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Preface
The electronic version of this report1 makes the included programs and applications available
to the reader. The markings [ER], [CR], and [NR], are promises by the author about the
reproducibility of each figure result.
Reproducibility is a way of organizing computational research, which allows both the author and the reader of a publication to verify the reported results at a later time. Reproducibility
facilitates the transfer of knowledge within SEP and between SEP and its sponsors.
ER denotes Easily Reproducible and are the results of a processing described in the paper.
The author claims that you can reproduce such a figure from the programs, parameters,
and makefiles included in the electronic document. The data must either be included
in the electronic distribution, or be easily available (e.g. SEG-EAGE data sets) to SEP
and non-SEP researchers. The data may also be available in the SEP data library, which
can be viewed at http://sepwww.stanford.edu/public/docs/sepdatalib/toc_html/. We assume you have a UNIX workstation with Fortran, Fortran90, C, X-Windows system and
the software downloadable from our website (SEP makerules, SEPlib, and, to properly
reproduce the documents, the SEP latex package). Before the publication of the electronic document, someone other than the author tests the author’s claim by destroying
and rebuilding all ER figures. Some ER figures may not be reproducible by outsiders
because they depend on data sets that are too large to distribute, or data that we do not
have permission to redistribute but are in the SEP data library.
CR denotes Conditional Reproducibility. The author certifies that the commands are in place
to reproduce the figure if certain resources are available. SEP staff have only attempted
to make sure that the makefile rules exist and the source codes referenced are provided.
The primary reasons for the CR designation is that the processing requires 20 minutes
or more, or commercial packages such as Matlab or Mathematica.
M denotes a figure that may be viewed as a movie in the web version of the report. A movie
may be either ER or CR.
NR denotes Non-Reproducible. This class of figure is considered non-reproducible. SEP
discourages authors from flagging their figures as NR except for artist drawings, scannings, etc.
Our testing is currently limited to IRIX 6.5 and LINUX 2.1 (using the Portland Group Fortran90 compiler), but the code should be portable to other architectures. Reader’s suggestions
are welcome. For more information on reproducing SEP’s electronic documents, please visit
<http://sepwww.stanford.edu/redoc/>.
Jon Claerbout, Biondo Biondi, Robert Clapp, Sergey Fomel, and Marie Prucha
1 http://sepwww.stanford.edu/private/docs/sep105
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Applications of plane-wave destructor filters
Sergey Fomel1

ABSTRACT
On several synthetic and real-data examples, I show that finite-difference plane-wave destructor filters can be a valuable alternative to prediction-error filters in applications such
as data interpolation, fault detection, and noise attenuation.

INTRODUCTION
Plane-wave destructor filters, introduced in Processing Versus Inversion (Claerbout, 1992a),
serve the purpose of characterizing seismic images by a superposition of local plane waves.
They are constructed as finite-difference stencils for the plane-wave differential equation. In
many cases, a local plane-wave model is a very convenient representation of seismic data. Unfortunately, early experiences with applying plane-wave destructors for interpolating spatially
aliased data showed their poor performance in comparison with that of industry-standard F-X
prediction-error filters (Spitz, 1991).
For each given frequency, an F-X prediction-error filter (PEF) can be thought of as a Z transform polynomial. The roots of the polynomial correspond precisely to predicted plane
waves (Canales, 1984). Therefore, F-X PEFs simply represent a spectral (frequency-domain)
approach to plane-wave destruction. This powerful and efficient approach is, however, not theoretically adequate, when the plane wave slopes or the boundary conditions vary both spatially
and temporally.
Multidimensional T -X prediction-error filters (Claerbout, 1992a, 1999) share the same
purpose of predicting local plane waves. They work well with spatially aliased data and allow
for both temporal and spatial variability of the slopes. In practice, however, T -X filters appear
as very mysterious creatures, because their construction involves many non-intuitive parameters. The user needs to choose such parameters as the number of filter coefficients, the gap and
the exact shape of the filter, the size, number, and shape of local patches for filter estimation,
the number of iterations and the amount of regularization. Recently developed techniques for
handling non-stationary PEFs (Crawley et al., 1998, 1999; Clapp et al., 1999; Crawley, 1999),
demonstrated an excellent performance in a variety of applications (Brown et al., 1999; Clapp
and Brown, 2000; Crawley, 2000), but the large number of adjustable parameters still requires
a significant human interaction and remains the down side of the method.
1 email:
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Clapp et al. (1997) have recently revived the original plane-wave destructors for preconditioning tomographic problems with predefined dip field (Clapp et al., 1998; Clapp and Biondi,
1998, 2000). The filters were named steering filters because of their ability to steer the solution
in the direction of the local dips.
In this paper, I revisit Claerbout’s original technique of finite-difference plane-wave destruction. First, I develop an approach for increasing the accuracy and dip bandwidth of the
method. Applying the improved filter design to several data interpolation and noise attenuation problems, I discover that the finite-difference filters often perform as well as or even better
than T -X PEFs. At the same time, the number of adjustable parameters is kept at minimum,
and the only estimated quantity has a clear physical meaning of the local plane-wave slope.
The encouraging results of this paper suggest further experiments with plane-wave destructors. One can apply similar approaches to wave fields, characterized by more complicated
differential equations, such as the offset continuation equation (Fomel, 2000c).

HIGH-ORDER PLANE-WAVE DESTRUCTORS
The mathematical basis of the plane-wave destructor filters is the local plane differential equation
∂P
∂P
+s
=0,
∂x
∂t

(1)

where P(t, x) is the wave field, and s is the local slope, which may also depend on t and x. In
the case of a constant slope, equation (1) has the simple general solution
P(t, x) = f (t − sx) ,

(2)

where f (t) is an arbitrary waveform. Equation (2) is nothing more than a mathematical description of a plane wave.
If the slope s does not depend on the t coordinate, we can transform equation (1) to the
frequency domain, where it takes the form of the ordinary differential equation
d P̂
+ iω s P̂ = 0
dx

(3)

P̂(x) = P̂(0) eiω sx ,

(4)

and has the general solution

where P̂ is the Fourier transform of P. The complex exponential term in equation (4) simply
represents a shift of a t-trace according to the slope s and the trace separation x. In the
frequency domain, the operator for transforming the trace at position x − 1 to the neighboring
trace at position x is a multiplication by eiω s . In other words, a plane wave can be perfectly
predicted by a two-term prediction-error filter in the F-X domain:
a0 P̂(x) + a1 P̂(x − 1) = 0 ,

(5)
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where a0 = 1 and a1 = −e−iω s . The goal of predicting several plane waves can be accomplished by cascading several two-term filters. In fact, any F-X prediction-error filter, represented in the Z -transform form as
A(Z x ) = 1 + a1 Z x + a2 Z x2 + · · · + a N Z xN ,
can be factored into a product of two-term filters:


 

Zx
Zx
Zx
A(Z x ) = 1 −
1−
··· 1−
,
Z1
Z2
ZN

(6)

(7)

where Z 1 , Z 2 , . . . , Z N are the zeroes of polynomial (6). According to equation (5), the phase of
each zero corresponds to the slope of a local plane wave multiplied by the frequency. Zeroes
that are not on the unit circle carry an additional amplitude gain not included in equation (3).
In order to incorporate time-varying slopes, we need to return back to the time domain
and look for an appropriate analog of the phase-shift operator (4) and the plane-prediction
filter (5). An important property of plane-wave propagation across different traces is that the
total energy of the transmitted wave stays invariant throughout the process. This property is
assured in the frequency-domain solution (4) by the fact that the spectrum of the complex
exponential eiω s is equal to one. In the time domain, we can reach an equivalent effect by
using an all-pass digital filter. In the Z -transform notation, convolution with an all-pass filter
takes the form
P̂x+1 (Z t ) = P̂x (Z t )

B(Z t )
,
B(1/Z t )

(8)

where P̂x (Z t ) denotes the Z -transform of the corresponding trace, and the ratio B(Z t )/B(1/Z t )
is an all-pass digital filter, approximating the time-shift operator (5). In finite-difference terms,
equation (8) represents an implicit finite-difference scheme for solving equation (1) with the
initial conditions at a constant x. The coefficients of filter B(Z t ) can be determined, for
example, by fitting the filter frequency response at small frequencies to the response of the
phase-shift operator. The Taylor series technique (equating the coefficients of the Taylor series expansion around zero frequency) yields the expression
B3 (Z t ) =

(1 − s)(2 − s) −1 (2 + s)(2 − s) (1 + s)(2 + s)
Zt +
+
Zt
12
6
12

(9)

for a three-point centered filter B3 (Z t ) and the expression
B5 (Z t ) =

(1 − s)(2 − s)(3 − s)(4 − s) −2 (4 − s)(2 − s)(3 − s)(4 + s) −1
Zt +
Zt +
1680
420
(4 − s)(3 − s)(3 + s)(4 + s)
+
280
(1 + s)(2 + s)(3 + s)(4 + s) 2
(4 − s)(2 + s)(3 + s)(4 + s)
Zt +
Zt
(10)
420
1680

for a five-point centered filter B5 (Z t ). It is easy to generalize these expressions to longer filters.
Figure 1 shows the phase of the all-pass filters B3 (Z t )/B3 (1/Z t ) and B5 (Z t )/B5 (1/Z t ) for two

4
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Figure 1: Phase of the implicit finite-difference shift operators in comparison with the exact
solution. Left plot corresponds to s = 0.5. Right plot; s = 0.8. sergey1-phase [CR]

values of the slope s in comparison with the exact linear function of equation (4). As expected,
the phases fit the exact line at low frequencies, and the accuracy of the approximation increases
with the length of the filter.
In two dimensions, equation (8) transforms to the prediction equation analogous to (5)
with the 2-D prediction filter2
A(Z t , Z x ) = 1 − Z x

B(1/Z t )
.
B(Z t )

(11)

In order to characterize several plane waves, we can cascade several filters of the form (11) in
a manner similar to equation (7). In all examples of this paper, I used a modified version of
the filter A(Z t , Z x ), namely the filter
C(Z t , Z x ) = A(Z t , Z x )B(Z t ) = B(Z t ) − Z x B(1/Z t ) ,

(12)

which avoids the need for polynomial division. In case of the 3-point filter (9), the 2-D filter (12) has exactly six coefficients, with the second t column being a reversed copy of the
first column. When filter (12) is used in interpolation problems, it can occasionally cause
undesired high-frequency oscillations in the solution, resulting from the near-Nyquist zeroes
of the polynomial B(Z t ). The oscillations are easily removed in practice with an appropriate
low-pass filtering.
In the next section, I address the problem of estimating the local slope s with the filters of
form (12). Estimating the slope is a necessary step for applying the finite-difference planewave filters on real data.
2 The

helix transform (Claerbout, 1998) would map this 2-D filter to an equivalent 1-D filter by imposing
the equality Z x = Z tNt , where Nt is the length of the t axis or, equivalently, the diameter of the corresponding
helix (Rickett and Guitton, 2000). This transformation is not essential for the further discussion.
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SLOPE ESTIMATION
Let us denote by C(s) the operator of convolving the data with the 2-D filter C(Z t , Z x ) of
equation (12) assuming the local slope s. In order to determine the slope, we can define the
least-squares goal
C(s) d ≈ 0 ,

(13)

where d is the known data, and the approximate equality implies that the solution is found
by minimizing the power of the left-hand side. Equations (9) and (10) show that the slope s
enters in the filter coefficients in an essentially non-linear way. However, one can still apply
the linear iterative optimization methods by an analytical linearization of equation (13). The
linearization implies solving the linear system
C0 (s0 ) 1s d + C(s0 ) d ≈ 0

(14)

for the slope increment 1s. Here s0 is the initial slope estimate, and C0 (s) is a convolution
with the filter, obtained by differentiating the filter coefficients of C(s) with respect to s. After
system (13) is solved, the initial slope s0 is updated by adding 1s to it, and one can solve the
linear problem again. Depending on the starting solution, the method may require several nonlinear iterations to achieve an acceptable convergence. The described linearization approach
is similar in idea to tomographic velocity estimation.
In the case of time- and space-varying slope s, system (14) may lead to undesirably rough
slope estimates. Moreover, the solution will be undefined in the regions of unknown or constant data. Both these problems are solved by adding a regularization (styling) goal to system (14). The additional goal takes the form
D 1s ≈ 0 ,

(15)

where D is an appropriate roughening operator, and  is a scaling coefficient. For simplicity, I
chose D to be the gradient operator. More efficient and sophisticated helical preconditioning
techniques are available (Fomel et al., 1997; Fomel, 2000a).
In theory, estimating two different slopes s1 and s2 from the available data is only marginally
more complicated. The convolution operator becomes a cascade of C(s1 ) and C(s2 ), and the
linearization yields
C0 (s1 ) C(s2 ) 1s1 d + C(s1 ) C0 (s2 ) 1s2 d + C(s1 ) C(s2 ) d ≈ 0 .

(16)

The regularization condition should now be applied to both 1s1 and 1s2 :
D 1s1 ≈ 0 ;

(17)

D 1s2 ≈ 0 .

(18)

The solution will obviously depend on the initial values of s1 and s2 , which should not be
equal to each other. System (16) is generally under-determined, because it contains twice as
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many estimated parameters as equations, but an appropriate choice of the starting solution and
the additional regularization conditions allow us to arrive at a practical solution.
The application examples of the next section demonstrate that when the system of equations (14-15) or (16-18) are optimized in the least-squares sense in a cycle of several linearization iterations, it leads to smooth and reliable slope estimates. The regularization conditions (15) and (17-18) assure a smooth extrapolation of the slope to the regions of unknown or
constant data.

APPLICATION EXAMPLES
In this section, I examine the performance of the finite-difference plane-destruction filters on
several test applications.

Fault detection
The use of prediction-error filters in the problem of detecting local discontinuities was suggested by Claerbout (1992b, 1993, 1999) and further refined by Schwab et al. (1996a,b) and
Schwab (1998). Bednar (1997) used simple plane-destructor filters in a similar setting to compute coherency attributes.
To test the performance of the improved plane-wave destructors, I chose several examples
from Claerbout (1992b). Figure 2 introduces the first example. The left plot of the figure
shows a synthetic model, which resembles sedimentary layers with a plane unconformity and
a curvilinear fault. The right plot shows the corresponding “texture” (Brown, 1999; Claerbout
and Brown, 1999), obtained by convolving a field of random numbers with the inverse planewave destructor filters. The inverse filters were constructed with the B-spline regularization
technique (Fomel, 2000b), while the dip field was estimated by the linearization method of
the previous section. The dip field itself and the prediction residual [the left-hand side of
equation (13)] are shown in the left and right plots of Figure 3 respectively. We observe
that the texture plot does reflect the dip structure of the input data, which indicates that the
dip field was estimated correctly. The fault and unconformity are clearly visible both in the
dip estimate and in the residual plots. Anywhere outside the slope discontinuities and the
boundaries, the residual is close to zero. Therefore, it can be used directly as a fault detection
measure. Comparing the residual plot in Figure 3 with the analogous plot of Claerbout (1992b)
establishes a superior performance of the improved finite-difference destructors in comparison
with that of the local T − X prediction-error filters.
Figure 4 shows a simpler synthetic test. The model is composed of linear events with two
conflicting slopes. A regularized dip field estimation attempts to smooth the estimated dip in
the places where it is not constrained by the data (the left plot of Figure 5.) The corresponding
residual (the right plot of Figure 5) shows suppressed linear events and highlights the places
of their intersection.
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Figure 2: Synthetic sedimentary model. Left plot: Input data. Right plot: Its texture.
sergey1-txtr-sigmoid0 [ER]

Figure 3: Synthetic sedimentary model. Left plot: Estimated dip field. Right plot: Prediction
residual. sergey1-lomo2-sigmoid0 [ER]

8

Figure 4: Conflicting dips synthetic.
sergey1-txtr-conflict [ER]

Fomel

Left plot: Input data.
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Right plot: Its texture.

Figure 5: Conflicting dips synthetic. Left plot: Estimated dip field. Right plot: Prediction
residual. sergey1-lomo-conflict [ER]
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The left plot in Figure 6 shows a real shot gather (a portion of Yilmaz and Cumro data
set 27). The initial dip in the dip estimation program was set to zero. Therefore, the texture
image (the right plot in Figure 6) contains zero-dipping plane waves in the places of no data.
Everywhere else the dip is accurately estimated from the data. The data contain a missing
trace at about 0.7 km offset and a slightly shifted (possibly mispositioned) trace at about
1.1 km offset. The mispositioned trace is clearly visible in the dip estimate (the left plot in
Figure 7), and the missing trace is emphasized in the residual image (the right plot in Figure 7).
Additionally, the residual image reveals the forward and back-scattered surface waves, hidden
under more energetic reflections in the input data.

Figure 6: Real shot gather. Left plot: Input data. Right plot: Its texture. sergey1-txtr-yc27
[ER]

Figure 8 shows a stacked time section from the Gulf of Mexico and its corresponding
texture. The texture plot demonstrates that the estimated dip (the left plot of Figure 9) reflects
the dominant local dip in the data. After the plane waves with that dip are removed, many
hidden diffractions appear in the residual image (the right plot in Figure 9.) The enhanced
diffraction events can be used, for example, for estimating the medium velocity (Harlan et al.,
1984).
Overall, the examples of this subsection show that the finite-difference plane-wave destructors are a reliable tool for enhancement of discontinuities and conflicting slopes in seismic images. The estimation step of the fault detection procedure produces an image of the
local dip field, which may have its own interpretational value. An extension to 3-D is possible,
as outlined by Claerbout (1993), Schwab (1998), Fomel (1999), and Clapp (2000a).
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Figure 7: Real shot gather. Left plot: Estimated dip field. Right plot: Prediction residual.
sergey1-lomo2-yc27 [ER]

Figure 8: Time section from the Gulf of Mexico. Left plot: Input data. Right plot: Its texture.
sergey1-txtr-dgulf [ER]
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Figure 9: Time section from the Gulf of Mexico. Left plot: Estimated dip field. Right plot:
Prediction residual. sergey1-lomo-dgulf [ER]

Gap interpolation
Irregular gaps occur in the recorded data for many different reasons, and prediction-error filters
are known as a powerful method for interpolating them. Interpolating irregularly spaced data
also reduces to gap interpolation after binning.
Figure 10 shows a simple synthetic example of gap interpolation from Claerbout (1999).
The input data has a large elliptic gap cut out from a two plane-wave model. I estimate both
dip components from the input data by using the method of equations (16-18). The initial
values for the two local dips were 1 and 0, and the estimated values are close to the true dips
of 2 and -1 (two middle plots in Figure 10.) Although the estimation program did not make
any assumption about dip being constant, it correctly estimated nearly constant values with the
help of regularization equations (17-18). The rightmost plot in Figure 10 shows the result of
gap interpolation with a two-plane local plane-wave destructor. The result is nearly perfect and
compares favorably with the analogous result of the T -X PEF technique (Claerbout, 1999).
Figure 11 is another benchmark gap interpolation example from Claerbout (1999). The
data are ocean depth measurements from one day SeaBeam acquisition. The data after normalized binning are shown in the left plot of Figure 11. From the known part of the data,
we can partially see a certain elongated and faulted structure on the ocean floor. Estimating a
smoothed dominant dip in the data and interpolating with the plane-wave destructor filters produces the image in the right plot of Figure 11. The V-shaped acquisition pattern is somewhat
visible in the interpolation result, which might indicate the presence of a fault. Otherwise,
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Figure 10: Synthetic gap interpolation example. From left to right: original data, input data,
first estimated dip, second estimated dip, interpolation output. sergey1-hole [ER]

the result is both visually pleasing and fully agreeable with the data. Clapp (2000b) shows
on the same data example how to obtain multiple statistically equivalent realizations of the
interpolated data.
A 3-D interpolation example is shown in Figure 12. The input data resulted from a passive
seismic experiment (Cole, 1995) and originally contained many gaps because of instrument
failure. I interpolated the 3-D gaps with a pair of two orthogonal plane-wave destructors
in the manner proposed by Schwab and Claerbout (1995) for T -X prediction filters. The
interpolation result shows a visually pleasing continuation of locally plane events through the
gaps. It compares favorably with an analogous result of a stationary T -X PEF.
We can conclude that plane-wave destructors provide an effective method of gap filling
and missing data interpolation.

Trace interpolation beyond aliasing
Spitz (1991) popularized the application of prediction-error filters to regular trace interpolation
and showed how the spatial aliasing restriction can be overcome by scaling the frequencies of
F-X PEFs. An analogous technique for T -X filters was developed by Claerbout (1992a,
1999) and applied for 3-D interpolation with non-stationary PEFs by Crawley (2000). The T X technique implies stretching the filter in all directions so that its dip spectrum is preserved,
while the coefficients can be estimated at alternating traces. After the filter is estimated, it
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Figure 11: Depth of the ocean from SeaBeam measurements. Left plot: after binning. Right
plot: after binning and gap interpolation. sergey1-seab [ER,M]

Figure 12: 3-D gap interpolation in passive seismic data. The left 12 panels are slices of
the input data. The right 12 panels are the corresponding slices in the interpolation output.
sergey1-passfill [ER,M]
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is scaled back and used for interpolating missing traces in between the known ones. A very
similar method works for finite-difference plane wave destructors, only we need to take a
special care to avoid aliased dips at the dip estimation stage.
Figure 13 shows a marine 2-D shot gather from a deep water Gulf of Mexico survey before
and after subsampling in the offset direction. The data are similar to those used by Crawley
(2000). The shot gather has long-period multiples and complicated diffraction events caused
by a salt body. Subsampling by a factor of two (the right plot in Figure 13) causes a clearly
visible aliasing in the steeply dipping events. The goal of my first experiment was to interpolate the missing traces in the subsampled data and to compare the result with the original
gather shown in the left plot of Figure 13.

Figure 13: 2-D marine shot gather. Left: original. Right: subsampled by a factor of two in the
offset direction. sergey1-sean2 [ER]
A straightforward application of the dip estimation equations (16-18) applied to aliased
data can easily lead to erroneous aliased dip estimation. In order to avoid this problem, I
chose a slightly more complex strategy. The algorithm for trace interpolation of aliased data
consists of the following steps:
1. Applying Claerbout’s T -X methodology, stretch a two-dip plane-wave destructor filter
and estimate the dips from decimated data.
2. The second estimated dip will be infected by aliasing. Ignore this initial estimate.
3. Estimate the second dip component again by fixing the first dip component and using
it as the initial estimate of the second component. This trick prevents the nonlinear
estimation algorithm from picking the wrong (aliased) dip in the data.
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4. Down-scale the estimated two-dip filter and use it for interpolating missing traces.

The two estimated dip components are shown in Figure 14. The first component contains only
positive dips. The second component coincides with the first one in the areas where only a
single dip is present in the data. In other areas, it picks the complimentary dip, which has a
negative value for back-dipping hyperbolic diffractions.

Figure 14: Two components of the estimated dip field for the decimated 2-D marine shot
gather. sergey1-sean2-dip [ER]

Figure 15 shows the interpolation result and the difference between the interpolated traces
and the original traces, plotted at the same clip value. The method succeeded in the sense that
it is impossible to distinguish interpolated traces from the interpolation result alone. However,
it is not perfect in the sense that some of the original energy is missing in the output. A
closeup comparison between the original and the interpolated traces in Figure 16 shows that
imperfection in more detail. Some of the steepest events in the middle of the section are poorly
interpolated, and in some of the other places, the second dip component is continued instead
of the first one.
The interpolation result can be considerably improved by including another dimension. To
achieve a better result, we can use a pair of plane-wave destructors, one predicting local plane
waves in the offset direction, and the other predicting local plane waves in the shot direction.
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Figure 15: Left: 2-D marine shot gather after trace interpolation. Right: Difference between
the interpolated and the original gather. sergey1-sean2-int [ER]

Figure 16: Close-up comparison of the interpolated (right) and the original data (left).
sergey1-sean2-close [ER,M]
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Signal and noise separation
Signal and noise separation and noise attenuation are yet another important application of
plane-wave prediction filters (Canales, 1984; Abma, 1995; Soubaras, 1995; Spitz, 1999; Brown
et al., 1999; Clapp and Brown, 2000; Claerbout and Fomel, 2000).
The problem has a very clear interpretation in terms of the local dip components. If two
components, s1 and s2 are estimated from the data, and we can interpret the first component
as signal, and the second component as noise, then the signal and noise separation problem
reduces to solving the least-squares system
C(s1 )d1 ≈ 0 ,
C(s2 )d2 ≈ 0

(19)
(20)

for the unknown signal and noise components d1 and d2 of the input data d:
d1 + d2 = d.

(21)

The scalar parameter  in equation (20) reflects the signal to noise ratio. We can combine
equations (19-20) and (21) in the explicit system for the noise component d2 :
C(s1 )d2 ≈ C(s1 )d ,
C(s2 )d2 ≈ 0 .

(22)
(23)

Figure 17 shows a simple example of the described approach. I estimated two dip components from the input synthetic data in a manner similar to that of Figure 10, and separated
the corresponding events by solving the least-squares system (22-23). The separation result is
visually perfect.
Figure 18 presents a significantly more complicated case: a receiver line from of a 3-D
land shot gather from Saudi Arabia, contaminated with three-dimensional hyperbolic groundroll. The same dataset has been used previously by Brown et al. (1999). The ground-roll
noise and the reflection events have a significantly different frequency content, which might
suggest an idea of separating them on the base of frequency alone. The result of frequencybased separation, shown in Figure 19 is, however, not ideal: part of the noise remains in the
estimated signal after the separation. Changing the  parameter in equation (23) could clean
up the signal estimate, but it would also bring some of the signal into the subtracted noise.
A better strategy is to separate the events by using both the difference in frequency and the
difference in slope. For that purpose, I adopted the following algorithm:
1. Use a frequency-based separation (or, alternatively, a simple low-pass filtering) to obtain
an initial estimate of the ground-roll noise.
2. Select a window around the initial noise. The further separation will happen only in that
window.
3. Estimate the noise dip from the initial noise estimate.
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Figure 17: Simple example of dip-based single and noise separation. From left to right: ideal
signal, input data, estimated signal, estimated noise. sergey1-sn2 [ER]

4. Estimate the signal dip in the selected data window as the complimentary dip component
to the already known noise dip.
5. Use the signal and noise dips together with the signal and noise frequencies to perform
the final separation. This is achieved by cascading single-dip plane-wave destructor
filters with local 1-D three-coefficient PEFs, destructing a particular frequency.
The separation result is shown in Figure 20. The separation goal has been fully achieved: the
estimated ground-roll noise is free of the signal components, and the estimated signal is free
of the noise.
The left plot in Figure 21 shows another test example: a shot gather contaminated by
nearly linear low-velocity noise. In this case, a simple dip-based separation was sufficient for
achieving a good result. The algorithm proceeds as follows
1. Bandpass the original data with an appropriate low-pass filter to obtain an initial noise
estimate (the right plot in Figure 21.)
2. Estimate the local noise dip from the initial noise model.
3. Estimate the signal dip from the input data as the complimentary dip component to the
already known noise dip.
4. Estimate the noise by an iterative optimization of system (22-23) and subtract it from
the data to get the signal estimate.
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Figure 18: Ground-roll-contaminated data from Saudi Arabian sand dunes. A slice out of a
3-D shot gather. sergey1-dune-dat [ER]

Figure 22 shows the separation result. The signal and noise components are nicely separated.
(Guitton, 2000) uses the same data example to develop a method of pairing noise separation
with stacking velocity analysis.
The examples in this subsection show that when the signal and noise components have
distinctly different local slopes, we can successfully separate them with plane-wave destructor
filters.

CONCLUSIONS
The main conclusion of this paper is simple: plane-wave destructors with an improved finitedifference design can be a valuable tool in processing multidimensional seismic data. On several examples, I showed their good performance in such problems as fault detection, missing
data interpolation, and noise attenuation. Further experiments will be necessary to gain more
experience with plane-wave destructors and to improve the practical aspects of their usage.
It might be useful to summarize the similarities and differences between plane-wave destructors and T -X prediction-error filters.
Similarities:
• Both types of filters operate in the original time-and-space domain of recorded data.
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Figure 19: Signal and noise separation based on frequency. Top: estimated signal. Bottom:
estimated noise. sergey1-dune-exp [ER,M]
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Figure 20: Signal and noise separation based on both dip and frequency. Top: estimated signal.
Bottom: estimated noise. sergey1-dune-sn [ER,M]
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Figure 21: Left: Input noise-contaminated shot gather. Right: Result of low-pass filtering.
sergey1-ant-dat [ER]

Figure 22: Signal and noise separation based on dip. Left: estimated signal. Right: estimated
noise. sergey1-ant-sn [ER,M]
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• Both filters aim at predicting local plane-wave events in the data.
• In most problems, one filter type can be replaced by the other, and certain techniques,
such as Claerbout’s trace interpolation method, are common for both approaches.
Differences:
• The design of plane-wave destructors is purely deterministic and follows the plane-wave
differential equation. The design of T -X PEF has statistical roots in the framework
of the maximum-entropy spectral analysis (Burg, 1975). In principle, T -X PEF can
characterize more complex signals than local plane waves.
• In the case of PEF, we estimate filter coefficients. In the case of plane-wave destructors,
the estimated quantity is the local plane slope. Several important distinctions follow
from that difference:
– The filter estimation problem is linear. The slope estimation problem, in the case
of the improved filter design, is non-linear, but can be iteratively linearized. In
general, non-linearity is an undesirable feature because of local minima and the
dependence on initial conditions. However, we can sometimes use it creatively.
For example, it helped me avoid aliased dips in the trace interpolation example.
– Non-stationarity is handled gracefully in the local slope estimation. It is a much
more difficult issue for PEFs because of the largely underdetermined problem.
– Local slope has a clearly interpretable physical meaning, which allows for an easy
quality control of the results. The coefficients of T -X PEFs are much more difficult to interpret.
• Plane-wave destructors are stable filters by construction. Stability is not guaranteed in
the traditional PEF estimation and often can be a serious practical problem.
• The efficiency of the two approaches is difficult to compare. Plane-wave destructors are
generally more efficient to apply because of the optimally small number of filter coefficients. However, they may require more computation at the estimation stage because of
the already mentioned non-linearity problem.
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Coherent noise attenuation using Inverse Problems and
Prediction Error Filters
Antoine Guitton1

ABSTRACT
Two iterative methods that handle coherent noise effects during the inversion of 2-D
prestack data are tested. One method approximates the inverse covariance matrices with
PEFs, and the other introduces a coherent noise modeling operator in the objective function. This noise modeling operator is a PEF that has to be estimated before the inversion
from a noise model or directly from the data. These two methods lead to Independent,
Identically Distributed (IID) residual variables, thus guaranteeing a stable convergence of
the inversion schemes and permitting coherent noise filtering/separation.

