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Preface

The electronic version of this report1 makes the included programs and applications available
to the reader. The markings [ER], [CR], and [NR], are promises by the author about the
reproducibility of each figure result.

Reproducibility is a way of organizing computational research, which allows both the au-
thor and the reader of a publication to verify the reported results at a later time. Reproduciblity
facilitates the transfer of knowledge within SEP and between SEP and its sponsors.

ER denotes Easily Reproducible and are the results of a processing described in the paper.
The author claims that you can reproduce such a figure from the programs, parameters,
and makefiles included in the electronic document. We assume you have a UNIX work-
station with Fortran, Fortran90, C, X-Windows system and the software downloadable
from our website (SEP makerules, SEPlib, and SEP latex package). Before the publica-
tion of the electronic document, someone other than the author tests the author’s claim
by destroying and rebuilding all ER figures. Some ER figures may not be reproducible
by outsiders because they depend on data sets that are too large to distribute, or data that
we do not have permission to redistribute.

CR denotes Conditional Reproducibility. The author certifies that the commands are in place
to reproduce the figure if certain resources are available. SEP staff have only attempted
to make sure that the makefile rules exist and the source codes referenced are provided.
Some of the reason for the CR designation are: a proprietary data set, a parallel com-
puter, a large amount of processing time (20 minutes or more), or commercial packages
such as Matlab or Mathematica.

NR denotes Non-Reproducible. This class of figure is considered non-reproducible. SEP
discourages authors from flagging their figures as NR except for artist drawings, scan-
nings, etc.

Our testing is currently limited to IRIX 6.5 and LINUX 2.1, but the code should be portable to
other architectures. Reader’s suggestions are welcome. For more information on reproducing
SEP’s electronic documents, please visit
<http://sepwww.stanford.edu/redoc/> .

Jon Claerbout, Biondo Biondi, Robert Clapp, and Sergey Fomel

1http://sepwww.stanford.edu/public/docs/sep100
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Everything depends on V(x,y,z)

Jon Claerbout1

ABSTRACT

Estimating 3-D velocity V(x,y,z) is the most important problem in exploration geophysics.
It is a very difficult problem. In order to really solve it, SEP has turned to fundamentals
of estimation theory with topographic data, regridding, interpolation, truncation, erratic
noise, instrument drift, etc. This return to fundamentals has proven rewarding, leading
us to the helix discovery. This discovery is revitalizing wave equation migration in 3-
D, preconditioning many estimations (big speed up), and regularizing velocity estimation
(blends measured and prior information). To enable young people to become productive
with 3-D seismic data, Biondo Biondi and Bob Clapp have built a 3-D seismic software
infrastructure that is able to address real 3-D problems, such as V(x,y,z) and aliasing in
3-D. This infrastructure is unique in the academic world. None of the other academic
organizations have enough computing power and infrastructure to allow routine research
activities with 3-D field data.

INTRODUCTION

Reflection seismology gives us magnificent volumetric images of the earth’s interior. Image
construction is a two-stage process. The first stage estimates the three-dimensional velocity.
The second stage uses it to make the reflectivity cube. Both reflectivity estimation and velocity
estimation are inverse problems. For most datasets, reflectivity would be better determined
than velocity, if somebody gave us the velocity function. But nobody does. Velocity estimation
remains an art, a mixture of every skill we have and more. It requires ideas we haven’t coded
yet and it requires ideas we haven’t yet concocted. We have no chance to estimate velocity
reliably if we do not honor the data complexity when migrating. We need better migration
methods when the data are poorly sampled and the velocity function is rapidly varying. I claim
that SEP needs to avoid being distracted by the ultimate goals of the petroleum community.
We need to solve particular problems in estimating the earth’s 3-D velocity (and reflectivity).
Everyone else depends on us to get it right.

1email: jon@sep.stanford.edu
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2 Claerbout SEP–100

AVOIDING CHIMERAS

Some would say that seismic structural imaging is finished. They would say the future lies
in linking the seismic image with porosity or permeability. They would interpret the AVO
(Amplitude Verses Offset) to estimate it.

I was “present at the creation.” I was a consultant to Chevron Overseas Inc. when Bill
Ostrander did his founding work on AVO. People asked me then whether I didn’t feel a conflict,
whether I didn’t want to pursue this exciting new area at the university. After all, I was in on
the ground floor. My answer was no and remains no. Even at the beginning we quickly learned
thatAVO often fails. How often does it fail? At a university we cannot know. I suppose some
companies keep good records of their AVO failures while others forget their failures as quickly
as they can. The reason I didn’t want to jump on the AVO bandwagon is that universities don’t
drill holes. We would never know if we were right or wrong.

Since then we have gotten a pretty clear idea why AVO often fails. We learned a lot from
the PhD thesis of Einar Kjartansson. I took his key ideas and results for my textbook,Imaging
the Earth’s Interior.Both Einar’s thesis and my book are freely available at the SEP web site.
Maybe I’ll attach a few of Einar’s results here to remind you. The bottom line is this: After the
seismic waves encounter someV(x, y,z) which isn’t merelyv(z), the AVO analysis becomes
extremely tricky.

Simply stated, the goal of reservoir characterization is to depict the extent of the reservoir,
mathematically this is the lateral heterogeneity of the reservoir. But to do this from the earth’s
surface, we need to be able to compensate for the lateral heterogeneity everywhere above the
reservoir.

A bright young man recently showed us his innovative statistical analysis leading to a 3-
D color display of clay probabilityPclay(x, y,z). I was impressed. (I’m from the old school
where the weather man predicts whether it will rain. He doesn’t tell us theprobabilityof rain.)
We asked the young man, “how did you find the impedance?" He replied that he had used a
commercial package from a very respected firm. I do respect that firm so they must have a
disclaimer somewhere that says, “garbage in, garbage out". What happened to the young man
is that he had a little carbonate above his reservoir. His image at small offset was different from
that at larger offset. Not merely the Amplitude was different. The whole blessed image was
different. The impedance program failed to tell the young man that his data was unsuitable for
impedance estimation. Who’d want to purchase a program that failed to produce its product?
Better to sell it with some fine print.

Some companies envision us as the ones who should solve the problem and pass the solu-
tion along to the contractors. An alternative would be for us to set our sights lower and try to
establish standards for estimating the quality of other people’s impedance estimates.

As I said, an academic like me cannot really give a fair and balanced picture of AVO. I
want to give you a fair picture that is not wholly my own opinion. The biggest bloodbath in
corporate research this year might tell us something. I was told that everyone in the imaging
group got offers (though most spurned them), the rock physics group survived (though its lab



SEP–100 Everything depends on V(x,y,z) 3

is in moth balls), but everyone in the AVO group got fired (“got the package”). I was surprised
by this result. “Doesn’t the AVO group produce the much sought-after porosity?” I asked.
The answer given was this: “AVO is easily over sold". So there you have it. In industry there
is accountability, which is absent at universities. We play poker for pennies, but they gamble
their careers. I’m agreeable if some of my students want to work on AVO, but only if they are
among the strongest students.

Two-dimensional marine data often has regular data coverage. Land data and three-
dimensional data never really does. To be honest about our day-to-day activities with seismic
amplitude, we do not spend our time making small and subtle measurements of amplitude.
We spend our time preventing massive amplitude fluctuations that are associated with irregu-
lar data coverage. We often spend our time trying to hide the data-acquisition footprint.

Never-the-less, AVO remains an active area of industrial activity and research. There must
be successes and those successes may be more secret than the failures. Today AVO may give
us rock properties in simple situations (e.g.v(z)). One of our challenges is to make those
estimates reliable in more complex areas. We know that those estimates are avery sensitive
function ofV(x, y,z). That’s my claim. Everything depends onV(x, y,z).

VELOCITY ESTIMATION IS NOT EASY

Where is SEP going? Alumni have been known to comment that SEP looks unfocused. I think
it was my good friend Rick Ottolini who said we look like an oil-company research lab from
the 1980’s. They see me playing with radar images of volcanos, bottom-sounding surveys
from deep ocean ridges, and some badly recorded depth soundings of the Sea of Galilee. Is
Claerbout oblivious to the industry and the changes in the world? Here is why we are going
off in these seemingly irrelevant directions.

Oil men think porosity and permeability are everything. Academics believe they can solve
all problems with “inversion”. We academics are way ahead of the oil men in our high count
of failures, both reported and unreported. I have had many more failures than successes. Suc-
cesses are rare. Likewise, all the people I most respect have reported many failures. Still we
persist, despite grave frustrations. “Inversion” (I prefer to call it “estimation”) is a systematic
approach to problems. It is not merely a black art. There are theories, claims, counter claims,
etc. And many of these claims can be tested. Because of my experience with a high percent-
age of failures I decided to start young people off with simple problems where the meaning
of failure is self evident (almost). I chose topographic analysis. Putting data on a regular
mesh. Filling in gaps. Segregating signal and noise. That’s why we have Galilee, Vesuvius,
Madagasgar, Fernandina, and other nonpetroliferous data everywhere on display around here.
We are learning. And the tools we are building carry straight over to billion dollar industrial
problems.

The first billion dollar problem I have in mind is insufficiently dense 3-D seismic data
acquisition. Spatially aliased multiples stack into primaries in marine data. This problem
is getting worse as more streamers are added to multi-streamer acquisitions. Sean Crawley
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and I are successfully interpolating multi-streamer data by estimating and inverting prediction
error filters. Poor sampling lowers resolution and creates imaging artifacts in land data. Nizar
Chemingui and Biondo Biondi are generating high-resolution images from under-sampled
land data by inverting an imaging operator called Azimuth Moveout. These two applications
to a billion dollar seismic problems arose from estimation methodologies and tools developed
using non-seismic data!

The past two years have brought me the magical helix. This discovery (brought to us
by our topographic toys) has spun off projects in three different areas: (1) revitalizing wave-
equation migration in 3-D, (2) preconditioning estimations (big speed up), and (3) regularizing
velocity estimation (blending measured with prior information). The amazing thing about the
helix (as embodied in Sergey Fomel’s F90 library) is that any program that does something
nifty with two-dimensional data, immediately with no change does the same nifty thing on
three- or four-dimensional data.

SEP got started thanks to wave-equation migration. When 3-D came along, for a while
SEP lost its competitive edge in migration, as Kirchhoff methods seemed the only way to go.
But now the advantages of wave-equation imaging are luring the industry again. We made
important progress in that direction; both in the basic technology for wavefield extrapolation
and in methods to migrate 3-D marine data. James Rickett and Sergey Fomel worked with me
on implicit solutions of the 3-D one-way wave equation that exploit the power of the helix.
Biondo Biondi developed common-azimuth migration that drastically reduces the cost of 3-D
wave-equation prestack migration and yields encouraging subsalt images when compared with
Kirchhoff images.

The dream of estimating velocity by wave-equation methods is getting closer thanks to
the recent progress in migration-velocity analysis achieved by Biondo Biondi in collaboration
with Paul Sava. Bob Clapp cleared the path by sharpening our tools to handle the nonlinear
and undetermined nature of velocity estimation. My title, “Everything depends onV(x, y,z)”
says the world is three dimensional. This is where SEP is making its mark, uniquely among
university consortia. This is our path.

INFRASTRUCTURE BUILDING

We have been criticized for spending a lot of energy building our infrastructure. By this I
mean building software packages, SEPlib, vplot, SEP3D, ratfor90, our reproducible research
makefile rules, and Sergey’s optimization library. Unlike SU, which was developed at CSM,
our software has hardly defined industry standards, nor is it widely used outside SEP (except
for Joe Dellinger’s vplot which seems to show up in nearly every issue ofGeophysics). We
are not here to produce widely used software, though that is gratifying when it occurs (Rick
Ottolini’s movie program is another example). We build our infrastructure to get our work
done, and to pass along reusable results of our older generation to the next. We do use some
commercial packages, and despite hefty discounts, I don’t think we get our money’s worth
from them. I wish we were paying on a “per use” basis. Although some powerful past per-
sonages here at SEP have done heroic 3-D work with little more than our SEPlib, vplot, and a
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bare-bones Fortran90 compiler, propagating those skills to our broader population of students
requires some infrastructure. I’m very happy (absolutely thrilled) that Biondo Biondi and Bob
Clapp have built SEP3D for us.

COOPERATION ACROSS DISCIPLINES

We at SEP are not going to give up our relationship with rock physics and geostatistics. Over
the years several PhD theses have sprung up from collaborations between SEP and SRB. I
expect more of such joint efforts to bear fruit in the future. I recently made a long presen-
tation to the Petroleum Engineering faculty on my work and my perception of its relation to
theirs. Andre Journel organized a well-attended reciprocal venture. They find they do not have
enough information to produce a unique model, so they produce large numbers of models with
the desired statistical properties. Perhaps we should do the same. Instead of providing other
geoscientists with a volumetric earth image, we might produce a zillion image cubes (each dif-
fering by members of the null space in our best estimate ofV(x, y,z)). I’m joking of course.
They don’t want a zillion image cubes. They want us to get a single “right” value for the
velocity and give them the “right” cube. Everything depends on it.

KJARTANSSON’S RESULTS

The primary reference for Kjartanson’s results is his doctoral dissertation available as SEP
report 23. Electronically, this thesis is at

http://sepwww.stanford.edu/theses/sep23/

A “digested” version of the thesis is in chapter 4 of my textbook IEI at

http://sepwww.stanford.edu/oldreports/sep40/

The particular section is available in html at

http://sepwww.stanford.edu/sep/prof/iei/ofs/paper_html/node6.html
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Figure 1: Top left is shot point 210; top right is shot point 220. No processing has been applied
to the data except for a display gain proportional to time. Bottom shows shot points 305 and
315. The AVO is too large for realistic layered media models and it changes rapidly from one
midpoint to another one nearby.jon1-kjcmg [NR]
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Figure 2: Kjartansson’s model. The model on the top produces the disturbed data space
sketched below it. Anomalous material in pods A, B, and C may be detected by its effect
on reflections from a deeper layer. Midpoint isy. Offset ish. jon1-kjidea [NR]
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Figure 3: A constant-offset section across the Grand Isle gas field. The offset shown is the
fifth from the near trace. (Kjartansson, Gulf) Notice that anomalous amplitudes are not limited
to thin “reservoir thickness” zones. They tend to expand over the time axis. Notice a missing
trace. jon1-kjcos [NR]
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Figure 4: (a) amplitude (h,y), (b) timing (h,y) (c) amplitude (z,y), (d) timing (d,y) The missing
trace anomaly shows up exactly at a 45 degree angle. Other anomalies are at lessor angles
indicating their nonzero depth.jon1-kja [NR]
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Wave-equation migration velocity analysis

Biondo Biondi and Paul Sava1

ABSTRACT

In this report, we introduce a new wave-equation method of migration velocity analysis
(MVA). The method is based on the linear relation that can be established between a per-
turbation in the migrated image and the generating perturbation in the slowness function.
Our method consists of two steps: we first improve the focusing of the migrated image
and then iteratively update the velocity model to explain the improvement in the focusing
of the image. As a wave-equation method, our version of MVA is robust and generates
smooth slowness functions without model regularization. We also show that our method
has the potential to exploit the power of residual prestack migration to MVA.

INTRODUCTION

Seismic imaging is a two-step process: velocity estimation and migration. As the velocity
function becomes more complex, the two steps become more and more dependent on each
other. In complex depth-imaging problems, velocity estimation and migration are applied
iteratively in a loop. To assure that this iterative imaging process converges to a satisfactory
model, it is crucial that the migration and the velocity estimation are consistent with each
other.

Kirchhoff migration often fails in complex areas, such as sub-salt, because the wavefield is
severely distorted by lateral velocity variations, and thus complex multipathing occurs. As the
shortcomings of Kirchhoff migration have become apparent (O’Brien and Etgen, 1998), there
has been a renewal of interest in wave-equation migration and the development of computa-
tionally efficient 3-D prestack depth-migration methods based on the wave equation (Biondi
and Palacharla, 1996; Biondi, 1997; Mosher et al., 1997). However, there has been no corre-
sponding progress in the development of migration velocity analysis (MVA) methods that can
be used in conjunction with wave-equation migration.

In this paper, we propose a method that aims to fill this gap and that, at least in principle,
can be used in conjunction with any downward-continuation migration method. In particular,
we have been applying our new methodology to downward continuation based on the Double
Square Root equation in two dimensions (Yilmaz, 1979; Claerbout, 1985; Popovici, 1996) and
on common-azimuth continuation in three dimensions (Biondi and Palacharla, 1996).

1email: biondo@sep.stanford.edu, paul@sep.stanford.edu

11
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As for migration, wave-equation MVA is intrinsically more robust than ray-based MVA,
because it avoids the well-known problems that rays encounter when the velocity model is
complex and has sharp boundaries. The transmission kinematic component of the finite-
frequency wave propagation is mostly sensitive to smooth variations in the velocity model.
Consequently, wave-equation MVA produces smooth velocity updates and is therefore stable.
In most cases, no smoothing constraints are needed to assure stability in the inversion. In
contrast, ray-based methods require strong smoothing constraints to avoid quick divergence.

Our method is closer to conventional MVA than other wave-equation methods that have
been proposed to estimate the background velocity model (Noble et al., 1991; Bunks et al.,
1995; Fogues et al., 1998), because it tries to maximize the quality of the migrated image
rather than to match the recorded data. In this respect, our method is related to differential
semblance optimization (DSO) (Symes and Carazzone, 1991) and multiple migration fitting
(Chavent and Jacewitz, 1995). However, in contrast to these two methods, our method has the
advantage of exploiting the power of residual prestack migration to speed up the convergence.

AN ALGORITHM FOR ESTIMATING VELOCITY

We estimate velocity by iteratively migrating the prestack data and looping through the fol-
lowing steps:

1. Downward continuation with current velocity,

2. Extraction of common-image gathers from prestack wavefields (Prucha et al., 1999),

3. Residual prestack migration of common-image gathers,

4. Estimation of image perturbation from the results of residual prestack migration, and

5. Estimation of velocity perturbation from image perturbations.

The core technical element of the method is the estimation of velocity perturbations from
image perturbations. The next section presents the linear theory that enables us to achieve this
goal.

LINEAR THEORY

In migration by downward continuation, illustrated in Figure 1, data measured at the surface
(D) are recursively propagated down in depth to generate the complete wavefield (U ). Down-
ward continuation requires us to make an assumption about the magnitude of the slowness
field (S). Once the wavefield is known, we can apply the imaging condition, which gives us
the wavefield at time zero, or in the other words, the image or reflectivity map at the moment
the reflectors explode (R).
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In the presence of the background wavefield (U ), a perturbation in slowness (1S) will
generate a scattered wavefield (1W), which can, by the same method as the background field,
be downward continued (1U ) and imaged (1R), as shown in Figure 1.

Downward
Continuation

S

D

UR

Downward
Continuation

S∆ W∆

R∆ U∆

Background

Perturbation

Scattering

Imaging
U’

Imaging

∆W’

∆U’

Figure 1: A summary-chart of our MVA method. The upper panel describes the computations
done with respect to the background field, while the bottom panel refers to the computations
done with respect to the perturbation field.biondo2-chart[NR]

We can take the perturbation in image (1R) and apply to it the adjoint operation. Doing
so creates an adjoint perturbation in wavefield (1U ′), an adjoint scattered field (1W′), and
eventually an adjoint perturbation in slowness (1S′), as the bottom panel of Figure 1 shows.
Considering a first-order Born relation between the perturbation in slowness and the scattered
wavefield, we can establish a direct linear relation between the perturbation in image (1R)
and the perturbation in slowness (1S). It follows that if we can obtain a better focused image,
we can iteratively invert for the perturbation in slowness that generated the improvement in
focusing. This is the foundation of our wave-equation MVA method.

In the next two sections, we briefly present the mathematical relations that form the basis
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of our method. A more detailed mathematical description appears in Appendices A and B.

Background field: Forward operator

Migration by downward continuation, in post-stack or prestack, is done in two steps: the first
step is to downward continue the data (D) measured at the surface, and the second is to apply
the imaging condition, that is, to extract the wavefield at timet = 0, or the image (R) at the
moment the reflectors explode (Claerbout, 1985).

1. Downward continuation

The first step of migration consists of downward continuation of the wavefield measured
at the surface (a.k.a. the data), which is done by the recursive application of the equation

uz+1
0 = T z

0 uz
0 (1)

initialized by the wavefield at the surface

u1
0= f ·d (2)

where

• uz
0(ω) is the wavefieldu0(ω) at depthz,

• u1
0(ω) is the wavefieldu0(ω) at the surface (z= 0),

• T z
0 (ω,s0) is the downward continuation operator at depthz,

• d(ω) is the data, i.e., the wavefield at the surface, and

• f (ω) is a frequency-dependent scale factor for the data.

2. Imaging

The second step of the migration by downward continuation is imaging. According to
the exploding reflector concept, the image is found by selecting the wavefield at time
t = 0, or equivalently, by summing over the frequenciesω:

r z
0 =

Nω∑
1

uz
0(ω) (3)

where

• r z
0 is the image (reflectivity) corresponding to a given depth levelz.
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Perturbation field: Forward operator

If we perturb the velocity model, we also introduce a perturbation in the wavefield. In other
words, the perturbation in slowness generates a secondary scattered wavefield.

1. Scattering and downward continuation

If we consider the perturbation in the wavefield at the surface, we can recursively down-
ward continue it, adding at every depth step the scattered wavefield:

1uz+1
= T z

01uz
+1vz+1 (4)

where

• 1uz(ω) is the perturbation in the wavefield generated by the perturbation in veloc-
ity and downward continued from the surface, and

• 1vz+1(ω) represents the scattered wavefield caused at depth levelz+ 1 by the
perturbation in velocity from depth levelz.

In the first-order Born approximation, the scattered wavefield can be written as

1vz+1
= T z

0 Gz
0uz

01sz (5)

where

• Gz
0(ω,s0) is the scattering operator at depthz,

• 1sz(ω) is the perturbation in slowness at depthz, and

• uz
0(ω) is the background wavefield at depthz.

If we introduce equation (5) into (4) we find that

1uz+1
= T z

0

[
1uz
+Gz

0uz
01sz] (6)

2. Imaging

As for the background image, the perturbation in image (1r z), caused by the perturba-
tion in slowness, is obtained by a summation over all the frequenciesω:

1r z
=

Nω∑
1

1uz(ω) (7)

Equations (6) and (7) establish a linear relation between the perturbation in slowness (1sz)
and the perturbation in image (1r z). We can use this linear relation in an iterative algorithm
to invert for the perturbation in slowness based on the perturbation in the image.
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Perturbation field: Adjoint operator

In the adjoint operation, we begin by upward propagating the perturbation in wavefield at
depthz:

1uz−1
= T z

0
′
1uz
+1r z−1 (8)

where

• T z
0
′ is the upward continuation operator at depthz.

We can then obtain the perturbation in slowness from the perturbation in wavefield by
applying the adjoint of the scattering operator:

1sz
= uz

0
′Gz

0
′
[
T z

0
′
1uz+1

−1uz] (9)

Equations (6) and (7) for the forward operator and equations (8) and (9) for the adjoint
operator express the linear relation established between the perturbation in slowness (1S) and
the perturbation in image (1R).

AN EXAMPLE WITH SIMPLE REFLECTIVITY MODELS

This section offers a pictorial description of the theory presented in the preceding section.
We use two simple examples to highlight the main features of the method. In both cases,
the reflectivity model consists of two flat interfaces, one shallow and one deep. The velocity
models are different as follows:

• In the first model, we started with a constant velocity background of 2 km/s, on which
we superimposed a positive Gaussian perturbation with a magnitude of 0.25 km/s, as
shown in the right panel of Figure 2.

• In the second model, we superimposed a negative Gaussian anomaly with the magnitude
of 0.5 km/s on the background velocity (Figure 2), while the perturbation remained the
same as in the first model (the right panel of Figure 2). The main purpose of selecting
this second velocity model was to demonstrate the robustness of the forward and adjoint
operators to triplications in the wavefield.

We started by creating the synthetic data (D) that correspond to each of the individual
models (Figure 3). In the second case, the reflection from the deeper interface creates a trip-
lication caused by the Gaussian anomaly in the background velocity. Then, we migrated the
synthetic data using the correct velocity models in each case, and obtained the background
images (R) shown in Figure 4.

We then repeated the same succession of operations, considering the background velocity
models on which we superimposed the perturbation anomaly. We then created the data and
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Figure 2: Background slowness (labeledS in Figure 1) – left; Perturbation in slowness (labeled
1S in Figure 1) – right. biondo2-slow[NR]

migrated it with the perturbation in slowness. What we obtained is the perturbation in image
depicted in Figure 5. The shape of the image at a given depth is known in the literature asKjar-
tansson’s V(Kjartansson, 1979). In the case of the nonconstant background, the triplications
of the wavefield created a more complex perturbation in the image, which is especially visible
at the level of the deeper reflector. For this case, Kjartansson’sV becomes aW (Figure 5).

Finally, we back-projected into the velocity model the perturbations we obtained in the
images (Figure 6). To clarify how the back-projection operator works, we have isolated in
each panel a single event of the perturbation in image, for a fixed reflection ray parameter.
As expected, we have obtained “fat rays” showing which regions of the velocity model are
influenced by the perturbation in image. The top panel of Figure 6 displays the straight fat
rays corresponding to the constant velocity background. The bottom left panel, shows the
rays for a similar perturbation in the image as in the first case, while the bottom right panel
displays the rays for the perturbation in image in a region where the wavefield has triplicated
when propagating through the anomaly in the background.

AN EXAMPLE OF INVERSION

This section presents an example inversion for the perturbation in slowness using the linear
operators derived in the section on linear theory. For the inversion, we have created a set
of synthetic data that was inspired by a real dataset, part of a gas-hydrate study, which was
recorded at the Blake Outer Ridge, offshore from Florida and Georgia (Ecker, 1998). We have
divided this example in two parts: in the first, we show how the focusing of the image can be
improved, with application to the real data, and, in the second part, how the inversion works,
with application to the smaller synthetic data set.
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Figure 3: The data (labeledD in Figure 1) measured at the surface for each of the background
velocity models. The top panel corresponds to the case of the constant background velocity,
while the bottom panel corresponds to the case of the Gaussian anomaly in the background
velocity. biondo2-data[CR]
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Figure 4: The image (labeledR in Figure 1) obtained after migrating by downward continu-
ation the data in Figure 3. The top panel corresponds to the case of the constant background
velocity, while the bottom panel corresponds to the case of the Gaussian anomaly in the back-
ground velocity. biondo2-image[CR]
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Figure 5: The perturbation in image (labeled1R in Figure 1), that is, the data migrated with
the perturbation in slowness. The top panel corresponds to the case of the constant background
velocity (Kjartansson’s V), while the bottom panel corresponds to the case of the Gaussian
anomaly in the background velocity.biondo2-dimage[CR]
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Figure 6: The perturbation in slowness (labeled1S in Figure 1) corresponding to part of the
perturbation in image (Figure 5). The “fat rays” are the result of the back-projection of the
perturbation in slowness. The top panel corresponds to the case of the constant background
velocity, while the bottom panel corresponds to the case of the Gaussian anomaly in the back-
ground velocity. biondo2-rays[CR]
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Figure 7: The original image.biondo2-hydrates1.00[NR]

Figure 8: A better focused image after residual migration.biondo2-hydrates0.98[NR]
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Image enhancement

In the first part of our example, we have concentrated on improving the focusing of the image.
We achieved this goal by using Stolt residual migration in the prestack domain (Stolt, 1996;
Sava, 1999). Of course, Stolt residual migration is not the only possibility, another alternative
being velocity continuation (Fomel, 1997).

Figure 7 shows the image we obtained with a starting velocity model, while Figure 8
displays the image we obtained by applying residual migration to the original. Both images
have been created with the same level of clipping. The second image is clearly better focused.
We can take the difference between the images in Figures 7 and 8 to be the perturbation in
image (1R), and use it to invert for the slowness model that generated the improvement in
focusing.

Inversion

As a first experiment, we have constructed a synthetic model similar to the sections in Figures 7
and 8. As we said, our goal is to convert the differences in focusing between the two images,
or the perturbation in the image, into a better slowness model, that is, to find the perturbation
in the slowness.

Figure 9 represents the background slowness model (S). We used this model to generate
the synthetic data at the surface (S), and then to compute the background wavefield (U ) and
the background image (R).

The top panel of Figure 10 shows the perturbation in slowness (1S). We used this model to
generate the scattered wavefield (1W), the perturbation wavefield (1U ), and the perturbation
in image (1R).

We start the inversion by assuming zero perturbation in slowness. The middle panel of
Figure 10 represents the perturbation in slowness obtained at the first iteration. At this stage,
we have obtained only a small perturbation in slowness, which is not totally concentrated at
the right location. An important part of the energy of the section is spread, for example in
the region around the midpoint 2.2−2.4km and around the depth 1.3−1.4km. This artifact
is the result of the still imperfect definition of the slowness anomaly, possibly caused by the
proximity of the edge.

By the 20th iteration, shown in the bottom panel of Figure 10, the perturbation in slowness
is much better shaped, and the artifact at depth is much weaker. Also, the absolute magnitude
of the anomaly is getting very close to the correct value:smax= 0.088 s/km for the original,
andsmax= 0.084 s/km for the inversion at the 20th iteration.
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Figure 9: The background slowness
(S). biondo2-backslo[NR]

CONCLUSION

We have presented a recursive wave-equation method of migration velocity analysis operating
in the image domain. Our method is based on linearization of the downward continuation
operator that relates perturbations in slowness to perturbations in the image. The fundamental
idea is to improve the quality of the slowness function by optimizing the focusing of the
migrated image.

This iterative method is stable and accurate when applied to a synthetic dataset. It also
converges to the solution without the need for any regularization of the slowness model. We
are currently in the process of applying the method to the real seismic dataset used as an
example in this paper.
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APPENDIX A: DOWNWARD CONTINUATION–MIGRATION AND MODELING

Forward operator: Migration

Migration by downward continuation, either post-stack or prestack, is done in two steps: the
first step is to downward continue the data measured at the surface, and the second is to apply
the imaging condition, that is, to extract the wavefield at timet = 0, the moment the reflectors
explode.

1. Downward continuation

The first step of migration consists of downward continuation of the wavefield measured
at the surface (a.k.a. the data), which is done by the recursive application of the equation:

uz+1
0 (ω)= T z

0 (ω,s0)uz
0(ω) (A-1)

initialized by the wavefield at the surface, as follows:

u1
0(ω)= f (ω)d(ω) (A-2)

where

• uz
0(ω) is the wavefieldu0(ω) at depthz,

• u1
0(ω) is the wavefieldu0(ω) at the surfacez= 0,

• T z
0 (ω,s0) is the downward continuation operator at depthz,

• d(ω) is the data, i.e.. the wavefield at the surface, and

• f (ω) is a frequency-dependent scale factor for the data.

The recursion in Equations (A-1) and (A-2) can be also rewritten in matrix form as

[I −T0]U0= D (A-3)


1 0 0 ... 0 0
−T1

0 1 0 ... 0 0

0 −T2
0 1 ... 0 0

... ... ... ... ... ...
0 0 0 ... −T

Nz−1
0 1




u1
0

u2
0

u3
0

...
u

Nz
0

=


f d
0
0
...
0



where

• T0 is a square matrix containing the downward continuation operator for all depth
levels,

• U0 is a column vector containing the wavefield at all depth levels, and
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• D is a column vector containing the scaled data.2

Equation (A-3) represents the downward continuation recursion written for a given fre-
quency. We can write a similar relationship for each of the frequencies in the analyzed
data, and group them all in the matrix relationship

(I−T0)U0=D (A-4)


I −T0(ω1,s0) 0 ... 0

0 I −T0(ω2,s0) ... 0
... ... ... ...
0 0 ... I −T0(ωNω ,s0)




U0(ω1)
U0(ω2)

...
U0(ωNω )

=


D(ω1)
D(ω2)

...
D(ωNω )



where

• T0 is a diagonal matrix containing the downward continuation operators for all the
frequencies in the data,

• U0 is a column vector containing the wavefield data for all the frequencies, and

• D is a column vector containing the scaled data at all frequencies.3

It follows from Equation (A-4) that the background wavefield (U0) can be computed as
a function of the measured data (D), as follows:

U0= (I−T0)−1D (A-5)

2. Imaging

The second step of the migration by downward continuation is imaging. In the explod-
ing reflector concept, the image is found by selecting the wavefield at timet = 0 or,
equivalently, by summing over the frequenciesω:

r z
0 =

∑Nω
1 uz

0(ω) (A-6)

where

• r z
0 is the image (reflectivity) corresponding to a given depth levelz.

