the dot product, and

9 jk = ψ j (x), ψk (x) ,

(3.10)

leads to the following explicit expression for the coefficients ck :
ck =

X


9k−1
j ψ j (x), f (x) .

(3.11)

j∈K

Here 9k−1
j refers to the k j component of the matrix, which is the inverse of 9. The matrix 9
is invertible as long as the basis set of functions is linearly independent. In the special case of
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an orthonormal basis, 9 reduces to the identity matrix:
9 jk = 9k−1
j = δ jk .

(3.12)

Equation (3.11) is a least-squares estimate of the coefficients ck : one can alternatively
derive it by minimizing the least-squares norm of the difference between f (x) and the linear
decomposition (3.8). For a given set of basis functions, equation (3.11) approximates the
function f (x) in formula (3.1) in the least-squares sense.

SOLUTION

The usual (although not unique) mathematical definition of the continuous dot product is
Z
( f1, f2) =

f¯1 (x) f 2 (x)d x ,

(3.13)

where the bar over f 1 stands for complex conjugate (in the case of complex-valued functions).
Applying definition (3.13) to the dot product in equation (3.11) and approximating the integral
by a finite sum on the regular grid N , we arrive at the approximate equality
Z
(ψ j (x), f (x)) =

ψ̄ j (x) f (x)d x ≈

X

ψ̄ j (n) f (n) .

(3.14)

n∈N

We can consider equation (3.14) not only as a useful approximation, but also as an implicit
definition of the regular grid. Grid regularity means that approximation (3.14) is possible. According to this definition, the more regular the grid is, the more accurate is the approximation.
Substituting equality (3.14) into equations (3.11) and (3.8) yields a solution to the interpolation problem. The solution takes the form of equation (3.1) with
W (x, n) =

XX

9k−1
j ψk (x)ψ̄ j (n) .

(3.15)

k∈K j∈K

We have found a constructive way of creating the linear interpolation operator from a specified
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set of basis functions.
It is important to note that the adjoint of the linear operator in formula (3.1) is the continuous dot product of the functions W (x, n) and f (x). This simple observation follows from the
definition of the adjoint operator and the simple equality
!
f 1 (x),

X

W (x, n) f 2 (n) =

n∈N

X

f 2 (n) ( f 1 (x), W (x, n)) =

n∈N

((W (x, n), f 1 (x)) , f 2 (n)) .

(3.16)

In the final equality, we have assumed that the discrete dot product is defined by the sum
( f 1 (n), f 2 (n)) =

X

f¯1 (n) f 2 (n) .

(3.17)

n∈N

Applying the adjoint interpolation operator to the function f , defined with the help of formula
(3.15), and employing formulas (3.8) and (3.11), we discover that
(W (x, n), f (x)) =

XX

9k−1
j ψ̄ j (n) (ψk (x), f (x)) =

k∈K j∈K

X
j∈K

ψ̄ j (n)

X

−1
(ψk (x), f (x)) =
9 jk

k∈K

X

c j ψ j (n) = f (n) .

(3.18)

j∈K

This remarkable result shows that although the forward linear interpolation is based on approximation (3.14), the adjoint interpolation produces an exact value of f (n)! The approximate
nature of equation (3.15) reflects the fundamental difference between adjoint and inverse linear
operators (Claerbout, 1992).
When adjoint interpolation is applied to a constant function f (x) ≡ 1, it is natural to require
the constant output f (n) = 1. This requirement leads to yet another general property of the
interpolation functions W (x, n):
Property 3
Z
W (x, n)d x = 1 .

(3.19)
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The functional basis approach to interpolation is well developed in the sampling theory
(Garcia, 2000). Some classic examples are discussed in the next section.

INTERPOLATION WITH FOURIER BASIS

To illustrate the general theory with familiar examples, I consider in this section the most
famous example of an orthonormal function basis, the Fourier basis of trigonometric functions.
What kind of linear interpolation does this basis lead to?

Continuous Fourier basis
For the continuous Fourier transform, the set of basis functions is defined by
1
ψω (x) = √ eiωx ,
2π

(3.20)

where ω is the continuous frequency. For a 1-point sampling interval, the frequency is limited
by the Nyquist condition: |ω| ≤ π . In this case, the interpolation function W can be computed
from equation (3.15) to be
1
W (x, n) =
2π

Z

π

−π

eiω(x−n) dω =

sin [π(x − n)]
.
π(x − n)

(3.21)

The shape of the interpolation function (3.21) and its spectrum are shown in Figure 3.7. The
spectrum is identically equal to 1 in the Nyquist frequency band.
Function (3.21) is well-known as the Shannon sinc interpolant. According to the sampling theorem (Kotel’nikov, 1933; Shannon, 1949), it provides an optimal interpolation for
band-limited signals. A known problem prohibiting its practical implementation is the slow
decay with (x − n), which results in a far too expensive computation. This problem is solved
in practice with heuristic tapering (Hale, 1980), such as triangle tapering (Harlan, 1982), or
more sophisticated taper windows (Wolberg, 1990). One popular choice is the Kaiser window
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Sinc Interpolation

Spectrum

1

1

0.8

0.8

0.6
0.6
0.4
0.4
0.2
0.2

0
-0.2

0
-6

-4

-2

0

2

4

6

-6

-4

-2

0

2

4

6

Figure 3.7: Sinc interpolant (left) and its spectrum (right). forwd-sincint [CR]

(Kaiser and Shafer, 1980), which has the form

W (x, n) =







sin [π(x − n)]
π (x − n)



 0,

 q
I0 a 1 −


x−n 2
N

I0 (a)


for

n−N < x <n+N

(3.22)

otherwise

where I0 is the zero-order modified Bessel function of the first kind. The Kaiser-windowed
sinc interpolant (3.22) has the adjustable parameter a, which controls the behavior of its spectrum. I have found empirically the value of a = 4 to provide a spectrum that deviates from 1
by no more than 1% in a relatively wide band.
While the function W from equation (3.21) automatically satisfies properties (3.3) and
(3.19), where both x and n range from −∞ to ∞, its tapered version may require additional
normalization.
Figure 3.8 compares the interpolation error of the 8-point Kaiser-tapered sinc interpolant
with that of cubic convolution on the example from Figure 3.4. The accuracy improvement is
clearly visible.
The differences among the described forward interpolation methods are also clearly visible from the discrete spectra of the corresponding interpolants. The left plots in Figures 3.9
and 3.10 show discrete interpolation responses: the function W (x, n) for a fixed value of
x = 0.7. The right plots compare the corresponding discrete spectra. Clearly, the spectrum
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Figure 3.8: Interpolation error of
the cubic-convolution interpolant
(dashed line) compared to that of an
8-point windowed sinc interpolant
(solid line). forwd-cubkai [ER]

gets flatter and wider as the accuracy of the method increases.

Figure 3.9: Discrete interpolation
responses of linear and cubic convolution interpolants (left) and their
discrete spectra (right) for x = 0.7.
forwd-speclincub [ER]

Discrete Fourier basis
Assuming that the range of the variable x is limited in the interval from −N to N , the discrete
Fourier basis (Fast Fourier Transform) employs a set of orthonormal periodic functions
k
1
ψk (x) = √ eiπ N x ,
2N

(3.23)
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Figure 3.10: Discrete interpolation
responses of cubic convolution and
8-point windowed sinc interpolants
(left) and their discrete spectra (right)
for x = 0.7. forwd-speccubkai [ER]

where the discrete frequency index k also ranges, according to the Nyquist sampling criterion,
from −N to N . The interpolation function is computed from equation (3.15) to be

W (x, n) =

N −1
i
x−n
2N −1
1 X iπ k (x−n)
1 −iπ(x−n) h
e N
=
e
1 + eiπ N + · · · + eiπ N (x−n) =
2N
2N
k=−N

1 −iπ x−n eiπ(x−n) − e−iπ(x−n)
1 −iπ(x−n) e2iπ(x−n) − 1
2N
=
e
e
=
x−n
x−n
iπ x−n
2N
2N
N
−1
e
eiπ 2N − e−iπ 2N
x−n
sin [π(x − n)]

.
e−iπ 2N
2N sin π (x − n)/2N

(3.24)

An interpolation function equivalent to (3.24) has been found by Muir (Lin et al., 1993;
Popovici et al., 1993, 1996). It can be considered a tapered version of the sinc interpolant
(3.21) with smooth tapering function
π(x − n)/2N

.
tan π(x − n)/2N
Unlike most other tapered-sinc interpolants, Muir’s interpolant (3.24) satisfies not only the
obvious property (3.2), but also properties (3.3) and (3.19), where the interpolation function
W (x, n) should be set to zero for x outside the range from n − N to n + N . The form of this
function is shown in Figure 3.11.
The development of the mathematical wavelet theory (Daubechies, 1992) has opened the
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Figure 3.11: The left plots show the sinc interpolation function. Note the slow decay in x.
The middle shows the effective tapering function of Muir’s interpolation; the right is Muir’s
interpolant. The top is for N = 2 (5-point interpolation); the bottom, N = 6 (13-point interpolation). forwd-ma-sinc [CR]

door to a whole universe of orthonormal function bases, different from the Fourier basis. The
wavelet theory should find many useful applications in geophysical data interpolation, but
exploring this interesting opportunity would go beyond the scope of the present work.
The next section carries the analysis to the continuum and compares the mathematical
interpolation theory with the theory of seismic imaging.

CONTINUOUS CASE AND SEISMIC IMAGING

Of course, the linear theory is not limited to discrete grids. It is interesting to consider the
continuous case because of its connection to the linear integral operators commonly used in
seismic imaging. Indeed, in the continuous case, linear decomposition (3.8) takes the form of
the integral operator
Z
f (y) =

m(x)G(y; x)d x ,

(3.25)

32

CHAPTER 3. FORWARD INTERPOLATION

where x is a continuous analog of the discrete coefficient k in (3.8), the continuous function
m(x) is analogous to the coefficient ck , and G(y; x) is analogous to one of the basis functions
ψk (x). The linear integral operator in (3.25) has a mathematical form similar to the form
of well-known integral imaging operators, such as Kirchhoff migration or “Kirchhoff” DMO.
Function G(y; x) in this case represents the Green’s function (impulse response) of the imaging
operator. Linear decomposition of the data into basis functions means decomposing it into the
combination of impulse responses (“hyperbolas”).

In the continuous case, equation (3.15) transforms to
ZZ
W (y, n) =

9 −1 (x1 , x2 )G(y; x1 )Ḡ(n; x2 )d x1 d x2 ,

(3.26)

where 9 −1 (x1 , x2 ) refers to the inverse of the “matrix” operator
9(x1 , x2 ) =

Z
G(y; x1 )Ḡ(y; x2 )dy .

(3.27)

When the linear operator, defined by equation (3.25), is unitary,
9 −1 (x1 , x2 ) = δ(x1 − x2 ) ,

(3.28)

and equation (3.26) simplifies to the single integral
Z
W (y, n) =

G(y; x)Ḡ(n; x)d x .

(3.29)

With respect to seismic imaging operators, one can recognize in the interpolation operator
(3.29) the generic form of azimuth moveout (Biondi et al., 1996), which is derived either as a
cascade of adjoint (Ḡ(n; y)) and forward (G(x; y)) DMO or as a cascade of migration (Ḡ(n; y))
and modeling (G(x; y)) (Fomel and Biondi, 1995a,b). In the first case, the intermediate variable y corresponds to the space of zero-offset data cube. In the second case, it corresponds to
a point in the subsurface.
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Asymptotically pseudo-unitary operators as orthonormal bases

It is interesting to note that many integral operators routinely used in seismic data processing
have the form of operator (3.25) with the Green’s function
∂
G(t, y; z, x) =
∂t

m/2

A(x; t, y)δ (z − θ (x; t, y)) .

(3.30)

where we have split the variable x into the one-dimensional component z (typically depth or
time) and the m-dimensional component x (typically a lateral coordinate with m equal 1 or 2).
Similarly, the variable y is split into t and y. The function θ represents the summation path,
which captures the kinematic properties of the operator, and A is the amplitude function. In
the case of m = 1, the fractional derivative

∂ m/2
∂t

is defined as the operator with the frequency

response (i ω)m/2 , where ω is the temporal frequency (Samko et al., 1993).
The impulse response (3.30) is typical for different forms of Kirchhoff migration and datuming as well as for velocity transform, integral offset continuation, DMO, and AMO. Integral operators of that class rarely satisfy the unitarity condition, with the Radon transform
(slant stack) being a notable exception. In an earlier paper (Fomel, 1996b), I have shown that
it is possible to define the amplitude function A for each kinematic path θ so that the operator
becomes asymptotically pseudo-unitary. This means that the adjoint operator coincides with
the inverse in the high-frequency (stationary-phase) approximation. Consequently, equation
(3.28) is satisfied to the same asymptotic order.
Using asymptotically pseudo-unitary operators, we can apply formula (3.29) to find an
explicit analytic form of the interpolation function W , as follows:
ZZ
W (t, y; tn , yn ) =
∂
∂t

m/2

∂
∂tn

m/2 Z

G(t, y; z, x) G(tn , yn ; z, x) dz dx =

A(x; t, y) A(x; tn , yn ) δ (θ (x; t, y) − θ (x; tn , yn )) dx .

(3.31)

Here the amplitude function A is defined according to the general theory of asymptotically
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pseudo-inverse operators as
A=

1
(2 π)m/2

b 1/4 ∂θ
FF
∂t

(m+2)/4

,

(3.32)

where
∂θ ∂ 2 θ
∂θ ∂ 2 θ
−
,
F =
∂t ∂x ∂y ∂y ∂x ∂t
b 2b
b 2b
b = ∂θ ∂ θ − ∂θ ∂ θ ,
F
∂z ∂x ∂y ∂x ∂y ∂z

(3.33)
(3.34)

and b
θ (x; t, y) is the dual summation path, obtained by solving equation z = θ(x; t, y) for t
(assuming that an explicit solution is possible).

For a simple example, let us consider the case of zero-offset time migration with a constant
velocity v. The summation path θ in this case is an ellipse
r
θ (x; t, y) =

t2 −

(x − y)2
,
v2

(3.35)

(x − y)2
.
v2

(3.36)

and the dual summation path b
θ is a hyperbola
r
b
θ (y; z, x) =

z2 +

The corresponding pseudo-unitary amplitude function is found from formula (3.32) to be
(Fomel, 1996b)
A=

1
(2 π)m/2

√
t/z
.
m
v z m/2

(3.37)

Substituting formula (3.37) into (3.31), we derive the corresponding interpolation function
1
∂
W (t, y; tn , yn ) =
m
(2 π ) ∂t

m/2

∂
∂tn

m/2 Z

√
t tn
δ(z − z n ) dx ,
v 2m z m+1

(3.38)

where z = θ (x; t, y), and z n = θ (x; tn , yn ). For m = 1 (the two-dimensional case), we can apply
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the known properties of the delta function to simplify formula (3.38) further to the form
v ∂
W=
π ∂t

1/2

∂
∂tn

1/2

√
t tn
q

.
(y − yn )2 − v 2 (t − tn )2 v 2 (t + tn )2 − (y − yn )2

(3.39)

The result is an interpolant for zero-offset seismic sections. Like the sinc interpolant in equation (3.21), which is based on decomposing the signal into sinusoids, equation (3.39) is based
on decomposing the zero-offset section into hyperbolas.
While opening a curious theoretical possibility, seismic imaging interpolants have an undesirable computational complexity. Following the general regularization framework of Chapter 2, I shift the computational emphasis towards appropriately chosen regularization operators
discussed in Chapter 5. For the forward interpolation method, all data examples in this dissertation use either the simplest nearest neighbor and linear interpolation or a more accurate
B-spline method, described in the next section.

INTERPOLATION WITH CONVOLUTIONAL BASES

Unser et al. (1993) noticed that the basis function idea has an especially simple implementation
if the basis is convolutional and satisfies the equation
ψk (x) = β(x − k) .

(3.40)

In other words, the basis is constructed by integer shifts of a single function β(x). Substituting
expression (3.40) into equation (3.8) yields
f (x) =

X

ck β(x − k) .

(3.41)

k∈K

Evaluating the function f (x) in equation (3.41) at an integer value n, we obtain the equation
f (n) =

X
k∈K

ck β(n − k) ,

(3.42)
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which has the exact form of a discrete convolution. The basis function β(x), evaluated at integer values, is digitally convolved with the vector of basis coefficients to produce the sampled
values of the function f (x). We can invert equation (3.42) to obtain the coefficients ck from
f (n) by inverse recursive filtering (deconvolution). In the case of a non-causal filter β(n), an
appropriate spectral factorization will be needed prior to applying the recursive filtering.
According to the convolutional basis idea, forward interpolation becomes a two-step procedure. The first step is the direct inversion of equation (3.42): the basis coefficients ck are
found by deconvolving the sampled function f (n) with the factorized filter β(n). The second step reconstructs the continuous (or arbitrarily sampled) function f (x) according to formula (3.41). The two steps could be combined into one, but usually it is more convenient
to apply them separately. I show a schematic relationship among different variables in Figure 3.12.

deconvolution

f(n)

n
tio
ns
tr
co

g
in

pl

uc

m

sa

Figure 3.12: Schematic relationship
among different variables for interpolation with a convolutional basis.
forwd-scheme [NR]

ck

convolution

f(x)

B-splines

B-splines represent a particular example of a convolutional basis. Because of their compact
support and other attractive numerical properties, B-splines are a good choice of the basis set
for the forward interpolation problem and related signal processing problems (Unser, 1999).
According to Thévenaz et al. (2000), they exhibit superior performance for any given order of
accuracy in comparison with other methods of similar efficiency.
B-splines of the order 0 and 1 coincide with the nearest neighbor and linear interpolants (3.5)
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and (3.6) respectively. B-splines β n (x) of a higher order n can be defined by a repetitive convolution of the zeroth-order spline β 0 (x) (the box function) with itself:
β n (x) = β 0 (x) ∗ · · · ∗ β 0 (x) .
|
{z
}
(n+1) times

(3.43)

There is also the explicit expression
n+1
n +1
1 X n+1
β (x) =
Ck (−1)k (x +
− k)n+ ,
n!
2
n

(3.44)

k=0

which can be proved by induction. Here Ckn+1 are the binomial coefficients, and the function
x+ is defined as follows:
(
x+ =

x,

for

x >0

0, otherwise

(3.45)

As follows from formula (3.44), the most commonly used cubic B-spline β 3 (x) has the expression


2
3

4
−
6|x|
+
3|x|
/6,
for
1 > |x| ≥ 0


β 3 (x) = (2 − |x|)3 /6,
for
2 > |x| ≥ 1


 0,
elsewhere

(3.46)

The corresponding discrete filter β 3 (n) is a centered 3-point filter with coefficients 1/6, 2/3,
and 1/6. According to the traditional method, deconvolution with this filter is performed as
a tridiagonal matrix inversion (de Boor, 1978). One can, however, accomplish the same task
more efficiently by spectral factorization and recursive filtering (Unser et al., 1993). The
recursive filtering approach generalizes straightforwardly to B-splines of higher orders.

Both the support length and the smoothness of B-splines increase with the order. In the
limit, B-splines converge to the Gaussian function. Figures 3.13 and 3.14 show the third- and
seventh-order splines β 3 (x) and β 7 (x), respectively, and their continuous spectra.
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B-spline Representation: B-3

Spectrum
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Figure 3.13: Third-order B-spline β 3 (x) (left) and its spectrum (right). forwd-splint3 [CR]

B-spline Representation: B-7
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Figure 3.14: Seventh-order B-spline β 7 (x) (left) and its spectrum (right). forwd-splint7 [CR]
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It is important to realize the difference between B-splines and the corresponding interpolants W (x, n), which are sometimes called cardinal splines. An explicit computation of
the cardinal splines is impractical, because they have infinitely long support. Typically, they
are constructed implicitly by the two-step interpolation method outlined above. The cardinal
splines of orders 3 and 7 and their spectra are shown in Figures 3.15 and 3.16. As B-splines
converge to the Gaussian function, the corresponding interpolants rapidly converge to the sinc
function (3.21). Good convergence is achieved with the help of the implicitly-generated long
support, which results from recursive filtering at the first step of the interpolation procedure.
B-spline interpolator: B-3

Spectrum

1

1

0.8

0.8

0.6

0.6

0.4
0.4
0.2
0.2
0
0
-6

-4

-2

0

2

4

6

-6

-4

-2

0

2

4

6

Figure 3.15: Effective third-order B-spline interpolant (left) and its spectrum (right).
forwd-crdint3 [CR]
B-spline interpolator: B-7
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Figure 3.16: Effective seventh-order B-spline interpolant (left) and its spectrum (right).
forwd-crdint7 [CR]
In practice, the recursive filtering step adds only marginally to the total interpolation cost.
Therefore, an n-th order B-spline interpolation is comparable in cost with any other method
that uses an (n + 1)-point interpolant. The comparison in accuracy usually turns out in favor of
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B-splines. Figures 3.17 and 3.18 compare interpolation errors of B-splines and other similarcost methods on the example from Figure 3.4.

Figure 3.17:
Interpolation error
of the cubic-convolution interpolant
(dashed line) compared to that of
the third-order B-spline (solid line).
forwd-cubspl [ER]

Figure 3.18: Interpolation error of the
8-point windowed sinc interpolant
(dashed line) compared to that of the
seventh-order B-spline (solid line).
forwd-kaispl [ER]

Similarly to the comparison in Figures 3.9 and 3.10, we can also compare the discrete
responses of B-spline interpolation with those of other methods. The right plots in Figures 3.19
and 3.20 show that the discrete spectra of the effective B-spline interpolants are genuinely
flat at low frequencies and wider than those of the competitive methods. Although the Bspline responses are infinitely long because of the recursive filtering step, they exhibit a fast
amplitude decay.
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Figure 3.19: Discrete interpolation responses of cubic convolution
and third-order B-spline interpolants
(left) and their discrete spectra (right)
for x = 0.7. forwd-speccubspl [ER]

Figure 3.20: Discrete interpolation
responses of 8-point windowed
sinc and seventh-order B-spline
interpolants (left) and their discrete spectra (right) for x = 0.7.
forwd-speckaispl [ER]

42

CHAPTER 3. FORWARD INTERPOLATION

2-D example
For completeness, I include a 2-D forward interpolation example. Figure 3.21 shows a 2-D
analog of the function in Figure 3.4 and its coarsely-sampled version.

Figure 3.21: Two-dimensional test function (left) and its coarsely sampled version (right).
forwd-chirp2 [ER]
Figure 3.22 compares the errors of the 2-D nearest neighbor and 2-D linear (bi-linear) interpolation. Switching to bi-linear interpolation shows a significant improvement, but the error
level is still relatively high. As shown in Figures 3.23 and 3.24, B-spline interpolation again
outperforms other methods with comparable cost. In all cases, I constructed 2-D interpolants
by orthogonal splitting. Although the splitting method reduces computational overhead, the
main cost factor is the total interpolant size, which is squared when the interpolation goes from
one to two dimensions.