INTRODUCTION
Preserving the amplitudes requires inverse theory when an operator is not unitary. Unfortunately, seismic operators are usually not unitary. Seismic operators can be regarded as the
adjoint of forward “modeling” operators (Claerbout, 1992). Lailly (1983) was the first to recognize that the standard migration operator is the adjoint to the corresponding forward operator
and used it in the first iteration of full waveform inversion (Tarantola, 1987). Because the adjoint is not the inverse of the operator, the amplitude of the input data is not preserved. An
approximate inverse can be computed using least-squares inversion. Thorson (1984) replaces
the standard hyperbolic Radon transform with a linear, least-squares inversion of the velocity
stack equations. However, the least-squares operator involves the computing of the inverse of
the Hessian that is often very difficult to derive. Forgues and Lambare (1997) and Chavent
and Plessix (1999) calculated an approximate inverse of the Hessian matrix associated with
the migration operator. When the calculation of the least-squares inverse is not feasible (size
of the matrices, use of operators instead of matrices), an iterative scheme is preferred.
However, with a least-squares inversion, major difficulties arise when the data are contaminated by noisy events. By noisy event I mean
• Abnormally large or small data components, or outliers, where long-tailed probability
density functions (pdf) should be used as opposed to short-tailed Gaussian pdf.
• Coherent noise that the seismic operator is unable to model (for example, a hyperbolic
Radon transform can’t properly model ellipses).
1 email:

antoine@sep.stanford.edu

27

28

Guitton

SEP–105

The noise will (1) spoil any analysis based on the result of the inversion and (2) affect the
amplitude recovery of the input data. From a more statistical point of view, the residual,
which measures the quality of the data fitting, will be corrupted by high amplitude (outliers
in the data) or highly correlated events (coherent noise in the data) that will attract much of
the solver’s efforts, thus degrading the model m. The first I in IID stands for Independent,
meaning that no coherent events are present in the residual (hyperbolas, ellipses, lines, etc.).
The second I and D stand for Identically Distributed, meaning that the residual components
have similar energy. For example, if seismic data have not been multiplied by t 2 to correct
for spherical divergence effects, the variables in the gather will not be Identically Distributed
(Figure 1). A possible solution to one particular noise problem is to attribute long-tailed pdfs

Figure 1: Left: the data have not been multiplied by t 2 thus giving non Identically Distributed
variables. Right: after t 2 correction, the data are Identically Distributed. antoine1-iid [ER]
to the residual variables. This long-tailed pdfs lead to the minimization of the l 1 norm of the
data residual
f (m) = |Hm − d|1 ,

(1)

where H is the seismic operator, m the model and d the input seismic data. Because the l 1
norm is less sensitive to outliers, it will give a better fitting of the data (Claerbout and Muir,
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1973). The minimization of such objective functions is a cumbersome problem because the
l 1 norm is not differentiable everywhere. However, some alternatives exist if we use a hybrid
l 1 −l 2 norm such as the Huber norm (Huber, 1973; Guitton and Symes, 1999) or an Iteratively
Reweighted Least Squares (IRLS) algorithm (Nichols, 1994; Bube and Langan, 1997) with
an appropriate weighting function. These methods have proved efficient (Guitton, 2000a).
The use of long-tailed pdfs is particularly effective at attenuating outliers. However, they are
usually not effective at attenuating coherent noise because it is not generally distinguishable
by its histogram, but by its moveout patterns. In addition, hybrid solvers are either difficult to
tune or expensive to use.

What will I do?
The two proposed methods are based on the need to have IID residual components. A typical
inverse problem arises when we want to minimize the objective function for the fitting goal
0 ≈ Hm − d,

(2)

where m is a mapping of the data (unknown of the inverse problem), H an operator and d the
seismic data. The residual r is defined as the difference between input data d and estimated
data d̃ = Hm,
r = d̃ − d.
My research is focused on the attenuation/separation of the coherent noise only. The first
strategy relates to fundamentals in inverse theory as detailed in the General Discrete Inverse
Problem (Tarantola, 1987) and approximates the inverse covariance matrices with PEFs. The
second strategy proposes to introduce a coherent noise modeling part in Equation 2. The noise
operator will be a PEF. In the first strategy the coherent noise is filtered. In the second strategy the coherent noise is subtracted from the signal. The two methods should (1) give IID
residual components, (2) stabilize the inversion, and (3) preserve the “real” events amplitudes
as long as the noise and the signal operators have been carefully chosen.

Why two methods?
The two methods achieve the same goal, but each has its own pros and cons. I will show
that the filtering method is easier to implement: the PEF estimation can be done iteratively
directly from the residual as the iterations go on. In contrast, for the subtraction method, the
coherent noise operator (a PEF) should be pre-estimated and kept constant as the iterations
go on. This a priori information can be sometimes rather difficult to have. The convergence
of the subtraction scheme is far better than the convergence of the filtering method, however.
Ideally, the nature of the coherent noise should guide us in this choice.
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THE INVERSE PROBLEM
In seismic processing we often transform data into equivalent data using linear operators.
Among these operators, we have the Fourier transform, the Radon transform, the migration
operator etc. Some of these operators are unitary (Fourier transform), meaning that the input
data are perfectly recoverable using the adjoint. Mathematically speaking, unitarity implies
HT H = I,

(3)

where H is the operator, HT the adjoint, and I the identity matrix. Unfortunately, most of the
operators are not unitary, meaning that one can’t go back and forth between the model m and
the data d without losing information or resolution. Mathematically speaking, non-unitarity
implies
HT H 6 = I.

(4)

This loss of information can be overcome using inverse theory. The goal of inverse theory is
to find a model m that optimally represents the input data d given an operator H and given a
definition of optimality (minimum energy residual-l 2 for example):
f (m) = kHm − dk2 .

(5)

The classical approach: least-squares criterion
The least-squares criterion comes directly from the hypothesis that the pdf of each observable
data and each model parameter is Gaussian. These assumptions lead to the General Discrete
Inverse Problem (Tarantola, 1987). Finding m is then equivalent to minimizing the quadratic
function (or objective function)
T −1
f (m) = (Hm − d)T C−1
d (Hm − d) + (m − mprior ) Cm (m − mprior ),

(6)

where Cd and Cm are the covariance operators, and mprior a model given a priori. The
covariance matrix Cd combines experimental errors and modeling uncertainties. Modeling
uncertainties describe the difference between what the operator can predict and the data. Thus
the covariance matrix Cd is often called the noise covariance matrix. Assuming (1) uniform
variance of the model and of the noise, (2) covariance matrices are diagonal , i.e., uncorrelated
model an data components, and (3) no prior model mprior , the objective function becomes
f (m) = (Hm − d)T (Hm − d) +  2 mT m,

(7)

where  is a function of the noise and model variances. The previous assumptions leading to
Equation 7 are quite strong when we are dealing with seismic data because the variance of the
noise/model may be not uniform and the components of the noise/model are not independent.
Minimizing the objective function in Equation 7 is equivalent to having the two fitting goals
for m
0 ≈ Hm − d

(8)

0 ≈ Im.

(9)
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The first inequality expresses the need for the operator H to fit the input data d. The second
inequality is often called the regularization (or model styling) term. The minimization of
Equation 8, when the operator H is linear, may be done using any kind of linear method
such as the steepest descent algorithm or faster conjugate gradients/directions methods (Paige
and Saunders, 1982). From now on, I will refer to Equation 8 as the “simplest” approach.
When the assumptions leading to Equation 8 are respected, the convergence towards m is easy
to achieve. In particular, the components of the residual r = Hm − d become IID. This IID
property implies that no coherent information is left in the residual and that each variable of
the residual has similar intensity (or power). The main factor that may alter this property is
the presence of noise in the data that violates assumptions about both the uniform distribution
and the need of independent noise components.

PROPOSED SOLUTIONS TO ATTENUATE COHERENT NOISE
Any dataset may be regarded as the sum of signal and noise
d = s + n.
I assume that the coherent noise n is made of the inconsistent part (or modeling uncertainties
part) of the data d for any given operator H. My goal is to define new strategies that would
lower the influence of the noise n, giving IID residual components.
METHOD 1: A filtering method
Equation 6 introduces two matrices that are difficult to compute: the data covariance matrix Cd
and the model covariance matrix Cm . I concentrate my efforts on the data covariance matrix
only, the computation of the model covariance matrix being beyond the scope of this paper.
When coherent noise is present in the data, residual variables are no longer IID and the covariance matrices should not be approximated by diagonal operators. IID residual components is
equivalent to having a residual with a white spectrum. Thus coherent noise will add “color” to
the spectrum of the residual. The goal of the covariance matrices is to absorb this spectrum.
As Jon Claerbout (1999) asserts:
Clearly, the noise spectrum is the same as the data covariance only if we accept the
theoritician’s definition that E(d)=Fm. There is no ambiguity and no argument if
we drop the word “variance” and use the word “spectrum”.
This statement is the basis of the first filtering method. It says that the experimental residuals
(squared) should be weighted inversely by their multivariate spectrum for optimal convergence. Because a PEF whitens data from which it was estimated, it approximates the inverse
power spectrum of the data. Thus a PEF (squared) estimated from the residual or the model
−1
accomplishes the role of the inverse covariance matrices C−1
d and Cm in Equation 6. The
fitting goals in Equation 8 become, omitting the regularization term,
0 ≈ Ar (Hm − d),

(10)
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where Ar is a PEF estimated from the residual and Am from the unknown model. Thanks to
the Helical boundary conditions (Claerbout, 1998), the PEF may be computed in more than
one dimension (2-D, 3-D). This gives us a lot of flexibility to calculate the residual spectrum.
An important task is to develop a strategy to estimate the residual PEF Ar . I propose the
following algorithm:
Algorithm 1
1. Compute the current residual r = Hm - d.
2. Estimate a PEF Ar from the residual.
3. Minimize the objective function (l 2 norm)
f (m) = (Hm − d)T ATr Ar (Hm − d),

(11)

4. Go to 1 after a certain number of iterations in step (3).
Notice that the first PEF is estimated from the data (if no prior coherent noise model exists).
Then the residual PEF is re-estimated iteratively. This optimization scheme is very similar to
IRLS algorithms where weighting functions are re-computed after a certain number of iterations. Because I re-compute the PEF iteratively, my goal is to have the best estimate of the
residual’s multivariate spectrum. This problem is then piece-wise linear. With this strategy,
the residual should be IID. Notice that the minimization of the objective function can be done
with our favorite fast conjugate gradients method.
METHOD 2: A subtraction method
Instead of removing the noise by filtering, we can remove it by subtraction. If an operator is
unable to model all the information embedded in the data, then the residual is not IID. The
second formulation I propose is based on the idea that if we can model the coherent noise with
another operator, then the residual components become IID. Let us consider that we have
d = s+n
and that there exists an operator L such that
L = [H Ln ].
We assume that H is the modeling operator for the signal s and that Ln is the modeling operator
for the coherent noise n. Following this decomposition, we can write


ms
m=
mn
where mn is the noise-model and ms is the signal-model. Starting from
0 ≈ Lm − d,

(12)
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the fitting goal then becomes
0 ≈ Hms + Ln mn − d.

(13)

Because we have to find ms and mn , this system is clearly under-determined and some regularization is needed. Thus, we end up with the following fitting goals
0 ≈ Hms + Ln mn − d
0 ≈ Ims
0 ≈ Imn .
Because there should be a different operator Ln for each different coherent noise pattern, the
cost of this method increases considerably. Fortunately, we can use multi-dimensional PEFs to
estimate the coherent noise operator. This estimation is possible if we assume that the coherent
noise is predictable, i.e., made up of the superposition of local plane wave segments (Claerbout, 1992). If we can estimate PEFs from the coherent noise, then the inverse PEF should be
our coherent noise modeling operator Ln = A−1
n . Computing the inverse of multi-dimensional
PEFs is now possible via the helix. In addition, with the helical boundary conditions, computing the inverse of multi-dimensional PEFs is as easy as computing the inverse of 1-D filters.
We have then
0 ≈ Hms + A−1
n mn − d
0 ≈ Ims

(14)

0 ≈ Imn ,
where An is the noise PEF. This approach is similar to Tamas Nemeth’s approach (1996). The
difference emerges in the choice of the operators Ln and H. Whereas Nemeth (1996) imposes
one operator Ln to model the noise, we estimate a PEF An and use it in the fitting goals
(Equation 14). Because PEFs (with appropriate dimensions) whiten the spectrum of many
different plane-waves, this strategy is more flexible (no assumptions regarding the moveout of
the noise). This method should give IID residual variables as long as we are able to estimate
PEFs for the coherent noise. This is the main difficulty and challenge of this method. The
minimization of the objective function in a least-squares sense for the fitting goals in Equation
14 can be done again with a fast conjugate gradients method.
I did not develop any specific algorithm to solve this inverse problem. I assume that we
have a strategy that allows us to estimate the operator An . We can then minimize the objective
function for the fitting goals given in Equation 14 in a least-squares sense, for example.

RESULTS
In this section I show some preliminary results from testing the two proposed strategies. The
main operator H is the hyperbola superposition operator. The adjoint HT is the hyperbolic
Radon transform (Nichols, 1994; Guitton, 2000b). The model space m is called the velocity
space. The input data d are CMP gathers. The process of computing the model m minimizing
Equation 11 is called velocity inversion.
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Filtering method
The following results illustrate the first strategy. The left panel of Figure 2 displays the input
CMP gather for the velocity inversion. These data have been pre-whitened with a 1-D PEF
(deconvolution). Notice that this CMP is made up of nearly horizontal events, hyperbolas and
a slow velocity, low frequency event crossing the gather. The later is the coherent noise we
want to get rid of. I iterated 30 times to obtain the final model m (Figure 6). The residual PEF
is 2-D with 25 coefficients on the time axis and 2 coefficients on the space axis. This PEF is
re-estimated every ten iterations (see algorithm 1).
In Figure 2, I compare the input data with the remodeled data (d̃ = Hm) after least-squares
inversion with (Equation 10) and without PEF (Equation 8). Notice how close the two results
are (the velocity of the linear event is not scanned in the velocity inversion). Figure 3 shows
a comparison of the residuals (r = d̃ − d). As expected, the residual of the least-squares inversion with PEF estimation gives a white residual (right panel) as opposed to the “simplest”
inversion residual contaminated with the linear noise (left panel). Notice that the use of the
helical boundary conditions for the PEF estimation has left its footprint on the edges of the
residual panel. Figure 4 displays the two spectra for the two residuals.
A comparison of the two model space (Figure 6) shows that (1) both results are difficult
to interpret and (2) the inversion scheme with PEF gives a more satisfying panel. As a more
striking comparison, Figure 8 shows the output of the least-squares inversion with or without
PEF as a function of the number of iterations. After 100 iterations, the “simplest” inversion
(Equation 8) gives a velocity panel infested with artifacts, for it tries to fit the linear event left in
the residual. In contrast, with the proposed scheme, the change in the number of iteration does
not affect the final result: the inversion becomes stable. Figure 7 displays the convolution
of one of the inverse PEF estimated during the iterations with a panel of white noise. It
demonstrates that the PEF is effectively after the linear event we want to attenuate.

Subtraction method
Now we have the fitting goals in Equation 14. For the time being, I drop the two regularization
terms in Equations 14 and focus my analysis on the data fitting part. For the noise modeling
operator An , I computed a 2-D PEF directly from the data (which gives a very approximate
coherent noise PEF). The size of this PEF is 25×2. The convolution of the inverse PEF with a
panel filled with white noise is shown in Figure 10. It shows that the PEF predicts both signal
(thin lines) and coherent noise (linear event) that will cause crosstalks with the hyperbolic
Radon operator. This PEF or coherent noise operator is kept constant during the iterations. I
iterated 30 times. Figure 9 displays the model space ms on the left, the modeled noise in the
middle (A−1
n mn ), and the residual on the right. As expected, because the PEF is not a perfect
coherent noise operator, some signal is trapped in the linear event (middle, Figure 9). Figure
5 shows the spectrum of the residual with the “simplest” inversion along with the spectrum of
the residual for the subtraction scheme.
After 100 iterations of the subtraction scheme, we see (Figure 12) that the model space
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does not vary too much, as opposed to the “simplest” approach (Equation 8). This method is
stable with respect to the number of iterations.
Comparison study
Figure 11 compares the convergence of the filtering, subtraction and “simplest” methods.
The subtraction scheme converges significantly better than the two other schemes. Figure
13 displays the three velocity panels corresponding to each approach (30 iterations). The two
proposed methods increase the resolution of the velocity space compared to the “simplest”
scheme. The table below intends to summarize some practical issues for each strategy when
coherent noise is present in the input data:

Methods
Filtering
Subtraction
Simplest

Convergence
Slow
Fast
Slow

PEF
estimation
Easy
Difficult
NA

Regularization
needed ?
Not all the time
Yes
Not all the time

Residual
IID
IID
not IID

Stability
(iterations)
Stable
Stable
Unstable

The “PEF estimation” columns relates to the difficulty of estimating the residual PEF in Equation 10 and the coherent noise PEF in Equation 14.

DISCUSSION
1. In the filtering method, PEFs are recomputed iteratively from the data residual. I think
this solution is the method of choice since the PEF (squared) is the inverse noise covariance matrix C−1
d . For the subtraction method, however, the final result is driven by
the orthogonality between the coherent noise operator and the signal operator (Nemeth,
1996). If the two operators can model similar parts of the data, the separation will not be
efficient. Nemeth proposes introducing some regularization (Equation 14) to mitigate
this difficulty. We could perhaps compute a prior coherent noise model from which we
estimate the PEFs. This approach is related to Spitz’s idea (Spitz, 1999), according to
which a noise model is utilized to estimate the signal PEF. In any case, the strategy of
computing the coherent noise operator (PEF) is of a vital importance for the quality of
noise separation.
2. The PEF estimation is one problem, but choosing the signal operator H is another. As
said before, the two approaches perform noise attenuation (filtering method) or noise
separation (subtraction method) along with a conventional signal processing step (velocity analysis here). The processing step should be chosen in agreement with the expected
signal in the data. Basically, the processing operator H should mitigate the crosstalks
between the signal and the coherent noise. Coherent noise comes in different flavors
and H should reflect this heterogeneity. Harlan (1986) gives some guidelines alternating between migration, Slant-Stack, and offset-local Stack as a function of the coherent
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noise and of the signal. We should keep these guidelines in mind when dealing with
different datasets, different problems.
3. Because the data are not time-stationary, the coherent noise operator should be a function of time and space. This difficulty can be overcome using non-stationary filters.
In particular, estimating space varying filters with coefficients smoothed along a radial direction proved efficient (Crawley, 1999). Nonetheless, Clapp and Brown (2000)
experienced stability problems, making the computing of the inverse PEFs potentially
unsafe.
4. The two proposed methods have the advantage of performing noise attenuation (filtering method) or noise separation (subtraction method) along with a geophysical process
(velocity inversion in this case). The two algorithms can be used at the same time. The
fitting goals become
0 ≈ Ar (Hms + A−1
n mn − d)

(15)

0 ≈ Ams ms
0 ≈ Amn mn .
Ar , Ams , Amn and An are PEFs to be estimated. Note that if (1) Hms = s (the signal), (2) A−1
n mn = n (the coherent noise), (3) Amn = Ar = N (the coherent noise PEF),
(4) Ams ms = Ss (S the signal PEF) and (5) Amn mn = Nn, then Equation 15 is exactly
Abma’s Equation (1995). Equation 15 gives a simple generalization of the methods
proposed above and should be tested.
5. A more general robust inversion scheme can be derived combining the two proposed
methods along with a robust norm. In particular, it would be interesting to use the
hybrid l 2 − l 1 Huber norm more routinely. Thus we would solve the noise problem in
its totality, handling both outliers and coherent noise effects at the same time.
6. The extension to 3-D data should be feasible. A problem arises in the choice of the
operators and in the PEF estimation. For this method to be really efficient in 3-D, more
3-D operators should be used. The PEF’s estimation in 3-D is theoretically a simple
extension of the 1-D case. The shape of the PEF may be more difficult to anticipate,
however. In addition, the irregular geometry, intrinsic to 3-D acquisitions, can make the
estimation of the PEF very difficult.

CONCLUSION
The two methods introduced in this paper have proved efficient. The goal is attained since the
residual has IID components. This property of the residual insures a stable convergence of the
iterative scheme along with the filtering/subtraction of the coherent noise present in the data.
The next “natural step” would be to test these methods first on a complete 2-D line and then
on 3-D data if the 2-D experiment is conclusive enough.
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Figure 2: Filtering method. Input (left) and remodeled data after inversion. The maximum offset is 2.2km. Middle: fitting goal of Equation 8. Right: fitting goal of Equation 10
antoine1-compdatF [ER]
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Figure 3: Filtering method. Residuals r = d̃ − d after inversion. antoine1-compresF [ER]

SEP–105

Coherent noise attenuation

41

Figure 4: Filtering method. Spectrum of the “simplest” inversion residual with (left) and
without PEF (right). antoine1-compsepcresF [ER]

Figure 5: Subtraction method. Spectrum of the “simplest” inversion residual (left) and of the
subtraction scheme residual (right). antoine1-compspecS [ER]
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Figure 6: Filtering method. Velocity domain antoine1-compmodF [ER]
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Figure 7: Filtering method. Convolution of noise with one of the inverse
PEF estimated during the iterations.
The coherent noise appears (dipping
events). antoine1-impulseF [ER]
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Figure 8: Filtering method. Stability of the filtering scheme (the two right panels) as opposed
to the stability of the “simplest” approach (the two left panels) to the number of iterations.
antoine1-compstabmod [ER]
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Figure 9: Subtraction method. Left: Model Space ms . Middle: Modeled noise A−1
n mn .
Some signal is trapped in the coherent noise due to crosstalks between H and the coherent
noise PEF An . Right: Data residual r = d̃ − d. antoine1-compevS [ER]
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Figure 10: Subtraction method.
Convolution of noise with the inverse PEF estimated from the data
and used as the coherent noise
PEF. Notice that both signal (straight
lines) and noise (dipping events)
are predictable, causing crosstalks
with the hyperbolic Radon transform.
antoine1-impulseS [ER]

Figure 11: Convergence of the
two proposed methods along with
the convergence of the “simplest”
scheme. antoine1-compiterS [ER]
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Figure 12: Subtraction method. Stability of the subtraction scheme (the two right panels)
as opposed to the stability of the “simplest” approach (the two left panels) to the number of
iterations. antoine1-compstabmodSub [ER]
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Figure 13: Comparison study. The two proposed schemes give a better velocity panel than
the “simplest” inversion. antoine1-compmod [ER]
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Two strategies for sparse data interpolation
Morgan Brown1

ABSTRACT
I introduce two strategies to overcome the slow convergence of least squares sparse
data interpolation: 1) a 2-D multiscale Laplacian regularization operator, and 2) an explicit quadtree-style upsampling scheme which produces a good initial guess for iterative
schemes. The multiscale regularization produces an order-of-magnitude speedup in the
interpolation of a sparsely sampled topographical map. The quadtree method produces an
initial guess which leads to similar speedups for iterative methods.

INTRODUCTION
Iterative methods of sparse data interpolation are prone to slow convergence because the small
eigenvalues of most regularization operators correspond to slowly-varying trends in the unknown model. Any approach to improve convergence of iterative techniques must improve
the condition number of the normal equations. SEP researchers have used recursive filter
preconditioning (Fomel et al., 1997) to overcome this problem.
I introduce two strategies to overcome the slow convergence of these interpolation problems. Firstly, I implement a composite regularization operator which applies a 2-D Laplacian
at different spatial scales. Use of the multiscale operator to regularize the least squares interpolation of a sparsely sampled topographical map produces an order-of-magnitude speedup in
convergence, compared to the case of regularizing with the single-scale 2-D Laplacian. Secondly, I implement a quadtree-style scheme to explicitly interpolate sparsely sampled data.
The quadtree method is fast, and as shown on the topographical intepolation example, produces reasonable results itself, and may also be used as an initial guess for inversion schemes.

BACKGROUND
Many types of geophysical data consist of measurements of a given quantity, collected at
arbitrary locations near the earth’s surface. The problem is to infer the value of this quantity
at all locations in the study area - in other words, to estimate the earth model of the quantity
that gave rise to the collected data. These ideas are embodied in the following simple linear
1 email:

morgan@sep.stanford.edu
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relationship
Bm = d.

(1)

d and m are the measured data and estimated model, respectively, while B is a linear operator
that carries out the “experiment” by sampling the model at the measurement locations and
mapping these values to the data vector. However, the reverse – an estimate of the model,
given the data – is usually more useful. In this case, B must be “inverted” in some sense:
m̂ = B† d.

(2)

The simplest choice is B† = BT , but any choice so that the model honors the known data
has a measure of validity. B† may also be cast as a least squares inverse. Depending on the
acquisition geometry of the experiment, the least squares problem may be underdetermined,
overdetermined, or more commonly, both (Menke, 1989). For purely overdetermined problems, the least squares inverse is B† = (BT B)−1 BT , but if some model points are undetermined,
BT B is singular.
Regularization
One method of solving so-called “mixed-determined” problems is to force the problem to be
purely overdetermined by applying regularization, in which case Equation (1) becomes


 
B
d
m=
.
(3)
A
0
A is the regularization operator; usually convolution with a compact differential filter.  is a
scaling factor. The least squares inverse is then
B† = (BT B +  2 AT A)−1 BT .

(4)

The regularization term,  2 AT A, is nonsingular with positive eigenvalues, so it stabilizes singularities in BT B, but it is poorly-conditioned for many common choices of A, i.e., Laplacian
or gradient. The smallest eigenvalues of  2 AT A correspond to smooth (low-frequency) model
components, so iterative methods of solving equation (4), including the conjugate-direction
method used in this paper, require many iterations to obtain smooth estimates of the model
(Shewchuk, 1994).
Preconditioning
We can precondition equation (3) by making a simple change of variables:
m = Sx.

(5)

Analogous to equation (4), we can write the least squares inverse for the preconditioned model
x:
B† = (ST BT BS +  2 ST AT AS)−1 BT .

(6)

SEP–105

Sparse data interpolation

51

If S is the left inverse of A (SA = I), then equation (6) reduces to the classic damped least
squares problem (Menke, 1989):
B† = (ST BT BS +  2 I)−1 BT .

(7)

If A is a differential operator, S is then a smoothing operator, and it follows that the smallest
eigenvalues of ST BT BS correspond to the complex (high frequency) model components. In
contrast to equation (4), smooth, useful models will appear in early iterations of the preconditioned problem of equation (7), although absolute rate of convergence to the same final result
should not change.
Spectral factorization (Sava et al., 1998) and the Helix transform (Claerbout, 1998) permit
multidimensional, recursive, approximate inverse filtering, so it is indeed possible to compute
S ≈ A−1 for many choices of A. One downside of recursive filter preconditioning is that the
operator is difficult to parallelize. For large problems, the cost of a single least squares iteration
may be considerable, so the parallelization issue should be kept in mind.

Multiscale regularization
Another approach to combat the slow convergence of least squares sparse data interpolation
is to design a regularization operator that works at multiple scales simultaneously. Starting
with equation (3), we replace the regularization operator, A, with a composite regularization
operator (for the two-scale case):


A
(8)
ADk
Dk , mnemonic for downsampling, is a normalized binning operator which subsamples a vector
of size n to a vector of size n/k, implicitly smoothing it in the process. Replacing A in equation
(3) with this new regularization operator gives


 
B
d
 1 A  m =  0  .
(9)
2 ADk
0
1 and 2 are scaling factors. In the fashion of equation (4), we can write the least squares
inverse corresponding to the system of equation (9):
B† = (BT B + 12 AT A + 22 DkT AT ADk )−1 BT

(10)

Applying the downsampling operator Dk to the model vector attenuates high-frequency components while boosting low-frequency components, thus we infer that the eigenvalue spectrum
of AT A + DkT AT ADk is better balanced than that of AT A alone, which speeds convergence to
a smooth model.
Claerbout (1999) presents a very similar multiscale methodology with one important difference: the filters, not the data, are upscaled from one scale to the next. Crawley (2000)

52

Brown

SEP–105

applies this methodology to interpolating seismic data with nonstationary prediction error filters (PEF). The PEF is more readily upscaled, since it is normally conceptualized as a dip
annhilator, and it annhilates the same dips at all scales. Unfortunately, other filters, like the
Laplacian finite difference filter used in this paper, do not have the self-similarity property of
the PEF, so explicitly expanding the filter is a dangerous proposition.