2

T0(ω,s0)=


0 0 0 ... 0 0

T1
0 0 0 ... 0 0

0 T2
0 0 ... 0 0

... ... ... ... ... ...
0 0 0 ... T

Nz−1
0 0

 ;U0(ω)=


u1

0
u2

0
u3

0
...

u
Nz
0

 ;D(ω)=


f d
0
0
...
0



3

T0 =


T0(ω1,s0) 0 ... 0

0 T0(ω2,s0) ... 0
... ... ... ...
0 0 ... T0(ωNω ,s0)

 ;U0 =


U0(ω1)
U0(ω2)

...
U0(ωNω )

 ;D =


D(ω1)
D(ω2)

...
D(ωNω )
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We can write the Equation (A-6) in matrix form as

R0=HU0 (A-7)


r 1
0

r 2
0
...

r
Nz
0

=

∣∣∣∣∣∣∣

1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣
...
...
...
...

∣∣∣∣∣∣∣
1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣



U0(ω1)
U0(ω2)

...
U0(ωNω )



where

• H is an operator performing the summation over frequency for every depth level
z, and

• R0 is a column vector containing the image at every depth level.4

Therefore, the image (R0), corresponding to the background velocity field, can be com-
puted from the measured data (D) using the summation (H ) and the downward contin-
uation operators (T0) as

R0=H (I−T0)−1D (A-8)

Adjoint operator: Modeling

Equation (A-8) enables us to compute the image corresponding to a given velocity field from
data measured at the surface of the earth, that is, to migrate the data. The operation adjoint to
migration, modeling, can be derived from the same equation using the adjoint state system

D = [H (I−T0)−1]′R0 (A-9)

where

• D is the modeled data, computed for a given velocity field.

Therefore, we can obtain the modeled data (D) from the reflectivity image (R0) by writing

D =
[
(I−T0)−1

]′
H ′R0 (A-10)

4

H =


∣∣∣∣∣∣∣

1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣
...
...
...
...

∣∣∣∣∣∣∣
1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣
 ;R0 =


r 1
0

r 2
0
...

r
Nz
0
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APPENDIX B: FIRST-ORDER BORN LINEARIZATION OF MIGRATION

Forward operator: Perturbation migration

1. Scattering and downward continuation

If we perturb the velocity model we introduce a perturbation in the wavefield. In other
words, the perturbation in slowness generates a secondary wavefield, the scattered wave-
field. We can downward continue the scattered field as we did with the background
wavefield by writing

1uz+1(ω)= T z
0 (ω,s0)1uz(ω)+1vz+1(ω) (B-1)

where

• 1uz(ω) is the perturbation in the wavefield generated by the perturbation in veloc-
ity, and

• 1vz+1(ω) represents the scattered wavefield caused at depth levelz+ 1 by the
perturbation in velocity from the depth levelz.

The scattered wavefield can be written as

1vz+1(ω)= T z
0 (ω,s0)Gz

0(ω,s0)uz
0(ω)1sz(ω) (B-2)

where

• Gz
0(ω,s0) is the scattering operator at depthz, and

• 1sz(ω) is the perturbation in slowness at depthz.

Huang et al. (1999) show that the scattering operator is

Gz
0(ω,s0)= iω

1√
1− |

Ek|2

ω2s2
0

(B-3)

and that it can be approximated by

Gz
0(ω,s0)≈ iω

(
1+

1

2

|Ek|2

ω2s2
0

)
(B-4)

which represents the first-order Born approximation. In this equation,Ek represents the
horizontal component of the wavenumber.

If we introduce Equation (B-2) into (B-1) we obtain

1uz+1
= T z

0

[
1uz
+Gz

0uz
01sz] (B-5)
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which, after rearrangements, becomes the recursion

1uz+1
−T z

01uz
= T z

0 Gz
0uz

01sz (B-6)

We can express the recursive relationship between the perturbation in velocity and the
perturbation in the wavefield (B-6) as

[I −T0]1U= T0G0Û01S (B-7)


1 0 0 ... 0 0
−T1

0 1 0 ... 0 0

0 −T2
0 1 ... 0 0

... ... ... ... ... ...
0 0 0 ... −T

Nz−1
0 1



1u1

1u2

1u3

...
1uNz

=


0 0 0 ... 0 0
T1

0 0 0 ... 0 0

0 T2
0 0 ... 0 0

... ... ... ... ... ...
0 0 0 ... T

Nz−1
0 0




0 0 0 ... 0 0
G1

0 0 0 ... 0 0

0 G2
0 0 ... 0 0

... ... ... ... ... ...
0 0 0 ... G

Nz−1
0 0




u1
0 0 0 ... 0

0 u2
0 0 ... 0

0 0 u3
0 ... 0

... ... ... ... ...
0 0 0 ... u

Nz
0



1s1

1s2

1s3

...
1sNz



where

• 1U is a column vector containing the perturbation in the wavefield at all depths,

• G0 is a diagonal matrix containing the scattering term for all the depth levels,

• Û0 is a diagonal matrix containing the background wavefield data for all the depth
levels, and

• 1S is a column vector containing the perturbation in the velocity for all the depth
levels.5

Note the different arrangement of the background wavefield data at all depths (U0 and
Û0). 6

Similarly to the case of the background wavefield, the relationship between the per-
turbation in the wavefield and the perturbation in slowness can be written for all the
frequencies in the data as

(I−T0)1U= T0G0Û01S (B-8)

5

1U=


1u1

1u2

1u3

...
1uNz

 ;G0 =


0 0 0 ... 0 0

G1
0 0 0 ... 0 0

0 G2
0 0 ... 0 0

... ... ... ... ... ...
0 0 0 ... G

Nz−1
0 0

 ; Û0 =


u1

0 0 0 ... 0

0 u2
0 0 ... 0

0 0 u3
0 ... 0

... ... ... ... ...
0 0 0 ... u

Nz
0

 ;1S=


1s1

1s2

1s3

...
1sNz



6

U0 =


u1

0
u2

0
u3

0
...

u
Nz
0

 ; Û0 =


u1

0 0 0 ... 0

0 u2
0 0 ... 0

0 0 u3
0 ... 0

... ... ... ... ...
0 0 0 ... u

Nz
0
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I −T0(ω1,s0) 0 ... 0

0 I −T0(ω2,s0) ... 0
... ... ... ...
0 0 ... I −T0(ωNω ,s0)



1U(ω1)
1U(ω2)

...
1U(ωNω )

=


T0G0Û01S

∣∣∣∣
ω1

T0G0Û01S

∣∣∣∣
ω2...

T0G0Û01S

∣∣∣∣
ωNω


where

• 1U is a column vector containing the perturbation in the wavefield for all the
frequencies,

• G0 is a diagonal matrix containing the scattering operator for all the frequencies,

• Û0 is a diagonal matrix containing the background wavefield for all the frequen-
cies, and

• 1S is a column vector containing the perturbation in slowness, same for all the
frequencies if we disregard dispersion.7

Again, it is important to note the different arrangement of the background wavefield
data at all frequencies (U0 andÛ0). 8

Therefore, we can compute the perturbation in the wavefield (1U) as a function of the
perturbation in slowness (1S) like this:

1U= (I−T0)−1T0G0Û01S (B-9)

2. Imaging

As for the background image, the perturbation in image (1r z), caused by the perturba-
tion in slowness, is obtained by a summation over all the frequencies (ω):

1r z
=
∑Nω

1 1uz(ω) (B-10)

We can write Equation (B-10) in matrix form as

1R =H1U (B-11)

 1r 1

1r 2

...
1r Nz

=

∣∣∣∣∣∣∣

1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣
...
...
...
...

∣∣∣∣∣∣∣
1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1

∣∣∣∣∣∣∣


1U(ω1)
1U(ω2)

...
1U(ωNω )


where

7

1U=


1U(ω1)
1U(ω2)

...
1U(ωNω )

 ;G0 =


G0(ω1,s0) 0 ... 0

0 G0(ω2,s0) ... 0
... ... ... ...
0 0 ... G0(ωNω ,s0)

 ;Û0 =


Û0(ω1) 0 ... 0

0 Û0(ω2) ... 0
... ... ... ...
0 0 ... Û0(ωNω )

 ;1S =

1S
1S
...
1S


8

U0 =


U0(ω1)
U0(ω2)

...
U0(ωNω )

 ;Û0 =


Û0(ω1) 0 ... 0

0 Û0(ω2) ... 0
... ... ... ...
0 0 ... Û0(ωNω )
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• 1R is a column vector containing the perturbation in image at every depth level
z. 9

Therefore, the perturbation in image (1R), corresponding to the perturbation velocity
field (1S), can be computed as follows:

1R =H (I−T0)−1T0G0Û01S (B-12)

Adjoint operator: Back-projection

Equation (B-12) enables us to compute the perturbation in image corresponding to a given
perturbation in the velocity field, that is, to migrate the scattered field. The operation adjoint
to migration, back-projection, can be derived from the same equation using the adjoint state
system:

1S =
[
H (I−T0)−1T0G0Û0

]′
1R (B-13)

where

• 1S is the back-projected perturbation in the velocity field obtained from the perturba-
tion in the image.

Therefore, the back-projected perturbation in velocity (1S) is derived from the perturba-
tion in the reflectivity image (1R) using the following expression:

1S = Û0
′
G′0T

′

0

[
(I−T0)−1

]′
H ′1R (B-14)

Equations (B-12) and (B-14) comprise a pair of adjoint operators that relate the perturba-
tion in velocity to the perturbation in reflectivity image. We can use these two operators to
invert for velocity from measurable perturbations in the image.

9

1R =

 1r 1

1r 2

...
1r Nz
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Preconditioning tau tomography with geologic constraints

Robert G. Clapp and Biondo Biondi1

ABSTRACT

Seismic tomography is a non-linear problem with a significant null-space. Our estimation
problem often converges slowly, to a geologically unreasonable model, or not at all. One
reason for slow or non-convergence is that we are attempting to simultaneously estimate
reflector position (mapping velocity) and image our data (focusiing velocity). By per-
forming tomography in vertical travel-time space, we avoid estimating mapping velocity,
instead concentrating on focusing velocity. By introducing anisotropic preconditioning
oriented along bedding planes, we can quickly guide the inversion towards a geologically
reasonable model. We illustrate the benefits of our tomography method by comparing it
to more traditional methods on a synthetic anticline model. In addition, we demonstrate
the method’s ability to improve the velocity estimate, and the resulting migrated image of
a real 2-D dataset.

INTRODUCTION

Tomography is inherently non-linear, therefore a standard technique is to linearize the prob-
lem by assuming a stationary ray field (Stork and Clayton, 1991). Unfortunately, we must still
deal with the coupled relationship between reflector position and velocity (Al-Chalabi, 1997;
Tieman, 1995). As a result, the back projection operator must attempt to handle both reposi-
tioning of the reflectorandupdating the velocity model (van Trier, 1990) . The resulting back
projection operator is sensitive to our current guess at velocity and reflector position.

In addition to non-linearity, tomography problems are often under-determined. To create
more geologically feasible velocity models and to speed up convergence, Michelena (1991)
suggested using varying sized grid cells. Unfortunately, such a parameterization is prone to
error when the wrong size blocks are chosen (Delprat-Jannaud and Lailly, 1992). Other au-
thors have suggested locally clustering grid cells (Carrion, 1991) or characterizing the velocity
model as a series of layers (Kosloff et al., 1996). These methods are also susceptible to er-
rors when the wrong parameterization is chosen. An attractive alternative approach is to add
an additional model regularization term to our objective function (Toldi, 1985). In theory,
this regularization term should be the inverse model covariance matrix (Tarantola, 1987). The
question is how to obtain an estimate of the model covariance matrix. The obvious answer is
througha priori information sources such a geologist’s structural model of the area, well log
information, or preliminary stack or migration results. Incorporating these varied information

1email: bob@sep.stanford.edu, biondo@sep.Stanford.EDU
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sources into our objective function has always been problematic. For years, geostatisticians
have successfully combined these mixed types of information to produce variograms (Issaks
and Srivastava, 1989). Unfortunately, the geostatistical approach does not easily fit within a
standard global tomography problem. In this paper we follow the course outlined in Clapp
and Biondi (1998) to address both the velocity-depth ambiguity and the problem of adding
geologic constraints. We formulate our tomography problem in vertical travel-time (τ ) coor-
dinates rather than depth. In this coordinate system, reflectors are significantly less sensitive to
velocity (Biondi et al., 1997) and the resulting back projection operator is less sensitive to the
background velocity model (Clapp and Biondi, 1999). We make the assumption that velocity
follows geologic dip or some other known trend. We then approximate the model covariance
matrix by creating small, plane-wave annihilation filters (Claerbout, 1992), orsteering filters
oriented along geologic dip (Clapp et al., 1997, 1999). To speed up convergence, we refor-
mulate our regularization problem to a preconditioned problem (Claerbout, 1998a) using the
helix transform and polynomial division (Claerbout, 1998c).

We create a synthetic anticline velocity model and compare the inversion result using a
symmetric regularization operator in depth, steering filter in depth, and finally steering filter in
vertical travel time space. We study the speed and quality of our tomographic estimate using
two different synthetic models. We conclude with some preliminary tests on a 2-D marine
dataset with gas hydrates. Preliminary migration results are encouraging.

THEORY

Following the method described in Clapp (1998), we began by linearizing the tomography
problem around an initial guess at our slowness models0. We assumed ray stationarity and
described the change in travel time (1t) as being linearly related to our change in slowness
(1s):

1t ≈ Tz1s. (1)

Tz is composed of two portions. The first,Tz,ray simply applies

δt = l̃δs, (2)

or that the change in the travel time is (δt) is equal to change in slowness (δs) times length of
the ray of the ray segment (l̃ ) of the ray connecting the source, reflector, and the receiver. The
second component,Tz,ref, can be thought of as a chain of two operators: the first maps our
change in slowness (1s) into reflector movement, the second maps the reflector movement into
our change in travel times (1t) (van Trier, 1990). This second term amounts to performing
residual migration and can be done by back projecting a ray located at the reflection point
perpendicular to the reflector (Stork, 1994), Figure 1. Taking both components into account
our tomography fitting goal becomes

1t ≈ (Tz,ray+Tz,ref)1s. (3)
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T
Tref

ray

Figure 1: The two portions of the back projection operator.Tz,ray is the pair of rays throughs0

from the source to the receiver that obey Snell’s law at the reflector.Tz,ref is the raypath from
this reflection point to the surface.bob1-schematic[NR]

Smoothing slowness rather than change of velocity

In general, the tomography problem is under-determined and requires some type of regulariza-
tion. Ideally, this regularization should be the inverse model covariance (Tarantola, 1987) but
that is not readily available. In many cases we do have well logs, initial migration surfaces, or
a geologist’s model of the region that can at least indicate the trend that velocity should follow.
Following the method described in Clapp, et al. (1999) we can build a space-varying operator
composed of small plane wave annihilation filters that can smooth our velocity along this pre-
determined trend. The problem is that our model is not slowness, but change in slowness. To a
degree, we can get around this problem by following the method similar to the one described
by Bevc (1994). We start by stating our goal to smooth the slowness field:

0≈ As (4)

whereA is our steering filter operator. Buts is actuallys0+1s, so we can write a new
regularization goal as

0 ≈ A(s0+1s) (5)

−As0 ≈ A1s.

A problem with this method is where the adjoint of our modeling operator (T
′

z) does not con-
tribute at all to the model we can introduce artifacts. Our best solution to date for this problem
is to introduce a smooth masking operator that tapers off to zero in locations unaffected byT

′

z.
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Preconditioning

The proposed regularized tomography problem still has the problem of slow convergence. By
reformulating the problem in helix space (Claerbout, 1998c), we can take advantage of 1-D
theory to change our regularized problem into a preconditioned one. We start by defining a
new variablep:

p= A1s. (6)

By applying polynomial division to our steering filters, we can createA−1 which becomes a
smoothing operator. We can then rewrite our fitting goals as

1t ≈ (Tz,ray+Tz,ref)A−1p

−As0 ≈ εp. (7)

Tau tomography

In depth tomography we must constantly deal with the depth-velocity ambiguity problem. Put
another way, we are simultaneously trying to estimate both a focusing (Sf ) and a mapping
(Sm) slowness. Biondi et al.(1997) showed that by mapping (z,x) into (τ ,x) through

τ (z,x)=
∫ z

0
2S(z′,x)δz′ (8)

we can write afocusing eikonal equation which only indirectly depends on the mapping
velocity

4

(
∂t(τ ,x)

∂τ

)
+Sf (τ ,x)−2

(
∂t(τ ,x)

∂x
+σm(τ ,x)

∂t(τ ,x)

∂τ

)2

= 1 (9)

whereσm is the differential mapping operator defined as

σm(τ ,x)=
∫ τ

0
S−1

m (τ ′,x)
∂

∂x
Sf (τ

′,x)δτ ′. (10)

From this eikonal equation we can derive a new relation for the change in travel time due to a
change in the focusing velocity:

δt =

(
δ̃x

2

l̃

)
δs−

(
δ̃x(δ̃τ − δ̃xσ̃0(x,τ ))

)
δσ (11)

whereδ̃x and δ̃τ are the change inx andτ position of the ray segment, ˜σ0(x,τ ) is the dif-
ferential mapping factor of our initial slowness model at the ray location, andδσ is defined
as

δσ (τ ,x)=
σ0(τ ,x)

s0(τ ,x)
δs(τ ,x)−2s0(τ ,x)

δ(δz(τ ,z))

δx
(12)

where

δz(τ ,z)=
∫ τ

0

δs(τ ′,x)

2s2
0(τ ′,x)

δτ . (13)



SEP–100 Velocity estimation 39

We now have a way to back project travel time errors and can write a new set of fitting goals,

1t ≈ (Tτ ,ray+Tτ ,ref)A−1p

−As0 ≈ εp (14)

whereTτ ,ray andTτ ,ref use (11) rather than (2) to back project.

SYNTHETIC TESTS

To test the effectiveness of the method we create a simple anticline synthetic velocity model,
Figure 2. We simulated six reflectors, one on top, four in the anticline, and a basement reflec-
tor. We calculated travel times to all the reflectors for an offset range of 4 kms. These travel
times represent our ‘recorded travel times’. For our initial model we created a v(z) model by
taking the lateral average of the velocity field, Figure 2. From this initial model we attempted

Figure 2: Left panel is our synthetic model superimposed by the six reflectors. The right panel
is our starting guess for our velocity function and the map migrated reflector position using
this initial velocity estimate.bob1-model[CR]

to invert the velocity function by three progressively advanced methods:

Depth-Standard : Inverted for a depth model, using an inverse Laplacian preconditioner
(Claerbout, 1998b) forA−1 in our depth fitting goals (7)

Depth-Steering : Inverting for a depth model, using a steering filter operator for our precon-
ditioner in our depth fitting goals (7)

Tau-Steering : Inverting for a tau model, using a steering filter operator for our precondi-
tioner in tau fitting goals (14)

Figure 3 shows the result of one non-linear iteration for all three inversions schemes. All three
methods were able to recover the dome shape after one iteration. When using a Laplacian
smoother the velocity increase is spread too far both laterally and vertically. As a result, the
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bottom reflector is located too deep throughout the model. When using steering filters we
still have a significant velocity-depth ambiguity problem, but we have done a little better job
position the bottom reflector. In the case of tau tomography with steering filters we have done
almost a perfect job after a single iteration. We have not perfectly recovered the lower portion
of the anticline structure but we have almost completely flattened the bottom reflector. To see

Figure 3: Left panel is Depth-Standard, middle is Depth-Steering, right is Tau-Steering. All
after 1 non-linear iteration.bob1-model1-iter1[CR]

if, and how fast, we could converge to the correct solution in depth we performed several more
non-linear iterations. As Figure 4 shows we did a decent job recovering the anticline with all
three methods. In this case, where the model is fairly simple and we have good travel time
coverage, the big advantage seems to be speed. We got a high quality result with steering filter
tau tomography in a single iteration, while it took three with steering filter depth tomography,
and four when using the Laplacian and depth tomography. The smoothness of the anticline was
well suited for the Laplacian so we decided on a slightly more difficult challenge that could
better differentiate between a Laplacian and steering filter regularization. Our new model
keeps the same basic shape for the model but adds a low velocity layer within the anticline.
Figure 5 shows the correct, initial, and the result of 4 iterations using both the Laplacian and
steering filters to precondition the problem. After 4 iterations the steering filters have done a
much better job recovering the low velocity layer.

TEST ON REAL DATA

We next decided to test the method on real data. For this initial test we decided to work
with a relatively clean data which still had some residual move-out in the common reflection
point (CRP) gathers. The data is from the Blake Outer Ridge as was used by Ecker(1998) to
characterize methane hydrate structures. For our initial velocity model we used Ecker’s Dix
(1955) derived model, Figure 6. Our general philosophy was to limit human time as much as
possible. Therefore we chose to do tau migration (Alkhalifah, 1998) using a generic Kirch-
hoff package(Biondi, 1998). By using tau rather than depth migration, we were quickly able
to compare CRPs from iteration to iteration and it allowed us to pick reflector positions only
once. After performing the migration we picked six reflectors, Figure 7. We picked the sea
floor, a strong reflector above the bottom simulating reflector (BSR), the BSR itself, the flat
reflector below the BSR, and two deeper reflectors. Rather than pick move-out differences we
decided to create residual semblance panels at each reflector location, Figure 8. The panels
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Figure 4: Top-left: Depth-Standard, after 4 non-linear iterations; top-right: Depth-Steering
after 3 iterations; bottom-left: Tau-steering after 1 iteration; and bottom-right: a comparison
of the reflector positions using all 3 methods. The solid, white line is correct reflector position,
the small dashes represent Tau-Steering: large-dashes:Depth-Steering; and the solid black line
is Depth-Standard.bob1-model1-best[CR]
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Figure 5: Top, left Our new model with a low velocity layer within the anticline; top-right, our
starting model; bottom-left, Depth-Standard after 4 iterations; bottom-right Depth-Steering
after 4 iterations.bob1-model2[CR]
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Figure 6: Initial velocity model in depth. Note the low velocity zone caused by the
gas hydrate starting at approximately 32000 kms and extending to the end of the section.
bob1-christine-vel0[ER]

Figure 7: Initial stack overlaid by reflectors picked for tomography.bob1-stack[CR]
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indicate that there is significant residual curvature, especially where the BSR meets the lower
reflector. From these semblance panels we picked smooth curves at approximately the maxi-
mum semblance at each reflector. To check to see if a single parameter adequately described
the move-outs we back projected the picked semblance into our CRP gathers. Figure 9 shows
that the semblance picks did a fairly good job describing the move-out. We used our picked

Figure 8: Residual semblance panels for the bottom 5 reflectors. The black line in each panel
represents the picked maximum.bob1-sem-vel0[CR]

reflectors to construct our steering filters and then applied our tau tomography fitting goals
(14). Generally, we have increased velocity, Figure 10, but the changes still keep velocity
following reflector dip. The next step is to see if our new velocity model flattens our CRP
gathers and improves the focusing of the data. Figures 11 and 12 indicate that we have accom-
plished both of these goals. Figure 9 shows that all of our reflectors are significantly flatter,
with only significant curvature left along the BSR. Figure 12 shows a much more continuous
BSR reflection along with overall improved focusing of the section above and below.

CONCLUSIONS

By performing tomography in tau space we are able to quickly converge to geologically real-
istic velocity models. The results on synthetics indicate that the method when velocity is not
the smooth function that the a Laplacian regularize will attempt to create. Early tests on field
data are encouraging.



SEP–100 Velocity estimation 45

Figure 9: Common reflection point gathers from every 2000 meters starting from 28000. The
lines are the result of mapping back the picked residual slowness values. Note how the curves
do an excellent job matching the actual reflector move-out.bob1-overlay.vel0[CR]
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Figure 10: The velocity after 1 iteration of tau-steering tomographybob1-christine-vel1[CR]
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Figure 12: The stack using our initial velocity and the velocity after 1 iteration of tau steer-
ing tomography. Note how the reflectors are generally better focused at a, b, c, and d.
bob1-stack-comp[CR]
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Short Note

Why tau tomography is better than depth tomography

Robert G. Clapp and Biondo Biondi1

INTRODUCTION

Seismic tomography is a non-linear problem. A standard technique is to itteratively assume a
linear relation between the change in slowness and the change in travel times (Biondi, 1990;
Etgen, 1990) and then re-linearize around the new model. In ray-based methods, this amounts
to assuming stationary ray paths and reflection locations to construct a back projection oper-
ator (Stork and Clayton, 1991). The change in this back projection operator from non-linear
iteration to non-linear iteration can be thought of as an important second order effect.

By formulating our back projection operator in terms of vertical travel-time (τ ) rather than
depth our reflector locations become more stable (Biondi et al., 1997; Clapp and Biondi, 1998).
We show that the corresponding back projection operator is less sensitive to our initial velocity
estimate. Therefore, our back projection operator changes less from non-linear to non-linear
iteration, making the estimation less likely to get stuck in local minima.

THEORY

Velocity estimation is fundamentally an inverse problem. The correct solution is to do full
wave-form inversion (Tarantola, 1986; Mora, 1987), but is generally impractical. Instead we
start from the idea that there is a non-linear operator that relates slowness (s) and travel time
(t),

t ≈ Tns. (1)

We then attempt to approximateTn by doing a two term Taylor expansion around our initial
guess at the slowness field (a version of Newton’s minimization method):

t ≈ Tns0+T′01s

t ≈ t0+T′01s

1t ≈ T′01s. (2)

1email: bob@sep.Stanford.EDU, biondo@sep.Stanford.EDU
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Figure 1: Newton’s method ap-
plied to ray based tomography.
bob2-newton[NR]
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where

s0 is our initial guess at slowness,

T′0 is a linear operator describing the relationship between, slowness and travel times given
the initial slowness model. In ray-based methods we usually use some stationary ray
paths based on the initial slowness model,

1s is the change in slowness,

t0 are the modeled travel times applyingT′0 to s0,

1t are the difference between the modeled travel times,t0, and the measured travel times,t.

After inverting for1s, we have a new estimate for our slowness field:

s1= s0+1s. (3)

We can then re-linearize around this new model (s1), constructing a new tomography operator
T′1. We repeat this procedure until1t is negligible. Figure 1 is a graphical representation
of the method. There are two problems with this approach. First, Newton’s method is only
guaranteed to converge to a local minima, we hope that by applying regularization (Clapp and
Biondi, 1999) we can avoid this problem. And second, we are only using the first term in our
Taylor expansion, which means that when our higher order derivatives are large, are descent
direction will be wrong, and we will converge at a much slower rate. When using rays, this
problem occurs when the initial guess at ray paths and reflector locations are too far from their
correct locations.
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Figure 2: Synthetic 1-D velocity
function inτ . bob2-cor [ER]

We can obtain a measure of how inaccurate our linear approximation is by looking at how
much our linearized tomography operator changes from non-linear iteration to non-linear iter-
ation (the difference erence betweenT′0 andT′1.) The smaller the difference, the more accurate
our linearization, and the less likely our estimate well diverge. By forming our tomography in
(τ ,x) rather than (z,x) space, we reduce the change inT′1 from T′0. The fundamental reason
is that our data is in time rather than depth. In depth, reflector positions and layer boundaries
change significantly from iteration to iteration, while in tau, they hardly change at all (Biondi
et al., 1997).

SIMPLE TEST

To demonstrate how the tau back projection operator is less affected by our initial slowness
model, we constructed a simple 1-D synthetic. The model, Figure 2, is composed of two 2.3
km/s zones in a constant 2 km/s background. For this test we assumed that our slowness model
had correctly resolved the bottom anomaly in vertical travel time. Our choice of vertical travel
time is quite important, as when doing velocity estimation, we must always preserve zero-
offset travel time. In this simple 1-D synthetic, that means that the vertical travel-time to
the layer boundaries and to the reflector must be kept constant. Therefore, in depth, we will
misplace the location of of the bottom high velocity zone but preserve the correct vertical
travel times to the layer top and bottom. After constructing the model we found the ray that hit
the reflector at 2 km depth, 2 km away from source in both (τ ,x) and (z,x) space (Figure 3.)
Following the method outlined in Clapp and Biondi (1998), we built the tomography operator
for both tau (T

′

0,τ ) and depth (T
′

0,z), Figure 4. For comparison, we ray traced through the
‘correct’ velocity model in both spaces (Figure 5) and calculated the corresponding operators.
By comparing the correct and initial operator for tau and depth, or by looking at the difference
between the two operators (Figure 7), we can clearly see that our initial guess for our tau
operator is overall better than our initial guess for our depth operator. In the upper layer, we
see marginally more change in the tau operator but at the lower reflector boundaries (which
move in the case of depth but remain constant in tau) we see significantly more error in depth.
In addition, the change in reflector position has caused a spike in the difference panel for the
depth case. Finally, the change in the tau operator is smooth, while the change in the depth
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Figure 3: Initial guess at the velocity function overlaid by ray hitting reflector at 4 km with a
half-offset of 2 km. Left panel is in depth, right panel is in tau.bob2-vel0 [ER]

operator shows dramatic jumps. Our successive relinearizing have an underlying assumption
that we are smoothly converging to the correct operator. In tau space, this assumption seems
to be more valid. With a more complicated model our positioning of layer boundaries, will be
subject to more change, making the tau compared to depth difference even more dramatic.

CONCLUSIONS

We showed that for this simple model the tau back projection operator is less affected by our
initial velocity estimate than a depth back projection operator. We hypothesize that makes tau
tomography to some extentmorelinear and, therefore, less likely to diverge.
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Figure 4: The operator calculated from our initial guess at velocity and the resulting ray paths
in depth (left) and tau (right).bob2-operator0[ER]

Figure 5: “Correct” velocity function overlaid by ray hitting reflector at 4 km with a half-offset
of 2 km. Left Panel is in depth, right panel is in tau.bob2-vel1 [ER]
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Figure 6: The operator calculated from the “correct” velocity and the resulting ray paths in
depth (left) and tau (right).bob2-operator1[ER]

Figure 7: The difference between the operators calculated from the correct and our initial
guess at velocity, for depth (left) and tau (right. Note the significant spikes at the reflector and
at the lower layer boundary in the depth case.bob2-diff [ER]
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Velocity continuation in migration velocity analysis

Sergey Fomel1

ABSTRACT

Velocity continuation can be applied to migration velocity analysis. It enhances residual
NMO correction by properly taking into account both vertical and lateral movements of
reflectors caused by the change in migration velocity. I exemplify this fact with simple
data tests.

INTRODUCTION

Migration velocity analysis is a routine part of prestack time migration applications. It serves
both as a tool for velocity estimation (Deregowski, 1990) and as a tool for optimal stacking
of migrated seismic sections and modeling zero-offset data for depth migration (Kim et al.,
1997). In the most common form, migration velocity analysis amounts to residual moveout
correction on CRP (common reflection point) gathers. However, in the case of dipping reflec-
tors, this correction does not provide optimal focusing of reflection energy, since it does not
account for lateral movement of reflectors caused by the change in migration velocity. In other
words, different points on a stacking hyperbola in a CRP gather can correspond to different
reflection points at the actual reflector. The situation is similar to that of the conventional
NMO velocity analysis, where the reflection point dispersal problem is usually overcome with
the help of DMO (Deregowski, 1986; Hale, 1991). An analogous correction is required for
optimal focusing in the post-migration domain. In this paper, I propose and test velocity con-
tinuation as a method of migration velocity analysis. The method enhances the conventional
residual moveout correction by taking into account lateral movements of migrated reflection
events.

Velocity continuation is an artificial process of transforming time migrated images ac-
cording to the changes in migration velocity. This process has wave-like properties, which
have been described in my earlier papers (Fomel, 1994, 1996, 1997). Hubral et al. (1996) and
Schleicher et al. (1997) use the termimage wavesto introduce a similar concept. Velocity con-
tinuation extends the theory of residual and cascaded migrations (Rothman et al., 1985; Larner
and Beasley, 1987). In practice, the continuation process can be modeled by finite-difference
or spectral methods (Fomel and Claerbout, 1997; Fomel, 1998).

Applying velocity continuation to migration velocity analysis involves the following steps:

1email: sergey@sep.stanford.edu
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1. prestack common-offset (and common-azimuth) migration - to generate the initial data
for continuation,

2. velocity continuation with stacking across different offsets - to transform the offset data
dimension into the velocity dimension,

3. picking the optimal velocity and slicing through the migrated data volume - to generate
an optimally focused image.

In this paper, I demonstrate all three steps, using a simple two-dimensional dataset. For the im-
plementation of velocity continuation, I chose the Fourier spectral method. The method has its
limitations (Fomel, 1998), but looks optimal in terms of the accuracy versus efficiency trade-
off. It is important to note that although the velocity continuation result could be achieved in
principle by using prestack residual migration in Kirchhoff (Etgen, 1990) or Stolt (Stolt, 1996)
formulation, the first is evidently inferior in efficiency, and the second is not convenient for
velocity analysis across different offsets, because it mixes them in the Fourier domain (Sava,
1999).