Beyond B-splines
It is not too difficult to construct a convolutional basis with more accurate interpolation properties than those of B-splines, for example by sacrificing the function smoothness. The following
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Figure 3.22: 2-D Interpolation errors of nearest neighbor interpolation (left) and linear interpolation (right). The top graphs show 1-D slices through the center of the image. Bi-linear
interpolation exhibits smaller error and therefore is more accurate. forwd-plcbinlin [ER]

piece-wise cubic function has a lower smoothness than β 3 (x) in equation (3.46) but slightly
better interpolation behavior:


2
3

for
1 > |x| ≥ 0

 10 − 13|x| + 6|x| /16,
3
2
µ (x) = (2 − |x|) (5 − 2|x|)/16,
for
2 > |x| ≥ 1


 0,
elsewhere

(3.47)

Figures 3.25 and 3.26 compare the test interpolation errors and discrete responses of methods based on the B-spline function β 3 (x) and the lower smoothness function µ3 (x). The latter
method has a slight but visible performance advantage and a slightly wider discrete spectrum.
Blu et al. (1998) have developed a general approach for constructing non-smooth piecewise functions with optimal interpolation properties. However, the gain in accuracy is often
negligible in practice. In the rest of the dissertation, I use the classic and better tested B-spline
method.
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Figure 3.23: 2-D Interpolation errors of cubic convolution interpolation (left) and third-order
B-spline interpolation (right). The top graphs show 1-D slices through the center of the image.
B-spline interpolation exhibits smaller error and therefore is more accurate. forwd-plccubspl
[ER]
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Figure 3.24: 2-D Interpolation errors of 8-point windowed sinc interpolation (left) and
seventh-order B-spline interpolation (right). The top graphs show 1-D slices through the center of the images. B-spline interpolation exhibits smaller error and therefore is more accurate.
forwd-plckaispl [ER]

Figure 3.25: Interpolation error of
the third-order B-spline interpolant
(dashed line) compared to that of the
lower smoothness spline interpolant
(solid line). forwd-splmom4 [ER]
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Figure 3.26: Discrete interpolation
responses of third-order B-spline and
lower smoothness spline interpolants
(left) and their discrete spectra (right)
for x = 0.7. A slight but visible difference in the interpolation responses
accounts for a small improvement in
accuracy. forwd-specsplmom4 [ER]

SEISMIC APPLICATIONS OF FORWARD INTERPOLATION

For completeness, I conclude this section with two simple examples of forward interpolation in
seismic data processing. Figure 3.27 shows a 3-D impulse response of Stolt migration (Stolt,
1978), computed by using 2-point linear interpolation and 8-point B-spline interpolation. As
noted by Ronen (1982) and Harlan (1982), inaccurate interpolation may lead to spurious artifact events in Stolt-migrated images. Indeed, we see several artifacts in the image with linear
interpolation (the left plots in Figure 3.27). The artifacts are removed if we use a more accurate
interpolation method (the right plots in Figure 3.27).
Another simple example is the radial trace transform (Ottolini, 1982). Figure 3.28 shows
a land shot gather contaminated by nearly radial ground-roll. As discussed by Claerbout
(1983), Henley (1999, 2000), and Brown and Claerbout (2000a,b), one can effectively eliminate ground-roll noise by applying a radial trace transform followed by high-pass filtering and
the inverse radial transform. Figure 3.29 shows the result of the forward radial transform of the
shot gather in Figure 3.28 in the radial band of the ground-roll noise and the transform error
after we go back to the original domain. Comparing the results of using linear and third-order
B-spline interpolation, we see once again that the transform artifacts are removed with a more
accurate interpolation scheme.

47

Figure 3.27: Stolt-migration impulse response. Left: using linear interpolation. Right: using seventh-order B-spline interpolation. Migration artifacts are removed by a more accurate
forward interpolation method. forwd-stolt [ER]

Figure
3.28:
Ground-rollcontaminated shot gather used in a
radial transform test forwd-radialdat
[ER]
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Figure 3.29: Radial trace transform results. Top: radial trace domain. Bottom: residual error
after the inverse transform. The error should be zero in a radial band from 0 to 0.65 km/s radial
velocity. Left: using linear interpolation. Right: using third-order B-spline interpolation.
forwd-radial [ER]
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Chapter 4
Iterative data regularization

According to the theoretical conclusions of Chapter 2, data regularization can be formulated
as an optimization problem. In fact, there are two theoretically equivalent formulations:
model-space regularization and data-space regularization. The former is closely related to
Tikhonov’s regularization for ill-posed inverse problems (Tikhonov and Arsenin, 1977). Mathematically, it extends the data space and constructs a composite column operator. Data-space
regularization extends the model space and constructs a composite row operator. It leads to
the concept of model preconditioning (Nichols, 1994).
Though the final results of the model-space and data-space regularization are theoretically
identical, the behavior of iterative gradient-based methods, such as the method of conjugate
gradients, is different for the two cases. The obvious difference is in the case where the
number of model parameters is significantly larger than the number of data measurements. In
this case, the dimensions of the inverted matrix in the case of the data-space regularization are
smaller that those of the model-space matrix, and the convergence of the iterative conjugategradient iteration is correspondingly faster. But even in the case where the number of model
and data parameters are comparable, preconditioning changes the iteration behavior. This
follows from the fact that the objective function gradients with respect to the model parameters
are different. The first iteration of the model-space regularization yields LT d as the model
estimate regardless of the regularization operator D, while the first iteration of the data-space
51
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regularization yields CLT d, which is an already “simplified” version of the model. Since
iteration to the exact solution is never achieved in the large-scale problems, the results of
iterative optimization may turn out quite differently. Harlan (1995) points out that the two
components of the model-space regularization [Equations (2.15) and (2.16)] conflict with each
other: the first one emphasizes “details” in the model, while the second one tries to smooth
them out. He describes the advantage of preconditioning:
The two objective functions produce different results when optimization is incomplete. A descent optimization of the original (model-space) objective function
will begin with complex perturbations of the model and slowly converge toward
an increasingly simple model at the global minimum. A descent optimization of
the revised (data-space) objective function will begin with simple perturbations
of the model and slowly converge toward an increasingly complex model at the
global minimum. . . . A more economical implementation can use fewer iterations. Insufficient iterations result in an insufficiently complex model, not in an
insufficiently simplified model.
In this chapter, I illustrate the two approaches on synthetic and real data examples from
simple environmental data sets. All examples show that when we solve the optimization problem iteratively and take the output only after a limited number of iterations, it is preferable
to use the preconditioning approach. A particularly convenient method is preconditioning by
recursive filtering, which is extended to the multidimensional case with the help of Claerbout’s helix transform (Claerbout, 1998a). Invertible multidimensional filters can be created
by helical spectral factorization.

ONE-DIMENSIONAL SYNTHETIC EXAMPLES
The simple test examples in this section are borrowed from Claerbout (1999).
In the first example, the input data were randomly subsampled (with decreasing density)
from a sinusoid (Figure 4.1). The forward operator L in this case is linear interpolation. In
other words, we seek a regularly sampled model on 200 grid points that could predict the data
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Figure 4.1: The input data (right) are
irregularly spaced samples of a sinusoid (left). optim-data [ER]

with a forward linear interpolation. Sparse irregular distribution of the input data makes the
regularization enforcement a necessity. Following Claerbout (1999), I applied convolution
with the simple (1, −1) difference filter as the operator D that forces model continuity (the
first-order spline). An appropriate preconditioner P in this case is recursive causal integration.
Figures 4.2 and 4.3 show the results of inverse interpolation after exhaustive 300 iterations
of the conjugate-direction method. The results from the model-space and data-space regularization look similar except for the boundary conditions outside the data range. As a result of
using the causal integration for preconditioning, the rightmost part of the model in the dataspace case stays at a constant level instead of decreasing to zero. If we specifically wanted
a zero-value boundary condition, we could easily implement it by adding a zero-value data
point at the boundary.

Figure 4.2: Estimation of a continuous function by the model-space regularization. The difference operator D is the derivative operator (convolution with (1, −1)). optim-im1
[ER,M]
As expected from the general theory, the model preconditioning provides a much faster
rate of convergence. I measured the rate of convergence using the model residual, which is
a distance from the current model to the final solution. Figure 4.5 shows that the preconditioning (data regularization) method converged to the final solution in about 6 times fewer
iterations than the model regularization. Since the cost of each iteration for each method is
roughly equal, the computational economy is evident. Figure 4.4 shows the final solution, and
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Figure 4.3: Estimation of a continuous function by the data-space
regularization.
The preconditioning operator P is causal integration.
optim-fm1 [ER,M]

the estimates from model- and data-space regularization after only 5 iterations of conjugate
directions. The data-space estimate looks much closer to the final solution than its competitor.

Figure 4.4: The top figure is the exact solution found in 250 iterations. The middle is with
data-space regularization after 5 iterations. The bottom is with model-space regularization
after 5 iterations. optim-early1 [ER]
Changing the preconditioning operator changes the regularization result. Figure 4.6 shows
the result of data-space regularization after a triangle smoother is applied as the model precon1−Z N 1−Z −N )
ditioner. Triangle smoother is a filter with the Z -transform ( (1−Z ))(
(1−Z −1 ) (Claerbout, 1992).
I chose the filter length N = 6.
If, instead of looking for a smooth interpolation, we want to limit the number of frequency
components, then the best choice for the model-space regularization operator D is a predictionerror filter (PEF). To obtain a mono-frequency output, we can use a three-point PEF, which
has the Z -transform representation D(Z ) = 1 + a1 Z + a2 Z 2 . In this case, the corresponding
preconditioner P could be the three-point recursive filter P(Z ) = 1/(1 + a1 Z + a2 Z 2 ). To test
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Figure 4.5: Convergence of the iterative optimization, measured in terms
of the model residual. The “d” points
stand for data-space regularization;
the “m” points for model-space regularization. optim-schwab1 [ER]

Figure 4.6: Estimation of a smooth
function by the data-space regularization. The preconditioning operator P
is a triangle smoother. optim-fm6
[ER,M]

this idea, I estimated the PEF D(Z ) from the output of inverse linear interpolation (Figure 4.3),
and ran the data-space regularized estimation again, substituting the recursive filter P(Z ) =
1/D(Z ) in place of the causal integration. I repeated this two-step procedure three times to
get a better estimate for the PEF. The result, shown in Figure 4.7, exhibits the desired monofrequency output.

Figure 4.7: Estimation of a monofrequency function by the data-space
regularization. The preconditioning
operator P is a recursive filter (the inverse of PEF). optim-pm1 [ER,M]
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Regularization after binning: missing data interpolation
One of the factors affecting the convergence of iterative data regularization is clustering of
data points in the output bins. Since least-squares optimization assigns equal weight to each
data point, it may apply inadequate effort to fit a cluster of data points with similar values in a
particular output bin. To avoid this problem, we can replace the regularized optimization with
a less accurate but more efficient two-step approach: data binning followed by missing data
interpolation.
Missing data interpolation is a particular case of data regularization, where the input data
are already given on a regular grid, and we need to reconstruct only the missing values in
empty bins. Claerbout (1992) formulates the basic principle of missing data interpolation as
follows:

A method for restoring missing data is to ensure that the restored data, after specified filtering, has minimum energy.

Mathematically, this principle can be expressed by the simple equation
Dm ≈ 0 ,

(4.1)

where m is the data vector and D is the specified filter. Equation (4.1) is completely equivalent
to equation (2.16). The approximate equality sign means that equation (4.1) is solved by
minimizing the squared norm (the power) of its left side. Additionally, the known data values
must be preserved in the optimization scheme. Introducing the mask operator K, which can be
considered as a diagonal matrix with zeros at the missing data locations and ones elsewhere,
we can rewrite equation (4.1) in the extended form
D(I − K)m ≈ −DKm = −Dmk ,

(4.2)

in which I is the identity operator, and mk represents the known portion of the data. It is
important to note that equation (4.2) corresponds to the limiting case of the regularized linear
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system
(

Km = mk ,
Dm ≈ 0

(4.3)

for the scaling coefficient  approaching zero. System (4.3) is equivalent to system (2.152.16) with the masking operator K playing the role of the forward interpolation operator L.
Setting  to zero implies putting far more weight on the first equation in (4.3) and using the
second equation only to constrain the null space of the solution. Applying the general theory
of data-space regularization from Chapter 2, we can immediately transform system (4.3) to
the equation
KPp ≈ mk ,

(4.4)

where P is a preconditioning operator, and p is the preconditioning variable, connected with
m by the simple relationship
m = Pp .
According to equations (2.13) and (2.14) from Chapter 2, equations (4.4) and (4.2) have exactly the same solutions if the following condition is satisfied:
−1
P PT = DT D
,

(4.5)

where we need to assume the self-adjoint operator DT D to be invertible. If D is represented
by a discrete convolution, the natural choice for P is the corresponding deconvolution (inverse
recursive filtering) operator:
P = D−1 .

(4.6)

I illustrate the missing data problem with a simple 1-D synthetic data test taken from
Claerbout (1999). Figure 4.8 shows the interpolation results of the unpreconditioned technique
with three different filters. For comparison with the preconditioned scheme, I changed the
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boundary convolution conditions from internal to truncated transient convolution. As in the
previous example, the system was solved with a conjugate-gradient iterative optimization.

Figure 4.8: Unpreconditioned interpolation with two different regularization filters. Left plot:
the top shows the input data; the middle, the result of interpolation; the bottom, the filter. The
right plot shows the convergence process for the first four iterations. optim-mall [ER]
As depicted on the right side of the figures, the interpolation process starts with a “complicated” model and slowly “simplifies” it until the final result is achieved.
Preconditioned interpolation (Figure 4.9) behaves differently. At the early iterations, the
model is simple. As the iteration proceeds, new details are added into the model. After a
surprisingly small number of iterations, the output closely resembles the final output. The
final output of interpolation with recursive deconvolution preconditioning is exactly the same
as that of the original method.
The next section extends the idea of preconditioning by inverse recursive filtering to multiple dimensions.
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Figure 4.9: Interpolation with preconditioning. Left plot: the top shows the input data; the
middle, the result of interpolation; the bottom, the filter. The right plot shows the convergence
process for the first four iterations. optim-sall [ER]
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MULTIDIMENSIONAL RECURSIVE FILTER PRECONDITIONING WITH HELIX
TRANSFORM

Claerbout (1997, 1998a,c) proposed a helix transform for mapping multidimensional convolution operators to their one-dimensional equivalents. This transform proves the feasibility of
multidimensional deconvolution, an issue that has been in question for more than 15 years. By
mapping discrete convolution operators to one-dimensional space, the inverse filtering problem can be conveniently recast in terms of recursive filtering, a well-known part of the digital
filtering theory.

a

b

c

d

Figure 4.10: The helix transform of two-dimensional filters to one dimension. The twodimensional filter in the left plot is equivalent to the one-dimensional filter in the right plot,
assuming that a shifted periodic condition is imposed on one of the axes. optim-helix1 [CR]

The helix filtering idea is schematically illustrated in Figure 4.10. The left plot (labeled
“a” in the figure) shows a two-dimensional digital filter overlayed on the computational grid.
A two-dimensional convolution computes its output by sliding the filter over the plane. If
we impose helical boundary conditions on one of the axes, the filter will slide to the beginning of the next trace after reaching the end of the previous one (plot “b”). As evident from
plots “c” and “d”, this is completely equivalent to one-dimensional convolution with a long
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1-D filter with internal gaps. For efficiency, the gaps are simply ignored in a helical convolution program. The computational gain is not, however, in the convolution itself, but in the
ability to perform recursive inverse filtering (deconvolution) in multiple dimensions. A multidimensional filter is mapped to its 1-D analog by imposing helical boundary conditions on the
appropriate axes. After that, inverse filtering is applied recursively in a one-dimensional manner. Neglecting parallelization and indexing issues, the cost of inverse filtering is equivalent to
the cost of convolution. It is proportional to the data size and to the number of non-zero filter
coefficients.

Figure 4.11: Illustration of 2-D deconvolution with helix transform. Left is the input: two
spikes and two filters. Right is the output of deconvolution. optim-waves [ER]

An example of two-dimensional recursive filtering is shown in Figure 4.11. The left plot
contains two spikes and two filter impulse responses with different polarity. After deconvolution with the given filter, the filter responses turn into spikes, and the initial spikes turn into
long-tailed inverse impulse responses (right plot in Figure 4.11). Helical wrap-around, visible
on the horizontal boundaries, indicates the direction of the helix. Claerbout (1999) presents
more examples and discusses all the issues of multidimensional helical deconvolution in detail.
As is known from the one-dimensional theory (Claerbout, 1976), a stable recursive filtering requires a minimum-phase filter, which can be constructed with a spectral factorization
algorithm. The Wilson-Burg spectral factorization method, described in the next section, is
particularly convenient for helical filtering.
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Wilson-Burg spectral factorization
Spectral factorization constructs a minimum-phase signal from its spectrum. The algorithm,
suggested by Wilson (1969), approaches this problem directly with Newton’s iterative method.
In a Z -transform notation, Wilson’s method implies solving the equation
S(Z ) = A(Z ) Ā(1/Z )

(4.7)

for a given spectrum S(Z ) and unknown minimum-phase signal A(Z ) with an iterative linearization
S(Z ) = At (Z ) Āt (1/Z ) + At (Z )[ Āt+1 (1/Z ) − Āt (1/Z )] + Āt (1/Z )[At+1 (Z ) − At (Z )]
= At (Z ) Āt+1 (1/Z ) + Āt (1/Z )At+1 − At (Z ) Āt (1/Z ) ,

(4.8)

where At (Z ) denotes the signal estimate at iteration t. Starting from some initial estimate
A0 (Z ), such as A0 (Z ) = 1, one iteratively solves the linear equation (4.8) for the updated
signal At+1 (Z ). Wilson (1969) presents a rigorous proof that iteration (4.8) operates with
minimum-phase signals provided that the initial estimate A0 (Z ) is minimum-phase.
Burg (1998, personal communication) recognized that dividing both sides of equation (4.8)
by Āt (1/Z )At (Z ) leads to a particularly convenient form, where the terms on the left are
symmetric, and the two terms on the right are correspondingly strictly causal and anticausal:
1+

S(Z )
Āt+1 (1/Z )
At+1 (Z )
+
=
At (Z )
Āt (1/Z ) At (Z )
Āt (1/Z )

(4.9)

Equation (4.9) leads to the Wilson-Burg algorithm, which accomplishes spectral factorization by a recursive application of convolution (polynomial multiplication) and deconvolution
(polynomial division). The algorithm proceeds as follows:
1. Compute the left side of equation (4.9) using forward and adjoint polynomial division.
2. Abandon negative lags, to keep only the causal part of the signal, and also keep half of
the zero lag. This gives us At+1 (Z )/At (Z ).
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iter
0
1
2
3
4
5
6
7
8
9

a0
1.000000
36.523964
26.243151
24.162354
24.001223
24.000015
23.999998
23.999998
23.999998
24.000000

a1
0.000000
23.737839
25.726116
25.991493
25.999662
25.999977
26.000002
26.000004
25.999998
26.000000

a2
0.000000
6.625787
8.471050
8.962727
9.000164
9.000029
9.000003
9.000001
9.000000
9.000000

a3
0.000000
0.657103
0.914951
0.990802
0.999200
0.999944
0.999996
1.000000
1.000000
1.000000

Table 4.1: Example convergence of the Wilson-Burg iteration

3. Multiply out (convolve) the denominator At (Z ). Now we have the desired result At+1 (Z ).
4. Iterate until convergence.

An example of the Wilson-Burg convergence is shown in Table 4.1 on a simple 1-D

signal. The autocorrelation S(Z ) in this case is 1334 + 867 (Z + 1/Z ) + 242 Z 2 + 1/Z 2 +

24 Z 3 + 1/Z 3 , and the corresponding minimum-phase signal is A(Z ) = (2 + Z )(3 + Z )(4 +
Z ) = 24 + 26Z + 9Z 2 + Z 3 . A quadratic rate of convergence is visible from the table. The convergence slows down for signals whose polynomial roots are close to the unit circle (Wilson,
1969).

Comparison of Wilson-Burg and Kolmogoroff methods
The Kolmogoroff algorithm of spectral factorization (Kolmogoroff, 1939; Claerbout, 1976) is
widely used because of its computationally efficiency. While this method is easily extended to
the multi-dimensional case with the help of helical transform (Rickett and Claerbout, 1999a,b),
there are several circumstances that make the Wilson-Burg method more attractive in multidimensional filtering applications.
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• The Kolmogoroff method takes O(N log N ) operations, where N is the length of the
auto-correlation function. The cost of the Wilson-Burg method is proportional to the
[number of iterations] × [filter length] ×N . If we keep the filter small and limit the
number of iterations, the Wilson-Burg method can be cheaper (linear in N ).
• The Kolmogoroff method works in the frequency domain and assumes periodic boundary conditions. Auto-correlation functions, therefore, need to be padded with zeros
before they are Fourier transformed. For functions with zeros near the unit circle, the
padding may need to be many orders of magnitude greater than the original filter length,
N (Rickett and Claerbout, 1998). The Wilson-Burg method is implemented in the timedomain, so no padding is required.
• Newton’s method (the basis of the Wilson-Burg algorithm) converges quickly when the
initial guess is close to the solution. If we take advantage of this property, the method
may converge in one or two iterations, reducing the cost even further. It is impossible to
make use of an initial guess with the Kolmogoroff method.
• The Kolmogoroff method, when applied to helix filtering, involves the dangerous step
of truncating the filter coefficients to reduce the size of the filter. If the auto-correlation
function has roots close to the unit circle, truncating filter coefficients may easily lead
to non-minimum-phase filters. With Wilson-Burg, we can fix the shape of the filter
from the very beginning. This does not guarantee that we will find the exact solution,
but at least we can obtain a reasonable minimum-phase approximation to the desired
filter. The safest practical strategy in the case of an unknown initial estimate is to start
with finding the longest possible filter, remove those of its coefficients that are smaller
a certain threshold, and repeat the factoring process again with the shorter filter.

Factorization examples
The first simple example of helical spectral factorization is shown in Figure 4.12. A minimumphase factor is found by spectral factorization of its autocorrelation. The result is additionally
confirmed by applying inverse recursive filtering, which turns the filter into a spike (the rightmost plot in Figure 4.12.)
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Figure 4.12: Example of 2-D Wilson-Burg factorization. From left to right: the input filter; its
auto-correlation; the factor obtained by the Wilson-Burg method; the result of the deconvolution. optim-autowaves [ER]

A practically useful example is depicted in Figure 4.13. The symmetric Laplacian operator is often used in practice for regularizing smooth data (see a more detailed discussion in
Chapter 5). In order to construct a corresponding recursive preconditioner, I factor the Laplacian auto-correlation (the biharmonic operator) using the Wilson-Burg algorithm. Figure 4.13
shows the resultant filter. The minimum-phase Laplacian filter has several times more coefficients that the original Laplacian. Therefore, its application would be more expensive in a
convolution application. The real advantage follows from the applicability of the minimumphase filter for inverse filtering (deconvolution). As demonstrated by 2-D examples later in
this chapter, the gain in convergence from recursive filter preconditioning outweighs the loss
of efficiency from the longer filter. Figure 4.14 shows a construction of the smooth inverse
impulse response by application of the C = PPT operator, where P is deconvolution with the
minimum-phase Laplacian. The application of C is equivalent to a numerical solution of the
biharmonic equation, discussed in Chapter 5.

TWO-DIMENSIONAL ENVIRONMENTAL DATA EXAMPLES

Using the idea of recursive filter preconditioning, which I illustrated on 1-D synthetic examples at the beginning of this chapter, and the multi-dimensional tools of the previous section,
we can now proceed to multi-dimensional tests. In the first set of tests, I use simple environmental data sets. Such data are convenient for quick testing while appearing less artificial than
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Figure 4.13: Creating a minimum-phase Laplacian filter. From left to right: Laplacian filter; its
auto-correlation; the factor obtained by the Wilson-Burg method (minimum-phase Laplacian);
the result of the deconvolution. optim-laplac [ER]

Figure 4.14: 2-D deconvolution with the minimum-phase Laplacian. Left: input. Center:
output of deconvolution. Right: output of deconvolution and adjoint deconvolution (equivalent
to solving the biharmonic differential equation). optim-thin42 [ER]
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synthetic examples. I proceed to seismic data examples after fully developing the regularization tools in Chapter 5.

Chernobyl rainfall in Switzerland
The first test dataset contains rainfall measurements from Switzerland on the 8th of May 1986.
The dataset was used in the Spatial Interpolation Comparison (Dubois, 1999) for comparing
different spatial interpolation methods. Figure 4.15 shows the data area: the Digital Elevation
Model of Switzerland and the country’s borders1 . A total of 467 rainfall measurements were
taken. A subset of randomly selected 100 measurements was used in the 1997 Spatial Interpolation Comparison in order to compare the results with the known data. Figure 4.16 shows
the spatial location of the selected data samples.

Figure 4.15: Digital Elevation Model
of Switzerland and the country’s borders. The country borders are extracted from the Digital Chart of the
World (DCW) provided by ESRI.
optim-elev [ER]

Rainfall level is generally a smoothly varying quantity. We cannot expect it to be represented a priori by a simple function. Therefore, it is reasonable to take the regularization
operator D to be a convolution with the Laplacian filter. The corresponding preconditioning operator P is then a deconvolution with the minimum-phase Laplacian constructed in the
previous section. The interpolation result using the model-space regularization scheme (2.152.16) is shown in Figure 4.17. The input irregular data were regularized on a 376 by 253 grid,
which corresponds to the digital elevation model in Figure 4.15. Similarly to what happens
1I

provide the elevation image only for reference. It has not been used in the interpolation experiment.
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Figure 4.16: Left: data locations for all 467 measurements. Right: data locations for selected
100 measurements. optim-raindata [ER]

in the one-dimensional synthetic examples, the solution converges steadily but with a slow
spread of information away from the known data points. It takes about 10, 000 iterations to
achieve full convergence. Figure 4.18 is a correlation plot of the observed and interpolated
data points for the 367 points that were not used in the interpolation experiment. If we take
into account the fairly unpredictable distribution of rainfall, the correlation is relatively good
in comparison with analogous results of the Spatial Interpolation Contest (Dubois, 1999).
The result of applying recursive filter preconditioning with the minimum-phase Laplacian
operator is shown in Figure 4.19. Full convergence is achieved after only 100 iterations. The
result after 10 iterations (the left plot in Figure 4.19) is already close to the final solution.
Recursive preconditioning speeded up the iteration count by a factor of 1000. The actual gain
in execution time is several times smaller because of the correspondingly longer filter, but it is
still impressively large.