Quadtree Pyramid Interpolation
The quadtree decomposition is an adaptive sampling scheme which seeks to divide a digital
image into regions of nearly homogeneous pixel value. Intuitively, the block size is smallest
where the image changes most rapidly, and largest where the pixel values are constant over
large areas.
A similar intuition applies to the interpolation of sparse data. Given point data collected on
the Earth’s surface, equation (1) relates how the data is placed into the discrete computational
grid. If data is collected at perfectly regular intervals on the Earth’s surface, it is possible to
choose a bin size such that one and only one measurement falls in each bin. On the other hand,
if the data sampling is irregular, two problems may arise: 1) more than one datum may fall
into a given bin, and the values averaged, implying information loss, and 2) no data may fall
into a given bin, leaving a “hole” in the model.
Applied to interpolation, the quadtree methodology seeks to adaptively sample the model
such that 1) where data are closely spaced, the bin size is small, to minimize averaging of adjacent data and 2) where data are sparsely distributed, the bin size is large, to avoid introducing
holes in the model.
First assume that there exists a regular bin size such that binning the data produces a model
with no holes. From here, we regard “bin size” as equivalent to “scale” - where scale goes from
coarsest (largest bins) to finest (smallest bins). Also assume that at each scale, the bins which
contain one or more data values are known.
• mi - Model at scale i; i = 0 is coarsest scale, i = n is finest scale.
• Bi - Bin data onto grid of scale i; i = 0 is coarsest scale, i = n is finest scale.
• Ki - Known data mask at scale i – 1 for bins which contain data, 0 otherwise; i = 0 is
coarsest scale, i = n is finest scale.
• Ui - Upsampling operator. Upsample from scale i − 1 to scale i. i = 0 is coarsest
scale, i = n is finest scale. Adjoint to the downsampling operator in the multiscale
regularization discussion. For instance, if the downsampling operator sums four input
bin locations into an output location and averages, the upsampling operator takes the
averaged value and places it back into the four bins.
• d - data.
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The algorithm proceeds as follows.
1. Compute m0 = B0T d.
2. Loop over scale: i = 1 → n.
3.

Upsample miu = Ui mi−1 .

4.

Compute mib = BiT d.

5.

Where Ki = 1, mi = mib . Otherwise, mi = miu .

6. End Loop.
This approach is quite similar to the Multigrid-style method employed by Crawley (1995),
but there is no inversion involved – my method is totally explicit. Interestingly, Luettgen et
al. (1994) show that for the underdetermined optical flow determination problem of image
processing, use of an explicit quadtree scheme gives results identical by some measures to the
result obtained by solving a regularized inverse problem.

RESULTS
In this paper, I use a particularly simple example dataset - a 10-meter-resolution digital elevation map (DEM) of the area surrounding Fallen Leaf Lake, obtained freely from USGS2 . This
map, along with some relevant landforms, is shown in Figure 1. To simulate an experiment,
I sampled the map randomly at 2250 points: 1000 points in the northern region, 1000 in the
southern region, and only 250 in the central region. The model grid is 256x256 points, giving
a 40-meter output resolution. Figure 2 shows the experiment’s fold, which varies from 0 to 3.
Figures 3 through 8 show the results of applying various estimation schemes to fill the
holes in the acquisition. Starting from upper-left and moving clockwise, each of the four
figures shows a) the “answer,” i.e., the 1024x1024 topographical surface, subsampled by a
factor of four, b) the estimated model, c) The error in the estimate clipped to a common value
and overlain by the the 2250 known data locations, and d) a crossplot of the estimated model
and answer at 4000 randomly chosen spatial locations.
Figure 3 shows 100 iterations with Laplacian regularization. Obviously, convergence has
not been achieved. Figure 4 shows 1000 iterations with Laplacian regularization. The crossplot is very tight, making this result tough to beat. Figure 5 shows 100 iterations of Laplacian
regularization with preconditioning. This result is disappointing: Convergence to this result
occured in only 10-20 iterations, but the result itself is not desirable. Although not the subject
of this paper, the “ice-cream-cone” nature of this result is alarming and merits further investigation. Figure 6 shows 100 iterations of multiscale Laplacian regularization. This result is
quite similar to the 1000 iterations Lapacian result, but the crossplot is not as tight. Also, we
2 http://edcwww.cr.usgs.gov/doc/edchome/ndcdb/ndcdb.html
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Figure 1: Left: Digital elevation map of the vicinity around Fallen Leaf Lake, California.
Resolution is 10 meters. Windowed down from an original size of roughly 1400x1200 points
to 1024x1024 points. Right: North-south derivative applied to topography to highlight landforms. morgan1-topo2 [ER]

SEP–105

Sparse data interpolation

55

Figure 2: Experimental fold. 2250 random samples on the 1024x1024 map are the “data”.
Model grid is 256x256. morgan1-topo2-fold [ER]
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expect this result to be a bit smoother than the pure Laplacian, but it is difficult to see if it
is. Figure 7 shows the explicit Quadtree Pyramid interpolation. The quadtree structure of the
result is quite apparent. Although the interpolated map is not smooth spatially, the general
structure of the topography are reproduced quite convincingly. Figure 8 shows 100 iterations
of Laplacian regularization, with the explicit Quadtree Pyramid interpolation (Figure 7) used
as a starting guess. This result is quite similar to the 1000 iterations Laplacian result; also the
100 iterations with the multiscale Laplacian.
As the “answer” is known in this problem, we can quantitatively check the accuracy of an
estimated model. The statistics below speak for themselves. Taking the standard deviation of
the error to be a measure of goodness, we can rank the results from best to worst:
1. Laplacian regularization, 1000 iterations.
2. Multiscale Laplacian regularization, 100 iterations.
3. Laplacian regularization, 100 iterations, quadtree pyramid interpolation used as starting
guess.
4. Quadtree pyramid direct interpolation.
5. Preconditioned Laplacian regularization, 100 iterations.
6. Laplacian regularization, 100 iterations.
Laplacian regularization, 100 iterations
| Min. Val. | Max. Val. | Mean Val. | Median
| Std. Dev. |
------------------------------------------------------------------------------True values:
-42.10075
253.25171
33.82695
12.50521
48.19902
Estimated values:
0.00000
246.00000
44.96923
18.00000
54.02688
Errors:
-70.55768
235.33752
11.14226
0.87845
29.06191
Absolute errors:
0.00000
235.33752
12.89230
2.21318
28.32898
Relative errors:
0.00000 1206.58191
3.02346
0.06742
33.63662

Laplacian regularization, 1000 iterations
| Min. Val. | Max. Val. | Mean Val. | Median
| Std. Dev. |
------------------------------------------------------------------------------True values:
3.19786
232.39223
45.01379
20.00496
53.70287
Estimated values:
0.00000
246.00000
44.96923
18.00000
54.02688
Errors:
-68.31208
76.44979
-0.04465
-0.00007
5.77580
Absolute errors:
0.00000
76.44979
2.51392
0.80804
5.20023
Relative errors:
0.00000
1.00000
0.06820
0.02891
0.10538

Preconditioned Laplacian regularization, 100 iterations
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Figure 3: Simple Laplacian regularization, 100 iterations. Clockwise from upperleft: True model; Estimated model; Error; Crossplot of true versus estimated model.
morgan1-topodata2-lap100-show [ER]

58

Brown

SEP–105

Figure 4: Laplacian regularization, 1000 iterations.
Clockwise from upper-left:
True model; Estimated model; Error; Crossplot of true versus estimated model.
morgan1-topodata2-lap1000-show [ER]
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Figure 5: Preconditioned Laplacian regularization, 100 iterations. Clockwise from upperleft: True model; Estimated model; Error; Crossplot of true versus estimated model.
morgan1-topodata2-prec100-show [ER]
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Figure 6: Multiscale Laplacian regularization, 100 iterations. Clockwise from upperleft: True model; Estimated model; Error; Crossplot of true versus estimated model.
morgan1-topodata2-ms100-show [ER]
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Figure 7:
Quadtree pyramid interpolation result.
Clockwise from upper-left:
True model; Estimated model; Error; Crossplot of true versus estimated model.
morgan1-topodata2-pyramid-show [ER]
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Figure 8: Laplacian regularization, 100 iterations.
Clockwise from upper-left:
True model; Estimated model; Error; Crossplot of true versus estimated model.
morgan1-topodata2-pyrlap100-show [ER]
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| Min. Val. | Max. Val. | Mean Val. | Median
| Std. Dev. |
------------------------------------------------------------------------------True values:
2.55815
220.00000
38.08480
18.64038
45.06718
Estimated values:
0.00000
246.00000
44.96923
18.00000
54.02688
Errors:
-61.61859
174.82333
6.88441
0.54753
19.72276
Absolute errors:
0.00000
174.82333
8.05753
1.45995
19.27327
Relative errors:
0.00000
43.94756
0.26195
0.07687
1.28934

Multiscale Laplacian regularization, 100 iterations
| Min. Val. | Max. Val. | Mean Val. | Median
| Std. Dev. |
------------------------------------------------------------------------------True values:
-1.53884
229.31610
44.82654
20.00943
53.62170
Estimated values:
0.00000
246.00000
44.96923
18.00000
54.02688
Errors:
-62.51950
107.75475
0.14272
-0.00067
8.23634
Absolute errors:
0.00000
107.75475
3.38367
1.06108
7.51047
Relative errors:
0.00000
7.89127
0.09558
0.03850
0.23027

Quadtree pyramid interpolation
| Min. Val. | Max. Val. | Mean Val. | Median
| Std. Dev. |
------------------------------------------------------------------------------True values:
0.00000
235.00000
42.54507
18.00000
52.90804
Estimated values:
0.00000
246.00000
44.96923
18.00000
54.02688
Errors:
-77.00000
102.00000
2.42414
0.00000
12.79912
Absolute errors:
0.00000
102.00000
6.17795
1.00000
11.46838
Relative errors:
0.00000
5.82759
0.18037
0.04881
0.40353

Laplacian regularization, 100 iterations, Quadtree pyramid starting guess
| Min. Val. | Max. Val. | Mean Val. | Median
| Std. Dev. |
------------------------------------------------------------------------------True values:
-3.58206
237.56772
43.53872
18.33733
53.00369
Estimated values:
0.00000
246.00000
44.96923
18.00000
54.02688
Errors:
-68.67423
71.94943
1.43058
0.00038
8.61643
Absolute errors:
0.00000
71.94943
3.64835
0.85361
7.93589
Relative errors:
0.00000
9.47873
0.10503
0.03159
0.31080

DISCUSSION
The example presented in this paper does not exemplify the interesting subject of scaledependant phenomena; seismic wave propogation being one of them. In this case, the scaling
is generally in terms of temporal frequency. Specifically, estimates of an earth property obtained by inversion of seismic data collected at different scales will generally be different
(Mavko et al., 1998). Small-scale measurements (with limited spatial coverage) of various
earth properties are obtainable from well logs, while larger-scale measurements with good
spatial coverage are provided by surface seismic data. In theory, the physics governing the
scale dependance of the problem is known; I believe that a stronger form of multiscale regularization can effectively constrain a joint inversion of surface seismic and well log data.
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The quadtree pyramid interpolation method I presented is common sensical, but has some
strong theoretical justifications as well. The operator B of equation 1 which conducts the
experiment has a very simple form, and a similarly simple nullspace. The nullspace is simply
all linear combinations of the unknown model points. Least squares regularization constrains
the nullspace with a priori assumptions. The quadtree pyramid is slightly different. Recall that
there always exists a bin size such that B of equation 1 is invertible; the model at this scale is
unique. Going to the next finest scale, we can simply fill the holes with the model estimate at
the coarsest scale. In this sense, we fill the nullspace optimally in the sense that the filling is
done with “known” data. Analogously, in spline theory, it can be shown (Ahlberg et al., 1967)
that the best estimator of the spline coefficients on a fine mesh are the coefficients on a coarser
mesh.

CONCLUSIONS
I presented two multiscale methods for sparse data interpolation problems: multiscale regularization and the quadtree pyramid. Multiscale regularization produced an order-of-magnitude
speedup (100 iterations versus 1000) in convergence for least squares interpolation of sparsely
sampled topographical data, compared to regularization with a simple Laplacian. The quadtree
pyramid produces a result which is of decent quality, with essentially no cost – roughly one iteration. When used as a starting guess for iterative solutions (simple Laplacian regularization),
the quadtree pyramid result leads to a good result for ten times fewer iterations.
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Short Note
Multiple realizations using standard inversion techniques
Robert G. Clapp1

INTRODUCTION

When solving a missing data problem, geophysicists and geostatisticians have very similar
strategies. Each use the known data to characterize the model’s covariance. At SEP we often
characterize the covariance through Prediction Error Filters (PEFs) (Claerbout, 1999). Geostatisticians build variograms from the known data to represent the model’s covariance (Isaaks
and Srivastava, 1989). Once each has some measure of the model covariance they attempt to
fill in the missing data. Here their goals slightly diverge. The geophysicist solves a global
estimation problem and attempts to create a model whose covariance is equivalent to the covariance of the known data. The geostatistician performs kriging, solving a series of local
estimation problem. Each model estimate is the linear combination of nearby data points that
best fits their predetermined covariance estimate. Both of these approaches are in some ways
exactly what we want: given a problem give me ‘the answer’.
The single solution approach however has a couple significant drawbacks. First, the solution tends to have low spatial frequency. Second, it does not provide information on model
variability or provide error bars on our model estimate. Geostatisticians have these abilities
in their repertoire through what they refer to as ‘multiple realizations’ or ‘stochastic simulations’. They introduce a random component, based on properties (such as variance) of the
data, to their estimation procedure. Each realization’s frequency content is more accurate and
by comparing and contrasting the equiprobable realizations, model variability can be assessed.
In this paper I present a method to achieve the same goal using a formulation that better
fits into geophysical techniques. I modify the model styling goal, replacing the zero vector
with a random vector. I show how the resulting models have a more pleasing texture and can
provide information on variability.
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MOTIVATION
Regularized linear least squares estimation problems can be written as minimizing the quadratic
function
Q(m) = kd − Lmk2 +  2 kAmk2

(1)

where d is our data, L is our modeling operator, A is our regularization operator and we are
inverting for a model m. Alternately, we can write them in terms of fitting goals,
d ≈ Lm

(2)

0 ≈ Am,
For the purpose of this paper I will refer to the first goal as the data fitting goal and the
second as the model styling goal. Normally we think of data fitting goal as describing the
physics of the problem. The model styling goal is suppose to provide information about the
model character. Ideally A should be the inverse model covariance. In practice we don’t have
the model covariance so we attempt to approximate it through another operator. At SEP the
regularization operator is typically one of the following:
Laplacian or gradient a simple operator that assumes nothing about the model
Prediction Error Filter (PEF) a stationary operator estimated from known portions of the
model or some field with the same properties as the model (Claerbout, 1999)
steering filter a non-stationary operator built from minimal information about the model
(Clapp et al., 1997)
non-stationary PEF a non-stationary operator built from a field with the same properties as
the model (Crawley, 2000).
A problem with the first three operators is that while they approximate the model covariance,
they have little concept of model variance. As a result our model estimates tend to have the
wrong statistical properties.

MISSING DATA
The missing data problem is probably the simplest to understand and interpret results. We
begin by binning our data onto a regular mesh. For L in fitting goals (2) we will use a selector
matrix J, which is ‘1’ at locations where we have data and ‘0’ at unknown locations. As an
example, let’s try to interpolate a day’s worth of data collected by SeaBeam (Figure 1), which
measures water depth under and to the side of a ship (Claerbout, 1999). Figure 2 shows the
result of estimating a PEF from the known data locations and then using it to interpolate the
entire mesh. Note how the solution has a lower spatial frequency as we move away from the
recorded data. In addition, the original tracks of the ship are still clearly visible.

SEP–105

Figure 1: Depth of the ocean under
ship tracks. bob3-sea.init [ER]

Figure 2: Result of using a PEF to interpolate Figure 1, taken from GEE
(Claerbout, 1999).
bob3-sea.pef
[ER,M]

Multiple realizations

69

70

Clapp

SEP–105

If we look at a histograms of the known data and our estimated data we can see the effect
of the PEF. The histogram of the known data has a nice Gaussian shape. The predicted data
is much less Gaussian with a much lower variance. We want estimated data to have the same
statistical properties as the known data (for a Gaussian distribution this means matching the
mean and variance).

Figure 3: Histogram for the known
data (solid lines) and the estimated
data (‘*’). Note the dissimilar shapes.
bob3-pef.histo [ER,M]

Geostatisticians are confronted with the same problem. They can produce smooth, low
frequency models through kriging, but must add a little twist to get model with the statistical
properties as the data. To understand how, a brief review of kriging is necessary. Kriging
estimates each model point by a linear combination of nearby data points. For simplicity lets
assume that the data has a standard normal distribution. The geostatistician find all of the
points m 1 ....m n around the point they are trying to estimate m 0 . The vector distance between
all data points dij and each data point and the estimation point di0 are then computed. Using
the predefined covariance function estimate C, a covariance value is then extracted between
all known point pairs Ci j and between known points and estimation point Ci0 at the given
distances dij and di0 (Figure 4). They compute the weights (w1 ...wn ) by solving the set of
equations implied by


 

C11 ... C1n 1
w1
C10
 . ... .

 

. 

 .   . 
 . ... .

 

. 

 .  =  . .
(3)
 . ... .




.  .   . 


 Cn1 ... Cnn 1   wn   Cn0 
1

...

1

µ

0

1

Estimating m 0 is then simply,
m0 =

n
X
i=1

wi m i .

(4)
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To guarantee that the matrix in equation (3) is invertible geostatisticians approximate the covariance function through a linear combination of a limited set of functions that guarantee that
the matrix in equation (3) is positive-definite and therefore invertible. The smooth models

Covariance

1,3
0,2

1

0,1
2,2

2

1,2

0

2,3
0,3
3

Figure 4: Definition of the terms in equation (3). A vector is drawn between two points. The
covariance at the angle and distance describing the vector is then selected. bob3-covar-def
[NR]
provided by kriging often prove to be poor representations of earth properties. A classic example is fluid flow where kriged models tend to give inaccurate predictions. The geostatistical
solution is to perform Gaussian stochastic simulation, rather than kriging, to estimate the field
(Deutsch and Journel, 1992). There are two major differences between kriging and simulation.
The primary difference is that a random component is introduced into the estimation process.
Stochastic simulation, or sequential Gaussian simulation, begins with a random point being
selected in the model space. They then perform kriging, obtaining a kriged value m 0 and a
kriging variance σk . Instead of using m 0 for the model value we select a random number β
from a normal distribution. We use as our model point estimate m i ,
m i = m 0 + σk β.

(5)

We then select a new point in the model space and repeat the procedure. To preserve spatial
variability, a second change is made: all the previously estimated points are treated as ‘data’
when estimating new points guaranteeing that the model matches the covariance estimate.
By selecting different random numbers (and/or visiting model points in a different order) we
will get a different, equiprobable model estimate. The advantage of the models estimated
through simulation is that they have not only the covariance of they data, but also the variance.
As a result the models estimated by simulation give more realistic fluid flow measurements
compared to a kriged model. In addition, by trying different realizations fluid flow variability
can be assessed.
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The difference between kriging and simulation has a corollary in our least squares estimation problem. To see how let’s write our fitting goals in a slightly different format,
rd ≈ d − Jm
rm ≈ Am,

(6)

where rd is our data residual and rm is our model residual. The model residual is the result of
applying our covariance estimate A to our model estimate. The larger the value of a given rm ,
the less that model point makes sense with its surrounding points, given our idea of covariance.
This is similar to kriging variance. It follows that we might be able to obtain something similar
to the geostatistician’s simulations by rewriting our fitting goals as
d ≈ Jm
σ v ≈ Am,

(7)

where v is a vector of random normal numbers and σ is a measure of our estimation uncertainty2 . By adjusting σ we can change the distribution of m. For example, let’s return
to the SeaBeam example. Figure 5 shows four different model estimations using a normal
distribution and various values for the variance. Note how the texture of the model changes
significantly. If we look at a histogram of the various realizations (Figure 6), we see that the
correct distribution is somewhere between our second and third realization.
We can get an estimate of σ , or in the case of the missing data problem σ , by applying
fitting goals (6). If we look at the variance of the model residual σ (mr ) and σ (d) we can get a
good estimate of σ ,
σ=

σ (rm )
.
σ (d)

(8)

Figure 7 shows eight different realizations with a random noise level calculated through
equation (8). Note how we have done a good job emulating the distribution of the known
data. Each image shows some similar features but also significant differences (especially note
within the ‘V’ portion of the known data).
A potentially attractive feature of setting up the problem in this manner is that it easy to
have both a space-varying covariance function (a steering filter or non-stationary PEF) along
with a non-stationary variance. Figure 8 shows the SeaBeam example again with the variance
increasing from left to right.

SUPER DIX
In general the operator L in fitting goals (7) is much more complex than the simple masking
operator used in the missing data problem. One of the most attractive potential uses for a
2 For the missing data problem  could be used exclusively. As our data fitting goal becomes more complex, having a separate σ and  becomes useful.
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Figure 5: Four different realizations with increasing σ in fitting goals (7).
[ER,M]

Figure 6: Histogram of the known
data (solid line) and the four different realizations of Figure 5.
bob3-movie.distir [ER,M]
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Figure 7: Eight different realizations of the SeaBeam interpolation problem and their histograms. Note how the realizations vary away from the known data points. bob3-sea.movie
[ER,M]
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Figure 8: Realization where the variance added to the image increases
from left to right. bob3-non-stat
[ER,M]

range of equiprobable models is in velocity estimation. As a result I decided to next test
the methodology on one of the simplest velocity estimation operators, the Dix equation (Dix,
1955).
Following the methodology of Clapp et al. (1998), I start from a CMP gather q(t, i) moveout corrected with velocity v. A good starting guess for our RMS velocity function is the
maximum “instantaneous stack energy”,
stack(t, v) =

n
X

NMOv (q(t, i)).

(9)

i=0

Not all times have reflections so we don’t weight each vrms (t) equivalently. Instead we introduce a diagonal weighting matrix, W, found from stack energy at each selected vrms (t). Our
data fitting goal becomes
0

≈

W [Cu − d] .

(10)

We are multiplying our RMS function by our time τ so must make a slight change in our
weighting function. To give early times approximately the same priority as later times, we
need to multiply our weighting function by the inverse,
W0 =

W
.
τ

(11)

Next we need to add in regularization. I define a steering filter operator A that influences the
model to introduce velocity changes that follow structural dip. I replace the zero vector with a
random vector and precondition the problem (Fomel et al., 1997) to get
0 ≈ W0 (CA−1 p − d)
σ v ≈ p.

(12)

To test the methodology I took a 2-D line from a 3-D North Sea dataset provided by
Unocal. Figure 9 shows four different realizations with varying levels of σ . I then chose
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Figure 9: Four different realization of fitting goals (12) with increasing levels of Gaussian
noise in v. bob3-scale.10.x2 [ER,M]
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what I considered a reasonable variability level, and constructed ten equiprobable models
(Figure 10). Note that the general shapes of the models are very similar. What we see are
smaller structural changes. For example, look at the range between .7s and 1.1s. Generally
each realization tries to put a high velocity layer in this region, but thickness and magnitude
varies in the different realizations.

Figure 10: Four of the ten different realization of fitting goals (12) with constant Gaussian
noise in v. bob3-dix-real [ER,M]

FUTURE WORK
In this paper I glossed over several problems. First, σ should be a space-varying function
rather than the constant I proposed. A bootstrap approach (using the model residual at one
non-linear iteration as our guess at a space-varying σ ) might prove effective but hasn’t been
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tested. How to calculate σ for the non-missing data problem is an open question. In the
generic geophysical operator L, we often don’t know which model components are estimated
through the data fitting goal and which are estimated by the model styling goal. Finally, I made
the assumption that I was dealing with models with a normal distribution. Whether replacing
v with another distribution or using something similar to the geostatistician’s normal-score
transform would be effective in correctly modeling these distributions is unknown.

CONCLUSIONS
I have demonstrated a new method for creating equiprobable realizations using standard geophysical inversion techniques. The character of resulting models is much more consistent than
models derived by standard techniques.
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Inverse B-spline interpolation
Sergey Fomel1

ABSTRACT
B-splines provide an accurate and efficient method for interpolating regularly spaced data.
In this paper, I study the applicability of B-spline interpolation in the context of the inverse
interpolation method for regularizing irregular data. Numerical tests show that, in comparison with lower-order linear interpolation, B-splines lead to a faster iterative conversion in
under-determined problems and a more accurate result in over-determined problems. In
addition, they provide a constructive method for creating discrete regularization operators
from continuous differential equations.

INTRODUCTION
The problem of interpolating irregularly sampled data to regular grid (data regularization) can
be recast as the inverse process with respect to interpolating regularly sampled data to irregular
locations. Claerbout (1999) describes an iterative least-squares optimization approach to data
regularization. The optimization is centered around two goals. The first goal is to minimize
the power of the residual difference between the observed and predicted data. The second goal
is to style the solution according to some predefined regularization criterion.
The ability of inverse interpolation to reach the data fitting goal depends on the accuracy
of the forward interpolation operator. Forward interpolation is one of the classic problems
in numerical analysis and has been studied extensively by generations of theoreticians and
practitioners (Fomel, 1997b). The two simplest and most widely used methods are the nearest
neighbor interpolation and linear interpolation. There are several approaches for constructing
more accurate (albeit more expensive) linear forward interpolation operators: cubic convolution (Keys, 1981), local Lagrange, tapered sinc (Harlan, 1982), etc. Wolberg (1990) presents
a detailed review of different conventional approaches.
Spline interpolation, based on representing the interpolated function by smooth piece-wise
polynomials, has been in use for a long time (de Boor, 1978), but only recently Unser et al.
(1993a,b) have discovered a way of implementing forward B-spline interpolation with an arbitrary order of accuracy in an efficient signal-processing fashion. The key idea is to implement
the B-spline transform with recursive filtering. First, an efficient recursive filtering transforms
regularly spaced data into spline coefficients, then the spline coefficients are interpolated onto
irregular locations. B-spline interpolants exhibit a superior performance for any given order
1 email:

sergey@sep.stanford.edu
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of accuracy in comparison with other methods of similar efficiency (Thévenaz et al., 2000).
In this paper, I study the applicability of B-spline interpolation in the context of the inverse
interpolation method. In the first section, I review the forward interpolation problem and confirm the observations of Thévenaz et al. (2000) about the superior performance of B-splines.
The second section introduces a constructive method of creating discrete regularization operators from B-splines and helical filtering (Claerbout, 1998). The method performance is
evaluated with a simple numerical test. In conclusion, I summarize the benefits of using Bsplines for data regularization.

FORWARD INTERPOLATION
Forward interpolation plays only a supplementary role in this paper, but it has many applications of its own in the seismic processing practice. It is sufficient to mention such applications
as trace resampling, NMO, Kirchoff and Stolt migrations, log-stretch, radial transform, etc.
Two simple examples appear at the end of this section.
The general form of a linear forward interpolation operator is
X
f (x) =
W (x, n) f (n) ,

(1)

n∈N

where n is a point on a given regular grid N , x is a point in the continuum, f (x) is the
reconstructed continuous function, and W (x, n) is a linear weight. Although in the discussion
that follows, I refer to only the one-dimensional theory, a generalization to many dimensions
is straightforward.

Nearest neighbor and beyond
The two simplest forms of the forward interpolation operators are the 1-point nearest neighbor
interpolation with the weight

1,
for
n − 1/2 ≤ x < n + 1/2
W (x, n) =
(2)
0, otherwise
and the 2-point linear interpolation with the weight

1 − |x − n|,
for
n −1 ≤ x < n +1
W (x, n) =
0,
otherwise

(3)

Because of their simplicity, the nearest neighbor and linear interpolation methods are very
practical and easy to apply. Their accuracy is, however, limited and may be inadequate for
interpolating high-frequency signals. The shapes of interpolants (2) and (3) and their spectra
are plotted in Figures 1 and 2. The spectra plots show that both interpolants act as low-pass
filters, preventing the high-frequency energy from being correctly interpolated.
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Nearest Neighbor Interpolation: B-0
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Figure 1: Nearest neighbor interpolant (left) and its spectrum (right). sergey2-nnint [CR]

Linear Interpolation: B-1
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Figure 2: Linear interpolant (left) and its spectrum (right). sergey2-linint [CR]
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On the other side of the accuracy scale, there is the infinitely long sinc interpolant:
W (x, n) =

sin [π (x − n)]
.
π (x − n)

(4)

According to the sampling theorem (Kotel’nikov, 1933; Shannon, 1949), equation (4) provides
an optimal interpolation for any band-limited signal. In practice, it is not directly applicable
because of a prohibitively expensive computation. The shape of the sinc function and its
spectrum are shown in Figure 3. The spectrum is identically equal to one in the Nyquist
frequency band.
Sinc Interpolation
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Figure 3: Sinc interpolant (left) and its spectrum (right). sergey2-sincint [CR]

Several approaches exist for extending the nearest neighbor and linear interpolation to
more accurate (albeit more expensive) methods. One example is the 4-point cubic convolution
suggested by Keys (1981). The cubic convolution interpolant is a local piece-wise cubic function, which approximates the ideal sinc equation (4). Another popular approach is to taper the
ideal sinc function in a local window. For example, one can use the Kaiser window (Kaiser
and Shafer, 1980)

 q

2

x−n

I0 α 1 − N

sin [π(x − n)]
(5)
W (x, n) =
for
n−N < x <n+N

I
(α)
π(x
−
n)
0


0,
otherwise
where I0 is the zero-order modified Bessel function of the first kind. The Kaiser-windowed
sinc interpolant (5) has the adjustable parameter α, which controls the behavior of its spectrum.
I have found empirically the value of α = 4 to provide a spectrum that deviates from 1 by no
more than 1% in a relatively wide band.
I compare the accuracy of different forward interpolation methods on a one-dimensional
signal shown in Figure 4. The ideal signal has an exponential amplitude decay and a quadratic
frequency increase from the center towards the edges. It is sampled at a regular 50-point
grid and interpolated to 500 regularly sampled locations. The interpolation result is compared
with the ideal one. Observing Figures 5, 6, and 7, we can see the interpolation error steadily
decreasing as we go subsequently from 1-point nearest neighbor to 2-point linear, 4-point

SEP–105

Figure 4: One-dimensional test signal. Top: ideal. Bottom: sampled at
50 regularly spaced points. The bottom plot is the input in a forward interpolation test. sergey2-chirp [ER]

Figure 5: Interpolation error of the
nearest neighbor interpolant (dashed
line) compared to that of the linear interpolant (solid line). sergey2-binlin
[ER]

Figure 6: Interpolation error of
the linear interpolant (dashed line)
compared to that of the cubic convolution interpolant (solid line).
sergey2-lincub [ER]
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Figure 7: Interpolation error of the
cubic convolution interpolant (dashed
line) compared to that of the 8-point
windowed sinc interpolant (solid
line). sergey2-cubkai [ER]

cubic convolution, and 8-point windowed sinc interpolation. At the same time, the cost of
interpolation grows proportionally to the interpolant length.
The differences among different methods are also clearly visible from the discrete spectra
of the corresponding interpolants. The left plots in figures 8 and 9 show discrete interpolation
responses: the function W (x, n) for a fixed value of x = 0.7. The right plots compare the
corresponding discrete spectra. We can see that the spectrum gets flatter and wider as the
accuracy of the method increases.

