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Preface
The electronic version of this report1 makes the included programs and applications available
to the reader. The markings [ER], [CR], and [NR], are promises by the author about the
reproducibility of each figure result.
Reproducibility is a way of organizing computational research, which allows both the author and the reader of a publication to verify the reported results at a later time. Reproducibility
facilitates the transfer of knowledge within SEP and between SEP and its sponsors.
ER denotes Easily Reproducible and are the results of a processing described in the paper.
The author claims that you can reproduce such a figure from the programs, parameters,
and makefiles included in the electronic document. The data must either be included
in the electronic distribution, or be easily available (e.g. SEG-EAGE data sets) to SEP
and non-SEP researchers. The data may also be available in the SEP data library, which
can be viewed at http://sepwww.stanford.edu/public/docs/sepdatalib/toc_html/. We assume you have a UNIX workstation with Fortran, Fortran90, C, X-Windows system and
the software downloadable from our website (SEP makerules, SEPlib, and, to properly
reproduce the documents, the SEP latex package). Before the publication of the electronic document, someone other than the author tests the author’s claim by destroying
and rebuilding all ER figures. Some ER figures may not be reproducible by outsiders
because they depend on data sets that are too large to distribute, or data that we do not
have permission to redistribute but are in the SEP data library.
CR denotes Conditional Reproducibility. The author certifies that the commands are in place
to reproduce the figure if certain resources are available. SEP staff have only attempted
to make sure that the makefile rules exist and the source codes referenced are provided.
The primary reasons for the CR designation is that the processing requires 20 minutes
or more, or commercial packages such as Matlab or Mathematica.
M denotes a figure that may be viewed as a movie in the web version of the report. A movie
may be either ER or CR.
NR denotes Non-Reproducible. This class of figure is considered non-reproducible. SEP
discourages authors from flagging their figures as NR except for artist drawings, scannings, etc.
Our testing is currently limited to IRIX 6.5 and LINUX 2.1 (using the Portland Group Fortran90 compiler), but the code should be portable to other architectures. Reader’s suggestions
are welcome. For more information on reproducing SEP’s electronic documents, please visit
<http://sepwww.stanford.edu/redoc/>.
Jon Claerbout, Biondo Biondi, Robert Clapp, Sergey Fomel, and Marie Prucha
1 http://sepwww.stanford.edu/private/docs/sep103
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Tau tomography with steering filters:
2-D field data example
Robert G. Clapp and Biondo L. Biondi1

ABSTRACT
Common reflection point (CRP) gathers are usually parameterized in terms of offset. For
tomography, a more convenient parameterization is in terms of reflection angle. Reflection angle CRP gathers can be constructed using wave equation migration. By performing
tomography in vertical travel-time (tau), focusing velocity, rather than some combination
of focusing and mapping velocity, can be estimated. By using anisotropic preconditioning
oriented along bedding planes, the solution can be guided towards a geologically reasonable model. The benefits of the tomography method are shown on a 2-D line from a 3-D
marine dataset.

INTRODUCTION
Tomography is inherently non-linear, therefore a standard technique is to linearize the problem by assuming a stationary ray field (Stork and Clayton, 1991). Unfortunately, we must still
deal with the coupled relationship between reflector position and velocity (Al-Chalabi, 1997;
Tieman, 1995). As a result, the back projection operator must attempt to handle both repositioning of the reflector and updating the velocity model (van Trier, 1990) . The resulting back
projection operator is sensitive to our current guess at velocity and reflector position. In vertical traveltime space, reflector movement is significantly less. Biondi et al. (1998b) showed
that by reformulating the problem in this space, complex velocity functions could be obtained
more quickly and are better resolved.
In ray-based migration velocity analysis, Kirchhoff migration is normally used to construct
CRP gathers and residual moveout. Unfortunately, conventional implementation of Kirchhoff
methods have trouble handling complex wave behavior. Wave equation methods are an attractive alternative to Kirchhoff. Clayton and Stolt (1981) and later Prucha et al. (1999) showed
that wave equation methods can form CRP gathers in terms of reflection angle.
Tomography problems are also often under-determined. By adding an additional model
regularization term to our objective function (Toldi, 1985) we can stabilize the inversion. In
theory, this regularization term should be the inverse model covariance matrix (Tarantola,
1987). Clapp et al. (1998a) constructed a series of small plane wave annihilators, called steer1 email:
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ing filters, using a priori information to produce changes to our velocity model that were more
geologically reasonable.
In this paper we show how to apply steering filters to smooth the slowness, rather than the
change in slowness. We use wave equation CRP gathers as the basis for ray based tomography.
We apply the technique on a 2-D line taken from a 3-D marine dataset from the North Sea. We
show that we can obtain a velocity model that improves the focusing of the data while being
geologically reasonable.

REVIEW
Following the methodology of Clapp and Biondi (1999) we will begin by considering a regularized tomography problem. We will linearize around an initial slowness estimate and find
a linear operator in the vertical traveltime domain T between our change in slowness 1s and
our change in traveltimes 1t. We will write a set of fitting goals,
1t ≈ T1s
0 ≈ A1s,

(1)

where A is our steering filter operator and  is a Lagrange multiplier. However, these fitting
goals don’t accurately describe what we really want. Our steering filters are based on our
desired slowness rather than change of slowness. With this fact in mind, we can rewrite our
second fitting goal as:
0 ≈ A (s0 + 1s)
−As0 ≈ A1s.

(2)
(3)

Our second fitting goal can not be strictly defined as regularization but we can do a preconditioning substitution (Fomel et al., 1997):
1t ≈ TA−1 p
−As0 ≈ Ip.

(4)

Wave equation angle gathers
When doing velocity analysis, general practice is to measure moveout from a relatively sparse
set of CRP gathers. Kirchhoff depth migration is the preferred construction method because
it can produce the sparse set of CRP gathers without needing to image the entire volume.
In addition, if our Green’s function table is constructed correctly, Kirchhoff methods do not
suffer from the velocity approximations needed by frequency domain methods. Kirchhoff
methods also have some deficiencies. The most glaring weakness of Kirchhoff methods is
the difficulty in constructing the Green’s function table. To construct an accurate Green’s
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function table we must account for, and weight correctly, the multiple arrivals that occur in
complex geology. Calculating and accounting for multiple arrivals adds significantly to both
coding complexity and memory requirements. As a result, a single arrival is often all that
is used. Eikonal methods (Vidale, 1990; van Trier and Symes, 1991; Podvin and Lecomte,
1991; Fomel, 1997) can efficiently produce first arrivals, but in areas of complex geology the
first arrival is not always the most important arrival (Audebert et al., 1997). Nichols (1994)
proposed a band-limited method that gave the maximum amplitude arrival, but the method
is computationally impractical in 3-D. As a result, people usually go to expensive ray based
methods but still face the difficult tasks of choosing the most important arrival and correctly
and efficiently interpolate the traveltime field (Sava and Biondi, 1997).
The most computationally attractive alternative to Kirchhoff methods is frequency domain
downward continuation. Downward continuation has its own weaknesses. Its primary weakness is speed. Downward continuation can not be target oriented, so full volume imaging is
required. In addition, frequency domains methods in their purest form can not handle lateral
variations in velocity. By migrating with multiple velocities and applying a space domain correction to the wavefield, they can do a fairly good job handling lateral variations (this migration
is normally referred to as PSPI, Phase-shift plus interpolation)(Ristow and Ruhl, 1993). Finally, downward continuation focuses the wavefield towards zero offset, making conventional
moveout analysis impossible.
We can create CRP gathers where moveout analysis is possible by changing our imaging
condition (Clayton and Stolt, 1981; Prucha et al., 1999). Given a wave-field we follow the
normal procedure of downward continuing the data and extracting the image at the surface
z = 0 and zero time. Instead of extracting the image at zero offset, we note that reflection
angle θ can be evaluated by the differential equation:
tan θ = −

∂z
∂ xh

(5)

where z is the depth, x h is half-offset.
The topic of this paper is not migration, but tomography. The tomography method could
be applied with either Kirchhoff or PSPI. For us, PSPI proved to be a more attractive choice.
A 2-D and 3-D PSPI algorithm was already available, where a Kirchhoff approach would have
required the coding of the migration algorithm along with a suitable traveltime computation
method.

Characterizing moveout errors
Tomography requires us to provide moveout errors. It is unreasonable to hand pick every reflector at every CRP gather in 2-D and inconceivable in 3-D. As a result, people have tried
to find alternate methods to pick moveout errors. Clark et al. (1996) used a neural network
approach to pick CRP gathers and many people have suggested seeding-based approaches to
pick the gathers. Both approaches describe complicated moveouts, but they suffer from cycle skipping and have problems in areas where the S/N ratio is not very high. An alternative
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approach is to characterize the moveout in CRP gathers by a single parameter (Etgen, 1990;
Biondi, 1990). A single parameter is a much more robust estimator. It requires less human
involvement (less picking and/or QA is necessary) and is less sensitive to signal to noise problems.
At early iterations a single parameter is especially valuable. All that can be resolved at
early iterations are gross features. A single parameter can capture these where picking the
entire CRP gather is likely to cause the inversion to be overwhelmed small features that are
not resolvable at early iterations. When we were close to the correct velocity allowing freedom
in moveout behavior is desirable and beneficial.
For the tomography problem we will begin with a migrated image d at a depth z, angle
θ, at CRP location x. For estimating the residual moveout in the CRP gathers by calculating
semblance s in terms of some curvature parameter γ ,
2
d(z + θγ 2 , θ, x)
P
s(z, c, x) =
,
n(z, x) j=0 d(z + θ γ 2 , x)2
P

θ

(6)

where n(z, x) is the number non-zero samples summed over for each semblance calculation.
For this dataset hand picking the semblance along each reflector would not be too tedious,
but in 3-D it would quickly become so. As a result, we wanted to come up with a simple way
for the computer to do most of the work. One option would be to just pick the maximum semblance at each location, but we can get an unrealistic, high spatial wavenumber behavior for
γ (x). When doing convention semblance analysis we are confronted with a similar problem,
that picking the maximum semblance at each time could result in an unreasonable velocity
function. Clapp et al. (1998b) proposed a method to avoid hand picking that still led to a
reasonable velocity model. We can adapt that work by starting with the maximum curvature
value at each CRP γ max , the semblance at the maximum curvature value W, and a derivative
operator D. We can find a smooth curvature function γ by setting up a simple set of equations
0 ≈ W(γ max − γ )
0 ≈ Dγ .

(7)

By increasing  we get smoother γ values while small  values honor more our maximum
semblance picks.

Endpoints, edge effects, and errors
To set up our tomography problem we need to cover some final details. We can convert our
semblance picks back into a 1z shift by applying
1z = γ θ 2 .

(8)

We then note that our tomography problem is set up for time rather than depth errors, To
convert our depth error to a time error we multiplying by RMS slowness sr ms of. If we use
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a straight ray geometric assumption, we can approximate the time error at a given offset by
multiplying by cos θ and cos φ (where φ is the geologic dip) obtaining as our final relationship
1t =

2γ θ 2 cos θ cos φ
.
v(z, x)

(9)

In constructing our raypaths we benefit from having our CRP gathers in terms of angle. If
errors were in terms of offset we would have to either
• shoot rays from every source and receiver location, and find ray pairs that obey Snell’s
law at the position on the reflector imaged at the offset dictated by the ray pair
• or shoot rays from our CRP locations along where our reflector is imaged at every offset
and then interpolate the ray field to our source and receiver locations.
Both options require significant additional ray-tracing in 2-D, and even more in 3-D. In addition, we are always faced with the tradeoff of how much should we interpolate our rays versus
how many additional rays should we shoot.
With our moveout errors in terms of angle we only need to shoot a single ray-pair up from
our imaging point at the angle α and β,
α = φ +θ

(10)

α = φ −θ
where θ is one-half the aperture angle, φ is the geologic dip (Figure 1). If the rays emerge at
surface locations corresponding to an offset and CMP location inside our acquisition geometry
we have a valid ray pair.

Figure 1: How the takeoff angle for
a ray-pair are defined. bob1-sketch
[NR]

Θ

Φ

DATA
The tomography method described in the preceding section is suited for a particular class
of problems. Using rays and picking reflectors requires that the dataset it is applied to be
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relatively clean with strong, fairly continuous reflectors. Formulating the tomography in tau is
universally advantageous, but is most advantageous in environments where we have a velocity
inversion. Finally, steering filters are most effective when velocity follows structural dip,
ruling out most Gulf of Mexico environments.
The North Sea dataset provided to SEP by Elf Aquitaine (Vaillant and Sava, 1999; Sava
and Fomel, 2000; Fomel, 2000) meets all of these criteria. The data is very clean (Figure 2)
with strong reflectors that are generally continuous. The data contains a chalk layer which
causes a velocity inversion above the salt dome. The initial velocity model (Figure 3) was
created by Elf using the S.M.A.R.T2 method (Jacobs et al., 1992; Ehinger and Lailly, 1995)
The velocity structure shows typical North Sea behavior with velocity following structural
layers.

Figure 2: A shot gather from the
Elf Aquitaine dataset. bob1-elf-shot
[ER]

The dataset is a 3-D marine acquired using three cables with 100 meter spacing and geophones every 25 meters. In this paper we will be dealing with a 2-D subset of the 3-D dataset.
The line was chosen coincide with a 2-D synthetic dataset (Prucha et al., 1998; Malcotti and
Biondi, 1998). The subset was created by forming partial stacking and then applying Azimuth
Moveout (AMO) (Biondi et al., 1998a) to partial stacked CMP gathers.
2 Sequential Migration-Aided Reflection Tomography - KIM (Kinematic Inversion Methods), IFP consortium

SEP–103
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Figure 3: The initial velocity model
for the 2-D line. Note how velocity
follows structural dip and the velocity
reversal in the shale layer above the
salt dome. bob1-elf.vel0 [ER]

INITIAL ERRORS
We began by migrating the data with the velocity in Figure 3. As Figure 4 shows we have
some artifacts in the right portion of the migrated image due to the sharp boundary in the
initial velocity model. The salt is poorly defined. We don’t have a coherent reflection for the
top of the salt, we have very little of the salt edges, and have a non-continuous salt bottom.
Reflections to the left of the salt body do not continue all the way to the salt edge. In addition,
we have little resolution below the fault at 10 km. If we look at the angle gathers for the
initial migration, Figure 5, we can see significant moveout errors. Using the initial migrated
image we chose 11 reflectors to perform tomography with (Figure 6). To constrain the upper
portion of the model we chose the water bottom reflection and two reflectors above the salt.
We picked the salt top and salt bottom and three reflectors on both sides of the salt body.
We then performed moveout analysis using equation (6). We selected the semblance at each
reflector, Figure 7, and found a smooth curve using fitting goals (9). Overlaid on Figure 7 are
the smooth picks used in our back projection operator. The top two reflectors have have almost
no moveout errors. The remaining reflectors all have some residual moveout errors that our
tomography can attempt to resolve.

Building the steering filters
To construct the steering filters we used the nine non-salt reflectors shown in Figure 6. We
calculated the dip along each reflector and then smoothly interpolated between the reflectors
(Figure 8). With the picked reflectors we have very few rays passing through the salt. As a
result the smoothing fitting goal (the second goal in (4)) dominates. Instead of constant or little
variation in the salt we see dramatic changes. To avoid this geologically unreasonable behavior
we did not allow the velocity to change in the region delineated by our two salt reflectors.

8
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Figure 4: Migration result using the velocity from Figure 3 bob1-elf.mig.vel0 [CR]

RESULTS
We performed two non-linear iteration of tomography. Figure 9 shows our velocity model.
Note that our velocity still follows structural dip. This is especially obvious around the fault
at 10 km and above the top of the salt. If we examine the same CRP gathers, Figure 11, we
see that we have done a better job flattening the reflectors and have higher frequency events.
If we look at the semblance along the reflectors, Figure 10, we see that have significantly less
moveout. The true test is the final migrated image. If we look at the final migrated image
we can see better continuity of the reflectors and generally higher frequency image. The final
migration image (Figure 12) is quite similar to our initial image (Figure 4). If we take a closer
look at the top of the salt body (Figure 13) we can begin to see some differences. At location
‘A’ and ‘C’ we have done a better job defining the salt boundary. At ‘B’ the reflector is sharper
and has a more realistic shape. If we look at the side of the saltdome, Figure 14, we can
see more improvements. The reflectors are more continuous ‘A’ and extend closer to the salt
boundary ‘B’. We also have done a better job recovering the bottom salt reflector, ‘C’.

CONCLUSIONS
In this paper we applied our tomography methodology to a 2-D dataset. We showed how to
construct a complex steering filter operator based on reflector geometry and a priori knowledge of the acoustic properties of the layers. The final migration result was significantly
improved over the initial migration showing flatter angle gathers and overall crisper image.
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Figure 5: CRP gathers from the initial velocity overlaid by the moveout picks for the reflectors
used in the first iteration of tomography. bob1-overlays.vel0 [CR]
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Figure 6: Initial migration with picked reflectors overlaid. bob1-overlays [CR]

Figure 7: Semblance panels from nine of the reflectors used in tomography. Note that all but
the top two still have significant residual moveout. bob1-elf-semb-mig0-ref [CR]
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Figure 8: The dip field used for
the first iteration of tomography.
bob1-amp-vel0 [ER]

Figure
9:
Final
bob1-vel-final [CR]

velocity

11

12

Clapp & Biondi

Figure 10:
Semblance along
bob1-elf-semb-mig-final-ref [CR]

the

reflectors
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using

final

velocity

model.

We hypothesize that much of the remaining moveout is due to 3-D effects, not resolvable by a
2-D algorithm.
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Wave-equation migration velocity analysis:
Episode II
Paul Sava and Biondo Biondi1

ABSTRACT
We elaborate the main points of the wave-equation migration velocity analysis method
introduced in a previous report. We analyze its strengths and limitations, and illustrate
them using a synthetic example. The inversion results confirm our original expectations,
especially with regard to stability and robustness. The main difficulty in recovering a complete velocity perturbation is related to the Born approximation, which limits the amount
of residual migration improvement on the seismic images at any one given step.

INTRODUCTION
Migration and velocity analysis are intertwined components of seismic imaging. Depth migration cannot be done without knowledge about the velocity model, nor can velocity analysis
be done without reasonably accurate seismic images. Furthermore, because migration and
migration velocity analysis are complementary objects, it makes intuitive sense to require that
both are based on the same physics of wave propagation, namely either on the band-limited
wave-equation or its high-frequency asymptotic.
Our previous publication (Biondi and Sava, 1999) introduced the concept of wave-equation
migration velocity analysis (WEMVA) as the natural counterpart of wave-equation migration.
The objective of our method is to exploit in the velocity analysis context the main strengths of
processing based on the wave-equation: accuracy, multipathing, and stability.
In addition to its wave-equation nature, another important concept exploited by our method
is that of velocity analysis by image enhancement, in contrast to other methods that also use
wave-equation techniques but aim at fitting the recorded data. Our method operates by recursively and simultaneously improving both the migrated image and the velocity model. The
advantage of doing so is that the users have an opportunity to quality control the results at
every step.
In this paper, we briefly review the theory of WEMVA and show a complete synthetic
example in which we start with simulated data, create an image with an approximate velocity
model, and then improve both the velocity and the image using WEMVA.
1 email:

paul@sep.stanford.edu, biondo@sep.stanford.edu
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The WEMVA puzzle relies on several key ingredients, among which some of the most
important are image enhancement by residual migration, image quality control in the angledomain and inversion that uses model constraints. All these are briefly discussed in this paper
and are demonstrated with our example.
THEORY
In wave-equation migration, data recorded at the surface are recursively downward continued
in depth to generate the wavefield at every depth level (Figure 1). Once the complete wavefield
is generated, we can apply an imaging condition to obtain the image at every depth level. In
practice, however, downward continuation and imaging are merged into one step, so that we
do not need to store the complete downward continued wavefield for all frequencies.
The imaging process described in the preceding paragraph requires that we make an assumption about the slowness model. We label this slowness the background model; therefore,
the wavefield and image generated using this model are also naturally labeled as the background wavefield and image.
data

velocity
U.C.

D.C.

wavefield

wavefield
U.C.
scattered

wavefield

velocity
perturbation

U.C.

wavefield
perturbation

D.C.
scattered

wavefield

D.C.

image
perturbation

wavefield
perturbation

image

Figure 1: The chart of wave-equation migration velocity analysis technique. D.C. is a label
for objects involved in the downward continuation branch, while U.C. is a label for the similar
objects of the upward-continuation branch. paul3-core [NR]
Wave-equation modeling, the adjoint of migration, proceeds by upward-continuing the
data from the highest depth and by adding contributions at every depth level. Eventually, we
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reach the surface and reconstruct the wavefield at the surface, which is equivalent, but not
identical, to the recorded data.
A perturbation in the slowness model, excited by the background wavefield, generates a
scattered wavefield. Like the background wavefield, this is downward continued, creating
a wavefield perturbation, and is imaged, creating an image perturbation. In practice, we can
either compute the background wavefield at the same time we compute the scattered wavefield,
or we can compute and store it before, one frequency at a time.
As for the background, the adjoint process takes us from the image perturbation to an
upward-continued wavefield from which we can derive at every depth level a scattered wavefield and, furthermore, a slowness perturbation.
This is the core theoretical result of the wave-equation migration velocity analysis technique: we can relate a perturbation in the slowness model to a perturbation in the migrated
image. This enables us to improve the slowness model at the same time we improve the migrated image. This observation formally materializes a well-known concept: migration and
velocity analysis are fundamentally related and inseparable from each other (Gray, 1998). This
concept is not particular to our method, although the power of WEMVA lies in that it formally
eliminates the distinction between velocity analysis and migration and aims at one single goal
of image improvement.
Our previous publication (Biondi and Sava, 1999) established the theoretical framework of
the method. We have presented the mathematical foundations of the method and a few simple
experiments. Here we go one step further and present a complete example starting with the
data at the surface and ending with an improved slowness model. Figure 2 shows a flowchart
of our method, that consists of the following major loop:
1. Wave-equation migration,
2. image enhancement by residual migration in the angle domain,
3. velocity inversion,
4. slowness update and re-migration.

DATA
velocity update

Velocity

Figure 2: A flowchart of waveequation migration and WEMVA.
paul3-flow [NR]

background

background

Wavefield

Image
Residual
migration

Image
perturbation

improved

Image

Inversion

Velocity
perturbation
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Residual migration
Image enhancement is one of the most critical operations of the entire technique. Several
methods can in theory be used to enhance the migrated image, for example, residual moveout and residual migration. The major difference between the two is that residual moveout
does not allow energy to move among neighboring horizontal locations, while residual migration does. Sava (1999) shows how prestack Stolt residual migration can be employed to
enhance migrated images described as angle-domain common-image gathers. In this paper,
we use residual migration for image enhancement, but concentrate more on the results related
to inversion and slowness update.

Slowness inversion
Once we have created an image perturbation , we can invert for the corresponding perturbation
in slowness. Mathematically, this amounts to solving an optimization problem like (Claerbout,
1999)
L1s ≈ 1R

(1)

A1s ≈ 0,
where
• L is a data-fitting operator, mainly composed of a scattering and a downward continuation operator, but which also incorporates the background wavefield (Biondi and Sava,
1999),
• A is a model-styling operator, either an isotropic Laplacian or an anisotropic steeringfilter (Clapp and Biondi, 1998), which imposes smoothing on the model,
• 1s and 1R are respectively the slowness perturbation (the model) and the image perturbation (the data),
•  is a scalar parameter controlling the weight of each of the individual goals.
To speed-up the inversion procedure, we can precondition the model in Equation 1 and
solve the system
LA−1 1p ≈ 1R
1p ≈ 0,
where 1p = A1s is the preconditioned model variable.

(2)
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Slowness update and the Born approximation
We generate the image perturbation by taking the difference between a reference image and
an improved version of it. An underlying assumption of the inversion process is that we are
within the Born approximation, which requires that the wavelets with which we operate are
not more than π/4 out of phase. What happens if this condition is not fulfilled? In other
words, what can we do if the enhanced image is so different from the original image that the
wavelets we subtract are not in-phase anymore?
A possible answer to this question, although not necessarily the only one, is that we need
to be conservative at the time we generate the improved image. For this, we can scale the
velocity-ratio parameter surface (Sava, 1999), which controls the amount of enhancement in
the image closer to unity, that is, closer to the original image (Figure 3).
ideal ratio
NOT within the Born approximation
scaled ratio

Figure 3: An illustration of velocity ratio scaling which makes the
Born approximation valid. (a) is a
gather extracted from the original image (γ = 1). (c) is the same gather
after residual migration with the correct ratio. (b) is the same gather after
residual migration with a scaled ratio. Although the ideal image is represented by (c), we cannot use this
image because the wavelets are not
within the Born approximation. Instead, we use (b), which is within the
Born approximation and indicates the
same direction of image improvement
as the optimal ratio. paul3-ratscale
[NR]

within the Born
approximation

angle

angle

c

1

velocity
ratio

angle

b

a

The shortcoming of this procedure is that we reduce the magnitude of image perturbation,
although we preserve a more important parameter – its direction. The scaled-down restored
image falls within the limits of the Born approximation with respect to the original; therefore,
we can safely invert for the slowness perturbation. However, the slowness perturbation we
obtain depends on the scaling we have done on the images, although it has the correct direction.
Next we need to scale the slowness perturbation back up to the value corresponding to the
correct velocity ratio measured from the residual migrated images. So, how do we do this? A
possible solution is to run a line search using the slowness perturbation we have inverted, with
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the goal of maximizing the energy of the migrated image. Mathematically, this goal can be
expressed as
max kL (s + α1s) k,
α

(3)

where α is the scaling factor for the model, and s is the background slowness model.

EXAMPLE
We exemplify our velocity analysis technique using a synthetic model. The reflectivity, depicted in Figure 4, shows a structure with steeply dipping reflectors and an reverse fault. To
complicate matters further, we set the slowness so that the fractured layer has higher velocity
than the surrounding area (Figure 5). Although it doesn’t seem difficult, this model is complicated by the severe distortion of the wavefield that propagates under the faulted region. Such
a geological setting is common in overthrust regions and also around salt bodies.

Figure 4: The reflectivity model.
paul3-mod1.refl [CR]

Figure 5: The true slowness model.
paul3-mod1.Slow.0 [CR]

We begin by generating a synthetic dataset. Based on our simulated acquisition, defined
by a half-offset of 2.0 km, we expect to achieve a reasonably good angular coverage of the
region of interest, which is not deep.
The goal of this test is to start the imaging process by assuming that we don’t know much
about the slowness of the fast layer and to use our technique to fill the missing slowness.
We run two separate tests: a simpler test when we assume that we know the geometry and
slowness of the upper part of the model, and a more complex test when we do not assume
anything about the slowness in the layer and attempt to fill it out entirely. 2
2 Throughout

mod1,

the rest of this paper, the figures corresponding to the first model have names with the prefix
and the figures corresponding to the second model have names with the prefix mod2.
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Model 1
As specified earlier, for model 1 we assume we do not have any information about the lower
part of the fast velocity layer, but that we know the geometry and magnitude of the slowness
in the upper segment. Figure 6 depicts the starting (background) slowness model. The background wavefield is significantly distorted by the strong slowness variation in the background,
as shown in Figure 7.

Figure 6: The starting slowness for
model 1. This slowness model represents the background during the first
pass (Figure 2). paul3-mod1.Slow.1
[CR]

Figure 7: Rays and wavefronts for
different source points in the subsurface. The wavefield triplicates because of the strong slowness variation
in the background. paul3-mod1.rays
[CR]

Next, we migrate the synthetic data using the background slowness. The resulting image
(Figure 8) is perfect in the upper part of the section, above the area with inaccurate slowness,
but it is not completely accurate in the lower part, where the incorrect slowness model limits
our imaging abilities. To analyze the quality of the image, we display it as angle-domain
common image gathers (Prucha et al., 1999; Sava and Fomel, 2000) that have the property
of showing flat events when the migration velocity is correct, and bending events when the
velocity is incorrect.
In the next step, we compute an improved image (Figure 9) following the methodology
outlined earlier in this paper and fully described in (Sava, 1999). As expected, there is no improvement in the upper section, since the velocity model is correct there, but only in the lower
section, under the fault region. The picked velocity ratio surface is presented in Figure 10.
Finally, we can take the background (Figure 8) and enhanced (Figure 9) images and compute the image perturbation, depicted in Figure 11. For comparison, Figure 12 shows the
theoretically-correct image perturbation computed using the true slowness to migrate the data.
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Figure 8: The background image for
model 1 presented as angle-domain
common image gathers. The correctly migrated events are flat, while
those incorrectly migrated are not, for
example at the bottom of the lower
layer. paul3-mod1.bimg.1 [CR]

Figure 9: The enhanced image for
model 1. paul3-mod1.aimg.1 [CR]

Although the two images are not identical, they are similar. In practice, our goal is to come as
close as possible to the image in Figure 12.
We have reached the point where we have created an image perturbation. We can now go
one step further and compute the perturbation in slowness by solving the least-squares systems
in Equations (1) or (2).
Figure 13 shows the result of the inversion process without any model regularization [ = 0
in equation (2)]. Every panel in the figure represents one iteration, as indicated by its title. The
anomaly we seek is nicely recovered, with its position confined to the right area, as indicated
by the schematic overlay. The absolute magnitude of the anomaly is smaller than that of the
true one. This result can probably be explained by the nature of the Born approximation and
the scaling of the velocity ratio surface. The definitive answer, however, is subject to further
research.
Even though we have not yet imposed any smoothness constraint on the model, the anomaly
is reasonably smooth, which is a direct consequence of the band-limited character of our waveequation processing. The image is also free of major artifacts, although the bottom area of the
model, which is not constrained by anything in the image perturbation, develops an anomaly
of the opposite sign and another small, blob-like anomaly, possibly a wrap-around artifact.

Figure 10: The picked velocity ratio surface for model 1. This surface has values different from 1 only
in the areas where the image has
changed as a result of residual migration. paul3-mod1.lmap.1 [CR]
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Figure 11: The image perturbation for model 1 computed from
the background image and the image enhanced by residual migration.
paul3-mod1.dimg.1 [CR]

Figure 12: The perturbation in image
for model 1 computed from the background image and the image obtained
through migration with the true slowness. paul3-mod1.dimg.0 [CR]

Figure 13: Iteration panels for the unregularized inversion in the case of model 1.
paul3-mod1.inv.plain.1 [CR]
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Figure 14: Unregularized solution
for model 1 after the first loop.
paul3-mod1.sol.plain.1 [CR]

Figure 15 shows the result of model inversion for the regularized system (Equations 1).
The anomaly is even smoother and confined to its correct location. Figures 14 and 16 show
the final inversion result for the unregularized case and the case of preconditioning the model
with a steering filter that forces the data to spread more along the geological dip and less
perpendicular to it.
Finally, we update the background slowness model and repeat the loop. Figure 17 shows
the updated background slowness, and Figure 18 the new background image. This new image
should be compared to the previous background image (Figure 8). Notably, the bottom layer
is pushed in depth closer to its correct position, and the angle-domain common image gathers
show, on the average, flatter events, indicating that the new image is migrated with better
velocity. The slowness perturbation is scaled differently before summation, as guided by the
line-search optimization (Equation 3). We repeat the loop and obtain the slowness perturbation
shown in Figure 19 and the updateded image shown in Figure 20.
Here are the main conclusions we can derive from the first example:
• The image perturbation produced with residual migration is reasonably good, even for
the case of a model with significant wavefield distortions in the background.
• As expected, wave-equation inversion produces smooth results, because of the intrinsic band-limited nature of wave propagation. Model regularization, however, helps to
produce an even smoother slowness perturbation.
• The magnitude of the slowness anomaly we produced after inversion is less than the
correct one. This is, in part, explained by the various approximations made when we
created the image perturbation. It remains, nevertheless, an interesting topic that requires further investigation.
• The updated background slowness is able to produce an improved image, measured
by the flatness of the angle-domain common image gathers. In other words, we have
fulfilled the main goal of our procedure – image improvement– at the same time that we
have improved the slowness model.
• Two WEMVA loops do not seem to be enough to recover the full slowness perturbation.
We can get better results if we loop more, although cost remains a significant limitation.
Here we have another direction of future work.
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Figure 15: Iteration panels for the preconditioned inversion in the case of model 1.
paul3-mod1.inv.laplacian.1 [CR]

Figure 16: Solution for model 1
after the first loop in the case of
regularization with steering filters.
paul3-mod1.sol.steering.1 [CR]

Figure 17: Updated background
slowness for model 1 after the first
loop. paul3-mod1.Slow.2 [CR]
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Figure 18: The updated background
image for model 1 after the first loop.
paul3-mod1.bimg.2 [CR]

Figure 19: Updated background
slowness for model 1 after the second loop.
The line search procedure gives the slowness perturbation scaling parameter α = 0.625977.
paul3-mod1.Slow.3 [CR]

Model 2
The second model we use to illustrate our procedure is derived from the same synthetic structure. This model differs from the first in that we now assume that we have no information
about both the lower and the upper parts of the layer. The aim of this model is to recover the
slowness anomaly, both in the upper and the lower sections.
For this second model, we follow the same basic steps as for the previous model. Here are
the results:
1. Figure 21 represents the background slowness model. The fast layer is missing completely in this example.
2. Figure 22 represents rays and wavefronts for different shooting locations in the subsurface. The background wavefield is distorted, but not as much as in the case of the
first model. This would indicate that this example is easier than the first one, although
it probably doesn’t make a significant difference because WEMVA handles naturally
complex wavefields.
3. Figure 23 is the background image for model 2. Correctly migrated events are flat,
while the incorrect ones are not. The background image is similar to the one in the

Figure 20: The updated background
image for model 1 after the second loop.
The line search procedure gives the slowness perturbation scaling parameter α = 1.0262.
paul3-mod1.bimg.3 [CR]
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Figure 21: The starting slowness for
model 2. It represents the background during the first pass (Figure 2). paul3-mod2.Slow.1 [CR]

Figure 22: Rays and wavefronts for
different source points in the subsurface. The wavefield for model 2 also
triplicates because of the slowness
variation in the background, but not
as strongly as in the case of the first
model. paul3-mod2.rays [CR]

preceding example (Figure 8), but it is distorted more, especially in the upper segment
of the faulted layer.
Figure 23: The background image
for model 2 presented as angledomain common image gathers.
Correctly migrated events are flat,
while the incorrect ones are not.
paul3-mod2.bimg.1 [CR]

4. Figure 24 is the image enhanced by residual migration. Figure 25 is the corresponding
picked velocity ratio surface.
5. Figure 26 is the image perturbation computed from the background image (Figure 23)
and the image enhanced by residual migration (Figure 24). For comparison, Figure 27
is the image perturbation obtained through the difference of the images migrated with
the true and background slowness functions.
6. Figure 28 are the iteration panels for unregularized inversion, and Figure 29 are the
iteration panels for preconditioned inversion. Here we can see the major differences
and similarities between this and the first example: the lower part of the layer is well
recovered; the upper part of the layer is also recovered reasonably well, although not as
well as the lower part. The region around the fault, however, is not constrained enough

32

Sava & Biondi

Figure 24: The enhanced image for
model 2. paul3-mod2.aimg.1 [CR]

Figure 25:
The picked velocity ratio surface for model 2.
paul3-mod2.lmap.1 [CR]

Figure 26: The image perturbation for model 2 computed from
the background image and the image enhanced by residual migration.
paul3-mod2.dimg.1 [CR]

Figure 27: The image perturbation
for model 2 computed from the background image and the image obtained
through migration with the true slowness. paul3-mod2.dimg.0 [CR]
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and shows high spatial-frequency variation in slowness (Figure 28). However, if we
regularize the model during the inversion, we recover a much smoother anomaly. The
most significant change occurs in the area surrounding the fault. In this case, we do
not observe the large fluctuations that occur in the unregularized example, although the
regularization operator causes the slowness anomaly to leak outside its bounds.

Figure 28: Iteration panels for the unregularized inversion in the case of model 2.
paul3-mod2.inv.plain.1 [CR,M]

7. Figure 30 is the unregularized solution after the first loop, and Figure 31 is the solution
after the first loop when the model is regularized using steering filters. The second of the
two is a significantly improved result: the anomaly is much smoother, and the leakage
in the vertical direction outside the layer bounds is reduced compared to the case of
preconditioning with an isotropic Laplacian operator.
8. Figure 32 is the updated background slowness after the first loop, and Figure 33 is the
corresponding updated background image. Although not yet completely there, the fast
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Figure 29: Iteration panels for the preconditioned inversion in the case of model 2.
paul3-mod2.inv.laplacian.1 [CR,M]

Figure 30: Unregularized solution
for model 2 after the first loop.
paul3-mod2.sol.plain.1 [CR]

Figure 31: Solution for model 2
after the first loop in the case of
regularization with steering filters.
paul3-mod2.sol.steering.1 [CR]
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layer begins to build-up, and, consequently, the quality of the migrated image improves.
However, we have not reached a satisfactory image at every location; therefore, we
need to repeat the WEMVA loop. When we repeat the loop we obtain the slowness
perturbation shown in Figure 34 and the updateded image shown in Figure 35.

Figure 32: Updated background
slowness for model 2 after the
first loop.
The line search procedure gives the slowness perturbation scaling parameter α = 1.64043.
paul3-mod2.Slow.2 [CR]

Figure 33: The updated background
image for model 2 after the first loop.
paul3-mod2.bimg.2 [CR]

Figure 34: Updated background
slowness for model 2 after the second loop.
The line search procedure gives the slowness perturbation scaling parameter α = 2.81967.
paul3-mod2.Slow.3 [CR]
The main conclusions we can derive from the second example are:
• Residual migration is successful in producing a good image perturbation, even though
the starting image is more complex and significantly more distorted than in the first case.
• The anomaly produced by WEMVA without model regularization does not have as high
a quality as it does in the original case. Large distortions in the original image, possibly
coupled with residual migration distortions, lead to high spatial frequency variations of
the inverted anomaly. We can, however, control the shape of the anomaly with smoothness constraints on the model, among which steering filters produce a promising result.
• The updated image is characterized by flatter angle-domain common image gathers.
One loop, however, doesn’t seem to be enough to achieve a completely satisfactory
result, and we need to iterate more.
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Figure 35: The updated background
image for model 2 after the second
loop. paul3-mod2.bimg.3 [CR]

CONCLUSIONS
In this paper, we demonstrated the feasibility of migration velocity analysis using waveequation methods. The results we obtained on 2-D synthetic models are very encouraging.
Cost remains a major limitation, although as our method progressively matures, we have more
and more computer power at our disposal.
The main point we would like to make is that unlike other velocity inversion techniques,
our method updates the velocity model by improving the quality of the migrated image, and
not by fitting the recorded data. It therefore takes full advantage of the intertwined nature of
migration and velocity analysis,
Wave-equation migration techniques are known for their potential to handle complex wavefields. Since our velocity analysis method is also based on processing with the wave-equation,
it inherits stability and constrains the derived velocity to be smoother than what a traveltimebased method would allow. Furthermore, we can control the shape of our derived velocity
anomalies by imposing external constraints, either model-independent, like Laplacian smoothing, or model-dependent steering filters.
The Born approximation on which we base our method limits the amount of improvement
we can allow on the starting image. For lack of a better procedure, we now chose to continue
with a technique in which we scale-down the image perturbation and later scale-up the slowness perturbation. Handling the limitations imposed by the Born approximation is one of the
most useful and exciting areas of future research.
In addition to improvements in scaling and rescaling the image and slowness perturbations, other potential directions of future research include semblance and differential semblance analysis for more reliable image enhancements and an analysis of the implications of
the complex nature of the wavefields, specifically the benefits of implicitly using all the arrivals
in the wavefield for velocity analysis rather than merely a single one.

REFERENCES
Biondi, B., and Sava, P., 1999, Wave-equation migration velocity analysis: SEP–100, 11–34.
Claerbout, J., 1999, Geophysical estimation by example: Environmental soundings image
enhancement: http://sepwww.stanford.edu/sep/prof/.

SEP–103

WEMVA

37

Clapp, R. G., and Biondi, B. L., 1998, Regularizing time tomography with steering filters:
SEP–97, 137–146.
Gray, S. H., 1998, Speed and accuracy of seismic migration methods: Mathematical Geophysical Summer School, Stanford University.
Prucha, M. L., Biondi, B. L., and Symes, W. W., 1999, Angle-domain common image gathers
by wave-equation migration: SEP–100, 101–112.
Sava, P., and Fomel, S., 2000, Angle-gathers by Fourier Transform: SEP–103, 119–130.
Sava, P., 1999, Enhancing common-image gathers with prestack Stolt residual migration:
SEP–102, 47–60.

38

Sava & Biondi

SEP–103

APPENDIX
This appendix is a picture summary of the processing we describe in the paper. We present
four figures for each of the two models we discuss in the earlier sections.
• Figures (A-1,A-2) and (A-5,A-6) describe the first two WEMVA loops (Figure 2) for
models 1 and 2, respectively. From top to bottom, the panels depict
– the background slowness model,
– the background image,
– the image improved by residual migration, and
– the perturbation in image derived from the background and improved images.
• Figures A-3 and A-7 describe the changes on the slowness model for the first two
WEMVA loops (Figure 2). From top to bottom, the panels depict
– the correct slowness,
– the background slowness,
– the updated slowness after the first loop, and
– the updated slowness after the second loop.
• Figures A-4 and A-8 describe the changes that are induced on the image for the first two
WEMVA loops (Figure 2). From top to bottom, the panels depict
– the image migrated with the true slowness,
– the image migrated with the starting slowness,
– the image migrated with the slowness updated after the first loop, and
– the image migrated with the slowness updated after the second loop.
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Figure A-1: Model 1, WEMVA loop 1. From top to bottom: background slowness, background image, improved image, and image perturbation. paul3-mod1.loop.1 [CR]
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Figure A-2: Model 1, WEMVA loop 2. From top to bottom: background slowness, background image, improved image, and image perturbation. paul3-mod1.loop.2 [CR]
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Figure A-3: Model 1, summary of slowness changes with loop number. From top to bottom:
the true slowness, the starting slowness, the slowness updated after the first loop, the slowness
updated after the second loop. paul3-mod1.slows [CR]
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Figure A-4: Model 1, summary of image changes with loop number. From top to bottom,
images obtained with the true slowness, the starting slowness, the slowness updated after the
first loop, the slowness updated after the second loop. paul3-mod1.iter [CR]
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Figure A-5: Model 2, WEMVA loop 1. From top to bottom: background slowness, background image, improved image, and image perturbation. paul3-mod2.loop.1 [CR]
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Figure A-6: Model 2, WEMVA loop 2. From top to bottom: background slowness, background image, improved image, and image perturbation. paul3-mod2.loop.2 [CR]
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Figure A-7: Model 2, summary of slowness changes with loop number. From top to bottom:
the true slowness, the starting slowness, the slowness updated after the first loop, the slowness
updated after the second loop. paul3-mod2.slows [CR]
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Figure A-8: Model 2, summary of image changes with loop number. From top to bottom,
images obtained with the true slowness, the starting slowness, the slowness updated after the
first loop, the slowness updated after the second loop. paul3-mod2.iter [CR,M]
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Regularizing tomography with non-stationary filters
Robert G. Clapp1

ABSTRACT
The ideal regularizer is the inverse of the model covariance matrix. Often the model covariance matrix has a complicated structure that is difficult to characterize. Non-stationary
prediction error filters (PEF) have the ability to describe complicated model behavior.
Non-stationary filters are effective regularizers for missing data and tomography problems.

INTRODUCTION
Most geophysical problems are either under-determined or mixed-determined, requiring some
type of regularization. The ideal regularizer is the inverse model covariance (Tarantola, 1986).
In previous papers I have shown that a space-varying operator composed of small plane-wave
annihilation filters, or steering filters, can be an effective regularization operator (Clapp et
al., 1997, 1998; Clapp and Biondi, 1998, 2000). Steering filters are best suited to describing
models with relatively simple covariance functions. For a certain class of velocity models,
such as models with discontinuities, steering filters have difficulty accurately describing model
covariance.
PEFs are able to describe a much wider class of models than steering filters. To robustly
estimate a PEF we must have a model with stationary statistics, something that is rarely true
with seismic problems. We can often satisfy the stationarity requirement by breaking up our
problem into small patches (Claerbout, 1992b). Unfortunately, we can only make our patch
size so small before we can’t generate sufficient statistics to estimate our PEF (Crawley et al.,
1999).
An alternative approach, proven to be effective when dips change quickly, is to estimate
PEFs in micro patches with a non-stationary PEF (Crawley et al., 1999; Clapp and Brown,
1999, 2000). When dealing with discontinuities, regularizing with a non-stationary PEF can
be more effective in describing the model covariance than steering filters. Non-stationary
filters do a better job honoring sharp boundaries and characterizing complex models.
I will begin by showing how steering filters perform poorly at discontinuities. I will then
show how to build and estimate a non-stationary PEF. I will use the non-stationary PEF in
the context of a missing data problem. I will conclude by using a non-stationary PEF for
1 email:

bob@sep.stanford.edu
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regularization to tomography.

BACKGROUND
In general, geophysical inverse problems (inverting for some model (m), given some (d),
while applying some operator (L)) are ill-posed. A classic example of this is the missing data
problem (Claerbout, 1999). The goal of the missing data problem is to interpolate intelligently
between a sparse set of known points. For example, let’s take a synthetic velocity model with
an upper horizontal reflector, an anticline between two unconformities, and updipping layer at
the bottom of the model. Suppose we have velocity measurements at several wells (Figure 1)
and you would like to interpolate it onto a regular 2-D mesh.

Figure 1: Left panel shows a synthetic velocity model, right panel shows a subset of that data
chosen to simulate well log data. bob3-well-logs [ER]

The geophysicist might follow the approach described by Claerbout (1999), first interpolating the irregular data onto a regular mesh by applying some type of binning operator, B,
then defining a fitting goal that requires the model to fit the data exactly at the known points
(J),
JBd ≈ Jm.

(1)

At model locations where there are no data values, we want the model to be ‘smooth’, therefore
we will use Tikhonov regularization to minimize the output of a roughening operator applied
to the model,
0 ≈ Am.

(2)
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Figure 2: Interpolation result after
200 iterations using an inverse Laplacian regularization operator. Note the
edges effects at the top and bottom of
the model due to using a internal convolution operator. bob3-qdome-lap
[ER]

If we don’t have any other knowledge about our model, an isotropic operator like the Laplacian
might be a logical choice for A since it leads to the “minimum energy” solution. If I apply the
fitting goals implied by (1) and (2) for 200 iterations using the Laplacian for A I get Figure 2.
The result is what has been euphemistically referred to as the ‘ice cream cone result’ (Brown,
1998). By spreading information isotropically, the model goes smoothly from our known
points to some local average. We see little to no continuation of layers, which is generally a
thoroughly unsatisfactory result.

Covariance
With no other information, the Laplacian might be the best regularization operator that we
could use. But if we know something else about out model, can we do better? According
to Tarantola (1987), we should be using the inverse model covariance for our regularization
operator. The statistics of the model vary spatially, but by breaking up into four patches,
one above the anticline, one below the anticline, and two within the anticline we can at least
approximate stationary statistics. If we calculate the covariance within patches where the
statistics are relatively stable, we get Figure 3.

Steering filters
If we examine our desired model, it is apparent that the covariance function varies within at
least two of our four patches (we can also see this in the covariance function of patch 2 and 4
of Figure 3). Therefore, it follows that we should get a better image by making smaller and
smaller patches. Crawley (1998) showed that this is true when solving a data interpolation
problem. Traditional methods for characterizing the model like PEFs and variograms can only
grow so small before we have insufficient statistics to calculate them.
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Figure 3: The covariance at four different regions of our model (left panel of Figure 1.)
The top left is above the upper unconformity; top right, the upper portion of the anticline;
bottom left, lower portion of the anticline; and bottom right, bellow the lower anticline.
bob3-covar-change [ER]

When our stationary assumption is valid, such as in regions one and four of Figure 3 the
covariance matrix is fairly simple. We have a primary trend oriented along the dip of the
velocity field that slowly dies out and a ringing effect due to the sinusoidal nature of our
model. We would like to come up with a way to emulate the primary trend of the covariance
matrix through minimal information.
To do this it is important to remember that our regularization operator should have the
inverse spectrum of the covariance matrix. Therefore if the covariance function is primarily
a dipping event, our regularization operator should be destroying that dip. Claerbout (1990;
1992a) showed how to estimate the primary dip in a region and how to construct a filter that
could destroy that dip. These small filters, which I refer to as steering filters can be as simple
as a two or three point filter, Figure 4. A steering filter consists of a fixed ‘1’ and one or more
coefficients in the next column. The location of the filter coefficients in the second column
determines the dip that the filter will destroy. Figure 5 is the inverse impulse response of
Figure 4. Note how the general orientation of the impulse response is approximately the same
as the covariance function below the lower unconformity.
If we assume that velocity

Figure 4: A steering filter which
annihilates dips of 22.5 degrees.
bob3-small-filter [NR]

-.5
1 -.5
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Figure 5: The impulse response
of the inverse of Figure 4.
bob3-small-response [ER]

follows structure and we have some guesses at reflector position, we can use this information
to build our steering filters. For this problem we will assume that we have the location of four
reflectors, one above the top unconformity, two between the unconformities and one below the
lower unconformity (left-panel of Figure 6). If we interpolate these dips to our entire model
space we have all we need to construct a space-varying operator composed of steering filters.
If we use this operator as our regularizer, we get Figure 7 as our interpolation result. The
steering filters did a significantly better job than the isotropic regularizer.