SeaBeam water bottom
The next example is the SeaBeam dataset, a result of water bottom measurements from a
single day of acquisition. This dataset has been used at the Stanford Exploration Project
for benchmarking different strategies of data interpolation (Crawley, 1995a,b; Fomel, 1996a;
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Figure 4.17: Rainfall data after model-space regularization with 10, 100, 1000, and 10000
iterations. optim-lapinter [ER]

Figure 4.18: Correlation between observed and predicted rainfall data values. optim-lapstat [ER]
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Figure 4.19: Rainfall data after data-space regularization (recursive filter preconditioning)
with 10 and 100 iterations. optim-precinter [ER]

Fomel et al., 1997; Fomel, 2000a; Clapp, 2000b). The left plot in Figure 4.20 shows the
original data. The right plot shows the result of (unpreconditioned) missing data interpolation
with the Laplacian filter. The result is unsatisfactory, because the Laplacian filter does not
absorb the spatial frequency distribution of the input dataset. We judge the quality of an
interpolation scheme by its ability to hide the footprints of the acquisition geometry in the
final result.

Figure 4.20: On the left, the SeaBeam data: the depth of the ocean under ship tracks; on the
right, an interpolation with the Laplacian filter. optim-seabdat [ER]
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We can obtain a significantly better result (Figure 4.21) by replacing the Laplacian filter
with a two-dimensional prediction-error filter (PEF) estimated from the input data. The result
in the left plot of Figure 4.21 was obtained after 200 conjugate-gradient iterations. If we stop
after 20 iterations, the output (the right plot in Figure 4.21) shows only a small deviation from
the input data. Large areas of the image remain unfilled. At each iteration, the interpolation
process progresses only to the length of the filter.

Figure 4.21: SeaBeam interpolation with the prediction-error filter. The left plot was taken
after 200 conjugate-gradient iterations; the right after 20 iterations. optim-seabold [ER,M]
Inverting the PEF convolution with the help of the helix transform, we can now apply the
inverse filtering operator to precondition the interpolation problem. As expected, the result
after 200 iterations (the left plot in Figure 4.22) is similar to the result of the corresponding
unpreconditioned interpolation. However, the output after just 20 iterations (the right plot in
Figure 4.22) is already fairly close to the solution.

B-SPLINE REGULARIZATION

As demonstrated in Chapter 3, B-splines provide an exceptionally accurate method of forward
interpolation. In this section, I discuss how this choice of the forward operator affects the
regularization part of the problem. In the case of B-spline interpolation, the forward operator L
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Figure 4.22: SeaBeam interpolation with the inverse prediction-error filter. The left plot was
taken after 200 conjugate-gradient iterations; the right, after 20 iterations. optim-seabnew
[ER,M]

is a cascade of two operators: recursive deconvolution B−1 , which converts the model vector m
to the vector of spline coefficients c, and a spline basis construction operator F. System (2.152.16) transforms to
FB−1 m ≈ d ;

(4.10)

Dm ≈ 0 .

(4.11)

We can rewrite (4.10-4.11) in the form that involves only spline coefficients:
Fc ≈ d ;

(4.12)

DBc ≈ 0 .

(4.13)

After we find a solution of system (4.12-4.13), the model m will be reconstructed by the simple
convolution
m = Bc .
This approach is clearly just another version of model preconditioning.

(4.14)
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The inconvenient part of system (4.12-4.13) is the complex regularization operator DB. Is
it possible to avoid the cascade of B and D and to construct a regularization operator directly
applicable to the spline coefficients c? The answer is positive. In the following subsection, I
develop a method for constructing spline regularization operators from differential equations.

Spline regularization

In many cases, the regularization condition originates in a continuous differential operator. I
provide several examples of such differential operators in Chapters 5 and 6.
Let us denote the continuous regularization operator by D. Regularization implies seek

ing a function f (x) such that the least-squares norm of D f (x) is minimum. Using the
usual expression for the least-squares norm of continuous functions and substituting the basis
decomposition (3.41), we obtain the expression




D f (x) =

Z

2
D f (x) d x =


Z

!2
X

ck D [β(x − k)]

dx .

(4.15)

k∈K

The problem of finding function f (x) reduces to the problem of finding the corresponding
set of basis coefficients ck . We can obtain the solution to the least-squares optimization by
differentiating the quadratic objective function (4.15) with respect to the basis coefficients ck .
This leads to the system of linear equations
X

Z
ck

X


D [β(x − k)] D β(x − j) d x =
ck d j−k = 0 ,

k∈K

(4.16)

k∈K

where
Z
dj =



D [β(x)] D β(x − j) d x .

(4.17)

Equation (4.16) is clearly a discrete convolution of the spline coefficients ck with the filter d j
defined in equation (4.17). To transform the system (4.16) to a regularization condition of the
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form
Dc c ≈ 0 ,

(4.18)

we need to treat the digital filter d j as an autocorrelation and find its minimum-phase factor by
spectral factorization. The Wilson-Burg algorithm, described earlier, is an appropriate tool for
the task. Equation (4.18) replaces equation (4.13) in the inverse interpolation problem setting.
We have, thus, found a constructive way of creating B-spline regularization operators from
continuous differential equations.

Test example
For a simple 1-D test of B-spline regularization, I chose the function shown in Figure 3.4, but
sampled at irregular locations. To create two different regimes for the inverse interpolation
problem, I chose 50 and 500 random locations. I interpolated these two sets of points to
500 and 50 regular samples, respectively. The first test corresponds to an under-determined
situation, while the second test is clearly over-determined. Figures 4.23 and 4.24 show the
input data for the two test after normalized binning to the selected regular bins.

Figure 4.23: 50 random points binned
to 500 regular grid points. The random data are used for testing inverse
interpolation in an under-determined
situation. optim-bin500 [ER]

I solved system (4.12)-(4.18) by the iterative conjugate-gradient method, utilizing a recursive filter preconditioning for faster convergence. To construct the regularization operator D,
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Figure 4.24: 500 random points
binned to 50 regular grid points.
The random data are used for testing inverse interpolation in an overdetermined situation. optim-bin50
[ER]

I used the method of the previous subsection with the tension-spline differential equation that
I will describe in Chapter 5.
The least-squares differences between the true and the estimated model are plotted in Figures 4.25 and 4.26. Observing the behavior of the model misfit versus the number of iterations
and comparing simple linear interpolation with the third-order B-spline interpolation, we discover that

• In the under-determined case, both methods converge to the same final estimate, but
B-spline inverse interpolation does it faster (with fewer iterations). However, the total
computational gain is not significant because each B-spline iteration is more expensive
than the corresponding linear interpolation iteration.

• In the over-determined case, both methods converge similarly at early iterations, but
B-spline inverse interpolation results in a more accurate final estimate.

From the results of this simple experiment, it is apparent that the main advantage of using
more accurate interpolation in the data regularization context occurs in the over-determined
situation, when the estimated model is well constrained by the available data.
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Figure 4.25: Model convergence in
the under-determined case. Dashed
line: using linear interpolation. Solid
line: using third-order B-spline.
optim-norm500 [ER]

Figure 4.26: Model convergence in
the over-determined case. Dashed
line: using linear interpolation. Solid
line: using third-order B-spline.
optim-norm50 [ER]
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Conclusions
We observe a significant (order-of-magnitude) speed-up in the optimization convergence when
preconditionining interpolation problems with inverse recursive filtering. Since inverse filtering takes almost the same time as forward convolution, this speed-up translates straightforwardly into computational time savings.
The savings are hardly noticeable for simple test problems, but they can have a direct
impact on the mere feasibility of iterative least-square inversion for large-scale (seismicexploration-size) problems.
In the multidimensional case, recursive filtering is enabled by Claerbout’s helix transform.
The Wilson-Burg spectral factorization method allows us to construct stable recursive filters.
By analyzing the role of B-spline interpolation in data regularization, I have introduced a
method of constructing B-spline discrete regularization operators from continuous differential
equations.
In the next chapter, I discuss possible choices of the regularization operator D and the
preconditioning operator P in data regularization problems.
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Chapter 5
Choice of regularization and numerical
results
This chapter addresses the problem of choosing appropriate regularization and preconditioning
operators. Such a choice plays a crucially important role in iterative data regularization. I
discuss three strategies appropriate for different kinds of data:
1. Smoothly varying surfaces are regularized with recursive helical smoothers based on
the tension-spline theory.
2. The local plane-wave model is often suitable for characterizing different kinds of seismic data. Such data are successfully regularized with plane-wave destructor filters.
3. Seismic reflection data exhibit additional degrees of predictability because of multiple coverage. They can be regularized with finite-difference offset continuation filters.
Among the three methods being discussed, the offset continuation approach is the most
innovative. The theory behind it is explained in Chapter 6.
Combining the constructed regularization operator D with the appropriate forward operator L,
discussed in Chapter 3, we obtain a complete problem formulation in the form of system (2.17)
or (2.23). This chapter is the culmination of this dissertation. It contains final numerical
experiments that test and illustrate the main concepts developed in other chapters.
79
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REGULARIZING SMOOTH DATA WITH SPLINES IN TENSION

The method of minimum curvature is an old and ever-popular approach for constructing
smooth surfaces from irregularly spaced data (Briggs, 1974). The surface of minimum curvature corresponds to the minimum of the Laplacian power or, in an alternative formulation,
satisfies the biharmonic differential equation. Physically, it models the behavior of an elastic
plate. In the one-dimensional case, the minimum curvature method leads to the natural cubic
spline interpolation (de Boor, 1978). In the two-dimensional case, a surface can be interpolated with biharmonic splines (Sandwell, 1987) or gridded with an iterative finite-difference
scheme (Swain, 1976). According to the general optimization method, outlined in Chapter 2,
I approach the gridding (data regularization) problem with an iterative least-squares optimization scheme.
In most of the practical cases, the minimum-curvature method produces a visually pleasing
smooth surface. However, in cases of large changes in the surface gradient, the method can
create strong artificial oscillations in the unconstrained regions. Switching to lower-order
methods, such as minimizing the power of the gradient, solves the problem of extraneous
inflections, but also removes the smoothness constraint and leads to gradient discontinuities
(Fomel and Claerbout, 1995). A remedy, suggested by Schweikert (1966), is known as splines
in tension. Splines in tension are constructed by minimizing a modified quadratic form that
includes a tension term. Physically, the additional term corresponds to tension in elastic plates
(Timoshenko and Woinowsky-Krieger, 1968). Smith and Wessel (1990) developed a practical
algorithm of 2-D gridding with splines in tension and implemented it in the popular GMT
software package.
In this section, I develop an application of helical preconditioning to gridding with splines
in tension. Following the results of Chapter 4, I accelerate an iterative data regularization algorithm by recursive preconditioning with multidimensional filters defined on a helix (Claerbout, 1998a). The efficient Wilson-Burg spectral factorization constructs a minimum-phase
filter suitable for recursive filtering.
I introduce a family of 2-D minimum-phase filters for different degrees of tension. The
filters are constructed by spectral factorization of the corresponding finite-difference forms. In
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the case of zero tension (the original minimum-curvature formulation), we obtain a minimumphase version of the Laplacian filter. The case of infinite tension leads to spectral factorization
of the Laplacian and produces the known helical derivative filter (Claerbout, 1999; Zhao,
1999).
The tension filters can be applied not only for data regularization but also for preconditioning in any estimation problems with smooth models. Tomographic velocity estimation is
an obvious example of such an application (Woodward et al., 1998).

Mathematical theory of splines in tension
The traditional minimum-curvature criterion implies seeking a two-dimensional surface f (x, y)
in region D, which corresponds to the minimum of the Laplacian power:
ZZ

2

∇ 2 f (x, y) d x dy ,

(5.1)

D

where ∇ 2 denotes the Laplacian operator: ∇ 2 =

∂2
∂x2

+ ∂∂y 2 .
2

Alternatively, we can seek f (x, y) as the solution of the biharmonic differential equation
(∇ 2 )2 f (x, y) = 0 .

(5.2)

Equation (5.2) corresponds to the normal system of equations in the least-square optimization
problem (2.16), the Laplacian operator being D, and the surface f (x, y) corresponding to the
unknown model m. Fung (1965) and Briggs (1974) derive equation (5.2) directly from (5.1)
with the help of the variational calculus and Gauss’s theorem.
Formula (5.1) approximates the strain energy of a thin elastic plate (Timoshenko and
Woinowsky-Krieger, 1968). Taking tension into account modifies both the energy formula (5.1)
and the corresponding equation (5.2). Smith and Wessel (1990) suggest the following form of
the modified equation:


(1 − λ)(∇ 2 )2 − λ(∇ 2 ) f (x, y) = 0 ,

(5.3)
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where the tension parameter λ ranges from 0 to 1. The corresponding energy functional is
ZZ h

(1 − λ) ∇ 2 f (x, y)

2

i
+ λ |∇ f (x, y)|2 d x dy .

(5.4)

D

Zero tension leads to the biharmonic equation (5.2) and corresponds to the minimum curvature
construction. The case of λ = 1 corresponds to infinite tension. Although infinite tension is
physically impossible, the resulting Laplace equation does have the physical interpretation of a
steady-state temperature distribution. An important property of harmonic functions (solutions
of the Laplace equation) is that they cannot have local minima and maxima in the free regions.
With respect to interpolation, this means that, in the case of λ = 1, the interpolation surface
will be constrained to have its local extrema only at the input data locations.

Norman Sleep (2000, personal communication) points out that if the tension term λ∇ 2 is
written in the form ∇ · (λ∇), we can follow an analogy with heat flow and electrostatics and
generalize the tension parameter λ to a local function depending on x and y. In a more general
form, λ could be a tensor allowing for an anisotropic smoothing in some predefined directions
similarly to Clapp’s steering-filter method (Clapp et al., 1997).

To interpolate an irregular set of data values, f k at points (xk , yk ), we need to solve equation (5.3) under the constraint
f (xk , yk ) = f k ,

(5.5)

which translates to equation (2.15) in the linear operator notation. Using the results of Chapter 4, we can accelerate the solution by recursive filter preconditioning. If A is the discrete filter
representation of the differential operator in equation (5.3), and we can find a minimum-phase
filter D whose autocorrelation is equal to A, then an appropriate preconditioning operator is
a recursive inverse filtering with the filter D. Formulating the problem in helical coordinates
(Claerbout, 1998a,b) enables both the spectral factorization of A and the inverse filtering with
D.
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Finite differences and spectral factorization
In the one-dimensional case, one finite-difference representation of the squared Laplacian is as
a centered 5-point filter with coefficients (1, −4, 6, −4, 1). On the same grid, the Laplacian operator can be approximated to the same order of accuracy with the filter (1/12, −4/3, 5/2, −4/3, 1/12).
Combining the two filters in accordance with equation (5.3) and performing a spectral factorization with one of the standard methods (Claerbout, 1976, 1992), we can obtain a 3point minimum-phase filter suitable for inverse filtering. Figure 5.1 shows a family of onedimensional minimum-phase filters for different values of the parameter λ. Figure 5.2 demonstrates the interpolation results obtained with these filters on a simple one-dimensional synthetic. As expected, a small tension value (λ = 0.01) produces a smooth interpolation, but
creates artificial oscillations in the unconstrained regions around sharp changes in the gradient. The value of λ = 1 leads to linear interpolation with no extraneous inflections but with
discontinuous derivatives. Intermediate values of λ allow us to achieve a compromise: a
smooth surface with constrained oscillations.

Figure 5.1:
One-dimensional
minimum-phase filters for different
values of the tension parameter λ.
The filters range from the second
derivative for λ = 0 to the first
derivative for λ = 1. regul-otens
[ER]

To design the corresponding filters in two dimensions, I define the finite-difference representation of operator (5.3) on a 5-by-5 stencil. The filter coefficients are chosen with the help
of the Taylor expansion to match the desired spectrum of the operator around the zero spatial
frequency. The matching conditions lead to the following set of coefficients for the squared
Laplacian:
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Figure 5.2: Interpolating a simple one-dimensional synthetic with recursive filter preconditioning for different values of the tension parameter λ. The input data are shown on the top.
The interpolation results range from a natural cubic spline interpolation for λ = 0 to linear
interpolation for λ = 1. regul-int [ER,M]
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For the sake of simplicity, I assumed equal spacing in the x and y direction. The coefficients
can be easily adjusted for anisotropic spacing. Figures 5.3 and 5.4 show the spectra of the
finite-difference representations of operator (5.3) for the different values of the tension parameter. The finite-difference spectra appear to be fairly isotropic (independent on angle in polar
coordinates). They match the exact expressions at small frequencies.
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Figure 5.3: Spectra of the finite-difference splines-in-tension schemes for different values of
the tension parameter (contour plots). regul-specc [CR]
Regarding the finite-difference operators as two-dimensional auto-correlations and applying the efficient Wilson-Burg method of spectral factorization described in Chapter 4, I obtain
two-dimensional minimum-phase filters suitable for inverse filtering. The exact filters contain
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Figure 5.4: Spectra of the finite-difference splines-in-tension schemes for different values
of the tension parameter (cross-section plots). The dashed lines show the exact spectra for
continuous operators. regul-specp [CR]

many coefficients, which rapidly decrease in magnitude at a distance from the first coefficient.
For reasons of efficiency, it is advisable to restrict the shape of the filter so that it contains only
the significant coefficients. Keeping all the coefficients that are 1000 times smaller in magnitude than the leading coefficient creates a 53-point filter for λ = 0 and a 35-point filter for
λ = 1, with intermediate filter lengths for intermediate values of λ. Keeping only the coefficients that are 200 times smaller that the leading coefficient, we obtain 25- and 16-point filters
for respectively λ = 0 and λ = 1. The restricted filters do not factor the autocorrelation exactly
but provide an effective approximation of the exact factors. As outputs of the Wilson-Burg
spectral factorization process, they obey the minimum-phase condition.
Figure 5.5 shows the two-dimensional filters for different values of λ and illustrates inverse
recursive filtering, which is the essence of the helix method (Claerbout, 1998a,b, 1999). The
case of λ = 1 leads to the filter known as helix derivative (Claerbout, 1999; Zhao, 1999). The
filter values are spread mostly in two columns. The other boundary case (λ = 0) leads to a
three-column filter, which serves as the minimum-phase version of the Laplacian. This filter
has been shown previously in Figure 4.14. As expected from the theory, the inverse impulse
response of this filter is noticeably smoother and wider than the inverse response of the helix
derivative. Filters corresponding to intermediate values of λ exhibit intermediate properties.

3
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Figure 5.5: Inverse filtering with the tension filters. The left plots show the inputs composed
of filters and spikes. Inverse filtering turns filters into impulses and turns spikes into inverse
filter responses (middle plots). Adjoint filtering creates smooth isotropic shapes (right plots).
The tension parameter takes on the values 0.3, 0.7, and 1 (from top to bottom). The case of
zero tension corresponds to Figure 4.14. regul-splin [ER,M]
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Theoretically, the inverse impulse response of the filter corresponds to the Green’s function of
equation (5.3). The theoretical Green’s function for the case of λ = 1 is
G=

1
lnr ,
2π

(5.6)

q
where r is the distance from the impulse: r = (x − xk )2 + (y − yk ). In the case of λ = 0, the
Green function is smoother at the origin:
G=

1 2
r lnr .
8π

(5.7)

The theoretical Green’s function expression for an arbitrary value of λ is unknown, but we can
assume that its smoothness lies between the two boundary conditions.
In the next subsection, I illustrate an application of helical inverse filtering to a twodimensional interpolation problem.

Regularization example
I chose an environmental Galilee dataset (Fomel and Claerbout, 1995; Claerbout, 1999) for a
simple illustration of smooth data regularization. The data were collected on a bottom sounding survey of the Sea of Galilee in Israel (Ben-Avraham et al., 1990). The data contain a
number of noisy, erroneous and inconsistent measurements, which present a challenge for the
traditional estimation methods.
Figure 5.6 shows the data after a nearest-neighbor binning to a regular grid. The data were
then passed to an interpolation program to fill the empty bins. The results (for different values
of λ) are shown in Figures 5.7 and 5.8. Interpolation with the minimum-phase Laplacian
(λ = 0) creates a relatively smooth interpolation surface but plants artificial “hills” around the
edge of the sea. This effect is caused by large gradient changes and is similar to the sidelobe
effect in the one-dimensional example (Figure 5.2). It is clearly seen in the cross-section plots
in Figure 5.8. The abrupt gradient change is a typical case of a shelf break. It is caused by a
combination of sedimentation and active rifting. Interpolation with the helix derivative (λ = 1)
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is free from the sidelobe artifacts, but it also produces an undesirable non-smooth behavior in
the middle part of the image. As in the one-dimensional example, intermediate tension allows
us to achieve a compromise: smooth interpolation in the middle and constrained behavior at
the sides of the sea bottom.

Figure 5.6: The Sea of Galilee dataset
after a nearest-neighbor binning. The
binned data is used as an input for the
missing data interpolation program.
regul-mesh [ER]

Smooth surfaces are rarely encountered in the practice of seismic exploration. In the next
section, I develop a regularization operator suitable for characterizing more typical models of
seismic data.

REGULARIZING LOCAL PLANE WAVES WITH PLANE-WAVE DESTRUCTOR
FILTERS
Plane-wave destructor filters, introduced by Claerbout (1992), serve the purpose of characterizing seismic images by a superposition of local plane waves. They are constructed as finitedifference stencils for the plane-wave differential equation. In many cases, a local plane-wave
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Figure 5.7: The Sea of Galilee dataset after missing data interpolation with helical preconditioning. Different plots correspond to different values of the tension parameter. An east-west
derivative filter was applied to illuminate the surface. regul-gal [ER,M]
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Figure 5.8: Cross-sections of the Sea of Galilee dataset after missing-data interpolation with
helical preconditioning. Different plots correspond to different values of the tension parameter.
regul-cross [ER]
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model is a very convenient representation of seismic data. Unfortunately, early experiences
with applying plane-wave destructors for interpolating spatially aliased data showed that they
performed poorly in comparison with that of industry-standard F-X prediction-error filters
(Spitz, 1991).
For each given frequency, an F-X prediction-error filter (PEF) can be thought of as a Z transform polynomial. The roots of the polynomial correspond precisely to predicted plane
waves (Canales, 1984). Therefore, F-X PEFs simply represent a spectral (frequency-domain)
approach to plane-wave destruction. This powerful and efficient approach is, however, not theoretically adequate when the plane-wave slopes or the boundary conditions vary both spatially
and temporally.
Multidimensional T -X prediction-error filters (Claerbout, 1992, 1999) share the same purpose of predicting local plane waves. They work well with spatially aliased data and allow for
both temporal and spatial variability of the slopes. In practice, however, T -X filters appear
as very mysterious objects, because their construction involves many non-intuitive parameters. The user needs to choose a raft of parameters, such as the number of filter coefficients,
the gap and the exact shape of the filter, the size, number, and shape of local patches for
filter estimation, the number of iterations, and the amount of regularization. Recently developed techniques for handling non-stationary PEFs (Crawley et al., 1998, 1999; Clapp et al.,
1999; Crawley, 1999), have demonstrated an excellent performance in a variety of applications (Brown et al., 1999; Clapp and Brown, 2000; Crawley, 2000), but the large number of
adjustable parameters still requires a significant level of human interaction and remains the
drawback of the method.
Clapp et al. (1997) have recently revived the original plane-wave destructors for preconditioning tomographic problems with a predefined dip field (Clapp et al., 1998; Clapp and
Biondi, 1998, 2000). The filters were named steering filters because of their ability to steer
the solution in the direction of the local dips.
In this section, I revisit Claerbout’s original technique of finite-difference plane-wave destruction. First, I develop an approach for increasing the accuracy and dip bandwidth of the
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method. Applying the improved filter design to several data regularization problems, I discover that the finite-difference filters often perform as well as or even better than T -X PEFs.
At the same time, they keep the number of adjustable parameters to a minimum, and the only
quantity we estimate has a clear physical meaning of the local plane-wave slope.