PUTTING TOGETHER PRESTACK VELOCITY CONTINUATION

Velocity continuation in the zero-offset (post-stack case) can be performed with a simple
Fourier-domain algorithm (Fomel, 1998):

1. Input an image, migrated with velocityv0.

2. Transform the time axist to the squared time coordinate:σ = t2.

3. Apply a fast Fourier transform (FFT) on both the squared time and the midpoint axis.
The squared timeσ transforms to the frequency�, and the midpoint coordinatex trans-
forms to the wavenumberk. We can safely assume that in the post-migration domain
seismic images are uniformly sampled inx, which allows us to use the FFT technique.
In the case of 3-D data, FFT should be applied in both midpoint coordinates.

4. Apply a phase-shift operator to transform to different velocitiesv:

P̂(�,k,v)= P̂0(�,k)e
i k2(v2

0−v
2)

4� . (1)

5. Apply an inverse FFT to transform from� andk to σ andx.

6. Apply an inverse time stretch to transform fromσ to t .

The computational complexity of this algorithm has the same order as that of the Stolt mi-
gration (Stolt, 1978), but in practice it can be even faster because of the very simple inner
computation.
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To generalize algorithm (1) to the prestack case, we first need to include the residual
NMO term (Fomel, 1996). Residual normal moveout can be formulated with the help of
the differential equation:

∂P

∂v
+

h2

v3 t

∂P

∂t
= 0 , (2)

whereh stands for the half-offset. The analytical solution of equation (2) has the form of the
residual NMO operator:

P(t ,h,v)= P0


√√√√t2+h2

(
1

v2
0

−
1

v2

)
,h

 . (3)

After transforming to the squared timeσ = t2 and the corresponding Fourier frequency�,
equation (2) takes the form of the ordinary differential equation

dP̂

dv
+ i�

2h2

v3
P̂ = 0 (4)

with the analytical frequency-domain phase-shift solution

P̂(�,h,v)= P̂0(�,h)e
i �h2

(
1
v2
0
−

1
v2

)
. (5)

To obtain a Fourier-domain prestack velocity continuation algorithm, we just need to com-
bine the phase-shift operators in equations (1) and (5) and to include stacking across different
offsets. The algorithm takes the following form:

1. Input a set of common-offset images, migrated with velocityv0.

2. Transform the time axist to the squared time coordinate:σ = t2.

3. Apply a fast Fourier transform (FFT) on both the squared time and the midpoint axis.
The squared timeσ transforms to the frequency�, and the midpoint coordinatex trans-
forms to the wavenumberk.

4. Apply a phase-shift operator to transform to different velocitiesv:

P̂(�,k,v)=
∑

h

P̂0(�,k,h)ei
k2(v2

0−v
2)

4� e
i �h2

(
1
v2
0
−

1
v2

)
. (6)

To save memory, the continuation step is immediately followed by stacking.

5. Apply an inverse FFT to transform from� andk to σ andx.

6. Apply an inverse time stretch to transform fromσ to t .
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One can design similar algorithms by using finite differences or Chebyshev spectral methods
(Fomel, 1998).

The complete theory of prestack velocity continuation also requires a residual DMO oper-
ator (Etgen, 1990; Fomel, 1996, 1997). However, the difficulty of implementing this operator
is not fully compensated by its contribution to the full velocity continuation. For simplicity, I
decided not to include residual DMO in the current implementation.

Figure 1 shows impulse responses of prestack velocity continuation. The input for pro-
ducing this figure was a time-migrated constant-offset section, corresponding to an offset of
1 km and a constant migration velocity of 1 km/s. In full accordance with the theory (Fomel,
1996), three spikes in the input section transformed into shifted ellipsoids after continuation
to a higher velocity and into shifted hyperbolas after continuation to a smaller velocity.

Figure 1: Impulse responses of prestack velocity continuation. Left plot: continuation from 1
km/s to 1.5 km/s. Right plot: continuation from 1 km/s to 0.7 km/s. Both plots correspond to
the offset of 1 km.sergey2-velimp[ER]

Figure 2 compares the result of a constant-velocity prestack migration with the velocity of
1.8 km/s, applied to the infamous Gulf of Mexico dataset fromBasic Earth Imaging(Claer-
bout, 1995) and the result of velocity continuation to the same velocity from a migration with
a smaller velocity of 1.3 km/s. The differences in the top part of the images are explained by
differences in muting. In the first case, muting was applied after migration, and in the second
case, muting was applied prior to velocity continuation. The other parts of the sections look
very similar, as expected from the theory.

Velocity continuation creates a time-midpoint-velocity cube (four-dimensional for 3-D
data), which we can use for picking RMS velocities in the same way as we would use the
result of common-midpoint or common-reflection-point velocity analysis. The important dif-
ference is that velocity continuation provides an optimal focusing of the reflection energy
by properly taking into account both vertical and lateral movements of reflector images with
changing migration velocity. Figure 3 compares velocity spectra (semblance panels) at a CRP
location of about 11.5 km after residual NMO and after prestack velocity continuation. Al-
though the overall difference between the two panels is small, the velocity continuation panel
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Figure 2: Top: The Gulf of Mexico dataset fromBEI after prestack migration with the constant
velocity of 1.8 km/s. Bottom: The same data after after velocity continuation from 1.3 km/s
to 1.8 km/s. sergey2-velmigr[ER]
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shows a noticeably better focusing, especially in the region of conflicting dips between 1 and
2 seconds. The next section discusses the velocity picking step in more details.

Figure 3: Velocity spectra around 11.5 km CRP after residual NMO (left) and after prestack
velocity continuation (right). The right plot shows improved focusing in the region between 1
and 2 seconds.sergey2-consmb[CR]

VELOCITY PICKING AND SLICING

After the velocity continuation process has created a velocity cube in the prestack common-
offset migration domain, we can pick the best focusing velocity from that cube. To automatize
the velocity picking procedure, I have designed a simple algorithm. The algorithm based on
solving the following regularized least-square system:{

Wx ≈ Wp
εDx ≈ 0

. (7)

Herep are blind maximum-semblance picks (possibly in a predefined fairway),x is the esti-
mated velocity picks,W is the weighting operator with the weight corresponding to the sem-
blance values atp, D is a roughening operator, andε is the scalar regularization parameter.
The first least-square fitting goal in (7) states that the estimated velocity picks should match
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the measured picks where the semblance is high enough2. The second fitting goal tries to find
the smoothest velocity function possible. The least-square solution of problem (7) takes the
form

x=
(
W2
+ ε2DT D

)−1
W2p , (8)

whereDT denotes the adjoint operator. In the case of picking a one-dimensional velocity
function from a single semblance panel, we can simplify the algorithm by choosingD to be
the a convolution with the derivative filter (1,−1). It is easy to notice that in this case the
inverted matrix in formula (8) has a tridiagonal structure and therefore can be easily inverted
with a linear-time algorithm. The regularization parameterε controls the amount of smoothing
of the estimated velocity function. Figure 4 shows a velocity spectrum and two automatic picks
for different values ofε.

Figure 4: Semblance panel (left) and automatic velocity picks for different values of the reg-
ularization parameter. Center:ε = 0.01, right:ε = 0.1. Higher values ofε lead to smoother
velocities. sergey2-velpick[ER]

In the case of picking two- or three-dimensional velocity functions, one could general-
ize problem (7) by definingD as a 2-D or 3-D roughening operator. I chose to use a more

2Of course, this goal might be dangerous, if the original picksp include regular noise (such as multiple
reflections) with high semblance value (Toldi, 1985). For simplicity, and to preserve the linearity of the
problem, we assume that this is not the case.
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simplistic approach. I transform system (7) to the form
Wx ≈ Wp
εDx ≈ 0
λx ≈ λx0

, (9)

wherex is still one-dimensional, andx0 is the estimate from the previous midpoint location.
The scalar parameterλ controls the amount of lateral continuity in the estimated velocity
function. The least-square solution to system (9) takes the form:

x=
(
W2
+ ε2DT D+λ2 I

)−1 (
W2p+λ2x0

)
, (10)

where I denotes the identity matrix. Formula (10) also reduces to an efficient tridiagonal
matrix inversion. Figure 5 shows a result of two-dimensional velocity picking after velocity
continuation. I used values ofε = 0.1 andλ = 0.1. The first parameter controls the vertical
smoothing of velocities, while the second parameter controls the amount of lateral continuity.
Figure 6 shows the final result of velocity continuation: an image, obtained by slicing through

Figure 5: Automatic picks of 2-D RMS velocity after velocity continuation. The contour
spacing is 0.1 km/s, starting from 1.5 km/s.sergey2-beifpk[CR]

the velocity cube with the picked RMS velocity. Different parts of the image have been prop-
erly positioned and focused by the velocity continuation process. One way to further improve
the image quality ishybrid migration: demigration to zero-offset, followed by post-stack depth
migration (Kim et al., 1997). This step requires constructing an interval velocity model from
the picked RMS velocities. Without repeating the details of the procedure, Figures 7 and 8
show picked RMS velocities and the velocity continuation image for the Blake Outer Ridge
data, shown in many other papers in this report.
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Figure 6: Final result of velocity continuation: seismic image, obtained by slicing through the
velocity cube. sergey2-beifmg[CR]
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Figure 7: Blake Outer Ridge data. Automatic picks of 2-D RMS velocity after velocity con-
tinuation. The contour spacing is 0.01 km/s, starting from 1.5 km/s.sergey2-pck[CR]

CONCLUSIONS

I have demonstrated an application of velocity continuation to migration velocity analysis
on simple data sets. The first results look promising and encourage further real data tests,
hopefully with 3-D data.
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Figure 8: Blake Outer Ridge data. Final result of velocity continuation: seismic image, ob-
tained by slicing through the velocity cube.sergey2-img[CR]
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All stationary points of differential semblance are asymptotic
global minimizers: Layered acoustics1

William W. Symes2

ABSTRACT

Differential semblance velocity estimators have well–defined and smooth high frequency
asymptotics. A version appropriate for analysis of CMP gathers and layered acoustic mod-
els has no secondary minima. Its structure suggests an approach to optimal parametriza-
tion of velocity models.

INTRODUCTION

The core problem of primaries-only (linearized, Born approximation) modeling, imaging, and
inversion is that of finding an accurate reference velocity. Since the typical survey is highly re-
dundant, predictions of reflectivity are redundant, and unlikely to be consistent (orflat in com-
mon image panels) unless the velocity field used to make them is essentially correct. This con-
cept ofsemblance of redundant imagesunderlies velocity estimation methods in widespread
use (Taner and Koehler, 1969; Yilmaz and Chambers, 1984; Reshef, 1997). A number of
researchers have cast velocity analysis as anoptimizationproblem: that is, they propose an
objective function to be minimized or maximized at a correct velocity model (Toldi, 1985;
Al Yahya, 1989; Fowler, 1986; Kolb et al., 1986; Cao et al., 1990; Clément and Chavent, 1993;
Sevink and Herman, 1993; Martinez and McMechan, 1991; Sen and Stoffa, 1991). Extrem-
ization of the objective is then an automatic process, to be accomplished through numerical
optimization algorithms. The most widely investigated objectives - variants of stack power
or RMS data fit error (“output least squares”) - are velocity dependent quadratic forms in the
data. These functions are believed to be multimodal and very ill-conditioned (Gauthier et al.,
1986; Scales et al., 1991). The presumed existence of many local minima appears to mandate
global search methods such as simulated annealing. These usually require orders of magnitude
more function evaluations than do gradient-based methods which find local minima. The com-
putational cost of global search methods renders them unsuitable for industrial scale velocity
estimation.

The mechanism underlying these features of stack power and similar objectives isasymp-
totic instability: none of these functions have limiting shapes as source and data bandwidth be-
come infinite. Besides accounting for multimodality, saturation, ill conditioning, and other un-

1This report will also appear in the TRIP 1999 Annual Report
2email: symes@caam.rice.edu
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desirable mathematical properties, asymptotic instability of stack power, output least squares,
and similar objectives also inhibits analysis of local and global featuresvia of high frequency
asymptotics.

These observations lead to the question: do there exist velocity dependent quadratic forms
in the data, extremized by the correct velocity with model-consistent data, which also have sta-
ble high frequency asymptotics? The answer is “yes”, and the nature of such forms is specified
completely as part of the answer: they express semblance through comparison ofneighboring
traces. In contrast, stack power and output least squares objectives measure semblance (ex-
plicitly or implicitly) by comparing of traces with widely differing offset and/or midpoint, and
this fact accounts for the asymptotic instability of these functions. In the ideal limit of con-
tinuous sampling, traces to be compared should be infinitely near, so I have used the phrase
differential semblanceto describe these asymptotically stable forms. For mathematical de-
tails of the connection between differential semblance and stable asymptotics in the context
of the simpler but similarplane wave detectionproblem, see (Kim and Symes, 1998), also
(Claerbout, 1992), pp. 93 ff.

The asymptotic stability of differential semblance opens up the possibility of analysing
its global shape by asymptotic methods. This paper presents such an analysis for a simple
special case applicable to field data, based on the convolutional model of CMPs for layered
acoustic Earth response. The layered medium assumption leads to simple explicit expressions
for all quantities figuring in this approach to velocity estimation. The analysis shows that, for
noise-free (model consistent) data in the continuous sampling limit and velocities limited to
natural admissible sets, the length of the gradient bounds the objective, up to an error which
vanishes in the high frequency limit. Therefore every stationary point is asymptotically a
global minimum of the differential semblance objective function in this case. That is, dif-
ferential semblance does not suffer from the local minima which plague other optimization
formulations of velocity inversion.

Simple estimates bound the effect of noise. Numerical experiments have shown that ran-
dom noise has virtually no effect on the location of DS stationary points, whereas strong
coherent noise, such as multiple reflections, has a maximal effect. In any case the influence
of noise is bounded, i.e. the differential semblance velocity estimate “degrades gracefully” as
noise of any sort is added to the data.

These conclusions - stable asymptotics, unimodality, bounded influence of noise, signifi-
cance of coherent noise - conform to the results of many numerical experiments with field and
synthetic data. The present paper concerns only analysis: details of computational implemen-
tation and results appear elsewhere (Araya et al., 1996; Gockenbach and Symes, 1997; Symes,
1997, 1998; Chauris et al., 1998b,a).

The ubiquitous presence of various “multis” - multiple reflection, multiple refraction (trans-
mission caustics), multiple wave modes, and of course multidimensional geometry - necessar-
ily limits the practical importance of this or any other technique for velocity estimation (or
imaging) based on primaries only layered acoustic modeling. Note that the differential sem-
blance concept isnot in any way limited to layered medium models or 1D velocity functions,
any more than stack power is limited to NMO-based velocity analysis. The abstract (Chauris
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et al., 1998a) and earlier work of this author (Symes, 1993; Kern and Symes, 1994) present
examples of multidimensional velocity estimation by differential semblance optimization.

I begin with an abstract definition of differential semblance. After defining the convolu-
tional model for layered acoustics, I discuss various types of error inherent in this approxima-
tion, the construction of mutes, and natural admissible model sets. This groundwork supports
an asymptotic analysis of the differential semblance objective, which reveals that in the case
of noise free data it is essentially a data-weighted mean square error in RMS square slowness.
This observation leads directly to the main result, and to some convenient estimates of the
influence of noise in general data. It also suggests an approach to optimal parametrization of
velocity profiles.

AN ABSTRACT FORMULATION OF DIFFERENTIAL SEMBLANCE

The general definition of differential semblance presented here owes much to ideas introduced
by Hua Song and Mark Gockenbach in their theses (Song, 1994; Gockenbach et al., 1995).

The (reference or background) velocityv includes the slowly varying components of ve-
locity and perhaps other fields. The reflectivityr is a field (or vector of fields) encompassing
the rapidly varying components of the model. Linearized scattering treatsr as a perturbation
of v. Thus in the forward modeling operatorF [v]r the dependence onr is linear, whereas the
dependence onv is (quite!) nonlinear.

Minimal data setsare those on which the kinematic relations in the data are bijective.
Minimal data sets include common shot and common offset gathers, and - for layered models
- single traces. For a few models, such as constant density acoustics, the forward modeling
operatorF [v] is invertible (modulo smoothing operators) on minimal data sets. This paper
deals only with constant density acoustics.

Denote byG[v] an approximate inverse operator forF [v] on each (minimal) data bin
(common source, common offset, single trace,...). ThusG[v] applied to the data produces a
prestack reflectivity volume. Similarly, understand byF [v] the application of forward model-
ing independently for each reflectivity bin.

Each binning scheme also implies a notion ofneighboring bins: that is, neighboring source
positions, offsets,... Denote byW an operator approximating the derivative or gradient in the
bin parameter(s). Generally the definition ofF [v] necessarily incorporates a cutoff or mute, as
does that ofG[v]. Differentiation in the bin direction across this mute produces edge artifacts.
To control these, introduce an additional muteφ slightly more severe than the mutes built into
F andG. Since the edge effects are localized, application of this secondary muteφ eliminates
them.

Differentiation enhances high frequency content. To keep the spectrum of the differential
semblance output comparable to that of the data, employ a smoothing operatorH . An ap-
propriate choice is the inverse square root of the Helmholtz operator (I −∇2)−

1
2 in all of the

variables on which the data depends, i.e. both within-bin and cross-bin variables.
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With these notations, define differential semblanceJ0[v] by:

J0[v] =
1

2
‖HφF [v]W G[v]S‖2

HereSdenotes the data, and the vertical double bars denote theL2 norm or root mean square,
i.e. summation of the square of the quantity inside over all variables, followed by square root.

THE CONVOLUTIONAL MODEL FOR LATERALLY HOMOGENOUS
ACOUSTICS

Linearization of the acoustic model for a layered fluid and application of high frequency asym-
totics leads to theconvolutional modelof primaries-only reflection seismograms. The convo-
lutional model of offset traces is one of the simplest models of the reflection process within
which to pose the velocity analysis problem. A similar model for plane wave traces is al-
most equally simple, and was the subject of earlier work on differential semblance (Symes
and Carazzone, 1991; Minkoff and Symes, 1997). However synthesis of accurate plane wave
traces is a nontrivial task. Accordingly the version of the model developed here uses offset
domain data.

A natural binning scheme for this model is the common midpoint gather. Since all mid-
point gathers are in principle the same for a layered model, the data consists of a single CMP.
The bins contain single traces, parameterized by offsetx.

The velocity parameter is simply the interval velocityv(z), whereas the reflectivity isr =
δv
v

and is regarded as bin-dependent, i.e.r = r (z,x); this section plays the role of a common
image gather, as every trace represents reflectivity below the same midpoint. Thus successful
velocity estimation will produce a “flat” (x-independent)r (z,x).

The simple version of DS presented here will assume that source signature deconvolution
has been applied to the data, so that it is essentially impulsive.

It will be convenient to parametrize velocity and reflectivity byvertical two-way time

t0= 2
∫ z

0

dz

v

rather than depth: thusv = v(t0),r = r (t0,x).

With these conventions, the forward modeling operator is

F [v]r (t ,x)= a(t ,x)r (T0(t ,x),x)

wherea is the geometric amplitude andT0(t ,x) is the inverse function of thetwo-way travel-
time function T(t0,x).
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ERROR, ERROR EVERYWHERE!

As an approximate predictor of seismic traces, the convolutional model exhibits several types
of error:

• physics error: seismic waves are not small amplitude pressure waves in a fluid;

• linearization error: neglect of multiple reflections and other nonlinear effects;

• deconvolution error: complete removal of the source signature is not possible;

• asymptotic error: the convolutional model becomes more accurate as the frequency
content ofr (t0,x) moves away from zero Hz.

The practical meaning of asymptotic error is that the convolutional model predicts the higher
frequency components of the data more accurately, so that the prediction error can be reduced
by more aggressive low-cut filtering. Of course this discarding of low-frequency data is only
possible to a limited extent as actual data is bandlimited.

The following computations will introduce yet more sources of asymptotic error - and,
with one exception, only asymptotic error. Therefore I will identify asymptotic error explicitly,
and treat other types of modeling error as data noise. It is possible to estimate every asymptotic
error explicitly, but experience suggests that these explicit estimates are not particularly useful.
So instead I will use the symbol “O(λ)” to suggest proportionality of the asymptotic error to
a dominant wavelength in the data. Thus

F [v]r (t ,x)= a(t ,x)r (T0(t ,x),x)+O(λ)

The single important lesson to learn from the explicit error estimates of geometric optics is
that they are uniform overC∞-bounded sets of coefficients (meaning in this case the velocity
v). Therefore the velocities appearing in the sequel are restricted to vary over such aC∞-
bounded set. A byproduct of the analysis will suggest explicit finite dimensional subspaces of
smooth functions in which it is advantageous to seekv.

MUTES

The linearized model accurately predicts only precritical primary reflections. For layered me-
dia, precritical reflections have downgoing incident rays. Along downgoing rays, time is an
increasing function of depth. It follows that ift0 is to be a depth variable, thenT must be an
increasing function oft0. This is generally true only in a subset of thet ,x plane, i.e. only part
of this plane contains data accurately modeled by linearized acoustics. Therefore the rest of
the data must be muted out.

Define thestretch factor

s(t ,x)=
∂T0

∂t
(t ,x)=

(
∂T

∂t0
(T0(t ,x),x)

)−1
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Then the condition thatT(t0,x) be monotone increasing as a function oft0 is equivalent to
demanding that for large enought

0< s(t ,x)< Cstretch

whereCstretch is a user-specified parameter larger than one. DefineTmute(x) (themute bound-
ary) to be the infimum of allt for which the above inequality is satisfied on the interval
(t ,Tmax). Then the support of the mute functionφ should be contained in the set{(t ,x) : t ≥
Tmute(x)}.

Define a correspondingt0,x domain mute byφ0(t0,x)= φ(T(t0,x),x).

ADMISSIBLE MODELS

In this section I introduceadmissible setsA of models, on which the convolutional model as
defined above is reasonably well behaved. Note that the constraints imposed on the models
by membership in the admissible sets are very natural from the physical or geological point of
view.

First of all, the velocity must be smooth, as noted above in the section on errors. The
restriction ofv to a bounded subset ofC∞ implies bounds (maximum absolute value, mean
square,...) on any derivative ofv.

Second, impose smooth upper and lower “envelope” velocities as hard constraints:vmin(t0)≤
v(t0)≤ vmax(t0). It is natural to assume that the velocity is known at the surface, so assume that
vmin(0)= vmax(0). These bounds derive from geophysical measurements and general knowl-
edge about rock physics, so should be regarded as distinct from the bounds implied by the first
condition (membership in a bounded set inC∞).

The set of velocities satisfying the constraints just outlined form theadmissible setA.

An important consequence is that the muteφ ∈ C∞0 (R2) may be chosen uniform overA,
as uniform bounds then exist for every value of the stretch factors(t ,x). These bounds follow
from the equations of geometric optics. However they are even more simply derived for the
hyperbolic moveout approximation to traveltime, which I will eventually adopt, so I do not
give a derivation here.

ASYMPTOTIC APPROXIMATION OF DIFFERENTIAL SEMBLANCE

The convolutional offset trace model is one of those for which the forward modeling operator
on a minimal gather, ie. a single trace, is invertible. The inverse operator is

G[v]S(t0,x)=
S(T(t0,x),x)

a(T(t0,x),x)
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The operator measuring semblance differentially is

W =
∂

∂x

Then

F [v]W G[v]S(t ,x)= a(t ,x)

[
∂

∂x

S(T(t0,x),x)

a(T(t0,x),x)

]
t0=T0(t ,x)

=

(
∂T

∂x
(T0(t ,x),x)

∂

∂t
+
∂

∂x

)
S(t ,x)+ ...

=

(
p(t ,x)

∂

∂t
+
∂

∂x

)
S(t ,x)+ ...

where

p(t ,x)=
∂T

∂x
(T0(t ,x),x)

is the arrival (horizontal) slowness of the ray passing offsetx at timet , and the elided terms
involve the amplitudea, but donot involve derivatives of the dataS. Thus these terms are
of lower frequency content than the leading term (explicitly displayed), and are of the same
relative order in frequency as terms neglected in the derivation of the convolutional model
from the acoustic wave equation. Therefore they can be dropped: this leads to the remarkable
conclusion that the differential semblance objective isindependent of the amplitudeat least to
leading order in frequency.

This observation is due to Hua Song. As a result, within accuracy limitations already built
into the asymptotic linearized model,a might as well be replaced by 1!. That is, to leading
order in frequency, differential semblance is insensitive to wave dynamics (amplitude), and
responds only to kinematic model changes, i.e. changes in traveltime. Thus minimization of
differential semblance will amount to a sort of traveltime tomography.

Fons ten Kroode (personal communication) has pointed out that replacement ofG[v] by
an asymptotically unitary operator with the same kinematics also yields an asymptotocally
identical objective without leading order amplitude dependence, and without application of
the forward modeling operator, thus at lower computational cost.

The computations above are correct when the map (t0,x) 7→ (t ,x) is smooth and invertible.
This is so inside the mute zone defined above, uniformly forv ∈A. Therefore application of
the inverse square root Helmholtz operator following will bring the spectral content back into
alignment with that of the data, uniformly overv ∈A. Thus

HφF [v]W G[v]S= Hφ

(
∂S

∂x
+ p

∂S

∂t

)
+O(λ)

The ray slownessp is locally a smooth function of the velocityv in any fixed open subset
of the mute zone, henceJ0 (which is the mean square of the above expression) is a smooth
function ofv ∈A as well.
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NOISE FREE DATA

Assume that the dataSare model-consistent, that is

S(t ,x)= r ∗(T∗0 (t ,x))+O(λ)

for target offset independent reflectivityr ∗(t0) and velocityv∗(t0). [Since differential sem-
blance does not depend to leading order on the amplitude, as noted above, I set the amplitude
to 1 in the following, for simplicity - it can be reintroduced with almost no change in the
results to follow.]

Note that

0=
∂

∂x
T(T0(t ,x),x)=

∂T

∂t0
(T0(t ,x),x)

∂T0

∂x
(t ,x)+

∂T

∂x
(T0(t ,x),x)

so
∂T0

∂x
(t ,x)=−s(t ,x)p(t ,x)

(s being the stretch factor, defined above). Thus

∂

∂x
r ∗(T∗0 (t ,x))=−s∗(t ,x)p∗(t ,x)(

∂r ∗

∂t0
)(T∗0 (t ,x))

(s∗ is the stretch factor belonging tov∗) whence

F [v]W G[v]S(t ,x)=

(
∂

∂x
+ p(t ,x)

∂

∂t

)
r ∗(T∗0 (t ,x))

= s∗(t ,x)(p(t ,x)− p∗(t ,x))
∂r ∗

∂t0
(T∗0 (t ,x))

According to the calculus of pseudodifferential operators,

HφF [v]W G[v]S=

(I −∇2)−
1
2φ

(
s∗(p− p∗)

∂r ∗

∂t0
(T∗0 )

)
= (I −∇2)−

1
2φ

(
s∗(p− p∗)

∇T∗0 ·∇

∇T∗0 ·∇T∗0
r ∗(T∗0 )

)
= φ

s∗(p− p∗)√
1+s∗,2(1+ p∗,2)

r ∗(T∗0 )+O(λ)

where you get from the next to the last line to the last by substituting∇T∗0 for ∇, and using
previously derived formulas for the partial derivatives ofT0.

Thus

J0[v] =
∫ ∫

dt dx B∗(t ,x)(p(t ,x)− p∗(t ,x))2[r ∗(T∗0 (t ,x))]2
+O(λ)
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where

B∗(t ,x)= φ2 s∗,2

1+s∗,2(1+ p∗,2)

is independent ofv, i.e. depending only onv∗ andA.

In the next section I introduce the so called hyperbolic moveout approximation to travel-
time. Note that up to this point the development is entirely independent of this approximation.
In particular the formulas worked out in this section have precise analogues for versions of
differential semblance based on multidimensional seismic models.

HYPERBOLIC MOVEOUT

Claim: To good approximation, for “small” offsets,

T(t0,x)=

√
t2
0+

x2

v2
RMS(t0)

, T0(T(t0,x),x)≡ t0

where the RMS velocity is

vRMS(t0)=

√
1

t0

∫ t0

0
v2

Justification [Continuum derivation of the hyperbolic moveout approximation]: The 2-
way traveltimeT(t0,x) = τ2(z,x) from the surface atz= 0 to depthz and back at offsetx is
related to the solution of the eikonal equationτ (z,x) with point source atz= x = 0 by

τ2(z,x)= 2τ
(

z,
x

2

)
Thus

1

4

(
∂τ2

∂z

)2

+

(
∂τ2

∂x

)2

=
1

v

2

Differentiate this twice with respect tox and use the vanishing of odd-orderx derivatives at
x = 0 (implied by symmetry) to conclude that the secondx derivative

q(z)=
∂2τ

∂x2
(z,0)

satisfies
1

2v

dq

dz
+q2
= 0

Introduce temporarily a new depth coordinate

σ (z)= 2
∫ z

0
v

Then in terms ofσ , q satisfies the Ricatti equation

dq

dσ
+q2
= 0
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The solution which is singular atσ = 0, i.e.z= 0, is

q(σ )=
1

σ
=

1

2
∫ z

0 v

Sincedz= 1
2vdt0, you can also write this as

q(σ )=
1∫ t0

0 v2

Thus

T(t0,x)= t0+
x2

2

∂2T(t0,0)

∂x2
+ ...

= t0+
x2

2
∫ t0

0 v2
+ ...

Since
∂2

∂x2
(T(t0,x))2

x=0= 2t0
∂2T

∂x2
(t0,0)

the above can be rewritten

T(t0,x)2
= t2

0+
x2

1
t0

∫ t0
0 v2
+ ...

= t2
0+

x2

v2
RMS(t0)

+ ...

which reveals that the hyperbolic moveout approximation is just the second order Taylor ex-
pansion ofT2 in x, which should be good for “small”x.

This report adopts the hyperbolic moveout approximation, i.e. truncate the Taylor expan-
sion above and take

T(t0,x)2
= t2

0+
x2

v2
RMS(t0)

This amounts to assuming that all events in the data have precisely hyperbolic moveout. Of
course this assumption is not entirely consistent with geometric optics. It has been suggested
that the deviation of actual two-way time from the hyperbolic moveout approximation may be
mistaken for evidence of anisotropy in some cases. In any case the error caused by replacing
actual two way time by its hyperbolic moveout approximation isnotan asymptotic error in the
sense of the last section, so I will treat it as a component of data noise.

The reciprocal square RMS velocity, orRMS square slownessis the primary expression of
velocity in the above formula. It occurs so often as to warrant its own notation:

u(t0)≡ (vRMS(t0))−2

The conditions defining the mute can be restated: since

∂T

∂t0
(t0,x)=

t0+
x2

2
∂u
∂t0

(t0)

T(t0,x)
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the quantity on the right hand side of this equation must be bounded away from zero. Sincev

generally increases with depth, henceu decreases, such a lower bound will only be possible
for t0 exceeding a threshold for eachx, which is the mute boundary mentioned before. In the
data, i.e. (t ,x), coordinates, the stretch factor condition becomes

s(t ,x)=
∂T0

∂t
(t0,x)=

(
∂T

∂t0
(T0(t ,x),x)

)−1

=
t

T0(t ,x)+ x2

2
∂u
∂t0

(T0(t ,x))
< Cstretch

and as before the muteφ must be supported in the set specified by this condition.

The upper and lower velocity envelopes implied by membership of the velocity inA imply
corresponding envelope mean square slownesses (umin corresponding tovmax and vis-versa)
so thatumin(t0)≤ u(t0)≤ umax(t0).

It is usually reasonable to assume the lower velocity bound to be constant (independent of
t0) - for example, equal to sound velocity in water, or close to it. Thenumax is also constant,
so you can explicitly estimate a lower bound forT0:

T2(t0,x)= t2
0+ x2u(t0)≤ t2

0+ x2umax

so
T0(t ,x)≥

√
t2− x2umax

The velocity bounds also imply a bound on the derivative ofu:

du

dt0
=−

u2

t0

(
v2
−

1

u

)
=−

u2

t0

(
v2
−v2(0)−

1

t0

∫ t0

0
(v2
−v2(0))

)
The bounds onv, the known value ofv at the surface, and the maximum two way time imply
bounds on the slope

v2(t0)−v2(0)

t0
whence a boundu′max on the derivative ofu follows immediately.

Since both the lower bound onT0 and the uppoer bound on the derivative ofu are uniform
overA, aA-uniform bound on the stretch factor follows:

s(t ,x)≤
t√

t2− x2umax−
x2

2 u′max

From this you can derive aA-uniform mute boundary. Therefore assume henceforth thatφ is
aA-uniform mute.

GLOBAL ANALYSIS OF STATIONARY POINTS IN HYPERBOLIC MOVEOUT
APPROXIMATION

Until further notice regardF etc. as depending on RMS square slownessu rather than on
interval velocityv. Dependence onv, through the relatively easily analyzed mapv 7→ u, will
be reintroduced at the end.
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A short calculation shows that

p(t ,x)=
x

t
u(T0(t ,x)).