Figure 8: Discrete interpolation responses of linear and cubic convolution interpolants (left) and their
discrete spectra (right) for x = 0.7.
sergey2-speclincub [ER]

Interpolation and convolution
As I discussed in an earlier paper (Fomel, 1997b), a general approach for constructing the
interpolant function W (x, n) in equation (1) is to select an appropriate function basis for rep-
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Figure 9: Discrete interpolation responses of cubic convolution and
8-point windowed sinc interpolants
(left) and their discrete spectra (right)
for x = 0.7. sergey2-speccubkai
[ER]

resenting the function f (x). The functional basis representation has the general form
X
f (x) =
ck ψk (x) ,

(6)

k∈K

where ψk (x) are basis function, and ck are the corresponding coefficients. Once an appropriate
basis is selected, one can define the W (x, n) function by means of the least squares method.
Unser et al. (1993a) noticed that the function basis idea has an especially simple implementation if the basis is convolutional and satisfies the equation
ψk (x) = β(x − k) .

(7)

In other words, the basis is constructed by integer shifts of a single function β(x). Substituting
formula (7) into equation (6) yields
X
ck β(x − k) .
(8)
f (x) =
k∈K

Evaluating the function f (x) in equation (8) at an integer value n, we obtain the equation
X
f (n) =
ck β(n − k) ,
(9)
k∈K

which has the exact form of a discrete convolution. The basis function β(x), evaluated at integer values, is digitally convolved with the vector of basis coefficients to produce the sampled
values of the function f (x). We can invert equation (9) to obtain the coefficients ck from
f (n) by inverse recursive filtering (deconvolution). In the case of a non-causal filter β(n), an
appropriate spectral factorization will be needed prior to applying the recursive filtering.
According to the convolutional basis idea, forward interpolation becomes a two-step procedure. The first step is the direct inversion of equation (9): the basis coefficients ck are found
by deconvolving the sampled function f (n) with the factorized filter β(n). The second step
reconstructs the continuous (or arbitrarily sampled) function f (x) according to formula (8).
The two steps could be combined into one, but usually it is more convenient to apply them
separately. I show a schematic relationship among different variables in Figure 10.
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Figure 10: Schematic relationship
among different variables for interpolation with a convolutional basis.
sergey2-scheme [NR]
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B-splines
B-splines represent a particular example of a convolutional basis. Because of their compact
support and other attractive numerical properties, B-splines are a good basis choice for the
forward interpolation problem and related signal processing problems (Unser, 1999).
B-splines of the order 0 and 1 coincide with the nearest neighbor and linear interpolants (2)
and (3) respectively. B-splines β n (x) of a higher order n can be defined by a repetitive convolution of the zeroth-order spline β 0 (x) (the box function) with itself:
β n (x) = β 0 (x) ∗ · · · ∗ β 0 (x) .
|
{z
}
(n+1) times

(10)

There is also the explicit expression
n+1
n +1
1 X n+1
β (x) =
Ck (−1)k (x +
− k)n+ ,
n!
2
n

(11)

k=0

which can be proved by induction. Here Ckn+1 are the binomial coefficients, and the function
x+ is defined as follows:

x+ =

x,
for
x >0
0, otherwise

(12)

As follows from formula (11), the most commonly used cubic B-spline β 3 (x) has the expression


2
3
for
1 > |x| ≥ 0
 4 − 6|x| + 3|x| /6,
β 3 (x) = (2 − |x|)3 /6,
(13)
for
2 > |x| ≥ 1

0,
elsewhere
The corresponding discrete filter β 3 (n) is a centered 3-point filter with coefficients 1/6, 2/3,
and 1/6. According to the traditional method, a deconvolution with this filter is performed
as a tridiagonal matrix inversion (de Boor, 1978). One can accomplish it more efficiently
by spectral factorization and recursive filtering (Unser et al., 1993a). The recursive filtering
approach generalizes straightforwardly to B-splines of higher orders.

SEP–105

Inverse interpolation

87

B-spline Representation: B-3
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Figure 11: Third-order B-spline β 3 (x) (left) and its spectrum (right). sergey2-splint3 [CR]

B-spline Representation: B-7
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Figure 12: Seventh-order B-spline β 7 (x) (left) and its spectrum (right). sergey2-splint7 [CR]
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Both the support length and the smoothness of B-splines increase with the order. In the
limit, B-slines converge to the Gaussian function. Figures 11 and 12 show the third- and
seventh-order splines β 3 (x) and β 7 (x) and their continuous spectra.
It is important to realize the difference between B-splines and the corresponding interpolants W (x, n), which are sometimes called cardinal splines. An explicit computation of the
cardinal splines is impractical, because they have infinitely long support. Typically, they are
constructed implicitly by the two-step interpolation method, outlined in the previous subsection. The cardinal splines of orders 3 and 7 and their spectra are shown in Figures 13 and 14.
As B-splines converge to the Gaussian function, the corresponding interpolants rapidly converge to the sinc function (4). A good convergence is achieved with the help of the infinitely
long support, which results from recursive filtering at the first step of the interpolation procedure.
B-spline interpolator: B-3
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Figure 13: Effective third-order B-spline interpolant (left) and its spectrum (right).
sergey2-crdint3 [CR]

B-spline interpolator: B-7
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Figure 14: Effective seventh-order B-spline interpolant (left) and its spectrum (right).
sergey2-crdint7 [CR]
In practice, the recursive filtering step adds only marginally to the total interpolation cost.
Therefore, an n-th order B-spline interpolation is comparable in cost with any other method
with an (n + 1)-point interpolant. The comparison in accuracy usually turns out in favor of
B-splines. Figures 15 and 16 compare interpolation errors of B-splines and other similar-cost
methods on the example from Figure 4.

SEP–105

Figure 15: Interpolation error of
the cubic convolution interpolant
(dashed line) compared to that of
the third-order B-spline (solid line).
sergey2-cubspl [ER]

Figure 16: Interpolation error of the
8-point windowed sinc interpolant
(dashed line) compared to that of the
seventh-order B-spline (solid line).
sergey2-kaispl [ER]
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Similarly to Figures 8 and 9, we can also compare the discrete responses of B-spline
interpolation with those of other methods. The right plots in Figures 17 and 18 show that the
discrete spectra of the effective B-spline interpolants are genuinely flat at low frequencies and
wider than those of the competitive methods. Although the B-spline responses are infinitely
long because of the recursive filtering step, they exhibit a fast amplitude decay.

Figure 17: Discrete interpolation
responses of cubic convolution and
third-order B-spline interpolants
(left) and their discrete spectra (right)
for x = 0.7.
sergey2-speccubspl
[ER]

Figure 18: Discrete interpolation
responses of 8-point windowed
sinc and seventh-order B-spline
interpolants (left) and their discrete spectra (right) for x = 0.7.
sergey2-speckaispl [ER]

2-D example
For completeness, I include a 2-D forward interpolation example. Figure 19 shows a 2-D
analog of function in Figure 4 and its coarsely-sampled version.
Figure 20 compares the errors of the 2-D nearest neighbor and 2-D linear (bi-linear) interpolation. Switching to bi-linear interpolation shows a significant improvement, but the error
level is still relatively high. As shown in Figures 21 and 22, B-spline interpolation again
outperforms other methods with comparable cost complexity. In all cases, I constructed 2D interpolants by orthogonal splitting. Although the splitting method reduces computational
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Figure 19: Two-dimensional test function (left) and its coarsely sampled version (right).
sergey2-chirp2 [ER]

overhead, the main cost factor is the total interpolant size, which squares when going from
1-D to 2-D.

Beyond B-splines
It is not too difficult to construct a convolutional basis with better interpolation properties
than those of B-splines, for example by sacrificing their smoothness. The following piecewise cubic function has a lower smoothness than β 3 (x) in equation (13) but slightly better
interpolation behavior:


2
3
for
1 > |x| ≥ 0
 10 − 13|x| + 6|x| /16,
3
2
µ (x) = (2 − |x|) (5 − 2|x|)/16,
for
2 > |x| ≥ 1

0,
elsewhere

(14)

Figures 23 and 24 compare the test interpolation errors and discrete responses of methods
based on the B-spline function β 3 (x) and the lower smoothness function µ3 (x). The latter
method has a slight but visible performance advantage and a slightly wider discrete spectrum.
Blu et al. (1998) have developed a general approach for constructing non-smooth piecewise functions with optimal interpolation properties. However, the gain in accuracy is often
negligible in practice. In the rest of this paper, I use the classic B-spline method.
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Figure 20: 2-D Interpolation errors of nearest neighbor interpolation (left) and linear interpolation (right). Top graphs show 1-D slices through the center of the image. sergey2-plcbinlin
[ER]

Figure 21: 2-D Interpolation errors of cubic convolution interpolation (left) and third-order
B-spline interpolation (right). Top graphs show 1-D slices through the center of the image.
sergey2-plccubspl [ER]

SEP–105

Inverse interpolation

93

Figure 22: 2-D Interpolation errors of 8-point windowed sinc interpolation (left) and seventhorder B-spline interpolation (right). Top graphs show 1-D slices through the center of the
images. sergey2-plckaispl [ER]

Figure 23: Interpolation error of
the third-order B-spline interpolant
(dashed line) compared to that of the
lower smoothness spline interpolant
(solid line). sergey2-splmom4 [ER]
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Figure 24: Discrete interpolation responses of third-order B-spline and
lower smoothness spline interpolants
(left) and their discrete spectra (right)
for x = 0.7. sergey2-specsplmom4
[ER]

Seismic applications of forward interpolation
For completeness, I conclude this section with two simple examples of forward interpolation
in seismic data processing. Figure 25 shows a 3-D impulse response of Stolt migration (Stolt,
1978), computed by using 2-point linear interpolation and 8-point B-spline interpolation. As
noted by Ronen (1982) and Harlan (1982), inaccurate interpolation may lead to spurious artifact events in Stolt-migrated image. Indeed, we see several artifacts for the image with linear
interpolation (the left plots in Figure 25.) The artifacts are removed by a more accurate interpolation method (the right plots in Figure 25.)
Another simple example is radial trace transform (Ottolini, 1982) Figure 26 shows a land
shot gather contaminated by nearly radial ground-roll. As discussed by Claerbout (1983),
Henley (1999), and Brown and Claerbout (2000), one can effectively eliminate ground-roll
noise by applying radial trace transform, followed by high-pass filtering and the inverse radial transform. Figure 27 shows the result of the forward radial transform of the shot gather
in Figure 26 in the radial band of the ground-roll noise and the transform error after going
back to the original domain. Comparing the results of using linear and third-order B-spline
interpolation, we see once again that the transform artifacts are removed with a more accurate
interpolation scheme.

INVERSE INTERPOLATION AND DATA REGULARIZATION
In the notation of Claerbout (1999), inverse interpolation amounts to a least-squares solution
of the system
Lm ≈ d ;

(15)

Am ≈ 0 ,

(16)

where d is a vector of known data f (xi ) at irregular locations xi , m is a vector of unknown
function values f (n) at a regular grid n, L is a linear interpolation operator of the general
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Figure 25: Stolt migration impulse response. Left: using linear interpolation. Right: using seventh-order B-spline interpolation. Migration artifacts are removed by a more accurate
forward interpolation method. sergey2-stolt [ER]

Figure 26: Ground-roll-contaminated
shot gather used in a radial transform
test sergey2-radialdat [ER]
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Figure 27: Radial trace transform results. Top: radial trace domain. Bottom: residual error
after the inverse transform. The error should be zero in a radial band from 0 to 0.65 km/s radial
velocity. Left: using linear interpolation. Right: using third-order B-spline interpolation.
sergey2-radial [ER]
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form (1), A is an appropriate regularization (model styling) operator, and  is a scaling parameter. In the case of B-spline interpolation, the forward interpolation operator L becomes a
cascade of two operators: recursive deconvolution B−1 , which converts the model vector m to
the vector of spline coefficients c, and a spline basis construction operator F. System (15-16)
transforms to
FB−1 m ≈ d ;

(17)

Am ≈ 0 .

(18)

We can rewrite (17-18) in the form that involves only spline coefficients:
Wc ≈ d ;

(19)

ABc ≈ 0 .

(20)

After we find a solution of system (19-20), the model m will be reconstructed by the simple
convolution
m = Bc .

(21)

This approach resembles a more general method of model preconditioning (Fomel, 1997a).
The inconvenient part of system (19-20) is the complex regularization operator AB. Is it
possible to avoid the cascade of B and A and to construct a regularization operator directly
applicable to the spline coefficients c? In the following subsection, I develop a method for
constructing spline regularization operators from differential equations.

Spline regularization
In many cases, the regularization (styling) condition originates in a continuous differential
operator. For example, one can think of the gradient or Laplacian operator for regularizing
smooth functions (Fomel, 2000b), plane-wave destructor for regularizing local plane waves
(Fomel, 2000a), or the offset continuation equation for regularizing seismic reflection data
(Fomel, 2000c).
Let us denote the continuous regularization operator by D.
implies seek Regularization

ing a function f (x) such that the least-squares norm of D f (x) is minimum. Using the
usual expression for the least-squares norm of continuous functions and substituting the basis
decomposition (8), we obtain the expression



D f (x) =

Z

2
D f (x) d x =


Z

!2
X

ck D [β(x − k)]

dx .

(22)

k∈K

The problem of finding function f (x) reduces to the problem of finding the corresponding
set of basis coefficients ck . We can obtain the solution to the least-squares optimization by
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differentiating the quadratic objective function (22) with respect to the basis coefficients ck .
This leads to the system of linear equations
X Z
X


ck D [β(x − k)] D β(x − j) d x =
ck d j−k = 0 ,
(23)
k∈K

k∈K

where
Z
dj =



D [β(x)] D β(x − j) d x .

(24)

Equation (23) is clearly a discrete convolution of the spline coefficients ck with the filter d j
defined in equation (24). To transform the system (23) to a regularization condition of the
form
Dc ≈ 0 ,

(25)

we need to treat the digital filter d j as an autocorrelation and find its minimum-phase factor.
Equation (25) replaces equation (20) in the inverse interpolation problem setting.
We have found a constructive way of creating B-spline regularization operators from continuous differential equations.
A simple regularization example is shown in Figure 28. The continuous operator D in
this case comes from the theoretical plane-wave differential equation. I constructed the autocorrelation filter d j according to formula (24) and factorized it with the efficient Wilson-Burg
method on a helix (Sava et al., 1998). The figure shows three plane waves constructed from
three distant spikes by applying an inverse recursive filtering with two different plane-wave
regularizers. The left plot corresponds to using first-order B-splines (equivalent to linear interpolation). This type of regularizer is identical to Clapp’s steering filters (Clapp et al., 1997)
and suffers from numerical dispersion effects. The right plot was obtained with third-order
splines. Most of the dispersion is suppressed by using a more accurate interpolation.

Test example
Now that we have all the problem pieces together, we can test the performance gain in the
inverse interpolation problem (19)-(25) from the application of B-splines.
For a simple 1-D test, I chose the function shown in Figure 4, but sampled at irregular
locations. To create two different regimes for the inverse interpolation problem, I chose 50
and 500 random locations. The two sets of points were interpolated to 500 and 50 regular
samples respectively. The first test corresponds to an under-determined situation, while the
second test is clearly over-determined. Figures 29 and 30 show the input data for the two test
after normalized binning to the selected regular bins.
I solved system (19)-(25) by the iterative conjugate-gradient method, utilizing a recursive
filter preconditioning (Fomel, 1997a) for faster convergence. The regularization operator D
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Figure 28: B-spline regularization. Three plane waves constructed by 2-D recursive filtering
with the B-spline plane-wave regularizer. Left: using first-order B-splines (linear interpolation). Right: using third-order B-splines. sergey2-sthree [ER,M]

Figure 29: 50 random points binned
to 500 regular grid points. The random data are used for testing inverse
interpolation in an under-determined
situation. sergey2-bin500 [ER]
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Figure 30: 500 random points binned
to 50 regular grid points. The random
data are used for testing inverse interpolation in an over-determined situation. sergey2-bin50 [ER]

was constructed by using the method of the previous subsection with the tension-spline differential equation (Smith and Wessel, 1990; Fomel, 2000b) and the tension parameter of 0.01.
The least-squares differences between the true and the estimated model are plotted in Figures 31 and 32. Observing the behavior of the model misfit versus the number of iterations and
comparing simple linear interpolation with the third-order B-spline interpolation, we discover
that
• In the under-determined case, both methods converge to the same final estimate, but
B-spline inverse interpolation does it faster at earlier iterations. The total computational
gain is not significant, because each B-spline iteration is more expensive than the corresponding linear interpolation iteration.
• In the over-determined case, both methods converge similarly at early iterations, but
B-spline inverse interpolation results in a more accurate final estimate.
From the results of this simple experiment, it is apparent that the main advantage of using
more accurate interpolation in the data regularization context occurs in the over-determined
situation, when the estimated model is well constrained by the available data.

Application to 3-D seismic data regularization
In this subsection, I demonstrate an application of B-spline inverse interpolation for regularizing three-dimensional seismic reflection data. The dataset of this example comes from the
North Sea and was used before for testing AMO (Biondi et al., 1998) and common-azimuth
migration (Biondi, 1996). Figure 33 shows the midpoint geometry and the corresponding bin
fold for a selected range of offsets and azimuths. The goal of data regularization is to create
a regular data cube at the specified bins from the irregular input data, preprocessed by NMO.
As typical of marine acquisition, the fold distribution is fairly regular but has occasional gaps
caused by the cable feathering effect. The data cube after normalized binning (inverse nearest

SEP–105

Figure 31: Model convergence in
the under-determined case. Dashed
line: using linear interpolation. Solid
line: using third-order B-spline.
sergey2-norm500 [ER]

Figure 32: Model convergence in
the over-determined case. Dashed
line: using linear interpolation. Solid
line: using third-order B-spline.
sergey2-norm50 [ER]
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Figure 33: Midpoint geometry (left) and fold distribution (right) for the 3-D data test
sergey2-cmpfold [ER]

neighbor interpolation) is shown in Figure 34. Binning works reasonably well in the areas of
large fold but fails to fill the zero fold gaps and has an overall limited accuracy. Inverse interpolation using bi-linear interpolants significantly improves the result (Figure 35), and inverse
B-spline interpolation improves the accuracy even further (Figure 36). In both cases, I regularized the data in constant time slices, using recursive filter preconditioning with plane-wave
destructor filters analogous to those in Figure 28. The plane wave slope was estimated from
the binned data with the method of Fomel (2000a). The inverse interpolation results preserve
both flat reflection events in the data and steeply-dipping diffractions. When data regularization is used as a preprocessing step for common-azimuth migration (Biondi and Palacharla,
1996), preserving diffractions is important for correct imaging of sharp edges in the subsurface
structure.

CONCLUSIONS
I have reviewed the B-spline forward interpolation method and confirmed the observation of
Thévenaz et al. (2000) about its superior performance in comparison with other methods of
similar cost. Whenever an accurate forward interpolation scheme is desired, B-splines can be
an extremely valuable tool. B-spline forward interpolation involves two steps. The first step
is recursive filtering, which results in a set of spline coefficients. The second step is a linear
spline interpolation operator.
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Figure 34: 3-D data after normalized binning sergey2-bin1 [ER]
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Figure 35: 3-D data after inverse interpolation with bi-linear interpolants sergey2-int2 [CR]
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Figure 36: 3-D data after inverse interpolation with third-order B-spline interpolants
sergey2-int4 [CR]
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Analyzing the role of B-spline interpolation in data regularization, I have introduced a
method of constructing B-spline discrete regularization operators from continuous differential
equations.
Simple numerical experiments with B-spline inverse interpolation show that the main advantage of using a more accurate interpolation scheme occurs in an over-determined setting,
where B-splines lead to a more accurate model estimates. In an under-determined setting, the
B-spline inverse interpolation scheme converges faster at early iterations, but the total computational gain may be insignificant.
I have shown on a simple real data example that inverse B-spline interpolation can be used
as an accurate method of data regularization for processing 3-D seismic reflection data.
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Short Note
3-D steering filters
Robert G. Clapp1

INTRODUCTION
In recent reports I introduced the concept of a steering filter (Clapp et al., 1997). Since then
it has been used to regularize a wide variety of geophysical problems including interpolation
(Crawley, 2000), multiple attenuation (Clapp and Brown, 2000, 1999), missing data problems
(Clapp et al., 1997), migration (Prucha et al., 2000) , and tomography (Clapp and Biondi,
1998, 1999, 2000).
Each of these problems used a 2-D steering filter. Fomel (1999) introduced a method to
construct a 3-D steering filter. Fomel formed a 3-D steering filter operator by first convolving
two 2-D operators. To obtain a minimum-phase filter he performed spectral factorization for
each dip component ( px , p y ) pair in the data, significantly increasing the cost of constructing
the operator. In order for the resulting filter to spread information over significant distances, a
large number of filter coefficients must be used, increasing the cost of each iteration.
In this paper I present an alternative construction method. I show how a 3-D steering
filter can be produced by cascading two 2-D steering filters. The cascaded approach does not
provide as accurate a dip discrimination as that in Fomel’s approach but it does not require the
expensive spectral factorization, and the resulting filters are much smaller and less expensive
to apply. I show how this method can accurately characterize a large range of dips and that it
is accurate enough for a wide class of applications. In addition, I apply it to a simple synthetic
missing data problem with very encouraging results.

METHODOLOGY
2-D steering filter
In 2-D we build our steering filters by creating a series of dip annihilation filters that that
destroy a given slope px z in a x − z plane. Further, we would like to control the bandwidth
response of filters oriented at different slopes. We can achieve both these goals by constructing
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a triangle centered at the appropriate slope. Every grid cell center which the triangle passes
through is assigned a negative value proportional to the height of the triangle at that location,

a w2 − |lag| − p
f (lag) = − w P
,
(1)
lag f (lag)
2
where:
f (lag) is the filter coefficient at a given lag (for lags where f (lag) < 0)
a is the amplitude of the filter (ranging from 0 to 1)
w is the width of the triangle
p is the slope.
The wider the triangle base, the less anisotropic our smoothing filter becomes. By increasing or decreasing a, we can increase or decrease the range over which the smoothing filter
operates.
3-D extension
A 3-D dip annihilation filter can be approximated by cascading two perpendicular 2-D filters,
one oriented in the x − z plane and the other oriented in the y − z plane. We can write this new
filter as
−1 −1
A−1
3d = Ax Ay ,

(2)

−1
where A−1
3d is our inverse 3-D steering filter operator, Ax is an inverse steering filter oriented
−1
in the x-direction, and Ay is an inverse y-direction steering filter.

The construction of two 2-D filters allows for a large degree of freedom in filter construction. The method can deal with a range of spatial dips with little variation in bandwidth
response, Figure 1. In addition we can vary the range over which the smoother operates, both
isotropically (Figure 2) and to some degree anisotropically (Figure 3).

MISSING DATA EXAMPLE
The missing data problem is probably the simplest to understand and interpret. Following the
methodology of Claerbout (1999) we solve the problem in its preconditioned form using
d ≈ JA−1 p
0 ≈ Ip,
where:

(3)
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Figure 1: An example of filter behavior at different dip angles. Note how the bandwidth
response is approximately the same in all panels. bob2-angles [ER]

Figure 2: By changing what the non-zero lag coefficients sum to the area over which the filter
acts can be drastically altered. bob2-iso [ER]
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Figure 3: The cascading of two filters allows us to create a filter that acts over different range
in the x and y direction. bob2-aniso [ER]

d is a binned version of our known points
J is the known data selector
A−1 is the preconditioning operator (in this case equation (2))
p is our preconditioned variable.
To test the interpolation I used the ‘qdome’ dataset (Figure 4). I began by zeroing 95% of the
original data (Figure 5) in vertical sections (somewhat simulating well logs). To obtain the
px z and p yz dip field I used the same methodology as Fomel (1999) estimating the dip field
from the known data using a non-linear estimation scheme. Using the calculated dip field
I then constructed Ax and Ay and iterated 50 times using fitting goals (4). Figure 6 shows
the resulting interpolation. In general the 3-D steering filters did an excellent job recovering
the original data. There is some lower frequency behavior around the fault boundaries but the
fault position is still quite obvious.

CONCLUSIONS
I demonstrated how to construct a 3-D steering filter operator by cascading two 2-D steering
filters. The method proved successful in characterizing a wide variety of dips and interpolating
a sparse 3-D dataset.
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Figure 4: 3-D qdome model from Claerbout (1999). bob2-mod-orig [CR]
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Figure 5: Decimated qdome model. 95% of the original traces (Figure 4) have been thrown
away. bob2-mod-in [CR,M]
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Figure 6: Interpolated qdome model starting from the data in Figure 5. Note how it is a little
lower frequency than Figure 4 but otherwise a near perfect interpolation result. bob2-mod-out
[CR,M]
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Short Note
Test case for PEF estimation with sparse data II
Morgan Brown, Jon Claerbout, and Sergey Fomel1

INTRODUCTION
The two-stage missing data interpolation approach of Claerbout (1999) (henceforth, the GEE
approach) has been applied with great success (Fomel et al., 1997; Clapp et al., 1998; Crawley,
2000) in the past. The main strength of the approach lies in the ability of the prediction error
filter (PEF) to find multiple, hidden correlation in the known data, and then, via regularization,
to impose the same correlation (covariance) onto the unknown model. Unfortunately, the GEE
approach may break down in the face of very sparsely-distributed data, as the number of valid
regression equations in the PEF estimation step may drop to zero. In this case, the most
common approach is to simply retreat to regularizing with an isotropic differential filter (e.g.,
Laplacian), which leads to a minimum-energy solution and implicitly assumes an isotropic
model covariance.
A pressing goal of many SEP researchers is to find a way of estimating a PEF from sparse
data. Although new ideas are certainly required to solve this interesting problem, Claerbout
(2000) proposes that a standard, simple test case first be constructed, and suggests using a
known model with vanishing Gaussian curvature. In this paper, we present the following,
simpler test case, which we feel makes for a better first step.
• Model: Deconvolve a 2-D field of random numbers with a simple dip filter, leading to
a “plane-wave” model.
• Filter: The ideal interpolation filter is simply the dip filter used to create the model.
• Data: Subsample the known model randomly and so sparsely as to make conventional
PEF estimation impossible.
We use the aforementioned dip filter to regularize a least squares estimation of the missing
model points and show that this filter is ideal, in the sense that the model residual is relatively
small. Interestingly, we found that the characteristics of the true model and interpolation result
depended strongly on the accuracy (dip spectrum localization) of the dip filter. We chose the
8-point truncated sinc filter presented by Fomel (2000). We discuss briefly the motivation for
this choice.
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METHODOLOGY
Claerbout (1999) presents a two-stage methodology for missing data interpolation. In the first
stage of the so-called GEE approach, a prediction error filter (PEF) is estimated from known
data. In the second stage, the PEF is used in a least squares interpolation scheme to regularize
the undetermined (missing) model points. Crawley (2000) extends the two-stage procedure to
use nonstationary PEF’s.
The first stage (PEF estimation) of the two-stage procedure consists of convolving the
unknown filter coefficients with the known data, and adjusting the coefficients such that the
residual is minimized. Conceptually, in the process of convolution, a filter template is slid
past every point in the data domain. The GEE approach adheres to the following convention:
unless every point in the filter template overlies known data, the regression equation for that
output point is ignored, and will not contribute to the PEF estimation.
Unfortunately, when the known data is very sparsely distributed, all the regression equations may depend on missing data, making PEF estimation impossible. The motivation of this
paper is not to present a new methodology for estimating a PEF from sparse data, but instead
to create a very simple test case which fulfills the following criteria:
1. The known data is distributed so sparsely as to render the traditional GEE two-stage
approach ineffective.
2. The underlying model is conceptually simple and stationary.
3. The ideal PEF for the underlying model is obtainable by common sense.