DISCONTINUITIES AND STEERING FILTERS

Now let’s move onto a model with discontinuities. Figure 8 is similar to Figure 1, with the
exception that we now have a listric fault in the middle of the anticline structure. If we follow
the same interpolation path as we did in the last section, the right panel of Figure 8 is our
interpolation result. Instead of reproducing the fault we have created a model that smoothly
changes from horizons on the left of the fault to the corresponding horizons to the right side of
the fault. In many cases a smooth change is not only acceptable, but desirable (for example,
ray-based methods require a smooth model). In other cases the smooth change is unrealistic
and something we want to avoid (salt boundaries and some fault boundaries). Our interpolation fails at the fault because we are not correctly describing the covariance along the edge of
the fault. The problem is that the covariance function at the edge of the fault is not symmetric.
Along the left edge of the fault we have good correlation with points to the left but our correlation with points to the right our correlation is shifted. This asymmetric behavior is difficult
to describe with steering filters.
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Figure 6: Left panel are four reflectors chosen to represent our a priori information. The right
panel is interpolated slope calculated from the reflectors that will form the basis of our steering
filter. bob3-qdome-refs [ER]

Figure 7: The result of using our
steering filter operator as regularizer to the missing data problem.
bob3-qdome-reg-cont [ER]
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Figure 8: Left panel is a synthetic velocity model with the beds being offset by a listric fault.
The right panel is the result of interpolating the model using steering filters. bob3-fault-model
[ER]

ESTIMATING A NON-STATIONARY FILTER
Another option is to characterize our model in terms of PEFs rather than steering filters. Normally we estimate a PEF by solving
Ma ≈ 0,

(3)

where M is convolution with a field that has the same properties as the model and a is our
PEF. The output of this convolution is white (Claerbout, 1992a). Therefore a must have the
inverse spectrum of the model. When the model varies continuously we must add a slight
twist to our PEF estimation. Instead of breaking up our model space into regions where our
stationary assumption is valid we are going to modify the PEF. Our PEF (a) is now going to
be composed of several different PEFs operating in micro-patches (Figure 9). With so many
filters, and therefore filter coefficients, our filter estimation problem goes from being overdetermined to under-determined. We can force the system to again be overdetermined by
adding a regularization equation to our original filter estimation fitting goals,
0 ≈ Ma
0 ≈ Fa
where the regularization operator F smoothes the filter coefficients (Clapp et al., 1999).

(4)
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Figure 9: Non-stationary PEF construction. The model is broken up
into micro-patches.
Each micropatch has its own PEF. bob3-patch
[NR]
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MISSING DATA
To see the power of a non-stationary filter to characterize model covariance let ’s return to
the fault model missing data problem (Figure 8). For our interpolation we will use the known
model as the basis for our PEF, and have a micro-patch size of one sample in x and z. The
resulting interpolation, Figure 10 isn’t quite as high-frequency as our initial model and we
have a minimal amount of continuation of the layers over the fault, but we generally do an
excellent job recovering the model.

Figure 10: The result of finding
non-stationary PEF using the correct
model and then applying it to the
missing data problem. The returned
image is almost exact and does a better job with bed discontinuities than
Figure 8. bob3-fault.cont [ER]
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TOMOGRAPHY
Review
The next step is to see how well our non-stationary filter regularizes a tomography problem. I
constructed a synthetic anticline model (Figure 11) with six reflectors,one above the anticline,
four within the anticline, and one flat reflector representing basement rock. For added difficulty, there is a low velocity layer between the second and third reflector. The model was used
to do acoustic wave modeling, with the resulting dataset having 32 meter CMP spacing and
80 offsets spaced 64 meters apart.If we use as our initial estimation of the slowness, an s(z)
function from outside the anticline, the reflectors are pulled up due to using too low a velocity
within the anticline (Figure 12). Following the methodology of Clapp and Biondi (1999) we

Figure 11: Left panel is the synthetic velocity model with six reflectors spanning the anticline.
The right panel shows the data generated from this model. bob3-synth-model [ER]
will begin by considering a regularized tomography problem. We will linearize around an initial slowness estimate and find a linear operator in the vertical traveltime domain T between
our change in slowness 1s and our change in traveltimes 1t. We will write a set of fitting
goals,
1t ≈ T1s
0 ≈ A1s,

(5)

where (A) is our steering filter operator. However, these fitting goals don’t accurately describe
what we really want. Our steering filters are based on our desired slowness rather than change
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Figure 12: Left panel is our initial guess at the velocity function, the right panel shows the
zero offset ray parameter reflector position using this migration velocity. The correct reflector
positions are shown as ‘*’. Note that reflectors are significantly mispositioned. bob3-mig0
[ER]

of slowness. With this fact in mind, we can rewrite our second fitting goal as:
0 ≈ A (s0 + 1s)
−As0 ≈ A1s.

(6)
(7)

Our second fitting goal cannot be strictly defined as regularization but we can do a preconditioning substitution:
1t ≈ TA−1 p
−As0 ≈ Ip.

(8)

Warping
There is one aspect of using non-stationary PEFs that I have glossed over to this point: the requirement that we have field with similar statistics to estimate the PEF from. Viewed one way
this is a significant weakness to the approach, viewed another it can be seen as a useful feature.
One of the largest problems in seismic imaging is how to put the geologist’s conception of geology into the geophysicst’s inversion problem. The non-stationary PEF can be estimated
from the geologist’s model. Therefore, our regularization operator directly incorporates the
geologist’s conception of the velocity structure into the velocity estimation.
For this simple model, we will use as our conception of geology a vertically warped version
of our initial velocity estimate. We measure how much a migrated reflector positions varies
from our initial flat estimate. Figure 13 shows our initial estimate.
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Figure 13: Warped velocity model
used to estimate non-stationary filters
from. bob3-warp [ER]

Results
If we do three non-linear iterations of tomography using fitting goals (8) each time, we get
Figure 14 as our velocity estimate. The velocity estimate does a good job recovering the
anticline shape. However, it doesn’t do a good job recovering the low velocity layer. Migrating
with Figure 14 we get Figure 15. Overlaid on top of the migrated image are the correct reflector
positions. Overall we did a good job positioning the reflectors. In addition, we can see that we
have little residual moveout in our CRP gathers (Figure 15) but they are relatively flat.

Figure 14:
Velocity model after three non-linear iterations of
non-stationary filter regularization.
bob3-vel3 [CR]
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Figure 15: Migration result using Figure 14 as the velocity model. The left panel is the zero
angle image overlaid by the correct reflector positions. The right three panels shows CRP
gathers at six, eight, and ten kilometers. bob3-res.vel3.from0 [CR]

CONCLUSIONS
Non-stationary PEFs are an effective interpolator, especially when the model has discontinuities, for missing data problems and an effective regularizer for tomography problems. The
weakness of the approach, the requirement that we have field to estimate the PEF from, can
be turned into a strength by allowing a geologist’s conception of the velocity to be directly
encoded into the regularization. A more illuminating test of the non-stationary regularization
of tomography would be on a model with sharp, rather than smooth, boundaries.
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Short Note
Traveltime sensitivity kernels: Banana-doughnuts
or just plain bananas?
James Rickett1

INTRODUCTION

Estimating an accurate velocity function is one of the most critical steps in building an accurate seismic depth image of the subsurface. In areas with significant structural complexity,
one-dimensional updating schemes become unstable, and more robust algorithms are needed.
Reflection tomography both in the premigrated (Bishop et al., 1985) and postmigrated domains
(Stork, 1992; Kosloff et al., 1996) bring the powerful technologies of geophysical inversion
theory to bear on the problem.
Unfortunately, however, inversion methods can be limited by the accuracy of their forward
modeling operators, and most practical implementations of traveltime tomography are based
on ray-theory, which assumes a high frequency wave, propagating through a smoothly varying
velocity field, perhaps interrupted with a few discrete interfaces. Real world wave-propagation
is much more complicated than this, and the failure of ray-based methods to adequately model
wave propagation through complex media is fueling interest in “wave-equation” migration algorithms that both accurately model finite-frequency effects, and are practical for large 3-D
datasets. As a direct consequence, finite-frequency velocity analysis and tomography algorithms are also becoming an important area of research (Woodward, 1992; Biondi and Sava,
1999).
Recent work in the global seismology community (Marquering et al., 1998, 1999) is drawing attention to a non-intuitive observation first made by Woodward (1992), that in the weakscattering limit, finite-frequency traveltimes have zero-sensitivity to velocity perturbations
along the geometric ray-path. This short-note aims to explore and explain this non-intuitive
observation.
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THEORY
A generic discrete linear inverse problem may be written as
d=Am

(1)

where d = (d1 d2 ...)T is the known data vector, m = (m 1 m 2 ...)T is the unknown model
vector, and A represents the linear relationship between them. A natural question to ask is:
which parts of the model influence a given observed data-point? The answer is that the row
of matrix, A, corresponding to the data-point of interest will be non-zero where that point in
model space influences the data-value. Rows of A may therefore be thought of as sensitivity
kernels, describing which points in model space are sensed by a given data-point.
For a generic linearized traveltime tomography problem, traveltime perturbations, δT, are
related to slowness perturbations, δS, through a linear system,
δT = A δS.

(2)

The form of the sensitivity kernels depend on the the modeling operator, A.
Under the ray-approximation, traveltime for a given ray, T , is calculated by integrating
slowness along the ray-path,
Z
T=
s(x) dl.
(3)
ray

Assuming that the ray-path is insensitive to a small slowness perturbation, the perturbation in
traveltime is given by the path integral of the slowness perturbation along the ray,
Z
δs(x) dl.
(4)
δT =
ray

Since traveltime perturbations given by equation (4) are insensitive to slowness perturbations anywhere off the geometric ray-path, the sensitivity kernel is identically zero everywhere
in space, except along the ray-path where it is constant. The implication for ray-based traveltime tomography is that traveltime perturbations should be back-projected purely along the
ray-path.
We are interested in more accurate tomographic systems of the form of equation (3),
that model the effects of finite-frequency wave-propagation more accurately than simple raytheory. Once we have such an operator, the first question to ask is: what do the rows look
like?
Born traveltime sensitivity
One approach to building a linear finite-frequency traveltime operator is to apply the firstorder Born approximation, to obtain a linear relationship between slowness perturbation, δS,
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and wavefield perturbation, δU ,
δU = B δS.

(5)

The Born operator, B, is a discrete implementation of equation (A-7), which is described in
the Appendix.
Traveltime perturbations may then be calculated from the wavefield perturbation through
a (linear) picking operator, C, such that
δT = C δU = CB δS

(6)

where C is a (linearized) picking operator, and a function of the background wavefield, U0 .
Cross-correlating the total wavefield, U (t), with U0 (t), provides a way of measuring their
relative time-shift, δT . Marquering et al. (1999) uses this to provide the following explicit
linear relationship between δT and δU (t),
R t2

t U̇ (t) δU (t) dt
,
δT = R1t2
t1 Ü (t) U (t) dt

(7)

where dots denote differentiation with respect to t, and t1 and t2 define a temporal window
around the event of interest. Equation (7) is only valid for small time-shifts, δT  λs0 .

Rytov traveltime sensitivity
The first Rytov approximation (or the phase-field linearization method, as it is also known)
provides a linear relationship between the slowness and complex phase perturbations.
δ9 = R δS,

(8)

where 9 = exp(U), and the Rytov operator, R, is a discrete implementation of equation (A-10),
which is also described in Appendix A.
Traveltime is related to the complex phase by the equation, =(δψ) = ω δt. For a bandlimited arrival with amplitude spectrum, F(ω), traveltime perturbation can be calculated simply by summing over frequency (Woodward, 1992),
δT =

X F(ω)
ω

ω

= (δ9) =

X F(ω)
ω

ω

= (R δS) .

(9)

Of the two approximations, several authors (Beydoun and Tarantola, 1988; Woodward,
1989) note that the Born approximation is the better choice for modeling reflected waves, while
the Rytov approximation is better for transmitted waves. Differences tend to zero, however, as
the scattering becomes small.
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KERNELS COMPARED
This section contains images of traveltime kernels computed numerically for a simple model
that may be encountered in a reflection tomography problem. The source is situated at the
surface, and the receiver (known reflection point) is located at a depth of 1.8 km in the subsurface. The background velocity model, v0 (z) = 1/s0 (z), is a linear function of depth with
−1
0
v0 (0) = 1.5 km s−1 , and dv
dz = 0.8 s . I chose a linear velocity function since Green’s functions can be computed on-the-fly with rapid two-point ray-tracing.
Figure 1 shows the ray-theoretical traveltime sensitivity kernel: zero except along the
geometric ray-path.

Figure 1: Traveltime sensitivity kernel for ray-based tomography in a linear v(z) model. The
kernel is zero everywhere except along geometric ray-path. Right panel shows a cross-section
at X = 1 km. james3-RayKernel [ER]

Figures 2 and 3 show first Rytov traveltime sensitivity kernels for 30 Hz and 120 Hz
wavelets respectively. The important features of these kernels are identical to the features of
kernels that Marquering et al. (1999) obtained for teleseismic S − H wave scattering, and to
Woodward’s (1992) band-limited wave-paths. They have the appearance of a hollow banana:
that is appearing as a banana if visualized in the plane of propagation, but as a doughnut
on a cross-section perpendicular to the ray. Somewhat counter-intuitively, this suggests that
traveltimes have zero sensitivity to small velocity perturbations along the geometric raypath.
Fortunately, however, as the frequency of the seismic wavelet increases, the bananas become
thinner, and approach the ray-theoretical kernels in the high-frequency limit. Parenthetically,
it is also worth noticing that the width of the bananas increases with depth as the velocity (and
seismic wavelength) increases.
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Figure 2: Rytov traveltime sensitivity kernel for 30 Hz wavelet in a linear v(z) model. The
kernel is zero along geometric ray-path. Right panel shows a cross-section at X = 1 km.
james3-BananaPancake8 [ER]

Figure 3: Rytov traveltime sensitivity kernel for 120 Hz wavelet in a linear v(z) model. The
kernel is zero along geometric ray-path. Right panel shows a cross-section at X = 1 km.
james3-BananaPancake2 [ER]
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I do not show the first-Born kernels here, since, in appearance, they are identical to the
Rytov kernels shown in Figures 2 and 3.

THE BANANA-DOUGHNUT PARADOX
The important paradox is not the apparent contradiction between ray-theoretical and finitefrequency sensitivity kernels, since they are compatible in the high-frequency limit. Instead,
the paradox is how do you reconcile the zero-sensitivity along the ray-path with your intuitive
understanding of wave propagation?
A first potential resolution to the paradox is that the wavefront healing removes any effects
of a slowness perturbation. This alone is a somewhat unsatisfactory explanation since it does
not explain why traveltimes are sensitive to slowness perturbations just off the geometric raypath.
A second potential resolution is that the hollowness of the banana is simply an artifact
of modeling procedure. This is partially true. Both Born and Rytov are single scattering
approximations, and a single scatterer located on the geometric ray-path may only contribute
energy in-phase with the direct arrival. In contrast, if there are two scatterers on the geometric
ray-path traveltimes may be affected. However, just because the paradox may appear to be an
artifact of the modeling procedure does not mean it is not a real phenomenom. In the weak
scattering limit, traveltimes will indeed be insensitive to a slowness perturbation situated on
the geometric ray-path.

CONCLUSIONS: DOES IT MATTER?
Practitioners of traveltime tomography typically understand the shortcomings of ray-theory;
although they realize using “fat-rays” would be better, they smooth the slowness model both
explicitly and by regularizing during the inversion procedure. In practice, any shortcomings
of traveltime tomography are unlikely to be caused by whether or not the fat-rays are hollow.
However, the null space of seismic tomography problems is typically huge. Smoothing
and regularization are often done with very ad hoc procedures. Understanding the effects of
finite-frequency through sensitivity kernels may lead to incorporating more physics during the
regularization and improve tomography results.
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APPENDIX A
BORN/RYTOV REVIEW
Modeling with the first-order Born (and Rytov) approximations [e.g. Beydoun and Tarantola
(1988)] can be justified by the assumption that slowness heterogeneity in the earth exists on
two separate scales: a smoothly-varying background, s0 , within which the ray-approximation
is valid, and weak higher-frequency perturbations, δs, that act to scatter the wavefield. The
total slowness is given by the sum,
s(x) = s0 (x) + δs(x).

(A-1)

Similarly, the total wavefield, U , can be considered as the sum of a background wavefield,
U0 , and a scattered field, δU , so that
U (x, ω) = U0 (x, ω) + δU (x, ω),

(A-2)
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where U0 satisfies the Helmholtz equation in the background medium,
 2

∇ + ω2 s02 (x) U0 (x, ω) = 0,
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(A-3)

and the scattered wavefield is given by the (exact) non-linear integral equation (Morse and
Feshbach, 1953),
Z
ω2
G 0 (x, ω; x0 )U (x, ω; x0 ) δs(x0 ) d V (x0 ).
(A-4)
δU (x, ω) =
4π V
In equation (A-4), G 0 is the Green’s function for the Helmholtz equation in the background
medium: i.e. it is a solution of the equation
 2

∇ + ω2 s02 (x) G 0 (x, ω; xs ) = −4π δ(x − xs ).
(A-5)
Since the background medium is smooth, in this paper I use Green’s functions of the form,
G 0 (x, ω; xs ) = A0 (x, xs )eiωT0 (x,xs ) .

(A-6)

where A0 and T0 are ray-traced traveltimes and amplitudes respectively.
A Taylor series expansion of U about U0 for small δs, results in the infinite Born series,
which is a Neumann series solution (Arfken, 1985) to equation (A-4). The first term in the
expansion is given below: it corresponds to the component of wavefield that interacts with
scatters only once.
ω2
δUBorn (x, ω) =
4π

Z

G 0 (x, ω; x0 )U0 (x, ω; x0 )δs(x0 )d V (x0 ).

(A-7)

V

The approximation implied by equation (A-7) is known as the first-order Born approximation.
It provides a linear relationship between δU and δs, and it can be computed more easily than
the full solution to equation (A-4).
The Rytov formalism starts by assuming the heterogeneity perturbs the phase of the scattered wavefield. The total field, U = exp(ψ), is therefore given by
U (x, ω) = U0 (x, ω) exp(δψ) = exp(ψ0 + δψ).

(A-8)

The linearization based on small δψ/ψ leads to the infinite Rytov series, on which the first
term is given by
δUBorn (x, ω)
U0 (x, ω)
Z
ω2
G 0 (x, ω; x0 )U0 (x, ω; x0 )δs(x0 )d V (x0 ).
=
4π U0 (x, ω) V

δψRytov (x, ω) =

(A-9)
(A-10)

The approximation implied by equation (A-10) is known as the first-order Rytov approximation. It provides a linear relationship between δψ and δs.
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Short Note
Research interest: Improving the velocity model
Daniel Rosales1

INTRODUCTION

Travel time is perhaps one of the most important seismic parameter. It can be used to estimate
properties of the subsurface. Velocity is one of these properties, and its importance has been
increasing because it is the unique element that can convert time into depth. Seismic exploration has been evolving from time studies to depth studies because they map actual geology.
Velocities can be also used to estimate petrophysical properties.
My goal is to find interval velocities from seismic data. Seismic velocities were considered
important only as a parameter for stacking seismic data (one of the most important computer
process in the prospecting industry (Claerbout, 1985)) or for converting structure maps from
time to depth.
There are many methods of building an accurate velocity model; one of these uses maximum stacking power. The velocity model built in this way yields it to one kind of seismic
velocity: the root mean square velocity (Vrms). Interval velocity is sometimes derived from
rms velocity. Processes such as prestack depth migration are very sensitive to errors in the
velocity model. Because of this, prestack depth migration is also used as a tool to estimate
an interval velocity models (Sava, 2000). Methodologies such as Residual Curvature Analysis
(Al-Yahya, 1989) and Depth Focusing Analysis (Faye and Jeannot, 1986) are different ways
of building a velocity model. Tomography is another technique of estimating velocities from
seismic data (Clapp and Biondi, 2000).
We can note that there are many ways of estimating velocities from seismic data, and it is
not easy to find a solution to improve such estimation.
In the following pages, I will introduce a method that incorporates well information and
seismic data; this method can help us to improve the velocity model. It is not a new approach
(Brown, 1998; Clapp et al., 1997), but I review those works and provide a basis on which we
can build our ideas about the velocity model building process.
1 email:

daniel@sep.stanford.edu
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HOW TO IMPROVE A VELOCITY MODEL

Using inverse theory, the velocity estimation is usually an overdetermined problem. The use of
all available sources of velocity information could help us to overcome this overdetermination.
Seismic data provide velocity information (residual moveout analysis, dix equation). In addition Vertical seismic profiles give vertical traveltimes and well data provide major geological
information (dip, velocities).
Seismic exploration is at a point where the fields are in very complex areas such as salt
domes and overthrusts. Classically, the union of seismic information with surface geology
has been used to improve the velocity model in an interpretative way, with the work of geophysicists and geologists combined to build a velocity model with an important geological
component. This kind of work has been developed in such a way that now, the cooperation
of both kinds of geoscientists is of primary importance in the continued development of the
velocity model.
I think that a combination of seismic interval velocities along with well information (velocities, dips measurements) could bring in a more refined velocity model.

Problems involved

The introduction of well data in the velocity model demands some extra care because seismic data provide a relatively high horizontal resolution while well data provide a very narrow
vertical resolution but a poor horizontal resolution. Well velocities are direct rock properties, estimated directly from the earth, while seismic velocities are indirect rock properties
estimated from traveltimes. If the combination of seismic velocities and well velocities were
possible, migration results would be favorably improved.
The problem is how to manage both velocities to get better seismic images. Well velocities
may be interpolated to obtain a horizontal velocity model. This velocity model can be correlated with the velocity model from seismic data, resulting in a new velocity model from both
kinds of information. The interpolation problem, may be solved using geostatistics. As a conclusive example, Lee and Xu (2000) show how geostatistics helped to improve the imaging of
a geopressure zone in the Gulf of Mexico. Other interpolation techniques (Fomel, 1997) can
be implemented in order to obtain a satisfactory well velocity model. Steering filters prove effective in interpolating velocities obtaining a horizontal velocity model from well data (Clapp
et al., 1997, 1998; Clapp and Biondi, 1998), but it will be necessary to regularize well velocities in order to allow a satisfying the correlation between the velocity model from seismic
and from well to produce good results. In the next section, I am going to discuss a method to
obtain interval velocities from RMS velocities.
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INTERVAL VELOCITY ESTIMATION
A basic daily problems in seismic processing, such as the estimation of interval velocities from
RMS velocities, will be solved in this part.
The method used here was first introduced by Clapp et al. (1998). The method builds
a velocity model from surface seismology while retaining the null-space. They start from
fundamental concepts in Geophysical Estimation by Example (Claerbout, 1997) and define the
simplest interval velocity estimation including the notion of null-space. Generally, Clapp et al.
(1998) minimize interval velocities “wiggliness” where there are not good quality reflections.
In order to understand the method used in this part it is necessary to make some definitions
(for further explanation the reader could refer to Clapp et al. (1998):
C as the matrix of causal integration, a lower triangular matrix of ones.
D as the matrix of causal differentiation, namely, D = C−1 .
u as a vector whose components range over the vertical traveltime depth τ , and whose com2
ponent values contain the interval velocity squared vinterval
.
d as a data vector whose components range over the vertical travel time depth τ , and whose
2
component values contain the scaled RMS velocity squared τ vRMS
/1τ where τ/1τ is
the index on the time axis.
The theoretical (squared) RMS velocity is defined by
Cu

=

d.

(1)

With imperfect data, our data fitting goal is to minimize the residual
0

≈

W [Cu − d] .

(2)

To find the interval velocity where there is no data, we have the “model damping” goal to
minimize the “wiggliness” p of the squared interval velocity u
0

≈

Du

=

p.

(3)

These two goals are preconditioned by changing the optimization variable from interval velocity squared u to its wiggliness p. Substituting u = Cp gives the two fitting goals expressed
as a function of wiggliness p


0 ≈ W0 C2 p − d
(4)
0 ≈ p.

(5)

This method was tested on two synthetic CMP gathers and one real CMP gather from the Gulf
of Mexico.
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Synthetic 1
A synthetic interval velocity model was built and a CMP gather was modeled using a finite
difference code (Figure 1)

Figure 1:
Synthetic
daniel1-synt-bob [CR]

Model.

For this gather, a velocity analysis is performed to obtain the RMS velocity d (equation 1).
Figure 2 shows the rms velocity curve picked from the data, and Figure 3 shows a comparison
of the interval velocity u obtained by the methodology described above, the RMS velocity d
obtained from the velocity analysis, and the remodeled RMS velocity (dremod = Cu).
This comparison shows that the remodeled RMS velocity is similar to the picked RMS
velocity. This similarity prove that the method used works well.

Figure 2: Velocity analysis for the
first synthetic example. The curve
corresponds to the picked RMS velocity daniel1-scan-bob [CR]
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Figure 3:
Comparison of interval
and
RMS
velocities.
daniel1-compar-bob [CR]

Synthetic 2
Some petrophysical parameters were carefully chosen to generate a synthetic model that simulates a geopressure zone (Dutta, 1987; Mavko et al., 1998). Figure 4 displays the velocity
model used. At 3 km, it is possible to see a strong velocity change that identifies the geopressure zone. This velocity anomaly is visible in Figure 5 at 2.3 sec where a polarity inversion
occurs.

Figure 4: Depth velocity model for
a geopressure zone. daniel1-model
[CR]

Figure 6 shows the velocity analysis of this synthetic and the picked RMS. Finally, Figure
7 exhibit a comparison of the interval velocity obtained with the inversion method, the picked
RMS velocity and the remodeled RMS velocity.
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Figure 5: Synthetic gather simulating
a
geopressure
zone.
daniel1-synt-inv [CR]

Figure 6: Velocity analysis for the
second synthetic example.
The
curve is the picked RMS velocity.
daniel1-scan-inv [CR]

Figure 7: Comparison of interval velocity and RMS velocities.
daniel1-compar-inv [CR]
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Real Data
A CMP gather from the Gulf of Mexico (Figure 8) is used. The velocity analysis is displayed
in Figure 9, with its corresponding Vrms picked in a velocity fairway. The comparison of
the interval velocity obtained with the inversion method, the picked RMS velocity and the
remodeled Vrms is illustrated in Figure 10.

Figure 8: CMP gather from the Gulf
of Mexico. daniel1-data [CR]

Figure 9: Velocity analysis for
the real data.
The picking for
Vrms is done in a velocity fairway.
daniel1-scan-data [CR]

FUTURE WORK
One of the next step will be to incorporate and interpolate dip data obtained from dip meters.
This data converted into time could be utilized as a new parameter in the velocity estimation
problem. Finally, interpolation of well velocities will give us a velocity model. That can
be correlated with the seismic velocity model. This way, we hope to have a more accurate
velocity model for future analysis.

76

Rosales

SEP–103

Figure 10: Comparison of interval velocity and RMS velocities.
daniel1-compar-data [CR]
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Stable wide-angle Fourier-finite difference downward
extrapolation of 3-D wavefields
Biondo Biondi1

ABSTRACT
I derive an unconditionally stable implicit finite-difference operator that corrects the
constant-velocity phase shift operator for lateral velocity variations. My method is based
on the Fourier-Finite Difference (FFD) method first proposed by Ristow and Ruhl (1994).
Contrary to previous results, my correction operator is stable even when the reference
velocity is higher than the medium velocity. Because of this additional capability, after
the correction step I can apply a frequency-dependent interpolation that significantly reduces: the residual phase error after correction, the frequency dispersion caused by the
discretization of the Laplacian operator, and the azimuthal anisotropy caused by splitting.
Tests on zero-offset data from the SEG-EAGE salt data set show that the proposed method
improves the imaging of a fault reflection with respect to a similar interpolation scheme
that employs extended split-step to adapt to lateral velocity variations.

INTRODUCTION
As 3-D prestack wave-equation imaging is becoming practically possible (Biondi and Palacharla,
1996; Mosher et al., 1997), we need robust, efficient, and accurate methods to downward
continue 3-D wavefields. In particular, wide-angle methods are crucial for prestack imaging because at least one of the paths connecting the image point in the subsurface to the
source/receiver locations at the surface is likely to propagate at a wide angle.
Fourier methods, such as phase shift (Gazdag, 1978), handle wide-angle propagation efficiently and accurately, but only for vertically layered media. In contrast, finite-difference
methods can easily handle lateral velocity variations, but are not efficient for wide-angle propagation. A natural strategy is thus to combine a Fourier method with a finite-difference method
to derive an extrapolation method that enjoys the strengths of both. This is not a new idea, and
indeed both methods that were first proposed to adapt Fourier methods to lateral velocity variations, Phase Shift Plus Interpolation (PSPI) (Gazdag and Sguazzero, 1984) and split-step
(Stoffa et al., 1990), can be interpreted as being zero-order finite-difference corrections to a
phase shift extrapolator. Ristow and Ruhl (1994) first proposed a genuinely finite-difference
correction to phase shift, which they dubbed Fourier-Finite Difference (FFD), that employs im1 email:

biondo@sep.stanford.edu
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plicit finite differences (Claerbout, 1985) to handle lateral velocity variations. Pseudo-screen
propagators (Jin et al., 1998), generalized-screen propagators (Le Rousseau and de Hoop,
1998), and local Born-Fourier migration (Huang et al., 1999) are related methods that have
been recently proposed in the literature.
In the first part of this paper, I show that the FFD correction is more accurate than the
implicit finite-difference implementation of the first order Born-Fourier and pseudo-screen
corrections. Because the computational complexity of the three methods is comparable, the
FFD correction is more attractive than the others, and it is the focus of my paper. Unfortunately, my first attempts at applying the original FFD method failed because of numerical
instability arisen when the velocity model had sharp discontinuities, such as the one encountered at the boundaries of a salt body. Stability is a necessary condition for a migration method
to be practically useful.
The stable FFD correction that I present in this paper overcomes the instability problems
related to the original FFD method. To derive a stable version of the FFD correction I adapted
the bullet-proofing theory developed by Godfrey et al. (1979) and Brown (1979) for the 45degree equation. The bullet-proofed FFD correction is unconditionally stable for arbitrary
variations in the medium velocity and in the reference velocity. Further, I demonstrate that it
is unconditionally stable when the medium velocity is either higher or lower than the reference
velocity. This is a useful result, and differs with a statement in Ristow and Ruhl’s paper, that
asserts their method to be unstable when the medium velocity is lower than the reference
velocity.
The stability of the new FFD correction, even when the reference velocity is higher than
the medium velocity and it is laterally varying, makes it a suitable building block for the
construction of a new wide-angle downward continuation algorithm that is efficient and accurate in 3-D. At each depth step, the wavefield is propagated with n reference velocities using
phase shift, where n is determined according to the maximum propagation angle that we need
to propagate accurately. Then the n reference wavefields are combined to create two wavefields: one for which the reference velocity is lower than the medium velocity, the other one
for which the reference velocity is higher than the medium velocity. A stable FFD correction is applied to both wavefields, and the corrected wavefields are linearly interpolated with
frequency-dependent weights. The frequency-dependent interpolation enables a significant reduction of the frequency dispersion introduced by the discretization of the Laplacian operator
in the implicit finite difference step.
In 3-D, the FFD corrections can be efficiently applied by splitting, or possibly by helixtransform methods (Rickett, 2000). However, the proposed algorithm suffers much less from
azimuthal anisotropy caused by splitting than the original FFD method. The phase variations
as a function of azimuth have opposite behavior when the differences between the reference
velocity and medium velocity have opposite signs. Therefore, these phase variations tend to
cancel each other when the two wavefields are interpolated after the correction.
Because Fourier-finite differences methods and interpolation are both fundamental components of the new method, I will refer to it as Fourier-Finite Difference Plus Interpolation
method, or FFDPI.
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PSEUDO-SCREEN VS. FFD CORRECTION
The simplest way to derive the pseudo-screen, or local Born-Fourier, correction is to expand
the square root of the one-way wave equation in a Taylor series and stop at the first order. The
wavefield downward continued at depth z + 1z is then computed from the wavefield at depth
z using the following approximation,
dk
vr
1z+i dsz 1s1z

v

Pz+1z = Pz eikz 1z ≈ Pz eikz

,

(1)

where the vertical wavenumber k zv for the medium velocity v is given by the well known single
square root equation
s

k zv =

ω
v2k 2
1 − 2m ;
v
ω

(2)

and the first derivative of the square root with respect to the slowness s evaluated at the reference velocity vr is
dk z
ω
.
=q
2
ds
vr2 km
1 − ω2

(3)

If we employ a finite-difference method to apply the correction term, we need to approximate
the square root in equation (3). A reasonable approximation is achieved by using a Taylor
expansion, as follows,


dk z
vr2 X 2 3vr4 X 4
≈ ω 1+
+
+ .. ,
ds
2
8

(4)

where X = km /ω. A computationally more efficient way is to use Muir’s continued fraction
approximation (1981), that is about as accurate as the second order Taylor expansion but includes only second order terms for the spatial derivatives (i.e. X 2 instead of X 2 and X 4 ); that
is,


vr2 X 2
dk z
2
.
(5)
≈ ω 1 +
3vr2 X 2
ds
1−
4

Notice that the first term of the correction in both equations (4) and (5) corresponds to the
split-step correction term (Stoffa et al., 1990).
Figure 1 demonstrates the accuracy improvement gained by including the second term in
equation (5). It compares the phase curves obtained after applying the first term in equation (5)
(split step) and after applying both terms (pseudo screen). The medium velocity v is equal to
2 km/s, and two reference velocities are assumed: one 10% lower than the medium velocity
(1.8 km/s), the other one 10% higher than the medium velocity (2.2 km/s).
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1
Exact (V=2.0 km/s)
Split step (Vr=2.2 km/s)
Pseudo screen (Vr=2.2 km/s)
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Figure 1: Phase curves for: (-) Exact with v= 2 km/s, (x) Split step with v= 2.2 km/s, (.)
Pseudo screen with v= 2.2 km/s, (+) Split step with v= 1.8 km/s, (*) Pseudo screen with v=
2.2 km/s, biondo1-born [CR]

FFD correction
The FFD correction achieves better accuracy than the pseudo-screen correction because it is
based on a direct expansion of the difference between the square root evaluated at the medium
velocity v and the square root evaluated at the reference velocity vr , instead of being based
on the expansion of the square root around the reference velocity. The downward continued
wavefield is approximated as
v

1k
vr
1z+i 1sz 1s1z

Pz+1z = Pz eikz 1z = Pz eikz

.

(6)

where the Taylor series of the correction term is now
"
#

vr v X 2 vr v vr2 + v 2 + vr v X 4
1k z
≈ ω 1+
+
+ .. ,
1s
2
8

(7)

and the continued fraction approximation of the correction term is


1k z
≈ ω 1 +
1s
1−

vr v X 2
2
(vr2 +v2 +vr v) X 2
4


.

(8)
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Exact (V=2.0 km/s)
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Figure 2: Phase curves for: (-) Exact with v= 2 km/s, (x) FFD with v= 2.2 km/s, (.) Pseudo
screen with v= 2.2 km/s, (+) FFD with v= 1.8 km/s, (*) Pseudo screen with v= 2.2 km/s,
biondo1-ristow [CR]

Notice that both equations (7) and (8) respectively reduce to equations (4) and (5) if v = vr .
Therefore, at the limit when the difference between the reference velocity and the medium
velocity is small the two correction terms are equivalent, but they differ for larger corrections.
The superiority of the FFD correction is demonstrated in Figure 2. It compares the phase
curves obtained after applying the pseudo-screen correction [equation (5)] and the FFD correction [equation (8)]. As in Figure 1, the medium velocity v is equal to 2 km/s, and two
reference velocities are assumed: one 10% lower than the medium velocity (1.8 km/s), the
other one 10% higher than the medium velocity (2.2 km/s).
Figures 3–5 show the impulse responses associated with the phase curves shown in Figure 2. The maximum frequency in the data is 42 Hz and the spatial sampling is 10 m in both
directions. Figure 3 shows the exact impulse response for the medium velocity equal to 2
km/s. Figure 4 shows the impulse response with reference velocity equal to 1.8 km/s and FFD
correction. Figure 5 shows the impulse response with reference velocity equal to 2.2 km/s
and FFD correction. Notice the frequency dispersion in the image obtained applying the FFD
correction. These artifacts are caused by the discretization errors of the horizontal second
derivatives in X 2 . The phase curves shown in Figure 2 neglect this approximation, and thus
they represent the effective phase shift for zero-frequency data. Also notice that the frequency
dispersion is in the opposite directions for opposite signs of the velocity correction.
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Figure 3: Impulse response for the medium velocity equal to 2 km/s. biondo1-Line-rist-zero
[ER]

STABLE FFD CORRECTION

An implicit finite-difference implementation using a Crank-Nicolson scheme of the FFD correction as expressed in equation (8) is stable for smooth velocity variations. But numerical
instability may develop when there are sharp discontinuities in the velocity field. An example
of this situation is shown in Figures 6 and 7. The slowness function (Figure 6) has a sharp
negative step, and a random behavior within the low slowness region. The impulse response
computed applying the original FFD correction is shown in Figure 7, and clearly illustrates
the problem. Notice that the image was clipped at the 70th percentile before plotting, to allow
the “shadow” of the familiar circular impulse response to be visible in the plot.
In constant velocity the correction operator is unitary (all-pass filter) because its eigenvalues have zero imaginary part. Numerical instability originates whenvariations in the velocities
terms multiplying the second derivative [vr v X 2 and vr2 + v 2 + vr v X 2 ] causes the imaginary
part to become different from zero. To assure that this does not happen we first rewrite equation (8) as





 vr2 +v2 +vr v X 2 

(vr − v)
1k z
2 (vr − v)
4
1s ≈ ω
+ 2
.
 vr v
1s
vr + v 2 + vr v 1 − (vr2 +v2 +vr v) X 2 
4

(9)
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Figure 4: Impulse response with reference velocity equal to 1.8 km/s and FFD correction.
biondo1-Line-rist-pos [ER]

Figure 5: Impulse response with reference velocity equal to 2.2 km/s and FFD correction.
biondo1-Line-rist-neg [ER]
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Then we rewrite vr2 + v 2 + vr v X 2 as the product of a matrix with its adjoint, that is,

2 −1 0 . . . 0
 −1 2 −1 . . . 0

1
1
1
0
0
0
0
6 X 2 6 = 2 2 6 D 0 D6 = 2 2 6 T 6 = 2 2 6  0 −1 2 . . . 0
 ..
..
.. . . ..
ω 1x
ω 1x
ω 1x
 .
. .
.
.
0
0
0 ... 2





6


(10)

where


p

1v

2+

1 vr

2+



1 v 1 vr


..

.
 p

2
 i−1 v + i−1 vr 2 + i−1 v i−1 vr

p
1

2
2
6= 
i v + i vr + i v i vr
2

 p
 i+1 v 2 + i+1 vr 2 + i+1 v i+1 vr


..

.
p
2
2
n v + n vr + n v n vr









,








(11)

where i vr and i v are respectively the reference velocity and medium velocity at the i grid
horizontal location.
0

The matrix 6 X 2 6 is now guaranteed to have real eigenvalues. Because both I and
0 2
6 X 6 are normal matrices that can be diagonalized by the same similarity transformation

−1 0
0 2
(Brown, 1979), also the matrix I + 6 X 6
6 X 2 6 is now guaranteed to have real eigenvalues.
In matrix notation equation (9) can be rewritten as
"
#
0
(vr − v)
1k z
6 X 26
1s ≈ ω
+ sign (vr − v) 1
1s
vr v
I + 60 X 26

(12)

where










1 = 2Diag 









|1 vr −1 v|
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2
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..
.

i−1 vr −i−1 v
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2
i−1 vr +i−1 v i−1 vr

|

i−1 v

iv

|
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2+
2
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|
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|

..
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2+ v 2+ v v
n r
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(13)
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I pulled out the sign of the velocity perturbations outside the diagonal matrix 1 to perform the
next, and last, step of the bullet-proofing process. To demonstrate that the multiplication by 1
does not introduce instability I first recognize that multiplying the wavefield by the exponential
of the second term in equation (12) is equivalent to solve the differential equation
0

d
6 X 26
P = iω sign (vr − v) 1
P.
(14)
dz
I + 60 X 26
Notice that the equivalence is true only if sign (vr − v) is constant; that is, if the reference
velocity vr is always lower or always higher than the medium velocity v. Second, I perform
1
the change of variable P = 1 2 Q, and equation (14) becomes
!
0
1
1
1
1
d
6 X 26
Q = 1 2 iω sign (vr − v)
1 2 Q = 1 2 (iωS) 1 2 Q.
(15)
0 2
dz
I +6 X 6
The norm kQk1−1 is constant with depth because the eigenvalues of S are real, and it obeys
the following differential equation

d
kQk21−1 = Q ∗ iωS − iωS ∗ Q = 0.
(16)
dz
Equation (16) guarantees the stability of the new FFD correction, independently from the value
of sign (vr − v), as long it is constant. In theory (vr − v) should be never equal to zero for the
previous arguments to be strictly valid to avoid singularities in the norm kQk1−1 . In practice,
however, I never had to enforce this condition, though it would be easy to do so.
The reference velocity vr and the medium velocity v can be interchanged at will in the
previous development without changing the stability conditions. Therefore, the stable FFD
correction is not only stable in presence of sharp discontinuities in the medium velocity, but
also in presence of sharp discontinuities in the reference velocity. This property is exploited
in the next section to design an efficient and accurate interpolation scheme.
Equation (14) can be solved using a Crank-Nicolson scheme and the wavefield at depth
z + 1z computed as
Pz+1z =

1 + isign (vr − v) ω 1z
2 1

0

6 X 26
0
I +6 X 2 6
0 2
6 X 6
1 − isign (vr − v) ω 1z
2 1 I +6 0 X 2 6

Pz .

(17)

Figure 8, shows the same impulse response as in Figure 7, but computed using the stable FFD correction. In this case no numerical instability is encountered and the wavefield
propagates without problems through the region with random slowness perturbations.
In 3-D the stable FFD correction could be applied using a 2-D version of the CrankNicolson method summarized in equation (17). However, the solution of the linear system
implied by equation (17) would be expensive. A splitting algorithm (Jakubowicz and Levin,
1983) can be employed to reduce computational costs. The stability of a splitting algorithm
derives directly from the analysis above, since it consists of the successive application of
the FFD correction along the two horizontal coordinate axes. In the next section I discuss
how the capability of using both positive and negative velocity corrections yields a significant
improvement in accuracy of the splitting algorithm.
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Figure 6: Depth slice through the slowness function that causes the original FFD correction to
become unstable biondo1-Slow-random-pos [ER]

Boundary conditions
A necessary component of deriving a stable downward continuation scheme is to define stable
boundary conditions. It is also desirable for the boundaries to be absorbing. Following Clayton
and Engquist (1977), and Rothman and Thorson (1982), this goal can be easily accomplished
by changingthe values at the edges
 of the diagonal of T in equation (10) from 2 to (1 + pb ),
where pb = pr , isign (vr − v) | pi | ; that is substituting T with





Tb = 



(1 + pb ) −1 0 . . .
0
−1
2 −1 . . .
0
0
−1 2 . . .
0
..
..
.. . .
..
.
.
.
.
.
0
0
0 . . . (1 + pb )





.



(18)

The sign of the imaginary part of pb determines whether the boundaries are absorbing or
amplifying; therefore, the sign of (vr − v) must be constant to avoid instability to develop at
the boundaries. The actual values of pr and pi determine the propagation angle of the incident
wavefield that is most strongly attenuated. In practice, to assure both strong attenuation and
weak reflection from the boundaries, I use boundary strips few sample wide, instead of a single
boundary layer.
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Figure 7: Impulse response computed with the original FFD correction and assuming the
slowness function shown in Figure 6. The image was clipped at the 70th percentile before
plotting, to allow the “shadow” of the familiar circular impulse response to be visible in the
plot. biondo1-Image-random-pos-rist2-1 [ER]

Figure 8: Impulse response computed with the stable FFD correction and assuming the slowness function shown in Figure 6 biondo1-Image-random-pos-rist2-stable-1 [ER]
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THE FOURIER-FINITE DIFFERENCE PLUS INTERPOLATION ALGORITHM
The stable FFD correction developed in the previous section has the right characteristics to be
used as the main building block of an efficient and accurate wide-angle continuation algorithm.
To achieve accuracy we can interpolate between wavefields that have been phase shifted using
several reference velocities and corrected using the stable FFD method. In theory, arbitrary
accuracy can be achieved by increasing the number of reference velocities. The structure of
the algorithm is similar to the PSPI method, except that a wide-angle correction (FFD) is
employed instead of a narrow-angle one (vertical shift). This change reduces the errors over
the whole range of propagation angles.
Two results reached in the previous section are important for the definition of a stable
and accurate interpolation scheme. First, the application of the FFD correction is stable independently from the sign of the velocity correction to be applied, as long as it is constant
within the same correction step. This result enables a linear interpolation between a wavefield corresponding to reference velocities lower than the medium velocity and a wavefield
corresponding to reference velocities higher than the medium velocity. Previously, because
of the requirement for the reference velocity to be lower than the medium velocity, only a
nearest-neighborhood interpolation was possible. Second, the reference velocity can vary at
will laterally, without compromising the stability of the method. Because of these results,
computations can be saved by applying the FFD correction only twice at each depth step.
Once starting from a wavefield constructed from all the reference wavefields computed using
a reference velocity lower than the medium velocity. The second time starting from a wavefield constructed from all the reference wavefields computed using a reference velocity higher
than the medium velocity.
The algorithm outlined above can be described in more details as the sequence of the
following steps.
j

1. Downward continue the data using phase shift for Nvr reference velocities vr , and comv

j

r
pute the reference wavefields Pz+1z
as
j

vr
Pz+1z

= Pz e

v

j

ik z r 1z

with j = 1, . . . , j, . . . , Nvr .

(19)

2. Define two reference velocity functions vr− and vr+ , that at every point are respectively
equal to the reference velocity that is just lower and just higher than the medium velocity; that is,
vr−

=

Nvr
X

δ − vrj

where δ =



δ + vrj

where δ =



−

j=1

vr+

=

Nvr
X
j=1

+

j

j+1

1 if vr ≤ v < vr
0 elsewhere
j−1

(20)
j

1 if vr ≤ v < vr
.
0 elsewhere

(21)
(22)
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3. Extract from the reference wavefields two wavefields corresponding to vr+ and vr− and
correct them using the stable FFD method:
1k

−
Pz+1z

= e

i 1sz

Nvr
(vr− −v) 1z X
vr− v

v

j

v

j

r
δ − Pz+1z

(23)

j=1
1k

+
Pz+1z
= e

i 1sz

Nvr
(vr+ −v) 1z X
vr+ v

r
δ + Pz+1z
.