Introduce the quantity0, with units of time:

0(t0,x)= T0(T∗(t0,x),x)

That is,0(t0,x) is the zero offset time for which the time at offsetx is the same in the slowness
u as the time one obtains fort0,x in slownessu∗.

Then introducing the expression forp, and changing variables fromt to t0 in the integral
above, yields

J0[u] =
∫ ∫

dt0dx B0(t0,x)(u(0(t0,x))−u∗(t0))2(r ∗(t0))2
+O(λ)

where

B0(t0,x)= φ(T∗(t0,x),x)B∗(T∗(t0,x),x)

(
x

T∗(t0,x)

)2

depends only onu∗ andA.

It is now straightforward to compute the first order perturbationδJ0 of J0 with respect to
u. First,

δT(t0,x)=
x2

2 δu(t0)

T(t0,x)

0= δ(T(T0(t ,x),x))= δT(T0(t ,x),x)+
∂T

∂t0
(T0(t ,x),x)δT0(t ,x)

=

x2

2 δu(T0(t ,x))

t
+
δT0(t ,x)

s(t ,x)
so

δT0(t ,x)=−
x2

2 s(t ,x)δu(T0(t ,x))

t
whence

δ0(t0,x)= δT0(T∗(t0,x),x)=−
x2

2 s(T∗(t0,x),x)δu(0(t0,x))

T∗(t0,x)

and

δ(u(0(t0,x)))= δu(0(t0,x))+
du

dt0
(0(t0,x))δ0(t0,x))

= δu(0(t0,x))

(
1−

x2

2 s(T∗(t0,x),x)du
dt (0(t0,x))

T∗(t0,x)

)
Recall that

s(t ,x)=
t

T0(t ,x)+ x2

2
∂u
∂t0

(T0(t ,x))



SEP–100 Differential semblance 83

so that

s(T∗(t0,x),x)=
T∗(t0,x)

0(t0,x)+ x2

2
∂u
∂t0

(0(t0,x))

so

δ(u(0(t0,x)))= δu(0(t0,x))

(
1−

x2

2
du
dt (0(t0,x))

0(t0,x)+ x2

2
∂u
∂t0

(0(t0,x))

)

=
δu(0(t0,x))

1+ x2

20(t0,x)
∂u
∂t0

(0(t0,x))
=
0(t0,x)

T∗(t0,x)
s(T∗(t0,x),x)δu(0(t0,x))

Putting this all together,

δJ0[u] =
∫ ∫

dt0dx B1(t0,x)(u(0(t0,x))−u∗(t0))(r ∗(t0))2δu(0(t0,x))+O(λ)

where

B1(t0,x)=
B0(t0,x)

1+ x2

20(t0,x)
∂u
∂t0

(0(t0,x))
=
0(t0,x)

T∗(t0,x)
B0(t0,x)s(T∗(t0,x),x)

depends onu, u∗, andA. To compute the gradient, change variables again tot ′0= 0(t0,x) for
eachx. Since

∂0

∂t0
(t0,x)=

∂

∂t0
(T∗0 (T(t0,x),x))

=
∂T∗0
∂t

(T(t0,x),x)
∂T

∂t0
(t0,x)=

s∗(T(t0,x),x)

s(T(t0,x),x)

and so
∂0−1

∂t0
(t0,x)=

s(T∗(t0,x),x)

s∗(T∗(t0,x),x)
you get

δJ0[u] =
∫ ∫

dt0dx B∗1(t0,x)(u(t0)−u∗(0−1(t0,x)))(r ∗(0−1(t0,x)))2δu(t0))+O(λ)

with

B∗1(t0,x)= B1(0−1(t0,x),x)
s(T∗(t0,x),x)

s∗(T∗(t0,x),x)
.

Thus theL2 gradient ofJ0 is

∇ J0[u](t0)=
∫

dx B∗1(t0,x)(u(t0)−u∗(0−1(t0,x)))(r ∗(0−1(t0,x)))2
+O(λ)

Both expressions forJ0 and its gradient suggest that these quantities are comparing the trial
square slownessu and the target square slownessu∗ at different points (eg.t0 vs. 0−1(t0,x)),
and this in turn makes understanding of the implications for determination ofu difficult. For-
tunately this is not really the case:

Key Lemma: There exists a functionh(t0,x), depending on velocityv (or slownessu) and
also onu∗ andA, having the following properties:
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• h(t0,x) > 0 over the mute zone, and logh(t0,x) is uniformly bounded fort0,x in the
mute zone andv ∈A;

• u(t0)−u∗(0−1(t0,x))= h(t0,x)(u(t0)−u∗(t0))

Proof of Key Lemma: Note first that since

T∗(T∗0 (t ,x),x)= t

∂T∗

∂x
(T∗0 (t ,x),x)+

∂T∗

∂t0
(T∗0 (t ,x),x)

∂T∗0
∂x

(t ,x)= 0

=
xu∗(T∗0 (t ,x))

t
+

1

s∗(t ,x)

∂T∗0
∂x

(t ,x)

so
∂T∗0
∂x

(t ,x)=−s∗(t ,x)
xu∗(T∗0 (t ,x))

t
.

It follows that since
0−1(t0,x)= T∗0 (T(t0,x),x),

∂0−1

∂x
(t0,x)=

∂T∗0
∂t

(T(t0,x),x)
∂T

∂x
(t0,x)+

∂T∗0
∂x

(T(t0,x),x)

= s∗(T(t0,x),x)
xu(t0)

T(t0,x)
−s∗(T(t0,x),x)

xu∗(T∗0 (T(t0,x),x))

T(t0,x)

=
xs∗(T(t0,x),x)

T(t0,x)
(u(t0)−u∗(0−1(t0,x)))

Thus

u(t0)−u∗(0−1(t0,x))= u(t0)−u∗(t0)+
∫ x

0
dx′

∂

∂x′
(u(t0)−u∗(0−1(t0,x′)))

= u(t0)−u∗(t0)−
∫ x

0
dx′

∂u∗

∂t0
(0−1(t0,x′))

∂0−1

∂x′
(t0,x′)

= u(t0)−u∗(t0)−
∫ x

0
dx′

∂u∗

∂t0
(0−1(t0,x′))

x′s∗(T(t0,x′),x′)

T(t0,x′)
(u(t0)−u∗(0−1(t0,x′)))

= u(t0)−u∗(t0)+
∫ x

0
dx′g(t0,x′)(u(t0)−u∗(0−1(t0,x′)))

where

g(t0,x)=−
∂u∗

∂t0
(0−1(t0,x′))

x′s∗(T(t0,x′),x′)

T(t0,x′)

This simple integral equation has the solution

u(t0)−u∗(0−1(t0,x′))= h(t0,x)(u(t0)−u∗(t0))

where

h(t0,x)= exp

(∫ x

0
dx′g(t0,x′)

)
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has the properties claimed for it in the statement of the lemma.Q.E.D.

Now changing variables in the asymptotic formula forJ0, and applying the above relation
to both this and the formula for∇ J0, you obtain

J0[u] =
∫ ∫

dt0(u(t0)−u∗(t0))2dx B∗0(t0,x)h(t0,x)(r ∗(0−1(t0,x)))2
+O(λ)

∇ J0[u](t0)= (u(t0)−u∗(t0))
∫

dx B∗1(t0,x)h(t0,x)(r ∗(0−1(t0,x)))2
+O(λ)

where

B∗0(t0,x)= B0(0−1(t0,x),x)
s(T∗(t0,x),x)

s∗(T∗(t0,x),x)
.

Now B∗0 andB∗1 differ at each point in the mute zone by factors or divisors ofs,s∗,T , and the
like, and these are bounded over the mute zone uniformly inv ∈A. Therefore there exists a
constantC > 0 depending only onA for which

J0[u] ≤ C
∫

dt0 (u(t0)−u∗(t0))∇ J0[u](t0)+O(λ)

and we have proved the

Theorem: If u, the RMS square slowness forv ∈ A, is a stationary point ofJ0[u], then
J0[u] = O(λ).

That is, for noise free data, any stationary point ofJ0 is a global minimizer, up to an
asymptotically vanishing error.

NOISE: GENERAL CASE

Suppose that the dataS(t ,x) is the sum of model-consistent data and another field, regarded
as noise or error:

S(t ,x)= S∗(t ,x)+ E(t ,x)

where “model-consistent” means as before

S∗(t ,x)= r ∗(T∗0 (t ,x))+O(λ)

andE(t ,x) is arbitrary (but finite “energy” = mean square).

Since there are several data running around in this part of the discussion, include the name
of the data in the notation for the differential semblance objective:

J0[v,S] =
1

2
‖HφF [v]W G[v]S‖2

etc. Then
J0[v,S] = J0[v.S∗]+ J0[v, E]+K [v,S∗, E]
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where
K [v,S∗, E] =< HφF [v]W G[v]S∗, HφF [v]W G[v]E >

=

∫ ∫
dx dtφ

(
∂

∂x
+ p

∂

∂t

)
S

[
(I −∇2)−1φ

(
∂

∂x
+ p

∂

∂t

)
E

]
satisfies

|K [v,S∗, E]| ≤ C‖S∗‖‖E‖

Here and in the following,C will stand for a constant uniform overv ∈A (though the precise
value may vary from display to display).

Likewise,
J[v, E] ≤ C‖E‖2

Similarly, the gradientswith respect to RMS square slowness usatisfy

∇ J0[v,S] =∇ J0[v.S∗]+∇ J0[v, E]+∇K [v,S∗, E]

and
‖∇K [v,S∗, E]‖ ≤ C‖S∗‖‖E‖

‖∇ J0[v, E]‖ ≤ C‖E‖2

Suppose thatu (or its correspondingv) is a stationary point ofJ0[v,S], i.e. ∇ J0[v,S] = 0.
Then

J0[v,S] ≤ J0[v,S∗]+C‖E‖(‖S∗‖+‖E‖)

≤ C(< u−u∗,∇ J0[v,S∗] >+‖E‖(‖S∗‖+‖E‖))+O(λ)

= C(< u−u∗,∇ J0[v,S]−∇ J0[v, E]−∇K [v,S∗, E] >+‖E‖(‖S∗‖+‖E‖))+O(λ)

≤ C‖E‖(‖S∗‖+‖E‖)+O(λ)

If you presume that the data error is less than 100%, i.e.‖E‖ ≤ ‖S∗‖, which seems reasonable
(or pick any other fixed percentage, if 100% seems wrong to you - just absorbs inC), then this
becomes

J0[v,S] ≤ C‖E‖+O(λ)

That is,

Theorem: At a stationary point of the differential semblance objective, its value is bounded
by aA-uniform multiple of the distance of the data to the set of model-consistent data.

Thus for a family of data converging to model-consistent data, any set of corresponding
stationary points ofJ0 must haveJ0 values which converge to zero, modulo asymptotic errors.

This result may wellnot imply that stationary points for noisy data are global minima.
Indeed, substitute the “target” velocityv∗ in the expression forJ0[v,S]: from the expansion
and estimates above you easily see that

J[v∗,S] ≤ C(‖E‖2+O(λ)‖E‖)

Certainly one hopes that the asymptotic error is no worse than other errors, in particular than
the data errorE, so this inequality effectively implies that the global minimum value ofJ0[·,S]
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is proportional to‖E‖2 for near consistent data, whereas the theorem shows only that the
stationary values are proportional to‖E‖, so presumeably larger at least in some cases.

In the next section I will show that when the differential semblance minimization is sup-
plemented with proper constraints on the velocity model, in addition to those already imposed,
the error in theRMS square slownessis proportional to the error in the data. It then follows
from the estimates above that stationary values conforming to these constraints are indeed
proportional to the square of the error level, hence essentially global minima. It would be
interesting to know whether relaxing these constraints actually permits anomalously large sta-
tionary values.

DATA DRIVEN MODEL PARAMETRIZATION AND OPTIMAL ERROR
ESTIMATES

Up to this point I have imposed only minimal constraints on the RMS velocity, namely those
necessary to justify use of the convolutional model. Most velocity analysis imposes far more
stringent constraints, either explicitly or implicitly, in the form ofparsimonious parametriza-
tion or regularization. In the former case, the choice of parameters (eg. how many spline
nodes, where to place them) isad hoc. In the latter, the type of regularization (first derivative,
second derivative,...) and the choice penalty weight are also obscure.

In this section I suggest that the differential semblance objective itself supplies a mech-
anism for constraining the velocity to a parsimoniously parametrized space. I’ll propose a
choice of subspace within which

• the global minimum is unique for noise free data;

• the error in RMS square slowness is proportional to the error in the data, and so

• any stationary values are proportional to the square of the data error energy, so essen-
tially global minima.

Assume until further notice that the data is free of noise:

S(t ,x)= r ∗(T∗0 (t ,x))+O(λ)

The Key Lemma proved in the last section then implies that the Hessian∇∇ J0 takes the form

∇∇ J0[u]δu(t0)= δu(t0)
∫

dx B∗1(t0,x)h(t0,x)(r ∗(0−1(t0,x)))2
+O(λ,‖u−u∗‖)

= R̃[u](t0)δu(t0)

While the expression for̃R above is not easily computable, the approximation

R[u](t0)=
∫

dx(r ∗(0−1(t0,x)))2
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is simply the stack of the squared prestack reflectivity estimates, and therefore an inexpensive
byproduct of the computation. Atu= u∗,

∇∇ J0[u∗]δu(t0)= b[u](t0)R[u∗](t0)δu(t0)

i.e. the Hessian is actually the approximation followed by a positive diagonal scaling.

Now suppose thatu∗ differs from a reference square slownessu0 (in practice, an initial
estimate) by a member of a spaceW. Introduce an inner product in the space ofW by

〈w1,w2〉2=

∫
d2w1

dt20

d2w2

dt20

To make this inner product positive definite, thus defining a Hilbert space structure, assume
furthermore that

w(0)=
dw

dt0
(0)= w(tmax

0 )=
dw

dt0
(tmax

0 )= 0

ThusW is a subspace of the Sobolev spaceH2
0 ([0,tmax

0 ]).

Since the interval velocities, hence the RMS square slownesses, are supposed to vary over
a bounded set inC∞, membership inA entails a bound on theW norm ofu−u0.

Let g(t1
0 ,t2

0) be the Green’s function for the operator

d4

dt40

with the boundary conditions stated above. Then theW gradient ofJ0 restricted tou0
+W is

∇W J0[u] = G∇ J0[u]

in whichG denotes the operator with kernelg. Similarly,

∇W∇W J0[u] = G∇∇ J0[u]

Next suppose thatH [u] is uniformly positive definite for allu ∈ A. That is, there exist
0< h∗ ≤ h∗ for which

h∗‖w‖
2
≤ 〈w, H [u]w〉2≤ h∗‖w‖22

for all w ∈W,u ∈A.

Then there exists a similar uniform bound for∇W∇W J[u], since the latter differs from
H [u] by a diagonal scaling operator with uniform upper and lower bounds overA. For the
same reason,

‖∇W J0[u]‖2= ‖Gb[u]H [u](u−u∗)‖2≥ l∗‖u−u∗‖2

for a suitablel∗ > 0.

That is: withinu0
+W, u∗ is the unique stationary point ofJ0.
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Moreover, consulting the estimates of the last section, you see that if the search is limited
to u0
+W, then at a stationary pointu,

J0[u,S] ≤ C(‖E‖2)

as claimed, since the cross-termK [u,S∗, E] in the notation of that section is bounded by a
multiple of‖u−u∗‖2.

Finally, how does one lay hands on such a paragon of a function space asW with the prop-
erties supposed here? The operatorH [u] is symmetric positive semidefinite onH2

0 ([0,tmax
0 ]).

An optimal choice forW is the direct sum of eigenspaces of∇W∇W J0[u∗] corresponding to
the eigenvalues above the cutoff levelh∗. A computable estimate of this space is the cor-
responding direct sum of eigenspaces ofH [u]. A basis consists of eigenfunctions of the
Sturm-Liouville problem

d4w

dt40
=

R[u]

λ
w,

w(0)=
dw

dt0
(0)= w(tmax

0 )=
dw

dt0
(tmax

0 )= 0

To constructW, find the eigenfunctions of this problem, and choose those whose eigenvalues
lie above a “suitable” cutoff.

Note that if there is little data in at0 interval, R[u] will be small in that interval and
eigenfunctions of the 4th derivative operator will smoothly interpolate values to either side.
Thus my suggested space implicitly “picks events” with significant energy, pins the RMS
velocity down at those places, and interpolates between “events” - just as a human velocity
analyst would.

It remains to analyse this “picking” effect, and to devise good algorithms for choosing the
eigenvalue cutoff as a function of data quality and success in fitting moveout (i.e. minimizing
J0), so as to justify the assumption thatu∗ ∈ u0

+W. But that’s another story...
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Coherent noise suppression in velocity inversion1

William W. Symes2

ABSTRACT

Data components with well-defined moveout other than primary reflections are sometimes
calledcoherent noise. Coherent noise makes velocity analysis ambiguous, since no sin-
gle velocity function explains incompatible moveouts simultaneously. Contemporary data
processing treats the control of coherent noise influence on velocity as an interpretive step.
Dual regularization theory suggests an alternative, automatic inversion algorithm for sup-
pression of coherent noise when primary reflection phases dominate the data. Experiments
with marine data illustrate the robustness and effectiveness of the algorithm.

INTRODUCTION

Velocity analysis quantifies and parametrizes moveout in terms of velocity functions. In com-
mon with most other parts of conventional processing, velocity analysis rests on the linearized
model of reflections, which treats short scale components of Earth mechanical structure func-
tion as perturbations of the large scale components. In fact, most processing derives from the
acoustic version of this model, which predicts only one family of moveout curves, or phases,
those of so–called compressional wave primary reflections.

Some seismic data exhibit the characteristics predicted by thisacoustic primaries–only
modelto good approximation. Other data exhibit several phases, however; while one of these
usually appears to be a compressional wave primary phase, others may represent multiple
reflections, mode conversions, 3D reflection phenomena in data treated as 2D, and so forth.
These other phases may carry considerable energy. Multiple reflection energy is suppressed
to some extent by various multiple removal techniques, but none is universally effective in
removing all phases but the primary. Residual non-primary phases pose an obstacle to ve-
locity estimation, in that a single velocity function cannot predict several moveout families
simultaneously (within the linearized acoustic approximation). The conventional approach
to moveout ambiguity is visual and interpretive: the processor is expected to reject coher-
ent noise by interactively updating velocity functions to recognize and flatten selectively the
primary events in image gathers, recognize and fit only primary reflection peaks, and so on.
It seems odd that the most robust information in seismic data must in the end be teased out
by hand, especially as the size of 3D datasets precludes visual inspection of all but a small
fraction of the prestack data.

1This report will also appear in the TRIP 1999 annual report
2email: symes@caam.rice.edu
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This paper presents an alternative approach to coherent noise rejection, based on a formu-
lation of velocity analysis as an inverse problem, when primary reflection energy dominates
the (preprocessed) data. The idea is quite simple. Flatness of image gathers diagnoses the
success of a velocity analysis. Image gathers created from data containing multiple phases are
impossible to flatten. Therefore creation of flat image gathers requires data perturbation. If the
primary phase is dominant, thenthe smallest data perturbation permitting flat image gathers
will be that which removes the non-primary phases.

The mathematical embodiment of this idea is thedual regularization theoryof velocity
inversion, introduced in Gockenbach et al. (1995); Gockenbach and Symes (1997). Given a
relative noise levelσ , we seek the velocity functionv and the data perturbation of root mean
square relative size at mostσ which together yield the flattest image gather. To measure flat-
ness, we use thedifferential semblancecriterion, introduced in Symes (1986) and developed
in a series of papers [for example Symes (1998b); Chauris et al. (1998)]. In fact, differential
semblance is the only semblance measure providing the good theoretical properties needed to
ensure the reliability of coherent noise rejection (Kim and Symes, 1998; Symes, 1998a).

Thie next section describes a simple algorithm for solution of this constrained optimization
problem. An example using a marine CMP and layered acoustic modeling demonstrates the
coherent noise rejection permitted by reasonable estimates of noise levelσ . The final section
summarizes our conclusions and formulates a few directions for further research.

ALGORITHM

Given a relative noise levelσ , we seek the velocity functionv and the data perturbation of root
mean square relative size at mostσ which together yield the flattest image gather. Transforma-
tion of this idea into an implementable algorithm requires definition of operators, functions,
and optimization methods. This section gives a sketch of these mathematical details.

The forward map F[v] is a linear operator depending on a velocity functionv. The ve-
locity function depends on all or part of the subsurface coordinates; the examples presented
below use depth-dependent velocity.F [v] is aprestackforward modeling operator; it takes an
image volume or bin-dependent reflectivity as input, and outputs a seismic data volume. In the
examples presented below, the data will be a common midpoint gather, each bin will contain a
single trace, and the bin parameter is offset. Thus the input reflectivity also has the appearance
of a common midpoint gather, and can be identified with the image gather in this setting.

The inverse map G[v] is an approximate inverse toF [v]. That is, if datad and reflectiv-
ity r satisfyd = F [v]r , thenr ' G[v]d. For multioffset data and multidimensional models,
Beylkin (1985) showed how to build such operators as weighted diffraction sums. For lay-
ered modeling,G[v] is essentially moveout correction, after compensation for amplitude and
wavelet deconvolution;F [v] inverts these steps.

Differential semblance measures nonflatness by comparing neighboring image bins. That
is, if the image isr = G[v]d, and the bin index isi , then the differential semblance is the
mean square power of (Dr )i = const.× (r i+1− r i ). A convenient notation for root mean
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square of a field, sayr , is ‖r ‖. The dot product of two fields (viewed as vectors of samples),
sayr1 andr2, is< r1,r2 >. Thus‖r ‖2 =< r ,r >. The basic (“raw”) semblance operator is
W[v] = F [v]DG[v]. The application of the modeling operatorF [v] after formation of the
bin difference makes the power of the output independent of amplitude, up to an error which
decays with increasing signal frequency. [This trick was discovered by Hua Song (Song,
1994)]. Since the data is differenced in formation ofW[v]d, we bring its high frequency
content back into consistency with that of the datavia a smoothing operator Hof order−2
(k−2 filter).

The dual regularization objective functionJσ is then

Jσ [v;d] =minr
1

2
< W[v]r , HW[v]r > subj‖r −d‖ ≤ σ

Note that the differential semblance objective explored in the above cited references is the
special case of this one withσ = 0. In general, a Lagrange multiplierλ exists for which the
solutionr satsifies thenormalandsecularequations:

W[v]T HW[v]r +λ(r −d)= 0, ‖r −d‖ = σ

These two equations together determineλ= λ[v;σ ] andr = r [v;σ ]. Thus Jσ is

Jσ [v;d] =
1

2
< W[v]r [v;σ ], HW[v]r [v;σ ] >

First order perturbation with respect tov, v→ v+ δv, gives

δJσ [v;d] =< W[v]r [v;σ ], HδW[v]r [v;σ ] >

after simplifications due to the normal and secular equations. From this expression follows a
formula for the gradient ofJσ in terms of the first order perturbation ofW[v] and its adjoint
operator, which may in turn be expressed as products of the operatorsF [v], D, andG[v], their
first order perturbations, and the adjoints of these.

Besides accurate numerical implementations of the operators described above, we require
methods for solving the system of normal and secular equations. For the latter, we use the
Moré-Hebden algorithm (Björk, 1997) with the linear systems occuring in this method solved
approximately by conjugate gradient iteration. The best estimate ofv results from gradient-
based optimization (a quasi-Newton method) applied toJσ . In the experiments reported here,
we have used the Limited Memory Broyden-Fletcher-Goldfarb-Shanno method as developed
in Nocedal (1980).

EXAMPLE: A CMP FROM THE NORTH SEA

Figure 1 shows a common midpoint gather from the Mobil AVO data set (Keys and Foster,
1998). This part of the North Sea covers relatively flat lying sediments to a depth of 2 s, where
an unconformity introduces older, more deformed rock which is nonetheless still for the most
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part flat lying. Therefore layered modeling seems reasonable for this data, at least to perhaps
3 s and as a first approximation. The work reported here views whatever converted wave
energy is present in the data as noise, so acoustic modeling is reasonable. Finally, as the range
of offsets in this data is modest (2.5 km maximum), the hyperbolic moveout approximation
seemed likely to be adequate, at least when combined with an agressive mute as displayed in
Figure 1.

Figure 1: CMP from Mobil AVO
data. bill2-cmpfig [NR]
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Strong surface related multiple energy is characteristic of this region. The main prepro-
cessing steps were hyperbolic Radon filtering and bandpass filtering. The Radon filter sup-
pressed but did not entirely remove coherent noise: it seemed reasonable to hope that primary
energy dominates the filtered data, as is required by the dual regularization strategy. The band-
pass filter ensured that the data were not spatially aliased, so that the differential semblance
could be computed accurately.

Minimization of J0[v;d] produced the RMS velocity displayed in Figure 2, which exhibits
a characteristic feature of the differential semblance function: when faced with contradictory
moveout (as for example in the interval 1.8-2.4 s), it averages the apparent velocities to come
as close as possible to flattening all events. The moveout corrected data (G[v]d in the notation
of the last section) displayed in Figure 3 shows a mixture of overcorrected and undercorrected
events. The minimization process (via a quasi-Newton algorithm) required approximately 12
s on an SGI Origin2000 processor.

We used the output of theJ0[v;d] minimization as the initial guess for minimization of
J0.5[v;d]; the latter required approximately 3 min on the Origin. Figure 4 shows thatσ = 0.5
was not a bad guess at the level of coherent noise: the automatic velocity analysis has now
essentially ignored slow (multiple reflection) and smaller fast (steeply dipping or out of plane)
phases and placed its estimate of RMS velocity squarely in the main corridor of apparent
primary reflection phases, as one also sees in the the conventional image gather (= moveout
corrected dataG[v]d, Figure 5). Dual regularization also produces aninverted reflectivity(
r [v;σ ] in the last section, Figure 6) or denoised data, which is superior to the conventional
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Figure 2: VRMS from velocity in-
version,σ = 0.0, overplotted on ve-
locity spectrum. Note that the es-
timated RMS velocity navigates be-
tween peaks.bill2-sigdisplay0 [NR]
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Figure 3: Image gather ( = NMO
corrected CMP) usingVRMS from
velocity inversion with σ = 0.0.
Note residual curvature in all events.
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image gather as a basis for further processing.

Figure 4: VRMS from velocity inver-
sion, σ = 0.5, overplotted on veloc-
ity spectrum. Note that the estimated
RMS velocity picks apparent primary
phases.bill2-sigdisplay5 [NR]

1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6

ti
m

e
 (

s
)

1500 2000 2500 3000
V_RMS (m/s)

Figure 5: Image gather ( = NMO cor-
rected CMP) usingVRMS from ve-
locity inversion withσ = 0.5. Pri-
mary reflections are essentially flat.
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DISCUSSION

The results exhibited in the last section are characteristic of dual regularization: it robustly
identifies the dominant moveout trend, so long as the linear solves in the Moré-Hebden algo-
rithm are sufficiently precise. It is also a great deal more expensive than “raw” differential
semblance (J0) minimization, often by a factor of 10-15, due to the need to solve linear sys-
tems.

Note that dual regularization does not eliminate the need for preprocessing to reduce co-
herent noise: the desired primary reflection phase must be energetically dominant, whereas
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Figure 6: Inverted reflectivity,σ =
0.5, essentially a cleaned up version
of the data, with non-primary phases
suppressed.bill2-sigestrefl5[NR]

1.8

2.0

2.2

2.4

2.6

ti
m

e
 (

s
)

-2.0 -1.5 -1.0 -0.5
offset (km)

very strong multiple reflection phases are common in some areas.

Speed improvements should be possible through better heuristics and algorithmic tuning,
and perhaps through more effective constrained optimization. Since differential semblance is
also effective in estimating laterally heterogeneous models (Symes and Versteeg, 1993; Chau-
ris et al., 1998), dual regularization can also be applied in that context; of course, algorithmic
efficiency will then become even more of an issue.

Dual regularization also implies a strategy for determination ofσ : it should assume the
smallest value for which the minimum ofJσ is (essentially) zero. Application of this noise
level determination algorithm requires a method for estimating a tolerance for this minimum,
a matter currently under study.
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Angle-domain common image gathers by wave-equation
migration

Marie L. Prucha, Biondo L. Biondi, and William W. Symes1

ABSTRACT

Shot- and offset-domain common image gathers encounter problems in complex media.
They can place events that come from different points in the subsurface at one subsurface
location based on identical arrival times and horizontal slownesses. Angle-domain com-
mon image gathers uniquely define ray couples for each point in the subsurface, therefore
each event in the data will be associated with only one subsurface location. It is possible
to generate angle-domain common image gathers with wave-equation migration methods
and these angle-domain common image gathers may be used for velocity analysis and
amplitude-versus-angle analysis. Applications of these methods to the Marmousi model
are promising.

INTRODUCTION

Current depth imaging technology works very well in areas that have slow velocity variations
but may fail in more complex areas (Claerbout, 1985) for a variety of reasons, such as multi-
ple reflections, bad velocities, and spatial aliasing. One potential cause of imaging failure is
reflector location ambiguity due to multipathing of reflected energy: it is possible that a single
event recorded in the data at one surface location could come from reflectors at two or more
subsurface locations. Besides contributing to imaging artifacts, reflector ambiguity contributes
non-flat events to common image gathers, thus rendering velocity analysis ambiguous (Nolan
and Symes, 1996).

Several authors have suggestedangle domainimaging as a solution for the reflector am-
biguity (Xu et al., 1998; Brandsberg-Dahl et al., 1999). Angle domain sections collect the
energy in a data set which has scattered over a specific reflection (“opening”) angleθ . We
will argue below that an event in an angle section uniquely determines a ray couple, which in
turn uniquely locates the reflector. Thus imaging artifacts and velocity update ambiguity due
to multipathing are eliminated in this domain.

Multipathing is better handled by wave-equation migration methods than Kirchhoff ones,
therefore the former are a natural choice for producing angle-domain common image gathers
(CIGs). We present a simple method for extracting CIGs from 3-D prestack data downward

1email: marie@sep.stanford.edu, biondo@sep.stanford.edu, symes@sep.stanford.edu
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continued using the Double Square Root equation (DSR). The method is based on a slant-
stack decomposition of the downward continued wavefield at eachdepthlevel. Our method
is thus different from the method proposed by Ottolini and Claerbout (1984), that applies the
DSR to downward continue prestack data slant-stacked at thesurface. In layered media the
two methods should produce equivalent results, but in presence of lateral velocity variations
plane-wave downward continuation is not strictly valid and true angle-domain CIGs can only
be produced by wavefield decomposition at depth.

Migration methods based on DSR operators have been applied to 2-D prestack migration
for long time (Claerbout, 1985). However, the direct application of DSR migration methods to
3-D prestack data have been prevented by the tremendous computational cost. Only recently
computationally efficient methods to continue 3-D prestack data have been presented (Biondi
and Palacharla, 1996; Mosher et al., 1997). In particular, common-azimuth migration is an
attractive alternative to Kirchhoff migration for sub-salt imaging because of its robustness
with respect to the complex multipathing that is induced by salt bodies.

We will explain how some widely used common image gathers can contain reflector am-
biguity due to multipathing and why angle-domain common image gathers will not. Then we
will demonstrate the construction of angle-domain common image gathers from wave equa-
tion downward continued data for use in velocity analysis and amplitude-versus-reflection
angle analysis. Finally, we apply this method to the Marmousi model.

KINEMATICS OF MULTIARRIVALS IN THE SHOT AND OFFSET DOMAINS

The kinematics of shot domain common image gathers and offset domain image gathers are
well understood in constant velocity andv(z) media. Difficulties arise when we begin con-
sidering complex subsurfaces with rapid lateral velocity variations. Even in 2-D it is easy
to construct a model for which an individual common shot gather or common offset gather
can contain two events from two points in the subsurface that arrive at the same time and are
indistinguishable. Let us investigate particular cases of these occurrences.

An individual common shot gather is parameterized by the receiver locationr . If two
raypaths between the same source and receiver exist such that they have the same receiver
horizontal slownesspr and the two-way traveltime along each is the same, it is impossible to
distinguish between the two reflector locations (Nolan and Symes, 1996). Figure 1 shows a
very simple case of this.

An individual common offset gather is parameterized by midpointm. Suppose that the
horizontal midpoint slownesspm= ps+ pr is the same for two raypaths with the same travel-
times. Once again, the two raypaths represent the same event, and the location of the reflector
causing this event is completely ambiguous. Figure 2 shows a case whereps1 = −pr 1 and
ps2=−pr 2 so thatpm1= pm2= 0.