The Test Case
Claerbout (2000) proposes a test case for which the Gaussian curvature of the model vanishes.
In this paper, we present an even simpler test case. Given a 2-D random field, we deconvolve
with a known dip (or steering) (Clapp et al., 1997) filter to obtain a “plane wave” model, as
shown in Figure 1. To simulate collected “data”, we sampled the model of Figure 1 at about
60 points randomly, and about two-thirds of the way down one trace in the center. The results
are shown in Figure 2.

Digression: Accuracy of Dip Filters
Given a pure plane wave section, i.e., a wavefield where all events have linear moveout, designing a discrete multichannel filter to annihilate events with a given dip seems a trivial task.
In fact, it is quite a tricky task; an exercise in interpolation. For many applications, accuracy
considerations make the choice of interpolation algorithm critical. Accuracy here means localization of the filter’s dip spectrum — ideally the filter should annihilate only the desired
dip, or a narrow range of dips. The problem is illustrated in Figure 3. Given a plane wave
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Figure 1: True model - plane waves
dipping at 22.5◦ . morgan2-model
[ER]

Figure 2: Left: Collected data - one known trace, about 60 randomly-selected known data
points. Right: Known data selector. morgan2-data [ER]

Figure 3: Steering filter schematic.
Given a plane wave with dip p,
choose the ai to best annihilate the
plane wave.
morgan2-steering
[NR]
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with dip p, we must set the filter coefficients ai to best annihilate the plane wave. Achieving good dip spectrum localization implies a filter with many coefficients, by the uncertainly
principle (Bracewell, 1986). If computational cost was not an issue, the best choice would be
a sinc function with as many coefficients as time samples. Realistically, however, a compromise must be found between pure sinc and simple linear interpolation. The reader is referred
to Fomel’s (2000) paper, which discusses these issues much more thoroughly. The model of
Figure 1 was computed using an 8-point tapered sinc function. Figure 4 compares the result of using, for the same task, dip filters computed via four different interpolation schemes:
8-point tapered sinc, 6-point local Lagrange, 4-point cubic convolution, and simple 2-point
linear interpolation. As expected, we see that the more accurate interpolation schemes lead to
increased spatial coherency in the model panel. Clapp (2000) has been successful in using as
few as 3 coefficients in steering filters for regularizating tomography problems, so we see that
the needed amount of steering filter accuracy is a problem-dependent parameter.

Figure 4: Interpolation schemes compared. Deconvolution of random image with labeled
steering filters. morgan2-interp-comp [ER]
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INTERPOLATION RESULTS
The plane wave model of Figure 1 dips at 22.5◦ , so we can easily design a filter to annihilate it.
Using the GEE approach for interpolating missing data (Claerbout, 1999), we interpolate the
data of Figure 2, using the 8-point tapered sinc steering filter discussed above. The results are
shown in Figure 5. We see that the interpolation is quite good in the center region, where the
filter can “see” one or more known data points, as evidenced by a nearly uncorrelated model
residual. In the corners, the result is imperfect in regions in which no known data points exist
along diagonal tracks. In order to suppress helix wraparound and other edge effects, we apply
zero-padding around the edges of the study region.

Figure 5: Clockwise from upper left: Known data; Interpolation regularized with 8-point
tapered sinc steering filter; Difference between known model and interpolated result; known
model. morgan2-correctFill [ER,M]
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CONCLUSIONS
We presented a 2-D test case for sparse data interpolation and give a good PEF with which to
do it. The test case renders the traditional GEE two-stage interpolation scheme inapplicable.
Claerbout (2000) suggests a nonlinear iteration, where filter and model are taken as unknown,
but the best solution is still a subject of discussion among many SEP researchers. Regardless
of the chosen interpolation strategy, the “correct” PEF and model are both known in this test
case, so it should prove a useful starting point.
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Tau tomography with steering filters:
3-D field data example, preliminary result
Robert G. Clapp1

ABSTRACT
I extend tau tomography into 3-D. I apply steering filter regularized tau tomography on a
3-D North Sea Dataset. Early results show promise.

INTRODUCTION
Velocity estimation, especially in 3-D, is one of the most important and difficult problems in
exploration seismology. When the media is complex, a common solution is to linearize the
non-linear tomography problem around an initial velocity estimate (van Trier, 1990; Etgen,
1990; Stork and Clayton, 1991). This linearization can potentially cause convergence problems. In previous papers (Clapp and Biondi, 1998, 1999a, 2000), I introduced a new way to
approach this linearized inverse problem. Following the methodology introduced in Biondi et
al. (1997), I reformulated the tomography operator from the depth domain to the tau domain. I
showed how in the tau domain our linearized operator is less affected by velocity errors therefore we are back projecting velocity changes to more accurate locations (Clapp and Biondi,
1999b).
A major weakness of tomography is that it has a large null space and how we fill that
null space has a major effect on both conversion speed and model quality. Velocity estimates
derived from tomography tend to be blobby and not geologically plausible. To create more
geologically reasonable velocity models, I regularize the tomography estimation problem with
a steering filter (Clapp et al., 1997; Clapp, 2000). A steering filter is a space-varying operator
composed of small plane-wave annihilators oriented along predefined dip directions derived
from early migration results or other a priori information sources.
All these previous papers dealt with the 2-D velocity estimation problem. In this paper,
I extend into 3-D the previously introduced concepts and apply my tomography method to a
North Sea dataset provided by Elf Aquitaine. I begin by showing how the tau tomography operator can be formulated in 3-D. I then introduce the 3-D dataset and show residual moveout
remaining in the common reflection point (CRP) gathers from the initial migration. Next I
show how I built the 3-D steering filter operator for the dataset. I conclude by showing the results of applying my tomography methodology onto the dataset and comparing and contrasting
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the migration results.

REVIEW
Following the methodology of Clapp and Biondi (1999a), I will begin by considering a regularized tomography problem. I will linearize around an initial slowness estimate and find a
linear operator in the vertical traveltime domain T between our change in slowness 1s and
our change in traveltimes 1t. We will write a set of fitting goals,
1t ≈ T1s
0 ≈ A1s,

(1)

where A is our steering filter operator and  is a Lagrange multiplier. However, these fitting
goals don’t accurately describe what we really want. Our steering filters are based on our
desired slowness rather than change of slowness. With this fact in mind, we can rewrite our
second fitting goal as:
0 ≈ A (s0 + 1s)
−As0 ≈ A1s.

(2)
(3)

Our second fitting goal can not be strictly defined as regularization but we can do a preconditioning substitution (Fomel et al., 1997), giving us a new set of fitting goals:
1t ≈ TA−1 p
−As0 ≈ Ip.

(4)

EXTENSION TO 3-D
To construct T we must derive a relationship between dt and 1s. We will begin by defining
two different slownesses: focusing and mapping slowness. The focusing slowness is the slowness that best focuses the data. The mapping slowness is the slowness that correctly positions
the data.
Starting with mapping slowness sm in terms of x,y, and z, we can transform into tau space
through
Z z
2sm (z 0 , x, y)dz 0
τ (z, x, y) =
0

x

0

= x

y

0

= y,

(5)

where τ is the two-way vertical traveltime, x 0 is our new x coordinate, and y 0 is our new y
coordinate. Using the chain rule we can derive the relationship between the derivatives of our
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coordinates,
∂t
∂z
∂t
∂x
∂t
∂y

∂t
∂τ
∂t
=
∂τ
∂t
=
∂τ
=

∂τ
∂t ∂ x 0
∂t ∂ y 0
∂t
+ 0
+ 0
=
2sm (z, x, y)
∂z ∂ x ∂z ∂ y ∂z
∂τ
Z
∂τ
∂t ∂ x 0
∂t ∂ y 0
∂t
∂t
∂t z ∂
+
+
= 0+ 0+
2sm (z 0 , x, y)dz 0
∂ x ∂ x 0 ∂ x ∂ y0 ∂ x
∂x
∂y
∂τ 0 ∂ x
Z
∂τ
∂τ
∂t ∂ y 0
∂t
∂x0
∂t z ∂
+
+
= 0+
2sm (z 0 , x, y)dz 0 .
+
∂ y ∂ x 0 ∂ y ∂ y0 ∂ y
∂y
∂τ 0 ∂ y

(6)
(7)
(8)

We can simplify the above relations by defining two σ quantities, one in the x-direction, σx ,
and one in the y-direction, σ y ,
Z z
∂
2sm (z 0 , x, y)dz 0
(9)
σx (z, x, y) =
∂
x
0
Z z
∂
σ y (z, x, y) =
2sm (z 0 , x, y)dz 0 .
(10)
∂
y
0
Taking the derivative of both sides of the transform of (5) we can obtain a relation for dz, d x,
and dy,
dτ
σx d x 0 σ y dy 0
−
−
2sm
2sm
2sm
0
dx = dx
dz =

0

dy = dy .

(11)
(12)
(13)

To obtain our tomography operator in 3-D we begin by defining the traveltime along a single
ray segment (where quantities measured along the ray segment are indicated bye) in tau space
using equations (11-13),
s
f
0 −σ
f
f0 2
2
2
dτ
−
σ
e
d
x
e
dy
x
y
0
0
f +
e=
dt
Sef df
x + Sef dy
(14)
2
We can then take the derivative with respect to the focusing slowness s f ,


2
2


0
0
f
f
e
S f d x + dy d Se
f0 σey  d σex
f − df
e
dτ
x 0 σex − dy
d σey
d(dt)
f
0
0
f
f
=
−
dx
+ dy
.
e
e
d Sf
ds f
ds f
ds f
dt
4dt
We new have an expression in terms of
df
Sf
ds f

df
S f d σex
ds f , ds f ,

and

d σey
ds f .

(15)

To get an expression in terms of just

we start by taking the partial derivative of τ with respect to x 0 ,
∂τ
∂x0
∂τ ∂ x
∂x ∂x0

∂τ ∂ x ∂τ ∂ y ∂τ ∂z
+
+
∂ x ∂ x 0 ∂ y ∂ x 0 ∂z ∂ x 0
Z z
∂
=
2s(z 0 , x, y)dz 0
∂z 0
∂z
σx = −2s f (τ , x 0 )
∂Zx
τ
1
∂
dτ 0
σx (z, x, y) = −s f (τ , x 0 , y)
0
0
0 0
0 ∂ x s f (τ , x , y )
=

(16)
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and similarly
σ y (z, x, y) = −s f (τ , x, y )
0

Z
0

τ

1
∂
dτ 0 .
0
0
0
0
∂ y s f (τ , x , y )

(17)

We then take the derivative with respect to s f and evaluate at the ray segment,
∂ σex
∂s f
∂ σey
∂s f

Z
σex ∂ Sef e τ ∂ 2 s f (τ 0 , x 0 , y 0 ) 0
=
− Sf
∂τ
∂ x 0 ∂s f
Sef ∂s f
0
Z
σey ∂ Sef e τ ∂ 2 s f (τ 0 , x 0 , y 0 ) 0
=
− Sf
∂τ .
∂ y 0 ∂s f
Sef ∂s f
0

(18)
(19)

As a result we now have a linear relation between 1t and S f in the tau domain.

DATA
The data were acquired over a salt dome using three cables of 3570m length with geophones
every 25m. The CMP sampling inline was 13.33m and crossline of 25m. The entire survey
covered 13.5km inline and 4km crossline. Although this is not an exceptionally large 3-D
survey, tomography is an iterative process so reducing the cost of the migration is an important
consideration. For tomography, well implemented Kirchhoff methods which can produce a
sparse set of CRP gathers are ideal. An alternate approach when dealing with marine data
is Common Azimuth Migration (CAM) (Biondi and Palacharla, 1996). CAM requires more
expensive full volume imaging, but provided three advantages to me:
• it is faster than Kirchoff when performing full volume imaging
• it can easily produce model domain angle gathers (Prucha et al., 1999; Sava and Fomel,
2000)
• it was already implemented in SEPlib
This dataset has been previously migrated using CAM (Vaillant and Sava, 1999; Vaillant and Calandra, 2000) at SEP. In this paper, and the previous papers, the data volume was
reduced to 10.5km inline and 4km crossline. CAM operates in the frequency-wavenumber
domain so the data had to be placed on a regular grid. Data regularization was performed
using Azimuth Moveout (AMO) (Biondi et al., 1998). In the process of performing AMO the
dataset was resampled. The resampled dataset had CMP spacing of 20m in the inline and 25m
in the crossline. The offset range was resampled to 50m ranging from 200m to 3400m. This
paper is simply attempt to prove that the concept works in 3-D, so for computational speed I
decided to concentrate on the first 2500m in depth. Therefore I began by using only the first
3 seconds of the data. By windowing the data I was able to reduce the number of frequencies
needed from 176 to 108 while still being able to handle frequencies up to 54Hz.
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The initial velocity model was created using the S.M.A.R.T2 method (Jacobs et al., 1992;
Ehinger and Lailly, 1995). Early migration tests showed that a better migration result could
be obtained by smoothing the model (Vaillant and Sava, 1999) . As a result the S.M.A.R.T.
model was smoothed, preserving the sharp salt boundary (Figure 1). Using the velocity in
Figure 1 the data was migrated with six reference velocities and frequency range of 5 to 60
Hz (Vaillant and Calandra, 2000). Figure 2 shows the initial migration result. Note how the
reflectors generally have good coherency but die out at the top of the salt and along the salt
flanks.

Figure 1: Initial ELF velocity model. bob1-elf3d.vel0 [ER]

INITIAL ERRORS
From the initial migration I chose five reflectors to perform tomography with (Figure 3). To
constrain the upper portion of the model I chose the sea bottom reflection. 2-D tomography
tests (Clapp and Biondi, 2000) indicated that largest error in the upper portion of the model
was below the reflection at 1600m. As a result I chose this reflector along with the salt top
reflection and two reflectors on either side of the salt dome. To handle the steering filter dip
calculation more accurately, I extend the reflectors on either side of salt artificially into the
salt.
Excluding the artificially created reflector portions, I then calculated residual moveout
along each of the reflectors (Figure 4). Generally the second reflector showed little to no
moveout errors while the three below showed some moveout error, especially directly above
and the edge of the salt body.
2 Sequential Migration-Aided Reflection Tomography - KIM (Kinematic Inversion Methods), IFP consortium
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Figure 2: Initial migration using the velocity in Figure 1. bob1-elf3d.mig.vel0 [CR]
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Figure 3: Five reflectors used in tomography superimposed on the initial migration image.
Note how two of the reflectors were extended into the salt to create better smoothing directions
for the steering filter. bob1-elf3d.reflectors.vel0 [CR]

Building the steering filters
To construct the 3-D steering filter operator I followed the methodology described in Clapp
(2000), cascading two 2-D steering filter operators to form my 3-D steering filter operator.
I used the five reflectors picked in the last section. To calculate the dip field I began by
calculating the slope in the x − z and y − z planes. I mapped these two dip fields into (x, y, τ )
model space. I then interpolated the field to the entire model space.
Once I had the dips in both the x − z and y − z planes I constructed two filter banks which
encompassed the range of dips in each direction. It was then a simple matter of creating a
mapping operator that mapped the dip at a given model point to a specific filter in the bank.
To see the effect of this new complex operator I filled the model with random noise and then
applied A3d A03d (Figure 5). As you can see the 3-D steering filter does a good job in spreading
energy along reflector directions.

RESULTS
I applied the fitting goals (4) and obtained a 1s (Figure 6). The change introduced by tomography was a spatially low frequency increase in the velocity below the second tomography
reflector. The decrease in slowness agreed with previous 2-D tomography tests (Clapp and
Biondi, 2000). After adding in the slowness I ended up with an updated velocity field (Figure 7). The new velocity field is very consistent with the initial model (Figure 1).
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Figure 4: Initial semblance errors along the lower four reflectors used in tomography.
bob1-elf3d.semb [CR]
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Figure 5: The result of putting random numbers into the model then applying A3d A03d .
bob1-random-3d [CR]

Figure 6: Changes to velocity computed from first iteration of tomography. bob1-ds-3d [CR]
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Figure 7: Velocity after one iteration of tomography. bob1-elf3d.vel1 [CR]

Using the updated velocity field I applied CAM. Figure 9 shows the migration result.
Generally, the image quality is about the same or slightly improved. Note that image is worse
at ‘B’ (compared to the initial migration (Figure 8). At ‘A’ the initial image shows better
coherence but the new migration has a higher frequency content. A sharper image can also be
observed at ‘C’ - ‘F’. If we compare common reflection point gathers (Figure 10 and 11) we
get a similar story. At ‘A’, ‘B’, and ‘E’ the gathers are flatter and higher frequency. At ‘C’ and
‘D’ where the gathers curved up initially they now curve down.

What next?
The unimpressive improvement in the image quality seems to be due to two factors. First, the
introduced slowness change was too low in spatial frequency. The initial slowness model was
already well determined for features at this scale. In addition, 2-D tests showed that image
quality was most improved when allowing smaller scale changes to the velocity. Relaxing the
smoothness constraint (by both decreasing  in fitting goals (4) and iterating more) is called
for. The second weakness seems to be poor constraint of the lower portion of the model.
The obvious answer is to pick more reflectors. Both of these changes have been made, but
unfortunately time constraints did not allow the results to be included in this paper.

CONCLUSIONS
Early results indicate that the tomography method is effective in 3-D. Overall image quality
improvement is disappointing and relaxing of the smoothing constraint is warranted.
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Figure 8: Migration result using initial velocity model. Overlaid are several locations where
image quality changes with the new velocity model. bob1-elf3d.mig0.v2 [CR]
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Figure 9: Migration result after one iteration of tomography. Note that image is worse at ‘B’
(compared to the initial migration (Figure 8). At ‘A’ the initial image show better coherence
but the new migration is higher frequency content. A sharper image can also be observed at
‘C’ - ‘F’. bob1-elf3d.mig1.steer [CR,M]
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Figure 10: Every 20th CRP from an inline section of the initial migration. bob1-gather.vel0
[CR]
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Figure 11: Every 20th CRP from an inline section of the migration after one iteration of
tomography. At ‘A’, ‘B’, and ‘E’ the gathers are flatter and higher frequency than the gathers
in Figure 10. At ‘C’ and ‘D’ where the gathers curved up initially they now curve down.
bob1-gather.vel1.steer [CR,M]
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A tutorial on mixed-domain wave-equation
migration and migration velocity analysis
Paul Sava1

ABSTRACT
This tutorial describes mixed-domain wave-equation migration and migration velocity
analysis techniques in a unified theoretical framework. I review two of the most general
mixed-domain migration methods, Fourier finite-difference and generalized screen, and
show how other commonly used wave-equation migration methods come about as special
cases. I use the Born approximation to derive general expressions for the wave-equation
migration velocity analysis operator, and show two simple backprojection examples built
around a North Sea dataset.

INTRODUCTION
Wave-equation migration velocity analysis, WEMVA, (Biondi and Sava, 1999; Sava and Biondi,
2000) is a new and promising imaging tool, specifically aimed at regions of high geological
complexity. The WEMVA method operates through recursive migration of the data, with the
goal of improving the quality of the migrated images. Consequently, the operator used for
WEMVA is tightly coupled with the operators used for migration, therefore a good understanding of the WEMVA operator requires a similar understanding of the migration operators
from which it is derived.
The main goal of this paper is to clarify the theoretical origins of the WEMVA method,
and to precisely show how it relates to the larger family of migration methods from which it is
derived, the mixed-domain migration methods.
I begin with a review of mixed-domain migration. The two most general members of the
family are known in the literature as the Fourier finite-difference (FFD) method, introduced by
Ristow and Ruhl (1994), and the generalized screen (GSP) method (de Hoop, 1996). All the
other methods in the family are just simplified cases, where we neglect some of the terms of
the general relations. We can easily find many other methods known in the literature under various names, like: phase-shift (Gazdag, 1978; Gazdag and Sguazzero, 1984), split-step Fourier
(Stoffa et al., 1990), local Born-Fourier or pseudo-screen (Huang and Wu, 1996), complexified pseudo-screen (de Hoop and Wu, 1996), extended local Born-Fourier (Huang et al., 1999),
a.s.o. Here, I present all these methods in a unified framework, with the goal of facilitating
1 email:

paul@sep.stanford.edu
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easy navigation through the relevant literature.
Next, I generalize the WEMVA operator based on the mixed-domain operators from which
it is derived. It turns out that a Born linearization of either the FFD or the GSP relations, give
general expressions for the WEMVA operator, from which we can obtain various special cases,
as it is done for the associated mixed-domain migration methods.
Finally, I use a North Sea example to visualize the results of the WEMVA backprojection
operator. I simulate small, localized perturbations on the seismic image, and show how they
get backprojected in the slowness function using a particular choice of the WEMVA operator.
The result is a bundle of “fat” rays, which can be correlated with the trajectories obtained for
rays built using conventional ray tracing. This comparison enables us to easily visualize the
band-limited character of wave-equation migration velocity analysis, and to gain insight into
how this method operates in a real case.
Next section presents the general mixed-domain migration equations, followed by a discussion of the Born approximation and two sections dedicated to the various approximations
encountered in the literature. In the end, I show how we can generalize the scattering and,
implicitly, the WEMVA operators, and finish with the example on the North Sea dataset.

MIXED-DOMAIN MIGRATION THEORY
Downward continuation is the process in which we recursively extrapolate in depth the wavefield recorded at the surface. Mathematically, this operation amounts to a phase shift applied
to the wavefield (Claerbout, 1985)
Uz+1z = T Uz ,
where Uz is the wavefield at depth z, and Uz+1z is the extrapolated wavefield at depth z + 1z.
The downward continuation operator at depth z is
T = eikz 1z ,

(1)

with the vertical wavenumber, k z , given by the one-way wave equation, also known as the
single square root (SSR) equation
q
k z = ω2 s 2 − |km |2 ,
where ω is the temporal frequency, s is the laterally variable slowness of the medium, and km
is the horizontal wavenumber.
Since downward continuation by phase shift can be applied for slowness models that only
vary with depth, we need to split the operator T into two parts: a constant slowness continuation operator applied in the ω − k domain, which accounts for the propagation in depth, and a
screen operator applied in the ω − x domain, which accounts for the wavefield perturbations
due to the lateral slowness variations. In essence, we approximate the vertical wavenumber k z
with its constant slowness counterpart k z o , corrected by a term describing the spatial variability
of the slowness function (Figure 1).
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Figure 1: A sketch of mixed-domain
migration. The wavefield at depth
z is downward continued to depth
z + 1z trough a variable-slowness
screen. paul1-screen [NR]
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Fourier finite-difference
In one of its most general forms (Ristow and Ruhl, 1994), we can write k z as
"

1

∞
|km | 2n
s X
n 2
(−1)
kz = kz o + ω 1 −
δn
so
n
ωs

!#
(s − so ) ,

(2)

n=1

1

2 are binomial coefficients for integer numbers n, s represents the spatially variable
n
slowness function at depth z, so is a constant approximation to s, and δn is a sum of terms
derived from s and so . The FFD equation is obtained using two Taylor series expansions of
the SSR equations written for k z and k z o . I give a full derivation of Equation (2) in Appendix
A.

where

Higher accuracy can be achieved by replacing the Taylor expansion in Equation (2) with
Muir’s continuous fraction expansion (Claerbout, 1985). The equivalent form of the general
Fourier finite-difference propagator is:



∞
s X

k z = k z o + ω 1 − 
so
n=1

h

|km |
ωs

an + bn

h

i2
|km |
ωs



i2  (s − so ) ,

(3)

where an and bn are coefficients that, in general, depend on the medium and the constant
reference slownesses, s and so . The coefficients an and bn are derived either by identification
1
2
of terms between Equation (2) and Equation (3), after the approximation 1−x
2 ≈ 1 + x , or by
an optimization problem as described by Ristow and Ruhl (1997).

Generalized screen
In a second general form, given by the generalized screen propagator (GSP) (Le Rousseau and
de Hoop, 1998), we can write k z as
kz = kz o + kz o

∞
X
n=1

n

(−1)

 1 "
2

ω2 so2

n

ω2 so2 − |km |2

!

so2 − s 2
so2

#n
.

(4)
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The GSP equation is obtained through a Taylor series expansion of k z , assuming small variations between the true (s) and reference (so ) slownesses. A full derivation of Equation (4) is
given in Appendix B.
Equation (4) may become unstable when the denominator of the sum vanishes. One way
to avoid such a situation is to replace the vanishing term with another Taylor series expansion

kz = kz o + kz o

∞
X

(−1)n


n
#
 "
∞
2 i  2
2
X
|k
|
−1
s
−
s
m
2 
 o
 .
(−1)i
2
n
i
so2
(ωso )

1

(5)

i=0

n=1

As for the FFD equation, we can achieve higher accuracy by replacing the Taylor series expansions with Muir’s continuous fraction expansions.
We can use Equations (2) and (5) to derive the formulae for many of the methods commonly referred to as screen propagators, using various approximations for the vertical wavenumber k z . For simplicity, however, in the next sections I use the Fourier finite-difference equation
(2), because it offers a much more straight-forward derivation of the simplified cases, together
with easier implementation. Nevertheless, Equation (5) can also be used to obtain the simplified cases, as presented in Appendix B.
Figure 2 is a comparison of the angular accuracy achieved by the two methods, FFD and
GSP. GSP achieves higher angular accuracy compared to FFD for the same order of the approximation, although, as mentioned earlier, stability requires further approximations that inevitably decrease the accuracy of GSP. Furthermore, the GSP equation involves k z o in the
Taylor series expansion, which does not have a straightforward finite-difference implementation.

BORN APPROXIMATION
Equation (1) exhibits a non-linear relationship between the laterally variable slowness and the
propagated wavefield. For the remaining of this paper, I will conventionally refer to the methods in this class as non-linear methods. A second class of methods are found using the Born
approximation for the wavefield perturbations. In physical terms, this approximation is only
valid for media characterized by weak scattering, that is small velocity variation. Mathematically, the Born approximation is equivalent to a linearization of the exponential e x ≈ 1 + x.
With this new approximation, the expression for the downward-continued wavefield becomes:
(
Uz+1z ≈ eikz o 1z Uz

"

1

∞
|km | 2n
s X
n 2
(−1)
δn
1 + i1zω 1 −
so
n
ωs

!#

)
(s − so ) .

(6)

n=1

Next two sections describe the various mixed-domain methods belonging to the two aforementioned classes, linear and non-linear, in relation to the general formula given by Equation (2).
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Fourier finite−difference
2

Figure 2: Angular accuracy comparison between FFD and GSP. The horizontal axis is the propagation angle,
while the vertical axis is the ratio of
the approximate and true values of the
depth wavenumbers. Various curves
correspond to different levels of accuracy. The thicker line corresponds
to the split-step Fourier method. The
dashed line corresponds to FFD using a second order Muir continuous
fraction expansion. For both FFD
and GSP, the higher order approximations achieve higher accuracy. The
graphs correspond to 1/s = 2.0 km/s
and 1/so = 1.9 km/s. paul1-ffdgsp
[NR]
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NON-LINEAR MIGRATION METHODS
The non-linear class of methods preserve the downward continuation operator, given by Equation (1), in its exponential form. Starting from Equation (2), we can derive the equations that
describe various approximate migration methods. Here is a summary of methods, going from
complex to simple:
1. We can simplify the FFD migration equation by ignoring the spatial variability of the
2n−2
P
slowness function for the terms of the summation, sso = 1 and δn =
1, which gives
l=0
(n≥1)
the following equation (Biondi, 1999):
"
kz ≈ kz o + ω 1 −

∞
X
n=1

(−1)n

1
2

n

|km |
ωso

2n

!#
(2n − 1)

(s − so ) .

(7)

2. In the next simplification, we consider, in addition to the earlier approximations, that the
ratio sso = 0, which leads to the split-step Fourier method a.k.a. phase-screen method
(Stoffa et al., 1990):
k z ≈ k z o + ω (s − so )

(8)
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3. Finally, the simplest method of the family is phase-shift (Gazdag, 1978; Gazdag and
Sguazzero, 1984), for which we further assume that s − so = 0, therefore
kz ≈ kz o .

(9)

For most of these methods, we can separate approximations of various orders, depending
on the number of terms in the sum (n). We can also have versions that use several values of
the reference slowness (so ), followed by interpolation of the continued wavefield.
The bottom line is that all these simplified methods are just particular cases of the Fourier
finite-difference method mathematically described by Equation (2). Similarly, we can derive
all these simplified methods from the generalized screen method, mathematically described
by Equation (5).