(24)

j=1

4. Linearly interpolate the two corrected wavefield as
−
+
.
Pz+1z = W − Pz+1z
+ W + Pz+1z

(25)

The interpolation weights can be chosen in order to zero the phase error for a given
propagation angle as follows,

+
v + 1k (v −v )
 +

k zv −k z r − 1sz r +

v

vr v

if
=
kz r = 0
 v− 1k (vr− −v) v+ 1k (vr+ −v)
z
z
r
r
k z + 1s
−k z − 1s
W− =
vr− v
vr+ v



(26)


1
elsewhere
W + = 1 − W −.
To decrease the effects of frequency dispersion on the interpolated wavefield the interpolation weights can be made frequency dependent by recognizing that the effective
value for the horizontal wavenumber kbm , which enters in the computation of 1k z /1s
in equation (26), is an approximation of the exact wavenumber km . When the second
derivatives are computed using the first order approximation Tb in equation (18), kbm is
given as a function of km by the following expression,
km 1x
2
sin
.
kbm =
1x
2

(27)

It is important to notice that the stability analysis developed in the previous section strictly
applies only to the simple FFD correction, not to its combination with an interpolation scheme
like FFDPI. In theory, instability can still develop when using FFDPI, as it does for PSPI
(Margrave and Ferguson, 1999). However, in my tests I have not encountered it yet!
FFDPI error analysis
Figure 9 shows the effect of interpolation on the phase curves after interpolation. The phase
function was interpolated after the application of the FFD correction starting from a reference
velocity lower than the medium velocity and a reference velocity higher than the medium
velocity. As in Figure 2, the medium velocity v is equal to 2 km/s, and two reference velocities are assumed: one 10% lower than the medium velocity (1.8 km/s), the other one 10%
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higher than the medium velocity (2.2 km/s). The interpolation weights were computed using
equation (26) at an angle of 60 degrees.
Figure 10 shows the phase error measured at 50 degrees as a function of the medium
velocity v as it spans the range between the lower reference velocity (1.8 km/s) and the higher
reference velocity (2.2 km/s). It compares the phase errors at three different frequencies (0
Hz, 30 Hz and 60 Hz) when the interpolation weights are computed assuming an exact second
derivative operator (i.e. weights are constant with frequency) and the first order approximation
of the second derivative operator (i.e. weights vary with frequency). The absolute value of
the maximum error suffered when frequency-dependent weights are used (≈.1% at 60 Hz and
v ≈1.95 km/s) is very small, and almost a factor of 8 smaller than when frequency-independent
weights are used.
Figures 11 and 12 show the impulse responses corresponding to the phase plots shown in
Figures 9 and 10 and should be compared with the impulse responses shown in Figures 3–5.
The impulse response shown in Figure 11 was computed using frequency-independent interpolation weights. While it is much closer to the exact impulse response (Figure 3) than either
of the impulse responses obtained using a simple FFD correction (Figures 4 and 5), it shows
some frequency dispersion. The higher frequencies are imaged inside the semicircle. The
frequency dispersion is greatly reduced when the frequency-dependent interpolation weights
are used, as demonstrated in Figure 12, and predicted by the plots in Figure 10.
A wavefield interpolation scheme similar to the one described above could be used in
conjunction with the split-step correction instead of the FFD correction. With a fixed number of reference velocities, using split step instead of FFD would reduce the computational
cost. It is thus useful to compare the phase errors of the two competing methods, to analyze
the improvement in accuracy gained using the more accurate but more expensive correction
method. Figure 13 compares the phase errors measured at 50 degrees as a function of the
medium velocity v as it spans the range between the lower reference velocity (1.8 km/s) and
the higher reference velocity (2.2 km/s). The maximum error suffered by the method based on
the split-step correction is about 8 times larger than the error suffered when the FFD correction
is applied.
Azimuthal anisotropy
A recurring problem that hampers the application of implicit finite-difference methods to 3D wave extrapolation is the azimuthal anisotropy associated with splitting (Jakubowicz and
Levin, 1983). Of course, this problem affects also the FFD correction applied by splitting
(1998). One potentially attractive way of solving this problem is using helical boundary conditions, as Rickett discusses in an article in this report (2000). However, I will show that for
the FFDPI algorithm the azimuthal anisotropy is greatly reduced without recurring to sophisticated linear solvers.
Figure 14 compares relative phase errors as a function of the azimuth measured for a propagation angle of 53 degrees. As in the previous figures, the medium velocity v is equal to 2 km/s,
and two reference velocities are assumed: one 10% lower than the medium velocity (1.8 km/s),
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Figure 9: Phase curves for: (-) Exact with v= 2 km/s, (x) FFD with v= 2.2 km/s, (+) FFD with
v= 1.8 km/s, (.) FFDPI biondo1-interp [CR]
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Figure 10: Relative phase errors curves for: (-) Zero frequency, (+) Frequency-dependent
weights at 30 Hz. (+) Frequency-dependent weights at 60 Hz. (x) Frequency-independent
weights at 30 Hz. () Frequency-independent weights at 60 Hz. biondo1-errfreq [CR]
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Figure 11: Impulse response after interpolation with frequency-independent weights.
biondo1-Line-rist-interp-ndisp [ER]

Figure 12: Impulse response after interpolation with frequency-dependent weights.
biondo1-Line-rist-interp [ER]
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Figure 13: Relative phase errors curves after interpolation for: (-) FFD correction, (+) Splitstep correction. biondo1-errint [CR]

the other one 10% higher than the medium velocity (2.2 km/s). The frequency-dependent interpolation weights were computed to zero the phase error along the inline/crossline directions
for the same propagation angle. The plots show the phase errors at two frequencies (0 Hz and
60 Hz) for the FFDPI algorithm, the FFD correction starting from the lower reference velocity,
and the FFD correction starting from the higher reference velocity. Notice that for both the
simple FFD correction cases the azimuthal anisotropy decreases as the frequency increases,
though the average phase error increase as well. But the crucial, and useful, feature of the
phase errors function for the FFD corrections is that the azimuthal variations are in the opposite direction when the differences between the reference velocity and medium velocity have
opposite sign. Therefore, the phase error of the interpolation method is much lower than the
error of either of the simple FFD corrections. At higher frequencies (60 Hz) the impulse
response of FFDPI is almost perfectly isotropic.
The theoretical analysis is confirmed by the characteristics of the impulse responses. Figure 15 shows the depth slice of three impulse responses superimposed to each other. The
outermost circular event corresponds to the FFD correction starting from a reference velocity
of 2.2 km/s. The middle event corresponds to the exact impulse response with the medium
velocity of 2 km/s. The innermost event corresponds to the FFD corrections starting from a
reference velocity of 1.8 km/s. As predicted by the plots shown in Figure 14, the azimuthal
anisotropy is frequency dependent and the frequency dispersion is smaller for azimuths oriented at 45 degrees with respect to the coordinate axes.
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Figure 14: Relative phase errors curves for: (-) FFDPI at 0 Hz, (.) FFDPI at 60 Hz, (+) FFD
with v= 2.2 km/s at 30 Hz, () FFD with v= 2.2 km/s at 60 Hz, (+) FFD with v= 1.8 km/s at
30 Hz, (◦) FFD with v= 1.8 km/s at 60 Hz. biondo1-azim [CR]

Figure 16 is the merge of two impulse responses along the inline direction. For negative
values of the in-line coordinate the plot shows the depths slice for the exact impulse response.
For positive values of the in-line coordinate the plot shows the depths slice for the impulse
response obtained by FFDPI. It is evident that the result of the interpolation scheme is much
less affected by azimuthal anisotropy and frequency dispersion than the results of the two
simple FFD correction showed in Figure 15.

ZERO-OFFSET MIGRATION OF THE SEG-EAGE SALT DATA SET
To test both the stability and the accuracy of the FFDPI algorithm, I migrated the zero-offset
data from the SEG/EAGE salt data set (Aminzadeh et al., 1996). The data set is a good test
for the stability of the FFDPI algorithm because the velocity model has sharp discontinuities
caused by the salt body. Furthermore, because of a low-velocity region intended to model
subsalt overpressure, several depth slices have a wide range of velocities. Figure 17 shows
one of these depth slices. In the plot the salt velocity is clipped, thus the scale-bar on the
side represents the range of velocities within the sediments. There is almost a factor of two
between the slow velocity sediments in the ‘overpressure zone’ in the middle, and the faster
sediments at the edges.
The migration algorithm does not need to handle accurately lateral velocity variations to
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Figure 15: Depth slices through impulse responses: 1) innermost event
corresponds to the FFD corrections
starting from a reference velocity
of 1.8 km/s, 2) middle event corresponds to the exact impulse response with the medium velocity of
2 km/s, 3) outermost event corresponds to the FFD corrections starting from a reference velocity of 1.8
km/s. biondo1-Aniso-rist [CR]

Figure 16: Depth slices through impulse responses: 1) left half corresponds to the exact impulse response with the medium velocity of 2 km/s, 2) right half corresponds to the interpolation method results. biondo1-Iso-rist [CR]
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image the reflectors above the salt. While the reflectors below the salt cannot be imaged by
simple zero-offset migration. A deep fault (between depths of 2 km and 3 km) and away from
the salt body is one of the few reflectors that is well suited to test the accuracy of a zerooffset migration. In previous reports I noted that six reference velocities are needed to image
this particular fault by common-azimuth migration employing a split-step correction (Biondi,
1999b,a). Figure 18 shows an in-line section of the migrated cube that cuts across the fault of
interest. It was obtained using the FFDPI algorithm. Four reference velocities were used at
each depth step. Figures 19 and 20 compare the zooms around the fault of interest. The light
(yellow) line superimposed onto both plots represents the correct fault position, as picked from
the velocity model. Figure 19 shows the results obtained by using the interpolation algorithm
described above, but in conjunction with the split-step correction instead of the stable FFD
correction. The fault is undermigrated and thus it is imaged too shallow, and the sediment
terminations are not well focused. The fault is better positioned and the image is better focused
when the FFDPI algorithm is used to migrate the data (Figure 20).

CONCLUSIONS
The combination of Fourier methods’ accuracy for wide-angle propagation with implicit finite
differences’ flexibility for modeling lateral velocity variations yields accurate and efficient
downward-propagation methods. The FFD corrections is the most attractive among several
methods proposed in the literature to correct constant-velocity phase shift for lateral velocity
variations. However, the correction operator originally presented by Ristow and Ruhl (1994)
can be unstable in presence of sharp discontinuities in the velocity function. In this paper I
present and successfully test a stable version of the FFD correction.
Using the stable FFD correction as a building block, I derive an accurate and stable wideangle migration (Fourier-Finite Difference Plus Interpolation). The FFDPI algorithm is based
on the interpolation of two wavefields corrected using the FFD method with opposite signs
of the velocity perturbations. This interpolation step compensates for both the azimuthal
anisotropy and the frequency-dispersion of the simple FFD corrections. Therefore the FFDPI
algorithm achieves high accuracy, as demonstrated by the migration example of the SEGEAGE salt data set. The accuracy and the cost of FFDPI algorithm can be easily controlled by
setting the number of reference velocities.
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Efficient 3-D wavefield extrapolation with Fourier
finite-differences and helical boundary conditions
James Rickett1

ABSTRACT
Fourier finite-difference (FFD) migration combines the complementary advantages of the
phase-shift and finite-difference migration methods. However, as with other implicit
finite-difference algorithms, direct application to 3-D problems is prohibitively expensive. Rather than making the simple x − y splitting approximation that leads to extensive
azimuthal operator anisotropy, I demonstrate an alternative approximation that retains azimuthal isotropy without the need for additional correction terms. Helical boundary conditions allow the critical 2-D inverse-filtering step to be recast as 1-D inverse-filtering.
A spectral factorization algorithm can then factor this 1-D filter into a (minimum-phase)
causal component and a (maximum-phase) anti-causal component. This factorization provides an LU decomposition of the matrix, which can then be inverted directly by backsubstitution. The cost of this approximate inversion remains O(N ) where N is the size of
the matrix.

INTRODUCTION
Within the exploration industry, geophysicists are realizing the inherent limitations of Kirchhoff methods when it comes to accurately modeling the effects of finite-frequency wave propagation. This is fueling interest in “wave-equation” migration algorithms, such as those based
on wavefield extrapolation, that do accurately model finite-frequency effects.
As with all migration algorithms, there is a tradeoff amongst extrapolators: cost versus
accuracy. For wavefield extrapolators, however, the tradeoff goes three ways: accuracy at
steep dips versus the ability to accurately handle lateral velocity variations versus cost again.
Fourier finite-difference migration (Ristow and Ruhl, 1994) strikes an effective balance between the accuracy priorities, combining the steep dip accuracy of phase-shift migration in
media with weak lateral velocity contrasts, and the ability to handle lateral variations with
finite-difference.
Unfortunately, as with other implicit finite-difference, the cost does not scale well for
three-dimensional problems without additional approximations that often expensive and may
compromise accuracy. In an earlier paper, Rickett et al. (1998) solved the costly matrix inversion for implicit extrapolation with the 45◦ equation with an approximate LU decomposition
1 email:
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based on the helical transform (Claerbout, 1998b). In this paper, the same approach allows me
to extrapolate with a more accurate operator.

THEORY
Fourier finite-difference migration
Three-dimensional FFD extrapolation is based on the equation (Ristow and Ruhl, 1994),
s

∂P
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∂z
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+ ∇x,y

ω
v

−

ω
c

+

ω
v



1−

c
v

v2 2
∇
ω2 x,y
 P,
2
2
a + b ωv 2 ∇x,y

(1)

where v = v(x, y, z) is the medium velocity, c is a reference velocity (c ≤ v), and a and b
are coefficients subject to optimization. The first term describes a simple Gazdag phase-shift
that must be applied in the (ω, k) domain; the second term describes the first-order split-step
correction (Stoffa et al., 1990), applied in (ω, x); and the third term describes an additional
correction that can be applied as an implicit finite-difference operator (Claerbout, 1985), also
applied in (ω, x).
In areas with strong lateral velocity variations (c/v ≈ 0), FFD reduces to a finite-difference
migration, while in areas of weak lateral velocity variations (c/v ≈ 1), FFD retains the steepdip accuracy advantages of phase-shift migration. As a full-wave migration method, FFD also
correctly handles finite-frequency effects.
For constant lateral velocity, the finite-difference term in equation (1) can be rewritten as
the following matrix equation,
(I + α1 D) qz+1 = (I + α2 D) qz

(2)

A1 qz+1 = A2 qz

(3)

2
where D is a finite-difference representation of the x, y-plane Laplacian, ∇x,y
, and qz and qz+1
represent the diffraction wavefield at depths z and z + 1 respectively . Scaling coefficients, α1
and α2 , are complex and depend both on the ratio, ω/v, and the ratio c/v.

The right-hand-side of equation (3) is known. The challenge is to find the vector qz+1
by inverting the matrix, A1 . For 2-D problems, only a tridiagonal matrix must be inverted;
whereas, for 3-D problems the matrix becomes blocked tridiagonal. For most applications,
direct inversion of such a matrix is prohibitively expensive, and so approximations are required
for the algorithm to remain cost competitive with other migration methods.
A partial solution is to split the operator to act sequentially along the x and y axes. Unfortunately this leads to extensive azimuthal operator anisotropy, and necessitates expensive
additional phase correction operators.
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Helical factorization
The blocked-tridiagonal matrix of the 3-D extrapolation, A1 , represents a two-dimensional
convolution operator. Following Rickett et al.’s (1998) approach to factoring the 45◦ equation,
I apply helical boundary conditions (Claerbout, 1998b) to simplify the structure of the matrix,
reducing the 2-D convolution to an equivalent problem in one dimension.
For example, helical boundary conditions allow a two-dimensional 5-point Laplacian filter
to be expressed as an equivalent one-dimensional filter of length 2N x + 1 as follows


1
helical boundary conditions
d =  1 −4 1  −−−−−−−−−−−−−−→ (1, 0, ... 0, 1, −4, 1, 0, ... 0, 1).
1
The operator, D, in equation (2) could represent convolution with this filter; however, I use a
more accurate, but equivalent, 9-point filter.
Unfortunately, the complex scale-factor, α1 , means A1 is symmetric, but not Hermitian, so
the filter, a1 , is not an autocorrelation function, and standard spectral factorization algorithms
will fail. Fortunately, however, the Kolmogoroff method can be extended to factor any crossspectrum into a pair of minimum phase wavelets and a delay (Claerbout, 1998a).
With this algorithm, the 1-D convolution filter of length 2N x + 1 can be factored into a pair
of (minimum-phase) causal and (maximum-phase) anti-causal filters, each of length N x + 1.
Fortunately, filter coefficients drop away rapidly from either end, and in practice, small-valued
coefficients can be safely discarded.
By reconsituting the matrices representing convolution with these filters, I obtain an approximate LU decomposition of the original matrix. The lower and upper-triangular factors
can then be inverted efficiently by recursive back-substitution.
While we have only described the factorization for v(z) velocity models, the method can
also be extended to handle lateral variations in velocity. For every value of ω/v and c/v, we
precompute the factors of the 1-D helical filters, a1 and a2 . Filter coefficients are stored in a
look-up table. We then extrapolate the wavefield by non-stationary convolution, followed by
non-stationary polynomial division. The convolution is with the spatially variable filter pair
corresponding to a2 . The polynomial division is with the filter pair corresponding to a1 . The
non-stationary polynomial division is exactly analogous to time-varying deconvolution, since
the helical boundary conditions have converted the two-dimensional system to one-dimension.

EXAMPLES
Figure 1 compares depth-slices through impulse responses of FFD migration (with c/v = 0.8)
for the splitting approximation, (a), and the helical factorization, (b). The azimuthal anisotropy
is noticeably reduced with the helical factorization.
Figure 2 shows extracts from a three-dimensional FFD depth migration of a zero-offset
subset from the SEG/EAGE salt dome dataset. This rugose lateral velocity model initially
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Figure 1: Depth-slices of centered impulse response corresponding to a dip of 45◦ for c/v =
0.8. Panel (a) shows the result of employing an x − y splitting approximation, and panel (b)
shows the result of the helical factorization. Note the azimuthally isotropic nature of panel (b).
james1-timeslices [CR]

caused mild stability problems for the FFD migration, and I had to smooth the velocity model
to produce the results shown in Figure 2. Biondi (2000) presents an unconditionally stable
formulation of the FFD algorithm; however, that formulation does not easily fit with the approximate helical factorization discussed here.

CONCLUSIONS
Helical boundary conditions allow the critical 2-D inverse-filtering step in FFD migration to be
recast as 1-D inverse-filtering. A spectral factorization algorithm can then factor this 1-D filter
into a (minimum-phase) causal component and a (maximum-phase) anti-causal component.
This factorization provides an LU decomposition of the matrix, which can then be inverted
directly by back-substitution. The cost of this approximate inversion remains O(N ) where N
is the size of the matrix.
I demonstrate this alternative factorization retains azimuthal isotropy without the need for
additional correction terms, and apply the migration algorithm to the 3-D SEG/EAGE salt
dome synthetic dataset.
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Figure 2: Migration of a three-dimensional zero-offset subset from the SEG/EAGE salt dome
dataset by Fourier finite-differences with helical boundary conditions.
james1-cubeplot
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Seismic image regularization in the reflection angle domain
Marie L. Prucha, Robert G. Clapp, and Biondo Biondi1

ABSTRACT
We explore the use of preconditioned inversion in the reflection angle domain rather than
migration to improve imaging in complex media. We use a wave-equation method to
create reflection angle domain common image gathers and we apply steering filter preconditioning to smooth along the reflection angles. This improves the common image
gathers. The improved common image gathers are more continuous than common image
gathers obtained by migration alone. Additionally, some multiple energy is attenuated.

INTRODUCTION
Current migration methods are done mostly in the offset domain and the shot domain, which
are prone to multipathing (ten Kroode et al., 1999) in complex areas. A fairly new method that
is being used to image complex areas is migration in the reflection angle domain (RAD). This
can be done both by Kirchhoff methods (Xu et al., 1998) and wave-equation methods (Prucha
et al., 1999). The RAD avoids the problem of multipathing, and therefore contains fewer artifacts than the more commonly used domains. Unfortunately, even with fewer multipathing
artifacts, in complex areas migration may not be not enough. Since we are interested in complex areas, we can reformulate our imaging problem as an inversion problem (Chemingui,
1999).
Although imaging by inversion can give better results than migration, an inversion problem
can be unstable (Claerbout, 1991). A trick used to constrain inversion problems to a reasonable
result is regularization (Harlan, 1986; Fomel, 1997). Theory states that for a particular point in
the subsurface, the reflectivity as a function of reflection angle should vary smoothly (Richter,
1941). Therefore, the obvious choice for a regularization operator in the reflection angle
domain is one that smooths along the reflection angles. To speed the convergence, we can
reformulate the regularization problem as a preconditioned problem (Fomel et al., 1997). We
intend to show that applying this method in the reflection angle domain will improve the
common image gathers (CIGs), making the events more continuous, reducing artifacts, and
attenuating multiples.
In this paper, we will first explain how to image in the reflection angle domain and how to
apply regularization and preconditioning. Then we will show the results of applying regularization to a RAD inversion problem on two different synthetic datasets.
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THEORY
Migration in the reflection angle domain
Migration in the reflection angle domain is a subsurface-oriented technique. It is most easily
understood as a Kirchhoff method. For each point in the subsurface (x), a ray couple can be
created for a certain reflection angle (θ) and a certain dip angle (φ) as shown in Figure 1. To
create a CIG, simply sum over all of the dip angles:
Z
a(x, θ) = w(φ, θ , x)d(s,r , t)dφ
(1)
where a(x, θ ) is the RAD CIGs, w(φ, θ, x) is an appropriate weighting function, and d(s,r , t) is
the data in source, receiver and time space. From this, it is clear that each event in a RAD CIG
is created by one and only one ray couple. This means there is no multipathing. Therefore, we
will have fewer artifacts, especially in complex areas. In this paper, we actually use a wave-

Figure 1: Geometry of the reflection
angle marie1-rangle [NR]

Θ

Φ

equation method to create the RAD CIG. We begin by using the Double Square Root (DSR)
equation to downward continue the data (represented as the wavefield recorded at the surface
P (ω, m, h x ; z = 0) where ω indicates the frequency domain, m is the midpoint location, h x is
offset, and z is depth), then we slant stack (transforming the data into vertical traveltime space
τ ) at each depth level and image at zero time:
P (ω, m, h x ; z = 0)
P (ω, m, h x ; z)
P (τ , m, phx ; z)

DSR

=⇒
Slant stack

=⇒

I maging

=⇒

P (ω, m, h x ; z)

(2)

P (τ , m, phx ; z)

(3)

P (τ = 0, m, phx ; z) .

(4)

The actual CIG is extracted at a fixed midpoint. The resulting CIG has an axis that is in offset
ray parameter ( phx ) rather than reflection angle (θ ). However, the offset ray parameter is
related to the reflection angle by:
∂t
2 sin θ cos φ
= phx =
.
∂h
V (z, m)

(5)
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Sava and Fomel (2000) describe an alternative method of obtaining RAD CIGs in the Fourier
domain.
The advantages of the RAD in helping to reduce illumination problems are not immediately obvious. Imagine upward continuing a wavefield from a reflector below a complex
structure such as a salt dome. As the wavefield passes through the complex structure, the
energy gets spread out unevenly over a large distance. In the offset and shot domains, this
distribution can lead to the loss of energy that is present but doesn’t conform to the regular
surface-oriented geometry. The subsurface-oriented reflection angle domain does not have
this difficulty. Unfortunately, there is another problem. Our acquisition geometry is always
finite, therefore we can never record the entire wavefield at the surface. When we downward
continue the finite recorded wavefield, the "missing" data creates a model null space. This null
space cannot be filled with migration alone, so we turn to inversion.

Inversion in the reflection angle domain
Since we are using this method to image complex areas, just performing migration is not
enough (Prucha et al., 1999). We want to formulate the process as an inversion problem
(Nemeth et al., 1999; Duquet and Marfurt, 1999). Unfortunately, the complexity can cause the
result of the inversion to diverge. Therefore, to constrain the inversion to a reasonable result,
we choose to impose regularization. This can be represented by these fitting goals:
d ≈ Lm

(6)

0 ≈ Am

(7)

where d is the data space, m is the model space, L is the wave-equation operator, A is the
regularization operator, and choosing the parameter  is a Lagrange multiplier that allows us
to determine how strong our regularization (smoothing) will be.
To speed the convergence of the inversion, we can reformulate the inversion problem as a
preconditioning problem with a preconditioning operator S. This operator should be as close
to the inverse of the regularization operator as possible so that AS ≈ I. By mapping the multidimensional regularization operator A to helical space and applying polynomial division, we
can obtain the exact inverse so that S = A−1 (Claerbout, 1998). We also use the preconditioning transformation m = Sp (Fomel et al., 1997). Our equations then become:
d ≈ LSp

(8)

0 ≈ p.

(9)

The regularization we choose for RAD inversion is horizontal smoothing along the reflection
angle (or phx ) axis. This is based on both theory and practice. In theory, the regularization operator should be related to the inverse model covariance matrix (Tarantola, 1986). In practice,
because the covariance matrix of a CIG created with the correct velocity model is horizontal
in nature (Figure 2) and the reflectivity along reflection angles should vary smoothly (Richter,
1941), we simply smooth horizontally along the reflection angle axis. An operator that fulfills
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these requirements is a steering filter (Clapp et al., 1997). This steering filter and its impulse
response is in Figure 3. The coefficients in the second column of the steering filter are variable
and control the vertical width of the impulse response.

Figure 2: Left: a typical RAD CIG with some minor artifacts. Right: representation of the
covariance matrix calculated for this CIG. marie1-covar [ER]
We also must choose an . A large  means that the regularization will be strong (we will
be smoothing more) and a small  means the regularization is not strong (we honor the model
more). For now, we are trying to choose an  that is somewhere in the middle, so that our
result is slightly smoothed. We want to try to fill the null space in a reasonable way.

RESULTS
Elf North Sea dataset
The first dataset we applied this RAD preconditioned inversion to was an Elf North Sea dataset.
It is a 2-D synthetic created based on a real 3-D survey. Its velocity model can be seen in
Figure 4. This dataset is known to have illumination problems under the edge of the salt
(Prucha et al., 1998). We first created CIGs by just RAD migration, then we created CIGs by
preconditioned inversion. The inversion results are from just one iteration.
Figure 5 shows a comparison of the results from a CMP location that is in a simple area of
the subsurface. Note that the inversion result is cleaner, smoother, and more continuous than
the migrated result. A good example is the event at 4400 meters, which has been cleaned up
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Figure 3: Left: steering filter used for regularization. Right: impulse response of steering
filter. marie1-filtres [NR]

and now covers almost twice as many reflection angles as it did in the migrated result while
still being reasonable.
Figure 6 displays the CIGs for a CMP at the edge of the salt. Once again the inversion
result is better than the migrated result, and even the event for the poorly illuminated reflector
at depth 4400 meters is more continuous.

BP multiple dataset
We also applied this method to a synthetic multiple dataset provided to us by BP. This is
a complicated dataset designed to have extremely nasty multiples. Its velocity model is in
Figure 7. Once again, we can expect illumination problems under the edges of the salt body
(Muerdter et al., 1996). Even after only one iteration, the RAD preconditioned inversion has
produced CIGs that are cleaner and more continuous than RAD migration.
Figure 8 displays a CIG taken from a point away from the salt body. The migrated result
has good, continuous reflectors, but there are artifacts between 6 kilofeet and 10 kilofeet and
there is a multiple at depth 11.5 kilofeet. The inversion result cleans these artifacts up and
attenuates the multiple.
Figure 9 shows a CIG taken at the right edge of the salt body. There are many artifacts and
multiples in both the migrated and the inversion results, but the strength of the artifacts and
the multiples is reduced in the preconditioned result. Preconditioning has also made the event
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Figure 4: Velocity model of the Elf North Sea dataset. marie1-elfvel [ER]

Figure 5: Left: RAD CIG from migration only at CMP 200. Right: RAD CIG from inversion
at CMP 200. marie1-elf.comp200 [CR]
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Figure 6: Left: RAD CIG from migration only at CMP 7300. Right: RAD CIG from inversion
at CMP 7300. marie1-elf.comp7300 [CR]

from the reflector below the salt at depth 13 kilofeet more continuous.

CONCLUSIONS
Regularization in the reflection angle domain helps clean up the artifacts in the common image
gathers and improves the continuity of the events in the CIGs. The use of steering filters as
our regularization operator is a simple and effective choice. The additional cost of inversion is
worthwhile in complex areas.
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Angle-gathers by Fourier Transform
Paul Sava and Sergey Fomel1

ABSTRACT
In this paper, we present a method for computing angle-domain common-image gathers
from wave-equation depth-migrated seismic images. We show that the method amounts
to a radial-trace transform in the Fourier domain and that it is equivalent to a slant stack in
the space domain. We obtain the angle-gathers using a stretch technique that enables us
to impose smoothness through regularization. Several examples show that our method is
accurate, fast, robust, easy to implement and that it can be used for real 3-D prestack data
in applications related to velocity analysis and amplitude-versus angle (AVA) analysis.

INTRODUCTION
Traditionally, migration velocity analysis and AVO employ offset-domain common-image
gathers, since most of the relevant information is not described by the zero-offset images.
However, it is difficult to produce these gathers with wave-equation migration because the offset dimension of the downward continued data shrinks with depth. A solution to this problem
is to use angle-gathers instead of offset-gathers. Angle-gathers also provide more straightforward information for amplitude analysis, that is, amplitude variation with angle (AVA)
instead of the more common amplitude variation with offset (AVO).
Angle-domain common-image gathers are representations of the seismic images sorted by
the aperture angle at the reflection point (Prucha et al., 1999a; Fomel and Prucha, 1999). In
the space-domain, the reflection angles can be evaluated by the simple differential equation:
tan γ = −

∂z
∂h

where γ represents half of the aperture angle at the reflector, and z and hE are, respectively, the
depth and half-offset for the particular reflection (Figure 1).
Prucha et al. (1999a) evaluate wave-equation angle-domain common-image gathers (ADCIG) by slant-stacking between the downward continuation and the imaging steps. They also
produce their output as a function of offset ray-parameter ( p) instead of the reflection angle
(γ ). However, angle-domain gathers do not need to be computed by slant stacks directly, but
could be more easily evaluated in the Fourier-domain, with output in the true reflection angle,
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Figure 1: The geometrical relationship relating the reflection angle γ
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using the simple equation:

tan γ = −

|kEh |
.
kz

(1)

which, in essence, is simply a stretch of the offset axis transformed in the Fourier-domain.
It is interesting to emphasize that this Fourier-domain method of computation of anglegathers is a radial-trace transform. Ottolini (1982) shows that slant stacks are, in fact, generally
equivalent to radial-trace transforms, with significant advantages and disadvantages for each
of these two alternatives.
In this paper, we review the radial stretch theory and show that computing the ADCIGs
using equation (1) is indeed equivalent to slant stacks but that it gives us the freedom to postpone the conversion to angle until after prestack wave-equation migration. This Fourier domain method makes it possible to convert seismic images easily from the offset-domain to the
angle-domain without re-migrating the data.
The novelty of our method is that, in the Fourier-domain, the radial-trace transformation
can be easily regularized, thus leading to smooth and continuous representations of the reflectors along the angle axis. A similar method of regularized stretch has been used in other
applications: velocity continuation (Fomel, 1998), Stolt migration (Vaillant and Fomel, 1999),
and Stolt residual migration (Sava, 1999b,a). It could also find many other applications, for example in coherent-noise removal using radial-trace transforms (Brown and Claerbout, 2000).
Our method of angle-gather computation is different from the slant-stack approach not
only in the domain in which it operates, but also in the low cost involved, the robustness,
and simplicity of the implementation. If we compute angle-gathers in conjunction with Stolt
residual migration, this method becomes even more attractive since the seismic images are
already transformed to the Fourier-domain, which makes the true cost of the transformation
insignificant.
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EQUIVALENCE TO SLANT STACKS
The Fourier-domain stretch represented by equation (1) is equivalent to a slant stack in the
z − hE domain. Indeed, we can convert an image gather in the offset-domain (H) to one in the
angle-domain (A), using a slant-stack equation of the form
Z 

E hE d h,
E
A (z, µ)
E = H z +µ
E · h,
(2)
where µ
E is a vector describing the direction of the stack.
Fourier transforming equation (2) over the depth axis, we obtain
Z Z 
 
E
E
E =
H z +µ
E · h, h d hE eikz z dz
A (k z , µ)
where the underline stands for a 1-D Fourier transform. We can continue by writing the
equation

Z Z 
 
ik z z+µ·
E hE −ik z µ·
E hE
E hE e
E
E =
H z +µ
E · h,
d hdz,
A (k z , µ)
where we can re-arrange the terms as
 
Z Z 
 
ik z z+µ·
E hE
E hE E
E
E
E =
A (k z , µ)
H z +µ
E · h, h e
dz e−ikz µ·
d h,
which highlights the relation between the 1-D Fourier-transformed angle-domain and offsetdomain representation of the seismic images:
Z 

E hE E
E
E = H k z , h e−ikz µ·
A (k z , µ)
d h.
We recognize on the right-hand side of the previous equation additional Fourier transforms
over the offset axes, and therefore we can write
A (k z , µ)
E = H (k z , −µk
E z) ,
where the triple underline stands for the 3-D Fourier transform of the offset-domain commonimage gather. Finally, defining −µk
E z = kEh , we can conclude that the 1-D Fourier transforms
of angle-domain gathers are equivalent to the 3-D Fourier transforms of the offset-domain
gathers,


A (k z , µ)
E = H k z , kEh ,
(3)
subject to the stretch of the offset axis according to the simple law
µ
E =−

kEh
.
kz

(4)
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We can recognize in equation (4) the fundamental relation between the reflection angle and the
Fourier-domain quantities that are evaluated in wave-equation migration. This equation also
shows that the angles evaluated by (1) are indeed equivalent to slant stacks on offset-domain
common-image gathers. Therefore, we could either compute angles for each of the two offset
axes with the equations
 
γx = − tan−1 kkhzx
 
k
γ y = − tan−1 khzy ,
or compute one angle corresponding to the entire offset vector:
!
E
−1 |k h |
γ = − tan
.
kz

REGULARIZATION OF THE ANGLE DOMAIN
In essence, the angle-gather method, introduced in this paper, amounts to a stretch of the offset
angle according to equation (4). The stretch takes every point on the offset wavenumber axis
and repositions it on the angle axis, most likely not on its regular grid. We therefore need to
interpolate the unevenly sampled axis to the regular one. In other words, we need to solve a
simple linear interpolation problem
Lm ≈ d
where the model (m) is represented by the evenly-spaced values on the angle axis, the data
(d) is represented by the unevenly-spaced values on the angle axis, and (L) represents a 1-D
linear interpolation operator. Since parts of the model space will not be covered because of
the uneven distribution of the data, we need to regularize the interpolation process and solve a
system such as
Lm ≈ d

(5)

Am ≈ 0

(6)

where (A) represents a 1-D roughener operator. Consequently, the least-squares solution to
the system (5) is
−1
m = LT L +  2 AT A LT d.

(7)

In the special case of the angle-domain stretch, the inverted term on the right side of
equation (7) is a tridiagonal matrix. Given the sparseness of the stretched data, the leastsquares tridiagonal matrix corresponding to the operator L has zeros present along the diagonals, which results in instability during inversion. However, the regularization term fills the
gaps; therefore, the inversion of the matrix in equation (7) is well-behaved.
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Since the matrix LT L +  2 AT A is tridiagonal, we can invert it using a fast tridiagonal
solver (Golub and Van Loan, 1989); Consequently, we obtain smoothly interpolated values
for the ADCIGs. A similar approach could also be used for other problems, for example in
Stolt migration (Vaillant and Fomel, 1999), residual migration (Sava, 1999b,a), or in velocity
continuation (Fomel, 1998).
The main benefit of solving the least-squares problem this way is that we can obtain a very
inexpensive regularized solution, with important benefits not only in data visualization, but
also in other problems such as wave-equation migration velocity analysis (Biondi and Sava,
1999; Sava and Biondi, 2000) and imaging (Prucha et al., 1999b).

EXAMPLES
We exemplify the proposed method on two synthetic models and two real datasets.
The first example is a 2-D synthetic model with dipping reflectors at various angles. We
generated the synthetic data using wave-equation modeling (Biondi, 1999). Next, we imaged
the data, first using the correct and then using an incorrect velocity model, a slower velocity
in this example. In the case of correct velocity, the ADCIGs are flat, but they are not flat
in the case of the incorrect velocity model (Figure 2). Because the simulated acquisition
is represented by wide offsets and the model is reasonably shallow, there is no significant
decrease in the angular coverage at the deeper reflectors. However, the steep reflectors are
characterized by smaller angular coverage due to the limited acquisition geometry.

Figure 2: The first synthetic model. The reflectivity is composed of interfaces dipping at
different angles. All the events are flat along the reflection angle axis, in the case where we
use the correct velocity (left). However, when we use a wrong velocity model, the image loses
focus and the ADCIGs bend (right). paul2-dipsynt.cig01 [CR]
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In the second example, we consider a more complex synthetic model, centered on a salt
body. The model was generated at Elf-IFP-CGG and inspired by real data recorded in the
North Sea (Prucha et al., 1998). Again, we image both with a correct velocity model and an
incorrect one (Figure3). The conclusions are similar to those in the first example: correct velocity flattens the events in the angle-domain common-image gathers, while incorrect velocity
does not. Again, there is no significant decrease in the angular coverage at the deeper reflector.

Figure 3: The second synthetic model, depicting a salt body. The ADCIGs show flat
events when the velocity model is correct (left), but bend when the velocity is incorrect.
paul2-saltsynt.cig01 [CR]

The third example is a real dataset acquired in a salt-dome region of the North Sea (Prucha
et al., 1998; Vaillant and Sava, 1999). Figure 4 depicts a slice of the image taken at a small
reflection angle, and the small panels at the top and the right represent ADCIGs. The image
generated for this dataset goes much deeper compared to the preceding synthetics, and we see
that the angular coverage decreases as the depth increases. Some of the events appear flat,
while others are bending, indicating velocity inaccuracies.
It is apparent from the image that some of the events lose their sharpness and the relative
contrast decreases. This is understandable, since the energy of every event is spread along the
angle axis. The true migrated image could be recovered by summation along the angle axis
(Figure 5).
This example enables us to analyze the efficiency of our regularization method. Figure 6
shows angle-domain common-image gathers for a particular midpoint. The left panel represents the result obtained without regularization ( = 0.0). In contrast, the panel on the right
shows the result we obtain with regularization ( = 1.0). The regularized image is much
cleaner, without visible distortions of the shape and amplitudes of the events. Since the noise
level is much lower, we can easily identify faint events that would otherwise be impossible to
discern, for example at depths greater than 4000 m.
Finally, a fourth example addresses the amplitude variation with angle analysis (AVA) is-
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Figure 4: Migrated image for the North Sea dataset presented as ADCIGs. The ADCIGs are
mostly flat, but they reveal the areas where the velocity map needs improvement. The image
as a whole loses part of its sharpness, because the energy of each event is spread along the
angle axis. paul2-saltreal.cig [CR]

Figure 5: Migrated image for the North Sea dataset, stacked over the angle axis in the ADCIGs.
paul2-saltreal.stk [CR]
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Figure 6: A comparison of ADCIGs
with regularization (right panel) and
without regularization (left panel).
paul2-saltreal.eps [CR]

sue. Our method produces the output as a function of the reflection angle, which makes it an
ideal tool for AVA analysis. The crucial question is how much the amplitudes are affected
by the method, especially given that we impose a certain amount of smoothness through
regularization. Previous research (Prucha et al., 1999a) indicates that ADCIGs obtained by
wave-equation imaging have the potential to preserve AVA effects.
For the AVA example, we use a dataset from a gas-hydrates study, for which the AVO
effects are significant (Ecker, 1998). Figure 7 represents the wave-equation migrated image,
displayed as ADCIGs. Figure 8 shows 4 wiggle-plots of ADCIGs located around 45 km from
the left origin of the survey. This area is particularly interesting since it captures both the
bottom-simulation reflector (BSR) and the flat reflector from the hydrate-gas transition. The
results confirm the amplitude trend variation previously highlighted for this dataset; specifically, we can observe significant amplitude increase as a function of angle, especially for the
BSR. This result was obtained for a moderate choice of the regularization parameter ( = 1.0).
Caution should be exercised in this matter, since a higher value could attenuate the amplitude
of the variations. A more thorough and quantitative analysis awaits future research.
It is worth mentioning that, in certain applications, the amplitude variations with angle are
undesirable. A good example is velocity-analysis where AVA effects can be misleading and
indicate incorrect updates of the velocity model. However, we can perhaps control this by
boosting the  parameter, with the effect of attenuating the variations along angles.

DISCUSSION
Several key points highlight the strengths of our method of computing angle-domain commonimage gathers:
• Our method produces the output in the reflection angle at the reflector, and not in the
offset ray-parameter. This makes the results more open to interpretation, and potentially
allows for consistent quantitative AVA analysis.
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Figure 7: Migrated image for the gas-hydrates data presented as ADCIGs. paul2-hydrreal.cig
[CR]

• Our method generates angle gathers after and not during migration, thus enabling us to
shuttle between the angle and offset domains without re-migrating the data. In addition,
the method is much easier to code, and therefore potentially more robust.
• Our method enables inexpensive regularization of the angle-domain, leading to gathers
with events that vary smoothly along the angle axis. The increased S/N ratio helps reveal
weak events that would otherwise be impossible to find.
• If used in conjunction with prestack Stolt residual migration, the cost of our method
becomes trivial, since the images are already transformed to the Fourier-domain. Also,
returning to the space-domain after our transformation is less costly, since we reduce the
need for a 3-D Fourier transform at every midpoint to that of a 1-D Fourier transform.

CONCLUSIONS
We have presented a method for computing angle-domain common-image gathers from waveequation depth-migrated images. We have shown that the method is, in essence, a radial
trace transform in the Fourier domain, and therefore equivalent to a slant stack in the space
domain. We used a stretch technique that enabled us to include model regularization, which
leads to smooth ADCIGs. We have also shown that the method is accurate, fast, robust, easy to
implement and that it can be used for real 3-D prestack data in applications related to velocity
and AVA analysis.
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Figure 8: AVA analysis panels for the hydrates data. The BSR (located around 4.4 s) clearly
shows consistent increase of the amplitude with angle and confirms previously reported results.
Each panel is labeled with the horizontal coordinate of the image-gather. paul2-hydrreal.ava
[CR]
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Spectral factorization of 2-D reflection seismic data
Jon Claerbout1

ABSTRACT
I propose spectral factorization of 2-D seismic data. Boulders strewn on the water bottom
of an otherwise horizontally layered earth imply that the multidimensional minimumphase wavelet of a zero-offset section is a common midpoint gather.

INTRODUCTION
Recently, math professor George Papanicolaou delivered a seminar to our Geophysics Department in which he presented to us an amazing proposition: Random scatterers can give us
superresolution because they can enlarge the effective aperture.
I will propose it this way: Scatterers give rise to seismic coda. Maybe we can use it
effectively even though we may not know the location of the scatterers.
In this paper I sketch how this could happen in the realistic case of near-surface scattering
and I indicate how it could be tested and demonstrated.
Except for one essential feature, the earth model that we examine in this initial exploratory
phase is a two-dimensional horizontally layered earth. The essential departure is that the top
roughness that acts as point scatterers. We might think of it as fine scale surface topography.
Alternately, we might think of it as a thin water layer with boulders strewn around, all acting as
point scatterers of random amplitude, polarity and location. The one-dimensional earth model
itself has arbitrary velocity v(z), multiple reflections, shear waves, anisotropy, etc. Visualize
this geometry:
s
g
r1 r2 r3 r4 r5 r6 r7 r8 r9

.
.
.
.
.
.
.

__________________________

We are interested in ray paths like the one from the shot s to the reflector, to the rock r9,
to the reflector, to the geophone g. Both paths to and from the rock r9 include all arrivals,
1 email:

claerbout@stanford.edu
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both direct and reflected. We convolve the 1-D simple earth’s s to r9 response with its r9 to
g response. Whatever the response is to one rock, the response to all the rocks will be the
one-rock response convolved horizontally by random numbers.
There will be several conjectures. The simplest is that from a zero-offset section, spectral
factorization (Kolmogoroff, 1939) via the helix (Claerbout, 1998) manufactures a common
midpoint gather from which we can do velocity analysis.

SUBTRACT ANY TWO SHOT GATHERS
We will soon be doing some data-guided theory. Carefully examine Figure 1. I have only this
one shot gather (a photo image) but I’d like you to imagine two of them. Imagine the earth
really is a one-dimensional layered medium with surface scatterers. Then the two shot gathers
would look identical EXCEPT for the diffraction at 250m offset. This diffraction would be
differently positioned on each shot gather depending on the distance of the shot from the
surface scatterer. Let us subtract these two gathers. Now the layered media reflectors all go
away and we have a gather containing only two copies of the surface diffraction.
To study the surface scatter events, we need to be rid of the layered media primary events.
These could be gotten rid of by the simple subtraction or they could be gotten rid of by a spatial
lowpass filter or a spatial PEF, or in the event of gentle dip, by various kinds of "steering
filters". We can return to the practical issue of separating the simple reflections from the
surface scatter after we have covered some matters of principle.

2-D AUTOCORRELATION OF SURFACE SCATTERED RETURNS
Here we show theoretically that the 2-D autocorrelation (or 2-D spectrum) of surface scattered
reflections is the same as that of the primary reflections. Thus by autocorrelation we will
concentrate information that could be widely distributed in time and space. Later, we’ll convert
the autocorrelation to something more familiar.
Let the layered earth response from shot s to geophone g be u(s, g, t) = u(0, g − s, t) =
u(g − s, t) or in Fourier space, u(g − s, ω) or simply u(g − s). When an upcoming wave hits
the earth surface at g1 it encounters a scattering object which reflects the primary wave with
a random scaling ξ (g1 ). The signal at g1 then takes off for a second flight like a multiple
reflection, but departing in all directions. We are going to build the theoretical 2-D spectrum
of this surface scattered wave w from the theoretical 2-D spectrum of u, the layered media
primary reflection.
First we express the cascade of the two bounces. The arrival w at g2 at time t is the sum
of the time of each bounce, τ and t − τ . Since this is a convolution in the time domain, we
express it as a product in the frequency domain. Then we form the complex conjugate of this
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Figure 1:
Shell shot gather from IEI page 172 (paper version) section 3.2.
(/book/iei/Fig/ofs/shell.ps) Observe the scattered ground roll with its apex at 250 m offset.
It is interesting to identify the ray paths of ALL the backscattered energy. Might you believe
the diffraction at 250 m offset is a weaker copy of the entire shot gather but shifted 250 m and
.17 s? If you do, you will recognize that this copy also contains (albeit weakly) the near zero
offset traces that are missing from the the recording of the gather itself. jon4-shell [NR]
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expression in preparation for autocorrelation on the x-axis.
XX
w(s, g2 , t) =
u(s, g1 , τ ) u(g1 , g2 , t − τ ) ξ (g1 )
w(s, g2 , ω) =

X

(1)

τ

g1

u(g1 − s, ω) u(g2 − g1 , ω)

ξ (g1 )

(2)

g1

w̄(s, g2 + x, ω) =

X

ū(g3 − s, ω) ū(g2 + x − g3 , ω) ξ̄ (g3 )

(3)

g3

We insert the last two expressions into the expression for spatial autocorrelation.
X
A(s, x) =
w(s, g2 ) w̄(s, g2 + x)

(4)

g2

We will determine A(s, x) experimentally as described earlier. Here we will see its theoretical
relation to the primary reflected field u.
XXX
A(s, x) =
u(g1 − s) u(g2 − g1 ) ū(g3 − s) ū(g2 − g3 + x) ξ (g1 ) ξ̄ (g3 ) (5)
g1

g2

g3

=

XXX

=

XX

g1

g2

g1

=

u(g1 − s) u(g2 − g1 ) ū(g3 − s) ū(g2 − g3 + x) δ(g1 − g3 )

(6)

u(g1 − s) u(g2 − g1 ) ū(g1 − s) ū(g2 − g1 + x)

(7)

g3

g2

X

X

u(g1 − s) ū(g1 − s)

g1

!
=

u(g2 − g1 ) ū(g2 − g1 + x)

(8)

g2

X

u(h) ū(h)

h

!
X

u(h) ū(h + x)

(9)

h

We Fourier transform over x. The first factor above is not a function of space. It is merely a
function of ω, say a filter | f (ω)|2 . Thus our main result:
|w(s, ω, k x )|2

=

| f (ω)|2 |u(ω, k x )|2

(10)

We see that in principle, for each shot point s, we measure the spectrum of the impulse
response of the layered medium.
Hazardous cross terms
Suppose that we had not gotten rid of the layered media terms. The observations would be
u + w and we would be autocorrelating that. Both u and w have essentially the same autocorrelation, but their cross-term is dangerous. It has a different form (as you can verify). This
form multiplies the expectation of ξ (g) which might be theoretically zero but in practice might
often not be zero. In principle we eliminate the cross term by eliminating u from the observation u + w, but in practice this difficulty remains to haunt us wherever we find the earth is not
sufficiently horizontally layered.
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AUTOCORRELATION

Need for all autocorrelations to be the same
The surface diffracted events that we might see on a shot gather are probably all much the
same. (Anyway, I am not prepared to discuss their differences. It seems to be an implication
of the theory. This deserves a better explanation or more study.)
Assuming the diffractions are all the same, their autocorrelations are all the same. (Anyway, if not, we are in big trouble, because then we get a smearing together of all their different
autocorrelations.) The autocorrelation combines all the diffractions despite their different locations. By combining them, it enhances them. The autocorrelation does the job of merging
the energy of all the scatterers.
There is an issue of the cross correlation of one diffractor with another. We’ll suppose the
cross correlations cancel out because of the random superposition of many shifts and directions. In practice this could fail if there are a small number of very strong ones.
Several people suggested that I should investigate the effect of random scatterers spread
throughout the earth instead of having them all at the surface. I agree that is an interesting
model to study, but I feared it because we all recognize that reflectors at all different depths
will produce different hyperbolas. We dare not autocorrelate such data until we have processed
it so that all hyperbolas look the same.

Spectral factorization
The trouble with the autocorrelation of the CSG is that we are not accustomed to it. We don’t
know how to think about it. We would rather have the CSG itself. This suggests spectral
factorization. In one dimension it is ancient knowledge that spectral factorization finds us
an impulse response function of the system. Using the helix (Claerbout, 1998), in helioseismology (Rickett and Claerbout, 1999a) (Rickett and Claerbout, 1999b) we found that we can
recover a multidimensional causal acoustic impulse response of the sun instead of "autocorrelation wavelets" that helioseismologists had been getting. Now we conjecture that we can do
something similar here:
CONJECTURE: A spectral factorization of the (autocorrelation of the) shot-geophone
reflection data should give us the "multidimensional impulse response" of the earth.
There are some pitfalls with spectral factorization, but they are fairly well understood and
they have often been overcome in the past.
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What if the autocorrelation is bigger than the cable?
Consider the case where the cable is much shorter than the spatial autocorrelation of the
diffractor. This would appear to be a troublesome case. We may notice from the Shell gather
in Figure 1 that a limited range of offsets could allow us to see all offsets because of the presence of the scatterers at all ranges. If, however, we measure an autocorrelation over a small
range, could spectral factorization possibly construct a minimum phase wavelet over a large
range? I fear not. On the other hand, we can enlarge the aperture of a single shot by the idea
of synthetic aperture. Let us see how this might be done.