By shooting a fan of rays from bothx locations in Figure 2, it is possible to obtain travel-
time curves for a common offset. These curves are shown in Figure 3. The traveltime curve for
the diffractor inside the anomaly is nicely hyperbolic. The curve for the deeper diffractor has
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Figure 1: Individual shot gather:
the circular lens is a low velocity
anomaly so the traveltimes andpr are
identical. marie1-shot1[NR]

Figure 2: Individual offset gather:
the circular lens is a low velocity
anomaly so the traveltimes are iden-
tical and the midpoint slownesses are
equal. marie1-offset1[NR]

Figure 3: Traveltime curves for the
model in Figure 2. The thick curve
is for the deeper diffractor, the thin
curve is for the diffractor in the center
of the anomaly. marie1-dualcurve1
[ER]
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large symmetrical triplications. At this offset, the traveltimes for both curves are identical for
the midpoint directly above the diffractors. From the geometry of the model, it is clear that the
midpoint slownesses are the same, therefore the events in the data will be indistinguishable.

Figure 4: Simple reflection: the vectorν is normal to the reflector,θ is one-half the reflection
angle, andφ is related to the dip angle.marie1-rangle2[NR]

KINEMATICS OF MULTIARRIVALS IN THE ANGLE DOMAIN

We confine our discussion to the 2D case; the 3D case is similar, provided that complete
surface coverage is available. Specular reflection connects areflector element, consisting of
a subsurface positionx containing the midpoint locationm and the depthz anddip vectorν
representing the reflector normal at that position with anevent element s, px,r , pr ,t consisting
of source and receiver positionss andr , source and receiver horizontal slownessesps andpr ,
and two way timet . The connectionvia incident and reflected rays is depicted in Figure 4,
which also shows theopening angleθ . Note that givenx, ν, andθ , the incident and reflected
rays and the event elements, ps,r , pr ,t are completely determined: therefore the latter are
functions ofx, ν, andθ . The angle transform of a data set{d(s,r ,t)} is

a(x,θ )=
∫

dνw(ν,θ ,x)d(s,r ,t)

wherew(ν,θ ,x) is an appropriate weighting function ands,r ,t are also functions ofν,θ ,x.

The principle of stationary phase shows that an event in a single angle panel, i.e. a position
y and anangle domain dip vectorη, arise when incident and reflected rays meet aty and are
bisected byη; these rays determine once again an event elements, ps,r , pr ,t , and this event
must have been present in the data for the event in question to be present in the angle domain.
Of course the event elements, ps,r , pr ,t completely determines the rays in the subsurface
carrying the energy of the event. We assume theTraveltime Injectivity Condition(ten Kroode
et al., 1999): a pair of rays and a total (two-way) time determines at most one reflector element.
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In that case, the event in the angle domain is compatible with at most one reflector element
(x,ν).

Note the contrast with the constant offset domain as described in the preceding section
where an event element in the data could correspond kinematically to more than one reflector
element.

The velocity field used to generate the rays used in the formation of the angle transform
does not necessarily need to be the same as the velocity field which gave rise to the moveout in
the data - which is fortunate, as we don’t know the latter at the outset of the migration/velocity
analysis process, and have only an approximation of it at the end! When the two velocity
fields are different, the angle transform events will not necessarily match the reflectors in the
Earth: the two will differ by a residual migration. When the two velocity fields are the same,
the image is perfect, i.e. (x,ν)= (y,η).

ANGLE-DOMAIN CIG BY WAVE-EQUATION MIGRATION

In the previous sections we discussed the advantages of angle-domain CIGs over offset-
domain CIGs when a complex velocity function induces multipathing and event triplication.
In this section we show how to extract angle-domain CIGs from downward-continued prestack
data.

Recorded 3-D seismic data can be organized as a function of midpoint coordinates (m)
and offset coordinates (h). Prestack data are efficiently downward continued using the DSR
equation in the frequency (ω) domain. Furthermore, since we either use 2-D downward con-
tinuation or 3-D common-azimuth downward continuation, the offset space is restricted to the
in-line offsethx, and thus we express the recorded wavefield asP (ω,m,hx;z= 0), wherez is
depth andz=0 indicates data recorded at the surface.

The prestack wavefield at depth is obtained by downward continuing the recorded data
using the DSR, and is imaged by extracting the values at zero time

P (ω,m,hx;z= 0)
DSR
=⇒ P (ω,m,hx;z) (1)

P (ω,m,hx;z)
Imaging
=⇒ P (t = 0,m,hx;z) (2)

The downward-continuation process focuses the wavefield towards zero offset (left panel in
Figure 5) and if the continuation velocity is correct, a migrated image can be obtained by
extracting the value of the wavefield at zero offset. However, the zero-offset wavefield has
limited diagnostic information for velocity updating, and no information on the amplitude of
the reflections versus reflection angle (AVA). We therefore perform a slant stack along the
offset axis before imaging and obtain an image as a function of the offset ray parameterphx,
as

P (ω,m,hx;z= 0)
DSR
=⇒ P (ω,m,hx;z) (3)

P (ω,m,hx;z)
Slant stack
=⇒ P (τ ,m, phx;z) (4)



106 Prucha, et al. SEP–100

P (τ ,m, phx;z)
Imaging
=⇒ P (τ = 0,m, phx;z) . (5)

(6)

Angle-domain CIGs are subsets ofP (τ = 0,m, phx;z) at fixed midpoint location. The right
panel in Figure 5 shows the angle-domain CIG gather corresponding to the downward-continued
offset gather shown in the left panel. Notice that because in downward-continued offset gath-
ers the energy is concentrated around zero offset, the slant stack decomposition does not suffer
from the usual artifacts caused by the boundary conditions.

Strictly speaking, the CIG gathers obtained by the proposed procedure are function of the
offset ray parametersphx and not of the aperture angleθ . However,phx is linked toθ by the
following simple trigonometric relationship

∂t

∂h
= phx =

2sinθ cosφ

V (z,m)
, (7)

whereφ is the geological dip along the in-line direction andV (z,m) is the velocity function.

Figure 5: Left: Offset panel after downward continuation. Right: Angle-domain CIG
marie1-AVO-hydrate-off-angle[CR]

Angle-domain CIG and velocity

Angle-domain CIGs can be used to update the velocity function after migration similarly to the
way that offset-domain CIGs are currently used (Brandsberg-Dahl et al., 1999) or for wave-
equation Migration Velocity Analysis (Biondi and Sava, 1999). As for offset-domain CIGs, if
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the velocity function is correct the reflections are aligned along the angle axis. If the velocity
function is too low the reflections will smile upward; if the velocity function is too high the
reflections will frown downward. This behavior is demonstrated by the analysis of the gathers
in Figure 6. The gathers were extracted from a 3-D prestack wavefield focused using common-
azimuth downward continuation. The left gather was obtained using the correct velocity. The
right gather was obtained using a low constant velocity. Figure 7 shows the inline migrated
section that passes through the gather shown in Figure 6. Notice that the CIG gathers show
only the first kilometer of the image.

Figure 6: Left: Angle-domain CIG with correct velocity. Right: Angle-domain CIG with too
low constant velocity.marie1-AVO-jupiter-16801[CR]

Angle-domain CIG and AVA

Angle-domain CIG can also be used to analyze the reflectivity as a function of the reflection
angle to estimate rock and fluid properties in the subsurface. This potential use is illustrated
by the gathers shown in Figure 8. The left panel shows an angle-domain CIG gather while
the right panel shows the corresponding offset-domain CIG gather obtained by an amplitude
preserving Kirchhoff migration (Ecker et al., 1996). The amplitude behavior as a function of
offset ray parameter (left panel) is in qualitative agreement with the the amplitude behavior as
a function of offset (right panel).
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Figure 7: In-line section of 3-D migrated cubemarie1-Wave-jupiter-y20000[CR]

Figure 8: Left: Angle-domain CIG obtain by wave-equation migration. Right: Offset-domain
CIG gather obtained by Kirchhoff migrationmarie1-AVO-hydrate-angle-kir[CR]
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APPLICATION TO MARMOUSI MODEL

We applied the same method to the Marmousi model. Figure 9 shows a Kirchhoff migrated
stack of the Marmousi data. The right panel of Figure 10 shows the offset-domain CIG taken
from the surface location at 6336 meters. The left panel shows angle-domain CIG for the same
surface location obtained by the wave-equation migration method described earlier. Although
the angle-domain panel has more artifacts, it has better quality results. The angle-domain CIG
contains higher frequencies. The reflectors at depths 1800 and 2500 meters are stronger and
more continuous. The artifacts are caused by difficulties in the sampling and stack out of the
image (Figure 11).

Figure 9: Kirchhoff migrated stackmarie1-stack.marm[CR]

CONCLUSIONS

Angle-domain CIG gathers have attractive properties when a complex velocity model causes
multipathing of reflected energy. They are free of the imaging artifacts caused by reflector-
position ambiguity that degrade the image obtained from either shot gathers or common-offset
gathers. We presented a simple method for extracting angle-domain CIGs from the prestack
wavefield downward-continued using the wave equation. Our method produces high-quality
CIG gathers that can be readily used for either velocity analysis or AVA analysis. Experimen-
tation with the Marmousi dataset shows that our methods are valid.
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Figure 10: Left: angle-domain CIG. Right: offset-domain CIG. Both are from surface location
6336 meters.marie1-marm.gathers[CR]

Figure 11: Wave-equation migrated stackmarie1-stack.WE[CR]
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FUTURE WORK

We are currently working on a way to generate angle-domain CIGs with Kirchhoff migration
and multiple arrival traveltimes. The angle domain’s ability to prevent multipathing should
allow cleaner results in areas with complex subsurfaces.

We also intend to explore the use of angle-domain CIGs in shadow zones. Theoretically,
reflection angle gathers have a more equalized amplitude versus angle panel than offset gathers
have for their amplitude versus offset panels. Therefore, studying areas of low illumination in
the angle domain should yield more continuous reflectors.

ACKNOWLEDGMENTS

Bob Clapp is largely responsible for the code used to generate many of the Kirchhoff migrated
figures in this paper.

REFERENCES

Biondi, B., and Palacharla, G., 1996, 3-D prestack migration of common-azimuth data: Geo-
physics,61, 1822–1832.

Biondi, B., and Sava, P., 1999, Wave-equation migration velocity analysis: 69th Annual Inter-
nat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, submitted.

Brandsberg-Dahl, S., de Hoop, M. V., and Ursin, B., 1999, Sensitivity transform in the
common scattering-angle/azimuth domain: EAGE 61st Annual Conference, Expanded Ab-
stracts, submitted.

Claerbout, J. F., 1985, Imaging the Earth’s Interior: Blackwell Scientific Publications.

Ecker, C., Dvorkin, J., and Nur, A., 1996, Sediments with gas hydrates: Internal structure
from seismic avo: 67th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts,
1767–1770.

Mosher, C. C., Foster, D. J., and Hassanzadeh, S., 1997, Common angle imaging with offset
plane waves: 67th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, 1379–
1382.

Nolan, C. J., and Symes, W. W., 1996, Imaging and conherency in complex structure: Proc.
66th Annual International Meeting, 359–363.

Ottolini, R., and Claerbout, J. F., 1984, The migration of common-midpoint slant stacks: Geo-
physics,49, no. 03, 237–249.

ten Kroode, A. P. E., Smit, D.-J., and Verdel, A. R., 1999, Linearized inverse scattering in the
presence of caustics: Wave Motion.



112 Prucha, et al. SEP–100

Xu, S., Chauris, H., Lambare, G., and Noble, M., 1998, Common angle image gather - a
strategy for imaging complex media: Depth Imaging of Reservoir Attributes, X012.



Stanford Exploration Project, Report SEP–100, June 19, 2001, pages 113–125

Subsalt imaging by common-azimuth migration

Biondo Biondi1

ABSTRACT

The comparison of subsalt images obtained by common-azimuth migration and single-
arrival Kirchhoff migration demonstrates the potential of wave-equation migration when
the velocity model causes complex multipathing. Subsalt reflectors are better imaged and
the typical Kirchhoff artifacts caused by severe multipathing disappear. A detailed anal-
ysis of common-azimuth images indicates that the results of common-azimuth imaging
could be improved. It points to opportunities to improve the numerical implementation as
well as the downward continuation method.

INTRODUCTION

Kirchhoff migration methods often fail to produce satisfactory images of subsalt reflectors
because they do not handle correctly multipathing of the reflected energy. When the wavefield
is severely distorted by a salt body, or other complex velocity structure, the computation of the
multivalued Green functions required by Kirchhoff methods is challenging. Further, even if we
were able to compute the Green functions accurately and efficiently, the numerical integration
of the wavefield over patchy and multivalued integration surfaces would be a difficult, and
probably unreliable, task.

Wave-equation methods are an attractive and robust alternative to the complexities in-
volved in extending Kirchhoff migration to handle correctly multipathing. However, full
wave-equation 3-D prestack migration is still too computationally intensive to become a prac-
tical tool. Therefore, in the past few years I developed common-azimuth migration that is
an approximation to full wave-equation 3-D prestack migration (Biondi and Palacharla, 1996;
Biondi, 1997). It exploits the narrow-azimuth nature of marine data to reduce the computa-
tional cost by a large factor (20 to 50) with respect to full wave-equation 3-D prestack migra-
tion.

I applied common-azimuth migration to the narrow-azimuth subset of SEG-EAGE salt
model (Aminzadeh et al., 1996) (known as C3 Narrow-Azimuth classic data set C3-NA (1997))
and compared the results with the results produced by a single-arrival Kirchhoff migration.
The data were recorded on the realistic and complex salt-dome structure shown in Figure 1.
In the subsalt areas, common-azimuth migration resolves the reflectors better than Kirchhoff
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Figure 1: 3-D representation
of the SEG-EAGE salt model.
biondo1-saltnew-color[NR]

migration, and yields an image with much less artifacts and spurious reflectors. The run times
of common-azimuth migration and Kirchhoff migration were roughly the same. These results
confirm the potentiality of wave-equation migration and give new impulse to our efforts to
develop a complete wave-equation imaging (migration and velocity analysis) procedure for
both structural and stratigraphic imaging.

The lack of a simple and reliable method to extract prestack information from the results
of wave-equation migration has been correctly perceived as a serious drawback (Etgen, 1998).
It curtailed the usefulness of wave-equation migration for both velocity estimation and Ampli-
tude Versus Angle (AVA) analysis. In Prucha et al. (1999), we show a very simple method to
overcome this problem. We slant stack the downward continued wavefield at each depth level
and produce high-quality Common Image Gathers (CIG) that display image amplitude as a
function of the reflection angle. Sinha and Biondi (1999) discuss an example that compares
wave-equation CIGs with the corresponding Kirchhoff CIGs for AVA analysis. Wave-equation
CIGs can also be used for estimating migration velocity in a way similar to the common use of
Kirchhoff-derived CIGs. Wave-equation CIGs are sensitive to migration velocity errors as the
CIG obtained by migrating offset plane waves (Ottolini and Claerbout, 1984; Mosher et al.,
1997). However, they are more accurate because they are based on a wavefield decomposition
at depth and not at the surface.

Our ultimate goal is to build a complete and self-consistent wave-equation imaging proce-
dure. An indispensable component of wave-equation imaging is a Wave-Equation Migration
Velocity Analysis (WEMVA) method. Biondi and Sava (1999) present a WEMVA based on
the linearization and inversion of downward continuation operators. WEMVA is more ro-
bust and stable than conventional ray-based MVAs because it can easily handle discontinuous
velocity function and multipathing. The capability of performing both velocity analysis and
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AVA analysis by wave-equation methods is attractive because it opens the possibility, though
still far from being reality, to perform AVA analysis in more complex areas than is possible
today. For AVA analysis in complex areas, wave-equation methods have a crucial advantage
over asymptotic methods; they can model correctly the amplitudes variations related to the
focusing and defocusing of bandlimited wavefields caused by velocity variations.

The results that are presented in this paper also show that Kirchhoff migration produced
better images than common-azimuth migration in some areas of the model. At the moment
of writing, it is not clear whether the degradation of the common-azimuth migration images
was caused by the limitations of the numerical method employed to implement common-
azimuth migration, or, by the inherent limitations of the common-azimuth migration method
itself. Further investigation is needed. Common-azimuth migration has inherent limitations
that are directly related to the approximations needed for its derivation and can be explained
by a theoretical analysis (Biondi and Palacharla, 1996). Vaillant and Biondi (1999) discuss a
promising method, dubbed narrow-azimuth migration, to overcome these limitations. The new
method is more expensive than common-azimuth migration but it is still an order of magnitude
cheaper than full wave-equation migration.

SEG/EAGE SALT DATA SET AND PREPROCESSING

The Salt Model C3-NA data set simulates a narrow-azimuth marine acquisition with 8 stream-
ers recorded on an area about one quarter of the whole model. The maximum absolute offset is
about 2,600 m and the maximum cross-line offset between the sources and the outer streamers
is±140 m. The in-line direction is East-West, corresponding to the approximate North-South
direction in the model as displayed in Figure 1. Notice that the figure displays the model ro-
tated with respect to its “true” orientation; that is, the “true North” of the model points to the
West of the figure.

The salt body in the model exhibits steep flanks near the crest and a rough surface on
the top of the shelf. These characteristics cause severe distortions in the wavefield propagating
through the salt. The reflectors below the salt area are thus poorly illuminated by data acquired
with narrow-azimuth marine-like geometry. Consequently, the imaging of subsalt reflector is
spotty even when using full-wave equation methods (Ober and Oldfield, 1999). Furthermore,
deep dipping reflectors cannot be imaged because of the limited spatial extent of the data set.
To reduce the computational cost of the modeling effort, the data were acquired on a dense
grid only on a subset of the model. Good reference reflectors are: the bottom of the salt, the
flat strong reflector at the bottom of the model (not marked in Figure 1), and the two sand
lenses marked as "Lenses" in Figure 1. The bottom of the salt can be imaged pretty well in
most of the areas, with the exception of the root proximities, where the interfaces are steeply
dipping.

Before common-azimuth migration, the narrow-azimuth data were transformed to effec-
tive common-azimuth data by applying Azimuth Moveout (Biondi et al., 1998). The regular-
ized common-azimuth data set was binned with a 20 meter CMP spacing in both the in-line
and cross-line directions, and with 100 meter sampling along the in-line offset direction. With
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100 meter offset spacing, the moveouts of the shallow events are aliased. However, because
the dips along the offset can be safely assumed to be always positive, aliasing by a factor of
two can be easily overcome by both wave-equation migration and Kirchhoff migration (?).
The data were muted with a “deep” mute because the early arrivals are contaminated by all
sorts of modeling noise. This mute affected the imaging of the shallow events. A more careful
mute could accomplish both goals of noise removal and shallow events preservation. Kirch-
hoff migration is more flexible than common-azimuth migration with respect to the input-data
geometry. Therefore, the original narrow-azimuth data were migrated by Kirchhoff migration.

MIGRATION RESULTS

Figure 2 shows a typical in-line section through the velocity model, taken at the constant cross-
line coordinate y=6,850 m. Figure 3 shows the corresponding common-azimuth migration
results. Almost perfect images are obtained for the reflectors in the sediment above the salt,
the top and the bottom of the salt. The flat ‘basement’ is well imaged in some areas and not in
others. The dipping reflectors in the subsalt are not easily distinguishable from the background
noise, if they are present at all. The good results above the salt are to be expected from
common-azimuth migration. Prestack time migration would have produced similarly good
results. However, poststack migration after constant velocity DMO would have had trouble to
image correctly the steep faults that terminate at the top of the salt because of NMO-velocity
conflicts (Rietveld et al., 1997; Biondi, 1998).

The focus of this paper is on the subsalt region, and on the comparison with Kirchhoff
migration results. Figure 4 shows the in-line section taken through the velocity cube at con-
stant cross-line coordinate y=9,820 m . This section is interesting because it crosses both sand
lenses in the subsalt. Further, between the lenses there is an anticlinal structure broken by con-
verging normal faults that has some chances to be visible in the images because it is flattish.
Figure 5 shows the subsalt images obtained by Kirchoff migration (top) and common-azimuth
migration (bottom). The common-azimuth image is superior to the Kirchhoff image in several
ways. First, the common-azimuth image lacks the strong coherent artifacts that makes the
Kirchhoff image difficult to interpret. These artifacts are caused by partially coherent stack-
ing of multipathing events along wrong trajectories. They are typical of Kirchhoff subsalt
images, and can be only partially removed by a “smart” selection of the Kirchhoff summa-
tion surfaces, such as the ones suggested by the most-energetic arrival or shortest-path criteria
(Nichols et al., 1998). Second, both lenses are interpretable from the common-azimuth image
while in the Kirchhoff image they are either lost in the noise (top lens) or completely missing
(bottom lens). Third, both the bottom of the salt and the basement are more continuous in
the common-azimuth image. On the other hand, the large fault visible on the left part of the
section at (1,800-4,000 m) is not perfectly imaged by common-azimuth migration. I will ana-
lyze this problem in more detail at the end of this section with the help of cross-line sections
(Figure 9, Figure 10 and Figure 11).

Figure 6 shows the cross-line section taken through the velocity cube at constant in-line
coordinate y=7,440 m. This cross-line section passes through the two subsalt lenses as the in-
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Figure 2: Velocity model at constant cross-line coordinate y=6,850 m.
biondo1-Vel-salt-y6850[CR]

Figure 3: Common-azimuth migration at constant cross-line coordinate y=6,850 m.
biondo1-Wave-salt-whole-y6850[CR]
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Figure 4: Velocity model at constant cross-line coordinate y=9,820 m.
biondo1-Vel-salt-y9820[CR]

Figure 5: Kirchhoff migration (a) and common-azimuth migration (b) at constant cross-line
coordinate y=9,820 m. Both sections are rendered using the same (98) percentile for clipping
amplitudes. biondo1-Both-salt-under-y9820[CR]
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line section shown in Figure 4. Figure 7 shows the corresponding migrated images; Kirchhoff
migration on the top and common-azimuth migration on the bottom. As before, the two lenses
are clearly interpretable in the common-azimuth image, whereas they are not in the Kirchhoff
image. However, in this case the central portion of the salt bottom is not perfectly imaged in
either of the two images. This area is right below the deep canyons in the salt body visible
in Figure 6. The steep flanks of the canyons, and the large velocity contrast between the salt
body and the soft sediments filling the canyons, cause a severe distortion of the reflected wave-
field. The bottom of the salt and the reflectors below, including the basement, are thus poorly
illuminated. In the column below the canyons, the Kirchhoff image shows strong artifacts
that could be easily interpreted as reflections. The common-azimuth image is much cleaner,
although without interpretable coherent events. The poor reflectors’ illumination below the
canyons can be analyzed further by looking at the Common Image Gathers (CIG) displayed in
Figure 8. The gather on the left corresponds to a cross-line location right below the canyons;
the one on the right is further toward the right. In both gathers, the images of the reflectors
above the salt and the top-of-salt are well imaged and are aligned nicely along the offset ray
parameter axis. In the gather on the right, the bottom of the salt, the shallower lens, the deeper
lens, and the basement are also coherent and well aligned horizontally. But in the gather on
the left, there is very little coherent energy below the salt.

Finally, I analyze the question of the poor imaging by common-azimuth migration of the
fault shown in Figure 5. Figure 9 and Figure 10 show respectively the velocity model and the
migrated images at constant in-line coordinate x=2,560 m. The fault under study is the fault on
the right part of the sections. The deeper part of the fault is not illuminated by the data because
of lack of spatial coverage, and thus is not imaged by either Kirchhoff migration or common-
azimuth migration. The shallower part of the fault is well imaged by both migrations, but the
middle part of the fault is well imaged by Kirchhoff migration and not by common-azimuth
migration. The poor imaging seems to be correlated with the velocity inversion right above
the fault visible in the velocity sections (Figure 4 and Figure 9). Both the geological dip and
the local gradient of the velocity function are roughly oriented at an angle of 45 degrees with
respect to the shooting direction. Therefore, they have a large component in the cross-line di-
rection, creating the conditions under which the approximations inherent in common-azimuth
migration are the worst (Biondi and Palacharla, 1996). On the other hand, the problem may
be simply caused by the fact that I used too few reference velocities (three) when I downward
continued the wavefield with an extended split-step method. This issue deserves more stud-
ies and to investigate it further. I am now developing a better common-azimuth continuation
method based on Ristow’s Fourier finite-difference methodology (Ristow and Ruhl, 1994).

Both Kirchhoff migration and common-azimuth migration have trouble to image the two
deeper flattish reflectors at cross-line location of about 7,000 meters. The culprit seems to be
again the sharp velocity contrast above the fault. However, the problem may be caused by the
salt edge above the reflectors, not visible in these sections.

Figure 11 shows the CIG gathers taken at both problematic locations. The gather on the
left shows some coherent energy for the poorly imaged reflections, though the energy is not
perfectly aligned along the ray-parameter axis. The gather on the right shows no coherent
energy corresponding to the poorly imaged fault, suggesting a worse imaging problem for this



120 Biondi SEP–100

Figure 6: Velocity model at constant in-line coordinate x=7,440 m.biondo1-Vel-salt-x7440
[CR]

Figure 7: Kirchhoff migration (a) and common-azimuth migration (b) at constant in-line co-
ordinate x=7,440 m. Both sections are rendered using the same (98) percentile for clipping
amplitudes. biondo1-Both-salt-under-x7440[CR]
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case.

CONCLUSIONS

Common-azimuth migration produced better results in the subsalt than a single-arrival Kirch-
hoff migration. The subsalt reflectors are much more interpretable in the common-azimuth
images than in the Kirchhoff images, both because the images are devoid of the typical subsalt
Kirchhoff artifacts and because the reflectors themselves are better imaged.

Although superior to Kirchhoff images, the common-azimuth images in the subsalt are far
from perfect. Sub-optimal images are probably caused by a combination of poor reflectors’
illumination and inaccuracies in the migration procedure. The shortcomings in the migration
procedure are of two types: common-azimuth approximations and numerical approximations.
We plan to address both types. We are developing a narrow-azimuth extension to common-
azimuth migration (Vaillant and Biondi, 1999). And we plan to apply to common-azimuth
downward continuation more accurate numerical methods that are based on a combination
of the helix (Rickett et al., 1998) and Ristow’s Fourier finite-difference methods (Ristow and
Ruhl, 1994).
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Figure 8: Angle-domain Common Image Gathers obtained by common-azimuth migration.
The locations of these CIGs are marked on the in-line axis of the common-azimuth image
shown in Figure 7 biondo1-AVO-salt-8850-9810-x7440[CR]

Figure 9: Velocity model at constant in-line coordinate x=2,560 m.biondo1-Vel-salt-x2560
[CR]
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Figure 10: Kirchhoff migration (a) and common-azimuth migration (b) at constant in-line
coordinate x=2,560 m. Both sections are rendered using the same (98) percentile for clipping
amplitudes. biondo1-Both-salt-under-x2560[CR]

Figure 11: Angle-domain Common Image Gathers obtained by common-azimuth migration.
The location of these CIGs are marked on the in-line axis of the common-azimuth image
shown in Figure 10 biondo1-AVO-salt-7070-9810-x2560[CR]
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Extending common-azimuth migration

Louis Vaillant and Biondo Biondi1

ABSTRACT

We present a review of common-azimuth prestack depth migration theory and propose a
new extension to the original method. In common-azimuth migration theory, source and
receiver raypaths are constrained to lie on the same plane at each depth level. By using
data with a broader range of cross-line offsets, we increase the number of raypaths ex-
amined and consider more information. Consequently, our extended common-azimuth
migration is theoretically better able to model lateral velocity variations due to real
3-D structures and is more compatible with the standard marine acquisition geometry,
in which cross-line offsets are concentrated in a narrow band. We first discuss the theory
of the process, and then introduce computational issues leading to future implementation.

INTRODUCTION

Common-azimuth migration was first introduced by Biondi and Palacharla (1994). It is a
3-D depth imaging method based on a recursive downward continuation of prestack data, and
allows a robust and accurate depth migration since it is derived directly from the full wave
equation. As opposed to Kirchhoff methods, common-azimuth migration is not derived from
asymptotic approximations, and thus it represents a potentially robust alternative to Kirchhoff
methods for 3-D prestack migration.

The implementation of wave-equation methods presents several difficulties. Whereas
Kirchhoff methods handle irregular geometries relatively easily, the downward-continuation
process needs data with a regular geometry in order to correctly propagate the wavefield. Ad-
ditionally, full volume 3-D wave equation migration still has a high computational cost. The
challenge for such a recursive algorithm is to extrapolate the wavefield in a 5-D space: time, in-
line and cross-line midpoint coordinates, and in-line and cross-line offsets, (t ,mx,my,hx,hy).
This computation is still beyond the reach of current computer technology. We can address
this problem by only downward continuing common-azimuth data for whichhy = 0. In this
way, the data space is reduced to 4-D. Common-azimuth data are obtained through azimuth
moveout (AMO), which rotates and modifies the offset of 3-D prestack data (Biondi et al.,
1998). AMO is used as a preprocessing step to regularize the 3-D data acquisition, and orga-
nize it in sets of constant cross-line offset. The first section discusses the original method, and
the second one presents its new extension.

1email: louis@sep.stanford.edu, biondo@sep.stanford.edu
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COMMON-AZIMUTH PHASE-SHIFT MIGRATION

One way to reduce the computational cost of 3-D prestack depth migration is to use common-
azimuth data, which is only a 4-D dataset. Common-azimuth migration is then derived as the
solution of the one-way wave equation through a recursive downward-continuation operator.
In the frequency-wavenumber domain, this operator can be expressed as a simple phase-shift
applied to the wavefield. We use the notation indicated below. The vertical wavenumberkz is
given by a 3-D dispersion relation called the Double Square Root (DSR) equation (Claerbout,
1984):

DSR(ω,km,kh,z)=
√

ω2

v(r ,z)2
−

1
4

[
(kmx+khx)2+ (kmy+khy)2

]
+

√
ω2

v(s,z)2
−

1
4

[
(kmx−khx)2+ (kmy−khy)2

]
(1)

wherekm is the midpoint wavenumber (km = kmxxm+ kmyym), kh the offset wavenumber
(kh = khxxh+ khyyh) andkz the vertical wavenumber (kz = DSR(ω,km,kh,z)), with xm, ym,
xh andyh unit vectors of the four midpoint and offset axes. The propagation velocitiesv(r ,z)
andv(s,z) correspond respectively to the receiver and source locations.

The first square root in equation (1) downward-continues the receiver wavefield, whereas
the second one downward-continues the source wavefield. In the algorithm developed by
Biondi and Palacharla (1996), the data at the new depth levelDz+dz are obtained from common-
azimuth dataDz by the following integration:

Dz+dz(ω,km,khx,hy = 0) =
∫
+∞

−∞

Dz(ω,km,khx,hy = 0)e−ikzdzdkhy

= Dz(ω,km,khx,hy = 0)
∫
+∞

−∞

e−ikzdzdkhy (2)

= Dz(ω,km,khx,hy = 0)×Down(ω,km,khx,z)

In practice, we use the stationary-phase approximation to compute this integral (see Appendix
A). Popovici (1995) finds a very similar expression for the kernel of migration to zero-offset
(MZO) in 2-D and asserts that the stationary-phase approximation avoids the very high com-
putational cost of a numerical evaluation of the integral.

In our case, the stationary phase approximation of the common-azimuth downward-continuation
operator for data wherehy = 0 can be written as

Down(ω,km,khx,z)=

√√√√ 2π

φ′′
(
k̂0

hy

) e
−iφ

(
k̂0

hy

)
+i π4 (3)

with the phaseφ = DSR(ω,km,kh,z)dz.

For data evaluated only at the origin of the cross-line offset axis (hy = 0), Biondi and
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Palacharla (1996) derived an analytical expression for the stationary point:

k̂0
hy(z)= kmy

√
1

v(r ,z)2
−

1
4ω2 (kmx+khx)2−

√
1

v(s,z)2
−

1
4ω2 (kmx−khx)2√

1
v(r ,z)2

−
1

4ω2 (kmx+khx)2+

√
1

v(s,z)2
−

1
4ω2 (kmx−khx)2

(4)

We have implemented the kernel of downward-continuation and phase-shift migration with
the preceding theory. Simulations performed with the standard common-azimuth migration
code have already proven its efficiency in imaging complex media (Biondi, 1999). As shown
in Figures 1 and 2, the common-azimuth technique provides accurate subsalt images. Still,
on the left side of Figure 1(b), imaging the major fault has obviously met with some diffi-
culties, which can be attributed to rapid lateral variations of the velocity model. As seen in
Figures 2(a) and 2(b), the same fault, now on the right side, is also dipping in the cross-line
direction. Extending the common-azimuth technique may help improve the imaging of these
lateral velocity variations.

EXTENDING CROSS-LINE OFFSET RANGE

Marine data usually contain in-line offsets up to 3-5km, and only show a narrow range of
offsets in the cross-line direction. For standard common-azimuth migration, AMO is used
to rotate the data to zero cross-line offset. What we do now is use AMO to regularize the
acquisition but organize data along several near-zero cross-line offsets. Strictly speaking, the
data are not “common-azimuth”, but “quasi-common-azimuth” or “narrow-azimuth” since we
have only a narrow range of cross-line offsets.