LINEAR MIGRATION METHODS
Another class of screen methods are derived using the Born approximation applied to the
scattered wavefield. Mathematically, this is described by a linearization of the downward continuation operator. After linearization, the wavefield at depth z + 1z is related to the wavefield
at the previous depth level z by Equation (6). As for the non-linear methods, we can simplify
this equation, and obtain different methods commonly encountered in the literature:
1. We can, again, ignore the spatial variability of the slowness function for the terms of
2n−2
P
1, which gives the following linear mixed-domain
the summation, sso = 1 and δn =
l=0
(n≥1
)
migration equation, known in the literature as the extended local Born-Fourier method
(Huang et al., 1999):
!#
)
(
"
1
2n
∞
X
|k
|
m
(−1)n 2
(2n − 1) (s − so ) .
Uz+1z ≈ eikz o 1z Uz 1 + i1zω 1 −
n
ωso
n=1

(10)
2. We can consider Equation (10) as a Taylor series expansion, therefore we can write it in
a more compact, but equivalent, form as
"
#
ωs
o
(s − so ) .
Uz+1z ≈ eikz o 1z Uz 1 + i1zω p
(11)
ω2 so 2 − |km |2
This equation describes the local Born-Fourier a.k.a. pseudo-screen method (Huang
and Wu, 1996).
The extended local Born-Fourier method, Equation (10), is preferable in practice, since
Equation (11) can lead to instability when the denominator vanishes. Another way of
avoiding the instability is to add a small complex quantity, iη |km |, to the denominator,
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method that is known as the complexified local Born-Fourier or complexified pseudoscreen method (de Hoop and Wu, 1996):

Uz+1z ≈ eikz o 1z Uz 1 + i1zω q



ωso
ω2 so 2 − (1 − iη)2 |km |2

(s − so )

(12)

SCATTERING AND MIGRATION VELOCITY ANALYSIS
The generalization analyzed in the preceding sections can also be used in the area of waveequation migration velocity analysis (Biondi and Sava, 1999; Sava and Biondi, 2000).
The downward continued wavefield in Equation (6) can be rewritten as
Uz+1z = T Uz {1 + S (s − so )}

(13)

where, as before, T is the downward continuation operator applied in the ω − k domain, and
S is the scattering operator, applied in the ω − x domain. The scattered wavefield created at
depth z + 1z under the influence of the background wavefield (Uz ) by a slowness perturbation
at depth z (1sz = s − so ) is
1Wz+1z = T Uz S1sz ,

(14)

where the general form of the scattering operator derived from FFD is
"

1

∞
|km | 2n
s X
n 2
(−1)
S = i1zω 1 −
δn
so
ωs
n

!#
.

(15)

n=1

When computed using the operator in Equation (15), the scattered wavefield, Equation (14),
exhibits a nonlinear relation to the slowness perturbation. A straightforward linearization is to
approximate S for the constant background slowness. Biondi and Sava (1999) implement the
prestack version of the scattering operator using a 4th order Taylor series expansion, under the
constant velocity assumption (δn = 2n − 1 and s = so ) for all the terms in the sum:







 !
1 |km | 2 3 |km | 4 5 |km | 6 35 |km | 8
S ≈ i1zω 1 +
+
+
+
.
2 ωso
8 ωso
16 ωso
128 ωso

(16)

Figure 3 shows a comparison of various approximation for the linear scattering operator,
Equation (15). As
the relative error of the backprojection operator increases with
h expected,
i
|km |
increasing ratio ωs . Also, Muir’s continuous fraction expansion gives a significantly better
approximation to the scattering operator for the same order of the expansion. The solid horizontal line corresponds to 10% relative error of the approximate to the true scattering operator.

Sava

Figure 3: Comparison of various approximation for the linear scattering
operator. The solid lines correspond
to scattering operators computed using the spatially variable slowness
function (s), and the dashed lines
correspond to the scattering operator computed using only the background slowness (so ). The accuracy
of the operator improves when using
the variable slowness function.
h
i The
horizontal axis is the ratio |kωsm | , and
the vertical axis is the relative error of
the linear scattering operator with respect to the true one, in logarithmic
scale. paul1-sc [NR]
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After we apply the imaging condition to the downward continued scattered wavefield
Equation (13), we can formulate the relationship between the image (1R) and slowness (1S)
perturbations as
1R ≈ L1S

(17)

where L is the wave-equation migration velocity analysis operator (Biondi and Sava, 1999).
Next section presents a simple example, in which I simulate 1R and compute 1S using a
prestack backprojection operator derived from Equation (16).

WEMVA EXAMPLES
I exemplify the simple application of the backprojection operator in Equation (17) on a North
Sea dataset (Vaillant and Sava, 1999; Sava, 2000). Figure 4 is the velocity map used to compute the background wavefield, and Figure 5 is the image obtained after split-step migration
with the background slowness model using three reference velocities.
The image is extracted from common-image gathers at a selected value of the offset rayparameter (Prucha et al., 1999), which is approximately equivalent to the image for a given
incidence angle at the reflectors (Sava and Fomel, 2000). As expected, the geologic structure
is not perfectly defined by one single incidence angle, although this is not a problem for
these examples, since I use the image at a given incidence angle only to create the image
perturbation, but use the entire prestack image as background during backprojection.
Figure 6 is a simulated image perturbation (1R) localized under the salt flank. I create
this perturbation by cutting a small window in the target region, shifting it down so that the
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Figure 4: Velocity map for the North Sea dataset. paul1-fat.V [NR]

Figure 5: The image at a selected offset ray parameter. paul1-fat.R [NR]
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phase difference between the two images doesn’t violate the Born approximation, and taking
the difference.
Next, Figure 7 is the result of applying the backprojection operator in Equation (17) to the
image perturbation in Figure 6. The backprojection operator turns the image perturbation into
a bundle of “fat” rays (1S) emerging from the region of perturbation. The rays follow various
trajectories, in accordance to the velocity model and with the background image.

Figure 6: Image perturbation situated under the salt flank, overlaid by a pair of specular rays.
paul1-fat.DR3 [NR]

Figure 7: Slowness perturbation obtained by backprojecting the image perturbation in Figure 6. Overlaid are a pair of specular rays. paul1-fat.DS3 [NR]
For comparison, I superimpose on both images in Figures 6 and 7 a pair of specular rays,
shot at roughly the same angle with respect to the normal to a hypothetical reflector in the
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perturbation region as the angle given by the offset ray parameter at which I selected the
image perturbation. The rays overlap well over one pair of “fat” rays. In fact, these images
graphically illustrate the band-limited character of wave-equation migration velocity analysis,
which is its most important property.

Figure 8: Image perturbation situated away from the salt flank, overlaid by a pair of specular
rays. paul1-fat.DR4 [NR]

Figure 9: Slowness perturbation obtained by backprojecting the image perturbation in Figure 8. Overlaid are a pair of specular rays. paul1-fat.DS4 [NR]

The backprojection in Figure 7 corresponds to just a particular selection of the incidence
angle at the reflector. Perturbations at other angles backproject over other regions of the
slowness model. When all backprojections are put together, we obtain a smoother version
of slowness perturbation in comparison to that obtained using ray tomography (Sava and
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Biondi, 2000). Ray tomography requires a significant amount of model regularization (Clapp
and Biondi, 1999) to control the shape of the inverted model. However, given its intrinsic
band-limited nature, wave-equation migration velocity analysis requires less regularization,
or model-styling, applied on the slowness model. The net result is that we need less a-priori
information about our slowness model, and we can extract more information from our data.
Unlike in the first example, Figures 6 and 7, where part of the wavefield propagates through
the salt and, therefore, some of the fat rays get significantly distorted, in a second example the
wavefield propagates through a much simpler part of the velocity model, and so the fat rays
are less distorted (Figures 8 and 9).
As pointed out by Sava and Biondi (2000), the Born approximation is the biggest limitation
of the method, since stability requires us to ensure that we do not violate the small-perturbation
assumption. Also, the frequency content of the images is not the same, therefore we can obey
the Born approximation in some regions, but violate it in others. Better ways to control the
Born approximation await for future research.

CONCLUSION
Fourier finite-difference (FFD) and generalized screen (GSP) are two of the most general
members of the mixed-domain wave-equation migration family. For the same order of approximation, GSP can achieve a higher angular accuracy than FFD, although GSP’s implementation is not as straightforward as that of FFD, and its stability is harder to ensure. Other
members of the family can be easily obtained by simply neglecting some of the terms in the
general equations. This paper serves as a tutorial that brings together all the members of the
family in a unified framework.
By analogy with mixed-domain migration operators, I generalize the wave-equation migration velocity analysis operator. Many other approximate formulae can be derived from the
general WEMVA equations. The approximations with the largest impact are those based only
on the background slowness, which enable linearized image perturbation – slowness perturbation relationship.
Simple backprojection examples illustrate the band-limited character of velocity analysis
using the wave-equation. I present WEMVA “fat” rays that are easy to correlate to highfrequency trajectories obtained by conventional ray-tracing.
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APPENDIX A
This Appendix is a step-by-step derivation of the Fourier finite-difference equation, Equation (2), one of the most general forms of the equations describing mixed-domain migration.
I begin with Taylor series approximations of the single square root equations for the vertical wavenumbers corresponding to the true slowness (s)
s
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and for the reference slowness (so )
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m
where
are binomial coefficients 2 for real m and integer n. We can use Equation (A-2)
n
to replace k z o in Equation (A-1) and obtain an equation relating the true depth wavenumber k z
to the reference one:
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Next we re-arrange the slowness terms of the equation to facilitate the substitution of the ratio
of the true and reference slownesses: p = sso
k z = k z o + ωso
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which leads to the more compact relation:
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If we make the change of variables
δn =

2n−2
X

pl ,
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we can write that
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Next, if we add and subtract ωso p ( p − 1) on the right hand side of the preceding equation, we
obtain that
1

∞
X
|km | 2n
n 2
(−1)
k z = k z o + ωso ( p − 1) + ωso p ( p − 1) − ωso ( p − 1) p
δn
(A-8)
n
ωs
n=0

which can be simplified to
k z = k z o + ωso ( p − 1) ( p + 1) − ωso ( p − 1) p
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and, furthermore, to
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and, finally, to
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If we make the reverse change of variables from p to s and so , we obtain the general Taylor
expansion form of the depth wavenumber used for the FFD migration method:
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s X
m
(−1)n 2
(s − so ) .
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(A-12)
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The equivalent 2nd order equation takes the form:
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We can write an analogous form for Equation (A-12) using a continuous fraction expansion
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APPENDIX B
This appendix is a step-by-step derivation of the generalized screen equation.
I begin with the single square root equation for the true slowness (s)
q
k z = ω2 s 2 − |km |2 ,
and for the background slowness (so )
q
k z o = ω2 so 2 − |km |2 .
We can replace k z o in k z to get
q
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k z 2o − ω2 so2 − s 2 ,

(B-1)

or, in an equivalent form,
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Next, we can write a Taylor series expansion, assuming a small slowness squared perturbation s 2 − so2
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We can make k z o explicit for the terms of the sum and obtain
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from which we can derive the generalized screen migration equation:
kz = kz o + kz o
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Because Equation (B-3) becomes unstable when the denominator of the terms in the summation vanishes, we replace these terms with another Taylor series expansion:
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We can obtain the split-step equation through a sequence of approximations in Equation (B-4): first, we limit the terms of the inner Taylor series to two (i = 1, 2) and the terms of
the outer series to one (n = 1), therefore


s2
−1 (ωso )2
kz ≈ kz o + kz o
1− 2 ,
2 k z 2o
so
which we can simplify to
kz ≈ kz o −

Next, we approximate

ω
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1 ω2 2
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and so + s ≈ 2so , and get
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1
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which reduces to the split-step equation
k z ≈ k z o + ω (s − so ) .
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Short Note
Simple factorization of implicit finite-difference downwardcontinuation operators
Biondo Biondi1

INTRODUCTION
Solving the one-way wave equation by using implicit finite-differences on helical boundary
conditions is a computationally attractive way to avoid the operator anisotropy induced by
splitting (Rickett et al., 1998; Rickett, 2000). The method relies on a numerical spectral factorization of a finite-difference operator into the product of two operators: one minimum phase
and the other maximum phase. When the velocity is laterally constant this factorization can
be efficiently and reliably performed in the Fourier domain using the Kolmogoroff method
(Claerbout, 1976). Unfortunately, when the velocity is laterally varying the operator to be
factored is non-stationary, and Kolmogoroff cannot be directly applied. Rickett describes an
approximate method to address this problem (2000), but unfortunately when the velocity field
is rapidly changing instability may incur.
I attempt to circumvent the problems of factoring a non-stationary operator by analytical
approximating the finite-difference operator as the cascade of operators that are either causal
or anti-causal. The application of such one-sided operators by implicit finite-difference (e.g.
Crank-Nicolson) requires only the inversion of triangular matrices, which is quickly accomplished by back substitution (i.e. polynomial division).
I am interested to achieve wide-angle accuracy, thus I concentrate my attention on the
finite-difference step of the Fourier-Finite Difference Plus Interpolation (FFDPI) method that
I previously presented (2000), which, in turn, is based on the Fourier-Finite Difference (FFD)
method introduced by Ristow and Ruhl (1994).
The FFDPI correction term can be written in matrix notation as
!
0
0
6 D D6
,
exp (1k z ) = exp 1
I − 6 0 D 0 D6

(1)

where 1 and 6 are diagonal matrices function of the reference velocity and the true medium
0
velocity, and D D is a discrete approximation of the Laplacian. The goal is to approximate
0
1k z as the sum of terms that are function of only either D or D . Since 1k z is an exponent, the
1 email:

biondo@sep.stanford.edu
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approximation by a sum is equivalent to applying the corresponding implicit finite-difference
operators in a cascade.
If we consider the simplest case of a two terms approximation we have
 0
1k z ≈ 1k z− D + 1k z+ (D) .

(2)

The above sum would not require any approximation if D were symmetric; that is, its Fourierdomain representation were purely real. However, such factorization of the Laplacian would
not be useful for our purposes, because it would not generate a triangular linear system when
applied to an implicit finite-difference scheme.
Zhang et al. (2000) use a cascade similar to equation (2) together with helical boundary conditions to derive an efficient implicit finite-difference method that solves the twodimensional one-way wave equation along the Cartesian axes and the diagonals. My goal
is to employ the cascade in equation (2) together with helical boundary conditions to solve
directly the three-dimensional problem, in a way similar to Rickett et al (1998). However, this
note is limited to the analysis of the inaccuracies introduced by the factorization when solving
the two-dimensional one-way wave equation.

TWO SIMPLE APPROXIMATIONS
I will consider the following two simple approximations:
0

dz = −
1k

0

1D6
16 D

0
0 +
2 (I − D6)
2 I +6 D

(3)

and
0

gz =
1k

0

16 D
1D6

.
0
0 +
2 (I + D6)
2 I +6 D

(4)

If the coefficients of 1 and 6 are constant; i.e., the reference velocity and the medium
velocity are laterally invariant, the analysis can be performed in the wavenumber domain (k).
In the following, I will assume that the operators are in the wavenumber-domain. It is straightforward to verify that
dz = 1k z if = (D) = 0.
1k

(5)

However, as discussed above, we want to use minimum-phase approximations of D. Minimum
phase functions are by definition one sided, and thus the imaginary part of their wavenumberdomain
representation
must be different from zero.
When this occurs, both a phase error



d
d
< 1k z − 1k z and an amplitude error = 1k z are introduced. The amplitude error is particularly troubling because it may cause eitherinstability or excessive dumping of the propadz .
gating waves, depending on the sign of = 1k
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Figure 1: First-order approximation of the one-dimensional gradient operator. Notice that this
operator is also minimum phase. Space-domain representation (top), wavenumber-domain
representation (bottom). biondo1-rep1 [CR]

In contrast, it is also easy to verify that

gz = = (1k z ) = 0 if D (k) = D ∗ (−k) ;
= 1k

(6)

that is, if the space-domain representation of D is purely real. This property of equation (4) is
attractive because it means that the all-pass properties of exp (1k z ) are preserved.
The analytical expressions of the errors introduced by the above approximations are not
particularly insightful. Therefore, I will show the errors introduced by the approximations for
some concrete instances of both D and the velocities. In particular, I will show the effective
phase curves corresponding to the use of each approximation and compare them with the
phase curves corresponding to the application of the exact FFD correction [equation (1)], and
the application of a simple split-step correction.
I start by using for D the first-order approximation of the derivative operator. Figure 1
shows the space-domain representation (top), and the wavenumber-domain representation
(bottom), of D. Notice that D = (D) 6= 0. D is also minimum phase.
Figure 2 shows the phase curves plotted as a function of the propagation angle. The approximate FFD curves correspond to the approximation of equation (3). The phase curves
were computed assuming a medium velocity of 2 km/s, a low reference velocity of 1.7 km/s, a
high reference velocity of 2.3 km/s, a spatial sampling rate of 10 m, and a temporal frequency
of 25 Hz. Figure 3 shows the phase curves computed with the same parameters as in Figure 2,
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with the exception of the temporal frequency, that was set to 100 Hz. The phase curves are
affected by the temporal frequency for two reasons: first, = (D) is function of the wavenumber
0
(bottom of Figure 1); second, the higher the temporal frequency, the worse D D approximates
the Laplacian, affecting the accuracy of the “exact” FFD correction. The frequency of 100 Hz
corresponds to the Nyquist wavenumber for the waves propagating at 90 degrees with velocity
dz is a poor approximation at
of 2 km/s. From Figure 2 we can immediately conclude that 1k
low frequencies, even worse than the simple split-step correction. The curves corresponding to
dz get closer at higher frequencies, but mostly because 1k z becomes more ineffec1k z and 1k
dz are sufficiently discouraging that I do not show the amplitude
tive. The phase errors for 1k
dz .
curves; that are related to the imaginary part of 1k
In contrast, the approximation of equation (4) is more promising, not only because of
its lack of stability problems [equation (6)], but because the phase errors are better behaved.
gz . At low frequency (25 Hz) the
Figures 4 and 5 show the phase curves corresponding to 1k
approximate FFD correction is worse than the exact one, but is better then the simple split-step
correction (Figure 2). At high frequency (100 Hz), the approximate FFD correction is very
close to the exact one (Figure 5).
The final goal is to solve the 3-D one-wave equation, not the 2-D one. The 2-D Laplacian
cannot be as easily factored analytically as the 1-D one, and thus I would need to rely to numerical methods to find appropriate expressions for D. In particular, I would need to apply
Kolmogoroff factorization. Figures 6 and 7 show the step of such procedure for the 1-D case.
Figure 6 shows the zero-phase first derivative operator obtained by inverse Fourier transforming D (k) = |k|. Figure 7 shows the result of Kolmogoroff applied to the operator in Figure 6.
Notice the similarity with the operator shown in Figure 1. The small wiggles following the
large negative spike in the space-domain representation shown in Figure 7 are responsible for
the difference in behavior at high wavenumbers. The phase curves for this choice of D are
shown in Figures 8 and 9. They are very similar to the ones shown in Figures 4 and 5, with
the exception of the curves corresponding to the “exact” FFD correction. Because the new
D is a better approximation of the derivative operator also for high wavenumber, the curves
corresponding to 100 Hz are almost identical to the ones corresponding to 25 Hz.

CONCLUSIONS
The problems encountered when factoring a non-stationary operator for applying the FFD
correction with laterally varying velocity can be circumvented by approximating the exact
FFD correction as the sum of terms that contains either causal or anti-causal operators.
The first approximation that I considered is unattractive both because of its phase errors
and because of its potential for instability. The second approximation that I analyzed has
the desired amplitude behavior and better phase properties than the first one. However, its
usefulness is still undetermined by the results obtained so far. The errors introduced by these
approximations should be weighted against the errors introduced by splitting, also taking into
account that the splitting errors are greatly reduced in the FFDPI algorithm (Biondi, 2000),
with respect to the simple FFD algorithm.
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Figure 2: Phase curves obtained using the D operator shown in Figure 1, and for a temporal
frequency of 25 Hz. The phase curves for the approximate FFD correction were computed
using the approximation in equation (3). biondo1-firsta1f25 [CR]
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Figure 3: Phase curves obtained using the D operator shown in Figure 1, and for a temporal
frequency of 100 Hz. The phase curves for the approximate FFD correction were computed
using the approximation in equation (3). biondo1-firsta1f100 [CR]
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Figure 4: Phase curves obtained using the D operator shown in Figure 1, and for a temporal
frequency of 25 Hz. The phase curves for the approximate FFD correction were computed
using the approximation in equation (4). biondo1-firsta2f25 [CR]
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Figure 5: Phase curves obtained using the D operator shown in Figure 1, and for a temporal
frequency of 100 Hz. The phase curves for the approximate FFD correction were computed
using the approximation in equation (4). biondo1-firsta2f100 [CR]
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Figure 6: Zero-phase version of the exact one-dimensional gradient operator. Space-domain
representation (top), wavenumber-domain representation (bottom). Notice that the imaginary
part of the wavenumber-domain representation is equal to zero. biondo1-rep2 [CR]
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Figure 7: Minimum-phase version of the exact one-dimensional gradient operator. Spacedomain representation (top), wavenumber-domain representation (bottom). Notice that
the imaginary part of the wavenumber-domain representation is different from zero.
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Figure 8: Phase curves obtained using the D operator shown in Figure 7, and for a temporal
frequency of 25 Hz. The phase curves for the approximate FFD correction were computed
using the approximation in equation (4). biondo1-dera2f25 [CR]
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Figure 9: Phase curves obtained using the D operator shown in Figure 7, and for a temporal
frequency of 100 Hz. The phase curves for the approximate FFD correction were computed
using the approximation in equation (4). biondo1-dera2f100 [CR]
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Multi-dimensional Fourier transforms in the helical coordinate
system
James Rickett and Antoine Guitton1

ABSTRACT
For every two-dimensional system with helical boundary conditions, there is an isomorphic one-dimensional system. Therefore, the one-dimensional FFT of a 2-D function
wrapped on a helix is equivalent to a 2-D FFT. We show that the Fourier dual of helical boundary conditions is helical boundary conditions but with axes transposed, and
we explicitly link the wavenumber vector, k, in a multi-dimensional system with the
wavenumber of a helical 1-D FFT, kh . We illustrated the concepts with an example of
multi-dimensional multiple prediction.

INTRODUCTION

If helical boundary conditions (Claerbout, 1998b) are imposed on a multi-dimensional system,
an isomorphism exists between that system and an equivalent one-dimensional system. Previous authors, for example Claerbout (1998a), take advantage of this isomorphism to perform
rapid multi-dimensional inverse filtering by recursion.
The Fourier analogue of convolution is multiplication: to convolve a 2-D signal with a
2-D filter, take their 2-D Fourier transforms, multiply them together and return to the original
domain. The relationship between 1-D and 2-D convolution, FFT’s and the helix is illustrated
in Figure 1. With helical boundary conditions, we can take advantage of the isomorphism
described above, and perform multi-dimensional convolutions by wrapping multi-dimensional
signals and filters onto a helix, taking their 1-D FFT’s, multiplying them together, and then
returning to the original domain.
If we can use 1-D FFT’s to do 2-D convolutions, the isomorphism due to the helical boundary conditions must extend into the Fourier domain. In this paper, we explore the relationship
between 1-D and multi-dimensional FFT’s in helical coordinate systems. Specifically we
demonstrate the link between the wavenumber vector, k, in a multi-dimensional system, and
the wavenumber of a helical 1-D FFT, kh .
1 email:
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Figure 1: Relationship between
1-D and 2-D convolution, FFT’s
and the helical boundary conditions.
james1-ill [NR]
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THEORY
For simplicity, throughout this section we refer to a two-dimensional sampled image, b; however, the beauty of the helical coordinate system is that everything can be trivially extended to
an arbitrary number of dimensions.
We employ two equivalent subscripting schemes for referring to an element of the twodimensional image, b. Firstly, with two subscripts, b px , p y refers to the element that lies px increments along the x-axis, and p y increments along the y-axis. Ranges of px and p y are given
by 0 ≤ px < N x , and 0 ≤ p y < N y respectively. Helical coordinates suggest an alternative
subscripting scheme: We can use a single subscript, ph = px + p y N x , such that b px , p y = b ph
and the range of ph is given by 0 ≤ ph < N x N y . Moreover, if we impose helical boundary
conditions, we can treat b as a one-dimensional function of subscript ph .

Linking 1-D and 2-D FFT’s
Taking the one-dimensional Z transform of b in the helical coordinate system gives
N x N y −1

B(Z h ) =

p

X

b ph Z h h .

(1)

ph =0

Here, Z h represents the unit delay operator in the sampled (helical) coordinate system. The
summation in equation (1) can be split into two components,

B(Z h ) =

N y −1 N x −1
X X

p + p y Nx

b px , p y Z h x

(2)

p y =0 px =0

=

N y −1 N x −1
X X

p

N p

b px , p y Z h x Z h x y .

(3)

p y =0 px =0

Ignoring boundary effects, a single unit delay in the helical coordinate system is equivalent
to a single unit delay on the x-axis; similarly, but irrespective of boundary conditions, N x unit
delays in the helical coordinate system are equivalent to a single delay on the y-axis. This
leads to the following definitions of Z h and Z hNx in terms of delay operators, Z x and Z y , or
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wavenumbers, k x and k y :
Z h ≈ Z x = eik x 1x ,
Z hNx

= Zy = e

ik y 1y

(4)

,

(5)

where 1x and 1y define the grid-spacings along the x and y-axis respectively.
Substituting equations (4) and (5) into equation (3) leaves
B(k x , k y ) = B(Z h ) =

N y −1 N x −1
X X

p

b px , p y Z xpx Z y y

(6)

b px , p y eik x 1x px eik y 1yp y .

(7)

p y =0 px =0

=

N y −1 N x −1
X X
p y =0 px =0

Equation (7) implies that, if we ignore boundary effects, the one-dimensional FFT of b(x, y)
in helical coordinates is equivalent to its two-dimensional Fourier transform.

Wavenumber in helical coordinates
With the understanding that the 1-D FFT of a multi-dimensional signal in helical coordinates
is equivalent to the 2-D FFT, a natural question to ask is: how does the helical wavenumber,
kh , relate to spatial wavenumbers, k x and k y ?
The helical delay operator, Z h , is related to kh through the equation,
Z h = eikh 1x .

(8)

In the discrete frequency domain this becomes
Z h = eiqh 1kh 1x ,

(9)

where qh is the integer frequency index that lies in the range, 0 ≤ qh < N x N y . The uncertainty
relationship, 1kh 1x = N2π
, allows this to be simplified still further, leaving
x Ny
q

Zh = e

2πi N x hN y

.

(10)

If we find a form of qh in terms of Fourier indices, qx and q y , that can be plugged into equation (10) in order to satisfy equations (4) and (5), this will provide the link between kh and
spatial wavenumbers, k x and k y .
The idea that x-axis wavenumbers will have a higher frequency than y-axis wavenumbers,
leads us to try a qh of the form,
qh = N y q x + q y .

(11)
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Substituting this into equation (10) leads to
Zh = e
= e

(N y q x +q y )
Nx N y

2πi



2πi

qx
Nx

q
+ N x yN y

(12)


.

(13)

Since q y is bounded by N y , for large N x the second term in braces
to

qy
Nx N y

≈ 0, and this reduces

qx

Z h ≈ e2πi Nx = Z x ,

(14)

which satisfies equation (4).
Substituting equation (11) into equation (10), and raising it to the power of N x leads to:
Z hNx

= e
= e

2πi

(N y q x +q y )
Ny



q
2πi qx + Nyy

(15)
.

(16)

Since qx is an integer, e2πiqx = 1, and this reduces to
Z hNx = e

q

2πi Nyy

= Z y,

(17)

which satisfies equation (5).
Equation (11), therefore, provides the link we are looking for between qx , q y , and qh . It is
interesting to note that not only is there a one-to-one mapping between 1-D and 2-D Fourier
components, but equation (11) describes helical boundaries in Fourier space: however, rather
than wrapping around the x-axis as it does in physical space, the helix wraps around the k y axis in Fourier space (Figure 2). This provides the link that is missing in Figure 1, but shown
in Figure 3.

y
Figure 2: Fourier dual of helical x
boundary conditions is also helical
boundary conditions with axis of helix transposed. james1-transp [NR]

ky
kx

FFT

As with helical coordinates in physical space, equation (11) can easily be inverted to yield
 
2π
qh
k x = 1k x qx =
,
and
(18)
N x 1x N y

 
2π
qh
k y = 1k y q y =
qh − N y
(19)
N y 1y
Ny
where [x] denotes the integer part of x.
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Figure 3: Relationship between 1D and 2-D convolution, FFT’s and
the helix, illustrating the Fourier
dual of helical boundary conditions.
james1-ill2 [NR]
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Speed comparison
For a two-dimensional dataset with dimensions, N x × N y , the cost of a 1-D FFT in helical
coordinates is proportional to

N x N y log N x N y .

(20)

For the same dataset, the cost of a 2-D FFT is
N y (N x log N x ) + N x N y log N y



= N x N y log N x + log N y

= N x N y log N x N y .


(21)

Therefore, the cost of a 1-D helical FFT of a 2-D dataset is exactly the same as the cost of an 2D FFT of the same dataset. The link between the two leads to no computational advantages in
the number of operations. However, other differences may lead to computational savings. For
example, a 2-D FFT with a power-of-two algorithm requires both N x and N y to be powers of
two. However, the 1-D helical FFT requires just N x N y to be a power of two, and so less zeropadding may be required. The corollary, that a large 1-D FFT can be computed (with small
inaccuracies) using a 2-D FFT algorithm, also leads to potential computational savings. Twodimensional FFT’s are easier to code to run both in parallel and out-of-core than 1-D FFT’s,
leading to significantly faster code and a lower memory requirement without the additional
complexity of Singleton’s algorithm (Press et al., 1992).