Data layout
Ordinarily we think of reflection data as three dimensional, P(t, g, s). That is because we
redefine time to begin anew at t = 0 for each shot. Now let us use the more natural time,
the wall clock time during data acquisition. Suppose the gun fires every 10 s for 10,000 s.
Thus we have 1000 shots along a horizontal survey line. At each receiver we have this entire
10,000 s signal. We have one such a signal at each geophone. There is no shot axis. Thus the
data is intrinsically two-dimensional, P(t, g). Next we use the helix, as always, to wrap both
t and g into one super-long signal. Apply spectral factorization, and unwrap the helix. What
we should have is an estimate of the simple CSG we began with.
What is new, however, is very new and very interesting. When data is autocorrelated, it is
averaged. In any average, some of the terms may be omitted if the sum is normalized properly.
I hypothesize that we’ll have a very similar autocorrelation if we are missing many of the
recordings. In particular, I propose to consider only the zero-offset traces. Forget about that
long recording streamer! I hypothesize that the 2-D spectral factorization of the ZOS can give
us a shot profile with all 1000 receivers.
CONJECTURE: The spectral factorization of the (autocorrelation of the) zero-offset section is the common midpoint gather.
This conjecture seems plausible when we recall that the ZOS amounts to the simple CSG
convolved on the horizontal axis with a line of random numbers. The autocorrelation eliminates the random numbers and the spectral factorization recovers the CSG.
The proposal is really amazing: We could throw away our marine streamer and have only
one receiver and hence only one point on the offset axis, yet the rocks randomly placed on the
water bottom create for us a CMP gather that we could use for for velocity analysis. We better
try it!
Finally, perhaps we can produce Cheops’ pyramid.
CONJECTURE: The spectral factorization of the 2-D seismic data is Cheop’s pyramid.
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Spatial aliasing
An omnipresent theme in geophysical surveying is that we never have enough spatial coverage. In my book GEE, a theme is that we cope with insufficient data not via autocorrelation
calculation but via prediction-error filter (PEF) estimation. Multidimensional PEFs are also
a natural way to handle non stationarity. No doubt, we could return to the PEF approach for
dealing with scattering too.
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Short Note
Common-azimuth migration and Kirchhoff migration for 3-D
prestack imaging: A comparison on North Sea data
Louis Vaillant1 and Henri Calandra2

INTRODUCTION
Common-azimuth migration (CAM) is a 3-D prestack depth migration technique based on the
wave equation (Biondi and Palacharla, 1996). It exploits the intrinsic narrow-azimuth nature
of marine data to reduce its dimensionality and thus manages to cut the computational cost of
3-D imaging significantly enough to compete with Kirchhoff methods. Based on a recursive
extrapolation of the recorded wavefield, CAM is potentially better able to handle multi-pathing
problems induced by complex velocity structures.
Elf Aquitaine provided us with an interesting dataset recorded in the North Sea, which
shows a salt dome and other 3-D structures. The complexity of the wave propagation in the
medium, resulting from high lateral and longitudinal velocity contrasts, yields multi-pathing
and illumination problems. Vaillant and Sava (1999) have already illustrated how this model
is both a serious challenge for imaging and an interesting test case for the CAM method.
In this paper, we present our latest imaging results that cover the whole vertical extent
of the salt body with the CAM technique, as a complementary study to Vaillant and Sava
(1999). At the same time, we compare the CAM-migrated cube to the image obtained using a
state-of-the-art Kirchhoff algorithm and discuss the specificities of both approaches.

PREPROCESSING AND COMMON-AZIMUTH MIGRATION
The wave-equation approach obliges us to transform the 3-D data acquired with complex
irregular geometry to regularly space-sampled data because CAM operates in the frequencywavenumber domain and requires Fourier transforms along all axes. In contrast, Kirchhoff
algorithms can handle irregular geometries without such preprocessing because they operate
sequentially in a trace-by-trace manner.
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Here, data regularization is performed by an operator called AMO or Azimuth Moveout
(Biondi et al., 1998). It also allows a local coherent stack that will reduce data volume. AMO,
however, has a non-negligible computational cost in the whole imaging process (about 10%
of migration cost). Effectively, introduced as the cascade of DMO and inverse DMO, AMO
is a partial migration operator. With less accuracy, one can instead use a simple normalized
binning procedure.
E for
The processing scheme begins by creating a 5-axis time-midpoint-offset grid (t, m,
E h)
−1
the data volume. Then, we apply a simple sequence NMO/AMO/NMO to regularize the
data on the grid. This gridding procedure concurrently allows data resampling in commonmidpoint and offset at the limit of aliasing, thus reducing further the cube dimensions and
lower migration computational cost.
Marine data are usually concentrated within a narrow range of azimuth, as opposed to land
data. Here, besides regularizing data along space axes, we use AMO to sum data coherently
over the cross-line offset axis h y ; conventionally, the subscripts x and y refer to the in-line
and the cross-line direction, respectively. Thus, we obtain 4-D common-azimuth data, for
which h y = 0. After transformation to the frequency-wavenumber domain, this 4-D commonazimuth regularized dataset D(ω, kEm , khx ) is the wavefield recorded at depth z = 0, to which
CAM is applied.
Migration is then performed iteratively through common-azimuth downward-continuation
of the wavefield (Biondi and Palacharla, 1996). The common-azimuth downward-continuation
operator is derived from the stationary-phase approximation of the full 3-D prestack downward
continuation operator. For more accuracy with lateral velocity variations, we use several reference velocities and interpolation as in the extended split-step method (Stoffa et al., 1990).
The following chart summarizes the preprocessing and imaging schemes:


eirr (t) = Gridding ⇒ D
e t, m,
D
E hE


e t, m,
D
E hE
= AMO ⇒
D (t, m,
E hx )




Dz=0 ω, kEm , khx
= Down ⇒
Dz ω, kEm , khx


Dz ω, kEm , khx
= Imaging ⇒ Dz (τ = 0, m,
E h x = 0)
e refers to data as an irregular set of traces, whereas D means data are a regular
In this chart, D
n-D cube.

APPLICATION TO REAL DATA
The migrated volume covers an area of 10.5 × 4km, down to 5km. The velocity model, courtesy of Elf Aquitaine, was obtained by reflection tomography using the SMART method (Jacobs et al., 1992). For migration, we used 6 reference velocities and interpolation in an extended split-step manner. With data dimensions indicated in Table 1, the 3-D prestack common azimuth migration ran in 40 days on 4 processors of our SGI Power Challenge (18 MIPS
R8000 processors).
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Cmp-X
525

Cmp-Y
160

Table 1: number of samples
Depth Offset Frequencies
400
64
176
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Velocities
6

Figure 1 shows a typical set of sections in the middle of the migrated cube. In the in-line
section, the shallower part (above 1500m) reveals high-frequency details accurately imaged:
the migration enhanced a graben structure, with normal faults and rotated blocks, around location Cmp-X=8000m, close to the top. The horizontal section at depth 900m highlights complex patterns inside sedimentary layers, imaged with a high resolution, that can be interpreted
as turbidite channels. The imaging of the salt body is satisfactory, with sediments clearly bent
towards the salt flank on the left-hand side. The salt flank itself has not been well focused, but
can be revealed by residual migration (Sava, 2000). Even with an imperfect velocity model,
migration enhances deep layers and most of the bottom of the salt. Several layers below the
salt are also well focused.

COMPARISON WITH KIRCHHOFF MIGRATION
Figures 3 and 4 show comparisons between CAM and Kirchhoff migration results. The Kirchhoff algorithm used is derived from a preserved-amplitude approach and selects the most energetic arrival. Both CAM and Kirchhoff migration use exactly the same velocity model.
Some of the most significant differences between both approaches are well-known: in
the CAM algorithm, finite frequency wave propagation is modeled avoiding the asymptotic
approximations necessary for Kirchhoff. Also, for deep targets, the migration cost increases
as Nz3 (number of depth samples) for Kirchhoff, whereas CAM cost only increases as Nz2 .
However, Kirchhoff methods allow target-oriented migrations where CAM has to perform
downward-continuation of the whole wavefield.
Figure 4 shows that the in-line sections around the salt body are relatively comparable in
quality. Globally, CAM seems to give better results at imaging sediments bending against the
salt flank on the left-hand side. The most important differences are shown by the horizontal
sections (Figure 3): at a depth of 900m, CAM enhances complex high-frequency turbiditic
patterns in shallow layers. At the same location, the Kirchhoff image appears at a considerably
lower frequency and blurred along the in-line direction.
There are potentially 3 factors that could explain CAM’s better accuracy compared to
Kirchhoff migration:
• Wave propagation is handled completely differently: CAM iteratively propagates the
wavefield by regular depth steps, as opposed to Green functions for Kirchhoff that are
evaluated by ray tracing, wavefront construction or other methods.
• Since Green functions are not calculated for every source but rather pre-computed on
a coarser grid, Kirchhoff algorithms usually include critical interpolations of traveltime
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Figure 1: Sections of the image cube migrated with CAM: in-line Cmp-Y=4000m (center),
depth slice z=900m (top), cross-line at Cmp-X=7100m (side). louis2-L7d-image-all-2 [CR]
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Figure 2: Sections of the image cube migrated with CAM: in-line Cmp-Y=3400m (center),
depth slice z=2450m (top), cross-line at Cmp-X=6600m (side). louis2-L7d-image-all-2bis
[CR]
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maps and other attributes that may reduce accuracy for high-frequency details in the image. The only interpolations performed with CAM are the extended split-step scheme,
which essentially addresses rapid velocity variations.
• Even if Kirchhoff algorithms can easily handle irregular geometries, the resulting image
incorporates acquisition footprints, especially in depth slices. On the contrary, CAM
requires regular geometry and acquisition problems are addressed during preprocessing
through the AMO operator. Thus, the whole imaging stage is done with regularized
geometry and potentially enables higher resolution in the final image.

Figure 3: Comparison between Kirchhoff (top) and CAM (bottom) imaging results: depth
slice at z=900m. The Kirchhoff image has a lower frequency content, a higher noise ratio and
is blurred along the in-line direction. louis2-kir-cam-zslice [NR]

CONCLUSION
Real data offer an opportunity to test our imaging techniques further. Common-azimuth migration (CAM) is an attractive method for seismic imaging in complex media and it remains
a subject for further research. Its computational cost and its high resolution in depth slices,
illustrated in this particular example, can make it an attractive alternative to widespread Kirchhoff methods. Both approaches show different specificities and are equivalently valuable in
our seismic imaging toolbox.
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Figure 4: Comparison between CAM (a) and Kirchhoff (b) imaging results for the in-line
section at Cmp-Y=3250m. louis2-xz-CAM-KIR [CR]
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Variable-velocity prestack Stolt residual migration
with application to a North Sea dataset
Paul Sava1

ABSTRACT
This paper investigates the applicability of prestack Stolt residual migration when the
original image is obtained using an arbitrary velocity model. At its origin, the method is
based on an assumption of constant velocity. However, its formulation for depth-migrated
images involves a ratio of the reference and target velocities; therefore, for residual migration it is completely irrelevant if the original migration uses constant or variable velocity.
Several examples, both on synthetic and real data demonstrate the effectiveness of the
method. When applied to a North Sea dataset, the method highlights important features
not seen in the original migration.

INTRODUCTION
Prestack Stolt residual migration has recently gained a new momentum because of its usefulness in imaging and migration velocity analysis (Biondi and Sava, 1999; Sava and Biondi,
2000). The method’s main merit is that instead of requiring an assumption about the magnitude of the target velocity model to which we want to residually migrate, it only calls for
an assumption about the ratio of the reference velocity to the target velocity (Sava, 1999b,a).
Since the method is, in essence, a Stolt-stretch technique, it inherits Stolt’s speed and convenience.
As for other Stolt-type techniques, the derivation of the method is based on the assumption
of constant velocity. However, if we start from a depth-migrated image, the residual migration
process can be shown not to depend on the actual velocities anymore, but rather on the ratio
of the reference (v0 ) and correct (v) velocities.
Strictly speaking, the ratio corresponds to two constant velocities. This would imply,
however, that we obtain the original image using constant velocity as well, which is normally
not the case. In this paper, I investigate the applicability of the residual migration method to
images obtained using variable velocity models. I begin with a brief review of the theory and
continue with three synthetic examples and one real-data example, which demonstrate that,
although not theoretically accurate, the method can still be used in cases of variable velocity
media.
1 email:
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THEORY REVIEW
Stolt residual migration is formulated both for post-stack and prestack data. Stolt (1996) shows
that, for the post-stack case, the residual migration operator is a function of the difference
between the squared values of the original velocity and the new velocity to which the image is
residually migrated. However, Stolt shows that such a formulation is no longer possible in the
prestack case.
Sava (1999b,a) reformulates Stolt residual migration for depth-migrated images and shows
that the operator is a function of the ratio of the two velocities, before and after residual
migration, a formulation that holds for both post-stack and prestack (2-D, 3-D and commonazimuth) data.
In the 3-D case, the residual migration equation takes the form
s 

 


kz =

1
2

s
+ 21

v02
v2

4k z 20 + kEm +kEh − kEm −kEh



4k z 20 + kEm +kEh − kEm −kEh
v2
0

v2

2

4k z 20 + kEm +kEh + kEm −kEh

16k z 20
2 

2




2 
4k z 20 + kEm +kEh + kEm −kEh

16k z 20

− kEm − kEh

2

(1)
2

− kEm + kEh ,

where
• k z 0 and k z are depth wavenumbers before and after residual migration,
• v0 and v are, respectively, the reference and the target migration velocities, and
• kEm and kEh are the offset and midpoint wavenumbers.

Figure 1: The slowness map used
for the first 2-D synthetic examples.
paul1-dipsynt.slo [CR]

Strictly speaking, Equation (1) is derived from the constant velocity dispersion relations
for pre-stack data. However, since the new images do not depend on the true magnitude of
the new velocity, but rather on its ratio to the original, we can still techniquely apply residual
migration, even when the original velocity is variable. The question is how valid such a residual migration operation is for the case of variable velocity, and whether the output provides
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any valuable information. A theoretical answer is not straightforward, since most likely the
answer is data-dependent. I will, therefore, address the problem in an experimental way, first
on synthetic models, and then on a North Sea real dataset.

SYNTHETIC EXAMPLES
I begin with two simple synthetic models. The first consists of a succession of flat reflectors
embedded in a variable velocity model (Figure 1).
The left panel of Figure 2 shows the result of migration with the correct velocity, while the
middle panel shows the result of migration with a scaled version of the original, and the right
panel shows the result of residual migration using the correct velocity ratio. The flat reflectors
are all restored to their original position, and the angle-domain common-image gathers are
flat, indicating correct migration.
Figure 3 depicts a more complex model. In this case, the reflectors have different dips,
and the velocity is variable and identical to the one in the preceding case (Figure 1). Again,
the left panel shows the migration result with the correct velocity, the middle panel the result
of migration with an incorrect velocity, and the right panel the result of residual migration
with the correct velocity ratio. The reflectors are restored to their correct position and the
angle-domain common-image gathers are flat.

Figure 2: A simple synthetic model made of flat reflectors. The left panel represents migration
with the correct velocity. The middle panel represents migration with an incorrect velocity, and
the right panel represents the result of residual migration applied to the image in the middle
panel. The reflectors are restored very close to their correct position. paul1-flatsynt.cig [CR]
The next synthetic example is represented by an image around a salt body. As in the
preceding examples, the left panel of Figure 4 shows the result of migration with the correct
velocity, in the middle panel the result of migration with an incorrect velocity, and in the right
panel, the result of residual migration with the correct velocity ratio. Again, we can conclude
that prestack Stolt residual migration is able to recover the correct image, even when the
velocity map is not constant. We can, therefore, apply the procedure to a much more complex
seismic image obtained from data recorded over a North Sea salt dome.

150

Sava

SEP–103

Figure 3: A simple synthetic model made of dipping reflectors. The left panel represents
migration with the correct velocity. The middle panel represents migration with an incorrect velocity, and the right panel represents the result of residual migration applied to the
image in the middle panel. The reflectors are restored very close to their correct position.
paul1-dipsynt.cig [CR]

Figure 4: A complex synthetic model around a salt body. The left panel represents migration
with the correct velocity. The middle panel represents migration with an incorrect velocity, and
the right panel represents the result of residual migration applied to the image in the middle
panel. The reflectors are restored to their correct position. paul1-saltsynt.cig [CR]
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A NORTH SEA EXAMPLE
The North Sea dataset used in this paper has been previously discussed by Vaillant and Sava
(1999). Figure 5 shows a 2-D slice out of the image-cube obtained by common-azimuth
migration (Biondi and Palacharla, 1996). Without going into many details, we can observe
that many of the important features of the image have been well resolved, especially away
from the salt. However, there still are some regions in the image insufficiently clarified, as
labeled in Figure 5:
1. (A) Where is the salt overhang flank?
2. (B) How do the sediments terminate against the salt?
3. (C)(D) What is this?

Figure 5: Seismic image for the North Sea data. Major questions still unanswered are A
Where is the salt overhang flank? B How do the sediments terminate against the salt? C D
What is this? paul1-saltreal.problem [CR]
Essentially, an important area of the image, close to the overhang, remains under severe
blur caused by the salt body. This area, encircled with question marks in Figure 6, is the focus
for the residual migration processing. Two hypotheses can be made about the cause of the
blur:
• it is caused by inaccuracies of the imaging algorithm, a hypothesis that is analyzed
elsewhere (Vaillant and Calandra, 2000);
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Figure 6: Zoom over the area
of major blur. The goal of the
residual migration is to shed as
much light as possible over the region encircled with question marks.
paul1-saltreal.zoom [CR]

• the velocity map around the salt body is not correct, a hypothesis which is the focus of
this paper.
Since in this case we are analyzing a real dataset, we do not know what the correct velocity
ratio (γ = vv0 ) is to which we would like to residually migrate. Most likely, in fact, there is no
one velocity ratio that would solve the problem over the entire seismic image. What we need
to do then is run residual migration for a range of velocity ratios and analyze what changes
have occurred. In the end, we should either select one image which answers our questions, or
interpolate an optimal image.
Figure 7 shows how the target image is changed when the parameter γ varies from 0.90 to
1.00. A value of γ < 1.0 indicates that we residually migrate the image with a higher velocity
than the original. It is apparent that the overhang salt flank is significantly better imaged at
higher velocities compared to the reference image. Also, many of the layers in the image
continue under the salt, and therefore become much easier to interpret.
Figure 8 represents a face-to-face comparison of the original image (left panel) and a
cleaner image obtained with residual migration (right panel), which enables us to answer some
of the questions posed at the beginning of the discussion:
1. The salt flank (F) is more continuous and extends significantly more towards the surface. It is also more energetic, and positioned lower in the image. Since this reflector
is imaged mostly with the salt velocity, we can conclude that the salt velocity is not
high enough in the original model and therefore needs to be increased to achieve better
imaging.
2. The reflector (R), previously imaged inside the salt, appears much fainter, perhaps simply indicating that this event is merely an artifact or a salt internal multiple.
3. The sediments below the salt S are significantly cleaner. What is practically not interpretable in the original image becomes much cleaner and makes a lot more geological
sense. We can, in fact, trace how the sediments bend against the salt body.
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Figure 7: Residual migration results. Each panel represent the image corresponding to different values of the parameter γ , ranging from 0.92 to 1.00. The salt flank is significantly better
imaged at lower values of γ , that is, at velocity values higher than those of the original model.
paul1-saltreal.storm [CR]
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Figure 8: A face-to-face comparison of the original seismic image (left) and an image obtained
by residual migration with the ratio γ = 0.94 (right). paul1-saltreal.face2face [CR]
The downside of selecting only an image corresponding to a constant parameter γ over the
entire map is that the image degrades in the regions that do not require an increase in velocity,
or that may only require a smaller increase. A good example is the upper part of the salt,
which appears slightly over-migrated and defocused in the residual migration panel (Figure 8,
left) with respect to the original image (Figure 8, right).
A reasonable solution to this problem is to pick different ratios at every location in the
images in Figure 7. The interpolation aim is to preserve the original image in the regions where
it is correct and to bring into the picture the regions that show improvement after residual
migration. Figure 9 shows the result of optimal picking:
• The top part of the salt, between the horizontal locations 2500 and 3500 m, where the
remaining diffraction in the original image is much better collapsed at a higher velocity
(γ = 0.97).
• The overhang salt flank and the sediments underneath are much cleaner after residual
migration than in the original. This situation also corresponds to a higher velocity (γ =
0.94).

CONCLUSIONS
This paper shows that prestack Stolt residual migration, in spite of its constant velocity origin,
can be successfully applied to depth images obtained with an arbitrary velocity. Several examples, both on synthetic and on real data, prove the effectiveness of the method. The key to
improving the seismic images lies in correctly picking the variable surface of the parameter γ ,
rather than in selecting only one image at a particular value.
The method also shows that the blurred regions of the seismic image of the North Sea
dataset are not so much an imaging problem as a velocity problem: a better velocity map
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Figure 9: Comparison between the images before and after residual migration. The top panel is
the image obtained with common-azimuth migration on the original velocity model. It shows
incomplete focusing in the upper part of the salt and blurred salt overhang. The bottom panel
is the image after residual migration, and shows a collapsed diffraction at the top of the salt,
and much better imaged salt overhang and under-salt sediments. paul1-saltreal.comparison
[CR]
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could enable a good algorithm to image the overhang of the salt, at least partially. Prestack
Stolt residual migration is able to improve the migrated image, at a fraction of the cost of the
original migration.
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Accuracy of common-azimuth migration approximations
Louis Vaillant and Biondo Biondi1

ABSTRACT
Common-azimuth migration (CAM) is an attractive solution for 3-D prestack imaging.
It reduces the full 5-D phase-shift operator to 4-D through the stationary-phase approximation, lowering the computational cost. However, this assumption yields constraints in
the downward-continuation process that can limit accuracy. Those errors are estimated
in this paper by comparison to other wave-equation methods and to analytical solutions.
Common-azimuth migration appears robust, but leaves opportunities for formulating an
extended migration algorithm, which overcomes some of its inherent limits.

INTRODUCTION

Wave-equation migration techniques offer an attractive alternative to widespread Kirchhoff
methods for 3-D prestack depth migration, with modern powerful computing resources. Several authors have recently illustrated these techniques’ potential for handling multi-pathing
problems and complex velocity media (???). This study focuses on the particular case of the
common-azimuth migration (CAM) method and discusses the accuracy of its approximations.
Common-azimuth migration is a 3-D prestack depth migration technique based on the
wave equation (?). It exploits the intrinsic narrow-azimuth nature of marine data to reduce
its dimensionality. Migration is performed iteratively through common-azimuth downwardcontinuation
of
the
wavefield.
This
common-azimuth
downwardcontinuation operator is derived from the stationary-phase approximation of the full 3-D
prestack downward continuation operator. Thus, the CAM approach manages to cut the computational cost of 3-D imaging significantly enough to compete with Kirchhoff methods.
Even though CAM is designed for 3-D migration in complex media, we used here only
synthetic data and 1-D velocity models. Our purpose was to identify better its behavior on
simple examples. In this paper, we first discuss wave propagation in constant gradient velocity
media and then analyze migration results of synthetic data.
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RAYS IN CONSTANT GRADIENT VELOCITY MEDIA
Analytical ray tracing
Theory shows that even in a simple 1-D v(z) medium, CAM is not perfectly accurate: the
stationary-phase approximation used in the derivation of CAM (?) imposes the relation among
ray parameters indicated below that constrains rays to keep the same azimuth at each depth
step (Figure 1):
psy
pr y
=
,
(1)
psz
pr z
where the subscripts s and r refer to the rays coming from the source and the receiver, respectively.

S
R

Figure 1: Ray geometry imposed by
common-azimuth constraints: both
receiver and source rays keep the
same azimuth at each depth step.
louis1-ray-comaz [NR]

dz

We choose to test the behavior of rays and the accuracy of CAM approximations in a
synthetic medium where the velocity varies linearly. In such a medium, ray trajectories can be
computed analytically, as well as all ray parameters. Figure 2 illustrates the geometry of the
problem. With those notations, ray curvature can be expressed as (?):
||∇v||
sin θ
(2)
v
In constant gradient velocity media where v(z) = v0 + γ z, the ray curvature is thus constant,
i.e., rays are portions of circles included in a vertical plane. The radius of those circles is
κ=

R=

1
v(z)
v0
=
=
κ
γ sin θ(z) γ sin θs

(3)

θ(z)
The ratio sinv(z)
is also the horizontal component pρ of the slowness vector along the ray,
which therefore is also a constant:
1
1
= cst
(4)
R= =
κ
γ pρ

After some calculation (see Appendix), the equation of the circle of radius R passing
through point source S(ρs , z s ) with initial incident angle θs is, in the plane (S, ρ, z):

 



cos θs 2
v(z s ) 2
1 2
+ z − zs +
=
(5)
ρ − ρs −
γ pρ
γ
γ pρ
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Figure 2: Ray geometry in a constant gradient velocity medium. louis1-ray-vgrad [NR]

For any given triplet of points (S,P,R), respectively source, image point and receiver locations, there exist only two circles satisfying equation (5) that form the complete ray path.
Figures 3 to 5 illustrate such ray paths. We can verify that the projections of the source ray
and the receiver ray on the cross-line plane do not coincide in general and therefore break the
assumption of azimuth conservation in CAM downward-continuation imposed by relation (1).

Figure 3: Example of 3-D analytical
ray tracing, with the three projections
of both rays on vertical and horizontal
planes. Source and receiver location
are indicated with solid stars. The reflection point and its three projections
are represented by a circle. Offset is
3000m (in-line). Velocity is v(z) =
1500 + 0.5z m/s. louis1-ray_exmpl1
[ER]

0
−200
−400
−600
−800
−1000
−1200
−1400
1000
800

3500
3000

600

2500
2000

400

1500
1000

200
0

500
0

However, with too strong a velocity gradient, rays quickly start to overturn (Figure 4). The
corresponding reflection cannot be imaged with one-way wave propagation methods, such as
CAM and the other wave-equation migration methods we discuss in this paper.
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0

Figure 4: Same geometry as before.
The only difference is in
the velocity: v(z) = 1500 + z m/s.
The source ray has overturned because of the stronger velocity gradient. louis1-ray_exmpl2 [ER]

−500

−1000

−1500
1000
800

3500
3000

600

2500
2000

400

1500
1000

200
0

500
0

0

Figure 5: Velocity law is v(z) =
1500 + 0.5z m/s. The reflection point
is at an equal distance from source
and receiver: the problem is symmetrical and azimuth is conserved at each
depth step. louis1-ray_exmpl3 [ER]
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CAM stationary path
In the cartesian coordinate system, the components of the source and receiver slowness vectors
along a ray are
sin θs cos φs
sin θr cos φr
psx =
pr x =
(6)
v(z)
v(z)
sin θs sin φs
sin θr sin φr
pr y =
(7)
psy =
v(z)
v(z)
cos θs
cos θr
psz =
pr z =
(8)
v(z)
v(z)
In this context, we can reformulate the expression for the stationary path in CAM theory
(?), which gives the cross-line offset ray parameter as a function of velocity and ray parameters:
p
p
2
1 − v(z)2 pr2x − 1 − v(z)2 psx
p
k̂hy = kmy p
(9)
2
1 − v(z)2 pr2x + 1 − v(z)2 psx
Moreover, since wave propagation can be handled completely analytically in constant gradient velocity, we can calculate the theoretically “exact” cross-line offset wavenumber and
compare it to the values given by the stationary-phase approximation (Equation (9)), as shown
in Figure 6. Here, in the case of a reflection on a plane dipping at 60◦ and oriented at 45◦ with
respect to the in-line direction, the stationary path given by Equation (9) is a seriously biased
approximation.
Common−azimuth Phy
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−400
depth

Figure 6: Comparison of the exact
cross-line offset ray parameter phy
(thick solid line) and of the approximated phy (dashed curve) calculated
with CAM stationary-phase approximation, in the case of a reflector dipping at about 60◦ and oriented at 45◦
with respect to the in-line direction.
louis1-phy_cam [ER]
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MIGRATION OF SYNTHETIC DATA
In order to test further the accuracy of CAM in constant gradient velocity media, we generated
synthetic datasets and migrated them with the following wave-equation algorithms: Offset
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plane-wave migration (?), CAM and full Phase-Shift (5-D operator).
Data modeling
Data were generated using SEPlib Kirmod3d program. The reflectivity map simply consists of
a set of gradually dipping planes, from zero dip to 60◦ . The azimuth of the planes is 45◦ with
respect to the direction of the acquisition, which maximizes problems in imaging.
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Figure 7: Geometry of the set of
slanted planes, dipping at 0◦ , 15◦ ,
30◦ , 45◦ and 60◦ towards increasing
x and y, at 45◦ with respect to the inline direction. louis1-planes [ER]
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Data generated are on a regular grid and are common-azimuth, that is, with no cross-line
offset component. The geometry of the grid is illustrated in Figure 8, with 64 samples in
cmp-x and cmp-y, 128 in offset.
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Figure 8: Geometry of the gridded synthetic data. The left represents a midpoint plane
from the whole cube; the right is an offset plane. The common-azimuth cube has no crossline offset, but can be zero-padded (light gray) in order to apply a 5-D phase-shift operator.
louis1-dim-grid [NR]
We used a very fine time sampling (1 ms) in order to minimize interpolation errors during
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modeling with Kirmod3d and sub-sampled data to 2ms afterwards. We generated Green functions with velocity law v(z) = 1500 + 0.5z, which roughly corresponds to typical gradients
found in the Gulf of Mexico.
Examples with several wave-equation migration algorithms
Biondi and Vaillant (?) discuss the relative accuracy of offset plane-wave migration and CAM
for wave-equation imaging. Both are derived from full downward continuation of 3-D prestack
data with the Double Square Root (DSR) phase-shift operator:
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where ω is the temporal frequency, km is the midpoint wavenumber vector, kh is the offset
wavenumber vector, v(g, z) and v(g, z) are the velocity at the source and receiver locations,
respectively.
Offset plane wave (OPW) migration (?) performs migration of each offset plane wave
component of the data independently. It can be interpreted as a reversed-order two-pass
prestack migration, where an initial cross-line zero-offset migration is followed by an in-line
prestack migration. Another interpretation in that the cross-line offset wavenumber khy in
equation (10) is set to zero for downward continuation:
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Instead, for CAM, the cross-line offset wavenumber khy is replaced in equation (10) by its
stationary path k̂hy given in equation (9):
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Both migrations reduce the full 5-D phase-shift operator to a 4-D operator. In fact, when
no multipathing occurs, only a 4-D slice of the 5-D wavefield contributes to the image.
Figures 9 and 10 show migration results. The final image cube has 4 dimensions, the last
being the common-image gather (CIG) ray parameter axis, generated by slant stack (?). The
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Figure 9: 3-D cube extracted from the 4-D image cube migrated with CAM, at location cmpy=500m. Central panel (cmp-x / depth) shows all 5 dipping planes. Ray parameter domain
CIGs show flat gathers except for the reflector dipping at 60◦ . louis1-CA-mig-sect1 [CR]

Figure 10: 3-D cube extracted from the 4-D image cube migrated with Offset-plane waves
migration, at location cmp-y=500m. Ray parameter domain CIGs show perturbed gathers for
reflectors dipping at 45◦ and 60◦ . louis1-OPW-mig-sect1 [CR]
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CIGs are flat for the first reflectors (dips 0 − 30◦ ) in both images. For OPW migration, non-flat
gathers start at dip 45◦ , whereas only a dip of 60◦ causes trouble to CAM.
In order to have a reference for comparison, we migrated the 4-D common-azimuth data
with 5-D phase-shift migration, after zero-padding along a fictitious cross-line offset axis (Figure 8). Figure 11 shows flat gathers even for the most strongly dipping reflectors.
For using the full 5-D phase-shift operator, we added a fictitious cross-line offset axis by
zero-padding common-azimuth data. The “arbitrary” parameters n hy and dhy are chosen in
order to avoid wraparound problems in Fourier Transforms (n hy large enough) and to have the
exact value of khy included in our khy range. In practice, we used n hy = 24 and dhy = 50m.

Figure 11: 3-D cube extracted from the 4-D image cube migrated with a 5-D phase-shift
operator, at location cmp-y=500m. Ray parameter domain CIGs show completely flat gathers
even at steep dips, as expected. louis1-PS-mig-sect1 [CR]

The road to Narrow-Azimuth Migration (NAM)
Vaillant and Biondi (1999) reviewed common-azimuth migration theory and examined how
to extend the method to a “narrow” range of azimuths. The previous discussion illustrates
opportunities for obtaining the accuracy of the full 5-D phase-shift operator at a lower cost.
Effectively, most of the contributions to the final image are concentrated in a cross-line offset
wavenumber khy centered around CAM stationary path k̂hy . Summing all contributions coherently in such a narrow range (see Figure 12) can reduce the cost of applying the full 5-D
phase-shift operator by a factor of about 5, with potentially the same accuracy at all dips.
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Figure 12: Same reflector as in Figure 6. The dashed curve represents the stationary path k̂hy , with the
estimated range needed for narrowazimuth migration on the sides (dotted curves). The solid grey line is the
exact value of khy . Black solid lines
represent the minimum range needed
for the full 5-D phase-shift operator.
louis1-phy_nam [ER]
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CONCLUSIONS AND UPCOMING WORK
The stationary-phase approximation used to derive the CAM algorithm yields constraints in
the downward-continuation process that limit accuracy in imaging, even in 1-D v(z) media.
However, those errors only become apparent for really steep reflectors (about 60◦ ) with an
important cross-line component. CAM is also a more reliable approximation of the 5-D
phase-shift operator than the offset plane-wave algorithm. An even more robust approximation of the 5-D operator can be the narrow-azimuth migration algorithm, presently in progress.
Eventually, 1-D media only allow us to estimate errors due to varying azimuth in downwardcontinuation. We will address issues related to multipathing and lateral velocity variations
using the SEG/EAGE salt dome dataset.
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APPENDIX
Here we derive the equation of circular rays in constant gradient velocity media. Along a
circular ray, the curvilinear abscissa s is, with the previous notations:
ds = Rdθ

(A-1)
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The equations for the ray trajectory passing through points S(ρs , z s , θs ) and P(ρ, z, θ ) are
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By writing the identity

2 
2
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at every point along the ray, we obtain the equation of the desired circle:
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Sub-salt imaging of a 2-D elastic synthetic model, using prestack,
split-step, wave equation migration
Douglas Gratwick1

ABSTRACT
This paper explores methods to image complex structures under a salt body, using a 2-D
elastic synthetic model. The modeling algorithm handles complex features such as energy
from multiple reflections and mode conversion. I show that a complex wave equation
depth migration algorithm is needed to position the salt boundaries and reflectors from
sediments below the salt properly. Also, using simple ray-tracing diagrams, I show that
energy from converted waves is useful in imaging steeply dipping reflectors below the
salt. Though these techniques improve overall image quality, parts of the image under the
salt are still left unresolved, and I outline possible techniques for imaging these reflectors.

INTRODUCTION
The use of synthetic models is invaluable in our attempt to better process reflection seismic
data (Audebert et al., 1994). The obvious benefit of these models is, of course, that they immediately provide the answer to the underlying question: What is under the surface where the
survey is being done? Since the answer is known, individual problems can be isolated. Thus,
if the project focus is on testing prestack migration and a synthetic model is used, the known
velocity function is exactly correct. On the other hand, if the prestack migration algorithm
works, then velocity functions can be modified to find how bad the input velocity function can
be before the image is severely distorted (Etgen, 1990; van Trier, 1990; Biondi, 1990).
In this paper, only the prestack migration algorithm will be analyzed. Specifically, problems encountered with the imaging, and some techniques for solving those problems, will be
covered. The model used for this project is complex, and thus provides for many interesting
imaging problems. It will be shown that for such a complex setting, simple zero-offset migration techniques are not effective, and that more complex migration techniques which account
for lateral velocity variations and depth conversion are necessary for a good image. In addition, the paper will demonstrate that even this sophisticated migration algorithm cannot take
care of all imaging problems, and that other techniques need to be used in conjunction with the
prestack migration algorithm. Specifically, a technique of changing the input velocity function will be implemented. By changing the input velocity of the salt from P-wave to S-wave,
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reflections from this wavefield are stacked in the image.

2-D SYNTHETIC MODEL
The data used in this project was provided by BP-Amoco, and is a 2-D, fully elastic synthetic
model which has a number of complex features that can inhibit good imaging when using
conventional methodology. In Figure 1, the P-wave velocity function is shown. The most
dominant feature is the large salt body, which stretches for almost 50,000 feet, starting at
15,000 feet. It thickens to a maximum depth of over 3,000 feet. The salt is faulted on the
base, and underlying the salt are a series of faulted blocks. Two layers can be seen in the fault
blocks, with the layers being anomalously low velocity layers to the right, and slightly high
velocity layers to the left. The high velocity layers become more contrasted towards the left of
the model. The low velocity layers remain highly contrasted to the right edge of the model.

Figure 1: P-Wave Velocity Model doug1-v_p [ER]

Also shown is a synclinal structure (represents a paleochannel) below the two layers mentioned above, as well as a flat lens of sediment which starts on the left edge and stops abruptly
underneath the salt. Both the syncline and lens are relatively low velocity layers. The S-wave
velocity model seen in Figure 2 shows the same features, except that all the layers are consistently high velocity layers, and the layers in the faulted blocks remain at a constant velocity
instead of abruptly changing as in the P-wave model.
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Figure 2: S-Wave Velocity Model doug1-v_s [ER]

Figure 3: P-Wave Impedance Model doug1-ip_bar [ER]
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Figure 4: S-Wave Impedance Model doug1-is_bar [ER]

Impedances for the two models are shown in Figures 3 and 4. In the P-wave impedance
model, large contrasts are seen for all of the features noted above, with the exception of the
two slightly higher velocity layers seen at the left of the model, which end under the salt. In
the S-wave impedance model, the impedance contrast remains constant for the two layers. A
formula for reflectivity that is based on impedances is
R =

Z2 − Z1
Z1 + Z2

(1)

where R is the reflectivity, and Z 1 and Z 2 are the impedances of the two layers.
From the formula, we can see that the magnitude of the reflection is independent of the
position of the layers relative to each other. Rather, it is the sign which changes. So for high
impedance over low, the reflection is in the same phase, while for low impedance over high,
there is a 1800 phase shift (Scheriff and Geldart, 1995). For the purposes of imaging, the
strength of the reflection becomes important, simply because stronger reflection coefficients
mean that the layers will have higher amplitudes in the image. Referring back to Figures 3 and
4, we can see that P-wave energy should be strong from the top and bottom of the salt, as well
as from all the other layers, with the exception of the two high velocity layers. However, these
layers show a higher S-wave impedance contrast, and thus S-wave energy should be reflected
relatively well.
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MIGRATION ALGORITHM
The migration algorithm used for this project uses a variation of the split-step Fourier domain
migration method, developed by Stoffa (Stoffa et al., 1990). Simple Fourier domain migration
based on the single square root operator (SSR) is also known as phase-shift migration (Gazdag,
1978). In phase-shift migration, a wavefield at the surface is downward-continued, assuming
the wavefield is generated by the subsurface reflectors exploding (Claerbout and Black, 1997).
The single square root operator marches the wavefield down, by shifting in the ω − k x domain:
r

eikz 1z = e

−i 2ω
1−
v

v 2 k x2
1z
4ω2

(2)

The imaging principal sums over all ω, giving the wavefield at t=0, which is the migrated
image (Yilmaz, 1987). The split-step methods developed by Stoffa use an approximation of
the SSR, where v is replaced by an average velocity of a given depth step, vr e f . A new term is
added to correct for the difference of the average velocity and the actual medium velocity vm .
The equation looks like this variation of equation (2) (k z is shown):
s
2ω
4ω2
2ω
kz =
− k x2 + (
−
)
(3)
2
vm vr e f
vr e f
In equation (3), the first term is calculated in the ω − k x domain, the second in the ω − x
domain. So at every depth step, a 2-D FFT transforms the wavefield into ω − k x space. The
wavefield is downward-propagated using the phase-shift operator and v=vr e f . A 1-D IFFT
transforms into ω − x space, where the correction term is applied. Once again, summing over
all frequency gives the image. This method is exact if vr e f = vm , or if layers are flat. If lateral
velocity variations are significant or units are dipping steeply, a better approximation of the
SSR equation is needed. To handle these conditions, we use the double square root equation
(DSR). The DSR equation is a higher order approximation of the SSR equation. The DSR
equation as displayed in IEI (Claerbout, 1984) is
p
iω p
dU
= − [ 1 − (Y + H ) + 1 − (Y − H )]U
dz
v

(4)

where,
Y=

v2 K y 2
4ω2

(5)

H=

v2 K h 2
4ω2

(6)

and

The DSR equation inherently includes both migration and NMO. Therefore, with input
CMPs and a velocity function, a good image is created. The actual migration program used in
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this project is one developed by Biondo Biondi that uses a variation of the split-step method
with the DSR equation (Biondi, 1998). The DSR equation can better handle lateral velocity
variations as well as steeper dips (as compared to the SSR equation). The use of the split-step
method with the DSR makes the algorithm more effective. In this way, multiple reference velocities can be used, and sharp lateral velocity variations, such as salt in contact with sediment,
can be handled. For this project, three reference velocities were used. Biondi’s program also
has an input salt velocity, so that the reference velocities in the sediment will not be anomalously high if the salt is at the same depth step. So for each depth step, three wavefields were
generated, then an interpolation in the space domain was used as needed.

ZERO-OFFSET MIGRATION
The main problem with the complex Fourier migration algorithm described above is that it
is computationally expensive. However, by looking at the zero-offset section in Figure 5, we
see that simple poststack migration will not be satisfactory. Since the salt body is present, a
depth migration will help to restore the salt to its correct thickness. Also, with a more complex
velocity function, there is a better chance of stacking out a majority of the multiple energy,
which is very dominant in the CMP stack. In poststack migration, the object is to collapse
diffractions, steepen dips, and uncross bow ties.
Using a poststack phase-shift operator, we can put the dips of the synclinal structure into
the correct position, and the bow ties can be uncrossed. However, that is only a very small
part of the image. Moreover, the times of those events are unlikely to be correct, especially
under the salt. After migration it is still impossible to see under the salt, where the fault blocks
are. Therefore, a complex prestack algorithm, though computationally expensive, becomes
necessary in this type of complex geologic setting.

PRESTACK MIGRATION WITH P-WAVE VELOCITY MODEL
Initially, the most logical velocity function to input for prestack migration is that of the P-wave
model. The energy which ends up in the gathers is usually dominated by P-waves, mainly
because in this case, the source is P-wave and the receivers are in the water. So in order to
get S-waves, mode conversions must occur. In fact a number of conversions must occur to get
P-Waves which convert to S and then convert back to P. Conversion at interfaces reduces the
energy, so after a number of conversions, not much energy is left (Scheriff and Geldart, 1995).
The section produced from the input CMPs and the P-wave velocity function is seen in
Figure 6. This is an obvious improvement over the stacked section in Figure 5. The salt
boundary has been imaged very well, including the faults at the base of the salt. Under the salt,
the fault blocks to the right are imaged very well, with the two layers seen in the impedance
plots very apparent in the image. However, as expected, the blocks and layers to the left are not
very well imaged, because the impedance contrasts are such that not much energy is reflected.
We can also see that the part of the synclinal structure under the salt is not visible. The
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Figure 5: Zero-Offset Section doug1-stack [CR]
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Figure 6: Prestack Migrated Section Using P-Wave Velocity Function doug1-prestack.p [CR]
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dips and positions of the right flank seem good, but under the salt, the image is lost. This is
likely due to a problem with the raypaths being distorted as the wavefield is going through the
salt. This causes less energy to get to the receivers, and thus that part of the image does not
show up (Muerdter et al., 1996). The same scattering effects are seen in the lens, which has a
shadow zone under the salt boundary where the wavefield energy does not reach the receivers.
Another feature is the trace of the salt bottom which appears just a little bit down from the
bottom of the salt. This is actually the S-wave energy from the travel of converted waves in
the salt which stacks at that velocity. With the exception of these shadow zone problems, and
some of the S-wave energy, the image is very good when compared to the actual model.

Figure 7: Wavefield Trace Of P-Wave Model With S-Wave Salt Velocity doug1-vwp.saltlow
[ER]

PRESTACK MIGRATION WITH MODE-CONVERTED VELOCITY MODEL
Note that the scattering effects of the salt cause much of the P-wave energy to be lost when we
are dealing with structures under the edge of the salt body. Moreover, when we consider the
steep dip of the synclinal structure, it is no surprise that very little P-wave energy gets to the
surface from these areas. The next step is then to change the velocity model to stack different
arrivals that have a better chance to make it to the surface (Kessinger, 1996). These arrivals are
the ones that are from the wavefield that converts to S-wave through the salt. The interface of
the sediment and salt is such that much of converted energy can be produced from an incident
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P-wave. Figure 7 shows a ray trace of a wavefield generated on the left flank of the synclinal
structure. Note that the wavefield does not scatter through the salt body, which has the S-wave
salt velocity, while the sediment has the P-wave velocity.
In the migration that used this new velocity model, we can see that enough of this converted wave energy gets to the receivers that the left flank of the synclinal structure is imaged.
Although its amplitude is not very strong, it is enough that an interpreter would recognize the
feature. Note also that the trace below the salt bottom that was seen in the previous migrated
image has moved to its correct subsurface position (Figure 8). Still not imaged well, however, are the leftmost fault blocks under the salt body, as well as the shadow zone of the lens
described in the previous section.

CONCLUSIONS/FUTURE CONSIDERATIONS
It is clear that the migration algorithm described and implemented in this paper does a good
job of imaging in the presence of complex geology. The result from the prestack migration
vs. the poststack migration shows that in this case, the use of the prestack migration algorithm
was not only beneficial, it was necessary. However, the limitations of the use of this procedure
by itself are shown in its failure to image certain parts of the model. Though simple tweaking
of the velocity model can prove to help image different parts, others were not visible. The
faulted blocks with the relatively high S-wave impedance contrasts are symbolic of a real
life possibility where the layers are brine-bearing sediments. In this case, these layers are
important things to image, so that they are avoided while drilling. To image these parts,we
would need some special processing to take place. One method that could be used is multiple
attenuation. If the multiples from the water bottom and salt were adequately attenuated, the
gain could be turned up and the low amplitude signals might be more easily seen. Another
method is to mute the energy in the data so that only the target reflections (deeper units of
interest) would be imaged.
Currently, we are considering the latter, and there is initial evidence that the S-wave energy
from the left fault block layers is enough that it can be identified and separated from the rest
of the energy on the CMP gathers. If this can be done for all the CMPs which correspond to
that part of the image, there is a good possibility that we could image these blocks.
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Figure 8: Prestack Migrated Section Using P-Wave Velocity Model with Lowered Salt Velocity doug1-prestack.p.saltlow [CR]
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Prestack multiple attenuation using the hyperbolic Radon
transform
A comparison of inversion schemes

Antoine Guitton1

ABSTRACT
I apply the iterative hyperbolic Radon transform to CMP gathers to create a velocity panel
where multiples and primaries are separable. The velocity panel is created using three
different inversion schemes: (1) l 2 norm inversion, (2) l 1 norm inversion and (3) l 1 norm
with l 1 regularization inversion. The third technique is particularly efficient at separating
primaries and multiples in the prestack domain. A comparison of the three techniques
shows that some noticeable differences appear in the prestack domain after multiple attenuation and that no discrepancies emerge on the stacked sections. These conclusions
are linked to convergence properties of each method, and also linked to the “quality” of
the data.

INTRODUCTION
The last decade has seen an exponential growth in the use of 3-D seismic imaging. Contemporaneous with this development, imaging techniques have become more complex in the effort
to account for multi-pathing in complex media and to produce “true amplitude” migrated pictures of the subsurface. Since multiples are not accounted for in the physical model that leads
to these migration methods, they can severely affect the final migration result producing erroneous interfaces or amplitude artifacts; consequently, the multiples have to be removed from
the data. As pointed out by Weglein (1999), the multiple attenuation techniques may be divided into two families: (1) filtering methods which exploit the periodicity and the separability
(move-out discrepancies) of the multiples and (2) the wavefield prediction/subtraction methods, where the multiples are first predicted (Verschhur et al., 1992; Weglein et al., 1997) and
then subtracted (Spitz, 1999; Doicin and Spitz, 1991; Dragoset and MacKay, 1993; Clapp and
Brown, 1999; Brown et al., 1999).
As oil companies lead exploration towards more complex geological structures (e.g., salt
plays) and use 3-D surveys intensively, the attenuation of the multiples becomes more challenging. Spitz (2000, Personal communication) recently asserted that multiples are the number one problem in seismic processing. Traditionally, filtering techniques are the method of
choice for multiple processing because of their robustness and cost. However, they have some
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limitations when tackling multiples in complex media (predictive deconvolution) and in the
preservation of primaries’amplitude ( f -k filters). Wavefield methods overcome these limitations, therefore they are becoming more popular in the seismic industry. Nonetheless, they are
often arduous to tune, generally slow, and very difficult to extend in 3-D for coverage reasons.
My approach
This paper will describe my production of a velocity domain where multiples and primaries
are easily identifiable and separable by the use of the Hyperbolic Radon Transform (HRT)
and inverse theory. The Huber function (Huber, 1973), or Huber norm, allows us to solve
hybrid l 1 -l 2 inverse problems in an efficient fashion. I compare three different methods to
obtain the velocity panel: (1) least-squares inversion, (2) l 1 inversion, and (3) l 1 inversion
with l 1 regularization. These velocity panels are then used to perform the multiple suppression
(Lumley et al., 1995).
In this paper I will first review the theory of the velocity transform operator. Next, I
introduce the Huber norm and the inverse problem I intend to solve to produce the velocity
field. Finally, I apply a multiple attenuation technique for different inverse problems to a
complete 2-D data set (Mobil AVO data). I will show that the multiple reflections are favorably
attenuated with no noticeable differences between the different inverse problems.

THEORY
Definitions of operators
The HRT maps the data (t, x) into a velocity space (τ ,v) that clearly exhibits the moveout
inherent in the data and, therefore, forms a convenient basis for velocity analysis. Thorson
and Claerbout (1985) were the first to define the forward and adjoint operators of the HRT,
formulating it as an inverse problem, where the velocity domain is the unknown space. In their
approach, the forward operator H stretches the model space (velocity domain) into the data
space (CMP gathers) using a hyperbola superposition principle, whereas the adjoint operator
H† , the HRT, squeezes the data summing over hyperbolas (related to the velocity stack as
defined by Taner and Koehler (1969)). The forward operation is
d(t, x) =

sX
max

wo m(τ =

p

wo d(t =

p

t 2 − s 2 x 2 , s),

(1)

τ 2 + s 2 x 2 , x),

(2)

s=smin

and the adjoint transformation becomes
m(τ , s) =

xX
max
x=xmin

where x is the offset, s the slowness, τ the two-times zero offset travel time, and wo a weighting function that compensates to some extent for geometrical spreading and other effects
(Claerbout and Black, 1997).
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The inverse problem
Having defined the forward operator H and its adjoint H† , we can now pose the inverse problem. Inverse theory helps us to find a velocity panel which synthesizes a given CMP gather
via the operator H. In equations, given data d (CMP gather), we want to solve for the model
m (velocity panel)
Hm = d,
which is equivalent to the linear system
H† Hm = H† d.
This system is easy to solve if H† H = I, i.e., if H is unitary. Unfortunately, H is far from an
unitary operator. Sacchi and Ulrych (1995) give a couple of reasons for this behavior (see also
Kabir and Marfurt (1999) for a more graphical interpretation of the artifacts):
1. The velocity (slowness) range is not wide enough.
2. The sampling in the velocity domain is too coarse.
Inverse problems are often used to handle the non-unitarity of operators. A prior advisable
step in the design of an inverse problem is to attribute some properties to the model in terms of
moments of corresponding distributions. A reasonable property of the model space would be
sparseness, meaning that we want to cluster the components of the solution into a few large
peaks (Thorson and Claerbout, 1985). The sparseness would help to distinguish primaries and
multiples in the velocity space. Finally, we would like to design a solver that bears robustness
to bad (inconsistent) data points. These bad data points leave large values in the residual and
attract most of the solver’s efforts (Fomel and Claerbout, 1995). Unfortunately, seismic data
are generally very noisy, and the need for robust estimators is very pressing.