These narrow-azimuth dataDz(ω,km,khx,hy) are downward-continued as before, with an
important difference in the phase of the integrand:

Dz+dz(ω,km,khx,hy) =
∫
+∞

−∞

Dz(ω,km,khx,hy)e−ikzdze−ikhyhydkhy

= Dz(ω,km,khx,hy)
∫
+∞

−∞

e−ikzdze−ikhyhydkhy (5)

= Dz(ω,km,khx,hy)×Down(ω,km,khx,z)

with

Down(ω,km,khx,z) =

√
2π

φ′′
(
k̂hy
)e−iφ(k̂hy)+i π4

φ = DSR(ω,km,kh,z)dz+khyhy (6)

In 2-D, for the case of a phase-shift migration in which the equations are similar to ours,
Alkhalifah (1997) found that solving for the minimum of the phaseφ involves a sixth-order
polynomial, making it difficult to find an analytical expression of the stationary path. Thus,
since we are unable to use such an analytical expression for non-zerohy, we instead use only
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Figure 1: Common-azimuth prestack depth migration of data from the SEG-EAGE salt model.
In-line section at CMPy=10400 (m). The top plot (a) represents the exact velocity model and
the bottom plot (b) represents the migration result.louis1-SEG-EAGE-in[CR]
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Figure 2: Common-azimuth prestack depth migration of data from the SEG-EAGE salt model.
Cross-line section at CMPx=2100 (m). The top plot (a) represents the exact velocity model
and the bottom plot (b) represents the migration result.louis1-SEG-EAGE-cross[CR]
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a range of values of̂khy centered around the stationary pathk̂0
hy, which is given by equa-

tion (4), at zero cross-line offset. At eachk̂hy, a different phase shift is applied: the data
Dz(ω,km,khx,hy) are transformed by modulation and FFT along the cross-line offset axis into
D̃z(ω,km,khx,khy), in which the range of the coordinatekhy is centered around̂k0

hy. Then we

apply the phase shift,φ(k̂hy), for each value of the set{k̂hy= k̂0
hy± ikhydkhy}.

The reformulation of the problem has some interesting geometrical consequences. In the
case of standard common-azimuth migration, the stationary path of phaseφ derived in equa-
tion (4) is equivalent to the following relationship between the ray parameters (Biondi, 1998):

psy

psz
=

pr y

prz
(7)

The subscript,s, refers to the source ray, and,r , to the receiver ray:

psx=
kmx−khx

2ω
pr x =

kmx+khx

2ω
psy=

kmy−khy

2ω
pr y =

kmy+khy

2ω

The ray parameters are linked by the relationship:

p2
sx+ p2

sy+ p2
sy=

1

v(s,z)2
p2

r x + p2
r y+ p2

r y =
1

v(r ,z)2

Equation (7) constrains the source ray and the receiver ray to lie on the same plane between

Figure 3: Schematic showing
the ray geometry for common-
azimuth downward continuation.
louis1-ray-comaz[NR]

S

dzR

depthsz and z+ dz, so that the sources and receivers at the new depth are aligned along
the same azimuth as at the preceding depth (Figure 3). Assuming this constraint, common-
azimuth migration is not strictly correct even in the simple case of av(z) medium (Figure 4).
Since the projections of the source and receiver rays on a cross-line plane do not coincide
unless the anglesα andβ are equal, azimuth is not conserved at each depth step of downward
continuation. As a general consequence, local variations in velocity, which cause ray bending
phenomena, introduce an error in the computation of the common-azimuth downward contin-
uation. Biondi and Palacharla (1996) put forward that this error is small, but by using several
discrete values ofkhy in a neighborhood of̂k0

hy, we hope to improve the result.

The narrow-azimuth approach may improve the imaging process by better taking velocity
variations into account (Figure 5). Lateral velocity variations, for example, can make rays bend
in the cross-line direction, and even make rays start in different planes before they converge to
a deeper reflection point. The bending due to real 3-D structures is implicitly eliminated when
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Figure 4: Schematic showing the
ray geometry for common-azimuth
downward continuation in a simple
v(z) velocity model. The projec-
tions of both rays on a cross-line
plane do not coincide due to non-
conservation of azimuth at each depth
level. louis1-ray-vofz [NR]

S
R

Ω

α
β

Figure 5: Schematic showing the ray
geometry for narrow-azimuth down-
ward continuation. A larger range of
cross-line offsets will allow the mod-
eling of lateral variations in the ve-
locity model by taking into considera-
tion rays not lying in the same slanted
plane. louis1-ray-extended[NR]

S

dzR

strictly zero-azimuth data are downward continued, whereas we would like to keep it for an
extension of common-azimuth migration.

Our approximation, using a neighborhood ofk̂0
hy, is valid if the stationary path,̂khy, varies

slowly with hy around the analytical solution,k̂0
hy. To estimate these variations, we can use

the Implicit Function theorem: the equation∂φ
∂khy
= 0, which gives the stationary pathk̂hy, also

defines a relation of the general formF(khy,hy)= 0. Thus, in a neighborhood of the solution
k̂hy, we use a functionkhy(hy), whose variations are determined by the inverse of the phase
second derivative:

(
dkhy

dhy

)
k̂hy

= −

∂2φ
∂hy∂khy

∂2φ

∂k2
hy

= −

(
∂2φ

∂k2
hy

)−1

(8)

We now need to examine the variations of the phase withkhy. We introduced the ray parameter
notation in equation (4). Therefore the phase has the expression shown in equation (9). We
can calculate its first and second partial derivatives with respect tokhy (see Appendix B):

φ = ωdz
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∂2φ
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According to equation (6), the computation process will blow up if the second derivative be-
comes close to zero. The failure happens for (and only for)pr x =

1
v
, corresponding to the

quasi-horizontal propagation of evanescent waves. We also see that the second derivative is
independent from the value of the cross-line offset,hy. This means that the variations ofkhy

with hy, given by equation (8), will be the same around each stationary point.

Ideally, we would like to have small variations of the stationary path withhy, in order to
use correctly values ofkhy around the known solution̂k0

hy for the stationary pointŝkhy, which
we cannot determine analytically. Small variations mean a high value of the phase second
derivative in equation (11). When the derivative is close to zero, problems in the computation
may arise, but this will never happen for waves propagating downward. The “limiting” case is
horizontal propagation. It means that narrow-azimuth migration may not completely overcome
the steep-dip limitations of common-azimuth migration.

CONCLUSION AND FUTURE WORK

We have presented a review of common-azimuth prestack depth migration theory and pro-
posed an extension to improve the imaging where there are strong lateral variations of the
velocity model. Since the extended code is still “work in progress,” we are not, as yet, able to
present concrete results. We intend to test the program in the case of a simpleV(z) medium and
with more complex synthetics, before applying both common-azimuth and narrow-azimuth on
a real dataset adequately preprocessed with AMO.
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APPENDIX A

The stationary phase theorem announces the following result (Bleistein, 1984):

Integrals of the form

I (k)=
∫
+∞

−∞

eikφ(t) f (t)dt (A-1)

can be approximated asymptotically whenk→∞ by:

I (k)≈

√
2π

k|φ′′(t0)|
f (t0)eikφ(t0)+sgn(φ′′(t0)) iπ

4 (A-2)

where t0 is the stationary point at which the phase derivativeφ′(t) = 0, f (t) is a complex
function, and the phaseφ(t) is real.

The method is based on a high-frequency approximation, the general idea being that the
integral has most of its area near the stationary pointt0. The approximate value of the integral
in the neighborhood of the stationary point is then obtained analytically by expandingφ(t) and
f (t) in a Taylor series aroundt0.

APPENDIX B

We develop here the calculation of the second derivative of the phase from its expression in
narrow-azimuth migration:

φ = DSR(ω,km,kh,z)dz+khyhy

= ωdz
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≤ 0

We derive our conclusions concerning the validity of the stationary-phase approximation from
this final formula. It also highlights intrinsic limitations of the algorithm with steep dips and
evanescent waves.
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Short Note

Comparing Kirchhoff with wave equation migration in a hydrate
region

Mamta Sinha and Biondo Biondi1

INTRODUCTION

Prestack migration is necessary before AVO analysis. Most of the present migration algo-
rithms not only try to focus the reflections on the subsurface but also strive to preserve the
amplitude for subsequent amplitude studies. A migration/inversion method developed by
Lumley (1993) estimates the angle dependent reflectivity at each subsurface point by using
least-squares Kirchhoff migration followed by a linearized Zoeppritz elastic parameter inver-
sion for relative contrasts in compressional and shear wave impedance. Another migration
algorithm is based on the wave-equation method which uses the Double Square Root equa-
tion (DSR) for downward continuation. Migration methods based on DSR operators have
been applied to 2-D prestack migration for a long time (Claerbout, 1984) . Only recently
computationally efficient methods to continue 3-D prestack data have been presented (Biondi
and Palacharla, 1995). The objective of this paper is to compare the results of the above two
algorithms.

The data are taken from the gas hydrate region in Blake Outer Ridge on offshore Florida
In a previous study (Ecker, 1998), the prestack migration is performed with the Kirchhoff mi-
gration/inversion. In this paper the same prestack data is migrated by the DSR wave-equation
migration as explained in Prucha et al(1999).

COMPARISON

Although the goal of both Kirchhoff and wave-equation migration is to properly image the
subsurface, they differ in many ways. The first difference is that the two migrations are in
separate domains. The Kirchhoff migration is in the offset domain and the wave-equation mi-
gration is in the angle domain (Prucha et al., 1999). The stacked section obtained by Kirchhoff
migration is shown in Figure 3. It shows the BSR quite clearly and also images a relatively flat

1email: mamta@sep.stanford.edu, biondo@sep.stanford.edu
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Figure 1: The velocity model used for the two migration methods.
mamta2-Vel-hydrate-paper[CR]
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reflector beneath the BSR which seems to fade as it approaches the BSR and completely van-
ishes near the BSR. The same section after wave-equation migration (Figure 4) also images
the BSR equally well but better resolves the reflector below the BSR. It is continuous and cuts
across the BSR. Though the energy of the reflection still decreases towards the BSR it does
not vanish. The latter image has a higher frequency content which shows up as the sharpness
of the reflectors.

Constant image gathers are then compared to observe the accuracy of the two methods
in resolving the BSR from the layer below. Figure 2 shows the two image gathers at a large
distance from the crossing of the BSR with the flat layer. The results are qualitatively similar
including the discontinuity in the reflectors. This discontinuity results because of the acquisi-
tion geometry, the near offset being double the far offset. It has spread out on the reflection
angle gather so is faintly visible there. Figures 5 and 6 are at CMPs 37.5 km and 33.5 km re-
spectively, where the lateral velocity variation is stronger, the wave-equation migration clearly
resolves the two reflectors whereas the lower layer vanishes for the Kirchhoff migration.

Figure 2: Common midpoint gather at 49.35 km.mamta2-AVO-49.35-ann[CR]

DISCUSSION AND FUTURE WORK

The above comparisons lead us to hypothesize that wave-equation migration can yield more
accurate estimates of reflectors’ amplitudes in places of lateral velocity variation. Since it now
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images the lower layer below the BSR, it encourages us to study it in detail. The fact that it
fades away as it approaches the BSR could lead to some interesting results. It would enable
us to do an amplitude analysis of this particular layer.

Figure 3: The stacked section after Kirchhoff migration.mamta2-Kir-hydrate-paper-ann
[CR]
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Figure 4: Wave-equation migration.mamta2-Wave-ann[CR]

Figure 5: Common midpoint gather at 37.5 km shows the flat reflector on the right section but
not on the left section.mamta2-AVO-37.5-ann[CR]



140 Sinha & Biondi SEP–100

Figure 6: Common midpoint gather at 33.4 km. Right image shows resolved BSR and the flat
reflector at around 5.4 sec. Not visible on the left.mamta2-AVO-33.4-ann[CR]
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Angle-gather time migration

Sergey Fomel and Marie Prucha1

ABSTRACT

Angle-gather migration creates seismic images for different reflection angles at the reflec-
tor. We formulate an angle-gather time migration algorithm and study its properties. The
algorithm serves as an educational introduction to the angle gather concept. It also looks
attractive as a practical alternative to conventional common-offset time migration both for
velocity analysis and for AVO/AVA analysis.

INTRODUCTION

Angle-gather migration creates seismic images collected by the reflection angle at the point
of reflection. Major advantages of this approach are apparent in the case of prestack depth
migration. As shown by Prucha et al. (1999), the ray pattern of angle-gather migration is
significantly different from that of the conventional common-offset migration. The difference
can be exploited for overcoming illumination difficulties of the conventional depth migration
in complex geological areas.

In this paper, we explore the angle-gather concept in the case of prestack time migration.
The first goal of this study is educational. Since we can develop the complete mathematical
theory of angle-gather time migration analytically, it is much easier to understand the most
basic properties of the method in the time migration domain. The second goal is practical.
Angle gathers present an attractive tool for post-migration AVO/AVA studies and velocity
analysis, and even the most basic time migration approach can find a valuable place in the
complete toolbox of seismic imaging.

We start with analyzing the traveltime relations for the basic Kirchhoff implementation
of angle-gather time migration. The analysis follows Fowler’s general approach to prestack
time migration methods (Fowler, 1997). Next, we derive formulas for the amplitude weighting
and discuss some frequency-domain approaches to angle gathers. Finally, we present simple
synthetic tests of the method and discuss further research directions.

141
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Figure 1: Reflection rays in a
constant-velocity medium: a scheme.
sergey1-rays[NR]
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TRAVELTIME CONSIDERATIONS

Let us consider a simple reflection experiment in an effectively constant-velocity medium, as
depicted in Figure 1. The pair of incident and reflected rays and the line between the source
s and the receiverr form a triangle in space. From the trigonometry of that triangle we can
derive simple relationships among all the variables of the experiment (Fomel, 1995, 1996a,
1997).

Introducing the dip angleα and the reflection angleγ , the total reflection traveltimet can
be expressed from the law of sines as

t =
2h

v

cos(α+γ )+cos(α−γ )

sin2γ
=

2h

v

cosα

sinγ
, (1)

wherev is the medium velocity, andh is the half-offset between the source and the receiver.

Additionally, by following simple trigonometry, we can connect the half-offseth with the
depth of the reflection pointz, as follows:

h=
z

2

sin2γ

2 cos(α+γ ) cos(α−γ )
= z

sinγ cosγ

cos2α−sin2γ
. (2)

Finally, the horizontal distance between the midpointx and the reflection pointξ is

x− ξ = h
cos(α−γ ) sin(α+γ ) + cos(α+γ ) sin(α−γ )

sin2γ
= h

sinα cosα

sinγ cosγ
(3)

Equations (1–3) completely define the kinematics of angle-gather migration. Regrouping
the terms, we can rewrite the three equations in a more symmetric form:

t =
2z

v

cosα cosγ

cos2α−sin2γ
(4)
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h = z
sinγ cosγ

cos2α−sin2γ
(5)

x− ξ = z
sinα cosα

cos2α−sin2γ
(6)

For completeness, here is the inverse transformation fromt , h, andx− ξ to z, γ , andα:

z2
=

[
(v t/2)2− (x− ξ )2

] [
(v t/2)2−h2

]
(v t/2)2

(7)

sin2γ =
h2
[
(v t/2)2− (x− ξ )2

]
(v t/2)4−h2 (x− ξ )2

(8)

cos2α =
(v t/2)2

[
(v t/2)2− (x− ξ )2

]
(v t/2)4−h2 (x− ξ )2

(9)

The inverse transformation (7-9) can be found by formally solving system (4-6).

The lines of constant reflection angleγ and variable dip angleα for a given position of
a reflection (diffraction) point{z,ξ} have the meaning of summation curves for angle-gather
Kirchhoff migration. The whole range of such curves for all possible values ofγ covers
the diffraction traveltime surface - “Cheops’ pyramid” (Claerbout, 1985) in the{t ,x,h} space
of seismic reflection data. As pointed out by Fowler (1997), this condition is sufficient for
proving the kinematic validity of the angle-gather approach. For comparison, Figure 2 shows
the diffraction traveltime pyramid from a diffractor at 0.5 km depth. The pyramid is composed
of common-offset summation curves of the conventional time migration. Figure 3 shows the
same pyramid composed of constant-γ curves of the angle-gather migration.

Figure 2: Traveltime pyramid, com-
posed of common-offset summation
curves. sergey1-coffset[CR]
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The most straightforward Kirchhoff algorithm of angle-gather migration can be formulated
as follows:

• For each reflection angleγ and each dip angleα,

– For each output location{z,ξ},

1. Find the traveltimet , half-offseth, and midpointx from formulas (4), (5),
and (6) respectively.
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Figure 3: Traveltime pyramid, com-
posed of common-reflection-angle
summation curves. sergey1-cangle
[CR] -4
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2. Stack the input data values into the output.

As follows from equations (4-6), the range of possibleα’s should satisfy the condition

cos2α > sin2γ or |α|+ |γ |<
π

2
. (10)

The described algorithm is not the most optimal in terms of the input/output organization, but
it can serve as a basic implementation of the angle-gather idea. The stacking step requires an
appropriate weighting. We discuss the weighting issues in the next section.

AMPLITUDE CONSIDERATIONS

One simple approach to amplitude weighting for angle-gather migration is based again on
Cheops’ pyramid considerations. Stacking along the pyramid in the data space is a double
integration in midpoint and offset coordinates. Angle-gather migration implies the change of
coordinates from{x,h} to {α,γ }. The change of coordinates leads to weighting the integrand
by the following Jacobian transformation:

dx dh=

∣∣∣∣∣det

(
∂x
∂α

∂x
∂γ

∂h
∂α

∂h
∂γ

)∣∣∣∣∣ dαdγ (11)

Substituting formulas (5) and (6) into equation (11) gives us the following analytical expres-
sion for the Jacobian weighting:

WJ=

∣∣∣∣∣det

(
∂x
∂α

∂x
∂γ

∂h
∂α

∂h
∂γ

)∣∣∣∣∣= z2(
cosα2−sinγ 2

)2 (12)

Weighting (12) should be applied in addition to the weighting used in common-offset migra-
tion. By analyzing formula (12), we can see that the weight increases with the reflector depth
and peaks where the anglesα andγ approach condition (10).

The Jacobian weighting approach, however, does not provide physically meaningful am-
plitudes, when migrated angle gathers are considered individually. In order to obtain a physi-
cally meaningful amplitude, we can turn to the asymptotic theory of true-amplitude migration
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(Goldin, 1992; Schleicher et al., 1993; Tygel et al., 1994). The true-amplitude weighting
provides an asymptotic high-frequency amplitude proportional to the reflection coefficient,
with the wave propagation (geometric spreading) effects removed. The generic true-amplitude
weighting formula (Fomel, 1996b) transforms in the case of 2-D angle-gather time migration
to the form:

WTA =
1
√

2π

√
Ls Lr

v cosγ

∣∣∣∣ ∂2Ls

∂ξ∂γ
+
∂2Lr

∂ξ∂γ

∣∣∣∣ , (13)

whereLs and Lr are the ray lengths from the reflector point to the source and the receiver
respectively. After some heavy algebra, the true-amplitude expression takes the form

WTA =
2z sinα
√

2πv

cos2α+sin2γ(
cos2α−sin2γ

)5/2 . (14)

Under the constant-velocity assumption and in high-frequency asymptotic, this weighting pro-
duces an output, proportional to the reflection coefficient, when applied for creating an angle
gather with the reflection angleγ . Despite the strong assumptions behind this approach, it
might be useful in practice for post-migration amplitude-versus-angle studies. Unlike the con-
ventional common-offset migration, the angle-gather approach produces the output directly in
reflection angle coordinates. One can use the generic true-amplitude theory (Fomel, 1996b)
for extending formula (14) to the 3-D and 2.5-D cases.

EXAMPLES

We created some simple synthetic models with constant velocity backgrounds to test our angle-
gather migration method. One model is a simple dome (Figure 4). The other has a series of
flat reflectors of various dips (Figure 5). Both of these figures also show the corresponding
data that will be generated by Kirchhoff methods for zero and far offsets.

Figure 4: Left: Model. Center: Data at zero offset. Right: Data at far offset.
sergey1-data.dome[ER]

Dome model

This model contains a wide range of geologic dips across the dome as well as having a flat
reflector at the base of the dome. Figure 6 shows the resulting common offset sections from
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Figure 5: Left: Model. Center: Data at zero offset. Right: Data at far offset.
sergey1-data.lines[ER]

traditional Kirchhoff migration. As is expected for such a simple model, the near and far offset
sections are very similar and the stacked section is almost perfect. We are more interested in
the result of the angle-gather migration. Figure 7 shows the zero and large angle sections
as well as the stack for angle-gather Kirchhoff migration. The zero-angle section is weak
but clearly shows the correct shape and position. The large-angle section is actually only for
γ = 25o. The reason for this is clear if you consider Figure 1. At greater depths, the rays
associated with large reflection angles (γ ) will not emerge at the surface within the model
space. Therefore at angles greater than 25o (the maximum useful angle), the information at
later times disappears. We expect the stacked sections for the offset method and the angle
method to be identical. Although we sum over different paths for the offset-domain migration
(Figure 2) and the angle-domain migration (Figure 3), the stack should sum all of the same
information together for both methods. Fortunately, a comparison of the stacked sections in
Figures 6 and 7 show that the results are identical as expected.

Figure 6: Left: Migrated offset section at zero offset. Center: Migrated offset section at far
offset. Right: Stack.sergey1-offset.dome[ER]

Dipping reflectors model

This model contains fewer dips than the dome model but it allows us to see what is happening
at later times. Figure 8 shows the common offset sections and stacked section from offset-
domain Kirchhoff migration. Once again, they are practically perfect. The only problem is
near the bottom of the section where we lose energy because the data was truncated. The
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Figure 7: Left: Migrated angle section at small angle. Center: Migrated offset section at large
angle. Right: Stack.sergey1-angle-ta.dome[ER]

zero-angle and large-angle sections from the angle-domain migration are in Figure 9, along
with the stacked section. Once again, the zero angle section is very weak and the large angle
section only contains information down to a time of≈ .85 seconds, for the same reason as
explained for the dome model. Once again, we expect the stacked sections in Figures 8 and 9
to be the same. Although the angle-domain stack is slightly lower amplitude throughout the
section, it is clear that this is a simple scale factor so our expectations remain intact.

Figure 8: Left: Migrated offset section at zero offset. Center: Migrated offset section at far
offset. Right: Stack.sergey1-offset.lines[ER]

Figure 9: Left: Migrated angle section at zero angle. Center: Migrated angle section at large
angle. Right: Stack.sergey1-angle-ta.lines[ER]
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Reflectivity variation with angle

Amplitude variation with offset (AVO) would not be expected to be very interesting for the
simple models just shown. Consider Figure 10 which contains an offset gather and a reflection
angle gather taken from space location zero from the dome model in Figure 4. The offset
gather shows exactly what we expect for such a model - no variation. The angle gather also
shows no variation for angles less than the maximum useful angle (25o) as discussed in the
previous two subsections. However, when the angle exceeds the maximum useful angle, the
event increases in amplitude and width. This is the phenomenon seen in de Bruin et al. (1990).

Figure 10: Gathers taken from space location zero in the dome model. Left: Offset domain.
Center: Angle domain less than 25o. Right: Angle domain.sergey1-reflect-ta.dome[ER]

Velocity sensitivity

When dealing with real data we almost never know what the true velocity of the subsurface
is. Therefore it is important to understand the effects of velocity on our angle-gather time
migration algorithm. To do this we simply created data for the dome model in Figure 4 at a
fairly high velocity (3 km/s) and migrated it using a low velocity (1.5 km/s). The results are
in Figure 11. For angles less than the maximum useful angle (γ = 25o), the angle-domain
gather behaves exactly as the offset-domain gather does. Beyond the maximum useful angle,
the events become even more curved and the amplitudes begin to change. The behavior of
the angle-gather migration is very similar to that of offset-domain migration as long as the
limitation of the maximum useful angle is recognized. Therefore, we can probably expect
angle-gather migration to behave like offset-domain migration inv(z) media also.

FREQUENCY-DOMAIN CONSIDERATIONS

As pointed out by Prucha et al. (1999), the angle gathers can be conveniently formed in the
frequency domain. This conclusion follows from the simple formula (Fomel, 1996a)

tanγ =
∂z

∂h
, (15)
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Figure 11: Gathers taken from space location zero inthe dome model and migrated at too low
a velocity. Left: Offset domain. Center: Angle domain less than 25o. Right: Angle domain.
sergey1-reflect-ta.fast.dome[ER]

wherez refers to the depth coordinate of the migrated image. In the frequency-wavenumber
domain, formula (15) takes the trivial form

tanγ =
kh

kz
. (16)

It indicates that angle gathers can be conveniently formed with the help of frequency-domain
migration algorithms (Stolt, 1978). This interesting opportunity requires further research.

CONCLUSIONS

We have presented an approach to time migration based on angle gathers. The output of this
procedure are migrated angle gathers - images for constant reflection angles. When stacked
together, angle gathers can produce the same output as the conventional common-offset gath-
ers. Looking at angle gathers individually opens new possibilities for amplitude-versus-angle
studies and for velocity analysis.

Our first synthetic tests produced promising results. In the future, we plan to study the
amplitude behavior of angle-gather migration and the velocity sensitivity more carefully. We
also plan to investigate the frequency-domain approaches to this method. Initial results indi-
cate that angle-gather migration is comparable to offset-domain migration for angles less than
the angle at which rays exit the sides of the model, but further study will hopefully allow us
to extract useful information from the larger angles as well. Although the major advantages
of angle gathers lay in the depth migration domain, it is easier to analyze the time migration
results because of their theoretical simplicity.
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Short Note

On Stolt prestack residual migration

Paul Sava1

INTRODUCTION

Residual migration has proved to be a useful tool in imaging and in velocity analysis.

Rothman (1983) shows that post-stack residual migration can be successfully used to im-
prove the focusing of the migrated sections. He also showed that migration with a given veloc-
ity vm is equivalent to migration with a reference velocityv0 followed by residual migration
with a velocityvr that can be expressed as a function ofv0 andvm.

Residual migration has also been used as a tool in velocity analysis. Al-Yahya (1987)
discusses a residual migration operator in the prestack domain, and shows that it can be posed
as a function of a nondimensional parameterγ that is the ratio of the correct velocity and
the reference velocity used for the initial migration. Etgen (1988, 1989) defines a kinematic
residual migration operator as a cascade of NMO and DMO, and shows that it, again, is only a
function of the nondimensional parameterγ defined by Al-Yahya. Finally, Stolt (1996) defines
a prestack residual migration operator in the (f ,k) domain, and shows that it depends on the
reference (v0) and the correct (vm) migration velocities.

In this short note, I review the prestack residual Stolt migration, and show that it also can
be formulated as a function of a nondimensional parameter that is the ratio of the reference
(v0) and correct (vm) velocities. Consequently, we can use Stolt residual migration in the
prestack domain to obtain a better focused image without making any assumption about the
velocity. This approach has a direct application to migration velocity analysis, for instance in
cases when we repeatedly do residual migration on data that have been depth-migrated with
an arbitrary velocity function that cannot be approximated by a constant velocity (Biondi and
Sava, 1999).

1email: paul@sep.stanford.edu
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STOLT MIGRATION

Prestack Stolt migration (PrSM) was summarized as (Claerbout, 1985)

p(t , y,h)→ P(ω,ky,kh)→ P′(kz,ky,kh)→ p′(z, y,h).

An important component of PrSM is the remapping from the (ω,ky,kh) domain to the
(kz,ky,kh) domain, whereω, kz represent, respectively, the frequency and the vertical wavenum-
ber, andky,kh represent the midpoint and offset wavenumbers.

If we consider the alternative representation of the input data in shot-geophone coordi-
nates, the mapping takes the form

kz=
1

2

(√
ω2

v2
−k2

g+

√
ω2

v2
−k2

s

)
, (1)

wherekg and ks stand for, respectively, the geophone and the source wavenumbers. It is
desirable to implement the remapping as a pull operator, to avoid numerical problems in the
inverse Fourier transform. A detailed discussion on the advantages and disadvantages of the
different mappings is done by Levin (1994). We can, therefore, expressω as a function ofkz

from Equation (1) as:

ω2
=

v2

16k2
z

[
4k2

z+ (kg−ks)
2][4k2

z+ (kg+ks)
2] (2)

or

ω2
=
v2

k2
z

[
k2

z+k2
h

][
k2

z+k2
y

]
. (3)

2-D RESIDUAL STOLT MIGRATION

In general, residual migration represents a method of improving the quality of the image with-
out having to remigrate the original data, but rather only applying a transformation to the
current migration image.

In residual prestack Stolt migration (RPrSM), we attempt to correct the effects of migrating
with an inaccurate reference velocity by applying a transformation to the data that have been
transformed to the Fourier domain (Figure 1). Supposing that the initial migration was done
with the velocityv0, and that the correct velocity isvm, we can then write

kz0 =
1
2

(√
ω2

v2
0
−k2

g+

√
ω2

v2
0
−k2

s

)
kzm =

1
2

(√
ω2

v2
m
−k2

g+

√
ω2

v2
m
−k2

s

)
.

(4)
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Figure 1: A sketch of Stolt residual
migration paul1-stolt [NR]
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The goal of RPrSM is to obtainkzm from kz0. If we use the first equation of (4) to substitute
ω in the second equation of (4), we obtain
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Equation (6) represents the RPrSM equation in two dimensions. For post-stack data, the
same equation takes the familiar form
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√
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v2
m

[
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+k2

y

]
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y. (7)

3-D RESIDUAL STOLT MIGRATION

The RPrSM equations in three dimensions can be written similarly to those in two dimensions
if we consider the relationship between source-geophone and midpoint-offset coordinates as
follows:

Ekg = Eky+ Ekh

Eks= Eky− Ekh.

The equivalent prestack residual migration equation in source-geophone coordinates thus be-
comes
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In midpoint-offset coordinates, the same equation becomes
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which, for the post-stack case, takes the form
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2. (10)

EXAMPLES

In this section, I present two 2-D post-stack synthetic examples, shown in Figures 2 and 3, to
prove the applicability of the equations derived in the preceding sections.

In the first example, the input is a set of three spikes. Initially, I do forward modeling with
a velocity ofvm = 3.0 km/s. Next, I do Stolt migration with a velocity ofv0 = 3.6 km/s, and
residual Stolt migration with a ratiov0/vm = 1.2 (Figure 2). I then take the same input and
perform Stolt migration with a velocity ofv0= 2.4 km/s, followed by residual Stolt migration
with a ratiov0/vm = 0.8 (Figure 3). In both cases, the data are correctly collapsed at the
location of the original spikes. Residual migration can be done without knowing the absolute
values of the velocity.

In the next example, shown in Figure 4, I apply the same methodology to a real dataset
(Ecker, 1998). All three panels are the result of residual migration as described in the pre-
ceding theory sections. The corresponding ratios are 0.96 for the top panel, 0.98 for middle
panel, and 1.00 for the bottom panel. Residual migration with ratio=1.0 is equivalent to no
residual migration at all. It is apparent that different images are focused better in one region or
another, although the image corresponding to the ratio 0.98 seems to have the highest overall
energy. We can use such an observation to obtain an image that has the best focusing in all
the regions. This can be achieved by doing residual migration for a range of velocity ratios,
and then interpolating the image that is best focused everywhere. One possible application is
in wave-equation migration velocity analysis, where we can improve the focusing of a depth-
migrated dataset by residual migration, without making any assumption about the original
velocity distribution (Biondi and Sava, 1999).

CONCLUSIONS

Equations (5) and (6) show that residual prestack Stolt migration can be done without actual
knowledge of the reference and correct velocities, but only by knowing or assuming their ratio.
This understanding has important practical consequences, for example, in applications that use
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Figure 2: Top left: input data. Top right: Stolt forward modeling with the correct velocity
vm = 3.0 km/s. Bottom left: Stolt migration with an incorrect velocity ofv0 = 3.6 km/s.
Bottom right: Stolt residual migration with the ratiov0/vm= 1.2. paul1-posp[ER]
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Figure 3: Top left: input data. Top right: Stolt forward modeling with the correct velocity
vm = 3.0 km/s. Bottom left: Stolt migration with an incorrect velocity ofv0 = 2.4 km/s.
Bottom right: Stolt residual migration with the ratiov0/vm= 0.8. paul1-posm[ER]
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Figure 4: Images obtained after residual migration. Ratio = 1.00 means no residual migra-
tion. Different images are focused better in different regions. The image corresponding to
ratio = 0.98 seems to have the best focusing.paul1-hydrates[CR]
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RPrSM as a method of improving the focusing of an image that has been depth-migrated with
an arbitrary velocity function.
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Anti-aliasing multiple prediction beyond two dimensions

Yalei Sun1

ABSTRACT

Theoretically, the Delft method of surface-related multiple elimination can be applied in
three dimensions, as long as the source and receiver coverage is dense enough. In reality,
such a dense coverage is still far from reach, using the available multi-streamer acquisi-
tion system. One way to fill the gap is to massively interpolate the missing sources and
receivers in the survey, which requires a huge computational cost. In this paper, I propose
a more practical approach for the multi-streamer system. Instead of using large-volume
missing-streamer interpolation, my method finds the most reasonable proxy from the col-
lected dataset for each missing trace needed in the multiple prediction. Although this
approach avoids missing-streamer interpolation, another problem pops up in the multi-
streamer case, the aliasing noise caused by the sparse sampling in the cross-line direction.
To solve this problem, I introduce a new concept, the partially-stacked multiple contri-
bution gather (PSMCG). Using multi-scale prediction-error filter (MSPEF) theory, this
approach interpolates the PSMCG in the cross-line direction to remove the aliasing noise.