High-order plane-wave destructors
Following the physical model of local plane waves, we can define the mathematical basis of
the plane-wave destructor filters as the local plane differential equation
∂P
∂P
+σ
=0,
∂x
∂t

(5.8)

where P(t, x) is the wave field, and σ is the local slope, which may also depend on t and x. In
the case of a constant slope, equation (5.8) has the simple general solution
P(t, x) = f (t − σ x) ,

(5.9)

where f (t) is an arbitrary waveform. Equation (5.9) is nothing more than a mathematical
description of a plane wave.
If the slope σ does not depend on t, we can transform equation (5.8) to the frequency
domain, where it takes the form of the ordinary differential equation
d P̂
+ iω σ P̂ = 0
dx

(5.10)

P̂(x) = P̂(0) eiω σ x ,

(5.11)

and has the general solution

where P̂ is the Fourier transform of P. The complex exponential term in equation (5.11)
simply represents a shift of a t-trace according to the slope σ and the trace separation x.
In the frequency domain, the operator for transforming the trace at position x − 1 to the
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neighboring trace at position x is a multiplication by eiω σ . In other words, a plane wave can
be perfectly predicted by a two-term prediction-error filter in the F-X domain:
a0 P̂(x) + a1 P̂(x − 1) = 0 ,

(5.12)

where a0 = 1 and a1 = −e−iω σ . The goal of predicting several plane waves can be accomplished by cascading several two-term filters. In fact, any F-X prediction-error filter represented in the Z -transform notation as
A(Z x ) = 1 + a1 Z x + a2 Z x2 + · · · + a N Z xN

(5.13)

can be factored into a product of two-term filters:


Zx
A(Z x ) = 1 −
Z1



 

Zx
Zx
1−
··· 1−
,
Z2
ZN

(5.14)

where Z 1 , Z 2 , . . . , Z N are the zeroes of polynomial (5.13). According to equation (5.12), the
phase of each zero corresponds to the slope of a local plane wave multiplied by the frequency.
Zeroes that are not on the unit circle carry an additional amplitude gain not included in equation (5.10).
In order to incorporate time-varying slopes, we need to return to the time domain and
look for an appropriate analog of the phase-shift operator (5.11) and the plane-prediction filter (5.12). An important property of plane-wave propagation across different traces is that the
total energy of the transmitted wave stays invariant throughout the process. This property is
assured in the frequency-domain solution (5.11) by the fact that the spectrum of the complex
exponential eiω σ is equal to one. In the time domain, we can reach an equivalent effect by
using an all-pass digital filter. In the Z -transform notation, convolution with an all-pass filter
takes the form
P̂x+1 (Z t ) = P̂x (Z t )

B(Z t )
,
B(1/Z t )

(5.15)

where P̂x (Z t ) denotes the Z -transform of the corresponding trace, and the ratio B(Z t )/B(1/Z t )
is an all-pass digital filter approximating the time-shift operator (5.12). In finite-difference
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terms, equation (5.15) represents an implicit finite-difference scheme for solving equation (5.8)
with the initial conditions at a constant x. The coefficients of filter B(Z t ) can be determined,
for example, by fitting the filter frequency response at small frequencies to the response of the
phase-shift operator. The Taylor series technique (equating the coefficients of the Taylor series
expansion around zero frequency) yields the expression
B3 (Z t ) =

(1 − σ )(2 − σ ) −1 (2 + σ )(2 − σ ) (1 + σ )(2 + σ )
Zt +
+
Zt
12
6
12

(5.16)

for a three-point centered filter B3 (Z t ) and the expression
B5 (Z t ) =

(1 − σ )(2 − σ )(3 − σ )(4 − σ ) −2 (4 − σ )(2 − σ )(3 − σ )(4 + σ ) −1
Zt +
Zt +
1680
420
(4 − σ )(3 − σ )(3 + σ )(4 + σ )
+
280
(4 − σ )(2 + σ )(3 + σ )(4 + σ )
(1 + σ )(2 + σ )(3 + σ )(4 + σ ) 2
Zt +
Zt
(5.17)
420
1680

for a five-point centered filter B5 (Z t ). It is easy to generalize these expressions to longer filters.
Figure 5.9 shows the phase of the all-pass filters B3 (Z t )/B3 (1/Z t ) and B5 (Z t )/B5 (1/Z t ) for
two values of the slope σ in comparison with the exact linear function of equation (5.11).
As expected, the phases match the exact line at low frequencies, and the accuracy of the
approximation increases with the length of the filter.

Figure 5.9: Phase of the implicit finite-difference shift operators in comparison with the exact
solution. The left plot corresponds to σ = 0.5, the right plot to σ = 0.8. regul-phase [CR]
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In two dimensions, equation (5.15) transforms to the prediction equation analogous to (5.12)
with the 2-D prediction filter
A(Z t , Z x ) = 1 − Z x

B(1/Z t )
.
B(Z t )

(5.18)

In order to characterize several plane waves, we can cascade several filters of the form (5.18)
in a manner similar to that of equation (5.14). In the examples of this chapter, I use a modified
version of the filter A(Z t , Z x ), namely the filter
C(Z t , Z x ) = A(Z t , Z x )B(Z t ) = B(Z t ) − Z x B(1/Z t ) ,

(5.19)

which avoids the need for polynomial division. In case of the 3-point filter (5.16), the 2-D
filter (5.19) has exactly six coefficients, with the second t column being a reversed copy of the
first column. When filter (5.19) is used in data regularization problems, it can occasionally
cause undesired high-frequency oscillations in the solution, resulting from the near-Nyquist
zeroes of the polynomial B(Z t ). The oscillations are easily removed in practice with appropriate low-pass filtering.
In the next subsection, I address the problem of estimating the local slope σ with filters
having form (5.19). Estimating the slope is a necessary step for applying the finite-difference
plane-wave filters on real data.

Slope estimation
Let us denote by C(σ ) the operator of convolving the data with the 2-D filter C(Z t , Z x ) of
equation (5.19) assuming the local slope σ . In order to determine the slope, we can define the
least-squares goal
C(σ ) d ≈ 0 ,

(5.20)

where d is the known data and the approximate equality implies that the solution is found by
minimizing the power of the left-hand side. Equations (5.16) and (5.17) show that the slope σ

97

enters in the filter coefficients in an essentially non-linear way. However, one can still apply
the linear iterative optimization methods by an analytical linearization of equation (5.20). The
linearization (also known as the Newton iteration) implies solving the linear system
C0 (σ0 ) 1σ d + C(σ0 ) d ≈ 0

(5.21)

for the slope increment 1σ . Here σ0 is the initial slope estimate, and C0 (σ ) is a convolution
with the filter, obtained by differentiating the filter coefficients of C(σ ) with respect to σ .
After system (5.21) is solved, the initial slope σ0 is updated by adding 1σ to it, and one can
solve the linear problem again. Depending on the starting solution, the method may require
several non-linear iterations to achieve an acceptable convergence. The described linearization
approach is similar in idea to tomographic velocity estimation (Nolet, 1987).

In the case of a time- and space-varying slope σ , system (5.21) may lead to undesirably
rough slope estimates. Moreover, the solution will be undefined in regions of unknown or
constant data. Both these problems are solved by adding a regularization (styling) goal to
system (5.21). The additional goal takes the form analogous to (2.16):
D 1σ ≈ 0 ,

(5.22)

where D is an appropriate roughening operator and  is a scaling coefficient. For simplicity,
I chose D to be the gradient operator. An alternative choice would be to treat local dips
as smooth data and to apply to them the tension-spline preconditioning technique from the
previous section.

In theory, estimating two different slopes σ1 and σ2 from the available data is only marginally
more complicated than estimating a single slope. The convolution operator becomes a cascade
of C(σ1 ) and C(σ2 ), and the linearization yields
C0 (σ1 ) C(σ2 ) 1σ1 d + C(σ1 ) C0 (σ2 ) 1σ2 d + C(σ1 ) C(σ2 ) d ≈ 0 .

(5.23)
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The regularization condition should now be applied to both 1σ1 and 1σ2 :
D 1σ1 ≈ 0 ;

(5.24)

D 1σ2 ≈ 0 .

(5.25)

The solution will obviously depend on the initial values of σ1 and σ2 , which should not be
equal to each other. System (5.23) is generally underdetermined, because it contains twice as
many estimated parameters as equations, but an appropriate choice of the starting solution and
the additional regularization (5.24-5.25) allow us to arrive at a practical solution.
The application examples of the next subsection demonstrate that when the system of
equations (5.23-5.22) or (5.23-5.25) are optimized in the least-squares sense in a cycle of several linearization iterations, it leads to smooth and reliable slope estimates. The regularization
conditions (5.22) and (5.24-5.25) assure a smooth extrapolation of the slope to the regions of
unknown or constant data.

Examples of data regularization
In this subsection, I examine the performance of the finite-difference plane-destruction filters
on several test applications.

Gap interpolation
Missing-data interpolation was introduced in Chapter 4 as a simple case of data regularization
when the input data are already binned to regular grid locations but with remaining uncovered
gaps.
Figure 5.10 shows a simple synthetic example of gap interpolation from Claerbout (1999).
The input data has a large elliptic gap cut out in a two plane-wave model. I estimate both
dip components from the input data by using the method of equations (5.23-5.25). The initial
values for the two local dips were 1 and 0, and the estimated values are close to the true
dips of 2 and -1 (the third and fourth plots in Figure 5.10.) Although the estimation program
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does not make any assumption about dip being constant, it correctly estimates nearly constant
values with the help of regularization equations (5.24-5.25). The rightmost plot in Figure 5.10
shows the result of gap interpolation with a two-plane local plane-wave destructor. The result
is nearly ideal and compares favorably with the analogous result of the T -X PEF technique
(Claerbout, 1999).

Figure 5.10: Synthetic gap interpolation example. From left to right: original data, input data,
first estimated dip, second estimated dip, interpolation output. regul-hole [ER]
Figure 5.11 is another benchmark gap interpolation example from Claerbout (1999), already featured in Chapter 4 (Figures 4.20-4.22). The data are ocean-depth measurements
from one day SeaBeam acquisition. The data after normalized binning are shown in the left
plot of Figure 5.11. From the known part of the data, we can partially see a certain elongated
and faulted structure on the ocean floor created by fractures around an ocean ridge. Estimating a smoothed dominant dip in the data and interpolating with the plane-wave destructor
filters produces the image in the right plot of Figure 5.11. The V-shaped acquisition pattern
is somewhat visible in the interpolation result, which might indicate the presence of a fault.
Otherwise, the result is both visually pleasing and in full agreement with the input data. Clapp
(2000b) uses the same data example to obtain multiple statistically equivalent realizations of
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the interpolated data.

Figure 5.11: Depth of the ocean from SeaBeam measurements. Left plot: after binning. Right
plot: after binning and gap interpolation. regul-seab [ER,M]
A 3-D interpolation example is shown in Figure 5.12. The input data resulted from a passive seismic experiment (Cole, 1995) and originally contained many gaps because of instrument failure. I interpolated the 3-D gaps with a pair of two orthogonal plane-wave destructors
in the manner proposed by Schwab and Claerbout (1995) for T -X prediction filters. The interpolation result shows a visually pleasing continuation of locally plane events through the
gaps. It compares favorably with an analogous result of a stationary T -X PEF.
We can conclude that plane-wave destructors provide an effective method of gap filling
and missing-data interpolation.

Trace interpolation beyond aliasing
Spitz (1991) popularized the application of prediction-error filters to regular trace interpolation
and showed how the spatial aliasing restriction can be overcome by scaling the frequencies of
F-X PEFs. An analogous technique for T -X filters was developed by Claerbout (1992, 1999)
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Figure 5.12: 3-D gap interpolation in passive seismic data. The left 12 panels are slices of
the input data. The right 12 panels are the corresponding slices in the interpolation output.
regul-passfill [ER,M]

and was applied for 3-D interpolation with non-stationary PEFs by Crawley (2000). The T -X
technique implies stretching the filter in all directions so that its dip spectrum is preserved
while the coefficients can be estimated at alternating traces. After the filter is estimated, it
is scaled back and used for interpolating missing traces between the known ones. A similar
method works for finite-difference plane wave destructors, only we need to take special care
to avoid aliased dips at the dip estimation stage.
A simple synthetic example of interpolation beyond aliasing is shown in Figure 5.13. The
input data are clearly aliased and non-stationary. To take the aliasing into account, I estimate
the two dips present in the data with the slope estimation technique of the previous subsection.
The first dip corresponds to the true slope, while the second dip corresponds to the aliased
dip component. In this example, the true dip is non-negative everywhere and is easily distinguished from the aliased one. Throwing away the aliased dip and interpolating intermediate
traces with the true dip produces the accurate interpolation result shown in the right plot of
Figure 5.13.
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Figure 5.13: Synthetic example of interpolation beyond aliasing with plane-wave destructor
filters. Left: input aliased data, right: interpolation output. regul-aliasp2 [ER]

Figure 5.14 shows a marine 2-D shot gather from a deep water Gulf of Mexico survey
before and after subsampling in the offset direction. The data are similar to those used by
Crawley (2000). The shot gather has long-period multiples and complicated diffraction events
caused by a salt body. The amplitudes of the hyperbolic events are not as uniformly distributed
as in the synthetic case of Figure 5.13. Subsampling by a factor of two (the right plot in
Figure 5.14) causes a clearly visible aliasing in the steeply dipping events. The goal of the
experiment is to interpolate the missing traces in the subsampled data and to compare the
result with the original gather shown in the left plot of Figure 5.14.
A straightforward application of the dip estimation equations (5.23-5.25) applied to aliased
data can easily lead to erroneous aliased dip estimation. In order to avoid this problem, I chose
a slightly more complex strategy. The algorithm for trace interpolation of aliased data consists
of the following steps:
1. Applying Claerbout’s T -X methodology, stretch a two-dip plane-wave destructor filter
and estimate the dips from decimated data.
2. The second estimated dip will be degraded by aliasing. Ignore this initial second-dip
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Figure 5.14: 2-D marine shot gather. Left: original. Right: subsampled by a factor of two in
the offset direction. regul-sean2 [ER]

estimate.
3. Estimate the second dip component again by fixing the first dip component and using
it as the initial estimate of the second component. This trick prevents the nonlinear
estimation algorithm from picking the wrong (aliased) dip in the data.
4. Downscale the estimated two-dip filter and use it for interpolating missing traces.
The two estimated dip components are shown in Figure 5.15. The first component contains
only positive dips. The second component coincides with the first one in the areas where only
a single dip is present in the data. In other areas, it picks the complementary dip, which has a
negative value for back-dipping hyperbolic diffractions.
Figure 5.16 shows the interpolation result and the difference between the interpolated
traces and the original traces, plotted at the same clip value. The method succeeded in the
sense that it is impossible to distinguish interpolated traces from the interpolation result alone.
However, it is not ideal, because some of the original energy is missing in the output. A
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Figure 5.15: Two components of the estimated dip field for the decimated 2-D marine shot
gather. regul-sean2-dip [ER]

close-up comparison between the original and the interpolated traces in Figure 5.17 shows
that imperfection in more detail. Some of the steepest events in the middle of the section are
poorly interpolated, and in some of the other places, the second dip component is continued
instead of the first one.
One could improve the interpolation result considerably by including another dimension.
To achieve a better result, we can use a pair of plane-wave destructors, one predicting local
plane waves in the offset direction and the other predicting local plane waves in the shot
direction.

Plane-wave destruction and B-splines
The general method of B-spline regularization, outlined in Chapter 4, is easily applicable for
the case of local plane-wave destruction. The continuous regularization operator D in this
case comes from the theoretical plane-wave differential equation (5.8). We simply need to
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Figure 5.16: Left: 2-D marine shot gather after trace interpolation. Right: Difference between
the interpolated and the original gather. regul-sean2-int [ER]

Figure 5.17: Close-up comparison of the interpolated (right) and the original data (left).
regul-sean2-close [ER,M]

106

CHAPTER 5. CHOICE OF REGULARIZATION AND NUMERICAL RESULTS

construct the auto-correlation filter d j according to formula (4.17) and factorize it with the
Wilson-Burg method. Figure 5.18 shows three plane waves constructed from three distant
spikes by application of inverse recursive filtering with two different B-spline regularizers.
The left plot was obtained with first-order B-splines (equivalent to linear interpolation). This
type of regularizer is identical to Clapp’s steering filters (Clapp et al., 1997) and suffers from
numerical dispersion effects. The right plot was obtained with third-order splines. Most of the
dispersion is suppressed by using a more accurate interpolation.

Figure 5.18: B-spline plane-wave regularization. Three plane waves are constructed by 2-D
recursive filtering with the B-spline plane-wave regularizer. Left: using first-order B-splines
(linear interpolation). Right: using third-order B-splines. regul-sthree [ER,M]
Equipped with the powerful B-spline plane-wave construction, we can now approach the
main goal of this work: three-dimensional seismic data regularization. For an illustrative test,
I chose the North Sea dataset, which was previously used for testing azimuth moveout (Biondi
et al., 1998) and common-azimuth migration (Biondi, 1996). Figure 1.2 in the introduction
showed the highly irregular midpoint geometry for a selected in-line and cross-line offset bin
in the data. The data irregularity is also evident in the bin fold map, shown in Figure 5.19.
The goal of data regularization is to create a regular data cube at the specified bins from the
irregular input data, which have been preprocessed by normal moveout.
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Figure 5.19: Map of the fold
distribution for the 3-D data test.
regul-fold-win [ER]

The data cube after normalized binning is shown in Figure 5.20. Binning works reasonably
well in the areas of large fold but fails to fill the zero fold gaps and has an overall limited
accuracy.
For efficiency, I perform regularization on individual time slices. Figure 5.21 shows the
result of regularization using bi-linear interpolation and smoothing preconditioning with the
minimum-phase Laplacian filter. The empty bins are filled in a consistent manner but the
data quality is distorted because simple smoothing fails to characterize the complicated data
structure. Instead of continuous events, we see smoothed blobs in the time slices. The events
in the in-line and cross-line sections are also not clearly pronounced.
We can use the smoothing regularization result to estimate the local dips in the data, design invertible local plane-wave destruction filters, and repeat the regularization process. Inverse interpolation using bi-linear interpolations with plane-wave preconditioning is shown in
Figure 5.22. The regularization result is improved: the continuous reflection events become
clearly visible in the time slices. As expected, a higher quality result is achieved with cubic Bspline (Figure 5.23). Regularization works again in constant time slices, using recursive filter
preconditioning with plane-wave destructor filters analogous to those in Figure 5.18. Despite
the irregularities in the input data, the regularization result preserves both flat reflection events
and steeply-dipping diffractions. Preserving diffractions is important for correct imaging of
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Figure 5.20: 3-D data after normalized binning. regul-bin-win [CR]
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Figure 5.21: 3-D data regularized with bi-linear interpolation and smoothing preconditioning.
regul-smo2-win [CR]
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sharp edges in the subsurface structure (Biondi and Palacharla, 1996b).
For simplicity, I assumed only a single local dip component in the data. This assumption
degrades the result in the areas of multiple conflicting dips, such as the intersections of plane
reflections and hyperbolic diffractions in Figure 5.23. One could improve the regularization
result by considering multiple local dips. In the next section of this chapter, I describe an alternative offset-continuation approach, which uses a physical connection between neighboring
offsets instead of assuming local continuity in the midpoint domain.

Figure 5.22: 3-D data regularized with bi-linear interpolation and local plane-wave preconditioning. regul-int2-win [CR]
The 3-D results of this subsection were obtained with an efficient 2-D regularization in
time slices. This approach is computationally attractive because of its easy parallelization:
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Figure 5.23: 3-D data regularized with cubic B-spline interpolation and local plane-wave preconditioning. regul-int4-win [CR]
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different slices can be interpolated independently and in parallel. Figure 5.24 shows the interpolation result for four selected time slices. Local plane waves, barely identifiable after binning (left plots in Figure 5.24), appear clear and continuous in the interpolation result (right
plots in Figure 5.24). Different time slices are assembled together to form the 3-D cube shown
in Figure 5.23.
A more powerful, although less convenient, approach to 3-D data regularization, is the full
3-D plane-wave destruction. I discuss it in the next subsection.

Figure 5.24: Selected time slices of the 3-D dataset. Left: after binning. Right: after planewave data regularization. The data regularization program identifies and continues local plane
waves in the data. regul-winslice [CR]

113

Plane-wave destruction in 3-D

The theory of plane-wave prediction in three dimensions is described by Claerbout (1993,
1999). Predicting a local plane wave with T -X filters amounts to finding a pair of twodimensional filters for two orthogonal planes in the 3-D space. Each of the filters predicts
locally straight lines in the corresponding plane. The system of two 2-D filters is sufficient
for predicting all but purely vertical plane waves. In the latter case, a third 2-D filter for the
remaining orthogonal plane is needed. Schwab (1998) discusses this approach in more detail.
Using two prediction filters implies dealing with two filtering output volumes for each
input volume. This situation becomes inconvenient when plane-wave destructors are used for
regularizing linear inverse problems. We cannot apply the efficient recursive preconditioning
introduced in Chapter 4 unless the regularization operator is square, or, in other words, only
one plane-wave destructor is involved.
Helical filtering (Claerbout, 1998a) brings us new tools for addressing this problem. In
this subsection, I show how to combine orthogonal 2-D plane predictors into a single threedimensional filter with similar spectral properties. The 3-D filter can then work for preconditioning 3-D inverse problems, such as data regularization. The construction employs again the
Wilson-Burg method of spectral factorization, adapted for multidimensional filtering with the
help of the helix transform.
I use simple synthetic examples to demonstrate the applicability of plane-wave prediction
to 3-D problems.

Factorizing plane waves

Let us denote the coordinates of a three-dimensional space by t, x, and y. A theoretical plane
wave is described by the equation
P(t, x, y) = f (t − σx x − σ y y) ,

(5.26)
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where f is an arbitrary function, and σx and σ y are the plane slopes in the corresponding
direction. It is easy to verify that a plane wave of the form (5.26) satisfies the following
system of partial differential equations:
 

∂
∂


+ σx
P = 0

∂t 
∂ x
∂
∂


+ σy
P = 0

∂y
∂t

(5.27)

The first equation in (5.27) describes plane waves on the {t, x} slices and is completely
equivalent to equation (5.8). In its discrete form, it is represented as a convolution with the
two-dimensional finite-difference filter Cx from equation (5.19). Similarly, the second equation transforms into a convolution with filter C y , which acts on the {t, y} slices. The discrete
(finite-difference) form of equations (5.8) involves a blocked convolution operator:
"

Cx

#

Cy

m=0,

(5.28)

where m is the model vector corresponding to P(t, x, y).

As follows from the theoretical analysis of the data regularization problem in Chapter 2,
regularization implicitly deals with the spectrum of the regularization filter, which approximates the inverse model covariance. In other words, it involves the square operator
h

CTx

CTy

i

"

Cx
Cy

#
= CTx Cx + CTy C y .

(5.29)

If we were able to transform this operator to the form CT C, where C is a three-dimensional
minimum-phase convolution, we could use the three-dimensional filter C in place of the inconvenient pair Cx and C y .
The problem of finding C from its spectrum is the familiar spectral factorization problem.
In fact, we already encountered a problem analogous to (5.29) in the previous section in the
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factorization of the discrete two-dimensional Laplacian operator:
1=∇ ∇ =
T

h

∂xT

∂ yT

i

"

∂x
∂y

#
= HT H ,

(5.30)

where ∂x and ∂ y represent the partial derivative operators along the x and y directions, respectively, and the two-dimensional filter H is known as helix derivative (Claerbout, 1999; Zhao,
1999).
If we represent the filter Cx with the help of a simple first-order upwind finite-difference
scheme
P(t, x + 1) − P(t, x) + σx [P(t + 1, x + 1) − P(t, x + 1)] = 0 ,

(5.31)

then, after the helical mapping to 1-D, it becomes a one-dimensional filter with the Z -transform
C x (Z ) = 1 − σx Z Nt +1 + (σx − 1)Z Nt ,

(5.32)

where Nt is the number of samples on the t-axis. Similarly, the filter C y takes the form
C y (Z ) = 1 − σ y Z Nt Nx +1 + (σ y − 1)Z Nt Nx .