How to obtain a sparse model?
Some authors have proposed different solutions to address the sparseness of the model space.
Thorson and Claerbout (1985) developed a stochastic inversion scheme that converges to a
solution with minimum entropy. Sacchi and Ulrych (1995) apply a very similar method with
more degrees of freedom to the choice of parameters. Nichols (1994) uses a regularization
term with the l 1 norm. All these methods assign long-tailed density functions to the model
parameters. Figure 1 shows an exponential (related to the l 1 norm) and a Gaussian distribution
(related to the l 2 norm). The Gaussian distribution will tend to smooth the model space,
spreading the energy, whereas the exponential distribution will tend to focus the energy on a
few peaks, neglecting average values, and thus leading to a sparse model.
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Figure 1: Exponential (left) and Gaussian (right) distribution with zero mean. The exponential
distribution has the longer tail. antoine1-distri [CR]

How to design a robust solver
The need for a robust solver may be addressed using the l 1 norm for the data residual (Claerbout and Muir, 1973). Again, robust measures are related to the long-tailed density function in
the same way that the mean square is related to the (short-tailed) Gaussian (Tarantola, 1987).
The l 1 norm is then less sensitive to outliers and will give a more probable fitting of the data.
The requirements in the design of a robust inverse method that gives a sparse model for
the velocity estimation problem leads to the minimization of the objective function
f (m) = |Hm − d|1 + σ |m|1 ,

(3)

where ||1 is the l 1 norm. Since we wish to utilize the l 1 norm, the minimization of f is a
cumbersome problem. The l 1 norm is not differentiable everywhere, which makes its use
rather difficult. The next section presents some alternatives to the l 1 norm using hybrid l 1 -l 2
objective functions. These functions are differentiable and allow the use of iterative methods.

Hybrid l 1 -l 2 function
The hybrid l 1 -l 2 norm has been widely used in geophysics (Bube and Langan, 1997; Nichols,
1994; Fomel and Claerbout, 1995). It is generally solved using iteratively reweighted leastsquares (IRLS) algorithms with an appropriate weighting matrix. These algorithms have
proved efficient but are also acknowledged to be difficult to tune. As an alternative to using
IRLS algorithms to compute the hybrid l 1 -l 2 norm, Claerbout (1996) introduced the Huber
norm (Huber, 1973). This norm is a patching of the l 1 norm for high residuals and of the l 2
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norm for small residuals:
(
M (r ) =

r2
2 ,

|r | −


2,

0 ≤ |r | ≤ 
 < |r |

(4)

PN
where r is the residual. We call i=1
M (ri ) the Huber misfit function, or the Huber function,
for short (Figure 2). Note that the Huber function is smooth near zero residual and weights
small residuals by the mean square. It is reasonable to suppose that the Huber function, while
maintaining robustness against large residuals, is easier to minimize than l 1 . The parameter ,
which controls the limit between l 1 and l 2 , is called the Huber threshold.
M(r)

Figure 2: Error measure proposed by
Huber (1973). The upper part above
 is the l 1 norm, while the lower part
is the l 2 norm. antoine1-huber [NR]
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The implementation of an inverse solver to minimize the Huber function is quite challenging and leads to innovative non-linear algorithms in geophysics (Guitton, 2000b). To
summarize, I developed a quasi-Newton method with a line search. I implemented a More
and Thuente Line Search (More and Thuente, 1994) algorithm, which ensures a sufficient decrease in the objective function f (equation 3) and obeys curvature conditions (the so-called
Wolfe conditions, Kelley (1999)). The update of the Hessian is made using a Limited Memory
BFGS method as proposed by Nocedal (1980) and Liu and Nocedal (1989). This method is
guaranteed to converge to a minimum. This strategy has proved efficient in solving the Huber problem correctly (Guitton and Symes, 1999; Guitton, 2000a) and eliminates the restart
parameter encountered in IRLS algorithms, which makes this Huber solver easier to use.

What will I do?
My goal in this paper is to compare three different inversion schemes for the multiples attenuation problem. They all aim to produce a velocity model where primaries are muted out and
the predicted multiples are subtracted from the original data. I successively solve
1. f (m) = kHm − dk2 ,
2. f (m) = |Hm − d|1 ,
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3. f (m) = |Hm − d|1 + σ |m|1 ,
and compare the results. I call arbitrarily “l 1 norm” any Huber function with a small threshold.
Let us assume now that to the l 1 norm, for the data residual, corresponds a threshold
=

max|d|
.
100

In addition, for the regularization term, let us say that to the l 1 norm corresponds a threshold
=

max|d|
.
10000

 is chosen smaller than before leading to a larger l 1 treatment of the model. I show later on
that the convergence is greatly reduced by the addition of this regularization term.

MARINE DATA RESULTS
This section presents results obtained using the HRT on a the Mobil AVO data set (Lumley
et al., 1995). These prestack data are heavily contaminated by free-surface and water-bottom
multiples and thus constitute a challenging test-bed for true amplitude multiple attenuation
techniques. The strategy for the multiple elimination is as follows:
1. Create a velocity panel with the iterative Hyperbolic Radon Transform using the Huber
solver.
2. Define a corridor between multiples and primaries in the velocity space.
3. Mute out the primaries in the velocity space.
4. Model back the multiples in the data space.
5. Subtract the multiples field from the input data.
6. NMO and Stack.
This method is most suitable for preserving primaries energy. I compare l 2 , l 1 and l 1 with l 1
regularization for the inversion in step 1. I decide to parameterize the problem using velocities
and not slownesses.

Computing aspects
The velocity-stack inversion has been fully automated, implying that a threshold is adaptively
computed for each CMP gather independently. The input data are composed of 801 gathers
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with 60 traces each. In my implementation, I parallelized the computing using OpenMP 2 (this
concerns the operators only). On 10 processors of our SGI Power Challenge machine (notoriously slow), for 30 iterations, it took 30 hours to compute the 801 velocity panels. This
process may be accelerated by faster machines.

Inversion results
Figure 3 shows the result of the inversion for one CMP. Since the Mobil AVO dataset does
not include very complex structures with strong velocity contrasts, this panel illustrates what
happens for all the gathers. The left panel shows the input data. The other panels display
the reconstructed data using the different schemes. Note that the l 2 and l 1 inversions give
similar results and that the l 1 regularization doesn’t converge as well. Figure 4 highlights
this difference between the different problems. The best convergence is achieved using leastsquares and the worst is achieved with the l 1 regularization. In my implementation, however,
the l 1 problem with or without regularization was solved using twice as many iterations as
with l 2 . Figure 5 shows the differences between the input data and the remodeled data. It
appears that the l 1 norm with l 1 regularization encounters some difficulties in fitting the far
offset data. Note that the l 1 norm and the l 2 norm are both comparable. This is expected since
the data are not strongly noisy.
Differences arise in favor of the l 1 regularization when we look at the model space (Figure
6), however. The l 1 and l 2 results are again very similar and the l 1 norm with l 1 regularization
appears spikier. This result is consistent with the theory (see Theory section). The spiky result
is then used to define the limit between primaries and multiples (black line in the right panel
of Figure 6). A mask is defined accordingly and the primaries are muted out in the model
space. The next step consists of remodeling the multiples back in the data space, applying the
hyperbola superposition principle (operator H). Figure 7 shows the predicted multiples. Note
that for the three inversion schemes, some primaries remain. This is particularly annoying to
us in our attempt to produce true amplitude multiple-free gathers. Figure 8 displays the result
of the multiple attenuation process. The three methods display similar results. Nonetheless, at
far offset, the l 1 regularization shows more energetic events. This is consistent with Figure 5
where we showed that the l 1 regularization was unable to fit this part of the data.

NMO-Stacking process
In the last step, the data are NMO corrected and stacked. The stacking velocity comes from
Lumley et al. (1995). Figure 9 shows the stack of the input data without multiple attenuation.
Figures 10, 12, 14 show the stacks of the multiple-free data with the different methods. Figures
11, 13, 15 show the difference between the stacked section of the input data with multiples and
the stacked section of the data without multiples for the three inversion schemes. We see that
the multiple suppression has cleaned up deeper parts of the structure (below 2s.). Furthermore,
2 OpenMP is a specification for a set of compiler directives, library routines, and environment variables
that can be used to specify shared memory parallelism in Fortran and C/C++ programs (www.openmp.org).
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Figure 3: Left: input data. Middle-left: l 2 reconstructed data. Middle-right: l 1 reconstructed
data. Right: l 1 with l 1 regularization reconstructed data. antoine1-comp_dat [CR]
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Figure 4: Comparison of the convergence for different inversion schemes for one CMP gather.
antoine1-residual [CR]
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Figure 5: Left: input data. Middle-left: l 2 residual. Middle-right: l 1 residual. Right: l 1 with
l 1 regularization residual. antoine1-diff [CR]
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Figure 6: Left:l 2 model. Middle: l 1 model. Right: l 1 with l 1 regularization. The line shows
the limit of the muting process that separates “guessed” multiples on the left from “guessed”
primaries on the right for the spiky model. antoine1-comp_scan [CR]
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Figure 7: Predicted multiples. Left: l 2 multiples. Middle: l 1 multiples. Right: l 1 with l 1
regularization multiples. antoine1-comp_mult [CR]
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Figure 8: Gathers after multiple attenuation. Left: input data with multiples. Middle-left: l 2
multiple attenuation. Middle-right: l 1 multiple attenuation. Right: l 1 with l 1 regularization
multiple attenuation. antoine1-comp [CR]
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there are no noticeable differences between the three methods in the stacked sections. In
addition, as is often the case, the stacking is such a powerful multiple-suppression method that
it attenuates multiples sufficiently well: the simple stack of the input data with multiples looks
fairly close to the stacked section without multiples (see Figure 9).
Discussion
The overall results may seem disappointing: the simple stacking of the input data give similar results to the stacking of multiple-free gathers using l 2 , l 1 and l 1 with l 1 regularization.
Nonetheless, data with more complex multiples would certainly lead to different conclusions.
In addition, these data demonstrate that when the gathers are not particularly noisy, which is
the case here, the l 1 norm and the l 2 norm behave similarly. The l 1 norm with l 1 regularization
produces expected sparse velocity panels with very bad convergence properties, meaning that
we need to think about new strategies to improve it. Claerbout (2000, Personal communication) recently suggested that I minimize
f (m) = kR(Hm − d)k
where R is the Prediction Error Filter (PEF) of the residual. The PEF would help to obtain
Independent Identically Distributed (IID) variables in the residual. Another idea is to minimize
f (m) = |F.T2−D (Hm − d)|Huber
where F.T2−D is the 2-D Fourier Transform. The idea behind this last equation is that the far
offset data, which the l 1 norm with l 1 regularization does not fit very well, creates (almost)
mono-frequency patterns in the residual that would map in a very localized area of the Fourier
space with high amplitudes (two points for a perfectly mono-frequency event with one slope).
The Huber norm with an appropriate threshold would treat these focused energies as outliers
and get rid of them.

CONCLUSION
I have shown that the multiple reflections may be attenuated in the prestack domain using
the Hyperbolic Radon Transform. Different inverse problems have been solved to obtain the
velocity panels showing different properties: (1) the l 2 and l 1 norm produce comparable results
in the velocity space and for the reconstructed data, (2) the l 1 norm with l 1 regularization shows
spikier results in the velocity domain but converge much more slowly than the other methods,
and (3) the stacked sections of the multiple-free data are very similar for the different inverse
problems. The good quality of the data explains the small discrepancy between the l 2 and the
l 1 norm; more noisy gathers would lead to different conclusions.
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Figure 9: Stacked section of the input data with multiples. antoine1-stack_IN [CR]

Figure 10: Stacked section after multiple suppression using the l 2 norm. antoine1-stack_L2
[CR]
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Figure 11: Difference between the stacked section with multiples and the stacked section
without multiples using the l 2 norm. antoine1-comp_stack_L2 [CR]

Figure 12: Stacked section after multiple suppression using the l 1 norm. antoine1-stack_L1
[CR]
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Figure 13: Difference between the stacked section with multiples and the stacked section
without multiples using the l 1 norm. antoine1-comp_stack_L1 [CR]

Figure 14: Stacked section after multiple suppression using the l 1 norm with l 1 regularization.
antoine1-stack_L1L1 [CR]
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Figure 15: Difference between the stacked section with multiples and the stacked section
without multiples using the l 1 norm with l 1 regularization. antoine1-comp_stack_L1L1 [CR]
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(t − x) domain, pattern-based multiple separation
Robert G. Clapp and Morgan Brown1

ABSTRACT
Pattern-based signal/noise separation is a common technique to suppress multiples. It can
be formulated in the t − x domain using non-stationary Prediction Error Filters (PEF).
One can obtain a kinematically correct model of the multiples by downward continuation.
The CMP gather and the corresponding multiple estimate are characterized by a space
varying PEF. After applying a simple separation technique one can obtain CMP gathers
where the multiple energy is significantly attenuated. The method is applied to synthetic
and 2-D field CMP gathers.

INTRODUCTION
Multiple suppression is one of the largest problems facing the seismic industry. One common
technique are the family of approaches generally refered to as ‘model based’ (Berryhill and
Kim, 1986; Wiggins, 1988). These methods work by first getting an estimate of the models through downard continuation (Berryhill and Kim, 1986), computing the first term of the
Neuman series (Ikelle et al., 1997), or some other method. Next, the primaries are estimated
through some type of filtering operation using the estimated multiples. Recently, the problem has been formulated as a signal-noise separation problem in the frequency domain (Spitz,
1999; Bednar and Neale, 1999). These methods operate in the f − x domain with the limiting
assumption that the data are time-stationary.
Until recently the signal-noise method proposed by Spitz (1999) could not be formulated
in the time domain because it involves dividing by a filter describing the multiple. Claerbout
(1998) discovered that multi-dimensional PEFs can be mapped into 1-D, therefore making it
possible to do inverse filtering in the time domain. The stationarity assumption inherent in
PEF estimation can be overcome by estimating non-stationary filters (Crawley et al., 1998).
As a result, Spitz’s (1999) method can be formulated to work with time domain PEFs (Clapp
and Brown, 1999).
In this paper we show how the time domain formulation of Spitz’s approach can effectively
attenuate multiples. We apply the method to a 2-D synthetic dataset and show that it is effective
in both simple and complex areas. We then apply it on a 2-D real CMP gather. We show that
our technique is successful in the attenuating most of the multiple energy with little loss of
primary energy.
1 email:

bob@sep.Stanford.EDU,morgan@sep.Stanford.EDU
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METHODOLOGY
Signal to noise separation
Consider the recorded data d to be the simple superposition of “signal” s, i.e., reflection events,
and “noise” n, i.e., multiples: d = s + n. For the special case of uncorrelated signal and noise,
the so-called Wiener estimator is a filter, which when applied to the data, yields an optimal
(least-squares sense) estimate of the embedded signal (Castleman, 1996). The frequency response H of this filter is
H=

Ps
,
Pn + Ps

(1)

where Ps and Pn are the signal and noise power spectra, respectively. Abma (1995) and Claerbout (1999) solved a constrained least squares problem to separate signal from spatially uncorrelated noise:
Nn ≈ 0
Ss ≈ 0

(2)

subject to ↔ d = s + n
where the operators N and S represent t − x domain convolution with non-stationary PEF
which whiten the unknown noise n and signal s, respectively, and  is a Lagrange multiplier.
Minimizing the quadratic objective function suggested by equation (2) with respect to s leads
to the following expression for the estimated signal:
−1
ŝ = NT N +  2 ST S NT N d

(3)

By construction, the frequency response of a PEF approximates the inverse power spectrum
of the data from which it was estimated. Thus, we see that the approach of equation (2) is
similar to the Wiener reconstruction process. Spitz (1999) showed that for uncorrelated signal
and noise, the signal can be expressed in terms of a PEF, D, estimated from the data d, and a
PEF, N, estimated from the noise model:
S = DN−1 .

(4)

Spitz’ result applies to one-dimensional PEF’s in the f − x domain, but our use of the helix transform (Claerbout, 1998) permits stable inverse filtering with multidimensional t − x
domain filters. Substituting S = DN−1 and applying the constraint d = s + n to equation (2)
gives
Ns ≈ Nd
DN s ≈ 0.
−1

(5)

Iterative solutions to least-squares problems converge faster if the data and the model being
estimated are both uncorrelated. To precondition this problem, we again appeal to the Helix
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transform to make the change of variables x = Ss =DN−1 s or s = ND−1 x and apply it to
equation (5):
NND−1 x ≈ Nd
x ≈ 0

(6)

After solving equation (6) for the preconditioned solution x, we obtain the estimated signal by
reversing the change of variables: ŝ = ND−1 x.

Filter estimation
A PEF (a) by definition is the filter that minimizes the energy when convolved with the data
(d). To estimate a space-invariant filter, this amounts to applying the fitting goal,
0 ≈ Da.

(7)

When estimating a space-varying PEF, the number of filter coefficients can quickly become
more than the number of data points, creating an underdetermined problem. Crawley et al.
(1999) proposed estimating space varying filter with radial patch. The fitting goals become
0 ≈ DA−1 p

(8)

0 ≈ A ,
−1

where A−1 is a preconditioning operator that smoothes in a radial direction (assuming that
dips will be more consistent along radial lines, Figure 1.
Offset ---->
PEF

Time--->

Figure 1: Space varying filter composition. A different filter is placed inside each micro-patch. The filter estimation problem is done globally, with
the filter coefficient smoothed in a radial direction. bob2-pef [NR]
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EXAMPLE
Synthetic example
To test the method, we chose an elastic synthetic data generated by BP. Figure 2 is the p-wave
velocity model used to construct the data. Within the model, multiple behavior ranged from
rather simple (away from the salt body) to much more complex (along the edge and under
the salt). We then modeled the multiples by doing frequency Kirchoff upward continuation of
both the sources and receivers to the sea-floor. For our first test we chose a CMP gather at 1
kft, away from the salt edge. The left panel of Figure 3 shows the original CMP gather. The
center panel shows the upward continued gather at the same location. The right panel shows
the predicted signal for the CMP gather. Note that we have done a good job eliminating the
multiples with little loss of primary energy. Our second test was more of challenge. We chose

Figure 2: Synthetic velocity model
bob2-bp-vel
for the BP dataset.
[ER]

a CMP through the salt at 44 kft (Figure 4). Note that both the primary and multiple energy
is significantly more complicated than in the previous example. The right panel of Figure 4
again shows our primary estimate. In this case our primary estimate isn’t quite as good as
Figure 3 but we still have done an acceptable job reducing the multiple energy.
Real data
For the real data example, we chose a dataset provided by Mobil. The data previously was
by Lumley et al. (1994) using a hyperbolic radon technique and by Guitton (2000) with L1
hyperbolic multiple attenuation scheme. We found the water bottom and upward continued
the data. The left panel of Figure 5 is a CMP gather from the data and the middle panel is our
multiple estimate. If we look at our primary estimate (the right panel of Figure 5) we can see
that we have removed a little primary energy and have little multiple energy in the gather, but
overall, we have done an acceptable job attenuating the multiples.
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Figure 3: CMP gather at one kft. The left panel is the original CMP gather, the middle is the
multiple estimate, and the right panel is our signal estimate. bob2-bp-cmp1 [ER]
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Figure 4: CMP gather at 44 kft. The left panel is the original CMP gather, the middle is the
multiple estimate, and the right panel is our signal estimate. bob2-bp-cmp2 [ER]
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Figure 5: Multiple suppression result on real data. The left panel is the original CMP
gather, the middle is the multiple estimate, and the right panel is our signal estimate.
bob2-mobil-cmp2 [ER]
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PROBLEMS
Currently, the major weakness of this approach is its sensitivity to parameter choice. The
separation fitting goals (6) apply the inverse of a non-stationary PEF. If that PEF isn’t stable,
the separation of the multiples and primaries is not possible. To get a stable filter we can increase  in our filter estimation (9). Unfortunately, increasing  decreases the quality of our
prediction. By changing the size of our micro-patches, we can usually get a stable filter while
obtaining a good prediction. At this stage we haven’t figured an algorithm that can automatically change micro-patch size to obtain the desired combination, a stable non-stationary PEF
that can satisfactorily predict the data.

CONCLUSIONS
On early tests, the separation technique was successful in suppressing multiples. Until the
method can be made more stable, it can not be used in a production environment.
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Spitz makes a better assumption for the signal PEF
Jon Claerbout and Sergey Fomel1

ABSTRACT
In real-world extraction of signal from data we are not given the needed signal predictionerror filter (PEF). Claerbout has taken S, the PEF of the signal, to be that of the data,
S ≈ D. Spitz takes it to be S ≈ D/N . Where noises are highly predictable in time or
space, Spitz gets significantly better results. Theoretically, a reason is that the essential
character of a PEF is contained where it is small.

INTRODUCTION

Knowledge of signal spectrum and noise spectrum allows us to find filters for optimally separating data d into two components, signal s and noise n (Claerbout, 1999). Actually, it is the
inverses of these spectra which are required. In Claerbout’s textbook example (1999) he estimates these inverse spectra by estimating prediction-error filters (PEFs) from the data. He estimates both a signal PEF and a noise PEF from the same data d. A PEF based on data d might
be expected to be named the data PEF D, but Claerbout estimates two different PEFS from d
and calls them the signal PEF S and the noise PEF N . They differ by being estimated with
different number of adjustable coefficients, one matching a signal model (two plane waves)
having three positions on the space axis, the other matching a noise model having one position
on the space axis.
Meanwhile, using a different approach, Spitz (1999) concludes that the signal, noise, and
data inverse spectra should be related by D = S N . The conclusion we reach in this paper is
that Claerbout’s estimate of S is more appropriately an estimate of the data PEF D. To find
the most appropriate S and N we should use both the “variable templates” idea of Claerbout
and the D ≈ S N idea of Spitz. Here we first provide a straightforward derivation of the Spitz
insight and then we show some experimental results.

1 email: claerbout@stanford.edu, sergey@sep.stanford.edu
This paper should have been in SEP-102 but tragedy intervened.
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BASIC THEORY
Signal spectrum plus the noise spectrum gives the data spectrum. Since a prediction-error
filter tends to the inverse of a spectrum we have
1

=

DD
1

=

1

+

1

SS
NN
SS + N N
SN SN

DD

(1)
(2)

or
DD

=

SN SN
SS + N N

(3)

Now we are ready for the Spitz approximation. Spitz builds his applications upon the assumption that we can estimate D and N from suitable chunks of raw data. His result may be
obtained from (3) by ignoring its denominator getting D ≈ S N or
S

≈

D/N

(4)

Ignoring the denominator in equation (3), is not so terrible an approximation as it might seem.
Remember that PEFs are important where they are small because they are used as weighting
functions. Where weighting functions are small, solutions are expected to be large. Although
Claerbout’s assumption S ≈ D might be somewhat valid for signal and data spectra, it is much
less valid for their PEFs. In practice, signal unpolluted with noise is usually not available.
Even a very good chunk of data tends to yield a poor estimate of the signal PEF S because the
holes in the signal spectrum are easily intruded with noise.
Obviously the major difference between S ≈ D and S ≈ D/N is where the noise is large.
Thus it is for “organized and predictable” noises (small N ) where we expect to see the main
difference.
Theoretically, we need not make the Spitz approximation. We could solve (1) for S by
spectral factorization. Although the S obtained would be more theoretically satisfying, there
would be some practical disadvantages. Getting the signal spectrum by subtracting that of
the noise from that of the data leaves the danger of a negative result (which explodes the
factorization). Thus, maintaining spectral positivity would require extra care. All these extra
burdens are avoided by making the Spitz approximation. All the more so in applications with
continuously varying estimates.

SIGNAL AND NOISE SEPARATION
We assume that the data vector d is composed of the signal and noise components s and n:
d = s+n .

(5)
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If both the signal and noise prediction-error filters S and N are known, then the signal can be
extracted from the data by solving the following system by the least squares method:
0 ≈ Nn = N(d − s) ;

(6)

0 ≈ Ss ,

(7)

where  is a scalar scaling coefficient, reflecting the presumed signal-to-noise ration (Claerbout, 1999).
The formal solution of system (6-7) has the form of a projection filter:


N0 N
s=
d.
N0 N +  2 S0 S
Analogously, the signal vector is expressed as


 2 S0 S
n = d−s =
d.
N0 N +  2 S0 S

(8)

(9)

In 1-D or F-X setting, one can accomplish the division in formulas (8) and (9) directly by
spectral factorization and inverse recursive filtering (Soubaras, 1995, 1994). A similar approach can be applied in the case of T -X or F-X Y filtering with the help of the helix transform
(Claerbout, 1998; Ozdemir et al., 1999) or by solving system (6-7) directly with an iterative
method (Abma, 1995).
Claerbout’s approach, implemented in the examples of GEE (Claerbout, 1999), is to estimate the signal and noise PEFs S and N from the data d by specifying different shape templates for these two filters. The filter estimates can be iteratively refined after the initial signal
and noise separation. In some examples, such as those shown in this paper, the signal and
noise templates are not easily separated. When the signal template behaves as an extension
of the noise template so that the shape of S completely embeds the shape of N , our estimate
of S serves as a predictor of both signal and noise. We might as well consider it as D, the
prediction-error filter for the data.
Spitz (1999) argues that the data PEF D can be regarded as the convolution of the signal
and noise PEFs S and N . This assertion suggests the following algorithm:
1. Estimate D and N .
2. Estimate S by deconvolving (polynomial division) D by N .
3. Solve the least-square system (6-7).
To avoid the division step, we suggest a simple modification of Spitz’s algorithm, which results from multiplying both equations in system (6-7) by the noise filtering operator N. The
resulting system has the form

The modified algorithm is

0 ≈ N2 n = N2 (d − s) ;

(10)

0 ≈ NSs = Ds .

(11)
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1. Estimate D and N .
2. Convolve N with itself.
3. Solve the least-square system (10-11).
The formal least-squares solution of system (10-11) is




N0 N0 NN
N0 N0 NN
s=
d =
d.
N0 N0 NN +  2 D0 D
N0 N0 NN +  2 N0 S0 SN

(12)

Comparing (12) with (8), we can see that both the numerator and the denominator in the two
expressions differ by the same multiplier N0 N. This multiplication should not effect the result
of projection filtering.
Figure 1 shows a simple example of signal and noise separation taken from GEE (Claerbout, 1999). The signal consists of two crossing plane waves with random amplitudes, and
the noise is spatially random. The data and noise T -X prediction-error filters were estimated
from the same data by applying different filter templates. The template for D is
a a
a a
a a
1 a a
a a a
a a a
a a a

where the a symbol represents adjustable coefficients. The data filter shape has three columns,
which allows it to predict two plane waves with different slopes. The noise filter N has only
one column. Its template is
1
a
a
a

The noise PEF can estimate the temporal spectrum but would fail to capture the signal predictability in the space direction. Figure 2 shows the result of applying the modified Spitz
method according to equations (10-11). Comparing figures 1 and 2, we can see that using a
modified system of equations brings a slightly modified result with more noise in the signal
but more signal in the noise. It is as if  has changed, and indeed this could be the principal
effect of neglecting the denominator in equation (3).
To illustrate a significantly different result using the Spitz insight we examine the new
situation shown in Figures 3 and 4. The wave with the positive slope is considered to be
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Figure 1: Signal and noise separation with the original GEE method. The input signal is on
the left. Next is that signal with random noise added. Next are the estimated signal and the
estimated noise. jon1-signoi90 [ER]

Figure 2: Signal and noise separation with the modified Spitz method. The input signal is on
the left. Next is that signal with random noise added. Next are the estimated signal and the
estimated noise. jon1-signoi [ER]

216

Claerbout & Fomel

SEP–103

regular noise; the other wave is signal. The noise PEF N was estimated from the data by
restricting the filter shape so that it could predict only positive slopes. The corresponding
template is

a
1 a

The data PEF template is

a a
a a
1 a a
a a a
a a a

Using the data PEF as a substitute for the signal PEF produces a poor result, shown in Figure 3.
We see a part of the signal sneaking into the noise estimate. Using the modified Spitz method,
we obtain a clean separation of the plane waves (Figure 4).

Figure 3: Plane wave separation with the GEE method. The input signal is on the left.
Next is that signal with noise added. Next are the estimated signal and the estimated noise.
jon1-planes90 [ER]

Clapp and Brown (1999, 2000) and Brown et al. (1999) show applications of the leastsquares signal-noise separation to multiple and ground-roll elimination.
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Figure 4: Plane wave separation with the modified Spitz method. The input signal is on the
left. Next is that signal with noise added. Next are the estimated signal and the estimated
noise. jon1-planes [ER]
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Ground roll and the Radial Trace Transform – revisited
Morgan Brown and Jon Claerbout1

ABSTRACT
The Radial Trace Transform (RTT) is an attractive tool for wavefield separation because
it lowers the apparent temporal frequency of radial events like ground roll, making it possible to remove them from the data by simple bandpass filtering in the Radial Trace (RT)
domain. We discuss two implementations of the RTT. In the first, and better known, the RT
domain is well-sampled, and thus suitable for post-filtering, but is prone to interpolation
errors. We present an alternate implementation, which is pseudo-unitary in the limit of an
infinitely densely sampled RT space, with the side effect that the RT domain has missing
data. Using a simple 2-D filter for regularization, we estimate the missing data in the RT
domain by least squares optimization, without affecting the invertibility of the RTT. Our
implementation suppresses radial noise while preserving signal, including static shifts.
Although it runs into trouble when noise is spatially aliased, we show that application of
a linear moveout correction prior to processing increases our scheme’s effectiveness.

INTRODUCTION
The Radial Trace Transform (RTT), is a simple coordinate transform of normal (t, x) domain
seismic gathers; a horizontal deformation, accomplished by the following linear mapping
t → t

(1)

x
x → v=
t
The radial coordinate is termed “v” because the RTT sorts the data by apparent velocity. Neglecting dispersion effects, ground roll maps to zero temporal frequency in the RT domain.
The RTT is not a new concept. Nearly twenty years ago, this coordinate transform was an
active subject of research for use in multiple suppression (Taner, 1980), migration (Ottolini,
1982), and even for the subject of this paper, ground roll removal (Claerbout, 1983). Henley’s
(1999) recent paper reminded the world of the RTT’s usefulness in attacking ground roll. Sava
and Fomel (2000) use the RTT to compute angle gathers, exploiting the fact that slant-stack in
the (t, x) domain is equivalent to computing the RTT in the Fourier domain.
Figure 1 shows 30 radial traces (thick lines) overlain on a rectangular (t, x) mesh. Points
along radial traces rarely fall exactly on (t, x) data locations, making the RTT an exercise in
1 email:

morgan@sep.stanford.edu,claerbout@stanford.edu
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interpolation. In matrix notation, let us denote the RTT of data d as follows:
Rd = r

(2)

R is generally non-square, and even if square, is usually noninvertible. Often, however, such
interpolation operators are nearly unitary: RT R ≈ I. We define the interpolation error as
follows


e = I − RT R d.
(3)

30 Radial traces on (t,x) grid
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Figure 1: 30 radial traces overlaying
a (t, x) grid. morgan1-figure1 [NR]

time

0.08

0.1

0.12

0.14

0.16

0.18

0.2
−1.5

−1

−0.5

0

0.5

1

1.5

offset

METHODOLOGY
In this paper, two implementations of the RTT are investigated. Each is illustrated schematically in Figure 2.
1. v-interpolation method: For fixed (t, x) bins, linearly interpolate between radial traces.
2. x-interpolation method: For fixed (t, v) bins, linearly interpolate between offsets.

vi vexact vi+1
Figure 2: Left: “v-interpolation”
implementation.
Right:
“xinterpolation
implementation.
morgan1-schem [NR]

xi xexact xi+1
t

x

t
v

In the v-interpolation approach, R “pushes” energy — weighted by linear interpolation coefficients — from fixed (t, x) bins into the two radial trace (t, v) bins that bracket them. This
implementation will cause interpolation error in regions where many (t, x) bins lie between
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adjacent radial traces (see Fig. 1). However, the RT domain is nonphysical in the sense that
as many radial traces can be used as computer memory permits, so the interpolation error can
essentially be driven to zero by sampling densely enough in RT space. Unfortunately, by sampling finely, in many regions of RT space there are pairs of radial traces which bracket no (t, x)
bin, so “holes” are introduced into the RT space which inhibit later filtering operations.
In the x-interpolation approach, R “pulls” energy into fixed (t, v) bins from the two offset
(t, x) bins that bracket them. The interpolation error of this implementation depends only on
the trace spacing of the data. The net effect of applying the operator is to smooth laterally,
making this implementation dangerous if the data has even small static shifts. At typical trace
spacing, R is not pseudo-unitary, but since the RT space is guaranteed to have no “holes”,
this implementation is appropriate for post-filtering operations. Henley (1999) used the xinterpolation approach, as did the author of the SEPlib program Radial.
The two implementations of the RTT discussed above illustrate a fundamental, and oftignored duality in the analysis of interpolation operators. Intuition supports the x-interpolation
method — any given unknown model point is the weighted average of the two known data
points which bracket it. In applications like NMO, where averaging is done along the wellsampled time axis, this intuition is sensible, but it breaks down when the averaging is across
offsets. The alternate approach (v-interpolation) is less intuitive, as the interpolation is done
across radial traces, in the “virtual” space of the model. Since the model space is not constrained by the parameters of data acquisition, it can be sampled as densely as needed to
minimize interpolation error. In fact, in the limit of infinitely dense sampling in model space,
simple nearest neighbor binning drives interpolation error to zero.
The idea of this paper is to use the v-interpolation RTT to take advantage of its minimal interpolation error, and then handle the problem of “holes” in RT space by missing data
estimation. Ideally, the seismic gather contains nearly-horizontal primary reflections and radial events, so the RT space is composed of nearly-vertical (h(v)) and nearly-horizontal (l(t))
events which a cascade of derivative operators extinguishes:
∂ ∂
[h(v) + l(t)] = 0
∂v ∂t
A finite difference stencil approximating ∂ 2 /∂v∂t is


1 −1
a=
.
−1
1

(4)

(5)

Filter a is well-suited for the helical least-squares missing data estimation methodology of
Claerbout (1999). The missing data problem is driven by two fitting goals: 1) Honor the known
data points exactly, and 2) impose any prior knowledge on the unknown model parameters
via regularization. Define a known data mask K, simply a diagonal operator of the same
dimension as m; 1 where data is known, 0 otherwise. The prior assumptions about the model
are contained in filter a. Define A as the convolution matrix which applies the filter a and
combine the two fitting goals into a single regularized optimization problem.
Km = KRd
Am ≈ 0.

(6)
(7)
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Equation (6) forces the model to match the data where the latter is known. Equation (7)
minimizes the power of the convolution of a with m, i.e., optimality is achieved when the
unknown model is filled with horizontal and vertical events.  is a user-chosen scale factor.
In this paper, we seek to use the RTT to do noise suppression. Specifically, we map a 2-D
seismic gather to RT space, then apply a conservative (6.5 Hz cutoff) highpass filter – call it B
– to remove the noise, and finally transform back to (t, x) space. In symbols, we can write the
estimated signal, ŝ, as follows
ŝ = RT BRd.

(8)

The corresponding estimate of the noise, n̂, is obtained simply by subtracting the estimated
signal from the data:

n̂ = d − ŝ = I − RT BR d.

(9)

RESULTS
Figure 3 shows a 2-D shot gather from a multicomponent survey in Venezuela, which exhibits
dispersive ground roll with an apparent velocity range of 200-500 m/s. A relatively fine trace
spacing of 17 m partially mitigates spatial aliasing. Some weak backscattered energy may be
present. Additionally, static shifts of ± one sample were introduced to the data randomly, in
order to emphasize the effect of the RTT on data whose lateral coherency may be degraded.
Figure 4 shows the RTT of the data in Figure 3 for both implementations. Each panel contains
300 radial traces. As mentioned by Henley (1999), the origin of the RTT can be placed anywhere. Often in land surveys, the near-zero offset traces are not recorded, meaning that the
apparent origin of radial events will lie off the section. The following results were obtained
with the the origin of the RTT placed at 0.25 seconds. As expected, the raw v-interpolation
panel has many “holes”, while the x-interpolation panel does not. The missing data estimation
algorithm described above has plausibly filled the missing data, insofar as visual similarity to
the x-interpolation panel is a valid measure.
Figure 5 compares the error arising from both implementations of the RTT (equation (3).
In the RTT panels shown in Figure 4, each containing 300 radial traces, the error in both
of the v-interpolation panels is negligible. This figure gives visual proof of the fact that the
missing data infill process does not harm the original data, i.e., that the missing data points
in RT space are in the nullspace of RT . As expected, the x-interpolation error is nonzero,
particularly for high-wavenumber events like ground roll and likely backscatter. Additionally,
and less obviously, the primary events between 1.75 and 2.5 seconds suffer energy loss and a
noticeable lateral smoothing as a result of the transform.
Figure 6 is the estimated signal (equation (8)). Notice that missing data infill has markedly
improved the quality of noise suppression obtained by the v-interpolation technique. Still, by
visual inspection, we must conclude that the x-interpolation result is the best of the three for
noise suppression.
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Figure 3:
2-D shot
morgan1-hector-dat [ER]
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Figure 7 is the estimated noise (equation (9)). First notice that x-interpolation result contains more than just the radial ground roll that the simple physical model accounts for. From
Figure 5, we know that the presence of the primary energy between 1.75 and 2.5 seconds and
backscattered noise in the x-interpolation panel is due to interpolation errors, and not to the
highpass filtering. The non-infilled v-interpolation result contains some energy (either artifacts
or primary energy) around 1 second, while the infilled result does not. From the standpoint of
signal preservation, the v-interpolation result with missing data infill is the best of the three.
Philosophically, by using a pseudo-unitary RTT operator and thus ensuring that the only thing
modifying the original data is the bandpass filter, the v-interpolation implementation honors
the physics which drives the problem in the first place.

Aliased Data
Ground roll is nearly always spatially aliased, so the relatively unaliased example of Figure 3
is a somewhat unrealistic exception to the practical rule. To inject some realism, we decimated
the original 2-D shot gather (Figure 3) by a factor of two in offset, as shown in Figure 8, so that
the ground roll is quite aliased. Figure 9 compares the RTT of the decimated data. The results
are disappointing. Looking at the v-interpolation without infill panel (top), the human eye can
easily interpolate vertically to reconstruct the radial events in RT space. Unfortunately, the
v-interpolation panel with infill does not have the desired vertical coherence. In fact, it would
seem that the central premise motivating this paper — that the RTT maps ground roll to zero
temporal frequency — is violated. Figures 10 and 11 are analogous to Figures 6 and 7 — they
are the estimates of signal and noise, respectively. All implementations (v-interpolation with
and without infill, and x-interpolation) do an relatively poor job of noise suppression.
A simple way to dealias linear ground roll is to apply a linear moveout (LMO) correction.
Figure 12 shows the result of applying a 1.5 km/sec LMO correction to the decimated data of
Figure 8. The ground roll is no longer spatially aliased, but the primaries are also no longer
“flat”, as they were originally. As a result, interpolation errors for the x-interpolation RTT will
increase. Figure 13 compares the RTT panels for the decimated/LMO’ed data. The ground
roll now occupies a higher effective velocity band, and more importantly, is much closer to
zero temporal frequency than in Figure 9. The noise suppression achieved (Figure 14) is better
than the case in which LMO was not used (Figure 10). As expected, and mentioned above, the
x-interpolation RTT leads to severe losses of signal energy, quite a bit more severe than either
of the two v-interpolation implementations, as can be seen in Figure 15. Unfortunately, both
v-interpolation implementations seem to suffer some small signal losses, which suggests that
LMO may actually be “aliasing” the primaries by mapping them to low temporal frequency in
the RT domain.

CONCLUSIONS
Our implementation of the RTT effectively suppresses unaliased radial noise while preserving
signal, including static shifts. In its current form, our missing data interpolation technique did
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Figure 4: Radial Trace Transform. Top: v-interpolation without infill. Middle: v-interpolation
with infill. “A” points to an example of the “+”-shaped impulse response of the missing data
filter of equation (7). Bottom: x-interpolation. morgan1-hector-radial-comp [ER,M]
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Figure 5: Interpolation error. Top: v-interpolation error without infill. Middle: vinterpolation error with infill. Bottom: x-interpolation error. “A” points to lost energy
from the primary events around 2 seconds. “B” points to removed backscattered noise.
morgan1-hector-raderr-comp [ER,M]
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Figure 6: Estimated signal. Top: v-interpolation without infill. Middle: v-interpolation with
infill. Bottom: x-interpolation. morgan1-hector-estsig [ER,M]
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Figure 7: Estimated noise. Panels defined as in Figure 6. morgan1-hector-estnoiz [ER,M]
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Figure 8: Same 2-D shot gather
as Figure 3, only decimated
by a factor of two in offset.
morgan1-hectoralias-dat [ER]

a relatively poor job of coherently interpolating spatially aliased radial noise events to vertical
events in the RT domain, although we have high hopes that success is only a small conceptual
leap away. To combat aliasing, we applied an LMO correction to the data to dealias the noise
events with an LMO correction, leading to improved noise suppression, at the cost of some
lost signal.
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Figure 9: Top: v-interpolation without infill. Middle: v-interpolation with infill. Bottom:
x-interpolation. morgan1-hectoralias-radial-comp [ER,M]
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Figure 10: Estimated signal. Top: v-interpolation without infill. Middle: v-interpolation with
infill. Bottom: x-interpolation. morgan1-hectoralias-estsig [ER,M]
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Figure 11: Estimated noise. Panels defined as in Figure 10.
[ER,M]
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Figure 12: Decimated 2-D shot
gather (Figure 8),
after 1.0
km/sec linear moveout correcmorgan1-hectorlmo-dat
tion.
[ER]
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Figure 13: Top: v-interpolation without infill. Middle: v-interpolation with infill. Bottom:
x-interpolation. morgan1-hectorlmo-radial-comp [ER,M]
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Figure 14: Estimated signal. Top: v-interpolation without infill. Middle: v-interpolation with
infill. Bottom: x-interpolation. morgan1-hectorlmo-lmo-estsig [ER,M]
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Figure 15: Estimated noise. Panels defined as in Figure 14. morgan1-hectorlmo-lmo-estnoiz
[ER,M]
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Seismic data interpolation with the offset continuation equation
Sergey Fomel1

ABSTRACT
I propose a finite-difference offset continuation filter for interpolating seismic reflection
data. The filter is constructed from the offset continuation differential equation and is
applied on frequency slices in the log-stretch frequency domain. Synthetic data tests produce encouraging results: nearly perfect interpolation of a constant-velocity dataset with
a complex reflector model and reasonably good interpolation of the Marmousi dataset.

INTRODUCTION
As early as 20 years ago, researchers at SEP considered data interpolation as one of the most
important problems of seismic data processing (Claerbout, 1980, 1981; Thorson, 1981). In
2-D exploration, the interpolation problem arises because of missing near and far offsets, spatial aliasing and occasional bad traces. In 3-D exploration, the importance of this problem
increases dramatically because 3-D acquisition almost never provides a complete regular coverage in both midpoint and offset coordinates (Biondi, 1999). Data regularization in 3-D can
solve the problem of Kirchoff migration artifacts (Gardner and Canning, 1994), prepare the
data for common-azimuth imaging (Biondi and Palacharla, 1996), or provide the spatial coverage required for 3-D multiple elimination (van Dedem and Verschuur, 1998).
Claerbout (1992, 1999) formulates the following general principle of missing data interpolation:
A method for restoring missing data is to ensure that the restored data, after specified filtering, has minimum energy.
How can one specify an appropriate filtering for a given interpolation problem? Smooth
surfaces are conveniently interpolated with Laplacian filtering (Briggs, 1974; Fomel, 2000).
Steering filters help us interpolate data with predefined dip fields (Clapp et al., 1997; Fomel
et al., 1997; Fomel, 1999). Prediction-error filters in time-space or frequency-space domain
successfully interpolate data composed of distinctive plane waves (Spitz, 1991; Claerbout,
1999). Because prestack seismic data is not stationary in the offset direction, non-stationary
prediction-error filters need to be estimated, which leads to an accurate but relatively expensive
method with many adjustable parameters (Crawley, 1999; Clapp et al., 1999).
1 email:
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A simple model for reflection seismic data is a set of hyperbolic events on a common
midpoint gather. The simplest filter for this model is the first derivative in the offset direction
applied after the normal moveout correction.2 Going one step beyond this simple approximation requires taking the dip moveout (DMO) effect into account (Deregowski, 1986). The
DMO effect is fully incorporated in the offset continuation differential equation (Fomel, 1994,
1995a).3
Offset continuation is a process of seismic data transformation between different offsets
(Deregowski and Rocca, 1981; Bolondi et al., 1982; Salvador and Savelli, 1982). Different
types of DMO operators (Hale, 1995) can be regarded as continuation to zero offset and derived as solutions of an initial-value problem with the revised offset continuation equation
(Fomel, 1995b). Within a constant-velocity assumption, this equation not only provides correct traveltimes on the continued sections, but also correctly transforms the corresponding
wave amplitudes (Fomel and Bleistein, 1996). Integral offset continuation operators have
been derived independently by Stovas and Fomel (1996), Bagaini and Spagnolini (1996), and
Chemingui and Biondi (1994). The 3-D analog is known as azimuth moveout (AMO) (Biondi
et al., 1998). In the shot-record domain, integral offset continuation transforms to shot continuation (Schwab, 1993; Bagaini and Spagnolini, 1993; Spagnolini and Opreni, 1996). Integral
continuation operators can be applied directly for missing data interpolation and regularization (Bagaini et al., 1994; Mazzucchelli and Rocca, 1999). However, they don’t behave well
for continuation at small distances in the offset space because of limited integration apertures
and, therefore, are not well suited for interpolating neighboring records. Additionally, as all
integral (Kirchoff-type) operators they suffer from irregularities in the input geometry. The latter problem is addressed by accurate but expensive inversion to common offset (Chemingui,
1999).
In this paper, I propose an application of offset continuation in the form of a finitedifference filter for Claerbout’s method of missing data interpolation. The filter is designed
in the log-stretch frequency domain, where each frequency slice can be interpolated independently. Small filter size and easy parallelization among different frequencies assure a high
efficiency of the proposed approach. Although the offset continuation filter lacks the predictive power of non-stationary prediction-error filters, it is much simpler to handle and serves
as a good a priori guess of an interpolative filter for seismic reflection data. I test the proposed method by interpolating randomly missing traces in a constant-velocity synthetic and by
restoring near offsets and intermediate shot gathers in the Marmousi synthetic dataset. These
early tests produce encouraging results. In the final section of the paper, I discuss possible
strategies for improving the method.

2 A similar filter appears in velocity estimation with the differential semblance method (Symes and Carazzone, 1991; Symes, 1999).
3 To the author’s knowledge, the first derivation of the revised offset continuation equation was done by
Joseph Higginbotham of Texaco in 1989. Unfortunately, Higginbotham’s derivation never appeared in open
literature.
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PROBLEM FORMULATION
If D is a regularization operator, and m is the estimated model, then Claerbout’s interpolation
method amounts to minimizing the power of Dm (mT DT Dm) under the constraint
Km = mk ,

(1)

where mk stands for the known data values, and K is a diagonal matrix with 1s at the known
data locations and zeros elsewhere. It is easy to implement a constraint of the form (1) in
an iterative conjugate-gradient scheme by simply disallowing the iterative process to update
model parameters at the known data locations (Claerbout, 1999).
The operator D can be considered as a differential equation that we assume the model to
satisfy. If D is able to remove all correlated components from the model and produce white
Gaussian noise in the output, then DT D is essentially equivalent to the inverse covariance
matrix of the model, which appears in the statistical formulation of least-squares estimation
(Tarantola, 1987).
In this paper, I propose to use the offset continuation equation (Fomel, 1995a) for the
operator D. Under certain assumptions, this equation is indeed the one that prestack seismic
reflection data can be presumed to satisfy. The equation has the following form:
 2

∂ P ∂2 P
∂2 P
h
−
=
t
,
(2)
n
∂ y2
∂h 2
∂tn ∂h
where P(tn , h, x) is the prestack seismic data after the normal moveout correction (NMO), tn
stands for the time coordinate after NMO, h is the half-offset, and y is the midpoint. Offset
continuation has the following properties:
• Equation (2) describes an artificial process of prestack data transformation in the offset
direction. It belongs to the class of linear hyperbolic equations. Therefore, the described process is a wave-type process. Half-offset h serves as a continuation variable
(analogous to time in the wave equation).
• Under a constant-velocity assumption, equation (2) provides correct reflection traveltimes and amplitudes at the continued sections. The amplitudes are correct in the sense
that the geometrical spreading effects are properly transformed independently from the
shape of the reflector. This fact has been confirmed both by the ray method approach
(Fomel, 1995a) and by the Kirchhoff modeling approach (Fomel and Bleistein, 1996;
Fomel et al., 1996).
• Dip moveout (DMO) (Hale, 1995) can be regarded as a particular case of offset continuation to zero offset (Deregowski and Rocca, 1981). As shown in my earlier paper
(Fomel, 1995b), different known forms of DMO operators can be obtained as solutions
of a special initial-value problem on equation (2).
• To describe offset continuation for 3-D data, we need a pair of equations such as (2),
acting in two orthogonal projections. This fact follows from the analysis of the azimuth
moveout operator (Fomel and Biondi, 1995; Biondi et al., 1998).
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• A particularly efficient implementation of offset continuation results from a log-stretch
transform of the time coordinate (Bolondi et al., 1982), followed by a Fourier transform
of the stretched time axis. After these transforms, equation (2) takes the form

 2
∂ P̃
∂ P̃ ∂ 2 P̃
−
−
i

=0,
(3)
h
∂ y2
∂h 2
∂h
where  is the corresponding frequency, and P̃(, h, x) is the transformed data (Fomel,
1995b). As in other F-X methods, equation (3) can be applied independently and in
parallel on different frequency slices.
I propose to adopt a finite-difference form of the differential operator (3) for the regularization operator D. A simple analysis of equation (3) shows that at small frequencies, the operator
2
2
is dominated by the first term. The form ∂∂ yP2 − ∂∂hP2 is equivalent to the second mixed derivative in the source and receiver coordinates. Therefore, at low frequencies, the offset waves
propagate in the source and receiver directions. At high frequencies, the second term in (3)
becomes dominating, and the entire method becomes equivalent to the trivial linear interpolation in offset. The interpolation pattern is more complicated at intermediate frequencies.