INTRODUCTION

The Delft approach to surface-related multiple elimination (Berkhout and Vershcuur, 1997;
Vershcuur and Berkhout, 1997) formulated the demultiple process as a two-step inversion
problem based on the Huygens principle, that is, first predicting the multiple and then sub-
tracting it from the original dataset.

The multiple prediction step, crucial for the success of the whole algorithm, involves one
important assumption about the data acquisition geometry, namely, a source/receiver pair is
needed wherever a multiple reflects. The Delft approach is quite successful in solving 2-D
problems (Verschuur and Prein, 1999), in which the assumption is relatively easily satisfied.
However, in many 3-D surveys, there is a large gap between this assumption and the reality
(Dragoset and Jeričevíc, 1998).

Two different directions have been taken to solve the problem. One is to interpolate the
trace at the missing source and receiver positions massively to attain a dense coverage of the
surface (van Dedem and Verschuur, 1998). However, the computational cost of this method is
huge. The other approach is to predict the multiple based on the 2-D theory and then extend

1email: yalei@sep.stanford.edu
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the subtraction step to handle incorrectly predicted multiples (Ross, 1997; Ross et al., 1997).
The success of this approach is restricted to simple 3-D cases.

This paper proposes a method designed for multi-streamer geometry. Two distinctive fea-
tures make it more practical. First, this approach finds the most reasonable proxy from the
collected dataset for any missing trace. There is no need to interpolate missing streamers and
shotlines. Second, I introduce a concept, the partially-stacked multiple contribution gather
(PSMCG). Using the multi-scale prediction-error filter (MSPEF) theory (Claerbout, 1992),
the proposed approach interpolates the PSMCG in the cross-line direction. This gives us a
densely sampled multiple contribution from all possible Huygens secondary sources. The
following summation step can remove aliasing noise better.

Two numerical examples in this paper demonstrate how the approach works.

MULTIPLE PREDICTION BEYOND TWO DIMENSIONS

One of key issues in 3-D demultiple is that there are many missing traces. Instead of interpo-
lating the missing traces, the critical points of my approach are:

1. This approach tries to find proxies for the missing traces.

2. To be qualified as a proxy, a trace must have the same offset and either a similar CMP
location or a similar azimuth angle.

3. Those proxies for the missing traces are used to predict multiples with first-order accu-
racy in multi-streamer geometry.

In order to better understand the approach, let’s assume that we have a multi-streamer ac-
quisition system, as shown in Figure 1, with one shotline and seven streamers. Supposing that
we want to predict the multiple from sourceS0 to receiverR4, we need to consider the contribu-
tions from all the possible multiple reflection points betweenS0 andR4 by cross-convolution.
For instance, we need to collect all the traces with sources located atSi (i = 1, ...,7) and a
receiver located atR4. In Figure 1, the thin solid line represents the corresponding trace col-
lected in the survey, and the thin dashed line stands for a missing trace in the survey. The
challenge is to find appropriate proxies for such missing traces.

There is one well-known geophysical concept that can help us meet the challenge, the
common-midpoint (CMP), which assumes that traces with the same CMP location and the
same offset contain the same information about one location in the earth. Although the
common-midpoint assumption is a first-order approximation when the structure is not strictly
flat, I will demonstrate that it is useful in our search for the substitute traces.

For example, for the virtual trace
−→

S1R4, the real trace
−→

S4R1 shares the same CMP location
and has the same offset as well. The only difference is the azimuth angle. Therefore, trace
−→

S4R1 is a proxy for trace
−→

S1R4 in the multiple prediction, with first-order accuracy. Similarly,
we can find substitutes for other virtual traces.
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Figure 1: A multi-streamer geometry. The
−→

S4R1 path is a proxy for the absent out-of-plane

shot
−→

S1R4, since the two paths share the same midpoint and have the same offset. Similarly,
−→

S2R4 is replaced by
−→

S4R2,
−→

S3R4 by
−→

S4R3,
−→

S5R4 by
−→

S4R5,
−→

S6R4 by
−→

S4R6, and
−→

S7R4 by
−→

S4R7.
yalei1-multi-streamer[NR]

The central streamer in Figure 1 is a special case, in which we can always find substitute
traces for the virtual ones with the same CMP location and offset. When we try to predict other
streamers’ multiple reflections, though, as in Figure 2, we are not so lucky to find proxies with
the same CMP location and offset. However, we can relax the definition of a substitute trace
by giving up the requirement that the proxy share the same CMP location. Then we can find
another group of proxies for the missing traces, as Figure 2 illustrates. Since the cross-line
spreading aperture is usually smaller than the in-line aperture, this extension may be acceptable
in many real applications.

There are some limitations to the method discussed in this paper. Before addressing those
limitations, I would first classify the surface multiple reflections into two categories. Figure

3 depicts two types of geometries for the surface multiples,
−→

S0M1R1 and
−→

S0M2R2. The dif-
ference between these two categories is that, sourceS0, surface multiple reflection position
M1, and receiverR1 are aligned together on the surface; whereasS0, M2, andR2 can not be

aligned together. The embedded physical reason is that, multiple
−→

S0M1R1 is mainly caused by

1-D earth’s structures or in-line dip reflectors (2.5-D), and multiple
−→

S0M2R2 by cross-line dips
or scattering reflectors.

The definition of proxies in my proposal guarantees that the method in this paper is fully

applicable to the multiples like
−→

S0M1R1 without kinematic approximations. The approxima-

tion errors occur only when we deal with the multiples like
−→

S0M2R2. In other words, when
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Figure 2: While working with streamers not in the middle, we have to give up the requirement
that the proxy share the same CMP location, and find a group of proxies with reasonable

accuracy.
−→

S1R1 can be replaced by
−→

S4R4,
−→

S2R1 by
−→

S4R3, and
−→

S3R1 by
−→

S4R2. Each pair shares
the same offset and azimuth angle.yalei1-multi-streamer-1[NR]

there are strong cross-line dips or scattering reflectors, my approach will introduce the approx-
imation errors inevitably.

Figure 3: Two types of surface mul-

tiples.
−→

S0M2R2, in which the source
S0, the multiple reflection pointM2,
and the receiverR2 can be aligned,
is more likely caused by cross-line

dips or scattering reflectors.
−→

S0M1R1,
in which S0, M1, and R1 are aligned
together, occurs when the earth’s
structures are approximately 1-D or
there are only in-line dip reflectors.
yalei1-multiple-type[NR]
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A MULTIPLE CONTRIBUTION GATHER

The multiple prediction can be further divided into two sub-steps: trace cross-convolution
and multiple contribution summation, which, in practice, people usually collapse into a single



SEP–100 Multiple prediction 163

procedure. In order to gain more insight into the method, however, I consider them as two
separate steps.

Figure 4 schematically demonstrates 2-D multiple prediction. In order to predict the multi-
ple from sourceS to receiverR, we need to cross-convolute all the possible contributing traces
marked byMi in the middle, since we do not know where exactly the multiple reflection oc-
curs on the surface. Then the summation step locates the exact multiple reflection position as
long as the contributing traces are densely sampled on the surface.

Figure 4: 2-D multiple prediction.
All the contributing traces form a 2-D
MCG prior to summation. The ques-
tion marks in the plot indicate that the
underground structures are unknown.
yalei1-noah2d[NR]
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Prior to summation, if we lay out the cross-convoluted traces from left to right, we get
an intermediate result, a multiple contribution gather (MCG). Figure 5 shows a 2-D multiple
contribution gather and the corresponding summation result. The MCG is a section in 2-
D and a cube in 3-D. The restriction of the multi-streamer geometry makes the 3-D MCG
cube densely sampled in the in-line direction and coarsely sampled in the cross-line direction.
Therefore, we can safely apply the summation in the in-line direction first and get a partially-
stacked MCG (PSMCG).

Figure 5: Left: a 2-D MCG. The amplitude has been tapered off to avoid edge effects. Cross-
ing events imply that the multiples are split into different branches. Right: the stacking of
the MCG. The locations of predicted multiples correspond to the tops of the curved events.
yalei1-mcg-2d[ER]
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Figure 6 displays two PSMCGs with different sampling intervals and the corresponding
stacked multiples. Unfortunately, a brutal summation in the sparsely sampled cross-line direc-
tion introduces a large amount of aliasing noise into the predicted multiple. The next section
describes a method of avoiding such noise.

ANTI-ALIASING IN THE MULTIPLE PREDICTION

The multiple prediction proposal discussed in the preceding section suggests that we can
estimate 3-D multiples without trace interpolation. However, as Figure 6 shows, the other
problem—aliasing noise—has to be dealt with carefully if there is no missing-streamer in-
terpolation. Like any other Kirchhoff-style operation, anti-aliasing is an important issue in
multiple prediction. This issue deserves even more attention in three dimensions, since the
cross-line sampling is more sparse than the in-line sampling.

The 3-D estimation of a multiple trace is achieved by stacking a 3-D MCG. As discussed in
the preceding section, we can safely stack the 3-D MCG into a 2-D PSMCG along the in-line
direction. In the cross-line direction, we must sample the PSMCG more densely to avoid the
aliasing noise. Therefore, I propose interpolating the PSMCG directly and then stack it into a
multiple trace.

We can interpolate the aliased data in either the F-X (Spitz, 1991) or the T-X domain
(Claerbout, 1992). I have chosen the time-space domain multi-scale prediction-error filter
(MSPEF) theory discussed in Section 8.4 of Claerbout (1992) to interpolate the PSMCG. The
basic idea of the theory is that large objects often resemble small objects. Supposing that we
have input data with alternate missing traces, we can estimate a PEF with the following shape:

a · b · c · d · e
· · · · · · · · ·

· · · · 1 · · · ·
(1)

Then we can make the filter smaller by throwing away the zeros (represented by dots) in filter
(1) to get

a b c d e
· · 1 · ·

(2)

which has the same dip characteristics as filter (1).

Figure 7 shows two PSMCGs containing crossing events, before and after interpolating
the alternative missing traces and the corresponding stacking results. The aliasing noise has
decreased significantly after trace interpolation.

NUMERICAL EXAMPLES

Combining the multiple prediction and the PSMCG interpolation, we get a new, practical
multiple prediction scheme beyond two dimensions. In this section, two 3-D synthetic datasets
with similar acquisition geometries are used to evaluate the new scheme. The corresponding
model and acquisition parameters appear in Tables 1 and 2.
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Figure 6: Top: a densely sampled (1streamer=25m) PSMCG and its stacking result. Bottom:
a sparsely sampled (1streamer=100m) PSMCG and its stacking result. Stacking of the bottom
PSMCG introduces aliasing noise to the multiple trace, especially to the top two wavelets in
the plot. yalei1-mcg-ps[CR]
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Figure 7: Top: a densely sampled (1streamer=25m) PSMCG and its stacking result. Bottom: a
sparsely sampled (1streamer=50m) PSMCG and its stacking result. The aliasing noise has been
greatly decreased after the trace interval is halved from 50m to 25m. yalei1-mcg-interp[ER]
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Model In-line dip (◦) X-line dip (◦) Layer velocity (km/s)

A (0.0,5.0,10.0) (0.0, 0.0, 0.0) (1.5, 2.0, 2.5)
B (0.0,5.0,10.0) (0.0, -5.0, 5.0) (1.5, 2.0, 2.5)

Table 1: Model parameters of Models A and B

Model 1source(m) 1receiver(m) 1streamer(m)

A 20 20 100
B 20 20 50

Table 2: Acquisition parameters of Models A and B

Model A is designed so that the shotline and streamers are deployed along the in-line dip
direction. Therefore, there is no approximation error in our approach. With 11 streamers
covering from−500m to+500m and a 100m streamer interval in the cross-line direction, this
is a wide azimuth survey.

For a given shot location, Figure 8 shows the ideal multiple gather and the predicted one.
Each 3-D MCG cube in this example is first stacked along the in-line direction into a 2-D
PSMCG containing at most 11 traces sampled at intervals of 100m. The 2-D PSMCG is
then interpolated in the cross-line direction to be sampled at 25m intervals. The interpolated
PSMCG is further stacked into a trace.

Model B is a relatively narrow azimuth survey that still contains 11 streamers covering
from−250m to+250m at 50m streamer intervals in the cross-line direction. The bottom two
reflectors in the model have the opposite cross-line angles, which inevitably introduce approx-
imation error into the estimation. However, as shown in Figure 9, as long as the cross-line dips
have no dominant direction, the error can possibly be compensated for in the subtraction step.

CONCLUSIONS AND FUTURE WORK

This paper has proposed a method of predicting 3-D multiples in multi-streamer geometry that
does not require massive missing-streamer interpolation. Two numerical examples suggest that
this approach can be used in the multi-streamer survey if the cross-line dip is mild. I am now
working on the subtraction step. My future work will focus on evaluating and improving this
approach with real data.
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Figure 8: An in-line dip model. Left: the ideal multiple reflection. Right: the estimated
multiple reflection. yalei1-wa2d-mult[CR]
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Figure 9: A mixing dip model. Left: the ideal multiple reflection. Right: the estimated
multiple reflection. yalei1-na3d-mult[CR]
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Acoustic daylight imaging via spectral factorization:
Helioseismology and reservoir monitoring

James Rickett and Jon Claerbout1

ABSTRACT

The acoustic time history of the sun’s surface is a stochastic (t ,x, y)-cube of information.
Helioseismologists cross-correlate these noise traces to produce impulse response seis-
mograms, providing the proof of concept for a long-standing geophysical conjecture. We
pack the (x, y)-mesh of time series into a single super-long one-dimensional time series.
We apply Kolmogoroff spectral factorization to the super-trace, unpack, and find the mul-
tidimensional acoustic impulse response of the sun. State-of-the-art seismic exploration
recording equipment offers tens of thousands of channels, and permanent recording in-
stallations are becoming economically realistic. Helioseismology, therefore, provides a
conceptual prototype for using natural noises for continuous reservoir monitoring.

INTRODUCTION

The earth and the sun both have a noisy surface. This acoustic noise generates sonic waves
that dive into the sphere and emerge at all distances. A process that we call "acoustic daylight
imaging2" enables us to form various pictures of the interior.

Acoustic daylight imaging: previous work

At the Stanford Exploration Project, we began our interest in acoustic daylight imaging many
years ago when theory (Claerbout, 1976) showed that under certain idealized conditions, the
autocorrelation of an earthquake seismogram should mimic an echo sounding like those made
with explosives for petroleum prospecting.

Early attempts to verify this theory in practice quickly failed and we came to realize that
the essential physical feature is real-world three dimensionality while both our data and our
mathematical theory were merely one dimensional. We didn’t have a three-dimensional theory,
but we did have a conjecture:

By cross-correlating noise traces recorded at two locations on the surface, we
1email: james@sep.stanford.edu, claerbout@stanford.edu
2The term “acoustic daylight imaging” is known in oceanography where measurements are not made at

the free surface. This difference leads ocean acoustics away from seismology.
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can construct the wavefield that would be recorded at one of the locations if there
was a source at the other.

Cole (1995, 1988) initially tried to verify this conjecture on a passive 3-D survey recorded
with an array of 4056 geophones covering more than a half kilometer square on the Stanford
campus. Unfortunately, however, only twenty minutes of passive seismic data was recorded,
and beam steering showed ambient noise was predominately incident from only one direction.
His cross-correlation results were not conclusive. The proximity of the San Andreas fault
makes the Stanford area difficult to analyze, and we were also troubled by poor coupling
between the geophones and the dry summer soil.

Nobody expected the geophones to record plunging waves from great distances but that is
exactly what happened. We saw seismic waves apparently coming from the American Mid-
west. Earthquake seismologists were surprised to learn that we could receive seismic waves
from so far at such high frequency (10 Hz) because with their small numbers of seismometers
they cannot. Unfortunately, we were not able to observe what we sought, the much smaller
scale reflected waves that we would crosscorrelate within our array. Such waves would illu-
minate the area within drilling distance so proof of concept would interest our sponsors.

Modeling studies (Rickett and Claerbout, 1996) showed that longer time-series, and a
white spatial distribution of random noise events would be necessary for the conjecture to
work in practice.

Helioseismology

In 1995, solar physicists developed a new instrument for studying the sun. The Michelson
Doppler Imager (MDI) instrument measures the Doppler shift of solar absorption lines formed
in the lower part of the solar atmosphere. This provides line-of-sight velocity measurements
for points on the sun’s surface that can be used to study solar oscillations. This amounts to
having a million (1024×1024) seismometers uniformly distributed on the surface of the sun.
Furthermore, the solar seismologists are able to zoom their lens to reposition their million
virtual seismometers to give them a magnified view anywhere they choose.

Most helioseismology (e.g. Kosovichev, 1999) has been done in the frequency domain
with spherical harmonic functions. Spherical harmonics provide an excellent tool for studying
the whole sun at one time. However, small-scale events are only described by harmonic modes
of very high-order. Spherical harmonic functions are therefore inefficient for studying small,
localized area’s of the sun’s surface.

Solar seismologists (Duvall et al., 1993) had also come up with the idea of creating ‘time-
distance’ seismograms by crosscorrelating surface noise observations to mimic impulsive
sources on the solar surface. They were successful with real data in three dimensions on
the sun, before we could do it on earth.

Convective flow in the outer third of the sun leads to a breakdown in reciprocity of time-
distance seismograms derived by cross-correlation. Helioseismologists have used this break-
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down in reciprocity to estimate the three-dimensional flow velocity structure in the outer third
of the sun.

Permanent recording installations

Ebrom et al. (1998) discuss the economic justification for installing permanent recording in-
stallations in marine environments over producing hydrocarbon fields. The incremental cost
of additional 3-D seismic surveys is much less for permanent monitoring systems than for
conventional repeated 3-D. The quality of ocean bottom cable data has also increased dra-
matically in recent years, and so permanent monitoring systems also provide a higher level of
repeatability.

For these reasons, permanent installations are already installed in many basins worldwide.
In the future, explorationists may take advantage of continual recordings and acoustic daylight
imaging to continually monitor reservoir production.

RAW DATA

The Solar Oscillations Investigation project (http://soi.stanford.edu) provided us with a cube of
data recorded by their MDI instrument. They transformed the coordinate system to Cartesian
coordinates by projecting high-resolution data from an area approximately 18◦ square onto a
tangent plane.

Figure 1 shows a time slice through a cube of raw velocity data from the MDI. The object
in the center of the panel is a sun-spot. Figure 2 shows a time-distance section through the
same cube. The sampling spacing is 1 minute on the time-axis and approximately 68 km on
the two spatial axes.

Events on Figure 2 fall into two distinct spectral windows. The low temporal frequency
events (<1.25 mHz) are related to solar convection (super-granulation), while the higher fre-
quency events are related to acoustic wave propagation. We were interested in studying acous-
tic wave phenomena; so as a preprocessing step, we removed the lower frequency spectral
window by applying a1−Z

1−ρZ low-cut filter to the data.

3-D KOLMOGOROFF SPECTRAL FACTORIZATION

A simple linear model for the observed solar oscillations consists of a convolution of a source
function with the impulse response of the sun’s surface. The source function is stochastic in
nature, and may be characterized as being spectrally white in time and space with random
phase. The impulse response contains the spectral color, and is commonly a minimum-phase
function.
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Figure 1: Time-slice through the raw data. The object in the center is a sun-spot. Distances are
in Megameters (thousands of kilometers), and time units are kiloseconds.james1-timedata
[CR]



SEP–100 Helioseismology & reservoir monitoring 175

Figure 2: Time-space section through a subset of the raw data.james1-txdata[CR]
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If this model holds true, then estimating the source function reduces to estimating a minimum-
phase function with the same (w,kx,ky) spectrum as the original data: multi-dimensional spec-
tral factorization.

Helical boundary conditions (Claerbout, 1998) provide a framework for converting a multi-
dimensional problem into an equivalent problem in only one dimension, and allow us to solve
the three-dimensional spectral factorization problem efficiently.

We perform the spectral factorization rapidly in the frequency domain in three steps.
Firstly, we transform the multi-dimensional signal to an equivalent one-dimensional signal
using helical boundary conditions. Secondly, we perform one-dimensional spectral factoriza-
tion with Kolmogoroff’s (1939) algorithm. Finally, we remap the impulse response back to
three-dimensional space. We reduce wrap-around effects by padding the spatial axes.

Figure 3 shows the impulse response derived from Kolmogoroff spectral factorization as a
function of radial distance from the impulse. It looks very similar to the cross-correlation time-
distance seismogram shown in Figure 4, and those displayed by (Kosovichev, 1999). However,
for the dataset described above, this operation was approximately twenty times faster than
cross-correlating every trace in either (w,x) or (t ,x). The speed-up becomes apparent when
you consider that cross-correlating every trace with every other trace requiresO(N2

x N2
y Nt )

operations, whereas one-dimensional spectral factorization requires onlyO(N logN) opera-
tions whereN = Nx NyNt .

Figure 3: Impulse response derived
by Kolmogoroff spectral factorization
binned as a function of radial distance
from the impulse. james1-kolstack
[CR]
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Figure 4: Impulse response derived
by cross-correlation binned as a func-
tion of radial distance from the im-
pulse. More noise is present in this
Figure compared to Figure 3 because
less data was used in the calculation.
james1-xcorr[CR]

INTERPRETATION

The lack of sharp velocity contrasts mean there are no clearly observable reflections in the
impulse response. The visible events are diving waves (refractions) of increasing order. The
first arrival is the the direct wave that would be characterized as the ‘P’ arrival in terrestrial
geophysics. The second arrival is equivalent to a ‘PP’ event (or first order multiple) having
bounced once on the solar surface. About six distinct arrivals are visible in Figure 3, corre-
sponding to multiples up to fifth-order.

Since there are no distinct velocity interfaces, only a smooth velocity gradient, the head
waves continually curve upward. The contrast between this behavior and head waves on ter-
restrial exploration seismograms is illustrated in Figure 5.

Radial trace analysis

The radial trace domain provides a natural way to view the seismograms. Since multiples
arrive at integer multiples of primary traveltime and distance. The radial trace domain becomes
periodic. Rather than preserving traveltimes in the radial trace transform, and stacking all
azimuths together, we preservex andy coordinates.

Figure 6 shows a constant velocity slice through the Kolmogoroff impulse response. Mul-
tiple bounces produce the series of concentric circles. Breakdown in reciprocity due to con-
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Figure 5: The top two panels show a shot gather from the Gulf of Mexico before (left) and after
(right) linear moveout with the water velocity. The lower two panels show the solar impulse
response before (left) and after (right) linear moveout at 10 km/s.james1-lmo[CR]
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vective flow in the sun, will manifest itself as azimuthal anisotropy in this domain.

Figure 6: Constant velocity
slice through radial transform.
james1-radialcube[CR]

CONCLUSIONS

Helioseismology validates a long-standing geophysical conjecture that the cross-correlation of
noise traces may provide impulse response seismograms.

Additionally, we have shown that combining one-dimensional Kolmogoroff spectral fac-
torization algorithms with helical boundary conditions allows us to calculate the acoustic im-
pulse response an order of magnitude faster than cross-correlation in either (t ,x, y) or (ω,x, y).

This is all very interesting, but our sponsors trust that we are looking towards matters
that can have significant practical and financial implications. Not long ago that would have
seemed far fetched. But electronics and communications revolutions have been revolutioniz-
ing seismology for decades. Many oil fields are already instrumented with multiple hundreds
of geophones. We are now prepared to evaluate the prospects for the multiple tens of thousands
of geophones that are already practical.
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Interpolation with smoothly nonstationary prediction-error
filters

Sean Crawley1

ABSTRACT

Building on the notions of time-variable filtering and the helix coordinate system, I de-
velop software for filters that are smoothly variable in multiple dimensions, but that are
quantized into large enough regions to be efficient. Multiscale prediction-error filters
(PEFs) can estimate dips from recorded data and use the dip information to fill in un-
recorded shot or receiver gathers. The data are typically divided into patches with approx-
imately constant dips, with the requirement that the patches contain enough data samples
to provide a sufficient number of fitting equations to determine all the coefficients of the
filter. Each patch of data represents an independent estimation problem. Instead, I esti-
mate a set of smoothly varying filters in much smaller patches, as small as one data sample.
They are more work to estimate, but the smoothly varying filters do give more accurate
interpolation results than PEFs in independent patches, particularly on complicated data.
To control the smoothness of the filters. I use filters like directional derivatives that Clapp
et al. (1998) call “steering filters”. They destroy dips in easily adjusted directions. I use
them in residual space to encourage dips in the specified directions. I describe the notion
of “radial-steering filters” (Clapp et al., 1999), i.e., steering filters oriented in the radial
direction (lines of constantx/t in (t ,x) space). Break a common-midpoint gather into pie
shaped regions bounded by various values ofx/t . Such a pie-shaped region tends to have
constant dip spectrum throughout the region so it is a natural region for smoothing esti-
mates of dip spectra or of gathering statistics (via 2-D PEFs). In this paper I use smoothly
variable PEFs to interpolate missing traces, though they may have many other uses. Fi-
nally, since noisy data can produce poor interpolation results, I deal with the separation of
signal and noise along with missing data.

INTRODUCTION

Claerbout (1998b) describes a helical coordinate to cast multi-dimensional filtering as one
dimensional, enabling the use of some well-developed signal processing theory in applica-
tions including missing data interpolation (Fomel et al., 1997) and low-cut filtering (Claerbout,
1998a). To account for nonstationarity in the data, missing data interpolation with PEFs is typ-
ically done in patches or gates where dips are assumed to be approximately stationary (?Spitz,
1991). Each patch constitutes an independent problem, though they may overlap. The smaller

1email: sean@sep.stanford.edu
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the patch, the more stationary the data is likely to be within the patch; however, there is a lower
limit on the patch size, because a patch must contain enough data to provide fitting equations
for all the filter coefficients. Claerbout (1997) describes a method for estimating smoothly
time-varying PEFs without patching. The helix extends the idea of smooth time-variable PEF
estimation to smooth time- and space-variable PEF estimation. The smoothly-variable PEFs
can perform better at interpolating missing data than PEFs estimated in independent patches.

Clapp et al. (1998) show how to use space-variable inverse steering filters to smooth in
adjustable directions, and they show how to solve empty-bin problems filling in missing data
along the directions of the steering. I use space-variable steering filters to control the direction
of smoothness between PEFs. I orient the steering filters radially in a CMP gather to encour-
age PEFs to have the same dip information along lines of constantx/t , where data tends to
have constant dip spectra. In this paper I review the theory for estimating smoothly varying
PEFs, and show examples of their application to missing data interpolation. I describe an im-
provement to filter estimation for CMP gathers using “radial-steering filters.” Finally, I add
the notion of signal and noise separation for interpolating noisy data.

TIME- AND SPACE-VARYING PEFS

The time dip of seismic data changes rapidly along many axes, so a single PEF can only repre-
sent a small amount of data. Often we divide the data into patches, where it is assumed the data
have constant dips. Because seismic data have curvature and may not be well represented by
piecewise-constant dips, it is appealing to extend the idea of time-variable filtering to include
spatial dimensions as well, and have smoothly varying PEFs to represent curved events.

I decrease the patch size, to as small as a single data sample, changing the problem from
overdetermined to very underdetermined. It is possible to estimate all these filter coefficients
by the usual formulation, supplemented with some damping equations, say

0 ≈ YKa + r0

0 ≈ ε Ra
(1)

whereR is a roughening operator,Y is convolution with the data, andK is a known filter
coefficient mask.

When the roughening operatorR is a differential operator, the number of iterations can be
large. To speed the calculation immensely and make the equations somewhat neater, we can
“precondition” the problem. Define a new variablep by a= Spand insert it into (1) to get

0 ≈ YKSp+ r0 (2)

0 ≈ ε RSp (3)

Now, because the smoothing and roughening operators are somewhat arbitrary, we may as
well replaceRSby I and get

0 ≈ YKSp+ r0 (4)

0 ≈ ε Ip (5)
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We solve forp using conjugate gradients. To seea, just usea= Sp. To simplify things, one
could just drop the damping (5) and keep only (4); then to control the null space, start from a
zero solution and limit the number of iterations. ForS we can use polynomial division by a
Laplacian or by filters with a preferred direction. If the data are CMP gathers, it is attractive
to use radial filters, which are explained later.

INTERPOLATING MISSING TRACES

We estimate missing data in two steps of linear least squares (Claerbout, 1992). The first step
is estimation of PEFs. After the PEFs have been estimated they are used to fill in the empty
trace bins. This is the second step of least squares. We want the recorded and estimated data
to have the same dips. Since the dip information is now carried in the PEFs, this is once again
specifying that the convolution of the filter and data should give the minimum output, except
that now the filters are known and the data is unknown. We constrain the data by specifying
that the originally recorded data cannot change. To separate the known and unknown data
we have a known data selectorK and an unknown data selectorU, with U+K = I . These
multiply by 1 or 0 depending on whether the data were originally recorded or not. WithA
signaling convolution with the PEF andy the vector of data, the regression is 0≈ A(U+K )y,
or AUy ≈−AKy .

While a PEF at every sample works well for destroying the data, it is not the best choice
for reconstructing it; interpolation with PEFs estimated at every data point gives poor results
and requires extravagant memory allocation. One answer is just that zero is not the correct
value of ε in (5); but we can greatly improve the results and decrease the memory usage
without adding equations, by using very small patches, such as 2×2×2; small enough that
the assumption of stationarity within a patch is reasonable. This is similar to putting an extra
roughener in the damping equation, in that it is essentially an infinite penalty on variations of
p between small groups of samples, and it has the important economizing effect of reducing
the memory allocation. In the method where the patches are independent (Crawley, 1998), the
number of filter coefficients puts a lower bound on patch size; the problem has to stay well
overdetermined to produce a useful PEF. Using smoothly varying filters effectively reduces
the minimum patch size, so that the filter estimation problem can be underdetermined, and
still produce useful PEFs.

Radial Smoothing

Clapp et al. (1998) show how to control the direction of smoothing. In certain cases, it may
make sense to specify some preferred direction of filter smoothing. For instance, CMP gathers
tend to have approximately constant dip spectra at constant values ofx/t , which correspond
to radial lines. So it makes sense to arrange patches and smooth filter coefficients in the radial
direction on a CMP gather, to accelerate convergence and get good results with as few coef-
ficients as possible. Very small patches are desirable where the data has the most curvature,
which tends to be at smaller times and offsets. At larger times and offsets, however, events in
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CMP gathers tend to be near their asymptotes, and much more linear. Smoothing and patching
in radial coordinates has the pleasing result that the largest patches fall at far offsets and late
times, where they are most appropriate. Figure 1, which comes from Clapp (1999), shows
randomly scattered points smoothed with radial-steering filters.

Figure 1: Radial smoothing. Panel
shows result of smoothing random
scattering of dots with the adjoint ra-
dial steering operator. The forward
operator points out from the origin.
Figure borrowed from Clapp (1999).
sean1-bob[NR]

Data Example

Some data from a 3-D marine survey are shown in Figure 2. The top left panel shows part
of a shot gather, and the top right panel shows a time slice through several shots from the
same source and the same streamer. Marine 3-D data may be broken up into a set of 2-D
surveys or treated as a single 3-D survey; more on that later. In this particular case, the data
are fairly routine, but they can serve to illustrate the method. The bottom half shows the output
of removing half the shots and then interpolating them.