(5.33)

The problem is reduced to a 1-D spectral factorization of
C x (1/Z )C x (Z ) + C y (1/Z )C y (Z ) = −σ y Z Nt 1Nx +1 + (σ y − 1) Z N1t Nx −


σx Z N1t +1 + (σx − 1) Z N1t −1 + σx (1 − σx ) + σ y (1 − σ y ) Z1 +


2 + σx (σx − 1) + σ y (σ y − 1) + σx (1 − σx ) + σ y (1 − σ y ) Z +
(σx − 1)Z Nt −1 − σx Z Nt +1 + (σ y − 1)Z Nt Nx − σ y Z Nt Nx +1 .

(5.34)

The spectral factorization of (5.34) produces a minimum-phase filter applicable for 3-D forward and inverse convolution. Equation (5.34) is shown here just to illustrate the concept.
In practice, I use the longer and much more accurate plane-wave filters of equation (5.19) in
place of the simplified filters (5.32) and (5.33).
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Figure 5.25: 3-D plane wave construction with the factorized 3-D filter. Left: σx = 0.75,
σ y = 0.5. Right: σx = −0.75, σ y = 0.5. regul-cube [ER,M]

Figure 5.25 shows examples of plane-wave construction. The two plots in the figure are
outputs of a spike, divided recursively (on a helix) by CT C, where C is a 3-D minimum-phase
filter, obtained by the Wilson-Burg factorization.
Clapp (2000a) has proposed constructing 3-D plane-wave destruction (steering) filters by
splitting. In Clapp’s method, the two orthogonal 2-D filters Cx and C y are simply convolved
with each other instead of forming the autocorrelation (5.29). While being a much more
efficient approach, splitting suffers from induced anisotropy in the inverse impulse response.
Figure 5.26 illustrates this effect in the 2-D plane by comparing the inverse impulse responses
of plane-wave filters obtained by spectral factorization and splitting. The splitting response is
evidently much less isotropic.

3-D missing data interpolation
Figure 5.27 shows Claerbout’s “qdome” synthetic model (Claerbout, 1993, 1999), which models a seismic image of a complicated sedimentary geology. In a data regularization experiment,
I randomly remove 60% of the traces in the original model, arriving at the missing data model
shown in the right plot of Figure 5.27. The 3-D slope estimates from the input data are shown
in the bottom plots of Figure 5.28. The estimates fairly accurately match the slope estimates
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Figure 5.26: Two-dimensional inverse impulse responses for filters constructed with spectral
factorization (left) and splitting (right). The splitting response is evidently much less isotropic.
regul-bob [ER]

Figure 5.27: Claerbout’s “qdome” synthetic model. Left: original model. Right: input to
interpolation (60% of the traces removed). regul-qdome [ER]
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Figure 5.28: Plane-wave slope estimates in the x and y directions (left and right plots, respectively) from the “qdome” model. Top: estimated from the original model. Bottom: estimated
from the decimated model. regul-qslope [CR,M]
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obtained from the original model (top plots in Figure 5.28). The missing-data interpolation result is shown in Figure 5.29. Most of the original signal has been successfully restored. Some
of the fault sharpness is lost in the interpolation result, but all the curved and planar events
are accurately preserved. Clapp (2000a) reports a successful interpolation result using a more
severe decimation of the same synthetic model. However, he assumes a prior knowledge of
the local dip field instead of estimating the dips from the decimated data.

Figure 5.29: Result of missing-data
interpolation with a 3-D local planewave destruction filter. Compare with
Figure 5.27. regul-pmiss [CR]

REGULARIZING REFLECTION SEISMIC DATA WITH OFFSET CONTINUATION

A simple model for reflection seismic data is a set of hyperbolic events on a common midpoint gather. The simplest filter for this model is the first derivative in the offset direction
applied after the normal moveout correction.1 Going one step beyond this simple approximation requires taking the dip moveout (DMO) effect into account (Deregowski, 1986). The
DMO effect is fully incorporated in the offset continuation differential equation (Fomel, 1994,
1995a) analyzed theoretically in Chapter 6.
1A

similar filter appears in velocity estimation with the differential semblance method (Symes and Carazzone, 1991; Symes, 1999).
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Offset continuation is a process of seismic data transformation across different offsets
(Deregowski and Rocca, 1981; Bolondi et al., 1982; Salvador and Savelli, 1982). As I show in
Chapter 6, different types of DMO operators (Hale, 1995) can be regarded as a continuation
to zero offset and derived as solutions of an initial-value problem with the revised offset continuation equation (Fomel, 1995b). Within a constant-velocity assumption, this equation not
only provides correct traveltimes on the continued sections but also correctly transforms the
corresponding wave amplitudes (Fomel, 1995a; Fomel and Bleistein, 1996). Integral offset
continuation operators have been derived independently by Stovas and Fomel (1993, 1996),
Bagaini and Spagnolini (1996), and Chemingui and Biondi (1994). The 3-D analog is known
as azimuth moveout (AMO) (Biondi et al., 1998). In the shot-record domain, integral offset
continuation transforms to shot continuation (Schwab, 1993; Bagaini and Spagnolini, 1993;
Spagnolini and Opreni, 1996). Integral continuation operators can be applied directly for
missing data interpolation and regularization (Bagaini et al., 1994; Mazzucchelli and Rocca,
1999). However, they do not behave well for continuation at small distances in the offset
space because of limited integration apertures and, therefore, are not well suited for interpolating neighboring records. Additionally, like all integral (Kirchhoff-type) operators, they
suffer from irregularities in the input geometry. The latter problem is addressed by the accurate
but expensive method of inversion to common offset (Chemingui, 1999).

In this section, I propose an application of offset continuation in the form of a finitedifference filter for seismic data regularization. The filter is designed in the log-stretch frequency domain, where each frequency slice can be interpolated independently. Small filter
size and easy parallelization among different frequencies assure the high efficiency of the
proposed approach. Although the offset continuation filter lacks the predictive power of nonstationary prediction-error filters, it is much simpler to handle and serves as a good a priori
guess of an interpolative filter for seismic reflection data.

I test the proposed method by interpolating randomly missing shot gathers in a constantvelocity synthetic.
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Filter design

A particularly efficient implementation of offset continuation results from a log-stretch transform of the time coordinate (Bolondi et al., 1982), followed by a Fourier transform of the
stretched time axis. After these transforms, equation (6.1) from Chapter 6 takes the form

h


∂ 2 P̃ ∂ 2 P̃
∂ P̃
=0,
− 2 −i 
2
∂y
∂h
∂h

(5.35)

where  is the corresponding frequency, h is the half-offset, y is the midpoint, and P̃(y, h, )
is the transformed data (Fomel, 1995b, 2000b). As in other F-X methods, equation (5.35) can
be applied independently and in parallel on different frequency slices.
Analogously to the case of the plane-wave-destructor filters discussed in the previous section, we can construct an effective offset-continuation finite-difference filter by studying first
the problem of wave extrapolation between neighboring offsets. In the frequency-wavenumber
domain, the extrapolation operator is defined in accordance with equation (6.119), as follows:
b
b 2) = b
b 1 ) Z λ (kh 2 )/Z λ (kh 1 ) ,
P(h
P(h

(5.36)

where λ = (1+i)/2, and Z λ is the special function defined in equation (6.120). The wavenumber k corresponds to the midpoint y in the original data domain. In the high-frequency asymptotics, operator (5.36) takes the form


b
b 2) = b
b 1 ) F(2kh 2 /)/F(2kh 1 / ) exp i ψ (2kh 2 /  − 2kh 1 / ) ,
P(h
P(h

(5.37)

where functions F and ψ are defined in equations (6.123) and (6.124).
Returning to the original domain, I approximate the continuation operator with a finitedifference filter of the form
P̂h+1 (Z y ) = P̂h (Z y )

G 1 (Z y )
,
G 2 (Z y )

(5.38)

which is somewhat analogous to (5.15). The coefficients of the filters G 1 (Z y ) and G 2 (Z y ) are
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found by fitting the Taylor series coefficients of the filter response around the zero wavenumber. In the simplest case of 3-point filters2 , this procedure uses four Taylor series coefficients
and leads to the following expressions:

1 − c1 ()h 22 + c2 ()h 21 1 − c1 ()h 22 + c2 ()h 21
+
Z y + Z −1
, (5.39)
y
6
12

1 − c1 ()h 21 + c2 ()h 22 1 − c1 ()h 21 + c2 ()h 22
G 2 (Z y ) = 1 −
+
Z y + Z −1
, (5.40)
y
6
12

G 1 (Z y ) = 1 −

where
c1 () =

3 (2 + 9 − 4i )
2 (3 + i )

and
c2 () =

3 (2 − 27 − 8i )
.
2 (3 + i )

Figure 5.30 compares the phase characteristic of the finite-difference extrapolators (5.38) with
the phase characteristics of the exact operator (5.36) and the asymptotic operator (5.37). The
match between different phases is poor for very low frequencies (left plot in Figure 5.30) but
sufficiently accurate for frequencies in the typical bandwidth of seismic data (right plot in
Figure 5.30).
Figure 5.31 compares impulse responses of the inverse DMO operator constructed by the
asymptotic  − k operator with those constructed by finite-difference offset continuation. Neglecting subtle phase inaccuracies at large dips, the two images look similar, which indicates
the high accuracy of the proposed finite-difference scheme.
When applied on the offset-midpoint plane of an individual frequency slice, the onedimensional implicit filter (5.38) transforms to a two-dimensional explicit filter with the 2-D

2 An

analogous technique applied to the case of wavefield depth extrapolation with the wave equation
would lead to the famous 45-degree implicit finite-difference operator (Claerbout, 1985).
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Z -transform
G(Z y , Z h ) = G 1 (Z y ) − Z h G 2 (Z y ) ,

(5.41)

analogous to filter (5.19) for the case of local plane-wave destruction. Convolution with filter (5.41) is the regularization operator that I propose for regularizing prestack seismic data.

Figure 5.30: Phase of the implicit offset-continuation operators in comparison with the exact
solution. The offset increment is assumed to be equal to the midpoint spacing. The left plot
corresponds to  = 1, the right plot to  = 10. regul-arg [CR]

Tests
I start numerical testing of the proposed regularization first on the constant velocity synthetic,
where all the assumptions behind the offset continuation equation are valid.

Constant-velocity synthetic
A sinusoidal reflector shown in Figure 5.32 creates complicated reflection data, shown in
Figures 5.33 and 5.34. To set up a test for regularization by offset continuation, I removed
90% of randomly selected shot gathers from the input data. The syncline parts of the reflector
lead to traveltime triplications at large offsets. A mixture of different dips from the triplications
would make it extremely difficult to interpolate the data in individual common-offset gathers,
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Figure 5.31: Inverse DMO impulse responses computed by the Fourier method (left) and by
finite-difference offset continuation (right). The offset is 1 km. regul-off-imp [ER,M]

Figure 5.32: Reflector model for
the constant-velocity test regul-cup
[ER]
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such as those shown in Figure 5.33. The plots of time slices after NMO (Figure 5.34) clearly
show that the data are also non-stationary in the offset direction. Therefore, a simple offset
interpolation scheme is also doomed.
Figure 5.35 shows the reconstruction process on individual frequency slices. Despite the
complex and non-stationary character of the reflection events in the frequency domain, the
offset continuation equation is able to reconstruct them quite accurately from the decimated
data.
Figure 5.36 shows the result of interpolation after the data are transformed back to the time
domain. The offset continuation result (right plots in Figure 5.36) reconstructs the ideal data
(left plots in Figure 5.33) very accurately even in the complex triplication zones, while the
result of simple offset interpolation (left plots in Figure 5.36) fails as expected.
The constant-velocity test results allow us to conclude that, when all the assumptions of
the offset continuation theory are met, it provides a powerful method of data regularization.
Being encouraged by the synthetic results, I proceed to a three-dimensional real data test.

3-D data regularization with the offset continuation equation
Similarly to the case of 3-D plane-wave destruction, where the regularization operator is
constructed from two orthogonal two-dimensional filters, 3-D differential offset continuation
amounts to applying two differential filters, operating on the in-line and cross-line projections
of the offset and midpoint coordinates. The corresponding system of differential equations has
the form

 2


∂ P̃ ∂ 2 P̃
∂ P̃


− 2 −i 
 h1
2
∂h 1
∂h 1 
 ∂2y1
2
∂ P̃
∂ P̃ ∂ P̃



− 2 −i 
 h2
2
∂h 2
∂ y2
∂h 2

= 0;
(5.42)
= 0,

where y1 and y2 correspond to the in-line and cross-line midpoint coordinates, and h 1 and
h 2 correspond to the in-line and cross-line offsets. The projection approach is justified in the
theory of azimuth moveout (Fomel and Biondi, 1995b; Biondi et al., 1998).
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Figure 5.33: Prestack common-offset gathers for the constant-velocity test. Left: ideal data
(after NMO). Right: input data (90% of shot gathers removed). Top, center, and bottom plots
correspond to different offsets. regul-cupdata [ER,M]
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Figure 5.34: Time slices of the prestack data for the constant-velocity test. Left: ideal data
(after NMO). Right: input data (90% of random gathers removed). Top, center, and bottom
plots correspond to time slices at 0.3, 0.4, and 0.5 s. regul-tslice [ER,M]
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Figure 5.35: Interpolation in frequency slices. Left: input data (90% of the shot gathers
removed). Right: interpolation output. Top, bottom, and middle plots correspond to different
frequencies. The real parts of the complex-valued data are shown. regul-fslice [ER,M]
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Figure 5.36: Interpolation in common-offset gathers. Left: output of simple offset interpolation. Right: output of offset continuation interpolation. Compare with Figure 5.33. Top,
center, and bottom plots correspond to different common-offset gathers. regul-all [ER,M]
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The result of a 3-D data regularization test is shown in Figure 5.37. The input data cube
corresponds to the one in Figure 5.20. I used neighboring offsets in the in-line and crossline directions and the differential 3-D offset continuation to reconstruct the empty traces.
Although the reconstruction appears less accurate than the plane-wave regularization result of
Figure 5.23, it successfully fulfills the following goals:

• The input traces are well hidden in the interpolation result. It is impossible to distinguish
between input and interpolated traces.
• The main structural features are restored without using any assumptions about structural
continuity in the midpoint domain. Only the physical offset continuity is used.

The lower accuracy of the result in Figure 5.37 in comparison with Figure 5.23 is partially
caused by using a simplified missing data interpolation scheme instead of a more accurate
regularization approach. It also indicates a possibility of combining offset continuation with
midpoint-space plane-wave destruction for achieving an optimal accuracy.
In the next section, I return to the 2-D case to consider an important problem of shot gather
interpolation.

Shot continuation
Missing or under-sampled shot records are a common example of data irregularity (Crawley,
2000). The offset continuation approach can be easily modified to work in the shot record
domain. With the change of variables s = y − h, where s is the shot location, the frequencydomain equation (5.35) transforms to the equation



∂ 2 P̃
∂ 2 P̃
∂ P̃ ∂ P̃
h 2
−
−i 
−
=0.
∂s∂h ∂h 2
∂h
∂s


(5.43)

Unlike equation (5.35), which is second-order in the propagation variable h, equation (5.43)
contains only first-order derivatives in s. We can formally write its solution for the initial
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Figure 5.37: 3-D data regularization test. Top: input data, the result of binning in a 50 by 50
meters offset window. Bottom: regularization output. Data from neighboring offset bins in
the in-line and cross-line directions were used to reconstruct missing traces. regul-off4 [CR]
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conditions at s = s1 in the form of a phase-shift operator:


k
h
−

h
b
b
b 2 ) = P(s
b 1 ) exp i kh (s2 − s1 )
P(s
,
2 kh h − 

(5.44)

where the wavenumber kh corresponds to the half-offset h. Equation (5.44) is in the mixed
offset-wavenumber domain and, therefore, not directly applicable in practice. However, we
can use it as an intermediate step in designing a finite-difference shot continuation filter. Analogously to the cases of plane-wave destruction and offset continuation, shot continuation leads
us to the rational filter
P̂s+1 (Z h ) = P̂s (Z h )

S(Z h )
,
S̄(1/Z h )

(5.45)

The filter is non-stationary, because the coefficients of S(Z h ) depend on the half-offset h.
We can find them by the Taylor expansion of the phase-shift equation (5.44) around zero
wavenumber kh . For the case of the half-offset sampling equal to the shot sampling, the
simplest three-point filter is constructed with three terms of the Taylor expansion. It takes the
form


1
h
S(Z h ) = −
+i
12
2



Z h−1 +



 

2
2 + 12 h 2
5
2 + 18 h 2
−i
+
+i
Zh .
3
12  h
12
12  h

(5.46)

Let us consider the problem of doubling the shot density. If we use two neighboring shot
records to find the missing record between them, the problem reduces to the least-squares
system
"

S
S̄

#

"
ps ≈

S̄ ps−1
S ps+1

#
,

(5.47)

where S denotes convolution with the numerator of equation (5.45), S̄ denotes convolution
with the corresponding denominator, ps−1 and ps+1 represent the known shot gathers, and ps
represents the gather that we want to estimate. The least-squares solution of system (5.47)
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takes the form
ps = ST S + S̄T S̄

−1


ST S̄ ps−1 + S̄T S ps+1 .

(5.48)

If we choose the three-point filter (5.46) to construct the operators S and S̄, then the inverted
matrix in equation (5.48) will have five non-zero diagonals. It can be efficiently inverted with
a direct banded matrix solver using the L DL T decomposition (Golub and Van Loan, 1996).
Since the matrix does not depend on the shot location, we can perform the decomposition once
for every frequency so that only a triangular matrix inversion will be needed for interpolating
each new shot. This leads to an extremely efficient algorithm for interpolating intermediate
shot records.
Sometimes, two neighboring shot gathers do not fully constrain the intermediate shot. In
order to add an additional constraint, I include a regularization term in equation (5.48), as
follows:

−1 T
S S̄ ps−1 + S̄T S ps+1 ,
ps = ST S + S̄T S̄ +  2 AT A

(5.49)

where A represents convolution with a three-point prediction-error filter (PEF), and  is a
scaling coefficient. The appropriate PEF can be estimated from ps−1 and ps+1 using Burg’s
algorithm (Burg, 1972, 1975; Claerbout, 1976). A three-point filter leads does not break the
five-diagonal structure of the inverted matrix. The PEF regularization attempts to preserve
offset dip spectrum in the under-constrained parts of the estimated shot gather.
Figure 5.39 shows the result of a shot interpolation experiment using the constant-velocity
synthetic from Figure 5.33. In this experiment, I removed one of the shot gathers from the
original data and interpolated it back using equation (5.49). Subtracting the true shot gather
from the reconstructed one shows a very insignificant error, which is further reduced by using
the PEF regularization (right plots in Figure 5.39). The two neighboring shot gathers used in
this experiment are shown in the top plots of Figure 5.38. For comparison, the bottom plots in
Figure 5.38 show the simple average of the two shot gathers and its corresponding prediction
error. As expected, the error is significantly larger than the error of the shot continuation. An
interpolation scheme based on local dips in the shot direction would probably achieve a better
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result, but it is generally much more expensive than the shot continuation scheme introduced
above.
A similar experiment with real data from a North Sea marine dataset is reported in Figure 5.41. I removed and reconstructed a shot gather from the two neighboring gathers shown
in Figure 5.40. The lower parts of the gathers are complicated by salt dome reflections and
diffractions with conflicting dips. The simple average of the two input shot gathers (bottom
plots in Figure 5.41) works reasonably well for nearly flat reflection events but fails to predict
the position of the back-scattered diffractions events. The shot continuation method works
well for both types of events (top plots in Figure 5.41). There is some small and random
residual error, possibly caused by local amplitude variations.

CONCLUSIONS

Several choices exist in selecting the regularization operator for iterative data regularization.
Splines in tension represent an approach to data regularization suitable for smooth data.
The constraint is embedded in a user-specified3 tension parameter. The two boundary values
of tension correspond to cubic and linear interpolation. By applying the method of spectral
factorization on a helix, I have been able to define a family of two-dimensional minimumphase filters, which correspond to the spline interpolation problem with different values of
tension. These filters contribute to the collection of useful helical filters. I have used them
for preconditioning in data-regularization problems with smooth surfaces. In general, they are
applicable for preconditioning various estimation problems with smooth models.
I demonstrate that adaptive local plane-wave destructors with an improved finite-difference
design can be a valuable tool in processing multidimensional seismic data. In several examples, I have shown a good performance of plane-wave destructors in application to data
regularization. It may be useful to summarize here the similarities and differences between
plane-wave destructors and T -X prediction-error filters.
3 Developing

a method for automatic estimation of the appropriate tension parameter from the input data
is a challenging open problem. It goes beyond the scope of this work.
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Figure 5.38: Top: Two synthetic shot gathers used for the shot interpolation experiment. An
NMO correction has been applied. Bottom: simple average of the two shot gathers (left) and
its prediction error (right). regul-shot3 [ER,M]
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Figure 5.39: Synthetic shot interpolation results. Left: interpolated shot gathers. Right: prediction errors (the differences between interpolated and true shot gathers), plotted on the same
scale. Top: without regularization. Bottom: with PEF regularization. regul-shotin [ER]

137

Figure 5.40: Two real marine shot gathers used for the shot interpolation experiment. An
NMO correction has been applied. regul-elfshot3 [ER,M]

Similarities:
• Both types of filters operate in the original time-and-space domain of recorded data.
• Both filters aim to predict local plane-wave events in the data.
• In most problems, one filter type can be replaced by the other, and certain techniques,
such as Claerbout’s trace interpolation method, are common for both approaches.
Differences:
• The design of plane-wave destructors is purely deterministic and follows the plane-wave
differential equation. The design of T -X PEF has statistical roots in the framework
of the maximum-entropy spectral analysis (Burg, 1975). In principle, T -X PEF can
characterize more complex signals than local plane waves.
• In the case of PEF, we estimate filter coefficients. In the case of plane-wave destructors,
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Figure 5.41: Real-data shot interpolation results. Top: interpolated shot gather (left) and its
prediction error (right). Bottom: simple average of the two input shot gathers (left) and its
prediction error (right). regul-elfshotin [ER]
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the estimated quantity is the local plane slope. Several important distinctions follow
from that difference:
– The filter-estimation problem is linear. The-slope estimation problem, in the case
of the improved filter design, is non-linear, but allows for an iterative linearization.
In general, non-linearity is an undesirable feature because of local minima and the
dependence on initial conditions. However, we can sometimes use it creatively.
For example, it helped me avoid aliased dips in the trace interpolation example.
– Non-stationarity is handled gracefully in the local slope estimation. It is a much
more difficult issue for PEFs because of the largely under-determined problem.
– Local slope has a clearly interpretable physical meaning, which allows for easy
quality control of the results. The coefficients of T -X PEFs are much more difficult to interpret.
• The efficiency of the two approaches is difficult to compare. Plane-wave destructors are
generally more efficient to apply because of the optimally small number of filter coefficients. However, they may require more computation at the estimation stage because of
the already mentioned non-linearity problem.
I have shown that a 3-D plane-wave destruction filter can be designed from a pair of twodimensional filters by using helix transform and the Wilson-Burg spectral factorization algorithm. A special approach to designing plane-wave destructor filters follows from the general
B-spline regularization method.
Differential offset continuation provides a valuable tool for regularization of reflection
seismic data. Starting from analytical frequency-domain solutions of the offset continuation
differential equation, I have designed accurate finite-difference filters for implementing offset
continuation as a local convolutional operator. A similar technique works for shot continuation
across different shot gathers.
Differential offset continuation serves as a bridge between integral and convolutional approaches to data interpolation. It shares the theoretical grounds with the integral approach but
is applied in a manner similar to that of prediction-error filters in the convolutional approach.
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Tests with synthetic and real data demonstrate that the offset-continuation regularization
can succeed in complex structural situations where more simplistic methods fail.
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Chapter 6
Offset continuation for reflection seismic data

In this chapter, I develop the theory of a regularization operator that is particularly suited for
reflection seismic data. As discussed in Chapter 2, an ideal regularization results from a dataspace differential equation that we assume to be satisfied by the input data. Laplace’s equation
is appropriate for certain kinds of potential-field data, and the biharmonic equation applies to
smooth elastic-type surfaces. A special differential equation is required to characterize the
predictable features of seismic reflection data.
Fortunately, such an equation does exist. I introduce it in this chapter and study its theoretical properties. The equation describes the process of offset continuation, which is a transformation of common-offset seismic gathers from one constant offset to another (Bolondi et
al., 1982). Bagaini et al. (1994) identified offset continuation (OC) with a whole family of
prestack continuation operators, such as shot continuation (Schwab, 1993; Bagaini and Spagnolini, 1993), dip moveout as a continuation to zero offset, and three-dimensional azimuth
moveout (Biondi and Chemingui, 1994a; Biondi et al., 1998).
The Earth subsurface is a three-dimensional object, while seismic reflection data from a
multi-coverage acquisition belong to a five-dimensional space (time, 2-D offset, and 2-D midpoint coordinates). This fact alone is a clear indication of the additional connection that exists
in the data space. The offset continuation equation expresses this connection in a concise mathematical form. Its theoretical analysis allows us to explain the data transformation between
141
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different offsets. A simple example is the diffraction point response shown in Figure 6.1 and
analyzed theoretically later in this chapter.
As early as in 1982, Bolondi et al. came up with the idea of describing offset continuation
and dip moveout (DMO) as a continuous process by means of a partial differential equation
(Bolondi et al., 1982). However, their approximate differential operator, built on the results of
Deregowski and Rocca’s classic paper (Deregowski and Rocca, 1981), failed in the cases of
steep reflector dips or large offsets. Hale (1983) writes:
The differences between this algorithm [DMO by Fourier transform] and previously published finite-difference DMO algorithms are analogous to the differences between frequency-wavenumber (Stolt, 1978; Gazdag, 1978) and finite-difference (Claerbout, 1976) algorithms for migration. For example, just as finitedifference migration algorithms require approximations that break down at steep
dips, finite-difference DMO algorithms are inaccurate for large offsets and steep
dips, even for constant velocity.
Continuing this analogy, one can observe that both finite-difference and frequency-domain
migration algorithms share a common origin: the wave equation. The new OC equation,
presented in this chapter1 and valid for all offsets and dips, plays a role analogous to that
of the wave equation for offset continuation and dip moveout algorithms. A multitude of
seismic migration algorithms emerged from the fundamental wave-propagation theory that is
embedded in the wave equation. Likewise, the fundamentals of DMO algorithms can be traced
to the OC differential equation.
In the first part of the chapter, I prove that the revised equation is, under certain assumptions, kinematically valid. This means that wavefronts of the offset continuation process correspond to the reflection wave traveltimes and correctly transform between different offsets.
Moreover, the wave amplitudes are also propagated correctly according to the true-amplitude
criterion (Black et al., 1993). The amplitude and phase preservation is additionally confirmed
1 To my knowledge, the first derivation of the revised offset continuation equation was accomplished by
Joseph Higginbotham of Texaco in 1989. Unfortunately, Higginbotham’s derivation never appeared in the
open literature.
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Figure 6.1: Common-offset sections of a diffraction point response (superimposed on the same
plot). Top: after NMO. Bottom: before NMO. The offsets are 0, 1, 2, 3, 4, and 5 km. The
offset continuation equation describes the data transformation between different offsets (see
the left plot in Figure 6.5). ofcon-spik [ER]
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by a direct theoretical test, where I represent the input common-offset data by the Kirchhoff
modeling integral (Bleistein, 1984). The first two asymptotic orders of accuracy are satisfied
when the offset continuation equation is applied to the Kirchhoff data.
In the second part of the chapter, I relate the offset continuation equation to different
methods of dip moveout. Considering DMO as a continuation to zero offset, I show that DMO
operators can be obtained by solving a special initial value (Cauchy-type) problem for the
OC equation. Different known forms of DMO (Hale, 1991) appear as special cases of more
general offset continuation operators.