TESTS
I started numerical testing of the proposed technique first on the constant velocity synthetic,
where all the assumptions behind the offset continuation equation are valid. Encouraged by
the results, I proceeded to tests on the Marmousi synthetic dataset, which is associated with a
highly inhomogeneous velocity model.
Constant-velocity synthetic

Figure 1: Reflector model for the
constant-velocity test sergey2-cup
[ER]

A sinusoidal reflector shown in Figure 1 creates complicated reflection data, shown in
Figure 2 before and after the normal-moveout correction. The syncline parts of the reflector
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lead to traveltime triplications at sufficiently large offset. A mixture of different dips from the
triplications would make it extremely difficult to interpolate the data in individual commonoffset gathers, such as those shown in Figure 2. The plots of time slices after NMO (Figure 3)
clearly show that the data are also non-stationary in the offset direction. Therefore, a simple
offset interpolation scheme would also fail.
To set up an interpolation experiment, I randomly removed half of the traces in the original
data and attempted to reconstruct them. Figure 4 shows the reconstruction process on individual frequency slices. Despite the complex and non-stationary character of the reflection events
in the frequency domain, the offset continuation equation is able to reconstruct them quite
accurately from the decimated data.
Figure 5 shows the input and the result of interpolation after transforming it back to the
time domain. A comparison of the interpolation result with the ideal output (Figure 2) shows
that the reflection data are nearly perfectly interpolated even in the complex triplication zones.
The constant-velocity test results allow us to conclude that, when all the assumptions of
the offset continuation theory are met, we can easily accomplish an accurate interpolation. In
the next subsection, I deal with the more complicated case of Marmousi.
Marmousi synthetic
The famous Marmousi synthetic was modeled over a very complicated velocity and reflector
structure (Versteeg, 1994). The dataset has been used in numerous studies of various seismic
processing and imaging techniques. Figure 6 shows the near and far common-offset gathers
from the Marmousi dataset. The structure of the reflection events is extremely complex and
contains multiple triplications and diffractions.
To test the proposed interpolation method, I set the goal of interpolating the missing near
offsets in the Marmousi dataset. Additionally, I attempted to interpolate intermediate shot
gathers so that all common-midpoint gathers receive the same offset fold. In the original
dataset, both receiver and shot spacing are equal to 25 meters, which creates a checkerboard
pattern in the offset-midpoint plane. This acquisition pattern is typical for 2-D seismic surveys.
Interpolation of near offsets can reduce imaging artifacts in different migration methods.
Ji (1995) used near-offset interpolation for accurate wavefront-synthesis migration of the Marmousi dataset. He developed an interpolation technique based on the hyperbolic Radon transform inversion. Ji’s method produces fairly good results, but is significantly more expensive
that the offset continuation approach explored in this paper.
Figure 7 shows the input and interpolated Marmousi data in the log-stretch frequency
domain. We can see that the data in the frequency slices also have a very complicated structure.
Nevertheless, the offset continuation method is able to reconstruct the missing portions of the
data in a visually pleasing way. The data are not extrapolated off the sides of the commonoffset gathers. This behavior is physically reasonable, because such an extrapolation would
involve assumptions about unilluminated portions of the subsurface.
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Figure 2: Prestack common-offset gathers for the constant-velocity test. Left: before NMO.
Right: after NMO. Top, center, and bottom plots correspond to different offsets. sergey2-data
[ER,M]

SEP–103

Offset continuation

243

Figure 3: Time slices of the prestack data at different times (after NMO). sergey2-tslice [ER]

Figure 8 shows one of the shot gathers obtained after transforming the data back into
time domain and resorting them into shot gathers. The positive offset part of the shot gather
was reconstructed from a common receiver gather by using reciprocity. Comparing the top
and bottom plots, we can see that many different events in the original shot gather are nicely
extended into near offsets by the interpolation procedure.
In addition to interpolating near offsets, I have reconstructed the intermediate shot gathers
in order to equalize the CMP fold. Figure 9 shows an example of an artificial shot gather created by such a reconstruction. An sample CMP gather before and after interpolation is shown
in Figure 10. Examining the bottom part of the section, we can see that that the interpolation
process tends to put more continuity in the near offsets than could be expected from the data.
In other places, the interpolation succeeds in producing a visually pleasant result.

DISCUSSION
Early tests with synthetic models demonstrate that the offset continuation equation is a useful
and efficient regularization operator for interpolating seismic reflection data. I plan to perform
more tests in order to evaluate the performance of this method on real data. An extension
to 3-D data is simple in theory, but it will require several modifications in the computational
framework.
In the range of possible interpolation methods (Mazzucchelli et al., 1998), the offset continuation approach clearly stands on the more efficient side. The efficiency is achieved both
by the small size of the finite-difference filter and by the method’s ability to decompose and
parallelize the method across different frequencies. Part of the efficiency gain could probably
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Figure 4: Interpolation in frequency slices. Left: input data 50% of the traces are randomly
removed). Right: interpolation output. Top, bottom, and middle plots correspond to different
frequencies. Real parts of the complex-valued data are shown. sergey2-fslice [ER,M]
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Figure 5: Interpolation in common-offset gathers. Left: input data (50% of the traces are
randomly removed). Right: interpolation output. Top, center, and bottom plots correspond to
different common-offset gathers. sergey2-all [ER,M]
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Figure 6: Common-offset gathers of the Marmousi dataset. Left: near offset. Right: far offset.
sergey2-marm [ER]

be sacrificed for achieving more accurate results. Here are some interesting ideas one could
try:
• Instead of fixing the offset continuation filter in a data-independent way, one could estimate some of its coefficients from the data. In particular, the second term in equation (3)
can be varied to better account for the effects of variable velocity and amplitude variation with offset. Theoretical extensions of offset continuation to the variable velocity
case were studied by Hong et al. (1997) and Luo et al. (1999).
• Formulating the problem in the pre-NMO domain would allow us to consider several
velocities by convolving several continuation filters. This could be an appropriate approach for interpolating both primary and multiple reflections.
• Missing data interpolation problems can be greatly accelerated by preconditioning (Fomel,
1997; Fomel et al., 1997). Finding an appropriate preconditioning for the offset continuation method is an open problem. The non-stationary nature of the continuation filter
make this problem particularly challenging.
I plan to devote my remaining time at the Stanford Exploration Project to investigating these
fascinating ideas.
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Huber solver versus IRLS algorithm for quasi L1 inversion
Antoine Guitton1

ABSTRACT
The l 1 problem can be approximated using either Iteratively Reweighted Least Squares
methods (IRLS) with an appropriate weighting function or the Huber misfit function with
an appropriate solver. Comparisons of both methods show that they give very similar
results as they handle problems suited to l 1 properly. In addition, the nonlinear scheme,
using the Huber norm, generally converges better than the linear IRLS algorithms on
velocity-stack inversion. Finally, the Huber solver is far easier to operate because it is
sensitive to fewer parameters than IRLS.

INTRODUCTION

Robust error measures such as the l 1 norm have a number of uses in geophysics. As measures
of data misfit, they show considerably less sensitivity to large measurement errors than does
the least-squares (l 2 ) measure. In a recent work, Guitton and Symes (1999) show that a possible approximation of the l 1 norm is viable using the Huber misfit function (Huber, 1973). In
particular, their work on velocity inversion, using the hyperbolic Radon transform, suggests
that (1) the Huber function gives far more robust model estimates than does least squares, (2)
its minimization using a standard quasi-Newton method is comparable in computational cost
to least-squares estimation using conjugate gradient iteration, and (3) the result of Huber data
fitting is stable over a wide range of choices for the l 2 → l 1 threshold and total number of
quasi-Newton steps. For the same geophysical problem, Nichols (1994) and Hugonnet (1998)
use a different implementation of the hybrid l 2 -l 1 norm, using an IRLS algorithm with a thoroughly chosen weighting function. Both strategies (IRLS and the Huber solver) show similar
results, but at this stage, no direct comparisons between the two methods have been carried
out.
This paper will compare the efficiency of the these two robust solvers with synthetic and
real data. First, I will briefly review both methods and describe algorithmic issues. Then, I will
compare the Huber solver and IRLS performing velocity inversion as suggested by Thorson
and Claerbout (1985), Nichols (1994), and Lumley et al. (1994).
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IRLS AND THE HUBER SOLVER, AN OVERVIEW
Minimizing the Huber function
In the work reported here, I use a hybrid l 1 -l 2 error measure proposed by Huber (Huber, 1973):
(
r2
,
0 ≤ |r | ≤ 
2
M (r ) =

|r | − 2 ,
 < |r |
PN
I will call i=1
M (ri ) the Huber misfit function H , or Huber function for short (Figure 1).
Note that the Huber function is smooth near zero residual, and weights small residuals by the
mean square. It is reasonable to suppose that the Huber function, while maintaining robustness
against large residuals, is easier to minimize than l 1 . The parameter , which controls the limit
between l 1 and l 2 , is called the Huber threshold.
M(r)

Figure 1: Error measure proposed
by Huber (Huber, 1973). The upper part above  is the l 1 norm,
while the lower part is the l 2 norm.
antoine2-huber [NR]
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The problem is this: given some observed data dobs , we want to find the best model m
that explains the data via the operator H. This may be posed in terms of an inverse problem
leading to the minimization of the function
f (m) = E(Hm − dobs ),

(1)

where E is an error measure function. As discussed above, I will use the Huber function and
try to minimize
f (m) = H (Hm − dobs ).

(2)

We seek to find the stationary point m∗ of the function f . This solution point satisfies f0 (m∗ ) =
0. This is a nonlinear system of equations, and from Taylor expansion we have
f0 (m + δm) ' f0 (m) + f00 (m)δm
if kδmk is sufficiently small. The Newton’s method consists in finding δm such that
Hδm = −f0 (m) with H = f00 (m),
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mn+1 = mn + αn δmn

(3)

and computing the next iterate by

where αn is a steplength given by a Line Search algorithm. The general process of the program
is then
1. compute the gradient f0 (m)
2. compute δmn = −H−1 f0 (m)
3. compute αn using a line search
4. update the solution mn+1 = mn + αn δmn
5. update the Hessian H
6. go to 1.
Because the Huber function is not twice continuously differentiable, the Hessian is not computed directly but approximated using a limited Memory BFGS update (Guitton, 2000), as
proposed by Nocedal (1980) and Liu and Nocedal (1989). I have implemented for the line
search a More and Thuente (More and Thuente, 1994) algorithm, which ensures sufficient
decrease for the function f and obeys curvature conditions (the so-called Wolfe conditions,
Kelley (1999)), thus guaranteeing that a quasi-Newton update is possible. The steplength
αn = 1 is always tried first, saving significant computation. These choices lead to good performances for both convergence rate and computation cost. I call “Huber solver” the algorithm
detailed above when used with the Huber norm.

The Iteratively Reweighted Least Square method
The IRLS implementation of the hybrid l 2 -l 1 norm differs greatly from the Huber solver.
In this section, I follow quite closely what Nichols (1994) and Darche (1989) suggested in
previous reports. The main idea is that instead of minimizing the simple l 2 norm, we can
choose to minimize a weighted residual. The objective function becomes
f (m) = kWHm − Wdobs k2 .

(4)

A difference between the Huber solver and IRLS clearly arises here since we still solve a
least-square problem with IRLS and not with the Huber solver. The IRLS method weights
residuals within a linear l 2 framework and Huber uses either l 2 or l 1 following the residual
with a nonlinear update. A particular choice for W will lead to the minimization of the l 2 -l 1
norm, however. In this paper, I choose
wii =

1
,
[1 + (rii /)2 ]1/4

(5)
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with ri = Hmi − di and  a damping parameter. With this particular choice of W, minimizing
f is equivalent to minimizing (Bube and Langan, 1997)
J (m) =

n
X

j(ri ) =

i=1

n p
X

1 + (ri /)2 − 1.

(6)

i=1

For any given residual ri , we notice that
 1
(r/)2 for |r| small
j(r ) ≈ 2
|r |/ for |r| large.
Hence, we obtain a l 1 treatment of large residuals and a l 2 treatment of small residuals. Darche
(1989) gives a practical value for  that can be also used for the Huber threshold:
max|d|
.
100
Two different IRLS algorithms are suggested in the literature (Scales and Gersztenkorn, 1988).
The first method consists of solving successive l 2 problems with a constant weight and taking
the last solution obtained to recompute the weight for the next l 2 problem. The second method
consists of recomputing the weights at each iteration (in fact, we need only a few iterations
of the conjugate gradient scheme before calculating the new weight), solving small piecewise
linear problems. The IRLS algorithms converge if each minimization reaches a minimum for
a constant weight (Bube and Langan, 1997). This is the case for the first method described
above, but it is also true for the second method since each starting point of the next iteration is
the ending point of the previous solving piecewise linear problems. For practical reasons, we
utilize the second method. Indeed, for most geophysical problems, the complete solution of
the l 2 problem with a constant weight would lead to prohibitive costs. The general process in
the program is as follows:
=

1. compute the current residual r = Hm − d
2. compute the weighting operator W using r
3. solve the weighted least-squares problem (equation 4) using a Conjugate Gradient algorithm
4. go to first step
We do not detail the Conjugate Gradient step here. For more details, the reader may refer to
Paige and Saunders (1982). In our implementation, we control the restarting schedule of the
iterative scheme with one parameter that governs the periodic computing of the weight. The
Conjugate Gradient is reset for each new weighting function, meaning that the first iteration of
each new least-squares problem (for each new weight) is a steepest descent step. In addition,
the last solution m of the previous least-squares problem is used to compute the new residual
and the new weighting matrix (steps 1 and 2 in the IRLS algorithm). In the following examples, except when indicated, we recompute the weight every five iterations. In the following
sections, I call “IRLS” the IRLS algorithm described above with the weighting function in
equation (5).
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COMPARING IRLS AND HUBER ON A GEOPHYSICAL PROBLEM
We now compare IRLS and the Huber solver doing velocity-stack inversion. This method
was first introduced by Thorson and Claerbout (1985) and completed with an IRLS algorithm
by Nichols (1994). Guitton and Symes (1999) introduced the Huber misfit function with a
specific non-linear solver as an alternative to IRLS. The velocity estimation is made using
inverse methods to minimize the function
f (m) = E(Hm − d),
where E is an error measure function, H is the modeling operator that transforms the model
space m (velocity domain) into the data space d (CMP gathers). The adjoint operator (H† ) is
the well-known hyperbolic Radon transform operator. The forward operation is
d(t, x) =

sX
max

wo m(τ =

p

wo d(t =

p

t 2 − s 2 x 2 , s),

(7)

τ 2 + s 2 x 2 , x),

(8)

s=smin

and the adjoint transformation becomes
xX
max

m(τ , s) =

x=xmin

where wo is a weighting function (Claerbout and Black, 1997). We now solve the inverse
problem using both the Huber solver and IRLS on synthetic and real data. Note that in the
following sections, I assume that when  = max|d|/100, we nearly solve the l 1 problem for
both the Huber solver and IRLS.

Tests on synthetic data: spiky events
Figure 2 shows the input data for the first synthetic example plus the l 2 inversion result; it
demonstrates the sensitivity of least-squares to outliers: some ellipses appear in the model
space and the data space is infested with noise. Figures 3 and 4 show a comparison between
IRLS and the Huber solver (same clip applied on the data). The damping parameter for IRLS
and the Huber threshold were chosen as suggested above ( = max|d|/100). Both results are
very comparable since we get rid of the spikes in the data space (Figure 3). In addition, the
five expected velocity events, associated with the five input hyperbolas, are clearly identifiable
in the model space (Figure 4). Both results are very conclusive since the spikes have been
correctly “l 1 handled”.

Tests on synthetic data: groundroll
In this example, we contaminated the data with a low frequency/low velocity linear event
that simulates, to some extent, groundroll (Figure 5, left). Because the operator A models
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Figure 2: From left to right: 1) Input data. 2) velocity domain, l 2 inversion result. 3) remodeled
data from the l 2 result antoine2-gr-spiky-L2-HUBER [ER]

Figure 3: From left to right: 1) Remodeled data with l 2 . 2) Remodeled data with the Huber
solver. 3) Remodeled data using IRLS antoine2-comp-data-spiky-0.04 [ER]
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Figure 4: From left to right: 1) l 2 velocity space. 2) Huber velocity space. 3) IRLS velocity
space antoine2-comp-mod-spiky-0.04 [ER]

only hyperbolas, the simulated groundroll introduces some inconsistent data. It is therefore
interesting to test the sensitivity of our inversion schemes (l 2 and l 1 ) for this new problem. The
l 2 inversion of the data leads to a fairly noisy model where the five expected events are difficult
to pick (Figure 5). However, without groundroll and only a few artifacts, the remodeled l 2 data
does not display so dramatic effects. With a “l 1 ” inversion, the model space is more accurately
resolved, as shown in Figure 7. Again, there are few differences between IRLS and the Huber
solver, and it looks like the “l 1 ” norm copes more easily with inconsistent events than l 2
(groundroll in this case).

Tests on real data
Figure 8 shows the input for the real data example. These data are contaminated with a low
velocity/low frequency noise crossing the main signal. The Huber threshold and the damping
paramater for IRLS are equal and obey the empirical choice that we gave above. Figure 8
details the least-squares result. The velocity panel (middle) shows some horizontal stripes that
severely blur the main velocity fairway; in addition, because no strong event appears below
1s., a poor resolution is achieved. In regard to the l 2 result, we might note that the remodeled
data (right panel of Figure 8) exhibit some artifacts in the top part that shows the limitations of
the least-squares inversion in this case. Figure 10 displays the “l 1 ” inversion results with the
Huber solver and IRLS. Again, because we are able to pick up a velocity fairway all the way
down, both results are very comparable. Moreover, the remodeled data (Figure 9) show fewer
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Figure 5: From left to right: 1) Input data. 2) velocity domain, l 2 inversion result. 3) remodeled
data from the l 2 result antoine2-gr-freq30-L2-HUBER [ER]

Figure 6: From left to right: 1) Remodeled data with l 2 . 2) Remodeled data with the Huber
solver. 3) Remodeled data using IRLS antoine2-comp-data-freq30 [ER]
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Figure 7: From left to right: 1) l 2 velocity space. 2) Huber velocity space. 3) IRLS velocity
space antoine2-comp-mod-freq30 [ER]

artifacts than they do in the l 2 case.

Convergence issues
In this section I compare the convergence of the two solvers. Because the weighting matrix W
is recomputed after a certain number of iterations, the IRLS algorithm consists of a series of
different inverse problems. In this case, it may be unrealistic to compare the convergence of
the Huber solver with IRLS. Nonetheless, because the final model should be nearly identical
for both methods (assuming that they converge to same solution), the comparison appears to
be fair. Note that for the IRLS algorithm, the residual is computed using equation 4. Figures
11, 12 and 13 show respectively the convergence of the two inversion schemes for the spiky
data, the data with groundroll, and the real data. Except for the spiky data (Figure 11), the
Huber solver converges better than the IRLS scheme. Note that small jumps in the residual of
the IRLS algorithm usually appear when the weighting matrix W is recomputed. Figures 14
and 15 display the convergence of the inverse problem with the spiky data for different thresholds. A thorough comparison with Figure 11 (which corresponds to the “optimal” threshold
given by Darche (1989)) proves that the convergence is rather sensitive to this parameter: a
bigger threshold (Figure 15) leads to better convergence, whereas a smaller value decreases
it. In both cases, the Huber solver converges significantly better. Last, Figure 16 displays
the convergence of the IRLS algorithm for different restart paramaters: the weighting matrix
is recomputed after every iteration (steepest descent), after every five and after every 15 it-
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Figure 8: From left to right: 1) Input data. 2) velocity domain, l 2 inversion result. 3) remodeled
data from the l 2 result antoine2-gr-wz08-L2-HUBER [ER]

Figure 9: From left to right: 1) Remodeled data with l 2 . 2) Remodeled data with the Huber
solver. 3) Remodeled data using IRLS antoine2-comp-data-wz08-0.082 [ER]
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Figure 10: From left to right: 1) l 2 velocity space. 2) Huber velocity space. 3) IRLS velocity
space antoine2-comp-mod-wz08-0.082 [ER]

erations. Recomputing the weight after fifteen iterations increases the convergence, but only
slightly. As expected, recomputing the weight after every iteration considerably slows down
the convergence.
More about IRLS
All the convergence issues discussed above are dramatically altered if I change the restart
parameter, the weighting function, and the damping factor. This means we have to make many
decisions about a single inverse problem. To illustrate even more clearly the complexity of
IRLS algorithms, I below give a list of weighting functions I found in the literature ( positive
constant):
wii =

1
,
[1 + (rii /)2 ]1/4

(Bube and Langan, 1997),
wii =

2r̄
,
|rii | + rii

(Fomel and Claerbout, 1995),
wii =



|rii |( p−2)/2 , |rii | ≥ 
||( p−2)/2 , |rii | < 
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Figure 11: Relative residuals, spiky data antoine2-r-spiky-0.04 [ER]

Figure 12: Relative residuals, groundroll data antoine2-r-freq30 [ER]
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Figure 13: Relative residuals, real data antoine2-r-wz08-0.082 [ER]

Figure 14: Relative residuals, spiky data:  = 0.001 antoine2-r-spiky-0.001 [ER]
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Figure 15: Relative residuals, spiky data:  = 4 antoine2-r-spiky-4 [ER]

Figure 16: IRLS convergence for different restarts antoine2-cIRLSrt [ER]
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with p=1, (Huber, 1981),
p 1/2
wii =
,
(|rii | + )(2− p)/2
with p=1, (Hugonnet, 1998), and finally
1
wii = p
.
1 + (rii /)2
(Claerbout and Fomel, 1999), and there is probably more.
Each weighting function has different pros and cons and should be carefully chosen according to the problem we are trying to solve. Generally speaking, they all aim to weight
down outliers in the data. With only the threshold to set up a priori, the Huber solver appears
far easier to utilize than IRLS algorithms. Moreover, on a velocity stack inversion problem,
for a very common weighting function (equation 5) with reasonable parameters (damping factor and restart parameter), I have shown that the Huber norm fosters better convergence than
IRLS.

CONCLUSION
With thoroughly chosen parameters, I have shown that the l 1 problem can be approached
using either the Huber along with an appropriate non-linear solver or with IRLS algorithms
along with an appropriate weighting function. For the particular problem of velocity stack
inversion, however, the Huber solver generally bears better convergence properties. From the
practical point of view, the IRLS algorithms pose cumbersome problems for the choice of (1)
the weighting function (2) the restart parameter and (3) the damping factor. With only one
parameter to set up a priori, the Huber solver appears far easier to operate. This ease of use
should encourage more people to use the Huber norm when implementing the hybrid l 2 -l 1
norm.
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Speculations on contouring sparse data: Gaussian curvature
Jon Claerbout and Sergey Fomel1

ABSTRACT
We speculate about regularizing (interpolating) sparse data. We speculate that L 1 regularization would be desirable. An example convinces us it would not. Changing direction we
learn that flexed paper has zero Gaussian curvature. Unfortunately, Gaussian curvature is
a nonlinear function of the altitude.

INTRODUCTION
Twenty-five years ago I2 attended a series of lectures organized by the University of Houston
called “Petroleum Geology for Geophysicists”. One of the professors, Daniel Busch (if I recall
correctly), proposed a data set that would be “interesting to contour”. He might have said that
specialized knowledge of petroleum reservoirs would be helpful. His experience was with
very sparse data. I recall it being well logs from Mexico. Of special interest were (and are)
sand thicknesses. He cited four wells, each with a measurement:
.

5

98

.
.

x

.
.

100

7

The question for the interpreter is, what should be the value of x? Mathematical algorithms
generally give a value of x near 53. As a petroleum geologist, Busch was accustomed to visualizing drainage patterns such as rivers with residual sands. For a river running northwesterly,
the value of x would be near 6. On the other hand, he said, a paleotopography also commonly
contains ridges, so maybe x should be roughly 100.
This example charmed me enough to remember it for 25 years and to relay it to you now,
with the hope that we can do something helpful about Busch’s problem (that mathematical
contouring is not as good as common sense). The solutions that we are most accustomed to
are the linear solutions that come from minimizing quadratic forms. Such setups generally
give the average value of x near 54 that Busch would like to avoid.
1 email:
2 In

claerbout@stanford.edu, sergey@sep.stanford.edu
this paper “I” refers to the first author alone.
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We might wonder if Busch’s problem is too hard for any mathematical method. I think we
would feel that progress had been made, however, if we uncovered a method that told us this
data
.

98

.

5

.

x

.
.

100

7

suggests a river while this data
.

5

.

98

.

x

.
.

100

7

suggests a ridge. The whole problem could be more interesting in the presence of more data
values. The more remote data values could actually be making the choice of a river channel or
a ridge.
The goal is that the result should look more like topography than what we see arising
from familiar L 2 methods. The essential aspect of real world topography is that erosion cuts
drainage channels.

Will L1 solve the problem?
A motivation of this paper is to explore the idea that the L 1 norm might produce the kind of
solutions that Daniel Busch would like to see. I’m far from certain of this. The behavior of
the L 1 norm is well understood in overdetermined formulations. There L 1 is valuable because
it rejects outliers (large residuals). The behavior of the L 1 norm in underdetermined problems
is not well understood nor has it been widely observed.
One reason the behavior of the L 1 norm is not widely observed in underdetermined problems is that we do not have fast and reliable computational methods for problems of high
dimensionality. For example, in Busch’s example the unknowns are a cartesian mesh of all
possible altitudes where just four altitudes are constrained. (Actually, we probably also need
to specify the behavior at infinite distance.)
To see if L 1 might help us solve problems like the one posed by Busch, and to help us
guess whether we should invest resources in L 1 solvers, I review here various examples of
lesser scope.
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EXAMPLES
Median of an even number of points
Consider four numerical values, say (5,7,98,100). The median value is the middle value.
Since this is an even number of points, there is no middle. A way to define the median m
mathematically is to choose m to minimize
q

=

|m − 5| + |m − 7| + |m − 98| + |m − 100|

(1)

If you plot the function q(m) you find it has a flat spot between m = 7 and m = 98. This
illustrates a principle of L 1 optimizations: The minimum residual is unique. The model,
however, is not unique, but is a range. This is an interesting feature of L 1 which differs from
our usual least squares L 2 experience where we never get intervals. With L 2 , solutions are
unique, except for a possible null space, an infinite family of added solutions. Having a 5th
data point, even if very weakly weighted, would resolve the ambiguity so we might be on the
track of a Busch-like solution.
Best fitting straight line
Consider the straight line that best fits a collection of data points. Suppose there are four points.
Two of them are (−10, −10), (−10, 10). I’ll call these two data points the “left slot”. The other
two are (10, −10), (10, 10) which I’ll call the “right slot”. You can easily see that straight lines
that lie within both the left slot and the right slot all have the same sum of absolute distances
from the line to the data. For each slot the sum is 20 so the total is 40. Thus L 1 gives us many
lines inside the slots but it does not select any particular line. (This example is said to come
from Albert Tarantola.)
You might object to having two data points at the same coordinate. By moving them apart
a little, we suppose the “degeneracy” is broken, that a unique line becomes defined. Perhaps
so. Never the less, it is clear that the residual is “almost minimum” for all lines inside the slots,
and it is much bigger for lines outside the slots. Thus the reality of the slots remains, even
where technically we might avoid them. Again, L 1 has the appealing feature that an additional
data point, even if weighted weakly, could break the ambiguity.
Statics
An important example is the estimation of source and receiver time corrections. Here one has
a set of observed traveltimes from the ith source to the jth receiver. After known systematic
geometrical and velocity effects are removed, the time residual matrix ti j remains. Then, nearsource traveltimes si and near-receiver traveltimes r j are estimated from the ti j by minimizing
the error ei j in
ei j = ti j − si − r j .

(2)
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A trivial nonuniqueness is that an arbitrary constant added to all the si and subtracted from all
the r j will give the same residuals. I was surprised to discover deeper nonuniqueness lurking
in a simple example. Absolute error minimization reduced a 3-by-3 matrix of ti j to the ei j
residual matrix


0 −12 4
ei j =  17
0 0 .
(3)
0
10 0
As expected theoretically (by the solution method I used),
P there are 5 zeros representing the 5
independent unknowns of the 6 unknowns. Note that |ei j | = 43. Now modify source and
receiver times by applying +12 to row 1 and −12 to column 1. We have


0 0 16

5 0 0 ,
(4)
−12 10 0
P
still with |ei j | = 43. Now apply +12 to row 3 and −12 to column 3. We have


0 0
4
 5 0 −12  .
(5)
0 22
0
Furthermore, we can
Pgenerate an infinite set of ei j (and hence source and receiver corrections)
all with the same
|ei j | by taking residuals (3)-(5) and forming any convex combination
(weighted combination where each weight is positive and the weights sum to one).
The existence of a sizeable nonuniqueness with absolute error minimization leaves us the
uncomfortable feeling that the mathematical uniqueness of squared error is not genuine, i.e.,
that the uniqueness of results with squared error is not a realistic charactorization of our certainty.
Often, however, the this unfamiliar nonuniqueness does not arise. It depends on the data,
not the mathematical structure of the problem. For example, I don’t know any other minimum
L 1 solutions with the ei j matrix:


0
0
0
 0
7 −11  .
(6)
0 −3
8
More details are found in (Claerbout and Muir, 1973) which is where I recovered this example.
Curve through two points
Consider values along a horizontal x-axis ranging from 1 to 100. Suppose at x = 1, the y value
is given to be y1 = 1. Likewise at x = 100 the y value is given to be y100 = 100. Now we are
to find all the intervening points, y2 , y3 , . . . , y99 . Let us use the L 1 criterion
min

y2 ,y3 ,... ,y99

|y2 − y1 | + |y3 − y2 | + |y4 − y3 | + · · ·

(7)

SEP–103

Gaussian curvature

275

The solution to this problem is any curve with a positive slope since all such curves result in
the same value of 99 for (7) That is quite a lot of curves!
Now we begin to appreciate the strange flavor of L 1 . We appreciate the idea that solutions
are “intervals”. But it is distressing to realize that we could often have graphical difficulty
displaying the results. In practice we might need to settle for “seeing some examples.” Perhaps
a satisfactory way of generating those examples would be by using random starting values for
the fitting.
Suppose we set up the Busch problem with L 1 . Perhaps we will find the solution is not a
unique surface. It might turn out to be a “mat” of variable thickness. It would be annoying to
try to display the thickness, but perhaps the thickness is related to the uncertainty of the result.
That should have value.

WHAT IS THE L1 NORM OF THE 2-D GRADIENT?
The idea of finding smooth solutions is to minimize a measure of the gradient. The first time
I thought about doing this with L 1 , I tried the wrong approach (and that put me off the track
for 25 years). The wrong approach is to take the L 1 norm of the x-component of the gradient
and add it to the L 1 norm of the y-component of the gradient. This is bad because it embeds
the orientation of the coordinate system. Axiomatically, in science we like solutions that are
independent of the human choice of a coordinate system. Thus L 1 appears to conflict with this
basic requirement.
An approach independent of coordinate rotation and translation on a grid is to minimize
q(u)

=

X√
∇u · ∇u

(8)

where u = u(x, y) and where the summation is over (x, y)-space. Multivariate L 1 -norm problems generally reduce to a line search that is a weighted median. Hoare’s algorithm makes this
very fast. Unfortunately, this multidimensional generalization of L 1 does not seem to reduce
to a weighted median so Hoare’s algorithm is irrelevant, as might be other L 1 experiences we
have seen in 1 − D.
P√
I discussed the
∇u · ∇u criterion for a while with Bill Symes. We came up with this
simple problem where we would use zero side boundaries and seek the response of an impulse
in the medium.
0

0

0

0

0

a 10

0

0

b

c

0

0

0

0

0

The free variables are a, b, and c. We take the x derivative diagonally to the northeast and the
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y derivative diagonally to the southeast.
q(a, b, c) =

√
|a|
+ p
102 + a 2
+
10
+
√
√
2
2
2
2
2
2
b +a +
(a −√
c) + (b − 10) +
10 + c +
2
2
|b|
+
b +c
+
c

(9)

A few manual calculations quickly convinced us that the solution is a = b = c = 0. Thus
multidimensional L 1 does not look like the answer we seek. It looks like the boundaries
at infinite distance dominate the data (in this case the 10). Thus, the response to an isolated
collection of spikes, might simply be the spike values where they are given and zero elsewhere.

GAUSSIAN CURVATURE
I proposed that we find out the differential equation that describes the bending of paper and
use it as a regularization. The idea is to encourage a Busch-like behavior. As with L1, I would
like to have a linear operator to preserve the uniqueness of the solution. Uniqueness gives
reliability. My exerience has taught me that if a method has multiple isolated minima, I will
descend into the wrong one. If the paper-bending operator is nonlinear, I could linearize it.
Bill Symes suggested the Gaussian curvature. My favorite search engine (google.com)
quickly gave me several references. Indeed a sheet of paper does seem to have a Gaussian
curvature of zero. The Gaussian curvature of a 2-D function vanishes wherever the the function
is locally one dimensional. The Gaussian curvature is the product of the principal curvatures.
The Gaussian curvature is
h x x h yy − h 2x y
1 + h 2x + h 2y

(10)

For small dips, the numerator is the important part. The numerator is the determinant of the
Hessian,
det

hxx hxy
h yx h yy

(11)

We might regularize a collection of data points by minimizing this determinant. I have begun
looking for references that may have previously investigated this very basic idea. Unfortunately, the function is nonlinear. We can linearize it. Replacing h by h̄ + h and dropping terms
in h 2 we get
0

≈

(h̄ x x h̄ yy − h̄ 2x y ) + h̄ x x h yy + h x x h̄ yy − 2h̄ x y h x y

(12)

The most important question is: what is h̄(x, y)? How do we initialize it, and how can we
safely update it? A way to initialize h̄(x, y) is to approximate the initial data by a best fitting
one-dimensional parabola. One way to stablize h̄(x, y) is to smooth it in patches.
I am reminded of "LOMOPLAN", an earlier idea I had to fit a best plane wave, then use
it to define a linear operator to use as a weighting function in estimation. The idea is that a
sedimentary section consists of a single local plane wave. Perhaps that two-stage least squares
process is akin to linearizing the Gaussian curvature.
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MORE ON GAUSSIAN CURVATURE
Given a function u(x, y), its x-derivative u x , its y-derivative u y , and a slope parameter p, we
have the planewave operator L
0

L(u) = u x + pu y

=

(13)

which vanishes when u(x, y) is not really a two-dimensional function but is a one-dimensional
function u = f (x − py).
Next we get two equations from the plane-wave equation, one differentiating by x, the
other by y.
0

=

L(u x ) = u x x + pu x y

(14)

0

=

L(u y ) = u yx + pu yy

(15)

Eliminate p from these two equations by solving for it:
u yx
uxx
=
−p =
uxy
u yy
or
G(u)

=

u x x u yy − u x y u yx

(16)

=

0

(17)

The plane-wave operator L(u) will not vanish unless u is a plane wave going in the direction
specified by p. A remarkable property of the function G(u) is that it vanishes for any orientation of plane wave. If we want to test a 2-D field for one-dimensionality, the test L(u) requires
us to know p. The test G(u) does not. Generally we do not know p and we need to estimate
it by statistical means in a window of some size that we must specify. In principle, G escapes
those problems (although it might be worse in practice because it is a nonlinear function of the
wavefield).
In differential geometry, a quantity appears that is known as the “Gaussian curvature”. For
small vertical motions u, this Gaussian curvature reduces to our expression G.
The gentle flexure of a sheet of paper follows the principle that the Gaussian curvature
vanishes. The deformation must be one dimensional. We were first attracted to Gaussian
curvature as a way of interpolating sparse data where the data represents a wavefield or a
sedimentary earth model. We would seek the interpolation that was most “paper like”, which
minimized the integral of the square of the Gaussian curvature. Unfortunately, G is already a
quadratic function of u even before we square G to minimize a positive value.
Thin-plate versus biharmonic equation
The biharmonic equation uses the Laplacian operator twice: The biharmonic equation results
from minimizing the quadratic form
B(u) = u 0 (∂x x + ∂ yy )0 (∂x x + ∂ yy )u
B(u) = u

0

(∂x0 x ∂x x

+ ∂x0 x ∂ yy

0
+ ∂ yy
∂x x

(18)
0
+ ∂ yy
∂ yy )u

(19)
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To minimize, simply cancel off u 0 and set to zero. The thin plate equation resembles the
biharmonic equation but differs in a subtle but important way. The quadratic form minimized
for a thin plate is:

∂x x
 ∂x y 

where v = 
 ∂ yx  u
∂ yy


T (u)

=

v0v

(20)

or
T (u)

0
0
u 0 (∂x0 x ∂x x + ∂ yy
∂ yy + ∂x0 y ∂x y + ∂ yx
∂ yx )u

=

(21)

Again, we find the associated differential equation by canceling off the u 0 .
What is bothering me is that the dispersion relations look the same but the quadratic
forms look different. The difference between the biharmonic quadratic form and the thin
plate quadratic form lies in the cross term. Let us form half this difference G = (B − T )/2.
G(u)

=

u x x u yy − u x y u x y

(22)

We see the difference has turned out to be the Gaussian curvature. Although the difference is
a quadratic form, it is not uniformly positive or negative, as it can have both signs.
By means of rotation of coordinates, we can diagonalize the matrix


uxx uxy
u yx u yy



rotation



−−−→

K1 0
0 K2


(23)

Thus we can think of G = K 1 K 2 as the product of the curvatures while the biharmonic
quadratic form is the square of the sum B = (K 1 + K 2 )2 . In terms of curvatures, in the rotated coordinates the thin plate operator is
T

= B − 2G

(24)
2

T

= (K 1 + K 2 ) − 2K 1 K 2

(25)

T

= K 12 + K 22

(26)

which is the sum of the squares of the curvatures.
The meaning is this: The biharmonic equation zeroes B = (K 1 + K 2 )2 so its solution
could be expected to have many places of K 1 = −K 2 where the curvature on one axis is the
negative of that on the other axis. In other words, solving the biharmonic equation might
give us a function containing many saddles. On the other hand, the thin-plate equation T =
K 12 + K 22 tries to eliminate both curvatures (not allowing credit for when one cancels the other).
However, with respect to optimization, both quadratic forms are equivalent.
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CONCLUSION
In conclusion, we do not see any immediate action items. The notion of minimizing Gaussian
curvature is appealing, but it is nonlinear, which means that solutions depend on the starting
location. Physically, when flexing paper, the final deformation probably depends on the deformation history. For practical purposes the thin plate operator is the Laplacian squared. If we
are going to try to minimize the Gaussian curvature, a nonlinear criteria, we should probably
begin from the thin plate which is unique.
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Short Note
Implementation of a nonlinear solver for minimizing the Huber
norm
Antoine Guitton1

INTRODUCTION
The Huber norm (Huber, 1973) is an alternative to Iteratively Reweighted Least Square programs for solving the hybrid l 2 -l 1 problem. In this note, I detail a method for minimizing
the Huber norm. Because the Huber norm gives rise to a non-linear problem with non-twice
continuously differentiable objective functions, its use is quite challenging. Claerbout (1996)
implemented a Huber regression based on conjugate-gradient descents. However, the final
results were not satisfying. Here I propose to solve the Huber problem using a quasi-Newton
update of the solution with the computation of an approximated Hessian (second derivative
of the objective function). This strategy is innovative in seismic processing and merits some
explanation.
In this paper I first provide general definitions plus sufficient conditions to solve the optimization problem. Then, I present the quasi-Newton method and the complete algorithm used
to solve the Huber problem.

DEFINITIONS AND CONDITIONS FOR OPTIMALITY
This part follows closely Kelley ’s Iterative Method for Optimization (Kelley, 1999). We start
here with a series of definitions:
1. A is positive definite if xT Ax > 0 for all x ∈ < N
2. A is spd if A is positive definite and symmetric
3. x∗ ∈ U (U ⊂ < N ) is a global minimizer if f (x∗ ) ≤ f (x) for all x ∈ U
The Euclidian norm is also defined as
v
u N
uX
k x k= t (xi )2 .
i=1
1 email:

antoine@sep.stanford.edu
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Now, I give sufficient conditions that a minimizer x∗ exists for a function f.

Theorem
Let f be twice continuously differentiable in a neighborhood of x∗ . Assume that ∇ f (x∗ ) = 0
and that ∇ 2 f (x∗ ) is positive definite, then x∗ is a local minimizer of f .

Proof
Let u ∈ < N with u 6 = 0. For sufficiently small t we have
f (x∗ + tu) = f (x∗ ) + t∇ f (x∗ )T u +

t2 T 2
u ∇ f (x∗ )u + o(t 2 ).
2

But ∇ f (x∗ ) = 0 giving
f (x∗ + tu) = f (x∗ ) +

t2 T 2
u ∇ f (x∗ )u + o(t 2 ).
2

If ∇ 2 f (x∗ ) is positive definite, its smallest eigenvalue λ obeys λ > 0. So we have
f (x∗ + tu) − f (x∗ ) ≥

λ
k tu k2 +o(t 2 ) > 0.
2

Then, x∗ is a local minimizer for f .
We see that a sufficient condition for a local minimizer is ∇ f (x∗ ) = 0 and ∇ 2 f (x∗ ) (Hessian) is positive definite. These conditions are very important and should guide us in the choice
of an optimization strategy.
Quadratic functions form the basis for most of the algorithms in optimization, in particular
for the quasi-Newton method detailed in this paper. It is then important to discuss some issues
involved with these functions. Now, if we pose a quadratic objective function
1
f (x) = −xT b + xT Hx,
2
we see that we want to solve
∇ f (x) = −b + Hx = 0.
We may assume that the Hessian H is symmetric because
xT Hx = xT

HT + H
x.
2

So, the unique global minimizer is the solution of the system above if H (the Hessian) is spd.
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A QUASI-NEWTON METHOD FOR UNCONSTRAINED OPTIMIZATION
We will assume that f and x∗ satisfy the following assumptions:
1. f is twice continuously differentiable
2. ∇ f (x∗ ) = 0
3. ∇ 2 f (x∗ ) is symmetric positive definite
The Newton methods update the current iteration xn by the formula
xn+1 = xn − λn H−1
n ∇ f (xn ),

(1)

where λn is given by a line search that ensures sufficient decrease. Quasi-Newton methods
update an approximation of the Hessian H−1
n as the iterations progress. A possible update
is the BFGS method (Broyden, 1969; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970), which
overcomes some limitations of the earlier Broyden’s method (Broyden, 1965). In particular,
the Broyden’s update does not keep the spd structure of the Hessian. This structure not only
ensures the existence of a local minimizer but also allows the convergence of the updated
solution xn+1 to the minimum (Kelley, 1999). The BFGS update is a rank-two update given
by
Hn+1 = Hn +

yyT (Hn s)(Hn s)T
−
,
yT s
sT Hn s

(2)

with s = xn+1 − xn and y = ∇ f (xn+1 ) − ∇ f (xn ). In practice, it is very useful to express the
previous equation in terms of the inverse matrices. We then have




syT
ysT
ssT
−1
−1
Hn+1 = I − T Hn I − T + T .
(3)
y s
y s
y s
Lemma
Let Hn be spd, yT s > 0, and Hn+1 given in equation (2). Then Hn+1 is spd.
Proof
Starting from equation (2), we can write for all z 6= 0 and yT s > 0,
(zT y)2 (zT Hn s)2
.
z Hn+1 z = z Hn z + T − T
y s
(s Hn s)
T

T

Since Hn is spd, we have
(zT Hn s)2 ≤ (sT Hn s)(zT Hn z)
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with equality only if z = 0 or s = 0. But we have z 6 = 0 and yT s > 0 so that
zT Hn+1 z >

(zT y)2
≥ 0.
yT s

Then Hn+1 is spd. If during the iterations we have yT s ≤ 0, then the update is a failure.
The previous lemma is very important since it shows that starting from an initial spd
Hessian H0 , the next approximation of the Hessian is spd (given that yT s > 0). This guarantees
the existence of a minimizer for the function f (the inverse H−1 is also spd). It can be shown
(Kelley, 1999) that given some assumptions, the BFGS iterates are defined and converge qsuperlinearly 2 to the local minimizer x∗ . In practice, the storage needed to compute the
update and the possibility that yT s ≤ 0 are important issues. The updated Hessian is computed
at each iteration recursively. For this, we need to store a solution step vector s and a gradient
step vector y after each iteration. If for small problems this storage is not an issue, it may
become critical for large-scale problems. Unfortunately, these large-scale problems occur in
geophysics, and we need to find a better storage solution. Nocedal (1980) gives an interesting
answer to this problem. Instead of keeping all the s and y from the past iterations, we update
the Hessian using the information from the m previous iterations, where m is given by the end
user. This means that when the number of iterations is smaller than m, we have a “real” BFGS
update, and when it is larger than m, we have a Limited-memory BFGS (L-BFGS) update.

L-BFGS update
For the sake of completeness, I give the updating formulas of the Hessian as presented by
Nocedal (1980). We define first
ρi = 1/yiT si and vi = (I − ρi yi siT ).
In addition, we pose H−1 = B. As described above, when k, the number of iterations, obeys
k + 1 ≤ m, where m is the storage limit, we have the usual BFGS update
T
Bk+1 = vkT vk−1
· · · v0T B0 v0 · · · vk−1 vk

+vkT · · · v1T ρ0 s0 s0T v1 · · · vk
.
.

(4)

.
T
+vkT ρk−1 sk−1 sk−1
vk

+ρk sk skT .
2x

n

→ x∗ q-superlinearly if
lim n→∞

k xn+1 − x∗ k
= 0.
k xn − x∗ k
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For k + 1 > m we have the special limited-memory update
T
T
Bk+1 = vkT vk−1
· · · vk−m+1
B0 vk−m+1 · · · vk−1 vk
T
T
+vkT · · · vk−m+2
ρk−m+1 sk−m+1 sk−m+1
vk−m+2 · · · vk

.
.

(5)

.
T
+vkT ρk−1 sk−1 sk−1
vk

+ρk sk skT .
It is easy to show that the special updated Hessian is also spd. The L-BFGS algorithm is then
Algorithm 1
1. Choose x0 , m, 0 < µ < 1, µ < ν < 1 and a symmetric positive definite B0 . Set k = 0
2. Compute
dk = −Bk ∇ f (xk )
xk+1 = xk + λk dk ,

(6)
(7)

where λk verifies the Wolfe conditions (More and Thuente, 1994):
f (xk + λk dk ) ≤

f (xk ) + µλk ∇ f (xk )T dk ,

|∇ f (xk + λk dk ) dk | ≥ ν|∇ f (xk ) dk |.
T

T

(8)
(9)

We always try steplength λk = 1 first.
3. Let m̂=min{k,m − 1}. Check if ykT sk > 0.
• If no: Bk+1 = I (steepest descent step) and delete the pairs {yi , si }kj=k−m̂ .
• If yes: Update B0 m̂ + 1 times using the pairs {yi , si }kj=k−m̂ , i.e., let
T
T
· · · vk−
Bk+1 = vkT vk−1
m̂ B0 vk−m̂ · · · vk−1 vk
T
T
+vkT · · · vk−
m̂+1 ρk−m̂ sk−m̂ sk−m̂ vk−m̂+1 · · · vk

.
.
.
T
vk
+vkT ρk−1 sk−1 sk−1

+ρk sk skT .
4. Set k := k + 1 and go to 2.

(10)
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The update Bk+1 is not formed explicitly; instead, we compute dk = −Bk ∇ f (xk ) with an
iterative formula (Nocedal, 1980). Liu and Nocedal (1989) propose that we scale the initial
symmetric positive definite B0 at each iteration:
B0k =

ykT sk
B0 .
k yk k2

(11)

This scaling greatly improves the performances of the method. Liu and Nocedal (1989) show
that the storage limit for large-scale problems has little effect on the method’s performances.
A common choice for m is m = 5 (this is the default in my implementation as well). Conditions (8) and (9) are satisfied if we use an appropriate line search algorithm. I programmed
a MoreThuente line search algorithm (More and Thuente, 1994), which ensures sufficient
decrease of the objective function (equation 8) and obeys the curvature condition given in
equation (9). We do not describe this program here. In practice, the initial guess B0 for the
Hessian can be the identity matrix I; then it might be scaled as proposed above. Liu and
Nocedal (1989) prove that the L-BFGS algorithm converges to the local minimizer x∗ and
that the family of solutions {xk } converges R-linearly 3 (remember that the usual BFGS gives
q-superlinear convergence, which is better).