EXAMPLES
Figure 4 compares the real part of the 2-D Fourier transform of a single spike with the equivalent real part after a 1-D FFT in helical boundary conditions. The Fourier transforms are
centered, so that zero frequency is at the center of the plot. This has the effect that the artifacts
that would appear at the vertical boundaries (k y = 0) of the image are more visible since they
appear at the center of the plot.
Figure 5 compares amplitude spectra for a broader band 2-D seismic VSP gather. Artifacts from the helical boundaries are very difficult to see on the spectra themselves, and the
difference image is very low amplitude.
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Figure 4: Comparison of real part of 2-D spectra: (a) input spike (single frequency), (b) real
part of 2-D FFT, (c) real part of 1-D helical FFT, and (d) difference between (b) and (c) clipped
to same level. james1-spikespec [ER,M]
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Figure 5: Comparison of 2-D amplitude spectra: (a) input 2-D VSP gather, (b) amplitude
spectrum from 2-D FFT, (c) amplitude spectrum from 1-D helical FFT, and (d) difference
between (b) and (c) clipped to same level. james1-schlumspec [ER,M]
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Application to the multiple prediction
Multiple prediction is the first step in the class of adaptive multiple suppression methods (Verschuur et al., 1992). In a laterally homogeneous earth, Kelamis and Verschuur (2000) show that
surface-related multiples can be predicted by taking the multi-dimensional auto-convolution
of a common midpoint (CMP) gather. This auto-convolution reduces to a multiplication in the
f-k domain, and so it can be performed rapidly with multi-dimensional FFT’s.
Since multi-dimensional FFT’s can be computed with a one-dimensional Fourier transform
in helical coordinates, we can predict multiples by wrapping a CMP gather onto a helix, taking
its 1-D FFT, squaring the result, and returning to the original domain.
We tested this algorithm on a single CMP from the synthetic BP multiple dataset (Clapp,
1999). Figure 6 displays the multiple prediction result using the helical coordinate system
and only a single one-dimensional FFT. Theoretically, only first-order multiples should have
correct relative amplitudes, and the source wavelet appears twice in the multiple prediction.
However, the kinematics of all multiples are almost exact, even for higher-order multiples
below 5 s two-way traveltime.

CONCLUSION
We have explicitly found the relationship between multi-dimensional FFT’s and 1-D FFT’s on
a helix, linking the wavenumber vector, k, in a multi-dimensional system with the wavenumber
of a helical 1-D FFT, kh . Specifically, the Fourier dual of helical boundary conditions is
helical boundary conditions but with axes transposed. We have illustrated the concepts with
an example of multi-dimensional multiple prediction.
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Figure 6: The left panel shows the multiple model obtained with the helix and a 1-D FFT.
The right panel shows the input CMP gather with the offset axis reversed to facilitate the
comparison. Some wrap-around effects appear at the top of the multiple model. james1-BP2
[ER]
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Seismic velocity and attribute study based on well interpolated
data

Douglas Gratwick and Daniel Rosales1

ABSTRACT
This paper studies the effects of fluid type in pore space for a channel sand in the Stanford
V dataset. The model used was created by interpolation of 3D well data using ordinary
kriging. Vp , Vs , density, and porosity were all kriged into 3D volumes, and then a slice
was extracted, which contained a sand body surrounded by a shale. Elastic modeling
was run on this slice, and the data were processed into CMP gathers for AVO study.
Subsequent modeling was done for fluid substitution of both oil and gas. It was found that
the hydrocarbons yielded higher amplitude reflections, and that the gas model showed an
increased amplitude with offset. A velocity slice containing well information was used for
modeling and subsequent velocity analysis. This velocity analysis shows the difference
between seismic and well velocities due to the frequency content of the source.

INTRODUCTION
Seismic data can provide not only structural information but also rock property information
like P and S velocity, porosity, fluid saturation, etc. Amplitude corresponds to the dynamic
feature of seismic data and its behavior with respect to incidence angle (AVA) or offset gives
information about both the fluid type and fluid saturation in the rock (Ostrander, 1984; Chen
and Sidney, 1997).
Velocity, another rock property, is a key factor not only for the rock property estimation but
also for the final image in the seismic processing step. Different sources of velocity information (well data, seismic data) yield different velocity values, partly because of the frequency
dependence of this rock property (scale effect). A connection between the different velocity
values is a key factor for reservoir characterization studies.
This paper presents a study of the effect of pore fluid type on seismic data, and an analysis
of the differences between seismic and well velocities. This study is based on the information
of well data only; in order to achieve our goal, a three dimensional interpolation of the well
data is required.
Geostatistics is a field which has many algorithms for handling the 3D interpolation problem. Kriging is a technique which is very useful, especially when dealing with sparsely sam1 email:
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pled data, such as wells in 3D. In this project, an ordinary kriging operator is applied to the
well data (White, 1998).
This work intends to give not only relations between pore fluids and seismic data but also
compares well velocities and seismic velocities based on well data interpolation and 2D seismic modeling. The use of Gassmann’s equation for fluid substitution (brine→oil, brine→gas)
will help to study the fluid saturation effects. Seismic modeling over the sections after and before fluid substitution shows AVO differences due to the pore fluid. A second seismic modeling
is done for velocity analysis purposes, this velocity analysis presents differences between seismic and well velocities.

WELL INTERPOLATION
The data for this project was supplied by the rock physics group at Stanford University. It
is from the Stanford V synthetic data set, which is a 3-D model set in a fluvial environment.
The trajectories for the wells used in this project are displayed in Figure 2. The geometry
represents wells from three separate platforms. In order to extract inline slices easier, the data
was rotated 37◦ to an inline azimuth of 0◦ or directly north south, as shown in Figure 1.
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Figure 1: Rotated wells to N-S axis. daniel1-rotated_wells [NR]
The interpolation between the wells was done using an ordinary kriging method. The
actual operator is a part of the kt3d program in the GSLIB software package (Deutsch and

SEP–105

Velocity & attributes

179

−100

−200

Depth (m)

−300

−400

−500

−600
4000
3000
2000
1000
Inline (m)

0
0

1000

500

1500

2000

2500

Crossline (m)

Figure 2: Original orientation of well data. daniel1-wells [NR]

Journel, 1998). The distance dependence of the kriging operator is found by looking at variograms. Variograms were calculated using the program gamv, another part of the GSLIB
library. The horizontal variogram, Figure 3, shows better correlation at greater distances than
the vertical variogram, Figure 4. This is expected because in a real geologic setting, rocks
usually are deposited in roughly horizontal packages which usually are much wider than they
are deep. The actual variogram was a semivariogram, which is commonly used to correlate
two attribute values separated by a distance vector,
E

E =
γ (h)

1

N (h)
X

E
2N (h)

i=1

(xi − yi )2 ,

(1)

E is the number of attribute pairs, xi is the start or head value, and yi is the end
where N (h)
or tail (Deutsch and Journel, 1998). Thus, typically the value γ will be zero where a data
point is, and increase sharply then flatten off at great distances where there is no correlation
between the head and tail points. The data fitting lines are exponential fits, which were fit in
the equation:
h
i
E = c · 1 − e− 3ha ,
γ (h)
(2)
where a and c are found using a non-linear least squares algorithm. These values are used in
the kt3d program. The ordinary kriging program uses the kriging estimator in the following
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equation (Journel, 2000),
Z O K (E
u) =

n
X

λα (O K ) (E
u )Z (E
u α ).

(3)

α=1

Basically, the ordinary kriging operator estimates at each location uE a mean. The variance
specified in the program is the same everywhere, and is defined in the program using a and
c from equation (3). The ability to re-estimate the mean at each point is what differs ordinary kriging from simple kriging. This ability makes the ordinary kriging a robust technique
because the random function model can be rescaled at each point. The robustness makes ordinary kriging appropriate for this problem, since the data is sampled so sparsely. This brief
discussion of variograms and ordinary kriging is based on the discussion in the software users
guide (Deutsch and Journel, 1998).
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Figure 3: Horizontal variogram. daniel1-hoz_var [NR]
Figure 5 shows the 2D velocity slices used for the AVO modeling and velocity modeling.
The slices correspond to the 0 m and 300 m crossline value in Figure 1, respectively. In these
slices the data are the most dense, and thus the kriging algorithm is the most accurate. The
slices from the output was 30 points on the depth axis, and 160 points on the distance axis.
This was too coarse for the modeling, so a linear interpolation program was used to make the
model 300 by 2000 points.
The lateral velocity distribution around the well location in Figure 5b demostrate the stability of the interpolation operator because of the gradual lateral decay of the velocities and the
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Figure 4: Vertical variogram. daniel1-vert_var [NR]

Figure 5: Slices from 3-D data cube used in the modeling. daniel1-slice [ER]

450

182

Gratwick & Rosales

SEP–105

absence of either vertical or horizontal fluctuations of the velocity distribution. It is not possible to asses the accuracy of the interpolation process because we do not have the original velocity model; however, the fact that it is possible to distinguish some bodies with lense shapes,
which is a geological reasonable distribution of fluvial sedimentary environment, makes the
model seen reasonable.

FLUID SUBSTITUTION
In order to study the effects of different fluids on AVO response, a suitable body in the diagram
needed to be located which would show significant rock property change with a change in fluid
(Mavko and Mukerji, 1995). Specifically, a body with high porosity would be the best choice.
In Figure 5a there is a prominent feature in the center of the section at a depth of 100 meters,
a thickness of 50 meters, and a width of around a kilometer. This body is interpreted as one of
the many channel deposits present within the Stanford V dataset. The facies of this body is a
relatively porous sand, with an associated low density, P-wave velocity, and S-wave velocity.
The wide lateral extent, horizontal boundary, and sharp impedance contrast at both the top
and base provide for good modeling because data can be looked at over a range of horizontal
distance, and the amplitudes should be relatively strong (Yilmaz, 1987).
The inputs needed to do the fluid substitution are the P-wave velocity, S-wave velocity,
density, and porosity. Since the kriging uses spatial coordinates, and each of these variables is
known at well locations, the same kriging parameters are used for the other variables as was
used for the P-wave velocity kriging. This ensures that the rock properties of the sand body are
relative throughout. S-wave velocities were given for only one horizontal well. Since S-wave
velocities were needed in the whole section equation (4) was used to calculate Vs from Vp
using knowledge of facies.
The facies in the Stanford V dataset are ranked from 0-3, with lower numbers associated
with slower, more porous facies. Using knowledge of the facies at each point, and the Castagna
relation,
Vs = ai2 Vp2 + ai1 Vp + ai0 ,

(4)

with the correct coefficients ai2 , ai1 , and ai2 (refer to Appendix), a value for Vs was assigned
to each point (Mavko, 2000). So on each variable section, including Vs , the sand body is a
very prominent feature. From the porosity section in Figure 7, it is seem than in fact there is
a high porosity anomaly associated with this channel sand. The original data is assumed to
be saturated with a brine fluid. Values for Vp, Vs, and density of the brine saturated section
(original data) are seen in Figure 6. Because this body is different than the surrounding rocks,
the fluid substitution is easily implemented by simple scanning for anomalously low P-wave
velocities in that area, and doing the fluid substitution at these points. The substitution requires
units of K, bulk modulus, and µ shear modulus. Conversion using the kriged sections requires
a calculation at each point,


4 2
2
(5)
K sat = ρ V p − V s
3
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Figure 6: Brine-saturated section. daniel1-brine_plot [ER]
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Figure 7: Porosity section. daniel1-por [ER]

µsat = ρVs2 .

(6)

The substitution is done using the Gassmann’s Relations obtained from Mavko (2000)
(Equations 5 and 6). One Gassmann assumption is that the shear modulus, µ, is the same for
a dry and fluid saturated rocks. This is a safe assumption since µ for fluids and gases is zero.
The transform from brine saturated to dry is as follows:
h
i
min
K sat φKKf luid
+ 1 − φ − K min
K dr y =
(7)
φ K min
K sat
−
1
−
φ
+
K f luid
K min
where K is the Bulk modulus φ is the porosity. The mineral is assumed to be quartz, with
K=36.6 Gpa. With this K dr y , the K sat for and fluid can be found using the following relation:
h
K sat = K dr y +

φ
K f luid

K

dr y
1 − K min

i2
K

y
+ K1−φ
− K dr
2
min

(8)

min

where the K min is again assumed to be 36.6 Gpa for quartz (Mavko, 2000). Using this algorithm, the sand body was substituted with both oil (K=0.5 Gpa, ρ=0.6 g/cm 3 ) and gas (K=0.03
Gpa, ρ=.116 g/cm 3 ). The plots of Vp, Vs, and density are shown in Figure 8 and Figure 9 for
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oil and gas substitution, respectively. As expected, the substitution of oil and gas decrease Vp
because these fluids are not as stiff as brine. The densities go down as well, and this causes an
increase in Vs, because µ stays the same.
MODELING
Two data sets were modeled in this paper. One data set was used for the AVO analysis and
the other for the velocity analysis. Both modeling were done using the velocity interpolation
result, and the main difference in both models is the velocity slice used. The AVO model
was done over one velocity slice with a good definition of the sand lens for fluid substitution
purpose. The velocity analysis model was done over another velocity slice containing one well
in order to make the comparison of seismic and well velocities.
A synthetic modeling program, which solves the 2D elastic wave equation by explicit
finite difference 2nd order in time and 16th order in x and z, was used for the modeling of the
two data sets presented here. Both models consisted of 60 shots and 100 receivers per shot,
with an spacing of 2 m between shots and receivers. The maximum two-way travel time was
0.1750 sec.
Since the sand body selected for the AVO study has a width of 50 m, with an average
velocity of 2700 m/s, A wavelet with a wavelength less than 50 m is necessarily in order to
have a good resolution of top and bottom of our target, because of this a Ricker zero-phase
wavelet with a maximum frequency of 500 hz was used for both modeling, with a wavelength
min
), Figure 10 shows the wavelet used in the modeling.
of 5.4 m (λ = vfmax
Figures 11 and 12 shows common shot gathers (CSG) in the AVO model taken at 2000 m
before and after the fluid substitution, respectively. It is possible to note the first arrival both
for P and S waves. The top and bottom reflection of our target are visible in the common shot
gather after the fluid substitution. The presence of both reflections is not easily distinguished
in the CSG before the fluid substitution because of the low impedance constrant of the body,
this result will be discused in the next section.
Since the velocity analysis will be done for P velocities only, the velocity analysis model
consists only of P wave information, Figure 20 shows a common shot gather of the velocity
analysis model. It is possible to note the P wave first arrival and a series of weak reflection
hyperbolas.
Prior to the analysis of the modeling results it is necessary to make a brief processing of
the data obtained in this section of the work. This processing and analysis will be presented in
the next section.

ANALYSIS
Since there are two different models for two different analysis, the processing and analysis
will be split in two parts: an AVO analysis part and a velocity analysis part.
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Figure 8: Oil-substituted sections. daniel1-oil_plot [ER]
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Figure 9: Gas-substituted sections. daniel1-gas_plot [ER]
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Figure 10: Ricker wavelet used for
the modeling. daniel1-Wav [ER]

Figure 11: Common shot gather taken in the center of the model. daniel1-center [ER]
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Figure 12: Common shot gathers taken in the center of the model after the fluid substitution.
a brine→oil substitution. b brine→gas substitution. daniel1-center_og [ER]

AVO analysis

The first step in the analysis was to further process the raw data by doing a simple CMP sort.
Ideally, the reciever spacing in a survey (1G) should be twice the shot spacing (1S). However,
the geometry which constrained our modeling (1S = 1G) provides for some headaches in the
sorting process (Claerbout and Black, 1997). The CMP sorting was based on if the offsets were
odd or even. Even offsets went to even CMP numbers and odd offsets went to odd CMPs. The
end result was twice the CMP sampling with half the traces in each CMP as were in the shot
gathers. With 60 shots (spanning 120 m) we ended up with 159 CMP locations (spanning
159m). There were 20 CMP locations which were fully sampled, that is all their offsets had
trace information. These correspond to the points from 2084m-2104m. This section at zero
offset roughly estimates what a stacked section in this part of the model would look like.
Another problem is the direct wave arrivals for both the P-wave and S-wave. In Figure 11
the direct S-wave cuts across the far receiver traces where AVO effects can be important. Also,
these high amplitude primary arrivals can inhibit good velocity analysis. Therefore, a simple
velocity mute was used for the CMP gathers to better view the data.
It is possible to note in Figure 13, the differences in the P velocity for the sand body
selected for the study with the three differents fluid properties after the fluid substitution.
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Figure 13: P velocity comparison for the sand body with three different fluids.
daniel1-velcomp [ER]

Figure 14: Zero-offset section for brine filled pore space. daniel1-brine_section [CR]
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Figure 15:
CMP from brine
section
at
midpoint
2100m.
daniel1-brine_cmp [CR]

Brine Saturated Pore Space
The section created from the original brine-saturated model is shown in Figure 14. The first
thing to notice is that the amplitudes for the reflections are not very strong. This is because
the impedance contrast between the two is not enough to generate a strong reflection. The
reflection present does exhibit the 180o phase change which is expected from a wave reflecting
off a layer with lower impedance (Sheriff and Geldart, 1995). The reflection from the bottom
of the body is also present. This reflection does not show the 180◦ phase change because the
lower unit has a relatively high impedance. The offset in the brine gathers, Figure 15, does not
show any particular change with offset, except that the expected decrease in amplitude with
offset is observed. An equation which relates P-wave reflection amplitude with increasing
angle (or offset) is Shuey’s approximation:



1Vp  2
1ν
2
2
R(2) ≈ R0 + E R0 +
sin
2
+
tan
2
−
sin
2
(9)
(1 − ν)2
Vp
where ν is Poisson’s ratio, R0 is the normal incidence reflection coeffecient, and E is a term
involving the velocity and density changes (Mavko, 2000). Basically this equation, and other
AVO equations, show that with little change in Poisson’s ratio over a contact, the amplitude
should decrease with offset, which is observed in the Figure 15.

Oil Saturated Pore Space
This is the section produced by using the Gassman’s relations to substitute oil for brine. The
big difference is the fact that the interfaces at the top and bottom of our sand are very distinguishable. The reason is that the impedance contrast is much greater because the P-wave
velocity decreases with the substitution of oil since the Bulk modulus of oil is about 1/4 that
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Figure 16: Zero-offset section for oil filled pore space. daniel1-oil_section [CR]

Figure 17: CMP from oil section at
midpoint 2100m. daniel1-oil_cmp
[CR]
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of brine. Figure 16 shows the section. It is clear that the data does not change above the
sand body, but at the contact and later, the arrivals are changed. Figure 17 shows the CMP
gather from the midpoint at 2100 meters. There is good indication of a shear-wave arrival on
the CMP gather for both the top and bottom reflection. Also, there is what appears to be a
head-wave arrival from a refraction at the base of our sand.
The greater offsets for the oil section have much higher amplitude than for the brine section, however there is not an appreciable increase in AVO which is often expected with hydrocarbon indication (Mavko and Mukerji, 1998). Referring to equation (9), there still is not
enough of a change in Poisson’s ratio to yield an increase in amplitude with offset. Rather, the
amplitude stays about the same magnitude, or decreases a little with increasing offset.

Figure 18: Zero-offset section for gas filled pore space. daniel1-gas_section [CR]

Gas Saturated Pore Space
The final fluid substitution was that of brine for gas. The gas is both the less dense and least
rigid of all the fluids used, and thus the impedance contrast between our sand body and the
shale units around the body was the greatest in this model. Figure 18 shows the last section.
The amplitudes are the the highest for this fluid substitution because the reflection coefficient
is the largest. Like in the oil section, many interesting effects of using elastic modeling can be
seen, including S-wave reflections and what appear to be S-wave refractions.
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Figure 19: CMP from gas section at
midpoint 2100m. daniel1-gas_cmp
[CR]

AVO theory, according to equation (9), predicts that for a negative reflection coefficient
and a decrease in Poisson’s ratio, as in a gas sand below a shale, the amplitude will increase
with offset (Ostrander, 1984). In fact, this is what was noted in the gas saturated model. The
CMP in Figure 19 clearly shows that when gas is the constituent of the pore space, amplitude
will increase with offset. Also, when there is a positive reflection coefficient, and increase in
Poisson’s ratio, as in a gas sand overlying a shale, the amplitude will also increase with offset.
This is what we see in the bottom reflector. Thus when the sand body is gas saturated, the
AVO effect causes increase in amplitude with offset at both interfaces.

Velocity Analysis
The velocity modeling result was used in this part of the paper. The common shot gathers were
processed in order to obtain the CMP gather corresponding to the exact well position for the
velocity analysis.
The processing consisted of basic steps, first of all a CMP sorting was executed on the
common shot gathers. A prediction error filter was calculated on each CMP gather in order
to proceed with deconvolution. This basic processing sequence was followed with a bandpass
filtering and an AGC (Claerbout, 1999).
Figures 20 and 21 shows a common shot gather and a common midpoint gather after the
sequence processing, respectively, it is possible to note that after the sequence processing applied to the data set the reflection hyperbolas are very well defined, and the common midpoint
gather has a behavior of a sequence of layers without structure component or strong lateral
velocity variations.
The velocity analysis was performed on the CMP gather showed in Figure 21; the result is
showed in Figure 22 with the picking result superimposed. A comparison between the seismic
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Figure 20: Common Shot Gather from velocity analysis modeling. daniel1-csg [CR]

Figure 21: Common Midpoint Gather corresponding to the well position. daniel1-cmp [CR]
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rms velocity and the “well rms” velocity, obtained by converting the well velocity into rms
velocity in time, is showed in Figure 23. It is possible to note that seismic velocities follow
the same tendency as the well velocity. The difference between those velocities are caused by
the difference between the seismic experiment and well experiment.
The seismic experiment reads velocities with an horizontal component while the well experiment reads velocities with a vertical component only. This difference produces difference
in the values of the velocities that both experiments read.
Another source of differences is the dissimilarity in the frequency content of both experiments. Interval velocity conversion was performed on this actual seismic rms velocity, the

Figure 22: Velocity analysis for CMP gather in Figure 21. daniel1-velan [CR]

methodology discussed in (Clapp et al., 1998; Rosales, 2000) for interval velocity conversion
was used in order to obtain the interval velocity for this CMP. The comparison between the
well velocity and the seismic interval velocity is presented in Figure 24.
It is possible to note the frequency difference between both velocities. Seismic velocities
have a lower frequency content than well velocities. This difference is mainly originated by
the wavelet used for the modeling.
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Figure 23:
RMS velocity comparison for well velocity and seismic velocity.
daniel1-rmsvelcomp [CR]

Figure 24: Interval velocity comparison for well velocity and seismic velocity.
daniel1-intvelcomp [CR]
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CONCLUSION
The analysis of seismic response based on well interpolated data was done. Our results follow
the AVO theory based on Shuey’s relation, equation (9), for amplitude variations with offset.
The interpolated data obtained from the given well data follows a geological distribution
characteristic of a depositional system. It is also possible to note that the interpolation result
correlate very well with the original well information. These results correlate with the original
data distribution.
Fluid substitution with Gassmann’s equations brings changes in the velocity model; we
observe that the P velocity decreases with changes in the fluid type and that the lowest velocity
in the sand body selected for the study corresponds to the gas substitution (Figure 13). It
was also noted that there was a contrary behavior for the S velocity, since the shear modulus
remains the same in the fluid substitution receipe, the S velocity increment observed is due to
the density decreasement after the fluid substitution.
A high frequency seismic modeling with different velocity models brought different seismic responses. These different responses were due only to differences in the rock fluids.
These behaviors reinforce the fact that different fluid type in the rock yield differents seismic
responses, especially in the amplitude behavior.
The fact that the highest amplitude was the one with gas saturated sand confirms the bright
spot phenomena observed in real seismic data in the presence of gas. This observation is an
important in real life productions in order to predict gas reservoirs in the subsurface with
seismic data.
The velocity analysis corroborates the frequency dependence of the velocity, since it was
possible to note that seismic velocities are smoother than well velocities, but both velocities
follow the same tendency.
Seismic velocities are different to well velocities not only in the frequency content but also
in the velocity values. This value difference is probably due to the different components of the
velocity that both experiments measure.

APPENDIXES
AVO - Shuey’s Approximation
From Mavko (2000) we have, P-wave reflectivity versus angle:
R(θ) ≈ R0 + [E R0 +

1 1Vp
1v
2
]
sin
θ
+
[tan2 θ − sin2 θ ]
(1 − v)2
2 Vp

1 1Vp 1ρ
+
)
R0 ≈ (
2 Vp
ρ

(10)

(11)
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1 − 2v
1−v

(12)

1Vp
Vp
1Vp
Vp

(13)

+ 1ρ
ρ

Empirical relations for estimating Vs from Vp (Mavko, 2000)
Lithology
Sandstone
Limestone
Dolomite
Shale

a_i2
0
-0.05508
0
0

a_i1
0.80416
1.01677
0.58321
0.76969

a_i0
-0.85588
-1.03049
-0.07775
-0.86735

Castagna et al. (1992) relation used in this work is
Vs = ai2 Vp2 + ai1 Vp + ai0
Parameters files
This is the parameter file for the Kriging program
Parameters for KT3D
*******************
START OF PARAMETERS:
./all.dat
1
2
3
9
0
-1.0e21
1.0e21
0
xvk.dat
1
2
3
9
0
1
kt3d.dbg
velocity.out
40 -1000.0
50.0
160
0.0
25.0
60
-600.0
10.0
1
1
1
0
10
0
1500.0 3000.0 50.0
0.0
0.0
0.0
1
2655.32
0 0 0 0 0 0 0 0 0
0
extdrift.dat
4

\file with data
\
columns for X, Y, Z, var, sec var
\
trimming limits
\option: 0=grid, 1=cross, 2=jackknife
\file with jackknife data
\
columns for X,Y,Z,vr and sec var
\debugging level: 0,1,2,3
\file for debugging output
\file for kriged output
\nx,xmn,xsiz
\ny,ymn,ysiz
\nz,zmn,zsiz
\x,y and z block discretization
\min, max data for kriging
\max per octant (0-> not used)
\maximum search radii
\angles for search ellipsoid
\0=SK,1=OK,2=non-st SK,3=exdrift
\drift: x,y,z,xx,yy,zz,xy,xz,zy
\0, variable; 1, estimate trend
\gridded file with drift/mean
\ column number in gridded file

(14)
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0.15
1.0 0.0
0.0
0.0
87.434 87.434 50
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\nst, nugget effect
\it,cc,ang1,ang2,ang3
\a_hmax, a_hmin, a_vert

This is the parameter file for the Variogram calculation
Parameters for GAMV
*******************
START OF PARAMETERS:
./all.dat
\file with data
1
2
3
\
columns for X, Y, Z coordinates
1
9
\
number of varables,column numbers
-1.0e21
1.0e21
\
trimming limits
gamv_v3.out
\file for variogram output
9
\number of lags
50.0
\lag separation distance
30.0
\lag tolerance
2
\number of directions
0.0 90.0 50.0
0.0 90.0 50.0 \azm,atol,bandh,dip,dtol,bandv
0.0 90.0 50.0
90.0 90.0 50.0 \azm,atol,bandh,dip,dtol,bandv
1
\standardize sills? (0=no, 1=yes)
1
\number of variograms
1
1
1
\tail var., head var., variogram type
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Short Note
Amplitudes and inversion in the reflection angle domain
Marie L. Prucha and Biondo L. Biondi1

INTRODUCTION

Reflection angle domain (RAD) imaging is gaining interest as an alternative to shot and offset domain methods (Xu et al., 1998). The advantage of RAD imaging is that it reduces the
number and strength of artifacts seen in complex areas, particularly artifacts caused by multipathing. RAD imaging reduces artifacts but does not overcome the inherent limitations in
surface seismic recording geometries. As a result, areas where the RAD is most useful can also
benefit from replacing migration with inversion. Although inversion is more expensive from a
computational standpoint, it can effectively address amplitude problems (Duquet and Marfurt,
1999) and, with intelligent preconditioning, null space concerns caused by limited survey geometry. In this paper, we use a preconditioned inversion approach described in Prucha et al.
(1999b). By using preconditioning, we are attempting to fill in model components that have no
corresponding data. This raises the concern of whether or not the preconditioning is creating
a reasonable and realistic model, especially in terms of amplitude.
Amplitude analysis is difficult in complex areas, even when we have an accurate velocity
model (Castagna and Backus, 1993). Limited recording geometry and shadow zones caused
by overburden can create artificial, erroneous amplitude variation with angle (AVA) results.
Since our preconditioned inversion helps fill this model null space, we would like our created amplitudes to be as reasonable as possible. In this paper, we will show that our chosen
preconditioning operator fills the model null space intelligently with amplitudes that are more
accurate than those obtained by migration alone.
To show the benefits of preconditioning in the RAD, we will first expand on why it is
necessary to use an inversion process. We will then explain how we carried out our preconditioned inversion. Finally, we will apply our method to a synthetic model and show that the
amplitude response after RAD preconditioning is more accurate than that after simple RAD
migration.
1 email:
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THEORY
Motivation
Creating common image gathers (CIGs) in the RAD can be done by Kirchhoff methods (Xu et
al., 1998) or wave-equation methods (Prucha et al., 1999a). However, there are issues in both
that must be taken into account to properly image the subsurface and handle the amplitudes
intelligently.
The RAD has some inherent limitations caused by our finite survey geometries. One of
these is a depth dependency. As depth increases, the maximum reflection angle that can be
imaged decreases (Figure 1). This creates a null space that increases with depth. It is also
easy to see that the maximum reflection angle that can be imaged for a particular point in the
subsurface is dependent on the dip of the reflector being imaged (Figure 2), so the model null
space is less predictable than a simple function of depth.

Figure 1: Depth limitation of maximum reflection angle imaged.
marie1-depth [NR]

Figure 2: Dip limitation of maximum
reflection angle imaged. The dashed
lines relate to the zero dip reflector,
the solid lines to the dipping reflector.
The maximum reflection angle possible for the dipping reflector is much
smaller than that for the zero dip reflector. marie1-dip [NR]
It is clear that these limitations will result in missing data where the energy from a reflector
within the survey area arrives at the surface at a point outside of the survey geometry. This
is especially troublesome in complex areas with rapidly varying velocity, where the behavior
can vary quickly spatially. This "missing" data will create a model null space. We want to fill
this null space intelligently, so we turn to inversion.
Another reason inversion is superior to migration in complex areas is that it is easier to get
accurate amplitudes. In areas where the subsurface is simple, obtaining reasonable amplitudes
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is easy to do with almost any migration method. As the problem becomes more complex,
correctly weighting arrivals becomes essential (Albertin et al., 1999; Bloor et al., 1999). For
the complex environments that the reflection angle domain is most useful in, the weighting
function that would have to be applied to the migration process is very difficult to find, let
alone code effectively. When we use inversion, our problem converges to give us accurate
amplitudes without needing the additional weighting function, so the problem is less complex
than the migration problem would be to get an equivalent answer.