INTRODUCING THE OFFSET CONTINUATION EQUATION

Most of the contents of this chapter refer to the following linear partial differential equation:

h

∂2 P ∂2 P
− 2
∂ y2
∂h


= tn

∂2 P
.
∂tn ∂h

(6.1)

Equation (6.1) describes an artificial (non-physical) process of transforming reflection seismic
data P(y, h, tn ) in the offset-midpoint-time domain. In equation (6.1), h stands for the halfoffset (h = (r − s)/2, where s and r are the source and the receiver coordinates), y is the
midpoint (y = (r + s)/2), and tn is the time coordinate after normal moveout correction is
applied:
r
tn =

4 h2
t2 − 2
v

!
.

(6.2)

The velocity v is assumed to be known a priori. Equation (6.1) belongs to the class of linear
hyperbolic equations, with the offset h acting as a time-like variable. It describes a wave-like
propagation in the offset direction.
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Proof of validity

A simplified version of the ray method technique (Červeny̌ et al., 1977; Babich, 1991) can
allow us to prove the theoretical validity of equation (6.1) for all offsets and reflector dips by
deriving two equations that describe separately wavefront (traveltime) and amplitude transformation. According to the formal ray theory, the leading term of the high-frequency asymptotics for a reflected wave recorded on a seismogram takes the form
P (y, h, tn ) ≈ An (y, h) Rn (tn − τn (y, h)) ,

(6.3)

where An stands for the amplitude, Rn is the wavelet shape of the leading high-frequency term,
and τn is the traveltime curve after normal moveout. Inserting (6.3) as a trial solution for (6.1),
collecting terms that have the same asymptotic order (correspond to the same-order derivatives
of the wavelet Rn ), and neglecting low-order terms, we obtain a set of two first-order partial
differential equations:
"
h



∂τn
τn − 2h
∂h



∂τn
∂y

2

∂τn
−
∂h


2 #

= − τn

∂τn
,
∂h

 2

∂ An
∂τn ∂ An
∂ τn ∂ 2 τn
+ 2h
+ h An
− 2 =0.
∂h
∂y ∂y
∂ y2
∂h

(6.4)

(6.5)

Equation (6.4) describes the transformation of traveltime curve geometry in the OC process analogously to how the eikonal equation describes the front propagation in the classic
wave theory. What appear to be wavefronts of the wave motion described by equation (6.1)
are traveltime curves of reflected waves recorded on seismic sections. The law of amplitude
transformation for high-frequency wave components related to those wavefronts is given by
equation (6.5). In terms of the theory of partial differential equations, equation (6.4) is the
characteristic equation for (6.1).
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Proof of kinematic equivalence

In order to prove the validity of equation (6.4), it is convenient
q to transform it to the coordinates
of the initial shot gathers: s = y − h, r = y + h, and τ =

2

τn2 + 4h
. The transformed equation
v2

takes the form





∂τ ∂τ
1 ∂τ ∂τ
(r − s)2
2
−
= 2 (r − s) τ
.
τ +
−
v2
∂r ∂s
v 2 ∂r ∂s

(6.6)

Now the goal is to prove that any reflection traveltime function τ (r , s) in a constant velocity
medium satisfies equation (6.6).
Let S and R be the source and the receiver locations, and O be a reflection point for that
pair. Note that the incident ray S O and the reflected ray O R form a triangle with the basis on
the offset S R (l = |S R| = |r − s|). Let α1 be the angle of S O from the vertical axis, and α2
be the analogous angle of R O (Figure 6.2). The law of sines gives us the following explicit
relationships between the sides and the angles of the triangle S O R:
cos α1
,
sin (α2 − α1 )
cos α2
|R O| = |S R|
.
sin (α2 − α1 )
|S O| = |S R|

(6.7)
(6.8)

Hence, the total length of the reflected ray satisfies
vτ = |S O| + |R O| = |S R|

cos α
cos α1 + cos α2
= |r − s|
.
sin (α2 − α1 )
sin γ

(6.9)

Here γ is the reflection angle (γ = (α2 − α1 )/2), and α is the central ray angle (α = (α2 +
α1 )/2), which coincides with the local dip angle of the reflector at the reflection point. Recalling the well-known relationships between the ray angles and the first-order traveltime derivatives
∂τ
sin α1
=
,
∂s
v
sin α2
∂τ
=
,
∂r
v

(6.10)
(6.11)
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we can substitute (6.9), (6.10), and (6.11) into (6.6), which leads to the simple trigonometric
equality
2

cos






α1 + α2
2 α1 − α2
+ sin
= 1 − sin α1 sin α2 .
2
2

(6.12)

It is now easy to show that equality (6.12) is true for any α1 and α2 , since
sin2 a − sin2 b = sin (a + b) sin (a − b) .

x

S

y0

α1

Figure 6.2: Reflection rays in a constant velocity medium (a scheme).
ofcon-ocoray [NR]

γ

α

R

y

α2

γ

O

z

Thus we have proved that equation (6.6), equivalent to (6.4), is valid in constant velocity
media independently of the reflector geometry and the offset. This means that high-frequency
asymptotic components of the waves, described by the OC equation, are located on the true
reflection traveltime curves.
The theory of characteristics can provide other ways to prove the kinematic validity of
equation (6.4), as described by Fomel (1994) and Goldin (1994).

Comparison with Bolondi’s OC equation
Equation (6.1) and the previously published OC equation (Bolondi et al., 1982) differ only
with respect to the single term

∂2 P
.
∂h 2

However, this difference is substantial.
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From the offset continuation characteristic equation (6.4), we can conclude that the firstorder traveltime derivative with respect to offset decreases with a decrease of the offset. At
zero offset the derivative equals zero, as predicted by the principle of reciprocity (the reflection
traveltime has to be an even function of offset). Neglecting

∂τn
∂h

in (6.4) leads to the character-

istic equation
∂τn
h
∂y


2

= − τn

∂τn
,
∂h

(6.13)

which corresponds to the approximate OC equation of Bolondi et al. (1982). The approximate
equation has the form
h

∂2 P
∂2 P
=
t
.
n
∂ y2
∂tn ∂h

(6.14)

Comparing (6.13) and (6.4), note that approximation (6.13) is valid only if


∂τn
∂h

2




∂τn
∂y

2
.

(6.15)

To find the geometric constraints implied by inequality (6.15), we can express the traveltime
derivatives in geometric terms. As follows from expressions (6.10) and (6.11),
∂τ
∂x
∂τ
∂h

∂τ ∂τ
2 sin α cos γ
+
=
,
∂r ∂s
v
∂τ ∂τ
2 cos α sin γ
=
−
=
.
∂r ∂s
v

=

(6.16)
(6.17)

Expression (6.9) allows transforming equations (6.16) and (6.17) to the form
∂τn
∂y
∂τn
τn
∂h
τn

∂τ
sin α cos α cot γ
= 4h
;;
∂y
v2
∂τ 4h
sin2 α
= τ
− 2 = − 4h 2 .
∂h v
v
= τ

(6.18)
(6.19)

Without loss of generality, we can assume α to be positive. Consider a plane tangent to a true
reflector at the reflection point (Figure 6.3). The traveltime of a wave, reflected from the plane,
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has the well-known explicit expression
τ =

2p 2
L + h 2 cos2 α ,
v

(6.20)

where L is the length of the normal ray from the midpoint. As follows from combining (6.20)
and (6.9),
cos α cot γ =

L
.
h

(6.21)

We can then combine equalities (6.21), (6.18), and (6.19) to transform inequality (6.15) to the
form
h

L
= z cot α ,
sin α

(6.22)

where z is the depth of the plane reflector under the midpoint. For example, for a dip of 45
degrees, equation (6.14) is satisfied only for offsets that are much smaller than the depth.
z cot α

h

h

x

α
α
L

Figure 6.3: Reflection rays and
tangent to the reflector in a constant velocity medium (a scheme).
ofcon-ocobol [NR]

z

z

Offset continuation geometry: time rays
To study the laws of traveltime curve transformation in the OC process, it is convenient to
apply the method of characteristics (Courant, 1962) to the eikonal-type equation (6.4). The
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characteristics of equation (6.4) [bi-characteristics with respect to equation (6.1)] are the trajectories of the high-frequency energy propagation in the imaginary OC process. Following
the formal analogy with seismic rays, I call those trajectories time rays, where the word time
refers to the fact that the trajectories describe the traveltime transformation (Fomel, 1994). According to the theory of first-order partial differential equations, time rays are determined by
a set of ordinary differential equations (characteristic equations) derived from equation (6.4) :
dy
2hY dY
Y
=−
,
= ,
dtn
tn H dtn
tn
1 2h d H
Y2
dh
=− +
,
=
,
dtn
H
tn dtn
tn H
where Y corresponds to

∂τn
∂y

along a ray and H corresponds to

(6.23)
∂τn
∂h .

In this notation, equa-

tion (6.4) takes the form
h (Y 2 − H 2 ) = − tn H

(6.24)

and serves as an additional constraint for the definition of time rays. System (6.23) can be
solved by standard mathematical methods (Tenenbaum and Pollard, 1985). Its general solution
takes the parametric form, where the time variable tn is the parameter changing along a time
ray:
y(tn ) = C1 − C2 tn2

;

q
h(tn ) = tn C22 tn2 + C3 ;

C 2 tn
C3

;

H (tn ) =

Y (tn ) =

h
C 3 tn

(6.25)
(6.26)

and C1 , C2 , and C3 are independent coefficients, constant along each time ray. To determine
the values of these coefficients, we can pose an initial-value (Cauchy) problem for the system
of differential equations (6.23). The traveltime curve τn (y; h) for a given common offset h
and the first partial derivative

∂τn
∂h

along the same constant offset section provide natural initial

conditions for the Cauchy problem. A particular case of those conditions is the zero-offset
traveltime curve. If the first partial derivative of traveltime with respect to offset is continuous,
it vanishes at zero offset according to the reciprocity principle (traveltime must be an even
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function of the offset):
t0 (y0 ) = τn (y; 0),

∂τn
∂h

= 0.

(6.27)

h=0

Applying the initial-value conditions to the general solution (6.26) generates the following
expressions for the ray invariants:
t0 (y0 )
hY
1
Y
= y0 − 0
; C2 = 2 = −
;
H
t0 (y0 )
τn H
t0 (y0 ) t00 (y0 )
h
1
=
=−
2 ,
τn H
t00 (y0 )

C1 = y + h
C3

where t00 (y0 ) denotes the derivative

d t0
d y0 .

(6.28)

Finally, substituting (6.28) into (6.26), we obtain an

explicit parametric form of the ray trajectories:

t12 − t02 (y0 )

h Y 2 2


(t
)
y
=
y
+
t
−
t
=
y
+
;
1 1
0


tn2 H n 1
t0 (y0 ) t00 (y0 )






2


 h 1 (t1 ) =

h t12
tn3 H



tn2 + t12

2

hY
tn H

= t12

(6.29)

t12 − t02 (y0 )

2 .
t0 (y0 ) t00 (y0 )

Here y1 , h 1 , and t1 are the coordinates of the continued seismic section. The first of equations (6.29) indicates that the time ray projections to a common-offset section have a parabolic
form. Time rays do not exist for t00 (y0 ) = 0 (a locally horizontal reflector) because in this case
post-NMO offset continuation transform is not required.

The actual parameter that determines a particular time ray is the reflection point location.
This important conclusion follows from the known parametric equations



q

2
t0 (x) = tv sec α = tv (x) 1 + u 2 tv0 (x) ,

 y (x) = x + ut tan α = x + u 2 t (x)t 0 (x) ,
0
v
v
v

(6.30)

where x is the reflection point, u is half of the wave velocity (u = v/2), tv is the vertical time
(reflector depth divided by u), and α is the local reflector dip. Taking into account that the
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derivative of the zero-offset traveltime curve is
t 0 (x)
dt0
sin α
tv0 (x)
= 00
=
=q
2
dy0
y0 (x)
u
1 + u 2 tv0 (x)

(6.31)

and substituting (6.30) into (6.29), we get









y1 (t1 ) = x +

t12 − tv2 (x)
;
tv (x) tv0 (x)
(6.32)





2
2 2


 u t (t1 ) = t1

t12 − tv2 (x)

2 ,
tv (x) tv0 (x)

where t 2 (t1 ) = t12 + h 21 (t1 ) /u 2 .
To visualize the concept of time rays, let us consider some simple analytic examples of its
application to geometric analysis of the offset-continuation process.
The simplest and most important example is the case of a plane dipping reflector. Putting
the origin of the y axis at the intersection of the reflector plane with the surface, we can express
the reflection traveltime after NMO in the form
τn (y, h) = p

p

y2 − h2 ,

(6.33)

where p = 2 sinv α , and α is the dip angle. The zero-offset traveltime in this case is a straight
line:
t0 (y0 ) = p y0 .

(6.34)

According to equations (6.29), the time rays in this case are defined by
y1 (t1 ) =

2
2 2
t12
y2 − h2
2
2 t1 − p y0
(t
)
;
h
=
t
;
y
=
.
1
0
1
1
p 2 y0
y
p 4 y02

The geometry of the OC transformation is shown in Figure 6.4.

(6.35)
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Figure 6.4: Transformation of the reflection traveltime curves in the OC process: the case of
a plane dipping reflector. Left: Time coordinate before the NMO correction. Right: Time
coordinate after NMO. The solid lines indicate traveltime curves at different common-offset
sections; the dashed lines indicate time rays. ofcon-ocopln [NR]

The second example is the case of a point diffractor (the left side of Figure 6.5). Without
loss of generality, the origin of the midpoint axis can be put above the diffraction point. In this
case the zero-offset reflection traveltime curve has the well-known hyperbolic form
q
t0 (y0 ) =

z 2 + y02
u

,

(6.36)

where z is the depth of the diffractor and u = v/2 is half of the wave velocity. Time rays are
defined according to equations (6.29), as follows:
y1 (t1 ) =

u 2 t12 − z 2
u 2 t12 − z 2
; u 2 t 2 (t1 ) = u 2 t12 + h 21 (t1 ) = u 2 t12
.
y0
y02

(6.37)

The third example (the right side of Figure 6.5) is the curious case of a focusing elliptic
reflector. Let y be the center of the ellipse and h be half the distance between the foci of
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Elliptic Reflector
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Figure 6.5: Transformation of the reflection traveltime curves in the OC process. Left: the case
of a diffraction point. Right: the case of an elliptic reflector. Solid lines indicate traveltime
curves at different common-offset sections, dashed lines indicate time rays. ofcon-ococrv
[NR]

the ellipse. If both foci are on the surface, the zero-offset traveltime curve is defined by the
so-called “DMO smile” (Deregowski and Rocca, 1981):
tn
t0 (y0 ) =
h

q

h 2 − (y − y0 )2 ,

(6.38)

where tn = 2 z/v, and z is the small semi-axis of the ellipse. The time-ray equations are
2
h 2 t12 − tn2
2
2 t1
(t
)
;
h
=
h
y1 (t1 ) = y +
1
1
y − y0 tn2
tn2



t12 − tn2
1+
(y − y0 )2 tn2
h2


.

(6.39)

When y1 coincides with y, and h 1 coincides with h, the source and the receiver are in the foci
of the elliptic reflector, and the traveltime curve degenerates to a point t1 = tn . This remarkable
fact is the actual basis of the geometric theory of dip moveout (Deregowski and Rocca, 1981).
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Proof of amplitude equivalence

This section discusses the connection between the laws of traveltime transformation and the
laws of the corresponding amplitude transformation. The change of the wave amplitudes in
the OC process is described by the first-order partial differential transport equation (6.5). We
can find the general solution of this equation by applying the method of characteristics. The
solution takes the explicit integral form
Z

tn

An (tn ) = A0 (t0 ) exp
to

" 
!

 #
∂ 2 τn ∂ 2 τn
∂τn −1
h
− 2
τn
dτn .
∂ y2
∂h
∂h

(6.40)

The integral in equation (6.40) is defined on a curved time ray, and An (tn ) stands for the
amplitude transported along this ray. In the case of a plane dipping reflector, the ray amplitude
can be immediately evaluated by substituting the explicit traveltime and time ray equations
from the preceding section into (6.40). The amplitude expression in this case takes the simple
form
 Z
An (tn ) = A0 (t0 ) exp −

tn

to

dτn
τn


= A0 (t0 )

t0
.
tn

(6.41)

In order to consider the more general case of a curvilinear reflector, we need to take into
account the connection between the traveltime derivatives in (6.40) and the geometry of the
reflector. As follows directly from the trigonometry of the incident and reflected rays triangle
(Figure 6.2),
r −s
cos α sin γ cos γ
=D
,
2
cos2 α − sin2 γ
cos2 α sin α
r +s
=x+D
y =
,
2
cos2 α − sin2 γ
y0 = x + D sin α ,
h =

(6.42)
(6.43)
(6.44)
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where D is the length of the normal ray. Let τ0 = 2 D/v be the zero-offset reflection traveltime.
Combining equations (6.42) and (6.44) with (6.9), we can get the following relationship:
τn
cos α cos γ
sin2 α sin2 γ
a=
=
1/2 = 1 +
τ0
cos2 α − sin2 γ
cos2 α − sin2 γ

!1/2
=q

h

,

(6.45)

h 2 − (y − y0 )2

which describes the “DMO smile” (6.38) found by Deregowski and Rocca (1981) in geometric
terms. Equation (6.45) allows a convenient change of variables in (6.40). Let the reflection
angle γ be a parameter monotonically increasing along a time ray. In this case, each time ray
is uniquely determined by the position of the reflection point, which in turn is defined by the
values of D and α. According to this change of variables, we can differentiate (6.45) along a
time ray to get

sin2 α
dτn
2

=−
d
cos
γ
.
τn
2 cos2 γ cos2 γ − sin2 α

(6.46)


−1
n
Note also that the quantity h τn ∂τ
in equation (6.40) coincides exactly with the time ray
∂h
invariant C3 found in equation (6.28). Therefore its value is constant along each time ray and
equals
∂τn
h τn
∂h


−1
=−

v2
4 sin2 α

.

(6.47)

Finally, as shown in Appendix A,
τn



∂ 2 τn ∂ 2 τn
− 2
∂ y2
∂h



cos2 γ
=4
v2

sin2 α + D K
cos2 γ + D K

!
,

(6.48)

where K is the reflector curvature at the reflection point. Substituting (6.46), (6.47), and (6.48)
into (6.40) transforms the integral to the form
Z

tn

to

" 

 #
∂τn −1
∂ 2 τn ∂ 2 τn
− 2
τn
dτn =
h
∂ y2
∂h
∂h
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1
=−
2

Z

cos2 γ

cos2 γ0



1
−
cos2 γ 0 − sin2 α cos2 γ 0 + D K
1



d cos2 γ 0



(6.49)

which we can evaluate analytically. The final formula for the amplitude transformation takes
the form
q

An

cos2 γ − sin2 α  cos2 γ0 + D K 1/2
=
= A0 q
cos2 γ + D K
2
2
cos γ0 − sin α

1/2
τ0 cos γ cos2 γ0 + D K
= A0
.
τn cos γ0 cos2 γ + D K

(6.50)

In case of a plane reflector, the curvature K is zero, and (6.50) coincides with (6.41). Equation (6.50) can be rewritten as
An =

c cos γ
τn

p

cos2 γ + D K

,

(6.51)

where c is constant along each time ray (it may vary with the reflection point location on
the reflector but not with the offset). We should compare equation (6.51) with the known
expression for the reflection wave amplitude of the leading ray series term in 2.5-D media:
A=

C R (γ )9
,
G

(6.52)

where C R stands for the angle-dependent reflection coefficient, G is the geometric spreading
p
G = vτ

cos2 γ + D K
,
cos γ

(6.53)

and 9 includes other possible factors (such as the source directivity) that we can either correct
or neglect in the preliminary processing. It is evident that the curvature dependence of the
amplitude transformation (6.51) coincides completely with the true geometric spreading factor
(6.53) and that the angle dependence of the reflection coefficient is not provided by the offset
continuation process. If the wavelet shape of the reflected wave on seismic sections [Rn in
equation (6.3)] is described by the delta function, then, as follows from the known properties
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of this function,
A δ (t − τ (y, h)) =

dtn
t
A δ (tn − τn (y, h)) = A δ (tn − τn (y, h)) ,
dt
tn

(6.54)

which leads to the equality
An = A

t
.
tn

(6.55)

Combining equation (6.55) with equations (6.52) and (6.51) allows us to evaluate the amplitude after continuation from some initial offset h 0 to another offset h 1 , as follows:
A1 =

C R (γ0 )90
.
G1

(6.56)

According to equation (6.56), the OC process described by equation (6.1) is amplitude-preserving
in the sense that corresponds to Born DMO (Liner, 1991; Bleistein, 1990). This means that
the geometric spreading factor from the initial amplitudes is transformed to the true geometric spreading on the continued section, while the reflection coefficient stays the same. This
remarkable dynamic property allows AVO (amplitude versus offset) analysis to be performed
by a dynamic comparison between true constant-offset sections and the sections transformed
by OC from different offsets. With a simple trick, the offset coordinate is transferred to the
reflection angles for the AVO analysis. As follows from (6.45) and (6.9),
τn2
= cos γ .
τ τ0
If we include the

tn2
t t0

(6.57)

factor in the DMO operator (continuation to zero offset) and divide the

result by the DMO section obtained without this factor, the resultant amplitude of the reflected
events will be directly proportional to cos γ , where the reflection angle γ corresponds to the
initial offset. Of course, this conclusion is rigorously valid for constant-velocity 2.5-D media
only.