SOLVING THE HUBER PROBLEM WITH A QUASI-NEWTON METHOD
The Huber norm (Huber, 1973, 1981) is a hybrid l 1 -l 2 measure. We expect to find the minimum of the function using a quasi-Newton method with a L-BFGS update of the Hessian
(Guitton and Symes, 1999). The Huber norm is
f (x) = |Ax − m| H uber ,
= |r| H uber ,
N
X
=
M (ri ),

(12)

i=1

where
(
M (r ) =

r2
2 ,

|r | − 2 ,

0 ≤ |r | ≤ 
 < |r |.

(13)

 commands the limit between an l 1 or l 2 treatment of the residual; we call it the Huber
threshold and it must be given by the user. The gradient of the objective function is given by
∇ f (x) = AT (Ax − m)− ,
3x

n

→ x∗ R-linearly if there is a constant 0 ≤ r < 1 such that
f (xk ) − f (x∗ ) ≤ r k [ f (x0 ) − f (x∗ )].

(14)
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where z− is the vector whose ith component is
z i = max{−, min{, z i }}.
Because the Huber function is not twice continuously differentiable, it does not satisfy the
three necessary conditions that guarantee the convergence to a minimum. However, we only
need to compute the gradient for the BFGS update of the Hessian. Furthermore, given that
the approximated Hessian is certainly a vague approximation of the real one (Symes, 1999,
Personal communication), the violation of the initial conditions is mild. In addition, results
(Guitton, 2000) show that this method converges to a minimum. Li (1995) shows that the
Huber function has a unique minimizer for any meaningful choice of . Indeed, if the l 1
problem f (x) = |Ax − m|1 has multiple solutions (Tarantola, 1987), then the Huber problem,
provided that  is small enough, also has multiple solutions. This is annoying since we want
to find a global minimum for the problem using quasi-Newton updates. In practice, however,
it seems that
=

max|d|
100

is a good choice for the threshold (Darche, 1989). The threshold being set properly, the Huber
function has mathematical properties that allow the use of quasi-Newton methods. We can
now define an efficient algorithm in order to solve the Huber problem:
Algorithm 2
1. Choose x0 and the threshold . Set k = 0
2. Compute ∇ f (xk ) using equation 14
3. Compute dk = −Bk ∇ f (xk ) using a L-BFGS update (Algorithm 1, step 3)
4. Compute the step λk using a MoreThuente line search (λk = 1 tried first)
5. Update the solution xk+1 = xk + λk dk
6. Go to step 2
This algorithm will converge to the minimizer x∗ , as proven by Liu and Nocedal (1989).

CONCLUSION
Given an adequate threshold , the Huber problem may be solved using a quasi-Newton solver.
The Limited memory BFGS method, a quasi-Newton update, has interesting storage properties that lead to efficient convergence to the local minimum of any convex function. In this
paper, I proposed an algorithm to solve the Huber problem using the L-BFGS solver and a
MoreThuente line search. This algorithm is then supposed to give a R-linear convergence to
the desired solution.
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Helical preconditioning and splines in tension
Sergey Fomel1

ABSTRACT
Splines in tension are smooth interpolation surfaces whose behavior in unconstrained regions is controlled by the tension parameter. I show that such surfaces can be efficiently
constructed with recursive filter preconditioning and introduce a family of corresponding
two-dimensional minimum-phase filters. The filters are created by spectral factorization
on a helix.

INTRODUCTION
The method of minimum curvature is an old and ever-popular approach for constructing
smooth surfaces from irregularly spaced data (Briggs, 1974). The surface of minimum curvature corresponds to the minimum of the Laplacian power or, in an alternative formulation,
satisfies the biharmonic differential equation. Physically, it models the behavior of an elastic
plane. In the one-dimensional case, the minimum curvature method leads to the natural cubic
spline interpolation (de Boor, 1978). In the two-dimensional case, a surface can be interpolated with biharmonic splines (Sandwell, 1987) or gridded with an iterative finite-difference
scheme (Swain, 1976). Claerbout (1999) suggests a straightforward least-squares optimization
approach employing an iterative conjugate-gradient algorithm.
In most of the practical cases, the minimum curvature method produces a visually pleasing
smooth surface. However, in cases of large changes in the surface gradient, the method can
create strong artificial oscillations in the unconstrained regions. Switching to lower-order
methods, such as minimizing the power of the gradient, solves the problem of extraneous
inflections, but also removes the smoothness constraint and leads to gradient discontinuities
(Fomel and Claerbout, 1995). A remedy, suggested by Schweikert (1966), is known as splines
in tension. Splines in tension are constructed by minimizing a modified quadratic form that
includes a tension term. Physically, the additional term corresponds to tension in elastic plates
(Timoshenko and Woinowsky-Krieger, 1968). Smith and Wessel (1990) developed a practical
algorithm of 2-D gridding with splines in tension and implemented it in the GMT software
package.2
Fomel et al. (1997) have recently shown that an iterative interpolation algorithm can be
greatly accelerated by preconditioning with recursive multidimensional filters defined on a
1 email:
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helix (Claerbout, 1998a,b). To construct a minimum-phase filter suitable for recursive filtering,
one can apply an efficient spectral factorization method (Sava et al., 1998).
In this paper, I develop an application of helical preconditioning to gridding with splines
in tension. I introduce a family of 2-D minimum-phase filters for different degrees of tension. The filters are constructed by spectral factorization of the corresponding finite-difference
forms. In the case of zero tension (the original minimum-curvature formulation), we obtain
a minimum-phase version of the Laplacian filter. The case of infinite tension leads to spectral factorization of the Laplacian and produces the known helical derivative filter (Claerbout,
1999; Zhao, 1999).
The tension filters can be applied not only for interpolation but also for preconditioning in
any estimation problems with smooth models. Tomographic velocity estimation is an obvious
example of such an application (Woodward et al., 1998).

MATHEMATICAL THEORY OF SPLINES IN TENSION
The traditional minimum-curvature criterion implies seeking a two-dimensional surface f (x, y)
in region D, which corresponds to the minimum of the Laplacian power:
ZZ
∇ 2 f (x, y) d x dy ,
(1)
D

where ∇ 2 denotes the Laplacian operator: ∇ 2 =

∂2
∂x2

+ ∂∂y 2 .
2

Alternatively, we can seek f (x, y) as the solution of the biharmonic differential equation
(∇ 2 )2 f (x, y) = 0 .

(2)

Equation (2) corresponds to the normal system of equations in the least-square optimization
problem. Briggs (1974) derives it directly from (1) with the help of Gauss’s theorem.
Formula (1) approximates the strain energy of a thin elastic plate (Timoshenko and WoinowskyKrieger, 1968). Taking tension into account modifies both the energy formula (1) and the corresponding equation (2). Smith and Wessel (1990) suggest the following form of the modified
equation:


(1 − t)(∇ 2 )2 − t(∇ 2 ) f (x, y) = 0 ,
(3)
where the tension parameter t ranges from 0 to 1. Zero tension leads to the biharmonic equation (2) and corresponds to the minimum curvature construction. The case of t = 1 corresponds to infinite tension. Although infinite tension is physically impossible, the resulting
Laplace equation does have a physical interpretation of a steady-state temperature distribution. An important property of harmonic functions (solutions of the Laplace equation) is that
they cannot have local minima and maxima in the free regions. With respect to interpolation,
this means that, in the case of t = 1, the interpolation surface will be constrained to have its
local extrema only at the input locations.
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To interpolate an irregular set of data values, f k at points (xk , yk ), we need to solve equation (3) under the constraint
f (xk , yk ) = f k .

(4)

An iterative solution of this problem can be greatly accelerated by preconditioning (Fomel,
1997; Fomel et al., 1997). If A is the discrete filter representation of the differential operator
in equation (3), and we can find a minimum-phase filter D whose autocorrelation is equal to
A, then an appropriate preconditioning operator is a recursive inverse filtering with the filter
D. Formulating the problem in helical coordinates (Claerbout, 1998a,b) allows us to perform
both the spectral factorization of A and inverse filtering with D.

FINITE DIFFERENCES AND SPECTRAL FACTORIZATION
In the one-dimensional case, a finite-difference representation of the squared Laplacian can
be defined as a centered 5-point filter with coefficients (1, −4, 6, −4, 1). On the same grid,
the Laplacian operator can be approximated to the same order of accuracy with the filter
(1/12, −4/3, 5/2, −4/3, 1/12). Combining the two filters in accordance with equation (3) and
performing a spectral factorization with one of the standard methods (Claerbout, 1976, 1992),
we can obtain a 3-point minimum-phase filter, suitable for inverse filtering. Figure 1 shows
a family of one-dimensional minimum-phase filters for different values of the parameter t.
Figure 2 demonstrates the interpolation results obtained with these filters on a simple onedimensional synthetic. As expected, a small tension value (t = 0.01) produces a smooth interpolation, but creates artificial oscillations in the unconstrained regions around sharp changes
in the gradient. The value of t = 1 leads to linear interpolation with no extraneous inflections,
but with discontinuous derivatives. Intermediate values of t allow us to achieve a compromise:
a smooth surface with constrained oscillations.

Figure
1:
One-dimensional
minimum-phase filters for different values of the tension parameter
t. The filters range from the second
derivative for t = 0 to the first
derivative for t = 1. sergey1-otens
[ER]

To design the corresponding filters in two dimensions, I define the finite-difference representation of operator (3) on a 5-by-5 stencil. The filters coefficients are chosen with the help
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Figure 2: Interpolating a simple one-dimensional synthetic with recursive filter preconditioning for different values of the tension parameter t. The input data is shown on the top. The
interpolation results range from a natural cubic spline interpolation for t = 0 to linear interpolation for t = 1. sergey1-int [ER,M]
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of the Taylor expansion to match the desired spectrum of the operator around the zero spatial
frequency. The matching conditions lead to the following set of coefficients for the squared
Laplacian:
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Laplacian representation with the same order of accuracy has the coefficients
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For the sake of simplicity, I assumed an equal physical spacing in x and y directions. The coefficients can be easily adjusted for anisotropic spacing. Figures 3 and 4 show the spectra of the
finite-difference representations of operator (3) for the different values of the tension parameter. The finite-different spectra appear as fairly isotropic. They match the exact expressions at
small frequencies.
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Figure 3: Spectra of the finite-difference splines-in-tension schemes for different values of the
tension parameter (contour plots). sergey1-specc [CR]
Regarding the finite-difference operators as two-dimensional auto-correlations and applying the efficient Wilson-Burg method of spectral factorization (Claerbout, 1999; Sava et al.,
1998), I obtain two-dimensional minimum-phase filters suitable for inverse filtering. The exact filters contain many coefficients, which rapidly decrease in magnitude at a distance from
the first coefficient. For reasons of efficiency, it is advisable to restrict the shape of the filter
so that it contains only the valuable coefficients. Keeping all the coefficients that are 1000
times smaller in magnitude than the leading coefficient creates a 53-point filter for t = 0 and
a 35-point filter for t = 1, with intermediate filter lengths for intermediate values of t. When
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Figure 4: Spectra of the finite-difference splines-in-tension schemes for different values of the
tension parameter (cross-section plots). Dashed lines show the exact spectra for continuous
operators. sergey1-specp [CR]

the ratio is changed to 200, we obtain 25- and 16-point filters, respectively. The restricted
filters don’t factor the autocorrelation exactly, but provide an effective approximation of the
exact factors. As outputs of the Wilson-Burg spectral factorization process, they obey the
minimum-phase condition.
Figure 5 shows the two-dimensional filters for different values of t and illustrates inverse
recursive filtering, which is the essence of the helix method (Claerbout, 1999, 1998a,b). The
case of t = 1 leads to the filter known as helix derivative (Claerbout, 1999; Zhao, 1999). The
filter values are spread mostly on two columns. The other boundary case of t = 0 leads to a
three-column filter, which serves as the minimum-phase version of the Laplacian. As expected
from the theory, the inverse impulse response of this filter is noticeably smoother and wider
than the inverse response of the helix derivative. Filters corresponding to intermediate values
of t exhibit intermediate properties. Theoretically, the inverse impulse response of the filter
corresponds to the Green function of equation (3). The theoretical Green function for the case
of t = 1 is
1
lnr ,
(5)
2π
q
where r is the distance from the impulse: r = (x − xk )2 + (y − yk ). In the case of t = 0, the
Green function is smoother at the origin:
G=

G=

1 2
r lnr .
8π

(6)

The theoretical Green function expression for an arbitrary value of t is not known, but we can
assume that its smoothness lies between the two boundary conditions.
In the next section, I illustrate an application of helical inverse filtering to a two-dimensional
interpolation problem.
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Figure 5: Inverse filtering with the tension filters. The left plots show the inputs composed of
filters and spikes. Inverse filtering turns filters into impulses and turns spikes into inverse filter
responses (middle plots). Adjoint filtering creates smooth isotropic shapes (right plots). The
tension parameter takes values 0, 0.3, 0.7, and 1 (from top to bottom). sergey1-splin [ER,M]
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INTERPOLATION EXAMPLE

I chose the familiar Galilee dataset (Fomel and Claerbout, 1995; Claerbout, 1999) for a simple interpolation illustration. The data was collected on a bottom sounding survey of the Sea
of Galilee in Israel (Ben-Avraham et al., 1990). The data contain a number of noisy, erroneous and inconsistent measurements, which present a challenge for the traditional estimation
methods. Addressing this challenge completely goes beyond the scope of this paper.
Figure 6 shows the data after a nearest-neighbor binning to a regular grid. The data was
then passed to an interpolation program to fill the empty bins. The results (for different values
of t) are shown in Figures 7 and 8. Interpolation with the minimum-phase Laplacian (t = 0)
creates a relatively smooth interpolation surface but plants artificial little mountains around the
edge of the sea. This effect is caused by large gradient changes and is similar to the sidelobe
effect in the one-dimensional example (Figure 2). It is clearly seen in the cross-section plots in
Figure 8. Interpolation with the helix derivative (t = 1) is free from the sidelobe artifacts, but
it also produces an undesirable non-smooth behavior in the middle part of the image. As in the
one-dimensional example, intermediate tension allows us to achieve a compromise: smooth
interpolation in the middle and constrained behavior at the sides of the sea bottom.

Figure 6: The Sea of Galilee dataset
after a nearest-neighbor binning. The
binned data is used as an input for the
missing data interpolation program.
sergey1-mesh [ER]
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Figure 7: The Sea of Galilee dataset after missing data interpolation with helical preconditioning. Different plots correspond to different values of the tension parameter. An east-west
derivative filter was applied to illuminate the surface. sergey1-gal [ER,M]
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Figure 8: Cross-sections of the Sea of Galilee dataset after missing data interpolation with
helical preconditioning. Different plots correspond to different values of the tension parameter.
sergey1-cross [ER]
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CONCLUSIONS
Splines in tension represent an approach to constrained interpolation of smooth surfaces. The
constraint is embedded in a user-specified tension parameter. The two boundary values of
tension correspond to cubic and linear interpolation.
By applying the method of spectral factorization on a helix, I have been able to define a
family of two-dimensional minimum-phase filters, which correspond to the spline interpolation problem with different values of tension. These filters contribute to our collection of useful helical filters. They can be used for preconditioning interpolation problems with smooth
surfaces and, in general, for preconditioning geophysical estimation problems with smooth
models.
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Patching and micropatching in seismic data interpolation
Sean Crawley1

ABSTRACT
I interpolate CMP gathers with PEFs arranged on a dense, radial grid. The radial grid
facilitates preconditioning by radial smoothing, and enables the use of relatively large grid
cells, which we refer to as micropatches. Even when the micropatches contain enough
data samples that the PEF calculation problem appears overdetermined, radial smoothing
still noticeably improves the interpolation, particularly on noisy data.

INTRODUCTION

In filtering applications, input seismic data are commonly divided into smaller subsets which
we refer to as patches (which are also referred to as windows, gates, and other things). The
data are assumed to be approximately stationary within a patch, but due to practical limits on
patch size, it may not be possible to avoid nonstationarity and poor results in some patches.
This is often true where the data are strongly curved (for spatial filtering) or noisy. An alternative to independent patches is nonstationary filtering. SEP has applied nonstationary
filtering to numerous problems in recent reports, including groundroll suppression (Brown et
al., 1999), multiple suppression (Clapp and Brown, 1999), tomography regularization (Clapp
and Biondi, 1998), deconvolution (Claerbout, 1997), and interpolation (Fomel, 1999; Crawley,
1999). Nonstationary PEFs do not have patch-size limitations, so we may shrink patches down
to arbitrary size and shape. To control the potentially huge null space, we regularize the set of
filters to ensure that PEFs located at similar data coordinates have similar coefficients. This
implements the assumption that dips in the data may change everywhere, but do so smoothly.
Besides being small, these new patches are fundamentally different in that they are not independent problems, but related to each other via the regularization. To distinguish them from
the old independent patches, we call them “micropatches”. We have a great deal of freedom in
deciding the size and shape of our micropatches, and in implementing the regularization. This
paper motivates and describes my implementation.

1 email:

sean@sep.stanford.edu
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FORMULATION
A standard formulation for calculating PEFs from known data is to solve a linear least-squares
problem like
0 ≈ YCa + r0 ,

(1)

where a is a vector containing the PEF coefficients, C is a filter coefficient selector matrix,
and Y denotes convolution with the input data. The coefficient selector C is like an identity
matrix, with a zero on the diagonal placed to prevent the fixed 1 in the zero lag of the PEF from
changing. The r0 is a vector that holds the initial value of the residual, Ya0 . If the unknown
filter coefficients are given initial values of zero, then r0 contains a copy of the input data. r0
makes up for the fact that the 1 in the zero lag of the filter is not included in the convolution
(it is knocked out by C). When there are many coefficients, as when PEFs are spread densely
on the data grid, it makes sense to add damping equations and/or precondition the problem.
Inserting the preconditioned variable Sp (where S is a somewhat arbitrary smoother) for a
and adding the also somewhat arbitrary roughener R = S−1 to regularize the model, gives a
formulation like
0 ≈ YKSp + r0

(2)

0 ≈  Ip

(3)

In many cases we can set  = 0 and just use equation (2), being careful not to let it go for too
many iterations. We still have to define S (or R).

RADIAL SMOOTHING
We have to choose S. Inserting a smoother signifies the assertion that the dips in seismic data
should change in a gradual way. Choosing an isotropic smoother means we expect the dips to
vary similarly in all directions. However, we know that the dip spectrum of the data probably
changes more quickly in some directions than in others. We want to smooth most heavily
along directions where the dip is nearly constant. In a constant-velocity, flat-layered earth,
events fall along hyperbolas like
x2
t2 = τ 2 + 2 ,
v
where x is offset, v is stacking velocity, τ is zero-offset time. The time dip of an event is
dt/d x. If velocity is constant, differentiating gives
x
dt
= 2 ,
dx
v t
which means that the dip does not change along radial lines, where x/t is constant. In a real
earth, we suppose that dips will change, but slowly. Real earth velocity may change quickly
in depth, but hyperbola trajectories are functions of RMS velocity, which is smooth. We want
a smoother with an impulse response which is highly elongated in the radial direction. To get
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a big impulse response cheaply, I apply the inverse of a directional derivative, pointed in the
radial direction. To directly apply the inverse, the roughener has to be causal, which means
that the inverse will only smooth in one direction (Claerbout, 1998). We want S to have an
impulse response which is smoothed both in towards zero radius and out towards large radius,
so we make it the cascade of the causal smoother and its anticausal adjoint.

Patches, micropatches, pixels
Having chosen the radial direction, we can think of some different ways of implementing our
radially-smoothed filters. An obvious one is putting a PEF at every point on the data grid, and
devising a derivative filter which adjusts its direction to point at the origin. An alternative is to
overlay a radial grid on the data grid, and arrange PEFs on the radial grid. Here we compare
the two smoothing schemes. Our goal is to assume stationarity in a small enough region
that we can interpolate well where the data do not fit a plane-wave model. In the method of
independent patches, individual patches are treated as separate problems. A patch can not be
arbitrarily small, because it must provide enough fitting equations that the filter coefficients
are well overdetermined. In 1-D, filtering with a PEF looks like this:
û(i) =

p
X

a(k)u(i − k),

p + i patchmin ≤ i ≤ i patchmax .

(4)

k=0

The patch boundaries are i patchmin and i patchmax , p is the number of adjustable coefficients,
a(0) = 1. The lower limit on i is to prevent the filter from running off the end of the data
and encountering implicit zero values. The patches are designed to overlap, and the outputs
are normalized to hide the patch boundaries. In moving to the method of gradually-varying
PEFs, we replace the notion of extracting a subset of the data with that of dereferencing the
data coordinates to find the appropriate filter, as in
û(i) =

p
X

ai (k)u(i − k),

p + 1 ≤ i ≤ i datamax .

(5)

k=0

The index of the data sample i dereferences the set of filters ai (k). The data boundaries i = 1
and i datamax replace the patch boundaries. We have lots of freedom in dereferencing ai . In
the limiting cases, all the data may share one PEF, or we can choose ai to be a different set
of coefficients for each data point. In the case where we have a PEF at every data point, we
call S pixel-wise smoothing. Choosing a separate PEF for every input sample is a possibility,
but not necessary. Our motivation for moving away from independent patches was to use one
PEF in a region small enough that we do not have trouble with nonstationarity. Some amount
of patching may still make sense, provided the patches may be small. It is easy to implement
small patches as a generalization of the case above where each data sample has its own PEF.
A particular ai can be the same for any number of values of i without complication. Because
they may be small, we refer to the new patches as “micropatches” to distinguish between them
and independent patches. To subdivide a CMP gather into micropatches, we choose a web-like
grid made up of radial lines and circular lines. Radial lines are a natural choice because we
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want to smooth in the radial direction. Circles are somewhat arbitrary; we could choose flat
lines or reflection-like hyperbolas to cross the radial lines. Circles have the attractive property
that they make equal-area micropatches at a given radius.

Smoothing pixels versus smoothing micropatches
We can choose pixel-wise smoothing or micropatch smoothing. An easy argument favoring
micropatches over pixel-wise smoothing says that putting a filter at every data sample is a
tremendous waste of memory. If the data are predictable at all, they are probably not so
nonstationary that they need a separate PEF at each sample. A single 3-D PEF has easily 20
or more adjustable coefficients, so allocating the set of PEFs requires 20 times the storage of
the input data. Even very small micropatches require much less memory. Micropatches also
have some simplifying side effects that make them preferable to pixel-wise smoothing. One
is apparent from examining Figures 1 and 2. Figure 1 shows smoothing in micropatches and
Figure 2 shows pixel-wise smoothing. In each figure, the values represent filter coefficients
displayed in data coordinates. The axes are time and offset. The top halves show a set of
impulses, labeled d. Md is the impulses binned into micropatches, while Pd is the impulses
binned into pixels (naturally, Pd = d). F and F0 are pixel-wise smoothers pointed towards and
away from zero radius, respectively. C and C0 are the micropatched smoothers. In this case,
the two are similar, though the pixel-wise smoother obviously produces a higher-resolution
picture (though the micropatches could be made much smaller). The bottom halves show the
same treatment applied to a constant function, labeled 1. M1 has an angular limit applied.
Pixel-wise smoothing creates some very large ridge artifacts, visible in FP1 and F0 FP1, where
the angle between a data sample and the origin corresponds to an integer slope. Also, where
the constant function is smoothed in towards zero radius, FP1, energy concentrates in a huge
spike at the origin. F0 F and C0 C can be thought of as weighting functions in equation (2) (either
F0 F or C0 C is used for S in that equation). It is desirable to have the flatter weighting function.
It is also simpler to implement. Producing the many different angles in Figure 2 requires that
the smoothers F and F0 be made up of many different filters, oriented in a continuous sweep
between a spatial derivative and a time derivative. C and C0 produce the same range of angles
in Figure 1 using a single, radial derivative filter. The PEFs in micropatches are regularly
gridded in angle and radius, so they are easily smoothed in those directions with old-fashioned
stationary 1-D derivative filters. PEFs at every pixel are instead regularly sampled in time and
offset, so working in polar coordinates requires some work. F uses many coefficients, C uses
two.

Is smoothing necessary?
Using the weblike pattern seen in Figure 1, it is often possible to use fairly large micropatches.
An alternative to radial smoothing may be to simply lengthen the micropatches in the radial
direction, and not bother smoothing at all. I test this in Figures 3 and 4. It seems that smoothing
may have some important effects beyond just statistically compensating for the small size of a
micropatch. Even with very elongated patches, such that the area of a patch is more than large
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Figure 1: Illustration of micropatched radial filter coefficient smoothing. sean1-curtSmear8
[ER]
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Figure 2: Illustration of pixel-wise radial filter coefficient smoothing. sean1-random8 [ER]
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enough for the number of adjustable filter coefficients, smoothing noticeably improves the final
result, particularly where the data have many dips or are noisy. One possible explanation is
that where the data are incoherent, the change in a particular filter coefficient at each iteration
is just an average of data samples, which is approximately zero. With the addition of the
smoother, the change in nearby filter coefficients fills in. Figure 3 shows a section of noisefree data with many dips, interpolated with PEF smoothing on the left and without on the right.
The top two panels show the interpolated traces (the known input traces are windowed out).
The bottom two panels show the differences between the interpolated traces and the original
traces which were thrown out to make the input. The two panels are similar, though the left
side is noticeably better on some events. Figure 4 shows two more interpolation results. In
this case the data is land data, and much noisier. Both known and interpolated traces are
shown. Because the data is somewhat noisy, it is easier to distinguish between the coherency
of the two panels than picking out differences between particular events. The result using PEF
smoothing, in the left panel, is noticeably more coherent, particularly between 1.2 and 1.6
seconds.

CONCLUSION
We have a great deal of freedom in choosing how to distribute PEFs in the data coordinates, and
in choosing how to implement the smoother between PEFs. Choosing the web-like arrangement of micropatches and smoothing PEFs in radial coordinates gives a nice flat smoother
response, and the ability to use relatively large micropatches without trouble related to nonstationarity. The large size of the micropatches calls into question whether smoothing is actually
necessary. It turns out that, especially where data are noisy, smoothing continues to be important.
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Figure 3: Noise-free interpolated traces and difference from original data. Traces were interpolated with PEF smoothing on the left, without on the right. Known data is not shown, to
make the differences easier to see. The results are similar, but the result with smoothing is
better. sean1-smonosmo [ER]
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Figure 4: Noisy interpolated traces and differences. Traces were interpolated with PEF
smoothing on the left, without on the right. Differences are more visible here on noisy data
than on noise-free data. Traces interpolated without PEF smoothing abruptly change from
coherent to incoherent along certain micropatch boundaries. sean1-smonosmo2 [ER]
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Short Note
The Burg Method on a Helix?
Jon Claerbout1

We have not yet put the Burg method of PEF estimation on a helix. The first reason to do so
is that the Burg method assures us a stable PEF. The second reason to do so is that the Burg
method should be much faster than conjugate gradients. For data length ND and filter length
NF, the PEF estimation costs are
Conjugate gradients

ND*NF**2

Levinson

ND*NF + NF**2

Burg

ND*NF

Estimating PEF’s on a helix with the Burg method does not seem difficult: Terms in sums
that involve missing data can simply be omitted from certain averages. We could probably
proceed much as we now do with conjugate gradients (CG).
PEF estimation is not our main problem, however. Our main problem is missing data. The
Burg method has not yet been adapted to missing data estimation but we should try.
It remains to be seen how we can estimate missing values, both off the ends of the data and
internal to it. As with CG, polynomial division seems to be an important part of the solution.

BURG PEF ESTIMATION REVIEW
Burg PEF estimation should work fine on a helix. Full details along with the 1-D code are
found at (Claerbout, 1976). I will quickly review the theory from memory (partly to see how
simple I can make it).
First is the notion that PEFs can be built up from this recursion
A N +1 (Z )

=

A N (Z ) + cZ N +1 A N (1/Z )

(1)

where c is in the range −1 ≤ c ≤ +1. There is a theorem from Algebra that is easy to prove
that if c is in the required range, then A N +1 (Z ) will be minimum phase if A N (Z ) is minimum
phase. Since A0 = 1, all are minimum phase.
Burg’s PEF calculation begins from two copies of the data X (Z ). One, called F(Z ) will
be turned into the forward prediction error A(Z )X (Z ). The other called B(Z ) will be turned
1 email:
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into the backward prediction error A(1/Z )X (Z ). At each stage of the calculation, we compute
c with this formula
c

=

−2

b· f
b·b+ f · f

(2)

The triangle inequality shows that for arbitrary f and b, c is in the required range. Given c
we now form an upgraded F and B with f ←− f + cb and b ←− b + c f . [At successive
iterations, increasing time lag is introduced between f and b. Details in (1976).] When you
are finished, you have F = A(Z )X (Z ) and B = A(1/Z )X (Z ). Why is that? To understand that
requires delving into 1-D theory, in particular, the Levinson recursion, and we won’t do that
now. [Maybe I can think up an easier explanation later. Perhaps by a sequence of orthogonality
arguments.] I recall if you append a tiny impulse function off the end of X before you start,
when you finish, you will see it has turned into the PEF.
Now let us think about missing data off the ends of the Burgian one-dimensional data
set. Given that we have computed F(Z ) = A(Z )X (Z ), then we should find that F(Z )/A(Z )
matches X (Z ) until its end, and it is a logical continuation thereafter. Likewise B(Z ) could
be used for extensions before the beginning of X (Z ). Thus it remains to think about how to
handle gaps in the middle.

BURG PEF ESTIMATION ON A HELIX

Now, how does the Burg method fit on a helix? There is nothing new except for the huge gap
while we wind around the back of the helix. In this gap, we would simply presume c = 0 and
we do nothing there. We compute the PEF and the prediction error simply by omitting steps
that we would ordinarily do.
If, however, we intend to use the PE filter, then we have some details to attend to, and
this begins to get complicated. Reviewing the Levinson recursion, we find that gaps internal
to the filter tend to fill as the recursion proceeds. The filter is not as sparse as the reflection
coefficients. We’ll need to keep track of the nonzero filter coefficients. We need to keep
track of them in order that we have a PEF that we can use in polynomial division because
polynomial division is an essential part of finding missing data with the Burg method and
polynomial division is a part of preconditioning the conjugate-gradient method.
A promising thought is that perhaps the Burg recursion can be run backwards. Since
this would take a PEF (or its reflection coefficients) and white inputs (forward and backward
prediction errors) and create a colored outputs, it seems analogous to polynomial division.
When I began multidimensional filtering studies I was ignorant of the helix and thus had
not the opportunity to use the Burg or the Levinson methods. Stability was not an issue until
we began to do preconditioning using polynomial division.
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CONTINUOUSLY VARIABLE PEF’S
Inevitably, we get involved with nonstationarity and we become interested in continuously
variable PEF’s. Again, 1-D theory guides us. We can do regional averaging of c’s and that
preserves minimum phase. Likewise, we can independently average across micropatches the
numerator and denominator of (2). Many people did this in the old days when filter theory
was basically one dimensional.
Polynomial division by nonstationary PEFs made up from an assemblage of stationary
ones need not, however, be necessarily stable, as shown by (Rickett, 1999). He demonstrated
instability when two stable PEFs alternated at alternate time points. Whether this kind of
instability would arise in practice remains to be seen.

ACTION ITEMS
Regretably, I do not recognize any immediately manageable action items. Any Burg-helix
PEF estimation method must include a method for polynomial division or it cannot provide
fast solutions to the missing data problem. Even with a polynomial division method, we’ll still
have some thinking to do.

WEB REFERENCE
http://sepwww.stanford.edu/sep/jon/trash/helburg/
(This paper)
http://sepwww.stanford.edu/sep/prof/fgdp/c7.ps.gz
(FGDP chapter)
http://sepwww.stanford.edu/sep/prof/fgdp/c7/paper_html/node3.html (html)
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Data alignment with non-stationary shaping filters
James Rickett1

ABSTRACT
Cross-correlation provides a method of calculating a static shift between two datasets.
By cross-correlating patches of data, I can calculate a “warp function” that dynamically
aligns the two datasets. By exploiting the link between cross-correlation and shaping filters, I calculate warp functions in a more general way, leveraging the full machinery of
geophysical estimation. I compare warp functions, derived by the two methods, for simple
one and two-dimensional applications. For the one-dimensional well-tie example, shaping filters gave significantly improved results; however, for the two dimensional residual
migration example, the cross-correlation technique gave the better results. I also explain
how the helical transform allows the problem of finding a shaping filter to be formulated
as an auto-regression.

INTRODUCTION

In both the fields of medical and seismic imaging, automated interpretation of volumetric
data is becoming very important. A classical medical imaging problem is how to deform a
template image to match an observed image (Kjems et al., 1996). This deformation process
is also known as warping (Wolberg, 1990), and is the subject of a large literature within the
medical imaging community that is reviewed by Toga and Thompson (1998).
Applications of warping, however, are not limited to medical imaging: automated coregistration algorithms may be useful whenever multiple datasets need to be compared directly
with one another. In the field of seismic exploration, Grubb and Tura (1997) used a warping
algorithm when estimating AVO uncertainties: they migrated a field with multiple equiprobable velocity fields, and colocated the images with cross-correlation derived warp functions.
In another seismic application, Rickett and Lumley (1998) included warping as part of a timelapse reservoir monitoring cross-equalization flow, specifically to address the effects of migrations with different velocity fields. They also found a link between statistically derived warp
functions and deterministic residual migration (Rothman et al., 1985) or velocity continuation
(Fomel, 1997a) operators.
1 email:
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Warping: a two step process
Warping is nothing more than resampling of an image in a stretched coordinate system. I split
the warping operation into two stages: firstly, the determination of the new coordinate system,
and secondly, the spatial and/or temporal resampling.
The second step, the resampling, is just an interpolation operation. It is no more complex
than applying normal moveout (NMO), for example. However, as with other resampling operators, the choice of interpolation (nearest-neighbour, linear, band-limited etc.) may affect the
quality of results.
The more challenging problem is how do we determine the new coordinate system? Or
equivalently, how do we determine the warp function itself?

Calculation of the warp function
The previous authors (Grubb and Tura, 1997; Rickett and Lumley, 1998) determined the warp
function by calculating local cross-correlation functions at certain node points within the image space. The warp function at those node points is then taken to be the lag associated with
the maxima of the cross-correlelograms. Node values may then be smoothed and interpolated
to fill the image volume.
Unfortunately because seismic data is band-limited, cross-correlelograms have multiple
local maxima, and in noisy data situations, the maxima may have similar amplitude. Simply picking maxima is, therefore, prone to cycle-skipping problems. The problem of cycleskipping is fundamental to the process of automated (and even manual) seismic interpretation.
Rickett and Lumley (1998) addressed it by heavy smoothing and median filtering of the warp
functions before the image resampling itself.
In this paper, I exploit the link between shaping filters and cross-correlation functions
to incorporate the smoothing within the matching process. I pick shaping filter maxima as
opposed to cross-correlelogram maxima, reducing the need for ad hoc smoothing after the
fact.

THEORY
Cross-correlation and shaping filters
A simple numerical way to find a static shift between two traces is to find the maximum of
their cross-correlation function. The relative shift is the corresponding cross-correlation lag.
Shaping filters are closely related to the simple cross-correlation function, and can also be
used to measure relative shifts.
The shaping filter designed to match a first dataset, d1 , with a second dataset, d2 , can be
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defined as the filter, a that minimizes the norm of the objective function,
O(a) = || a ∗ d1 − d2 || ,

(1)

where ∗ denotes convolution. Equation (1) is very general: it implies nothing about either the
choice of norm, or the dimensionality of d1 , d2 or the filter a.
The classical discrete solution (Robinson and Treitel, 1980) to equation (1), which minimizes O(a) in the L 2 sense, can be written as
−1 T
a = DT1 D1
D1 d2 .
(2)
In this paper, I will use the convention that a bold upper case letter represents the operator
that describes convolution with the filter represented by the corresponding lower case letter.
For example, D1 represents the matrix which describes convolution with the dataset, d1 , and
D2 describes the matrix which represents convolution with d2 . Multi-dimensionality in equation (2) is built into the definition of the convolution matrices.
Equation (2) implies that the optimal shaping filter, a, is given by the cross-correlation
of d1 with d2 , filtered by the inverse of the auto-correlation of d1 . Equation (2) provides an
alternative method of computing a cross-correlation function: firstly calculate an L 2 shaping
filter to link one dataset with the other; secondly, recolor the filter with the auto-correlation of
the first dataset.
It is not immediately clear why we would ever want to do this in practice, since the first
step of computing a shaping filter is to compute a cross-correlation. However, shaping filter
estimation can leverage the well-developed machinery of geophysical inversion (Claerbout,
1999) in a number of ways; for example, we may include non-stationarity, a different choice
of norm, or different types of regularization in an alternative definition of a shaping filter.
The new algorithm for finding a warp function has three steps. First, estimate a nonstationary shaping filter. Second, recolor the shaping filter by convolving it with the autocorrelation of d1 . Finally pick the maxima of the recolored shaping filters.
Adaptive shaping filters
The first step is to consider non-stationary shaping filters. Experience with missing data problems (Crawley et al., 1998; Crawley, 1999b) has shown that working with smoothly-varying
non-stationary filters often gives better results than working with filters that are stationary
within small patches.
With a non-stationary convolution filter, f, the shaping filter regression equations,
A1 f − a2 = 0,

(3)

are massively underdetermined since there is a potentially unique impulse response associated with every point in the dataspace (Rickett, 1999). We need constraints to ensure the
filters vary-smoothly in some manner. The simplest regularization scheme involves applying
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a generic data-space roughening operator, R, to the non-stationary filter coefficients. R can be
a simple derivative operator, for example. This leads to the set of equations,
A1 f − a2 = 0
 Rf = 0 .

(4)
(5)

By making the change of variables, q = R f (Fomel, 1997b), we get the following system of
equations,
A1 R−1 q − a2 = 0
q = 0.

(6)
(7)

Equations (6) and (7) describe a preconditioned linear system of equations, the solution to
which converges rapidly under an iterative conjugate-gradients solver. In practice, I set  = 0,
and keep the filters smooth by restricting the number of iterations (Crawley, 1999a).
Shaping filers on a helix
In a helical coordinate system (Claerbout, 1997), calculation of shaping filters can be formulated as an autoregression. If we concatenate the two datasets being matched, and ensure that
filter lags span the two datasets, then the shaping filter is identical to the prediction-filter that
is used to predict the second dataset from the first. This convenient observation allows reuse
of both codes and concepts.

APPLICATIONS
I demonstrate the difference in results obtained by cross-correlations and non-stationary shaping filters on two simple examples: firstly, a 1-D well-tie problem, and secondly a 2-D statistical residual migration. Both methods extend naturally to higher dimensions as well; however,
while the cost of the cross-correlation method is proportional to the number of filter coefficients, N f , the cost of the shaping filter method is proportional to N f2 , since the number of
iterations depends on the number of filter coefficients.
One-dimensional well-ties
Figure 1 shows a seismic section from which I drew two hypothetical sonic logs. The task was
then to match them to each other. The fault that cuts through the section and the poor data
quality in the lower part cause problems from matching algorithms.
Figures 2 and 3 compare the results of the two warping algorithms. The shaping filters
themselves change more smoothly as a function of time than the local cross-correlelograms.
The warped difference (trace 3 in both figures) also contains less energy in Figure 3 than
Figure 2 indicating the shaping filters have found a better match. Clip levels for the wiggle
displays are the same for both Figures 2 and 3.
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Figure 1: Seismic section from which
two hypothetical sonic logs were
drawn. d1 was drawn at X=31 km
and d2 was drawn at X=32 km.
james2-data [ER]

Two-dimensional residual migration

The two panels in Figure 4 show the same 2-D section from a 3-D depth migration of the
Elf L7D dataset (Vaillant, 1999), after residual migration with two different residual velocity
ratios (Sava, 2000) and conversion to traveltime depth. I converted to traveltime depth to avoid
remove systematic gross kinematic changes in depth, while leaving changes in kinematics due
to imaging differences.
Figure 5 compares the raw difference between the two panels in Figure 4 with the difference after warping with the cross-correlation algorithm, and the shaping filter algorithm.
Comparing panel (a) and panel (b) shows the energy in the cross-correlation difference section has decreased significantly, and the algorithm has aligned the main events well. The RMS
amplitude decreased a factor of 0.6. On the other hand, comparing panels (a) and (c) shows
the shaping filters have not nearly been as successful: although the flanks of the salt have been
well aligned, other parts of the section are less well aligned than before warping. The RMS
amplitude in panel (c) has only been reduced by a factor of 0.8.
Although I tried a range of parameters, the shaping filter results could probably be improved by tweaking them further. There are many possible options with regard choice of
roughening filter and number of iterations, and it is difficult to find the best set.
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Figure 2: Cross-correlation results. The top panel shows cross-correlelograms and picked
maxima. The bottom panel shows d1 (0), d2 (1), warped d1 (2), d2 − warped d1 (3), and
d2 − d1 (4). james2-xcorr1 [ER]
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Figure 3: Non-stationary shaping filter results. The top panel shows cross-correlelograms and
picked maxima. The bottom panel shows d1 (0), d2 (1), warped d1 (2), d2 − warped d1 (3),
and d2 − d1 (4). james2-xcorr2 [ER]

Figure 4: Seismic sections extracted from the Elf L7D dataset after residual migration with vratio = 0.96 and vratio = 1.02 and conversion from depth to traveltime depth.
james2-elfpanels [ER]
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Figure 5: (a) Raw difference between the two panels in Figure 4.
(b) The difference after warping
with the cross-correlation algorithm.
(c) The difference after warping
with the shaping filter algorithm.
james2-diff [CR]

Rickett

SEP–103

SEP–103

Shaping filters

323

FURTHER WORK
Derivation of a warp function is fundamentally a non-linear process, and I am never going to
be able to escape that fact. However, there are tractable and non-tractable non-linear problems
that we have some experience with. By formulating the problem of finding a warp function in
the framework of geophysical estimation theory, I have opened up many possible avenues of
exploration.
A big problem is the presence of secondary maxima that confuse the picking operation;
ideally we would like to pick from functions with unique maxima. We may be able to achieve
this goal by imposing a minimum-entropy condition (Thorson, 1984) on the shaping filter regularization (model-space residual). In practice, however, this may have convergence problems,
and we may be better off with an L 1 norm on the model-space residual (Nichols, 1994), or
even the Huber norm (Guitton, 2000).

CONCLUSIONS
Shaping filters are closely related to cross-correlelograms, and therefore can be used to calculate kinematic misalignments between two similar datasets. I demonstrate the use of shaping
filters to calculate a dynamic “warp” function that maps one dataset to another. Shaping filters
can leverage the power of geophysical estimation theory, which potentially may help avoid
problems associated with noisy data to provide improved estimates of multi-dimensional warp
functions.
I compared results of warping with a function derived from shaping filters with results from
a warp function derived from cross-correlelograms. For the one-dimensional well-tie example,
the shaping filters gave encouraging results; however, for the two-dimensional example the
cross-correlation technique gave better results.
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Short Note
Random lines in a plane
Jon Claerbout1

INTRODUCTION
Locally, seismic data is a superposition of plane waves. The statistical properties of such
superpositions are relevant to geophysical estimation and they are not entirely obvious.
Clearly, a planar wave can be constructed from a planar distribution of point sources. Contrariwise, a point source can be constructed from a superposition of plane waves going in all
directions. We can represent a random wave source either as a superposition of points or as a
superposition of plane waves. Here is the question:
Given a superposition of infinitely many impulsive plane waves of random amplitudes and
orientations, what is their spectrum?
If you said the spectrum is white, you guessed wrong. Figure 1 shows that it does not even
look white. It is lower frequency than white for good reason. Mathematically independent
variables are not necessarily statistically independent variables.

RESOLUTION OF THE PARADOX
If we throw impulse functions randomly onto a plane, the power spectrum of the plane is the
power spectrum of impulse functions, namely white.
Think of a 2-D Gaussian whose contour of half-amplitude describes an ellipse of great
eccentricity. In the limit of large eccentricity, this Gaussian could be one of the lines that we
sprinkle on the plane with random amplitudes and orientations. The spatial spectrum of such
an eccentric Gaussian must be lower than that of a symmetrical point Gaussian because the
spectrum along the long axis of the ellipsoid is concentrated at very low frequency.
Consider a single delta function along a line with an arbitrary slope and location in a
plane. The autocorrelation of this dipping line is another dipping line with the same slope,
but passing through the origin at zero lag. The polarity of the impulse function is lost in the
autocorrelation; in the autocorrelation space, the amplitude of the dipping line is positive.
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Figure 1: Top shows a superposition of 100 randomly positioned
lines. Middle shows a superposition of 10,000 such lines. Bottom
shows a superposition of 10,000 random point values. The bottom panel
shows the most high frequency. Its
spectrum is theoretically white. This
paper claims that the middle panel is
more representative of natural noises.
jon3-randline [ER,M]
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Now consider a superposition of many dipping lines on the plane. Its autocorrelation is the
sum of the autocorrelations of individual lines. The autocorrelation of any individual line is a
line of the same slope that is translated to pass through the origin. [The 2-D autocorrelation
is not shown in the graphics here. You’ll need to understand it from the words here. Sorry.]
The autocorrelation is a superposition of lines of various slopes all passing through the origin,
all having positive amplitude. This function would resemble a positive impulse function at the
origin (and hence suggest a white spectrum). The function is actually not an impulse function,
but, as we’ll see, it is the pole 1/r .
Consider an integral on a circular path around the origin. The circle crosses each line
exactly twice. Thus the integral on this circular path is independent of the radius of the circle.
Hence the average amplitude on the circumference is inverse with the circumference to keep
the integral constant. Thus the autocorrelation function is the pole 1/r .

FOURIER TRANSFORM OF 1/R
We would like to know the 2-D Fourier transform of 1/r . Everywhere I found tables of
1-D Fourier transforms but only one place did I find a table that included this 2-D Fourier
transform. It was at http://www.ph.tn.tudelft.nl/Courses/FIP/noframes/fip-Statisti.html
Sergey Fomel showed me how to work it out: Express the FT in radial coordinates:
 
Z Z
1
1
=
exp[ik x r cos θ + ik y r sin θ ] r dr dθ
(1)
FT
r
r
 
Z
1
=
δ[k x cos θ + k y sin θ] dθ
(2)
FT
r
R
To evaluate the integral, we use the fact that δ( f (x))d x = 1/| f 0 (x0 )| where x0 is defined by
f (x) = 0 and the definition θ0 = arctan(−k x /k y ).
 
1
1
=
FT
r
| − k x sin θ0 + k y cos θ0 |
 
1
1
1
= q
FT
=
r
kr
k x2 + k 2y

(3)
(4)

UTILITY OF THIS RESULT
At present we are accustomed to estimating statistical properties of seismic data by computing
a 2-D prediction-error filter. This filter is needed to interpolate and extrapolate missing values.
Knowing that the prior spectral estimate is not a constant but instead is 1/kr suggests a
procedure that is more efficient statistically: By more efficient, I mean that a simpler model
should fit the data, a model with fewer adjustable parameters.
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INTERPOLATION
We’ll
need to know a wavelet in the time and space domain whose amplitude spectrum is
√
kr (so its power spectrum is kr ). Do not mistake this for the the helix derivative (Claerbout,
1998) whose power spectrum is kr2 . What we need to use here is
√the square root of the helix
derivative. Let the (unknown) wavelet with amplitude spectrum kr be known as G.
1. Apply G to the data. The prior spectrum of the modified data is now white.
2. Estimate the PEF of the modified data.
3. The interpolation filter for the original data is now G times the PEF of the modified
data.
Why is this more efficient? The important point is that the PEF should estimate the minimal
practical number of freely adjustable parameters. If G is a function that is lengthy in time or
space, then the PEF does not need to be.
How important is this extra statistical efficiency? I don’t know.

WHAT ARE THE NEXT STEPS?
√
• Compute kr in physical space and look at it. How best to do this? How best to package
the software?
• Invent a synthetic data test.
• Think about how it might impact Sean (or Sergey). Which example of Sean’s would be
worth redoing?
• Extend this idea to 3-D (lettuce versus noodles).
• Matt Schwab and I were frequently disappointed in the performance of local PEFs for
the task of visualizing data. This might explain it. Which example of his might be worth
redoing?
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Short Note
Test case for PEF estimation with sparse data
Jon Claerbout1

Are PEFs going to be a useful tool on very sparse data sets? GEE disappoints. It throws away
regression equations that depend on missing data. With sparse data, we have none left.
We need a test case. I offer one here. A test case with some realistic aspects. We should
be able to get perfect results while nobody else does. And they’ll all have to admit it :-)

THE TEST CASE
We begin with a rough one-dimensional function. A random walk would be nice, the integral
of random numbers (possibly coin flips). Call it r (x). Actually, I’d like a random walk that
crosses the zero axis a couple times. We could try several seeds until we find an "attractive"
one. Maybe leaky integrate random numbers.
Next, flex a piece of paper so that along the x-axis it matches r (x). Now any line parallel to
the x-axis should match r (x). Let us tilt this on the y-axis, so our altitude function is h(x, y) =
r (x) + y. Notice that we have a function whose second y-derivative vanishes everywhere. So
δ yy is a PEF for it. Its Gaussian curvature h x x h yy − h 2x y vanishes. Now, to confuse people, we
rotate it 45◦ . Thus, I propose the test function h(x, y) = r (x + y) + (x − y). Its perfect PEF is
.
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0
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0
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0

and we need to show that we can find it.
What will we give for data? I offer a track of dense data along the x axis (like a well log or
seismogram). Already you can see with this and with the PEF, and one more data point off the
track, the data everywhere is known. Well, almost everywhere. Actually, there is a shadow.
Now we sprinkle a dozen data values around the plane. We might choose those points aliased
on our rough function in such a way that everyone but us would be completely confused.
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HOW ARE WE GOING TO GET THE PEF?
How are we going to get the PEF? I propose we invoke stationarity and scale invariance.
Notice that we have an interesting kind of scale invariance here. We can expand the correct
PEF and it is still a correct PEF. (It is interesting to notice that an apparent scale or resonant
spectrum visible along the observation track does not prevent the 2-D function from being
scale invariant).
We have a non-linear optimization problem to solve. You know it, 0 ≈ A(Z )P(Z ) where
a0 = 1 and some of the pi are known. It is non-linear. This problem is linearized in (Claerbout,
1992) and (Claerbout, 2000) but I don’t trust an ignorant descent. I’ve had some disappointments doing that (but that was before I learned about scale invariance). How would you try?
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Transformation of seismic velocity data to extract porosity and
saturation values for rocks
James G. Berryman, Patricia A. Berge, and Brian P. Bonner

ABSTRACT
For wave propagation at low frequencies in a porous medium, the Gassmann-Domenico
relations are well-established for homogeneous partial saturation by a liquid. They provide the correct relations for seismic velocities in terms of constituent bulk and shear
moduli, solid and fluid densities, porosity and saturation. It has not been possible, however, to invert these relations easily to determine porosity and saturation when the seismic
velocities are known. Also, the state (or distribution) of saturation, i.e., whether or not
liquid and gas are homogeneously mixed in the pore space, is another important variable
for reservoir evaluation. A reliable ability to determine the state of saturation from velocity data continues to be problematic. We show how transforming compressional and
shear wave velocity data to the (ρ/λ, µ/λ)-plane (where λ and µ are the Lamé parameters and ρ is the total density) results in a set of quasi-orthogonal coordinates for porosity
and liquid saturation that greatly aids in the interpretation of seismic data for the physical
parameters of most interest. A second transformation of the same data then permits isolation of the liquid saturation value, and also provides some direct information about the
state of saturation. By thus replotting the data in the (λ/µ, ρ/µ)-plane, inferences can be
made concerning the degree of patchy (inhomogeneous) versus homogeneous saturation
that is present in the region of the medium sampled by the data. Our examples include
igneous and sedimentary rocks, as well as man-made porous materials. These results
have potential applications in various areas of interest, including petroleum exploration
and reservoir characterization, geothermal resource evaluation, environmental restoration
monitoring, and geotechnical site characterization.