Inversion in the RAD
We want to fill the model null space with information that is as reasonable as possible. We do
not want to allow artificial amplitude variations that could lead to disastrous AVA analysis. To
put information in the model’s null space that is based on the known information, we can use
regularization in the inversion process.
Regularization is a familiar process that can be represented by these fitting goals:
d ≈ Lm

(1)

0 ≈ Am

(2)

where d is the data, m is the model, L is a linear operator, A is the regularization operator, and
 determines the strength of the regularization. To reduce the number of iterations needed, we
can change this regularized problem into a preconditioned one with this substitution: m = Sp,
where S = A−1 so our fitting goals become:
d ≈ LSp

(3)

0 ≈ p.

(4)

In this paper, L is the modeling operator that is the adjoint to the wave-equation method
of creating RAD CIGs explained in Prucha et al. (1999b). The preconditioning operator S
was chosen based on two known facts. First, assuming that we have the correct velocity
function when we carry out the migration, the resultant model will have horizontal events
along the reflection angle axis. Second, the AVA response is expected to be smoothly varying
for a particular point in the subsurface. Therefore, we chose an operator that would smooth
horizontally along the reflection angle axis. In this paper, we use a steering filter (Clapp et al.,
1997) that will smooth in a narrow path along the reflection angle axis.
This process has already been introduced by Prucha et al. (2000) but we are now interested
in the amplitudes that result from it. To do so, we experimented with a simple synthetic model.

APPLICATION
We have two goals in performing inversion rather than migration. The first is to obtain accurate
amplitudes that migration would require a complicated weighting function to get. The second
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goal is to compensate for the limitations in our recording geometry and the effects of complex
overburden that can create null spaces. By using preconditioning with our inversion problem,
we hope to fill the null spaces with reasonable amplitudes.
To test the effect of preconditioning on amplitude, we created a simple, flat reflector model
with a constant amplitude for all reflection angles. We then generated the data for this model
by using the adjoint of the migration process explained in Prucha et al. (1999b), essentially
upward continuing the wavefield through the synthetic Elf velocity model (Figure 3) with a
very long half offset of 6400 meters. We chose this velocity model and reflector location
because there is a shadow zone in this area (Prucha et al., 1998) and should therefore create
amplitude problems with simple migration.

Figure 3: Synthetic model of a single, flat reflector in the Elf velocity model. marie1-model
[ER]
To create a "correct" answer to the amplitude question, we migrated the long offset data
using wave-equation RAD migration. The extremely long offset allowed us to minimize the
model null space. The resultant amplitude response along reflection angle, which is ideally
constant for continuous, infinite survey geometry, we considered to be our ideal solution (panel
A in Figure 4). The response is almost constant for all reflection angles but the wavelet broad-
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ens slightly with increasing angle, which is expected because of effects similar to normal
moveout (NMO) stretch.
We then cut our survey geometry to one quarter of its original size by making the maximum
half offset 1600 meters, which is the size of the offset in the real dataset that the synthetic
model is based on. Prucha et al. (1998) has shown that with this survey geometry for this
synthetic model, migration in the offset domain results in amplitudes that are very low at short
and long offsets and fairly constant at mid-offsets. The AVA response obtained from RAD
migration of this reduced dataset (panel C in Figure 4) is quite different from our "correct"
answer. It has very low amplitudes at small angles and no response at large angles, which
is not surprising given the response seen in the offset domain. There is a sharp increase in
amplitude in the mid-range of the reflection angles which is clearly not correct. There even
appears to be some curvature to the event, despite the fact that we know we used the correct
velocity model.
Finally, we applied our preconditioned inversion to the limited offset data (panel B in
Figure 4). Although the response is not perfect, it is closer to our "correct" response after
only one iteration. It is a nice, smooth response that does not vary as much with angle as the
migration result. It is still weak at small and large angles, but it extends farther into the large
angles than does the short-offset migration. It is also flat, like the ideal response.

Figure 4: Comparison of the amplitude variation with reflection angle of (A) the long offset
data (the "correct" answer), (B) the preconditioned inversion for short offset, and (C) the
migration for short offset, extracted at x position 8025. marie1-compamp.315 [CR]
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CONCLUSIONS
Although they are not perfect, the amplitudes we obtained through our preconditioned inversion are more accurate than the amplitudes obtained by migration alone.
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Daylight imaging in V (x, y, z) media
Gerard T. Schuster and James Rickett1

ABSTRACT
Previous authors have tried to image seismic reflectivity by crosscorrelating passive seismic data, and treating the resultant correlograms as active source seismograms. We provide a mathematical framework for working with passive seismic correlograms that is both
appropriate for V (x, y, z) media, and arbitrary source location. Under this framework,
correlograms can be migrated with an imaging condition that is tuned to image particular
events. For example, tuning the imaging condition to the kinematics of the Direct-Direct
correlation event allows direct imaging of the seismic sources. Similarly, tuning to the
Direct-Ghost correlation event allows imaging of subsurface reflectivity. Numerical results with synthetic data partly verify the effectiveness of crosscorrelation migration, but
also suggest worse resolution of the image compared to standard Kirchhoff migration.

INTRODUCTION
Passive seismic imaging can be split into two categories: firstly, attempts to image the spatial
locations of passive seismic sources themselves, and secondly, attempts to image the subsurface reflectivity that is illuminated by passive seismic energy.

Passive seismic source imaging
Passive seismic source imaging has the unique potential to provide direct measurements of
subsurface permeability [e.g. Shapiro et al. (1999)]. Fluid flow causes fracturing; you image
the fracturing; therefore, you are imaging the fluid flow. This, along with the growth of (both
surface and borehole) time-lapse seismic, has led to the drive towards the “electric oilfield”
permanently instrumented and continually monitoring itself (Jack and Thomsen, 1999).
To date, however, most of the published case studies of microseismic fracture imaging
rely on earthquake-style hypocentral event triangulation. For example, Maxwell et al. (1998)
describe the successful application of such technology to the Ekofisk field in the North Sea.
These approaches require automated event picking algorithms, and may run into problems if
microseismic events are not localized in time.
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Reflectivity imaging with passive seismic energy
Baskir and Weller (1975) describe possibly the first published attempt to use passive seismic
energy to image subsurface reflectivity. They briefly describe crosscorrelating long seismic
records to produce correlograms that could be processed, stacked and displayed as conventional seismic data. Unfortunately their field tests seem to have been inconclusive.
Dating from about the same time, an exercise in Claerbout’s first book (1976) asks the
reader to prove that the temporal autocorrelation of a transmission seismogram with a source
deep underground is equivalent to a reflection seismogram. This may have inspired his conjecture that by crosscorrelating two passive traces, we can create the seismogram that would
be computed at one of the locations if there was a source at the other. Cole (1995) attempted
to verify this conjecture with data collected using a 4000 channel 2-D field array on Stanford
campus. Unfortunately, again, possibly due to the short (20 minute) records or bad coupling
between the geophones and the dry California soil, his results were inconclusive.
Following Cole’s work, Rickett and Claerbout (1996) generated synthetic data with a
phase-shift method. Their earth reflectivity models consisted of (both flat and dipping) planar
layers and point diffractors embedded in a v(z) velocity function, and illuminated by random
plane waves from below. They generated both pseudo shot gathers (by crosscorrelating one
passive trace with many others nearby), and pseudo zero-offset sections (by autocorrelating
many traces). In these crosscorrelated domains, the kinematics for both point diffractors and
planar reflectors, were identical to those predicted for real shot gathers and zero-offset sections. Rickett (1996) then experimented with moving the passive source location close to the
receivers and reflectors, and included modeling with a v(x, z) velocity model. He observed
that these changes did indeed affect the kinematics of the correlograms; however, changes
were small, and would probably not cause the method to fail in most situations.
The idea that a pseudo-reflection seismogram could be created by crosscorrelating two
passive seismic records was rediscovered independently by the helioseismologists Duvall et
al. (1993), who created time-distance curves by cross-correlating passive solar dopplergrams
recorded by the Michelson Doppler Imager (Scherrer et al., 1995). Point-to-point traveltimes
derived from these time-distance curves could then be used in a range of helioseismic applications [e.g. Giles et al. (1997) and Kosovichev (1999)]. If helioseismic time-distance curves
are averaged spatially, the result is equivalent to a multi-dimensional autocorrelation. Rickett
and Claerbout (1999; 2000) demonstrated that multi-dimensional spectral factorization provides spatially averaged time-distance curves with more resolution than those calculated by
autocorrelation.

Extending daylight imaging
In this paper, the daylight imaging method is represented mathematically and extended to
image arbitrary reflectivity and source distributions in v(x, y, z) media. We temporally crosscorrelate the traces to form pseudo-shot gathers. These gathers are then migrated according
to a crosscorrelogram migration operator (Schuster, 1999). The migration operator can be
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tuned to image either the source locations, or the subsurface reflectivity distribution. Simple
synthetic examples are given to clarify the benefits and limitations of this daylight imaging
procedure. A special case of crosscorrelation migration is that of autocorrelation migration
(Schuster et al., 2000; Yu et al., 2000), except that now the source location does not need to be
known.

THEORY OF DAYLIGHT IMAGING
We will now describe how to image either the source distribution or the reflectivity distribution
from passive seismic data in a v(x, y, z) medium. The sources are assumed to be distributed
anywhere in space, and the time histories of each source are assumed to be uncorrelated. Neither the source location or time history are known. Without loss of generality we conveniently
assume one source and one scatterer, but the resulting migration formula are also applicable
to multiple sources and scatterers.
For an earth model with a free-surface, a smoothly varying velocity distribution and a
single point scatterer at xo , the wavefield, W (E
r g0 |E
rs , ω), recorded at rEg0 due a source at rEs is
given by
W (E
r g0 |E
rs , ω) ≈ G(E
r g0 |E
rs , ω) F(ω),
= Hello[Direct g0 + Primaryg0 + Ghost g0 ] F(ω),
= [eiωτsg0 + Reiω(τsxo +τxo g0 ) − Re

iω(τ 00 +τ 00 +τxo g 0 )
sg
g xo

] F(ω),
(1)

where G(E
r g |E
rs , ω) is the WKBJ Green’s function for an impulsive source at rEs and a geophone
at rEg , and F(ω) is the complex source spectrum.
The first term on the RHS represents the direct arrival (see top figure in Figure 1), the
second term represents the scattered field excited by the direct arrival, and the third term represents the scattered arrival that is generated by a specular free-surface reflection (see middle
figure in Figure 1). Here, R is the scattering coefficient, τgg0 is a solution to the eikonal equation for a source at g and a receiver at g 0 , and the geometrical-spreading factors have been
harmlessly dropped. The specular-reflection point on the free surface is denoted by g 00 and the
location of the recording geophone is denoted by g 0 .
To eliminate the unknown phase of the source, we crosscorrelate the wavefield, W (E
r g0 |E
rs , ω)
rs , ω) recorded at rEgo to get
recorded at rEg0 with W (E
r go |E
W (E
r g0 |E
rs , ω)W (E
r go |E
rs , ω)∗ = G(E
r g0 |E
rs , ω)G(E
r go |E
rs , ω)∗ |F(ω)|2

(2)

If we then assume source is a white source spectrum such that |F(ω)|2 ≈ 1, the source term
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can be dropped entirely, leaving
W (E
r g0 |E
rs , ω)W (E
r go |E
rs , ω)∗ = G(E
r g0 |E
rs , ω)G(E
r go |E
rs , ω)∗
= Directg0 Directgo ∗ + Ghost g0 Directgo ∗ + other terms
= ei(ωτsg0 −ωτsgo ) − Re

iω(τ 00 +τ 00 +τxo g 0 −τsgo )
sg
g xo

+ other terms,
(3)

where the first expression on the RHS corresponds to the correlation of the conjugate direct
wave recorded at geophone go with the direct wave at g 0 ; and the second term corresponds
to the correlation of the conjugate direct wave at go with the ghost reflection recorded at g 0 .
The other terms correspond to the other correlations which will not be needed for imaging,
and are presumed to cancel upon migration. This last assumption about cancellation is similar
to the standard assumption in migration, i.e., all migrated arrivals incoherently superimpose
except those that are tuned to the specified imaging condition. For the above equation, we will
tune the imaging conditions so that either the Direct∗go Direct g0 terms are migrated to image
the source distribution, or the Direct∗go Ghost g0 terms are migrated to image the reflectivity
distribution.
Source location imaging
To image the unknown source location at rEs from the data given in equation (3), we simply
identify the migration operator which when applied to the above equation cancels the phase of
the Direct∗go Direct g0 term. Such a migration operator is given by
e−iω(τs 0 g0 −τs 0 go ) ,

(4)

where s 0 denotes the trial source-point location. Application of this migration operator to the
crosscorrelated data in equation (3) will annihilate the phase of the Direct∗go Direct g0 term
when the trial image point rEs 0 coincides with the actual source location denoted by rEs . The
migration section is then given by summation over all geophone pairs
XX
m source (E
rs 0 , ω) =
W (E
r g0 |E
rs , ω) W (E
r go |E
rs , ω)∗ e−iω(τs 0 g0 −τs 0 go ) ,
go

g0

i
XX h
iω(τsg 0 −τsgo −τs 0 g 0 +τs 0 go )
=
e
+ all other terms .
go

g0

(5)
The migration operator in equation (5) is "tuned" to image the source location so that as rEs 0 →
rEs , the Direct∗o Direct g0 term will constructively interfere while the all other terms tend to
cancel.
Reflectivity distribution imaging
To image the unknown scatterer location and strength at xEo , we simply identify the migration
operator which, when applied to the crosscorrelated data in equation (4), cancels the phase of
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Figure 1: (Top) Direct ray and a (middle) scattered ray excited by a specular free-surface
reflection associated with a source at s and a scatterer at xo . Bottom figure denotes the rays
associated with the migration operator for free-surface reflections. schuster-fig1 [NR]
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the Direct∗go Ghost g0 term. Such a migration operator is given by
e−iω(τgo x +τxg0 ) ,

(6)

where x and go denote, respectively, the trial scatterer and specular-reflector point locations
respectively. Application of this migration operator to equation (3) will annihilate the phase
term of the Direct∗go Ghost g00 term in equation (3) when both the trial image point, xE, coincides with the actual source location denoted by xEo , and the trial specular-reflection point, rEgo ,
coincides with the actual specular-reflection point, rEg00 . In other words, we require both
xE → xo , and

(7)

rEgo → rEg00 .

(8)

This can be understood more clearly by noting that the migrated reflectivity section is given
by summation of the migrated crosscorrelation data over all geophone pairs
m refl (E
x , ω) =

XX
go

W (E
r g0 |E
rs , ω) W (E
r go |E
rs , ω)∗ e−iω(τgo x +τxg0 ) ,

g0

i
X X h iω(τ 00 +τ 00 +τ 0 −τsg −τg x −τ 0 )
o
o
xg
= −R
+ all other terms .
e sg g xo xo g
go

g0

(9)
As xE → xo and as rEgo → rEg00 , then it is clear that the above phase goes to zero, leading to
constructive interference at the scatterer’s location. In practice, these two conditions will be
fulfilled if the specular-reflection point is within the aperture of the recording array and the
geophone array is sufficiently dense.

g’’

τ sg’’
τsgo

*

go

g’

τgox

τ g’’xo

τg’x
x

τ xog’

xo

s

Figure 2: Ghost reflection rays associated with a source at s, a trial image point at x, and a
scatterer at xo . schuster-fig2 [NR]
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Figure 3: As x approaches x0 and go approaches g 00 in Figure 2, the dashed rays coincide with
the solid rays. Thus the Direct Ghost correlation term will have zero phase, leading to maximal
constructive interference of the migration section at the actual scatterer point. schuster-fig3
[NR]

NUMERICAL RESULTS
We generated synthetic data to test the feasibility of imaging the location of unknown sources
and of imaging the reflectivity distribution from free-surface multiples. The first example imitates the scenario where a fluid is injected into a medium to open cracks, and the goal is to use
passive seismic data to image the location of the opened cracks. The second example approximates the situation where the reflectivity distribution is imaged from seismic data generated
by a drill bit with unknown location.

Imaging the location of seismic sources
The top panel of Figure 4 shows synthetic data generated for a point exploder embedded in
a constant velocity medium centered 1050 m below a 2100 m wide array. There are 70 geophones in the array with a geophone spacing of 30 m. The traces are computed for 1 second
of duration with a 30 Hz Ricker wavelet source. The point scatterer response of the Kirchhoff
operator and the crosscorrelation migration operator in equation (4) are shown in the middle
and lower panels of Figure 4, respectively.
Note, the crosscorrelation image of the point scatterer is smeared over a larger depth range
than that of the Kirchhoff image. This is because the crosscorrelation of one trace with another
smears the source wavelet into a longer wavelet, and also because the crosscorrelation operator
has poor resolution in the depth direction (see Figure 5). Nevertheless, the crosscorrelation
point-scatterer image is acceptable.
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In practice, the master trace and its two nearest neighbors were muted because the direct
wave migration operator in equation (4) has zero or nearly zero phase when g ≈ g 0 . This
is undesirable because any energy from these traces will be smeared uniformly throughout
the model, not just at the exploder points. Also, a second derivative in time was applied to
the crosscorrelogram traces to partly compensate for the smoothing effects of crosscorrelation
and migration.
Figure 5 is the same as Figure 4 except the source wavelet is a long random time series.
The crosscorrelation of traces collapses the ringy time series to an impulse-like wavelet so
that the associated migration image in the lower panel of Figure 5 has good spatial resolution
compared to the Kirchhoff image in the middle panel.
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Figure 4: Source imaging test with 30 Hz impulsive source at a depth of 1050 m and t = 0: The
top panel shows the synthetic data. The middle panel shows the Kirchhoff migration image,
and lower panel shows crosscorrelation migration image. The true image location is marked by
an asterisk (*). The Kirchhoff image is better resolved than the crosscorrelation image partly
because the temporal crosscorrelation broadens the seismic wavelet. schuster-fig4 [NR]
In the previous examples, the scatterer exploded at time zero. Figure 6 shows a similar
synthetic experiment with ten scatterers, all exploding at random times with a random time
series as a source wavelet. The resulting data for 1 second is shown in the top panel of Figure 6.
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Figure 5: Same as Figure 4, except the source wavelet is a long random time series beginning
at t = 0. The top panel shows the synthetic data. The middle panel shows the Kirchhoff
migration image, and lower panel shows crosscorrelation migration image. The true image
location is marked by an asterisk (*). Note that the crosscorrelation of traces collapses the
ringy source wavelet into an impulsive-like wavelet, leading to a better resolved migration
image in the crosscorrelogram image. schuster-fig5 [NR]
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The middle panel shows these data after crosscorrelation migration of 1 second of data, and
roughly locates the location of the 10 point sources. Repeating this crosscorelation migration
for fifteen data sets, each with 1 second of data generated from ten point scatterers with distinct
random time histories, yields the stacked images shown in the lower panel of Figure 6. As
expected, averaging the migration images tends to cancel migration noise and reinforce the
energy at the location of the point exploders.
Finally, the fault-like structure denoted by stars in Figure 7 is assumed to emanate seismic
energy randomly in time with random strength. This might approximate the situation where
fluid is injected along a reservoir bed and seismic instruments are passively monitoring the
injection front. Figure 7 shows the results after crosscorrelation migration of 1 second of
data (middle panel), and 40 stacks of 1 second records (lower panel). The fault boundaries
are much better delineated in the 40-stack migration image, although the resolution is much
worse than that of an ordinary seismic survey.
Poor resolution of the crosscorrelation images is consistent with theoretical predictions of
resolution for crosscorrelation migration operators. A possibility for improving resolution is
to measure the incidence angle of energy in the correlograms and use this angle as a constraint
in smearing data into the model. This strategy is similar to that of ray-map migration, but it
remains to be seen if this is a practical strategy with correlograms.

Imaging the reflectivity from free-surface reflections
A single impulsive source is located somewhere in depth, and the synthetic data generated in a
4-layer channel model are shown at the top of Figure 9. The interface boundaries are delineated
by the dash-dot lines in the bottom figure, including the semi-circle river channel along the
third interface. Using the migration operator for ghost reflections given by equation 6, the
data are migrated to give the image at the bottom of Figure 9. Note, the source location was
unknown, represented by the star symbol in the left bottom part of the migration image. It
might be surprising that the single source generates enough data so that the model is almost
entirely imaged. Part of the reason for this is that the ghost reflections illuminate a much
greater part of the medium (for a fixed recording array) than primary reflections alone. Each
point on the free surface acts as a virtual source.
Finally, ten point sources are buried at intermediate depths and their emissions are recorded
on the surface. Each source is governed by a distinct random time series. Applying the
migration operator for free-surface reflections [equation (6)] to the data shown at the top of
Figure 10 yields the result shown in the bottom figure. Fifty one-second records were migrated
and stacked with one one another, and show that the sand channel boundary is well imaged.

DISCUSSION
We present a methodology for using daylight data to image source locations or reflector boundaries for v(x, y, z) media. Traces are crosscorrelated in time to form the correlation kernel in
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Figure 6: Similar to previous figures, except there are ten isolated random point sources (*).
The top panel shows the synthetic data. The middle panel shows the crosscorrelation migrated
image, computed from 1 second of data; while the bottom image shows the result after 15
stacks of 1-second data. The stacked image is better resolved because stacking tends to cancel
noise and reinforce migration energy at the point exploder locations. schuster-fig6a [NR]
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Sesimic Section: # scatterers = 55
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Figure 7: (Top). Source imaging test with 55 point exploders located along a fault-like boundary. The points exploded at random times with random weighting amplitudes. The top panel
shows the synthetic data. The middle panel shows the crosscorrelation migrated image, computed from 1 second of data; while the bottom image shows the result after 40 stacks of
1-second data. The stacked image appears to be less noisy and a better approximation to the
fault geometry delineated by stars. schuster-f7 [NR]
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1−Stack Crosscorrelation Migration Image: 30 Hz Random*Ricker Source
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Figure 8: Similar to previous figure except the migration images are contoured, and the fault
boundary is delineated by a dashed line. The top panel shows the crosscorrelation migrated
image, computed from 1 second of data; while the bottom image shows the result after 40
stacks of 1-second data. schuster-fb [NR]
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Seismic Section: 4−Layer Buried Channel Model
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Figure 9: Similar to Figure 7 except now a a 4-layer sand channel model is imaged using one
buried source. The source time history is a 30-Hz Ricker wavelet. schuster-f10 [NR]
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Seismic Section: 4−Layer Buried Channel Model
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Figure 10: Similar to previous figure except there are now ten buried point sources scattered about at intermediate depths. Each source is governed by a distinct random time series.
schuster-f12a [NR]
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equation (3), this kernel is weighted by the appropriate migration operator, and summation
over the g and g 0 indices is carried out to give the migrated image. Our theoretical formulae
partly validate the conjecture: a crosscorrelogram is a trace that can be migrated in the same
fashion as a trace generated by a source at g and a receiver at g 0 .
Other possibilities can be explored using the mathematical formalism in this paper. It is
straightforward to develop a non-linear inverse methodology by using crosscorrelation misfit
functions and obtaining its gradient.
It is interesting to note the analogy of inverting correlograms with that of constructing
holograms. Light intensity images are used to reconstruct holograms, which are images of
the object polluted by noisy interference terms. Seismic correlograms can also be used to
reconstruct images of the object, but the other terms in equation (3) suggest that the data
are polluted by noisy interference terms. However, we can design migration operators to
reconstruct the object function (e.g., reflectivity) or information from the interference terms
(e.g., source locations). An alternative is to simultaneously reconstruct both coherent noise
and signal models with least squares migration filtering.
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Vaillant, Louis
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723-6007
725-1334
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SEP fax number:

(650) 723-0683

Login Name
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morgan
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bob
sergey
doug
antoine
andrey
diane
cmora
marie
james
daniel
paul
louis
nick

E-MAIL
Our Internet address is “sep.stanford.edu”; i.e., send Jon electronic mail with the address
“jon@sep.stanford.edu”.

WORLD-WIDE WEB SERVER INFORMATION
The current login name for the sponsors’ area on our world-wide web server
(http://sepwww.stanford.edu) is “sepsponsor2”. The current password is: ss2&sep2
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Research Personnel

Biondo L. Biondi graduated from Politecnico di Milano in 1984
and received an M.S. (1988) and a Ph.D. (1990) in geophysics from
Stanford. SEG Outstanding Paper award 1994. During 1987 he
worked as a Research Geophysicist for TOTAL, Compagnie Francaise des Petroles in Paris. After his Ph.D. at Stanford Biondo
worked for three years with Thinking Machines Co. on the applications of massively parallel computers to seismic processing.
After leaving Thinking Machines Biondo started 3DGeo Development, a software and service company devoted to high-end seismic
imaging. Biondo is now Associate Professor (Research) of Geophysics and leads SEP efforts in 3-D imaging. He is a member of
SEG and EAGE.

Morgan Brown received a B.A. in Computational and Applied
Mathematics from Rice University in 1997 and is currently completing a Ph.D. at SEP. Morgan worked as a research intern with
Western Geophysical in 1997 and with Landmark Graphics in
2000. He is a member of SEG.
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Jon F. Claerbout (M.I.T., B.S. physics, 1960; M.S. 1963; Ph.D.
geophysics, 1967), professor at Stanford University, 1967. Best
Presentation Award from the Society of Exploration Geophysicists
(SEG) for his paper, Extrapolation of Wave Fields. Honorary member and SEG Fessenden Award “in recognition of his outstanding
and original pioneering work in seismic wave analysis.” Founded
the Stanford Exploration Project (SEP) in 1973. Elected Fellow
of the American Geophysical Union. Authored three published
books and five internet books. Elected to the National Academy of
Engineering. Maurice Ewing Medal, SEG’s highest award. Honorary Member of the European Assn. of Geoscientists & Engineers
(EAGE). EAGE’s highest recognition, the Erasmus Award.

Robert Clapp received his B.Sc.(Hons.) in Geophysical Engineering from Colorado School of Mines in May 1993. He joined
SEP in September 1993, received his Masters in June 1995, and his
Ph.D. in December 2000. He is a member of the SEG and AGU.

Sergey Fomel received his Diploma in Geophysics from Novosibirsk University in 1990. From 1990 to 1994 he worked at the
Institute of Geophysics (Siberian Branch of the Russian Academy
of Sciences) in Novosibirsk. He joined the Stanford Exploration
Project in 1994 and received a Ph.D. in Geophysics in 2001. During six months of 1998 Sergey worked at Schlumberger/GecoPrakla in England. He is a member of SEG, AGU, and SIAM.

Doug Gratwick received his B.S. degree in Geology from Colorado State University in May 1999. He joined SEP in September
1999 and is currently working towards a M.S. in Geophysics. His
research projects currently include imaging complex elastic models and seismic interpretation for the SAGE program (Summer of
Applied Geophysical Experience). He is a member of SEG and
AAPG.
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Antoine Guitton received a MSc in geophysics from Universite de
Strasbourg, France in 1996 and from Stanford University in 2000.
Received a ”Diplome d’ingenieur de L’Ecole de Physique du Globe
de Strasbourg” in 1996. He received the Best Student Paper Award
from the SEG in 1999. Assistant research geophysicist at the Institut Francais du Petrole (Paris-1996/97) working on well seismic
imaging. Assistant research geophysicist at CGG Houston (199798) working on multiples attenuation. He joined SEP in September
1998. Current research topics are nonlinear inversion and noise attenuation. He is member of the SEG.

Marie Prucha received her B.Sc.(Hons.) in Geophysical Engineering from Colorado School of Mines in May 1997. She joined
SEP in September 1997 and received her MS in June 1999. She is
currently working towards a Ph.D. in geophysics. She is a member
of SEG.

James Rickett graduated with a B.A. in Natural Science from
Cambridge University in 1994, and obtained an M.Sc. in Exploration Geophysics from Leeds University in 1995. He is currently
working towards a Ph.D. in geophysics at Stanford, and is a member of the SEG and the EAGE.
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Daniel A. Rosales received his BS in Geophysics from Universidad Simon Bolivar, Venezuela, in 1997. From 1996 to 1998
he worked at PDVSA-NTEVEP S.A. in seismic modeling, 2-D
prestack depth migration, and velocity estimation by wave-field
downward continuation. In 1998 he joined Simon Bolivar University as a instructor in geophysics and received a scolarship from
PDVSA-CIED. In september 1999, he became a new member of
the Stanford Exploration Project and he is currently working towards a M.Sc. in geophysics. He is a member of SEG and AAPG.

Paul Sava graduated in June 1995 from the University of
Bucharest, with an Engineering Degree in Geophysics. Between
1995 and 1997 he was employed by Schlumberger GeoQuest. He
joined SEP in 1997, received his M.Sc. in 1998, and continues
his work toward a Ph.D. in Geophysics. His main research interest is in seismic imaging using wave-equation techniques. He is a
member of SEG, EAGE and the Romanian Society of Geophysics.

Gerard T. Schuster has been a Professor of Geophysics at the
University of Utah since 1985, and is the founder of the UTAM
consortium. Before arriving at Utah, he was at Columbia, where
he completed an M.S. in 1982, a Ph.D. in 1984, and a postdoc from
1984 to 1985.
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