Black et al. (1993) suggest a definition of true-amplitude DMO different from that of Born
DMO. The difference consists of two important components:
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1. True-amplitude DMO addresses preserving the peak amplitude of the image wavelet
instead of preserving its spectral density. In the terms of this chapter, the peak amplitude
corresponds to the pre-NMO amplitude A from formula (6.52) instead of corresponding
to the spectral density amplitude An . A simple correction factor

t
tn

would help us take

the difference between the two amplitudes into account. Multiplication by

t
tn

can be

easily done at the NMO stage.
2. Seismic sections are multiplied by time to correct for the geometric spreading factor
prior to DMO (or, in our case, offset continuation) processing.
As follows from (6.53), multiplication by t is a valid geometric spreading correction for plane
reflectors only. It is the amplitude-preserving offset continuation based on the OC equation (6.1) that is able to correct for the curvature-dependent factor in the amplitude. To take
into account the second aspect of Black’s definition, we can consider the modified field P̂ such
that
P̂ (y, h, tn ) = t P (y, h, tn ) .

(6.58)

Substituting (6.58) into the OC equation (6.1) transforms the latter to the form
h

∂ 2 P̂ ∂ 2 P̂
− 2
∂ y2
∂h

!
= tn

∂ 2 P̂
∂ P̂
−
.
∂tn ∂h
∂h

Equations (6.59) and (6.1) differ only with respect to the first-order damping term

(6.59)
∂ P̂
∂h .

This

term affects the amplitude behavior but not the traveltimes, since the eikonal-type equation (6.4) depends on the second-order terms only. Offset continuation operators based on (6.59)
conform to Black’s definition of true-amplitude processing.

CONFIRMATION OF OFFSET CONTINUATION ON KIRCHHOFF DATA

Another confirmation of the kinematic and amplitude validity of the offset continuation equation follows from applying the equation to the Kirchhoff modeling approximation.
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The Kirchhoff modeling approximation

In this subsection, I discuss the Kirchhoff approximate integral representation of the upward
propagating response to a single reflector with separated source and receiver points. I then
show how the amplitude of this integrand is related to the zero-offset amplitude at the source
receiver point on the ray that makes equal angles at the scattering point with the rays from
the separated source and receiver. The Kirchhoff integral representation (Haddon and Buchen,
1981; Bleistein, 1984) describes the wavefield scattered from a single reflector. This representation is applicable in situations where the high-frequency assumption is valid (the wavelength
is smaller than the characteristic dimensions of the model) and corresponds in accuracy to the
WKBJ approximation for reflected waves. The general form of the Kirchhoff modeling integral is
U S (r , s, ω) =

Z
6

R(x;r , s)

∂
[U I (s, x, ω) G(x,r , ω)] d6 ,
∂n

(6.60)

where s and r stand for the source and the receiver locations; x denotes a point on the reflector surface 6; R is the reflection coefficient at 6; n is the upward normal to the reflector
at the point x; and U I and G are the incident wavefield and Green’s function, respectively
represented by their WKBJ approximation,
U I (s, x, ω) = F(ω) As (s, x) eiω τs (s,x) ,
G(x,r , ω) = Ar (x,r ) eiω τr (x,r ) .

(6.61)
(6.62)

In this equation, τs (s, x) and As (s, x) are the traveltime and the amplitude of the wave propagating from s to x; τr (x,r ) and Ar (x,r ) are the corresponding quantities for the wave propagating
from x to r ; F(ω) is the spectrum of the input signal, assumed to be the transform of a bandlimited impulsive source. In the time domain, the Kirchhoff modeling integral transforms
to
Z
u S (r , s, t) =

6

R(x;r , s)


∂ 
As (s, x) Ar (x,r ) f (t − τs (s, x) − τr (x,r )) d x ,
∂n

(6.63)
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with f denoting the inverse temporal transform of F. The reflection traveltime τsr corresponds
physically to the diffraction from a point diffractor located at the point x on the surface 6, and
the amplitudes As and Ar are point diffractor amplitudes.
The main goal of this section is to test the compliance of representation (6.63) with the
offset continuation differential equation. The OC equation contains the derivatives of the
wavefield with respect to the parameters of observation (s,r , and t). According to the rules of
classic calculus, these derivatives can be taken under the sign of integration in formula (6.63).
Furthermore, since we do not assume that the true-amplitude OC operator affects the reflection
coefficient R, the offset-dependence of this coefficient is outside the scope of consideration.
Therefore, the only term to be considered as a trial solution to the OC equation is the kernel of
the Kirchhoff integral, which is contained in the square brackets in equations (6.60) and (6.63)
and has the form
k(s,r , x, t) = Asr (s,r , x) f (t − τsr (s,r , x)) ,

(6.64)

τsr (s,r , x) = τs (s, x) + τr (x,r ) ,

(6.65)

Asr (s,r , x) = As (s, x) Ar (x,r ) .

(6.66)

where

In a 3-D medium with a constant velocity v, the traveltimes and amplitudes have the simple
explicit expressions
ρs (s, x)
v
ρr (x,r )
τr (x,r ) =
v
τs (s, x) =

,
,

1
,
4π ρs (s, x)
1
Ar (x,r ) =
,
4π ρr (x,r )

As (s, x) =

(6.67)
(6.68)

where ρs and ρr are the lengths of the incident and reflected rays, respectively (Figure 6.6). If
the reflector surface 6 is explicitly defined by some function z = z(x), then
ρs (s, x) =

p
p
(x − s)2 + z 2 (x) , ρr (x,r ) = (r − x)2 + z 2 (x) .

(6.69)
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Figure 6.6: Geometry of diffraction in a constant-velocity medium: view in the reflection
plane. ofcon-cwpgen [NR]

I then introduce a particular zero-offset amplitude, namely the amplitude along the zero
offset ray that bisects the angle between the incident and reflected ray in this plane, as shown
in Figure 6.6. Let us denote the square of this amplitude by A0 . That is,
A0 =

1
.
(4πρ0 )2

(6.70)

As follows from equations (6.66) and (6.67-6.68), the amplitude transformation in DMO (continuation to zero offset) is characterized by the dimensionless ratio
ρ2
Asr
= 0 ,
A0
ρs ρr

(6.71)

where ρ0 is the length of the zero-offset ray (Figure 6.6).
As follows from the law of cosines,
q
q
2
2
ρs + ρ0 − 2 ρs ρ0 cos γ + ρr2 + ρ02 − 2 ρr ρ0 cos γ =
q
= ρs2 + ρr2 − 2 ρs ρr cos 2γ ,

(6.72)
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where γ is the reflection angle, as shown in the figure. After straightforward algebraic transformations of equation (6.72), we arrive at the explicit relationship between the ray lengths:
(ρs + ρr ) ρ0
= cos γ .
2 ρs ρr

(6.73)

Substituting (6.73) into (6.71) yields
Asr
τ0
=
cos γ ,
A0
τsr

(6.74)

where τ0 is the zero-offset two-way traveltime (τ0 = 2 ρ0 /v).
What we have done is rewrite the finite-offset amplitude in the Kirchhoff integral in terms
of a particular zero-offset amplitude. That zero-offset amplitude would arise as the geometric
spreading effect if there were a reflector whose dip was such that the finite-offset pair would
be specular at the scattering point. Of course, the zero-offset ray would also be specular in this
case.

Kirchhoff model and the offset continuation equation
Equation (6.1) describes the process of seismogram transformation in the time-midpoint-offset
domain. In order to obtain the high-frequency asymptotics of the equation’s solution by standard methods, we can introduce a trial asymptotic solution of the form (6.3).
If we then rewrite the eikonal equation (6.4) in the time-source-receiver coordinate system
as (6.6), we can easily2 verify that the explicit expression for the phase of the Kirchhoff integral
kernel (6.65) satisfies the eikonal equation for any scattering point x. Here, τsr is related to τn
as t is related to tn in equation (6.1).
The general solution of the amplitude equation (6.5) has the form
τ0 cos γ
An = A0
τn
2 using

Mathematica



1 + ρ0 K
cos2 γ + ρ0 K

1/2
,

(6.75)
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which is a particular form of the previously derived equation (6.50) for continuation from zero
offset. Since the kernel (6.64) of the Kirchhoff integral (6.63) corresponds kinematically to the
reflection from a point diffractor, we can obtain the solution of the amplitude equation for this
case by formally setting the curvature K to infinity (setting the radius of curvature to zero).
The infinite curvature transforms formula (6.75) to the relationship
An
τ0
=
cos γ .
A 0 τn

(6.76)

Again, we exploit the assumption that the signal f has the form of the delta function. In
this case, the amplitudes before and after the NMO correction are connected according to the
known properties of the delta function, as follows:
Asr δ (t − τsr (s,r , x)) =

∂tn
∂t

Asr δ (tn − τn (s,r , x)) = An δ (tn − τn (s,r , x)) ,

(6.77)

t=τsr

with
An =

τsr
Asr .
τn

(6.78)

Combining equations (6.78) and (6.76) yields
τ0
Asr
=
cos γ ,
A0
τsr

(6.79)

which coincides exactly with the previously found equation (6.74).
It is apparent that the OC differential equation (6.1) and the Kirchhoff representation have
the same effect on reflection data because the amplitude and phase of the former match those
of the latter. Thus, we see that the amplitude and phase of the Kirchhoff representation for
arbitrary offset correspond to the point diffractor WKBJ solution of the offset-continuation
differential equation. Hence, the Kirchhoff approximation is a solution of the OC differential equation when we hold the reflection coefficient constant. This means that the solution
of the OC differential equation has all the features of amplitude preservation, as does the
Kirchhoff representation, including geometrical spreading, curvature effects, and phase shift
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effects. Furthermore, in the Kirchhoff representation and the solution of the OC partial differential equation by WKBJ, we have not used the 2.5-D assumption. Therefore the preservation
of amplitude is not restricted to cylindrical surfaces as it is in Bleistein’s and Cohen’s (1995)
true-amplitude proof for DMO.

THE CAUCHY PROBLEM AND THE INTEGRAL OPERATOR

Equation (6.1) describes a continuous process of reflected wavefield continuation in the timeoffset-midpoint domain. In order to find an integral-type operator that performs the one-step
offset continuation, I consider the following initial-value (Cauchy) problem for equation (6.1):
Given a post-NMO constant-offset section at half-offset h 1
P(tn , h, y)|h=h 1 = P1(0) (tn , y)

(6.80)

and its first-order derivative with respect to offset
∂ P(tn , h, y)
∂h

= P1(1) (tn , y) ,

(6.81)

h=h 1

find the corresponding section P (0) (tn , y) at offset h.
Equation (6.1) belongs to the hyperbolic type, with the offset coordinate h being a “timelike” variable and the midpoint coordinate y and the time tn being “space-like” variables. The
last condition (6.81) is required for the initial value problem to be well-posed (Courant, 1962).
From a physical point of view, its role is to separate the two different wave-like processes
embedded in equation (6.1), which are analogous to inward and outward wave propagation.
We will associate the first process with continuation to a larger offset and the second one
with continuation to a smaller offset. Though the offset derivatives of data are not measured
in practice, they can be estimated from the data at neighboring offsets by a finite-difference
approximation. Selecting a propagation branch explicitly, for example by considering the
high-frequency asymptotics of the continuation operators, can allow us to eliminate the need
for condition (6.81). In this section, I discuss the exact integral solution of the OC equation
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and analyze its asymptotics.
The integral solution of problem (6.80-6.81) for equation (6.1) is obtained in Appendix B
with the help of the classic methods of mathematical physics. It takes the explicit form

ZZ

P1(0) (t1 , y1 ) G 0 (t1 , h 1 , y1 ; tn , h, y) dt1 dy1

ZZ

P1(1) (t1 , y1 ) G 1 (t1 , h 1 , y1 ; tn , h, y) dt1 dy1 ,

P(tn , h, y) =
+

(6.82)

where the Green’s functions G 0 and G 1 are expressed as


H (2)
H (tn ) ∂
,
G 0 (t1 , h 1 , y1 ; tn , h, y) = sign(h − h 1 )
√
π ∂tn
2


H (tn ) tn H (2)
G 1 (t1 , h 1 , y1 ; tn , h, y) = sign(h − h 1 )
h 2 √
,
π
t1
2

(6.83)
(6.84)

and the parameter 2 is
2(t1 , h 1 , y1 ; tn , h, y) = h 21 /t12 − h 2 /tn2




t12 − tn2 − (y1 − y)2 .

(6.85)

H stands for the Heavyside step-function.
From equations (6.83) and (6.84) one can see that the impulse response of the offset continuation operator is discontinuous in the time-offset-midpoint space on a surface defined by
the equality
2(t1 , h 1 , y1 ; tn , h, y) = 0 ,

(6.86)

which describes the “wavefronts” of the offset continuation process. In terms of the theory of characteristics (Courant, 1962), the surface 2 = 0 corresponds to the characteristic
conoid formed by the bi-characteristics of equation (6.1) – time rays emerging from the point
{tn , h, y} = {t1 , h 1 , y1 }. The common-offset slices of the characteristic conoid are shown in the
left plot of Figure 6.7.
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Figure 6.7: Constant-offset sections of the characteristic conoid - “offset continuation fronts”
(left), and branches of the conoid used in the integral OC operator (right). The upper part
of the plots (small times) corresponds to continuation to smaller offsets; the lower part (large
times) corresponds to larger offsets. ofcon-con [CR]

As a second-order differential equation of the hyperbolic type, equation (6.1) describes
two different processes. The first process is “forward” continuation from smaller to larger
offsets, the second one is “reverse” continuation in the opposite direction. These two processes are clearly separated in the high-frequency asymptotics of operator (6.82). To obtain
√1 H√(t)
π
t
2
2
H
√(t −a )

the asymptotical representation, it is sufficient to note that
of the causal half-order integration operator and that
√H (t−a)
√
2a t−a

t 2 −a 2

is the impulse response

is asymptotically equivalent to

(t, a > 0). Thus, the asymptotical form of the integral offset-continuation operator

becomes

P

(±)

(tn , h, y) =
±

1/2
D± tn
1/2
I± tn

Z
Z

w0(±) (ξ ; h 1 , h, tn ) P1(0) (θ (±) (ξ ; h 1 , h, tn ), y1 − ξ ) dξ
w1(±) (ξ ; h 1 , h, tn ) P1(1) (θ (±) (ξ ; h 1 , h, tn ), y1 − ξ ) dξ .

(6.87)
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1/2

Here the signs “+” and “−” correspond to the type of continuation (the sign of h − h 1 ), D± tn
1/2

and I± tn stand for the operators of causal and anticausal half-order differentiation and integration applied with respect to the time variable tn , the summation paths θ (±) (ξ ; h 1 , h, tn )
correspond to the two non-negative sections of the characteristic conoid (6.86) (Figure 6.7):

t1 = θ
where U = h 2 + h 21 − ξ 2 , and V =

(±)

tn
(ξ ; h 1 , h, tn ) =
h

r

U ±V
,
2

(6.88)

q
U 2 − 4 h 2 h 21 ; ξ is the midpoint separation (the integration

parameter), and w0(±) and w1(±) are the following weighting functions:

w0(±)
w1(±)

1 θ (±) (ξ ; h 1 , h, tn )
= √
,
√
tn V
2π
√
1
tn h 1
= √
.
√
(±)
2 π V θ (ξ ; h 1 , h, tn )

(6.89)
(6.90)

Expression (6.88) for the summation path of the OC operator was obtained previously by Stovas and Fomel (1993, 1996) and Biondi and Chemingui (1994a,b). A somewhat different form
of it is proposed by Bagaini and Spagnolini (1996). I describe the kinematic interpretation of
formula (6.88) in Appendix C.
In the high-frequency asymptotics, it is possible to replace the two terms in equation (6.87)
with a single term (Fomel, 1996b). The single-term expression is
P

(±)

(tn , h, y) =

1/2
D± tn

Z

w(±) (ξ ; h 1 , h, tn ) P1(0) (θ (±) (ξ ; h 1 , h, tn ), y1 − ξ ) dξ ,

(6.91)

where
s
w

(+)

=

w(−) =

θ (+) (ξ ; h 1 , h, tn ) h 2 − h 21 − ξ 2
,
2π
V 3/2

θ (−) (ξ ; h 1 , h, tn ) h 21 − h 2 + ξ 2
.
√
V 3/2
2 π tn

(6.92)
(6.93)
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A more general approach to true-amplitude asymptotic offset continuation is developed by
Santos et al. (1997).
The limit of expression (6.88) for the output offset h approaching zero can be evaluated by
L’Hospitale’s rule. As one would expect, it coincides with the well-known expression for the
summation path of the integral DMO operator (Deregowski and Rocca, 1981)
t1 = θ

(−)

tn
(ξ ; h 1 , 0, tn ) = lim
h→0 h

r

U −V
tn h 1
=q
.
2
2
2
h1 − ξ

(6.94)

I discuss the connection between offset continuation and DMO in the next section.

OFFSET CONTINUATION AND DMO

Dip moveout represents a particular case of offset continuation for the output offset equal to
zero. In this section, I consider the DMO case separately in order to compare the solutions
of equation (6.1) with the Fourier-domain DMO operators, which have been the standard for
DMO processing since Hale’s outstanding work (Hale, 1983, 1984).
Starting from equations (B.12)-(B.14) in Appendix B and setting the output offset to zero,
we obtain the following DMO-like integral operators in the t–k domain:


e 0 , 0, k) = H (t0 ) P
e0 (t0 , k) + t0 P
e1 (t0 , k) ,
P(t

(6.95)

where
e0 (t0 , k) = − ∂
P
∂t0

Z

Z

∞

t0



q
k h1 2 2
(0)
e
P1 (|t1 | , k) J0
t1 − t0 dt1 ,
t1

(6.96)


q
2
2 dt1
,
t1 − t0
t12

(6.97)

∞

e1 (t0 , k) = −
P
t0

e(1) (|t1 | , k)
h1 P
1


J0

k h1
t1
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the wavenumber k corresponds to the midpoint axis y, and J0 is the zeroth-order Bessel function. The Fourier transform of (6.96) and (6.97) with respect to the time variable t0 reduces
to known integrals (Gradshtein and Ryzhik, 1994) and creates explicit DMO-type operators in
the frequency-wavenumber domain, as follows:

Z

Z
e
e1 (ω0 , k) = i
P

∞

e(0) (|t1 | , k) sin (ω0 |t1 | A) dt1 ,
P
1
A
−∞

e
e0 (ω0 , k) = i
P

(6.98)

∞

e(1) (|t1 | , k) sin (ω0 |t1 | A) dt1 ,
h1 P
1
A
t12
−∞

(6.99)

where

s
A=

1+

(k h 1 )2
,
(ω0 t1 )2

(6.100)

Z
e
ej (ω0 , k) =
P

ej (t0 , k) exp(iω0 t0 ) dt0 .
P

(6.101)

It is interesting to note that the first term of the continuation to zero offset (6.98) coincides
exactly with the imaginary part of Hale’s DMO operator (Hale, 1984). However, unlike Hale’s,
operator (6.95) is causal, which means that its impulse response does not continue to negative
times. The non-causality of Hale’s DMO and related issues are discussed in more detail by
Stovas and Fomel (1996) and Fomel (1995b).
Though Hale’s DMO is known to provide correct reconstruction of the geometry of zerooffset reflections, it does not account properly for the amplitude changes (Black et al., 1993).
The preceding section of this chapter shows that the additional contribution to the amplitude is
contained in the second term of the OC operator (6.82), which transforms to the second term
in the DMO operator (6.95). Note that this term vanishes at the input offset equal to zero,
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which represents the case of the inverse DMO operator.
Considering the inverse DMO operator as the continuation from zero offset to a non-zero
offset, we can obtain its representation in the t-k domain from equations (B.12)-(B.14) as

e n , h, k) = H (tn ) ∂
P(t
∂tn

Z

tn


e0 (|t0 | , k) J0
P

0

kh
tn

q

tn2 − t02


dt0 ,

(6.102)

Fourier transforming equation (6.102) with respect to the time variable t0 according to equation (6.101), we get the Fourier-domain version of the “amplitude-preserving” inverse DMO:

e n , h, k) = H (tn ) ∂
P(t
2 π ∂tn

Z

∞

e
e0 (ω0 , k) sin (ω0 |tn | A) dω0 ,
P
ω0 A
−∞

s
A=

1+

(k h)2
.
(ω0 tn )2

(6.103)

(6.104)

Comparing operator (6.103) with Ronen’s version of inverse DMO (Ronen, 1987), one can
see that if Hale’s DMO is denoted by Dt0 H, then Ronen’s inverse DMO is HT D−t0 , while the

amplitude-preserving inverse (6.103) is Dtn HT . Here Dt is the derivative operator ∂t∂ , and
HT stands for the adjoint operator defined by the dot-product test

(Hm, d) = (m, HT d),
where the parentheses denote the dot product:

Z Z
(m1 , m2 ) =

m 1 (tn , y) m 2 (tn , y) dtn dy .

(6.105)
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In high-frequency asymptotics, the difference between the amplitudes of the two inverses
is simply the Jacobian term

d t0
d tn ,

asymptotically equal to

t0
tn .

This difference corresponds ex-

actly to the difference between Black’s definition of amplitude preservation (Black et al., 1993)
and the definition used in Born DMO (Bleistein, 1990; Liner, 1991), as discussed above.
While operator (6.103) preserves amplitudes in the Born DMO sense, Ronen’s inverse satisfies Black’s amplitude preservation criteria. This means Ronen’s operator implies that the
“geometric spreading” correction (multiplication by time) has been performed on the data
prior to DMO.
To construct a one-term DMO operator, thus avoiding the estimation of the offset derivative
in (6.90), let us consider the problem of inverting the inverse DMO operator (6.103). One of
the possible approaches to this problem is the least-squares iterative inversion, as proposed by
Ronen (1987). This requires constructing the adjoint operator, which is Hale’s DMO (or its
analog) in the case of Ronen’s method. The iterative least-squares approach can account for
irregularities in the data geometry (Ronen et al., 1991; Ronen, 1994) and boundary effects,
but it is computationally expensive because of the multiple application of the operators. An
alternative approach is the asymptotic inversion, which can be viewed as a special case of
preconditioning the adjoint operator (Liner and Cohen, 1988; Chemingui and Biondi, 1996).
The goal of the asymptotical inverse is to reconstruct the geometry and the amplitudes of the
reflection events in the high-frequency asymptotical limit.
According to Beylkin’s theory of asymptotical inversion, also known as the generalized
Radon transform (Beylkin, 1985), two operators of the form

Z
D(ω) =

X (t, ω) M(t) exp [iωφ(t, ω)] dt

(6.106)

Y (t, ω) D(ω) exp [−iωφ(t, ω)] dω

(6.107)

and
Z
e =
M(t)

e matching M(t) in the high-frequency
constitute a pair of asymptotically inverse operators ( M(t)
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asymptotics) if
X (t, ω) Y (t, ω) =

Z (t, ω)
,
2π

(6.108)

where Z is the “Beylkin determinant”
∂ω
∂φ(t, ω)
.
for ω̂ = ω
∂ ω̂
∂t

Z (t, ω) =

(6.109)

With respect to the high-frequency asymptotical representation, we can recast (6.103) in
the equivalent form by moving the time derivative under the integral sign:
e n , k) ≈ H (tn ) Re
P(t
2π

Z

∞

e0 (ω0 , k)
A−2 e
P


exp (−iω0 |tn | A) dω0

(6.110)

−∞

Now the asymptotical inverse of (6.110) is evaluated by means of Beylkin’s method (6.106)(6.107), which leads to an amplitude-preserving one-term DMO operator of the form
Z

∞

e
e0 (ω0 , k) = Im
P
−∞


(0)
e
B P1 (|t1 | , k) exp (iω0 |t1 | A) dt1 ,

(6.111)

where


∂
∂(tn A)
B=A
ω0
= A−1 (2 A2 − 1) .
∂ω0
∂tn
2

(6.112)

The amplitude factor (6.112) corresponds exactly to that of Born DMO (Bleistein, 1990)
in full accordance with the conclusions of the asymptotical analysis of the offset-continuation
amplitudes. An analogous result can be obtained with the different definition of amplitude
preservation proposed by Black et al. (1993). In the time-and-space domain, the operator
asymptotically analogous to (6.111) is found by applying either the stationary phase technique (Liner, 1990; Black et al., 1993) or Goldin’s method of discontinuities (Goldin, 1988,
1990), which is the time-and-space analog of Beylkin’s asymptotical inverse theory (Stovas
and Fomel, 1996). The time-and-space asymptotical DMO operator takes the form
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P0 (t0 , y) =

1/2
D−t0

Z

w0 (ξ ; h 1 , t0 ) P1(0) (θ (−) (ξ ; h 1 , 0, t0 ), y1 − ξ ) dξ ,

(6.113)

where the weighting function w0 is defined as

w0 (ξ ; h 1 , t0 ) =

r

t0 h 1 (h 21 + ξ 2 )
.
2 π (h 21 − ξ 2 )2

(6.114)

OFFSET CONTINUATION IN THE LOG-STRETCH DOMAIN

The log-stretch transform, proposed by Bolondi et al. (1982) and further developed by many
other researchers, has proven a useful tool in DMO and OC processing. Applying a log-stretch
transform of the form
σ = ln

tn
,
t∗

(6.115)

where t∗ is an arbitrarily chosen time constant, eliminates the time dependence of the coefficients in equation (6.1) and therefore makes this equation invariant to time shifts. After the
double Fourier transform with respect to the midpoint coordinate y and to the transformed
(log-stretched) time coordinate σ , the partial differential equation (6.1) takes the form of an
ordinary differential equation,

h

!
b
b
b
d2b
P
2b
b = i d P ,
+
k
P
dh 2
dh

(6.116)

where

Z Z
b
b =
P(h)

P(tn = t∗ exp(σ ), h, y) exp(iσ − iky) dσ dy .