INTRODUCTION
In a variety of applied problems, it is important to determine the state of saturation of a porous
medium from acoustic or seismic measurements. In the oil and gas industry, it is common
to use amplitude-versus-offset (AVO) processing of seismic reflection data to reach conclusions about the presence of gas, oil, and their relative abundances on the opposite sides of a
reflecting interface underground [e.g., Castagna and Backus (1993)]. For environmental applications, we can expect to be working in the near surface where sensor geometries other
than surface reflection surveys become practical. For example, when boreholes are present,
it is possible to do crosswell seismic tomography, or borehole sonic logging to determine ve331

332

Berryman et al.

SEP–103

locities [e.g., Harris et al. (1995)]. For AVO processing the data obtained are the seismic
impedances ρv p and ρvs (where ρ is the density, and v p , vs are the seismic compressional and
shear wave velocities, respectively), which arise naturally in reflectance measurements. (In
this paper, we will use the term “velocities” to refer to measured velocities at seismic, sonic,
or ultrasonic frequencies, unless otherwise specified.) However, for crosswell applications,
we are more likely to have simply velocity data, i.e., v p and vs themselves without density
information. For well-logging applications, separate measurements of the velocities as well as
density are possible. Although a great deal of effort has been expended on AVO analysis, relatively little has been done to invert the simple velocity data for porosity and saturation. It is our
purpose to present one method that shows promise for using velocity data to obtain porosity
and saturation estimates. The key physical idea used here is the fact that the Lamé parameter λ
and the density ρ are the two parameters containing information about saturation, while both
of these together with shear modulus µ contain information about porosity (λ and µ are defined in the next section). These facts are well-known from earlier work of Gassmann (1951),
Domenico (1974), and many others. (It is well-established that even though the GassmannDomenico relations are derived for the static case, they have been found to describe behavior
measured in the field at sonic and seismic frequencies, and, in some cases, even in laboratory
ultrasonic experiments.) The same facts are used explicitly in AVO analysis (Castagna and
Backus, 1993; Ostrander, 1984; Castagna et al., 1985; Foster et al., 1997), but in ways that
are significantly different from those to be described here. A major point of departure is that
the present work allows direct information to be obtained about, not only the level of the saturation, but also concerning the state of saturation, i.e., whether the liquid and gas present are
mixed homogeneously, or are instead physically separated and therefore in a state of patchy
saturation (Berryman et al., 1988; Endres and Knight, 1989; Knight and Nolen-Hoeksema,
1990; Mavko and Nolen-Hoeksema, 1994; Dvorkin and Nur, 1998; Cadoret et al., 1998).
Another advantage is that this method uses velocity rather than amplitude information, and
therefore may have less uncertainty and may also require less data processing for some types
of field experiments.
One of the main points of the analysis to be presented is the purposeful avoidance of the
well-known complications that arise at high frequencies, due in large part to velocity dispersion and attenuation (Biot, 1956a,b; Biot, 1962; O’Connell and Budiansky, 1977; Mavko and
Nur, 1978; Berryman, 1981; McCann and McCann, 1985; Johnson et al., 1987; Norris, 1993;
Best and McCann, 1995). Our point of view is that seismic data (as well as most sonic, and
some ultrasonic data) do not suffer from contamination by the frequency-dependent effects to
the same degree typically seen for high frequency laboratory measurements. By restricting our
range of frequencies to those most useful in the field, we anticipate a significant simplification
of the analysis and therefore an improvement in our ability to provide both simple and robust
interpretations of field data. In the Discussion section, we also provide a means of identifying
data in need of correction for dispersion effects.
We introduce the basic physical ideas in the next section. Then we present two new methods of displaying the velocity data. One method is used to sort data points into sets that have
similar physical attributes, such as porosity. Then, the second method is used to identify both
the level of saturation and the type of saturation, whether homogeneous, patchy, or a combina-
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tion of the two. We show a subset of the large set of data we have examined that confirms these
conclusions empirically. We then provide some discussion of the results and what we foresee
as possible future applications of the ideas. Finally, we summarize the accomplishments of
the paper in the concluding section.

ELASTIC AND POROELASTIC WAVE PROPAGATION
For isotropic elastic materials there are two bulk elastic wave speeds (Aki and Richards, 1980),
√
√
compressional v p = (λ + 2µ)/ρ and shear vs = µ/ρ. Here ρ is the overall density, and the
Lamé parameters λ and µ are the constants that appear in Hooke’s law relating stress to strain
in an isotropic material. The constant µ gives the dependence of shear stress on shear strain
in the same direction. The constant λ gives the dependence of compressional or tensional
stress on extensional or dilatational strains in orthogonal directions. For a porous system with
porosity φ (void volume fraction) in the range 0 < φ < 1, the overall density of the rock or
sediment is just the volume weighted density given by
ρ = (1 − φ)ρs + φ[Sρl + (1 − S)ρg ],

(1)

where ρs , ρl , ρg are the densities of the constituent solid, liquid and gas, respectively. S is
the liquid saturation, i.e., the fraction of liquid-filled void space in the range 0 ≤ S ≤ 1 [see
Domenico (1974)]. When liquid and gas are distributed uniformly in all pores and cracks,
Gassmann’s equations say that, for quasistatic isotropic elasticity and low frequency wave
propagation, the shear modulus µ will be mechanically independent of the properties of any
fluids present in the pores, while the overall bulk modulus K (≡ λ + 32 µ) of the rock or sediment including the fluid depends in a known way on porosity and elastic properties of the
fluid and dry rock or sediment (Gassmann, 1951; Berryman, 1999). Thus, in the Gassmann
model, the Lamé parameter λ is elastically dependent on fluid properties, while µ is not. The
density ρ also depends on saturation, as shown in equation (1). At low liquid saturations,
the bulk modulus of the fluid mixture is dominated by the gas, and therefore the effect of the
liquid on λ is negligible until the porous medium approaches full saturation. This means that
both velocities v p and vs will decrease with increasing fluid saturation (Domenico, 1974) due
to the “density effect,” wherein the only quantity changing is the density, which increases in
the denominators of both v 2p and vs2 . As the medium approaches full saturation, the shear velocity continues its downward trend, while the compressional velocity suddenly (over a very
narrow range of saturation values) shoots up to its full saturation value. A well-known example of this behavior was provided by Murphy (1984). Figure 1 shows how plots of these
data for sandstones will appear in several choices of display, with Figure 1(a) being one of
the more common choices. This is the expected (ideal Gassmann-Domenico) behavior of partially saturated porous media. The Gassmann-Domenico relations hold for frequencies low
enough (sonic and below) that the solid frame and fluid will move in phase, in response to
applied stress or displacement. The fluid pressure must be (at least approximately) uniform
throughout the porous medium, from which assumption follows the homogeneous saturation
requirement.
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PREDICTIONS OF THE THEORY AND EXAMPLES
Gassmann-Domenico relations
Gassmann’s equations (Gassmann, 1951) for fluid substitution state that
α2
K = K dr +
(α − φ)/K m + φ/K f

and µ = µdr ,

(2)

where K m is the bulk modulus of the single solid mineral, K dr and µdr are the bulk and
shear moduli of the drained porous frame. The special combination of moduli defined by
α = 1 − K dr /K m is the Biot-Willis parameter (Biot and Willis, 1957). The porosity is φ,
while K and µ are the effective bulk and shear moduli of the undrained porous medium that is
saturated with a fluid mixture having bulk modulus K f . For partial saturation conditions with
homogeneous mixing of liquid and gas, so that all pores contain the same relative proportions
of liquid and gas, Domenico (1974) among others shows that
1/K f = S/K l + (1 − S)/K g .

(3)

The saturation level of liquid is S lying in the range 0 ≤ S ≤ 1. The bulk moduli are: K l for
the liquid, and K g for the gas. When S is small, (3) shows that K f ' K g , since K g  K l . As
S → 1, K f remains close to K g until S closely approaches unity. Then, K f changes rapidly
(over a small range of saturations) from K g to K l . (Note that the value of K l may be several
orders of magnitude larger than K g , as in the case of water and air — 2.25 GPa and 1.45×10−4
GPa, respectively.)
Since µ has no mechanical dependence on the fluid saturation, it is clear that all the fluid
dependence of K = λ + 32 µ in (2) resides within the Lamé parameter λ. Other recent work
(Berryman et al., 1999) on layered elastic media indicates that λ should be considered as an
important independent variable for analysis of wave velocities and Gassmann’s results provide
some confirmation of this deduction (and furthermore provided a great deal of the motivation
for the present line of research). The parameters K (= λ + 23 µ) and K dr (= λdr + 23 µdr ) can
be replaced in (2) by λ and λdr without changing the validity of the equation. Thus, like K ,
for increasing saturation values, λ will be almost constant until the porous medium closely
approaches full saturation.
Now, the first problem that arises with field data is that we usually do not know the reason
why data collected at two different locations in the earth differ. It could be that the differences
are all due to the saturation differences we are concentrating on in this paper. Or it could
be that they are due entirely or only partly to differences in the porous solids that contain
the fluids. In fact, solid differences easily can mask any fluid differences because the range
of detectable solid mechanical behavior is so much greater than that of the fluids (especially
when fractures are present).
It is essential to remove such differences due to solid heterogeneity. A related issue concerns differences arising due to porosity changes throughout a system of otherwise homogeneous solids. One way of doing this would be to sort our data into sets having similar porous

SEP–103

Extracting porosity & saturation

335

solid matrix. For simplicity and because of the types of laboratory data sets available, we will
use porosity here as our material discriminant.
TABLE 1. Monotonicity properties of the Lamé parameters λ and µ and the density ρ as the
porosity φ and liquid saturation S vary.

1φ
1S

∂λ
∂ S |φ

Lamé λ

Lamé µ

Density ρ

∂λ
∂φ | S

=?

∂µ
∂φ | S

<0

∂ρ
∂φ | S

<0

> 0 (or ' 0)

∂µ
∂ S |φ

=0

∂ρ
∂ S |φ

>0

Considering our three main parameters, λ, µ, and ρ, we see that all three depend on
porosity, but only λ and ρ depend on saturation. Using formulas (1)-(3), we can take partial
derivatives of each of these expressions first with respect to φ while holding S constant, and
then with respect to S while holding φ constant. For now, we are only interested in trends
rather than the exact values, and these are displayed in Table 1. The trend for ∂λ/∂ S|φ > 0
requires the additional reminder that, although this term is always positive, its value is often
so small that it may be treated as zero except in the small range of values close to S = 1. Also,
using Hashin-Shtrikman bounds (Hashin and Shtrikman, 1962) as a guide, it turns out that it is
not possible to make a general statement about the sign of ∂λ/∂φ| S , since the result depends
on the particular material constants. (Related differences of sign are also observed in the data
we show later in this paper; thus, this ambiguity is definitely real and observable.)
Assuming that the primary variables are λ, µ, and ρ (further justification of this choice of
primary variables is provided later in the paper), then the two pieces of velocity data we have
can be used to construct the following three ratios:
µ
v2
= 2 s 2,
λ
v p − 2vs

(4)

ρ
1
= 2
,
λ v p − 2vs2

(5)

1
ρ
= 2.
µ vs

(6)

and

We will consider first of all what happens to these ratios for homogeneous mixing of fluids,
and then consider the simpler case of ideal patchy saturation, where some pores in the partially
saturated medium are completely filled with liquid and others are completely dry (or filled with
gas).
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Homogeneous saturation
For homogeneous saturation, as S varies while porosity remains fixed, the ratio µ/λ does not
change significantly until S → 1. At that point, λ increases dramatically and µ/λ therefore
decreases dramatically. Similarly, as S → 1, the only changes in ρ/λ over most of the dynamic
range of S are in ρ, which increases linearly with S. Then, when ρ is almost at its maximum
value, λ increases dramatically, causing the ρ/λ ratio to decrease dramatically. Thus, ρ/λ does
not change monotonically with S, but first increases a little and then decreases a lot. These
two ratios may be conveniently compared by plotting data from various rocks and man-made
porous media examples in the (ρ/λ, µ/λ)-plane [see Figure 1(b) and Figure 2]. We see that,
when data are collected at approximately equal intervals in S, the low saturation points will
all cluster together with nearly constant µ/λ and small increases in ρ/λ, but the final steps
as S → 1 lead to major decreases in both ratios. The resulting plots appear as nearly straight
lines in this plane, with drained samples plotting to the upper right and fully saturated samples
plotting to the lower left in each of the examples shown in Figure 2. The remaining ratio ρ/µ
has the simplest behavior, since ρ increases monotonically in S, and µ does not change. So
ρ/µ is a monotonically increasing function of S, and therefore can be considered a useful
proxy of the saturation variable S. [Compare Figures 1(c) and 1(d), and see Figure 3.]
Figure 2(a) includes the same sandstone data from Figure 1, along with other sandstone
data. Similar data for five limestone samples (Cadoret et al., 1998) are plotted in Figure 2(b).
The straight line correlation of the data in the sandstone display is clearly reconfirmed by the
limestone data. Numerous other examples of the correlation have been observed. [Fully dry
and fully saturated examples are shown here for some of these examples in Figures 2(c) and
2(d), for which partial saturation data were unavailable.] No examples of appropriate data for
partially saturated samples have exhibited major deviations from this behavior, although an
extensive survey of available data sets has been performed for materials including limestones
(Cadoret et al., 1998), sandstones (Murphy, 1984; Knight and Nolen-Hoeksema, 1990), granites (Nur and Simmons, 1969), unconsolidated sands, and some artificial materials such as
ceramics and glass beads (Berge et al., 1995). This straight line correlation is a very robust
feature of partial saturation data. The mathematical trick that brings about this behavior will
now be explained.
Consider the behavior as φ increases for fixed S. Two of the parameters (µ and ρ) decrease
as φ increases, but at different rates, while the third (λ) can have arbitrary variation. [Recall
(Bourbié et al., 1987) that rigorous bounds on the parameters are: 0 ≤ K < ∞, 0 ≤ µ < ∞,
0 < ρ < ∞, and − 32 µ ≤ λ ≤ ∞.] To understand the behavior on these plots in Figure 1 as φ
changes, it will prove convenient to consider polar coordinates (r ,θ ), defined by
 ρ 2  µ 2
r 2 = w4
+
,
(7)
λ
λ
and
µ
,
(8)
tan θ =
ρw2
where w is an arbitrary scale factor with dimensions of velocity (chosen so that r is a dimensionless radial coordinate for plots like those in Figure 1). Now, if in addition we choose w
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to be sufficiently large so that vs /w << 1 for typical values of vs in our data sets, then, using
standard perturbation expansions, we have

1


vs4 2 ρ 2
ρ 2
vs4
r = w 1+ 4
' w 1+
λ
w
λ
2w4

(9)

and
θ = tan

−1



vs2
w2


'

vs2
.
w2

(10)

Thus, the angle θ is well approximated by the ratio in (10), which depends only on the shear
velocity vs . We know the shear velocity is a rather weak function of saturation [e.g., Figure
1(a)], but a much stronger function of porosity [see, for example, Berge et al. (1995)]. So
we see that the angle in these plots is most strongly correlated with changes in the porosity.
In contrast, the radial position r is principally dependent on the ratio ρ/λ, which we have
already shown to be a strong function of the saturation S, especially in the region close to full
liquid saturation. This analysis shows why the plots in Figures 1(b) and 2 look the way they
do and also why we might be inclined to call these quasi-orthogonal (polar) plots of saturation
and porosity. Because of the function these plots play in our analysis, we will call them the
“data-sorting” plots.
In contrast, the plots in Figure 3 contain information about fluid spatial distribution, as
will be discussed at greater length later in this paper. The bulk modulus K f contains the only
S dependence in (2). Thus, for porous materials satisfying Gassmann’s homogeneous fluid
conditions and for low enough frequencies, the theory predicts that, if we use velocity data
in a two-dimensional plot with one axis being the saturation S and the other being the ratio
λ/µ = (v p /vs )2 − 2, then the results will lie along an essentially straight (horizontal) line until
the saturation reaches S ' 1 (around 95% or higher), where the curve formed by the data will
quickly rise to the value determined by the velocities at full liquid saturation. On such a plot,
the drained data appear in the lower left while the fully saturated data appear in the upper right.
This behavior is illustrated in Figure 3(a) for Espeil limestone. The behavior of the other plots
in Figure 3 will be described below.
Before leaving this discussion of homogeneous saturation, we should note that there is one
laboratory saturation technique for which it is known — from direct observations (Cadoret et
al., 1998) using x-ray imaging — that very homogeneous liquid-gas mixtures will generally be
produced. This method is called “depressurization.” When such data are available (see Figure
3), we expect they will always behave according to the Gassmann-Domenico predictions. In
contrast, the more common approach which produces drainage data is less predictable, since
the manner and rate of drainage depend strongly on details of particular samples — especially
on surface energies that control capillarity and on permeability magnitude and distribution.
Thus, the drainage technique can produce homogeneous saturation, or patchy saturation, or
anything in between.
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Patchy saturation
The preceding analysis centered on homogeneous saturation of porous media. On the other
hand, consider a porous medium containing gas and liquid mixed in a heterogeneous manner, so that patches of the medium hold only gas while other patches hold only liquid in the
pores. Then, the theory predicts that, depending to some extent on the spatial distribution of
the patches, the results will deviate overall from Gassmann’s results (although Gassmann’s
results will hold locally in each individual patch). If we consider the most extreme cases of
spatial distribution possible, which are laminated regions of alternating liquid saturation and
gas saturation, then the effective bulk modulus will be determined by an average of the two
extreme values of (2): K | S=0 = K dr and K | S=1 . Using saturation as the weighting factor, the
harmonic mean and the mean are the two well-known extremes of behavior (Hill, 1952). Of
these two, the one that differs most from (2) for 0 < S < 1 is the mean. And, because of K ’s
linear dependence on both λ and µ, and µ’s independence of S, we therefore have
λ patchy (S) = (1 − S)λdr + Sλ| S=1 .

(11)

So, on our plot in the (λ/µ, ρ/µ)-plane, the results for the mean will again lie along a straight
line, but now the line goes directly from the unsaturated value (S = 0) to the fully saturated
value (S = 1) [e.g., Figure 3(e)]. The two straight lines described [the one given by (11) and
the horizontal one discussed in the preceding paragraph for saturations up to about 95%] are
rigorous results of the theory, and form two sides of a triangle that will contain all data for
partially saturated systems, regardless of the type of saturation present. The third side of this
triangle provides a rigorous bound on the behavior as full saturation is approached (it just
corresponds to the physical requirement that S ≤ 1, so values with S > 1 have no physical
significance). In general, heterogeneous fluid distribution can produce points anywhere within
the resulting triangle, but not outside the triangle (within normal experimental error).
A brief presentation of some examples (Figure 3) will now follow a reminder of an important and well-known caveat.
Caveats for chemical effects
Some deviations from these conclusions can be expected at the lowest saturations. Chemical
effects, which have not been accounted for in the mechanical analysis, can and often do lead
to the situation that dry and drained (nearly dry or room dry) samples have somewhat different properties (Bonner et al., 1997). These differences are larger than can be explained by
mechanical analyses alone. [For example, see Figures 3(a) and 3(b). Take special note of the
three lowest saturation values in these Figures.] We discuss this point at greater length in the
Discussion section.
Some illustrative examples
Figure 3 shows three examples of the results obtained with plots in the (S, λ/µ)-plane and
in the (ρ/µ, λ/µ)-plane (using ρ/µ as a proxy for S) for two limestones and one andesite
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from laboratory data of Cadoret (1993) and Cadoret et al. (1995; 1998). In Figure 3, the true
saturation data are used in the Figures on the left and the proxy for saturation (ρ/µ) is used
on the right. We therefore call the right hand diagrams “saturation-proxy” plots. Using the
interpretations arising for our analysis of Gassmann-Domenico partial-saturation theory, we
see that Figures 3(a) and (b) indicate homogeneous mixing of liquid and gas, while Figures
3(e) and (f) indicate extremely patchy mixing, and Figures 3(c) and (d) show an intermediate
state of mixing for the drainage data, but more homogeneous mixing (as expected) for the
depressurization data. The Espeil limestone was observed to be the most dispersive of all
those rocks considered in the data sets of Cadoret (1993) and Carodet et al. (1995; 1998). So
this case is a very stringent test of the method. In fact, if we were to plot the corresponding
data for Espeil limestone at 500 kHz, we would not find such simple and easily interpreted
behavior on these plots. Our explanation for this difference between the 500 kHz and 1 kHz
results for Espeil limestone is that the dispersion introduces effects not accounted for by the
simple Gassmann-Domenico theory, and that there is then no reason to think that our method
should work for such high frequencies as 500 kHz. We have found other examples where it
does work for frequencies higher than one might expect the method to be valid. The point is
that, if we restrict the range of frequencies considered to 1 kHz or less, the method appears
to work quite well on most (and perhaps all) samples. [But, at higher frequencies, the solid
and fluid can move out of phase and other relations developed by Biot (1956a,b; 1962) and
others (O’Connell and Budiansky, 1977; Mavko and Nur, 1978; Berryman, 1981; McCann
and McCann, 1985; Johnson et al., 1987; Norris, 1993; Best and McCann, 1995) apply.]

DISCUSSION

Rocks containing more than one mineral
The analysis presented here has been limited for simplicity to the case of single mineral porous
rocks. In fact the main parts of the analysis do not change in any significant way if the rock
has multiple constituents. The well-known result of Brown and Korringa (1975) states that

K = K dr +

α2
α/K s − φ/K φ + φ/K f

and µ = µdr ,

(12)

where K s is the unjacketed bulk modulus of the composite solid frame, K φ is the unjacketed
pore modulus of the composite solid frame, α = 1 − K dr /K s is the appropriate Biot-Willis
(1957) parameter for this situation. The remaining parameters have the same significance as
in (2). The functional dependence of K sat on the saturation S is clearly the same in both
formulas. If we were trying to infer properties of the solid from these formulas, then of course
(12) would be more difficult to interpret. But for our present purposes, we are only trying
to infer porosity, saturation values, and saturation state. For these physical parameters, the
analysis goes through without change.
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On uniqueness of λ-diagrams
Since the possible linear combinations of the elastic bulk and shear moduli (K and µ) are
infinite, it is natural to ask why (or if) the choice λ = K − 32 µ is special? Is there perhaps some
other combination of these constants that works as well or even better than the choice made
here? There are some rather esoteric reasons based on recent work (Berryman et al., 1999)
in the analysis of layered anisotropic elastic media that lead us to believe that the choice λ is
indeed special, but we will not try to describe these reasons here. Instead we will point out
some general features of the two types of plots that make it clear that this choice is generally
good, even though others might be equally good or even better in special circumstances. First,
in the diagram using the (ρ/µ, λ/µ)-plane, it is easy to see that any plot of data using linear
combinations of the form (ρ/µ, (λ + cµ)/µ), where c is any real constant, will have precisely
the same information and the display will be identical except for a translation of the values
along the ordinate by the constant value c. Thus, for example taking c = 32 , plots of (ρ/µ,
K /µ) will have exactly the same interpretational value as those presented here. But, if we now
reconsider the data-sorting plot (e.g., Figure 2) for each of these choices, we need to analyze
plots of the form (ρ/(λ + cµ), µ/(λ + cµ)). Is there an optimum choice of the parameter c that
makes the plots as straight as possible whenever the only variable is the fluid saturation? It is
not hard to see that the class of best choices always lies in the middle of the range of values
of λ/µ taken by the data. So setting −c = 21 (min (λ/µ) + max (λ/µ)) will always guarantee
that there are very large positive and negative values of µ/(λ + cµ), and therefore that these
data fall reliably (if somewhat approximately) along a straight line. But the minimum value
of λ/µ has an absolute minimum of − 23 , based on the physical requirement of positivity of
K . So c < 23 is a physical requirement, and since max λ/µ ' + 23 is a fairly typical value
for porous rocks, it is expected that an optimum value of c ≤ 0 will generally be obtained
using this criterion. Thus, plots based on bulk modulus K instead of λ will not be as effective
in producing the quasi-orthogonality of porosity and saturation that we have obtained in the
data-sorting style of plotting. We conclude that the choice λ is not unique (some other choices
might be as good for special data sets), but it is nevertheless an especially simple choice and
is also expected to be quite good for most real data.

Transforming straight lines to straight lines
One important feature concerning connections betweens the points in the two planes (ρ/λ,
µ/λ) and (ρ/µ, λ/µ) is the fact that (with only a few exceptions that will be noted) straight
lines in one plane transform into straight lines in the other. For example, points satisfying
ρ
λ
= A+ B
µ
µ

(13)

in the (ρ/µ, λ/µ)-plane (where A and B are constant intercept and slope, respectively), then
satisfy
ρ
µ
= A−1 − A−1 B
λ
λ

(14)
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in the (ρ/λ, µ/λ)-plane. So long as A 6 = 0 in (13), the straight line in (13) transforms into
the straight line in (14). This observation is very important because the straight line in (11)
corresponds to a straight line in the saturation-proxy plot in the (ρ/µ, λ/µ)-plane. But this line
transforms into a straight line in data-sorting plot in the (ρ/λ, µ/λ)-plane. In fact the apparent
straight line along which the data align themselves in these plots is just this transformed patchy
saturation line.
When A = 0 in (13) [which seems to happen rarely if ever in the real data examples, but
needs to be considered in general], the resulting transformed line will just be one of constant
ρ/λ = B −1 , which is a vertical line on the (ρ/λ, µ/λ)-plane. The more interesting special
case is when B = 0, in which situation λ/µ = A or µ/λ = A−1 . But this case includes that
of Gassmann-Domenico for homogeneous mixing of the fluids at low to moderate saturation
values. For B = 0, on both planes we have horizontal straight lines, but their lengths can differ
significantly on the two displays.

Interpreting the data point locations
Data points inside the triangle
The triangle described in Section 3.3 provides rigorous bounds on mechanical properties of
porous media. For plots in the (ρ/µ, λ/µ)-plane such as those included in Figure 1(d) and
Figures 3(b), 3(d), and 3(f), some data points lie between the ideal patchy saturation line
and the Gassmann ideal lower bound. The relative position of the data points may contain
information about the fluid distribution. Consider the case of a core sample that is nearly
saturated, above 90% for example. If the weight of the core is used to determine the saturation
but the core contains a few gas bubbles, the background saturation will be underestimated
and the bubbles themselves represent patches. This is an example of a material having a few
isolated patches contained in an otherwise homogeneous partially-saturated background. Such
data would plot above but close to the Gassmann curve. In an analogous case for field seismic
data, the background saturation may be known from measurements made at lower frequencies
or in a nearby region, and it may be possible to use such information to determine the relative
volume of patches. For data lying in the middle (i.e., between the bounding curves), some
assumptions about fluid distribution could be made and then various estimates about patchy
volumes could be applied to different models such as the Hashin-Shtrikman bounds (Hashin
and Shtrikman, 1962) or effective medium theories. Exploration of these issues will be the
subject of future work.

Data points outside the triangle
The sides of the triangle described above set rigorous boundaries for effects associated with
homogeneous saturation and patchy saturation at low frequencies or for situations in which
frequency-dependent dispersion can be neglected. However, when the data do not in fact satisfy these assumptions of the theory, plotting the data this way provides an opportunity to
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observe and interpret deviations from the behavior predicted by the theory. For example, data
which plot above the patchy saturation line represent excessively stiff rock. One possible cause
of systematically high stiffness values is frequency-dependent dispersion (Biot, 1956a,b; Biot,
1962; O’Connell and Budiansky, 1977; Mavko and Nur, 1978; Berryman, 1981; McCann
and McCann, 1985; Johnson et al., 1987; Norris, 1993; Best and McCann, 1995). Chemical
effects, not taken into account in the analysis, might also cause measurements to deviate systematically from predicted behavior. For example, adhesive effects associated with chemical
reactions between pore fluid and solid constituents might cause systematically high values.
Another consequence of rock-water interactions is softening of intragranular cements. In this
case, data for susceptible rocks would systematically plot below the Gassmann line at low saturations. Direct indications from elastic data of rock-water interactions [e.g., see Bonner et al.
(1997)] may lead to new methods of determining other rock properties controlled by chemical
effects, such as the tensile strength.

CONCLUSIONS
We have shown that seismic/sonic velocity data can be transformed to polar coordinates that
have quasi-orthogonal dependence on saturation and porosity. This observation is based on the
Gassmann-Domenico relations, which are known to be valid at low frequencies. The transformation loses its effectiveness at high frequencies whenever dispersion becomes significant,
because then Biot theory and/or other effects play important roles in determining the velocities.
So, the simple relations between v p , vs , and λ, µ, ρ, and S break down at high frequencies. Our
results are, nevertheless, quite encouraging because the predicted relationships seem to work
in many cases up to frequencies of 1 kHz, and in a few special cases to still higher frequencies.
These results present a straightforward method for obtaining porosity, saturation, and some information about spatial distribution of fluid (i.e., patchy versus homogeneous) in porous rocks
and sediments, from compressional and shear wave velocity data alone. These results have potential applications in various areas of interest, including petroleum exploration and reservoir
characterization, geothermal resource evaluation, environmental restoration monitoring, and
geotechnical site characterization. The methods may also provide physical insight suggesting
new approaches to AVO data analysis.
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Massillon Sandstone at 560 Hz

Massillon Sandstone at 560 Hz
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Figure 1: Various methods of plotting 560 Hz Massillon sandstone data of Murphy (1984):
(a) Compressional and shear wave velocities as a function of saturation, (b) transform to (ρ/λ,
µ/λ)-plane, (c) λ/µ versus saturation, (d) transform to (λ/µ, ρ/µ)-plane. All of these behaviors are anticipated by the Gassmann-Domenico relations for homogeneously mixed fluid in
the pores.
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Limestones at 500 kHz
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Figure 2: Examples of the correlation of slopes with porosity in the data-sorting plots: (a)
three Spirit River (S.R.) sandstone (Knight and Nolen-Hoeksema, 1990) and Massillon and
Ft. Union sandstones (Murphy, 1984), (b) five limestones (Cadoret et al., 1998), (c) 11 fused
glass-bead samples (Berge et al., 1995), (d) Westerly granite (Nur and Simmons, 1969) at
four pressures. The observed trend is that high porosity samples generally have lower slopes
than lower porosities on these plots, although there are a few exceptions as discussed in the
text. These trends are easily understood since the slopes are determined approximately by the
average value of vs2 for each material, which is a decreasing function of porosity φ.
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Espeil Limestone at 1 kHz
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Figure 3: Lamé parameter ratio λ/µ plotted versus (a) saturation and (b) ρ/µ for Espeil
limestone, (c) saturation and (d) ρ/µ for Brauvilliers limestone, and (e) saturation and (f) ρ/µ
for Volvic andesite. All extensional and shear wave measurements (Cadoret, 1993; Cadoret
et al., 1995; 1998) were made at 1 kHz. Note that (a) and (b) indicate homogeneous mixing
of liquid and gas, (e) and (f) indicate extremely patchy mixing, while (c) and (d) show an
intermediate state of mixing for the drainage data, but more homogeneous mixing for the
depressurization data. The plots on the right are saturation-proxy plots, having essentially the
same behavior as the plots on the left but requiring only velocity data.
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Estimation of AVO attributes sensitivity to velocity uncertainty
using forward modeling: a progress report
Carmen Mora and Biondo Biondi1

ABSTRACT
We investigate the sensitivity of AVO attributes to uncertainty in migration velocity in
a synthetic dataset. The synthetic data was built using a earth model with typical rock
properties from a real North Sea turbidite field. The model includes a thick overburden
layer with complex velocity anomalies. We examine the sensitivity of AVO response due
to the presence of this complex layer and quantify the influence of migration velocity
errors in the AVO signature. Results show that AVO gradient attribute is more sensitive
to velocity errors than AVO intercept attribute. For velocity errors up to 5% we see a
maximum of AVO intercept errors of 34%, whereas for velocity errors of only 1%, the
inversion of AVO gradient attribute has an error of 185%. Further work is needed to
evaluate the influence of observed boundary artifacts on these results.

INTRODUCTION
The variation of seismic reflection coefficients with offset can be used as a direct hydrocarbon
indicator (Ostrander, 1984; Swan, 1993), which is supported in the AVO analysis theory. AVO
analysis requires previous prestack migration of the data, and velocity estimation is a key factor for this imaging problem. Velocity estimation affects the AVO response because it modifies
the position of the events and the resulting amplitude values (Grubb and Tura, 1997). Because
of the difficulty of estimating velocity models in complex areas, it is important to understand
the sensitivity of AVO attributes to variation in velocity models. Mora and Biondi (1999) explore the relationship between velocity uncertainty and AVO-related seismic attributes using
a real dataset. A conclusion from that work is that is important to investigate this problem
using a synthetic model that allows more control over the data, which is needed to obtain a
quantitative measure of the uncertainties.
In this work we do seismic modeling using typical rock properties from a real North Sea
turbidite field. As is mentioned in (Avseth et al., 1999), this field has been problematic because
of complex sand distribution and non-reservoir sand anomalies. Two of the three most recent
exploration wells failed to encounter reservoir sands in locations where poststack seismic amplitudes indicated reservoir sands. Avseth et al. (1999) suggest that AVO analysis in this field
can help to discriminate sands from other lithofacies. However, because of the presence of
1 email:

cmora@sep.stanford.edu, biondo@sep.stanford.edu
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complex velocity anomalies in the overburden, it is desirable to have a estimation of the uncertainty in the AVO response; in other words, how reliable is the lithology discrimination
from AVO analysis given the presence of a complex overburden zone?
In this paper, we do forward modeling, simulating an earth model with an overburden that
includes complex velocity anomalies. We generate several migration-velocity realizations by
introducing coherent percentage velocity errors in the overburden zone of the original velocity model. We migrate the synthetic data using each velocity realization, and measure the
variability in the resulting gradient and intercept AVO attributes that results from the velocity
error.

ELASTIC MODELING
To investigate the effect of velocity anomalies in AVO attributes, we generated two synthetic
datasets using a finite-difference elastic modeling program. Below is a description of the earth
models simulated and the resulting synthetic data.
Models
The two 2-D synthetic datasets were computed assuming an earth model that includes
• A 1.8 km thick overburden.
• A 0.2 km cap rock layer (shale).
• A 0.2 km target zone with three different lithologies for comparison (cemented brine
sands, cemented oil sands, and tuff).
Figure 1 shows the P-wave velocity for both models. In model 1, the overburden contains two
flat layers with constant elastic properties on each layer, whereas model 2 includes a zone of
complex velocity anomalies in the overburden. The rock properties for the model were taken
from real well logs of a North Sea field. Typical values for different lithologies at this field are
listed in Table 1.
Lithology
Shale
Cemented brine sands
Uncemented brine sands
Cemented oil sands
Uncemented oil sands
Volcanic ash (tuff)
Limestone

Vp (km/s)
2.4
3.1
2.6
2.9
2.35
2.75
4

Vs (km/s)
0.95
1.55
1.3
1.6
1.33
1.23
2

ρ (g/cm3 )
2.25
2.15
2.1
2.05
2
2.2
2.4

Table 1. Typical rock properties for different lithologies at the North Sea.
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Figure 1: P-wave velocity models used to generate the synthetic data. Model 1 (top): overburden with flat layers, model 2 (bottom): overburden with velocity anomalies. cmora1-model
[ER]
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Average values for overburden properties in the field are Vp = 2.2 km/s, Vs = 0.75 km/s,
ρ = 2.15 (g/cm3 ).
In model 1, overburden properties above the flat interface were taken to be the average
values indicated above; overburden properties below the interface were the average values
with a 10% increase. For model 2, we introduced lateral velocity anomalies by including a
smoothed sinusoidal interface between the two layers.

Synthetic seismograms
The synthetic data was generated using an explosive source and a Ricker2 wavelet with a
fundamental frequency of 22.5 Hz. The source/receiver offsets ranged from 16 m (minimum
offset) to 3.6 km (maximum offset). Figure 2 shows a shot gather at in-line location=5 km
for each model; note that the events in model 2 are not perfect hyperboles due to the lateral
velocity variations.

Figure 2: Shot gather at in-line location=5 km. Left: model 1, Right: model 2 cmora1-shot
[CR]

Preprocessing
Divergence correction, coherent noise suppression, and CMP sorting were applied to the data
before 2-D prestack depth migration. In order to compensate for spherical divergence, we
scaled the data in the time axis using a function trace(t)= trace(t)*t. Coherent noise suppression
was also applied to eliminate the P-wave and S-wave first arrivals. To eliminate the P-wave
first arrival, we applied a linear outer mute to the data. The S-wave arrival was suppressed by
applying a 2-D dip filter. Finally, the data was windowed to extract the CMPs with maximum
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offset coverage and sorted by CMP location. Figure 3 shows the zero-offset section of the
resulting data.

Figure 3: Zero-offset section of the resulting synthetic data. Left: model 1, Right: model 2
cmora1-zero-off [CR]

PRESTACK MIGRATION
From the original velocity model, we generated several velocity model realizations by applying a percentile perturbation at the overburden zone. Using each velocity realization, we
applied a 2-D prestack wave-equation migration (Prucha et al., 1999) to the synthetic data. The
resulting image is a function of the offset ray parameter phx , which is related to the aperture
angle θ , the dip φ along the in-line direction, and the velocity function V (z, m), as follows:
phx =

2 sin θ cos φ
V (z, m)

(1)

Figure 4 shows the result of applying prestack wave-equation migration to the synthetic data,
using the original velocity models (0% perturbation) .

AVO INVERSION
The physical relation between the variation of reflection/transmission coefficients with incident angle (and offset) and rock parameters has been widely investigated. This relation is
established in the Zoeppritz equations, which relate reflection and transmission coefficients
for plane waves and elastic properties of the medium. Because of the nonlinearity of the
Zoeppritz equations, several approximations have been generated, such as those presented by
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Figure 4: Result of applying prestack wave-equation migration to the synthetic data using the
original velocity model. Left: model 1, right: model 2. cmora1-mig [CR]
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Aki and Richards (1997) and Shuey (1985). The simplified versions of Zoeppritz equations
allow the computation of AVO inversion to estimate elastic parameters from the observed reflection amplitude variation with angle. Equation (2) from Castagna and Smith (1994) is a
version of Shuey’s approximation for the P-wave reflection coefficient as a function of angle
of incidence, which is linear in sin2 θ . This equation characterizes the reflection coefficient, at
normal incidence, and at intermediate angles (0 < θ < 30 degrees),
R(θ ) ≈ A + B sin2 θ

A=

(2)


1Vp 1ρ
+
/2
Vp
ρ

V 2 1ρ 1Vp
V 2 1Vs
B = −2 s2
+
− 4 s2
Vp ρ
2Vp
Vp Vs

(3)
!
(4)

where
Vp = (Vp2 + Vp1 )/2,
Vs = (Vs2 + Vs1 )/2,
ρ = (ρ2 + ρ1 )/2,
1Vp = Vp2 − Vp1 ,
1Vs = Vs2 − Vs1 ,
1ρ = ρ2 − ρ1 .
The normal incident term, A, is commonly referred to as the AVO intercept attribute, the
intermediate angles term, B, is referred to as the AVO gradient attribute. We use this approximation to invert for the intercept and gradient AVO attributes from the observed reflection
amplitude variation with angle in the angle-domain common image gathers (CIG). In this domain, we pick the amplitude values at the reflector of interest and fit the amplitude versus
sin2 θ to a best straight-line approximation using a least-squares curve fitting method.
Providing a reference for the expected AVO response for the shale/brine, shale/oil, and
shale/tuff interface, Figure 5 shows the P-wave reflection coefficient from the exact Zoeppritz
equations. At the near offset we expect a similar reflection coefficient (similar intercept attribute) for the shale/oil and the shale/tuff interfaces because of similar acoustic impedance;
however this ambiguity can be resolved by the different radio between Vs and Vp (different
gradient attribute). Although this calculation is valid only for a 2-layer model, it will be a reference for the expected tendency in the modeled data. Deviation from this tendency should be
due to modeling effect, overburden effect, migration operator effect, velocity anomalies effect,
and migration-velocity errors. We examined the modeling effect using a 1-D, 2-layer synthetic
model, the overburden and migration operator effects using model 1 (overburden with flat interface), and then we use model 2 (overburden with sinusoidal interface) to understand the
effect of velocity anomalies and migration-velocity errors.
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Zoeppritz
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Figure 5: P-wave reflection coefficient from Zoeppritz equations
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Picked amplitudes
for a 2-layer modeling case
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Modeling effect
Illustrating the effect of the modeling in the amplitudes, Figure 6 shows the picked amplitudes
(without any calibration) corresponding to a 2-layer modeling case (no overburden). Comparing this figure with Figure 5, we can see a very good qualitative agreement between the
relative amplitudes of the different interfaces (shale/brine, shale/oil, and shale/tuff) and the
corresponding reflection coefficients. We can see some difference for incident angles > 25
degrees; for this reason, and because Shuey’s approximation is valid for incident angles < 30
degrees (see Figure 7), we will restrict the data to be used for the AVO inversion up to 25
degrees of incident angle.
We can also notice that Zoeppritz equation predicts a polarity change for the shale/oil case.
We observed the same polarity change in the data (see Figure 8); however, this is not present
in the picked amplitudes because we are using an automated picking program that picks the
maximum absolute value in a moving window in time. We consider the automatic picking still
valid in this modeling case because the polarity change is evident in the data after offset > 2
km, which corresponds to angles > 27 degrees, and we used angles up to 25 degrees for the
AVO inversion. We did not use the automatic picking on migrated data, where the events are
supposed to be flattened by the migration; rather, in this case, we followed the constant time
corresponding to the event.
Shuey‘s approximation
0.12

0.1

0.08

Figure 7: Shuey’s approximation
of P-wave reflection coefficient
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Overburden effect
We used model 1 to understand the effect of the overburden in the resulting amplitudes. We
compared the amplitudes of the 2-layer case to the amplitudes in model 1, which includes an
overburden zone with 2 flat layers and a target zone encased in shale (see top of Figure 1).
The picked amplitudes at the top of the target zone (2 km depth) are plotted in Figure 9; note
the good agreement with the results illustrated in Figure 6 corresponding to the 2-layer case.
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Figure 8: Modeling of shot gather for a shale/brine, shale/oil, and shale/tuff interfaces (1D, 2-layer model). Notice the change in polarity for offset > 2 km in the shale/oil case
cmora1-2lay_all [CR]

The amplitudes in model 1 are slightly higher, which can be expected because in this case the
reflector appears at a higher time and the spherical divergence correction that we are applied
increases the amplitudes more at a higher time (without the velocity taken into account). To
confirm this, we picked the amplitudes before any preprocessing and they are identical at the
near offset. We also expected some differences at the far offsets due to the AVO effect of the
additional layers in model 1 (overburden effect).
Using Equation (2), we calculated the intercept (A) and gradient (B) attributes from the
picked amplitudes in model 1 by fitting the amplitude versus sin2 θ values to a straight-line
approximation using a least-squares curve fitting method. Figure 11 shows the crossplot of the
resulting intercept and gradient attributes; note the good quantitative agreement with Figure
10, which illustrates the theoretical values from Shuey’s approximation.

Migration effect
We applied the 2-D prestack wave-equation to the synthetic data corresponding to model 1
(overburden with flat interface) using the original velocity model and picked the amplitudes
at the top of the target zone in the resulting angle domain CIG. Figure 13 shows the resulting
amplitudes as a function of the aperture angle at CIG locations corresponding to each lithology.
The aperture angle was calculated from the offset ray parameter phx using Equation (1), with
φ = 0 and V (z, m) = the interval velocity at the interface. We can observe some irregularities
in the amplitudes values after migration. Figure 12 shows the intercept and gradient attribute
calculated for each CIG. We can notice some artifacts in the data related with boundary effects;
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Figure 11: Intercept versus Gradient crossplot from picked amplitudes
in data model 1 before migration
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these artifacts are very strong at the edges of the model and at the lateral interfaces between
the different lithologies at the target zone. Even though the CIGs used for Figure 13 were
taken from locations where we noted less variability, these artifacts could be affecting the
amplitudes.
Figure 14 shows the crossplot of the inverted intercept and gradient attributes for the same
CIG locations used for Figure 13. The relative intercept and attribute values for the different
lithologies are in good agreement with the expected tendency, however, we can note from
Figure 12 that this will not be the case if the CIG’s are chosen close to the boundary artifacts.
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Figure 13:
Picked amplitudes from CIG of model 1
cmora1-model1migpick [CR]
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Figure 14: Intercept versus Gradient crossplot from picked amplitudes of model 1 after migration
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Velocity anomalies effect
In this case, we applied the 2-D prestack wave-equation to the synthetic data corresponding
to model 2 (overburden with sinusoidal interface) using the original velocity model. We modeled and migrated the data using 1 more km on each side of the inline axis to avoid the edge
artifacts at the boundary of the model, but the edge artifacts corresponding to the lateral boundaries between brine-oil and oil-tuff lithologies are still present. Figure 15 shows the picked the
amplitudes at the top of the target zone in the migrated CIG. Note how the intercept and gradient change follow the sinusoidal velocity anomalies. Figure 16 shows the picked amplitudes
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Figure 15: Impact of velocity anomalies in intercept and gradient attribute cmora1-AB_var
[CR]
at the CIG locations, which correspond to a valley of the sinusoidal irregularities (where the
event was observed to be flatter) for each lithology (positions 6.576, 7.824, and 10.304), and
Figure 17 shows the crossplot of the corresponding intercept and gradient attributes. In both
cases, we can observe a good agreement with the expected tendencies. We also calculated the
intercept and gradient attributes at CIGs locations which correspond to a peak of the sinusoidal
irregularities; in this case, the relative gradient value for the shale/brine interface is higher than
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Figure 17: Intercept versus Gradient crossplot from picked amplitudes of model 2 after migration
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Velocity errors effect
Using the synthetic data corresponding to model 2, we generated several migration-velocity
realizations by introducing coherent percentage velocity errors at the overburden zone of the
original velocity model. Using each velocity realization, we applied 2-D prestack waveequation migration to the synthetic data; we applied an additional residual moveout correction
and picked the resulting amplitudes. Figure 18 shows the crossplot of the intercept and gradient attributes at CIGs location which correspond to a valley of the sinusoidal irregularities; the
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size in the plot symbol increases as the velocity error increases. We can note that the intercept
attribute is much less sensitive to velocity errors than the gradient attribute. Figure 19 shows
the errors in the inverted attributes as a function of the velocity errors used in the migration.
We can see that the maximum AVO intercept error is 34% for velocity errors up to 5% (tuff
case), whereas for velocity errors of only 1%, the inversion of AVO gradient attribute (brine
case) has an error of 185%.
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Figure 18: Impact of velocity errors in Intercept versus Gradient crossplot cmora1-mig_vel
[CR]

CONCLUSION
We examined the sensitivity of the AVO response due to the presence of a overburden with
complex velocity anomalies using a synthetic data set. We observed that AVO attributes calculated after prestack depth migration using the true velocity model are sensitive to the velocity
anomalies. Introducing errors in the migration-velocity, we found that the AVO gradient attribute is much more sensitive to velocity errors than AVO intercept attribute. For velocity
errors up to 5%, we can see a maximum of AVO intercept errors of 34%, whereas for velocity
errors of only 1%, the inversion of AVO gradient attribute has an error of 185%. These results are specific for the synthetic data used; different results could be obtained by modeling
different velocity anomalies.
We observed some boundary artifacts in the modeled data and we noted that amplitude
values after migration are more sensitive to these boundary artifacts than amplitude values
before migration. These boundary artifacts become worse when we introduce velocity errors
in the migration-velocity. We need to do further work to evaluate the influence of boundary
artifacts on the amplitudes; we also would like to compare the results using other migration
methods, such as Kirchhoff prestack migration.
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Figure 19: Impact of velocity errors in Intercept and gradient attributes cmora1-AB_error
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