(6.117)
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Equation (6.116) has the known general solution, expressed in terms of cylinder functions
of complex order λ =

1+i
2

(Watson, 1952)

b
b = C1 (λ) (kh)λ J−λ (kh) + C2 (λ) (kh)λ Jλ (kh) ,
P(h)

(6.118)

where J−λ and Jλ are Bessel functions, and C1 and C2 stand for some arbitrary functions of λ
that do not depend on k and h.
In the general case of offset continuation, C1 and C2 are constrained by the two initial
conditions (6.80) and (6.81). In the special case of continuation from zero offset, we can
neglect the second term in (6.118) as vanishing at the zero offset. The remaining term defines
the following operator of inverse DMO in the , k domain:
b
b =b
b Z λ (kh) ,
P(h)
P(0)

(6.119)

where Z λ is the analytic function
Z λ (x) = 0(1 − λ)
=

 x λ

∞
X
(−1)n
n=0

n!

2


J−λ (x) = 0 F1

x2
; 1 − λ; −
4



0(1 − λ)  x 2n
,
0(n + 1 − λ) 2

(6.120)

0 is the gamma function and 0 F1 is the confluent hypergeometric limit function (Petkovsek et
al., 1996).
The DMO operator now can be derived as the inversion of operator (6.119), which is a
simple multiplication by 1/Z λ (kh). Therefore, offset continuation becomes a multiplication
by Z λ (kh 2 )/Z λ (kh 1 ) (the cascade of two operators). This fact demonstrates an important
advantage of moving to the log-stretch domain: both offset continuation and DMO are simple
filter multiplications in the Fourier domain of the log-stretched time coordinate.
In order to compare operator (6.119) with the known versions of log-stretch DMO, we
need to derive its asymptotical representation for high frequency . The required asymptotic expression follows directly from the definition of function Z λ in (6.120) and the known
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asymptotical representation for a Bessel function of high order (Watson, 1952):
λ→∞

Jλ (λz) ≈

 √

2
(λz) exp λ 1 − z
λ

.
√
n
o 1−z 2
√
eλ 0(λ + 1) (1 − z 2 )1/4 1 + 1 − z 2

(6.121)

Substituting approximation (6.121) into (6.120) and considering the high-frequency limit of
the resultant expression yields
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Asymptotical representation (6.122) is valid for high frequency  and || ≤ 1. It can be
shown that the phase function ψ defined in (6.124) coincides precisely with the analogous term
in Liner’s exact log DMO (Liner, 1990), which was proven to provide the correct geometric
properties of DMO. Similar expressions for the log-stretch phase factor ψ were derived in
different ways by Zhou et al. (1996) and Canning and Gardner (1996). However, the amplitude
term F() differs from the previously published ones because of the difference in the amplitude
preservation properties.
A number of approximate log DMO operators have been proposed in the literature. As
shown by Liner (1990), all of them but exact log DMO distort the geometry of reflection
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effects at large offsets. The distortion is caused by the implied approximations of the true
phase function ψ. Bolondi’s OC operator (Bolondi et al., 1982) implies ψ() ≈ − 8 , Notfors’
p
DMO (Notfors and Godfrey, 1987) implies ψ() ≈ 1 − 1 + (/2)2 , and the “full DMO”


(Bale and Jakubowicz, 1987) has ψ() ≈ 12 ln 1 − (/2)2 . All these approximations are valid
2

for small  (small offsets or small reflector dips) and have errors of the order of  4 (Figure
6.8). The range of validity of Bolondi’s operator is defined in equation (6.22).
Figure 6.8: Phase functions of the
log DMO operators. Solid line: exact log DMO; dashed line: Bolondi’s
OC; dashed-dotted line: Bale’s full
DMO; dotted line: Notfors’ DMO.
ofcon-pha [CR]
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In practice, seismic data are often irregularly sampled in space but regularly sampled in
time. This makes it attractive to apply offset continuation and DMO operators in the {, y}
domain, where the frequency  corresponds to the log-stretched time and y is the midpoint
coordinate. Performing the inverse Fourier transform on the spatial frequency transforms the
inverse DMO operator (6.119) to the {, y} domain, where the filter multiplication becomes a
convolutional operator:
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b
Here F()
is a high-pass frequency filter:
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(6.126)

b
At high frequencies F()
is approximately equal to (−i)1/2 , which corresponds to the half
1/2

∂
∂ 1/2
derivative operator ∂σ
, which, in turn, is equal to the tn ∂tn
term of the asymptotical
b and its approximation by the
OC operator (6.87). The difference between the exact filter F
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half-order derivative operator is shown in Figure 6.9. This difference is a measure of the
validity of asymptotical OC operators.
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Figure 6.9: Amplitude (left) and phase (right) of the time filter in the log-stretch domain.
The solid line is for the exact filter; the dashed line for its approximation by the half-order
derivative filter. ofcon-flt [CR]
Inverting operator (6.125), we can obtain the DMO operator in the {, y} domain.

DISCUSSION

The differential model for offset continuation is based on several assumptions. It is important
to fully realize them in order to understand the practical limitations of this model.

• The constant velocity assumption is essential for theoretical derivations. In practice, this
limitation is not too critical, because the effects of velocity heterogeneity are partially
compensated by the normal moveout correction. DMO and offset continuation algorithms based on the constant-velocity assumptions are widely used in practice (Hale,
1995).
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• The single-mode assumption does not include multiple reflections in the model. If multiple events (with different apparent velocities) are present in the data, they might require
extending the model. Convolving two (or more) differential offset continuation operators, corresponding to different velocities, we can obtain a higher-order differential
operator for predicting multiple events.
• The continuous AVO assumption implies that the reflectivity variation with offset is continuous and can be neglected in a local neighborhood of a particular offset. While the
offset continuation model correctly predicts the geometric spreading effects in the reflected wave amplitudes, it does not account for the variation of the reflection coefficient
with offset.
• The 2.5-D assumption was implicit in the derivation of the offset continuation equation.
According to this assumption, the reflector does not change in the cross-line direction,
and we can always consider the reflection plane in two dimensions. We can remove the
2.5-D assumption by considering a system of two offset continuation equations, acting
in two orthogonal directions. The first equation would involve in-line midpoint and inline offset, and the second equation would involve cross-line midpoint and cross-line
offset.

CONCLUSIONS

I have introduced a partial differential equation (6.1) and proved that the process described
by it provides for a kinematically and dynamically equivalent offset continuation transform.
Kinematic equivalence means that in constant velocity media the reflection traveltimes are
transformed to their true locations on different offsets. Dynamic equivalence means that, in the
OC process, the geometric spreading term in the amplitudes of reflected waves transforms in
accordance with the geometric seismics laws, while the angle-dependent reflection coefficient
stays the same.
The offset continuation equation can be applied directly to design OC operators of the
finite-difference type. To construct integral OC operators, I have posed and solved an initial
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value problem for the offset continuation equation (6.1). For the special cases of continuation
to zero offset (DMO) and continuation from zero offset (inverse DMO), the OC operators are
related to the known forms of DMO operators: Hale’s Fourier DMO, Born DMO, and Liner’s
“exact log DMO.” The discovery of these relations sheds additional light on the problem of
amplitude preservation in DMO.
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Chapter 7
Conclusions
The main result of this work is a collection of practically affordable numerical methods for
seismic data regularization. The efficiency is assured by formulating the problem in an iterative optimization framework and by using efficient convolution-type operators.
In Chapter 2, I have considered two alternative formulations of the data regularization
problem. Both formulations arise from the statistical estimation theory and involve two operators: the forward modeling operator and the regularization operator. One of the formulation,
namely the model preconditioning approach, appears to provide faster iterative conversion in
most of the practical situations of data regularization. In Chapter 4, I have introduced the
method of recursive filter preconditioning and demonstrated its performance on several synthetic and real data examples.
In Chapter 3, I have discussed the general theory of forward interpolation and several
practical choices for the forward modeling operator in data regularization. B-spline forward
interpolation is identified as a particularly convenient choice.
In Chapter 5, I have studied three possible choices for the regularization operator: tension
splines, local plane-wave destruction, and offset continuation. Each of the strategies is appropriate for a particular kind of the regularized data. Plane-wave destructor filters are appropriate
for characterizing local continuous events in seismic data. They exhibit an excellent practical performance on real and synthetic test cases. Offset continuation models the regularity
181
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of multi-coverage seismic reflection data in the offset direction. As shown in Chapter 6, the
theory of offset continuation is directly connected with the theory of dip moveout. It employs
a special partial differential equation to describe the prestack data transformation as a continuous process. In practice, offset continuation takes the form of a local convolution operator
directly applicable for data regularization. Its performance is exemplified with synthetic and
real data tests.
In summary, the main contributions of my work have been:
1. Preconditioning by recursive filtering as a general method for accelerating the convergence of iterative data regularization.
2. A general approach to iterative data regularization using B-spline forward interpolation.
3. New choices for the regularization filters:
(a) tension-spline filters for regularizing smooth two-dimensional surfaces,
(b) local plane-wave-destructor filters for regularizing seismic images,
(c) offset and shot continuation filters for regularizing prestack seismic data.
4. A comprehensive theory of differential offset continuation, which serves as a bridge
between integral and convolutional approaches.
The most innovative contribution from this list is the theory and practical implementation of
differential offset continuation.
Evidently, more experiments will be needed before the methods developed in this dissertation appear in the active toolbox of modern seismic data processing. I hope that the future
researchers will fully explore the research directions uncovered in this dissertation.

Appendix A
Second-order reflection traveltime derivatives

In this appendix, I derive equations connecting second-order partial derivatives of the reflection traveltime with the geometric properties of the reflector in a constant velocity medium.
These equations are used in the main text of Chapter 6 for the amplitude behavior description.
Let τ (s,r ) be the reflection traveltime from the source s to the receiver r . Consider a formal
equality
τ (s,r ) = τ1 (s, x(s,r )) + τ2 (x(s,r ),r ) ,

(A.1)

where x is the reflection point parameter, τ1 corresponds to the incident ray, and τ2 corresponds
to the reflected ray. Differentiating (A.1) with respect to s and r yields
∂τ
∂s
∂τ
∂r

∂τ1 ∂τ
+
∂s
∂x
∂τ2 ∂τ
=
+
∂r
∂x

=

∂x
,
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(A.2)
(A.3)

According to Fermat’s principle, the two-point reflection ray path must correspond to the
traveltime stationary point. Therefore
∂τ
≡0
∂x
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(A.4)
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for any s and r . Taking into account (A.4) while differentiating (A.2) and (A.3), we get
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Differentiating equation (A.4) gives us the additional pair of equations
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and substituting the result into (A.5) - (A.7)

produces the following set of expressions:
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In the case of a constant velocity medium, expressions (A.10) to (A.12) can be applied directly
to the explicit equation for the two-point eikonal
p
τ1 (y, x) = τ2 (x, y) =

(x − y)2 + z 2 (x)
.
v

(A.13)

Differentiating (A.13) and taking into account the trigonometric relationships for the incident
and reflected rays (Figure 6.2), one can evaluate all the quantities in (A.10) to (A.12) explicitly.
After some heavy algebra, the resultant expressions for the traveltime derivatives take the form
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(A.16)
(A.17)

(A.18)

(A.19)

(A.20)

0
2
Here D is the length of the normal (central) ray, α is its dip angle (α = α1 +α
2 , tan α = z (x)),

1
γ is the reflection angle γ = α2 −α
, K is the reflector curvature at the reflection point
2

K = z 00 (x) cos3 α , and a is the dimensionless function of α and γ defined in (6.45).
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The equations derived in this appendix were used to get the equation
τn
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which coincides with (6.48) in the main text.
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(A.21)

Appendix B

Solving the Cauchy problem

To obtain an explicit solution of the Cauchy problem (6.80-6.81) for equation (6.1), it is convenient to apply the following simple transform of the wavefield P:
P(tn , h, y) = Q(tn , h, y) tn H (tn ) .

(B.1)

Here the Heavyside function H is included to take into account the causality of the reflection
seismic gathers (note that the time tn = 0 corresponds to the direct wave arrival). We can
extrapolate Q as an even function to negative times, writing the reverse of (B.1) as follows:
Q(tn , h, y) = Q(−tn , h, y) = P(|tn |, h, y)/|tn | .

(B.2)

With the change of function (B.1), equation (6.1) transforms to
∂2 Q
∂2 Q
∂Q
∂
∂2 Q
+
t
+
=
h 2 =h
n
∂y
∂h 2
∂tn ∂h ∂h
∂h



∂Q
∂Q
h
+ tn
∂h
∂tn


.

(B.3)

Applying the change of variables
ρ=

h2
tn2
,ν= 2
2
2 tn
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(B.4)
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and Fourier transform in the midpoint coordinate y
e ν, k) =
Q(ρ,

Z

Q(ρ, ν, y) exp(−iky) dy ,

(B.5)

I further transform equation (B.3) to the canonical form of a hyperbolic-type partial differential
equation with two variables:
e
∂2 Q
e=0.
+ k2 Q
∂ρ ∂ν

(B.6)
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The initial value conditions (6.80) and (6.81) in the {ρ, ν} space are defined on a hyperbola
 2
of the form ρ ν = h21 = constant. Now the solution of the Cauchy problem follows directly
from Riemann’s method (Courant, 1962). According to this method, the domain of depenh2

h2

dence of each point {ρ, ν} is a part of the hyperbola between the points {ρ, 4 ρ1 } and { 4 ν1 , ν}
(Figure B.1). If we let 6 denote this curve, the solution takes an explicit integral form:
h 21
1 e h 21
e
e ν) = 1 Q(ρ,
) + Q(
, ν)
Q(ρ,
2
4ρ
2 4ν

Z 
e 1 , ν1 )
∂ Q(ρ
∂ R(ρ1 , ν1 ; ρ, ν)
1
e
R(ρ1 , ν1 ; ρ, ν)
− Q(ρ1 , ν1 )
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+
2 6
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1
∂ Q(ρ
∂ R(ρ1 , ν1 ; ρ, ν)
e
−
R(ρ1 , ν1 ; ρ, ν)
− Q(ρ1 , ν1 )
dν1 . (B.7)
2 6
∂ν1
∂ν1
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Here R is the Riemann’s function of equation (B.6), which has the known explicit analytical
expression
 p

R(ρ1 , ν1 ; ρ, ν) = J0 2k (ρ1 − ρ) (ν1 − ν) ,

(B.8)

where J0 is the Bessel function of zeroth order. Integrating by parts and taking into account
the connection of the variables on the curve 6, we can simplify equation (B.7) to the form
e ν) = Q
e0 (ρ, ν) + Q
e1 (ρ, ν) ,
Q(ρ,

(B.9)

where
Z
∂
e 1 , ν1 ) dρ1 ,
R(ρ1 , ν1 ; ρ, ν) Q(ρ
∂ρ 6
Z
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∂ Q(ρ
e
Q 1 (ρ, ν) = − R(ρ1 , ν1 ; ρ, ν)
dν1 .
∂ν1
6
e0 (ρ, ν) =
Q

(B.10)
(B.11)

Applying the explicit expression for the Riemann function R (B.8) and performing the
inverse transform of both the function and the variables allows us to rewrite equations (B.9),
(B.10), and (B.11) in the original coordinate system. This yields the integral offset continuation operators in the {tn , h, k} domain

e n , h, k) = H (tn ) P
e0 (tn , h, k) + tn P
e1 (tn , h, k) ,
P(t

(B.12)

where
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∂
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(B.13)

(B.14)
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e( j) (t1 , k)
P
1

Z
=

( j)

P 1 (t1 , y1 ) exp(−iky1 ) dy1 ( j = 0, 1) ,

(B.15)

P(tn , h, y) exp(−iky) dy ( j = 0, 1) .

(B.16)

Z
e n , h, k) =
P(t

The inverse Fourier transforms of equations (B.13) and (B.14) are reduced to analytically
evaluated integrals (Gradshtein and Ryzhik, 1994) to produce explicit integral operators in the
time-and-space domain
P(tn , h, y) = sign(h − h 1 )

H (tn )
(P0 (tn , h, y) + tn P1 (tn , h, y)) ,
π

(B.17)
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6
h2
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− t 2 tn − t1 − (y − y1 )
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∂
P0 (tn , h, y) =
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ZZ

r
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(B.18)

(B.19)

1

The range of integration 6 in (B.18) and (B.19) is defined by the inequality


h 2 h 21
−
tn2 t12




tn2 − t12 − (y − y1 )2 > 0 .

(B.20)

Equations (B.17), (B.18), and (B.19) coincide with (6.82), (6.83), and (6.84) in the main
text.

Appendix C

The kinematics of offset continuation

In this Appendix, I apply an alternative method to derive equation (6.88), which describes
the summation path of the integral offset continuation operator. The method is based on the
following considerations.
The summation path of an integral (stacking) operator coincides with the phase function
of the impulse response of the inverse operator. Impulse response is by definition the operator
reaction to an impulse in the input data. For the case of offset continuation, the input is a
reflection common-offset gather. From the physical point of view, an impulse in this type of
data corresponds to the special focusing reflector (elliptical isochrone) at the depth. Therefore,
reflection from this reflector at a different constant offset corresponds to the impulse response
of the OC operator. In other words, we can view offset continuation as the result of cascading
prestack common-offset migration, which produces the elliptic surface, and common-offset
modeling (inverse migration) for different offsets. This approach resemble that of Deregowski
and Rocca (1981). It was also applied to a more general case of azimuth moveout (AMO)
by Fomel and Biondi (1995b). The geometric approach implies that in order to find the summation pass of the OC operator, one should solve the kinematic problem of reflection from
an elliptic reflector whose focuses are in the shot and receiver locations of the output seismic
gather.
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In order to solve this problem , let us consider an elliptic surface of the general form
h(x) =

p

d 2 − β (x − x 0 )2 ,

(C.1)

where 0 < β < 1. In a constant velocity medium, the reflection ray path for a given sourcereceiver pair on the surface is controlled by the position of the reflection point x. Fermat’s
principle provides a required constraint for finding this position. According to Fermat’s principle, the reflection ray path corresponds to a stationary value of the travel-time. Therefore, in
the neighborhood of this path,
∂τ (s,r , x)
=0,
∂x

(C.2)

where s and r stand for the source and receiver locations on the surface, and τ is the reflection
traveltime
p
τ (s,r , x) =

p

h 2 (x) + (s − x)2
+
v

h 2 (x) + (r − x)2
.
v

(C.3)

Substituting (C.3) and (C.1) into (C.2) leads to a quadratic algebraic equation on the reflection point parameter x. This equation has the explicit solution
ξ + H − h + sign(h − H )
2

0

x(s,r ) = x +

2

2

2

2

q

2
ξ 2 − H 2 − h2 − 4 H 2 h2

2 ξ (1 − β)

where h = (r − s)/2, ξ = y − x , y = (s +r )/2, and H = d
0

2

2



1
β

,

(C.4)


− 1 . Replacing x in equation

(C.3) with its expression (C.4) solves the kinematic part of the problem, producing the explicit
traveltime expression

τ (s,r ) =

 s


1 4 h 2 − β ( f + g)2




1−β

 v

for h 2 > H 2


s



4 h 2 + β (F + G)2
1



 v
1−β

for h 2 < H 2

,

(C.5)
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where
f =

p

(r − x 0 )2 − H 2

,

F=

p

H 2 − (r − x 0 )2

,

p
(s − x 0 )2 − H 2 ,
p
G = H 2 − (s − x 0 )2 .
g=

The two branches of equation (C.5) correspond to the difference in the geometry of the
reflected rays in two different situations. When a source-and-receiver pair is inside the focuses
of the elliptic reflector, the midpoint y and the reflection point x are on the same side of the
ellipse with respect to its small semi-axis. They are on different sides in the opposite case
(Figure C.1).

Figure C.1: Reflections from an ellipse. The three pairs of reflected rays
correspond to a common midpoint (at
0.1) and different offsets. The focuses of the ellipse are at 1 and -1.
appen-ell [CR]
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If we apply the NMO correction, equation (C.5) is transformed to

τn (s,r ) =

 s


β p 2
1


4 h − ( f + g)2


v
1
−
β



for h 2 > H 2
.

(C.6)


s



β p 2
1

2
2
2


 v 1 − β 4 h + (F + G) for h < H
Then, recalling the relationships between the parameters of the focusing ellipse r , x 0 and β
and the parameters of the output seismic gather (Deregowski and Rocca, 1981)

r=

tn2
v tn
, x0 = y , β =
, H =h,
2
2
tn2 + 4vh2

(C.7)
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and substituting expressions (C.7) into equation (C.6) yields the expression

t1 (s1 ,r1 ; s,r , tn ) =

 t q
n

4 h 21 − ( f + g)2


 2h

for h 21 > h 2
,

(C.8)

q



 t2 4 h 2 + (F + G)2 for h 2 < h 2
1
1
2h
where
p
p
(r1 − r ) (r1 − s) , g = (s1 − r ) (s1 − s) ,
p
p
F = (r − r1 ) (r1 − s) , G = (s1 − r ) (s − s1 ) .
f =

It is easy to verify algebraically the mathematical equivalence of equation (C.8) and equation (6.88) in the main text. The kinematic approach described in this appendix applies equally
well to different acquisition configurations of the input and output data. The source-receiver
parameterization used in (C.8) is the actual definition for the summation path of the integral
shot continuation operator (Schwab, 1993; Bagaini and Spagnolini, 1993, 1996). A family of
these summation curves is shown in Figure C.2.
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Červeny̌, V., Molotkov, I. A., and Pšenčik, I., 1977, Ray method in seismology: Univerzita
Karlova, Praha.
Verschuur, D. J., and Berkhout, A. J., 1997, Estimation of multiple scattering by iterative
inversion, part II: Practical aspects and examples: Geophysics, 62, no. 05, 1596–1611.
Watson, G. N., 1952, A treatise on the theory of Bessel functions: Cambridge University Press,
2nd edition.
Weglein, A. B., Gasparotto, F. A., Carvalho, P. M., and Stolt, R. H., 1997, An inversescattering series method for attenuating multiples in seismic reflection data: Geophysics,
62, no. 06, 1975–1989.
Wilson, G., 1969, Factorization of the covariance generating function of a pure moving average process: SIAM J. Numer. Anal., 6, no. 1, 1–7.
Wolberg, G., 1990, Digital image warping: IEEE Computer Society Press.
Woodward, M. J., Farmer, P., Nichols, D., and Charles, S., 1998, Automated 3-D tomographic
velocity analysis of residual moveout in prestack depth migrated common image point gathers: 68th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1218–1221.
Zhao, Y., 1999, Helix derivative and low-cut filters’ spectral feature and application: SEP–100,
235–250.
Zhou, B., Mason, I. M., and Greenhalgh, S. A., 1996, An accurate formulation of log-stretch
dip moveout in the frequency-wavenumber domain: Geophysics, 61, no. 03, 815–820.