More than two sources

In the previous example I interpolated data collected with two alternating sources. Typical
marine geometries have two alternating sources, both placed near the center of the crossline
spread, which gives the survey efficient crossline midpoint coverage. It is possible to imagine
desiring more than two sources, distributed more or less evenly across the crossline spread.
If the geology is complex (salt bodies), and there are genuinely 3-D multiples, then even the
best 2-D multiple suppression method will leave multiple events behind. Sources only near
the center of the crossline spread prevents the reciprocity necessary for a method like the Delft
SRME (van Borselen et al., 1991) method, or multiple prediction by upward continuation, to
predict the multiple energy moving in the crossline direction. Using more sources, spread more
widely across the crossline, means the recorded data would contain more crossline information
that could be used to model 3-D multiple reflections. On the other hand, cycling through
more than two sources naturally creates larger gaps in the acquisition and more opportunities
for the data to be aliased. In the previous example, I could throw away lots of data and
restore it pretty faithfully, because the data is very predictable. In time slice view, it is almost
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Figure 2: Example input data. The top left panel is part of a shot gather from a 3-D survey,
the top right panel is a time slice through several shots from the same source into the same
streamer. Bottom panels are the same, after zeroing every other gather and interpolating.
sean1-curtFig1[CR]
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entirely straight lines. The geology in that example is flat, so it is probably not necessary to
think about multiples in three dimensions. The next example is from a marine survey over
much more complex geology, where multiple energy moving in three dimensions could be
a genuine concern. It is just a 2-D survey; I simulate one inline from a survey with four
sources by throwing away three out of four shot gathers. I then attempt to reconstruct the
data. Some results are shown in Figures 3, 4, and 5. In this example, the data are reduced to
every fourth shot gather and interpolated back to every second shot gather. If that works, then
getting from every second shot to every shot is fairly certain. There is no conceptual reason
not to go directly from every fourth shot to every shot in a single step, it just means scaling
the axes by four rather than two. There is a practical issue that arises, however, in that filter
coefficients are smoothed by a variant of leaky integration, and there tends to be a little too
much leakage. Figures 3 and 4 show shot gathers that were removed in the left panels, and
the interpolated versions of those shot gathers in the right panels. The result are not bad, but
not perfect, either. Surprisingly little energy dipping in towards zero offset is lost; given the
particular filter smoothing strategy I use, I expected those events to be lost. However, several
events close to zero offset are poorly reconstructed. Figure 5 shows a time slice from the
correct (recorded) data in the left panel, the input to the interpolation in the middle, and the
interpolation on the right. Again the output is not bad, but not flawless either. The spatial
frequencies are too low near zero offset, for instance.

2-D or 3-D

For marine data, there is very little difference between interpolating shots in 2-D survey and
interpolating shots in a 3-D survey, except that 3-D data provides some interesting choices.
We can treat a single source and a single streamer as a 2-D survey (giving us several 3-D input
cubes), or separate the sources but leave the streamers together (4-D input), or just use the
whole 5-D input. Results get better with more dimensions, because there are more directions
for events to be predictable in; but they only get marginally better when we add the crossline
directions in marine data, because there are only a handful of crossline points. The cost is
large because a few points worth of zero padding are necessary. Padding the inline offset axis
by a few points is a small increase in the data volume, but padding the crossline offset axis
by a few points may double the data volume. Newer boats tow more streamers, so it may be
worth using the extra dimensions on newer data.

NOISY DATA

It is appealing to think of interpolating land data, because land data can be so expensive to
acquire. Land data is more difficult to interpolate than marine data, however, because it tends
to be much more noisy. We can guess that the PEFs will find the predictable part of the data,
and that it will be the signal. However, even assuming we do estimate the correct PEF (one
that captures the dips of the signal rather than the noise), energy from the noise will be carried
along those dips to nearby interpolated traces. As an alternative, we can attempt to separate the
signal from the noise while interpolating the missing traces. Taking the theory from Claerbout
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Figure 3: Interpolation test. Left panel is a shot gather that was removed from the input data.
Right panel is the interpolated version of that shot gather.sean1-355Fig2b[CR]
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Figure 4: Interpolation test. Left panel is a shot gather that was removed from the input data.
Right panel is the interpolated version of that shot gather.sean1-355Fig2[CR]



SEP–100 Nonstationary filters 189

Figure 5: Interpolation test. Left panel shows the correct (recorded) time slice, center panel
shows the subsampled input to the interpolation, right panel shows the output.sean1-355Fig1
[CR]
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(1997), datad can be decomposed into known plus missing parts,d= k+m. With known and
unknown data selectorsK andM , write the data as

d= Kd +Mm (6)

whereKd is zero-padded known data and all the components ofm are freely adjustable. The
goal is to fill in the appropriate parts ofm.

The data can also be decomposed into signal plus noise,d= s+n. Thus

s+n= Kd +Mm (7)

If we write fitting goals for signal and noise and then get rid of the noise with equation (7)
we have

0 ≈ Nn= N(Kd +Mm −s) (8)

0 ≈ Ss= Ss (9)

Solving (8) and (9) gives estimates for the signal components of both the known and missing
data, as well as an estimate of the noisy missing traces,Mm . This requires a signal predictor
and a noise predictor. For the signal predictor I use the PEFs estimated from the data. In
the example to follow I will throw out alternating midpoint gathers and attempt to interpolate
them back, so I define noise as whatever is incoherent across midpoints and choose the noise
predictor to be an average in a small window along the midpoint axis.

Example

Figure 6 shows a CMP gather from a land seismic survey, and a time slice through several CMP
gathers. There is a visible “noise cone” defined by some low velocity. Inside the cone there is
very little coherency along the midpoint axis. As an experiment with noisy data interpolation,
I reduced the data to every second CMP, then performed NMO and stack to produce the top left
panel of Figure 7. Then I further reduced the data to every fourth CMP and interpolated with
and without noise estimation, and again did NMO and stack to try to reproduce the stack in the
top left of Figure 7. The top right panel, the result without any noise estimation, has significant
problems with reflector continuity. In particular, strong reflectors in the center of the section,
at 1.2 seconds and at .9 seconds, have undesirable gaps in the midpoint direction. The bottom
left stack, which is really a stack of the interpolated and extracted signals, is a much more
coherent stack, but is slightly lower in temporal frequency content. The bottom right stack is
the same, after matched filtering to restore the temporal spectrum. The spectra of the original
(top left) stack and the interpolated stack without matched filtering (bottom left) are shown
in the left side of Figure 9. After matched filtering, the interpolated, noise suppressed stack
has the same temporal frequencies as the stack of the original data; without the filtering step,
it is boosted at low frequencies and suppressed at high frequencies. The right side shows
the spectra of the original (top left) stack and the interpolated, matched filtered stack (bottom
right). The effects of signal and noise separation are shown in Figure 8. The left panel shows
the signal component estimated from one of the input CMP gathers, the right shows signal
component for an interpolated CMP gather.
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Figure 6: Land seismic data. Left panel shows a CMP gather, right shows a time slice through
several CMP gathers. The data are incoherent along the midpoint axis, close to zero offset.
sean1-landCmp[CR]
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Figure 7: Land data interpolation. Top left panel is a stack of the known data. Top right panel is
the stack after throwing away half the CMP gathers and reinterpolating them without attempt-
ing to compensate for noise. Bottom left is the stack of the signal component extracted from
the known data and interpolated into the missing data. Bottom right is the same stack after
matched filtering to get back the temporal frequency content of the known data.sean1-stacks
[CR]
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Figure 8: Interpolation and noise removal. Left side shows the estimated signal component
of an input CMP gather, right side shows the signal component of an interpolated gather.
sean1-outCmp[CR]
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Figure 9: Spectra of stacked data. Left panel shows spectra of the original stack and the stack
of the interpolated data, without matched filtering. Right panel shows spectra of the original
stack and the matched filtered stack. Solid lines represent original data.sean1-specs[CR]
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CONCLUSIONS

I describe a method for interpolating missing data with smoothly varying PEFs. Forcing the
PEFs to vary smoothly enables to us to use very small patches, even a single data sample,
and produces good interpolation results on complicated data. I also describe a method for
separating signal from noise and interpolating just the signal.
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Directional smoothing of non-stationary filters

Robert G. Clapp, Sergey Fomel, Sean Crawley, and Jon F. Claerbout1

ABSTRACT

Space-varying prediction error filters are an effective tool in solving a number of common
geophysical problems. To estimate these filters some type of regularization is necessary.
An effective method is to smooth the filters along radial lines in CMP gathers where dip
information is relatively unchanging.

INTRODUCTION

Estimating filters is routine in seismic processing. The simplest example might be decon-
volution, but filter estimation is also valuable in many other aspects of seismic processing:
interpolation (Spitz, 1991; Crawley, 1998), noise attenuation (Canales, 1984; Soubaras, 1994;
Abma, 1995), missing data (Claerbout, 1998a; Fomel et al., 1997), and coherency estimation
(Schwab, 1998; Bednar, 1997) to name just a few. All of these processes are based on the
concept of finding a filter that minimize the energy when it is applied to a given set of data.
The fundamental assumption is that that statistics of the data does not change spatially. This is
often not the case. One solution to this problem is to separate the data into a number of over-
lapping patches (Claerbout, 1992d) where the stationary statistic assumption is more valid.
Unfortunately, there is a limit to how small we can make our patches and still gather sufficient
statistics.

A way around this limitation is to estimate a space varying prediction error filter (PEF)
(Crawley et al., 1998). In the extreme case you can think of estimating a filter at every data
location, or more realistically, at a coarser grid spacing. With so many filters and, as result,
so many filter coefficients, our estimation can quickly turn into an undetermined or at least
poorly determined problem. Therefore we must impose some type of regularization to our
estimation problem. Choosing an appropriate regularization then becomes an issue. In this
paper we argue that when estimating filters on seismic CMP data, you should smooth along
radial lines. In a constant velocity medium the dip along a radial trace does not change, but
in a more complex media it will vary slowly (Ottolini, 1982). By limiting filter variation in
the radial direction we gather more data in our filter estimation thus enhancing stability. Here
we show how to estimate the appropriate smoothing direction, and how to build and apply the
appropriate regularization.

1email: bob@sep.Stanford.EDU, sean@sep.Stanford.EDU, sergey@sep.Stanford.EDU,
jon@sep.stanford.edu
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Figure 1: Constant velocity curves.
The thick lines are the same dip on
all the reflectors. Note how they form
a line. bob3-dips.constant[ER]

WHY SMOOTH RADIALLY

Dips change quickly along every axis in seismic data. As a result a single PEF has trouble
characterizing it, even in small patches (Crawley, 1999). By estimating a space-varying PEF,
we can overcome this deficiency. Unfortunately, this changes our estimation problem from
something overdetermined to something, at times, grossly underdetermined. To stabilize our
filter estimation we must apply some type of regularization to the standard PEF estimation
optimization goals:

0 ≈ Ya (1)

0 ≈ εFa

wherea is our space-varying filter,Y is convolution with our data, andF is a roughener. To
speed up convergence, we can take advantage of helix theory (Claerbout, 1998c) and reformu-
late our regularized problem into a preconditioned one

0 ≈ YF−1A−1p (2)

0 ≈ εp

where

p= Fa. (3)

Our choice forF can have significant influence on both the speed and quality of our filter
estimation. The character of seismic data itself gives us a clue on what type of regularization
we should use. A PEF filter is most successful when the statistics of the data it is being
estimated from are stationary. Logically, our rougherF, or F−1, should tend to smooth along
a region with consistent dips, or along Snell traces (Claerbout, 1978). Figure 1 shows several
constant velocity hyperbolas, with the same dips highlighted. These dips all fall along a radial
line through zero time and zero offset. If we look at hyperbolas inv(z), Figure 2, we see that
there is deviation from a simple line, but generally this trend is preserved.



SEP–100 Radial smoothing 199

Figure 2: V(z) medium curves. The
thick lines represent the same dip.
Note how they are not perfectly lin-
ear but generally lay along a line.
bob3-dips.vz[ER]

CHOOSING SMOOTHING DIRECTIONS

Prediction-error filters work best on predicting local plane waves (Claerbout, 1992c; Canales,
1984). With non-stationary filters, it is possible to predict data with variable slopes. For
preconditioning the filter estimation problem, such filters can be smoothed along the direction
where the slope stays locally constant. To put this principle into a mathematical form, let us
denote the monodop data asP(x, y), wherex andy are the coordinate values. On a seismic
data section, they coordinate would have the meaning of time, but here we would like to
develop a general method that would work on different kinds of data. The local dip field of
the data can be defined by the formula

D(x, y)=−
Px

Py
, (4)

wherePx and Py denote the first partial derivatives:Px =
∂P
∂x , Py =

∂P
∂y . To validate formula

(4), consider a plane-wave model with the slopes:

P(x, y)= P0(y−sx) . (5)

Substituting (5) into formula (4), we can see that theD(x, y) indeed produces an estimate ofs
(Claerbout, 1992a). In the general case,D(x, y) corresponds to the tangent of the local plane
wave angle, measured from thex axis in the direction of they axis. Bednar (1997) describes
an application of formula (4) for computing coherency attributes. Instead of using formula (4)
explicitly, we intend to estimate prediction-error filters that would destroy local plane waves
in the data (Claerbout, 1992c; Schwab, 1998). To precondition the filter estimation problem
we can smooth the filters in the direction of the least change in the slope. By analogy with (4),
the smoothing direction can be defined as follows:

S(x, y)=−
Dx

Dy
, (6)

or, substituting formula (4),

S(x, y)=−
Px Pxy− Py Pxx

Py Pxy− Px Pyy
, (7)
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Figure 3: The effect of dip smoothing. The top-left panel is the input, the top-right is the result
of applying the forward operator, bottom-left is the adjoint response; and bottom-right is the
cascade of forward and the adjoint.bob3-random[ER]
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wherePxx, Pyy, andPxy are the corresponding second-order partial derivatives. An important
analytical test case is a constant-velocity CMP gather, composed of reflection hyperbolas:

Phyper(x, y)= P0

(√
y2−s2x2

)
. (8)

Substituting (8) into formula (7) leads to the expression

Shyper(x, y)=
y

x
, (9)

which suggests smoothing the estimated prediction-error filters along radial lines on the{x, y}
plane (Crawley et al., 1998). Figure 4 and 5 illustrate a practical application of formulas

Figure 4: Synthetic model fromBasic Earth Imaging(left), its estimated dip field (center),
and estimated smoothing directions (right).bob3-sigmod[ER,M]

Figure 5: Seismic shot gather (left), its estimated dip field (center), and estimated smoothing
directions (right). bob3-wz [ER,M]

(4) and (6) on a synthetic reflectivity model fromBasic Earth Imaging(Claerbout, 1995)
and on a shot gather from the Yilmaz collection (Yilmaz, 1987). In both cases the first- and
second-derivative operators were computed with simple finite-difference schemes. To avoid a
non-stable division in formulas (4) and (6), we solve the regularized least-square system{

Dx ≈ N
ε∇x ≈ 0

, (10)

whereD andN denote the denominator and the numerator respectively,ε is the scalar reg-
ularization parameter, andx is the estimated regularized ratio. Our simple two-point finite-
difference scheme does not handle correctly the aliased dips on the seismic gather in Figure
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Figure 6: A finite-difference star for
a monoplane rejection filter. The left
column contains a ‘1’. The right col-
umn contains samples off a triangle.
The desired slope is represented by
p, the smallerw the more precise the
dip smoothed, and the largerh the
bigger the area the smoother acts on.
bob3-steering[NR]

p

w

h

5. Nevertheless it produces a reasonable output, which we can use as a rough estimate of the
smoothing directions.

HOW TO SMOOTH RADIALLY

Once we know what directions we wish to smooth in, we must build an operator that can
smooth in the desired directions. We want to minimize the cost of smoothing, so we would
like the filters to be small. As discussed in Clapp (1997) an effective method is to build a
series of small plane-wave annihilation filters (Claerbout, 1992b) and then combine them into
a single operator.

Constructing a filter

The basic idea in building a steering filter is to create a filter that destroys a given slopep.
Further, we would like to keep differences of the bandwidth response for filters oriented at
different slopes to a minimum. We can achieve both these goals by constructing a triangle
centered at the appropriate slope (Figure 6.) Every grid cell center which the triangle passes
through is assigned a negative value proportional to the height of the triangle at that location.
The wider the triangle base, the less precise, and more Gaussian-like our smoother becomes,
Figure 7. By decreasing the sum of the coefficients (with a hard limit of -1 to ensure filter
stability when applying polynomial division (Claerbout, 1976)), we can spread information
larger distances.
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Control

The number of adjustable parameters in the filter construction is both a curse and a blessing.
Whenever you add parameters to your problem, the model space that you have to search in-
creases exponentially. With two adjustable parameters, taken to the extreme, at every model
point, the task can seem daunting. Generally, the smartest course is to keep these two param-
eters constant throughout the whole model space. But, this freedom also opens up interesting
possibilities. In certain regions of the data you might feel that the radial assumption is not quite
is valid, or that dips aren’t changing quite as fast. In this region you could consider making
your triangle bigger, smoothing you filter coefficients over a wider angle range, while keeping
it small in areas where dip changes quickly. The sum of the non-zero lag coefficients opens up
another intriguing freedom. As Figure 8 shows, when the sum of the non-zero lag coefficients
gets close to−1, the area over which the smoother operates increases greatly. This is similar
to increasing theε value over only a portion of your model space. This gives you the freedom
to easily smooth regions where filter stability is questionable, while allowing high frequency
changes in areas of good data.

Figure 7: The impulse response of the smoothing filter as function of the triangle base. Note
the wider the base, the less precise the dip smoothing.bob3-width [ER]
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Figure 8: The impulse response of the smoothing filter as the sum of the non-zero lag coeffi-
cients get closer to 1.bob3-distance[ER]

Applying filter

As discussed by Claerbout (1998a), by defining our filters in helix space we can use polyno-
mial division to apply their inverse. This same principal holds true for space varying filters.
The basic algorithm is:

integer function npolydiv(adj,add,model,data){

logical :: adj,add

real :: xx(:),yy(:)

integer :: ia, ix, iy, ip

integer, dimension(:), pointer :: lag

real, dimension(:), pointer :: flt,tt

allocate(tt(size(yy)))

tt = 0.

if( adj) {

tt = yy

do iy= nd, 1, -1 { ip = aa%pch( iy)

lag => aa%hlx( ip)%lag; flt => aa%hlx( ip)%flt

do ia = 1, size( lag) {

ix = iy - lag( ia); if( ix < 1) cycle

tt( ix) -= flt( ia) * tt( iy)

}

}

xx += tt

} else {

tt = xx
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do iy= 1, nd { ip = aa%pch( iy)

lag => aa%hlx( ip)%lag; flt => aa%hlx( ip)%flt

do ia = 1, size( lag) {

ix = iy - lag( ia); if( ix < 1) cycle

tt( iy) -= flt( ia) * tt( ix)

}

}

yy += tt

}

allocate(tt(size(yy)))

}

PREDICTING A CMP GATHER

To show how radial smoothing can be valuable, we constructed a synthetic CMP gather using a
Kirchhoff modeling code. To these CMP gathers we added two lines, one in a radial direction
and one at constant time (left panel of Figure 9.) The constant time line can be thought of
as noise, while the radial line represents conflicting information that fits our model of valid
data. We then attempted to estimate the shot gather using fitting goals (3) with filters every
20 points in time and every 5 points in offset using two different types of preconditioners.
The center panel shows the residual after using an inverse Laplacian (Claerbout, 1998b) and
the right panel, radial smoothers. Generally, the two approaches did approximately the same
job in predicting the data. The difference comes where the lines intersect the hyperbolas. If
we examine the intersection points, more closely, Figure 10, we see that in the case of the
Laplacian we did an equal job of predicting the hyperbolas and the constant time line. When
using steering filters, the constant time line is much stronger (we avoid predicting noise).

INTERPOLATING A CMP GATHER

Once filters are estimated, one of their potential uses is missing data interpolation. Systematic
gaps in data acquisition may cause data aliasing sufficient to make some processing steps
difficult (Spitz, 1991; Crawley, 1998). Adding more traces can dealias the data. To add more
traces, we require that the original data and the new data have the same dips (Claerbout,
1997). The dip information is carried in the PEFs. The missing data estimation is formulated
just like the filter estimation, except that the PEFs are known and the data unknown. Also, we
constrain the data by specifying that the originally recorded traces do not change. To separate
the known and unknown data we have a known data selectorK and an unknown data selector
U, with U+K = I . These multiply by 1 or 0 depending on whether the data was originally
recorded or not. WithA signaling convolution with the PEF andy the vector of data, the
regression is 0≈ A(U+K )y, or AUy ≈−AKy . Filters at every data point are cumbersome to
estimate, so we estimate filters over small areas. This is just like patching (Claerbout, 1992d)
except that now the patches are not independent. If the patches are independent, there is a



206 Clapp, et al. SEP–100

Figure 9: The result after 15 conjugate gradient steps of fitting goals (3). The left panel is the
input, the center is using an inverse Laplacian preconditioner, the right panel is using radial
smoothing. bob3-comparison1[ER]

lower limit on the patch size, because a patch must contain plenty of data to provide enough
fitting equations to determine all the filter coefficients. Experience shows that where the data
have curvature, the minimum patch size tends to be too large for the assumption of stationarity
to be reasonable. Smoothing the filters allows us to make the patches much smaller, so that
stationarity assumptions are workable. We arrange the new patches in polar coordinates, to
take advantage of the notion of radial smoothing. An illustration is given in Figure 11. The
cmp gather is overlayed by lines which delineate patch boundaries. Degree of smoothing inr
andθ is adjustable. The patches shown are fairly large. Crawley and Claerbout(1999) explains
further this method and shows the result of interpolating using radial patches and smoothers.

CONCLUSIONS

As the progress report deadline arrived, the authors were uncertain among themselves whether
the results were correct. The prediction-error filters have clearly reduced the output variance,
but the results do not clearly show the dip dependences that we expected. Generally we ex-
pected to see strong energy locally where events cross, and we expected to see weak energy
where the data was locally monodip. It is not clear that this happened.
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Figure 10: An enlargement of Figure 9. Note that the constant time line, what we consider
noise, is much better predicted by the inverse Laplacian (center panel) than by radial smooth-
ing. bob3-comparison2[ER]

Figure 11: Example CMP gather overlayed by patch boundaries. Smoothing of filter coeffi-
cients is adjustable inr andθ . bob3-web[ER]
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Texture synthesis and prediction error filtering

Morgan Brown1

ABSTRACT

The spectrum of a prediction-error filter (PEF) tends toward the inverse spectrum of the
data from which it is estimated. I compute 2-D PEF’s from known “training images” and
use them to synthesize similar-looking textures from random numbers via helix decon-
volution. Compared to a similar technique employing Fourier transforms, the PEF-based
method is generally more flexible, due to its ability to handle missing data, a fact which I
illustrate with an example. Applying PEF-based texture synthesis to a stacked 2-D seismic
section, I note that the residual error in the PEF estimation forms the basis for “coherency”
analysis by highlighting discontinuities in the data, and may also serve as a measure of the
quality of a given migration velocity model. Last, I relate the notion of texture synthesis
to missing data interpolation and show an example.

INTRODUCTION

In terms of digital images, the wordtexturemight be defined as, “an attribute representing the
spatial arrangement of gray levels of the pixels in a region,”(IEEE, 1990). In the same context,
I definetexture synthesisas the process of first estimating the spatial statistical properties of
a known image and then imparting these statistics onto a second (random) image. Figure 1
illustrates the general approach taken here: an uncorrelated image is transformed into one with
the same statistical qualities as a known “training image” (TI), through an as-yet undefined
filtering operation.

Texture synthesis is an active area of research in the computer graphics community, owing
to the need for realistic, quickly generated surface textures(Simoncelli and Portilla, 1998; Heeger
and Bergen, 1995; Mao), but the same notion of texture applies to the earth sciences as well.
Physically measurable quantities, be they geology, gravity, or topography, behave in certain
repeatable ways as a function of space, i.e., these quantities have a given texture. Inversion
problems are often underdetermined, hampered by a lack of “hard” measurements, causing a
nullspace of high dimension. A priori “soft” constraints on functional form of the unknown
model help in suppressing the nullspace of modeling operators. These a priori constraints
can be conceptualized as textures. For instance, in velocity analysis and tomography, the
earth’s velocity field is sometimes assumed to have a “blocky” texture(Clapp et al., 1998).
Underdetermined inverse interpolation problems are often regularized by assuming “smooth”
model texture(Claerbout, 1999).

1email: morgan@sep.stanford.edu
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Figure 1: The generalized texture syn-
thesis algorithm. From the training im-
age (TI), statistics are extracted and en-
coded into a filtering operation, which
forces an uncorrelated image to have the
same statistical qualities, ortexture, as
the TI. morgan1-syn-templ[NR]
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The prediction-error filter (PEF) is an autoregressive filter which has the distinction of cap-
turing the inverse spectrum of the data it is regressed upon. Because it captures this essential
statistical property of the data, the PEF is a candidate for the generic "filter" operation shown
in Figure 1.

This paper is intended as a follow-up to the earlier work by Claerbout and Brown(1999),
which presented a texture synthesis technique utilizing 2-D PEF’s and 2-D deconvolution
via the helix transform(Claerbout, 1998). First I motivate the texture synthesis problem by
applying a Fourier transform-based technique to create synthetic textures of everyday objects,
then introduce and apply a PEF-based technique to synthesize the same images. I compare
the results of the two methods and conclude that the PEF-based method is the better choice
because it more naturally handles missing data. Next I apply the PEF-based method to a 2-D
stacked seismic section. The nature of the residual error in the PEF estimation of this example
suggests application to seismic discontinuity detection and migration velocity analysis. Last,
I solve a simple missing data problem to illustrate how regularization with a PEF imparts a
reasonable “texture” onto the nullspace.

FOURIER TRANSFORM METHOD

The texture synthesis methodology of this paper really boils down to one of spectral estima-
tion. An image’s amplitude spectrum contains the relative weights between frequency com-
ponents, while the phase spectrum localizes these frequency components in space(Castleman,
1996). Therefore, it stands to reason that the texture of stationary, loosely correlated images is
adequately modeled using the amplitude spectrum alone. This idea is the basis for the Fourier
Transform method of texture synthesis: all “realizations” of texture synthesis are forced to
have the same amplitude spectrum, differing only in phase. The following is an outline of the
method.

1. Given a training image,t(x, y), compute its amplitude spectrum:

R(kx,ky)= T∗(kx,ky)T(kx,ky) (1)
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2. Create random phase function:φr (kx,ky) = random numbers.

3. Reconstruct by substituting random phase:

trecon(x, y)= F −1
{ √∣∣R(kx,ky)

∣∣ eiφr (kx ,ky)
}

(2)

Figures 2 and 3 illustrate the Fourier transform method of texture synthesis. Clockwise from
top-left: the training image, the synthesized image, the TI’s amplitude spectrum, and the TI’s
phase spectrum.

Figure 2: Smoothed random im-
age and Fourier transform synthesis.
The TI is stationary, so the synthe-
sis result is convincing. Notice that
the true phase, in the regions where
the modulating amplitude spectrum is
nonzero, is quite random in appearence.
morgan1-rand2d-ftsyn[ER]

Figure 3: "Ridges" image and Fourier
transform synthesis. The correlation is
both long-range and extremely compli-
cated - quite like a meandering network
of fluvial channels. Though the synthe-
sized image has the samegeneralchar-
acter as the TI, not all of the structures
are modeled, proving the inadequacy
of the amplitude spectrum for modeling
nonstationary, highly correlated images.
The TI phase spectrum shows some or-
dering, so the random phase substitution
was ill-advised. morgan1-ridges-ftsyn
[ER]
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PEF-BASED METHOD

Theoretically, the convolution of data (Nd points) and a PEF (Na coefficients) estimated from
the data is approximately uncorrelated in the limitNa→ Nd→∞: a spike at zero lag plus
Gaussian, independent identically distributed (iid) noise elsewhere. Thus the spectrum of this
residual error is approximately white. The frequency response of the “inverse PEF”, as com-
puted by deconvolution, is anNa-point parameterization of theNd-point inverse amplitude
spectrum, as illustrated in Figure 4. As the size of the filter increases, the parameterization be-
comes more accurate, as expected from theory(Claerbout, 1976). The notion of PEF as “decor-
relator” is quite akin to decomposition by principal components(Castleman, 1996), where the
number of principal components used in computation determines the degree of decorrelation.

Figure 4: Frequency response of “in-
verse PEF” (deconvolution) as a func-
tion of filter size. As expected, as the fil-
ter length increases, the approximation
improves. morgan1-rand1d-spec[ER]

The following is an outline of the PEF-based texture synthesis method.

1. Given training imaget(x, y), estimate unknown PEFa(x, y) via least squares minimiza-
tion:

min ‖ t ∗a ‖2 (3)

2. The residualr = t ∗a is approximately uncorrelated, with the same dimension as the TI,
since we use an "internal" convolution algorithm(Claerbout, 1999). It can be proved that
a is a minimum phase filter,(Claerbout, 1976)so deconvolution (polynomial division)
robustly and stably reconstructst givenr . Generate a random residualr ′ with the same
dimension asr . To create the synthetic texture, simply deconvolver ′ by a:

tsyn= r ′/a (4)

where the “ / ” refers to polynomial division, our preferred method of deconvolution.

Though the residual is uncorrelated, it does contain “phase” information. Deconvolution
of a random image blindly spreads scaled copies of the impulse response of the inverse PEF
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across the output space. If the residualr is not sufficiently whitened, then the replacement of
r with r ′ will lead to an ineffective representation oft by tsyn.

Figures 5 through 7 illustrate the PEF-based texture synthesis process. The left-hand panel
shows the training image, the center panel shows the residualr = t ∗a, and the right-hand panel
shows the synthesized image,tsyn= r ′/a. A 10x10 PEF is used in each case. The blank areas in
the residual panel correspond to regions where the PEF falls outside the bounds of the known
data.

Figure 5: Smoothed random 2-D image and PEF-based texture synthesis result. The TI is quite
simple (stationary, low correlation), so as expected, the synthesized image and the TI are almost
indistinguishable. To the naked eye, the residual appears effectively white.morgan1-rand2d-pefsyn
[ER]

Figure 6:“Ridges” image and PEF-based texture synthesis result. Recall that the complicated con-
nected features of this image were not completely synthesized by the Fourier transform method (Fig-
ure 3), of which the PEF method is an approximation. This synthesized image bears even less resem-
blance to the TI, exhibiting only a general southwest-to-northeast trend. The wavy, ridge-like features
have many different dips, making them difficult to predict with a PEF, and with two point statistics
in general. The same can be said for the ubiquitous hyperbolic features of reflection seismology.
morgan1-ridges-pefsyn[ER]
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Figure 7: “Wood” image and PEF-based texture synthesis result. The synthesis result is pleasing.
The PEF-based method preserves the general trend and relative scale length of the lineations in the
TI. The correlation of the TI is relatively long-range, in that the lineations cross a large portion of the
image, but the features are merely straight lines at one dip.morgan1-wood-pefsyn[ER]

WHY USE THE PEF?

PEF-based texture synthesis can only achieve the results of the Fourier transform method
(Figures 2 and 3) in the limitNa→ Nd, which is unrealistic in practical situations, where
Nd is very large. Least squares estimation of the filter in this case is certainly costlier than
three Fast Fourier transforms. On the other hand, if the filter size can be limited without
compromising quality, which is the case for stationary, simply correlated images, then the
PEF-based method is more flexible. Unlike the Fourier transform a PEF can be estimated
easily when data are missing. Figure 8 shows that the PEF estimated from the incomplete data
captures enough features of the data’s spectrum to make a fairly convincing texture synthesis
result. The output of the PEF-based method can be of any size, while the output of a Fourier
transform is generally constrained to be the same size as the input.

APPLICATIONS

PEF Estimation with incomplete data

Modern reservoir characterization efforts take a pragmatic view of collected data. Rather than
wait for collection of the elusive “perfect” dataset, the desire is to incorporate a wide variety of
possibly incomplete data types into a single inversion scheme(Caers and Journel, 1998). Often
the only data available is spatially incomplete. Figure 8 shows the result of texture synthesis
on training images with large void regions. As noted earlier, the blank areas in the center
panels of the figure correspond to regions where the filter can’t fit without falling on one or
more missing points. Each of the “in-bounds” data points contributes one equation to the LS
estimation of the 100 or so filter coefficients. Even when well over half of the data points are
removed from the training image this result shows that we can still safely estimate a filter and
synthesis a believable texture.



SEP–100 Texture synthesis 217

Figure 8: Comparison showing the effects of missing data on the PEF texture synthesis result, for
two different “holes”. Although half or more of the equations are removed from the PEF estimation
problem, the synthesized textures still capture the character of the training image. Fourier transforms
are ill-defined on irregular coordinate systems, but the PEF makes an estimate of the known data’s
spectrum regardless.morgan1-holes[ER]
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2-D Stacked Seismic Section

Figure 9 shows the result of applying PEF texture synthesis to a 2-D stacked seismic section.
The residual panel is interesting; notice uncollapsed diffraction hyperbolas, two highlighted
fault planes, and also statics-like artifacts in the earlier times. PEF’s easily predict straight
lines (plane waves) and sinusoids, but hyperbolas and discontinuities are quite another matter.

Matthias Schwab used the “plane wave prediction” property of the PEF in his Ph.D. thesis
(Schwab, 1998)to create so-called “coherency cubes” from 3-D seismic data by nonstationary
convolution with small PEF’s. Development of viable seismic coherency attributes merits
considerable industrial interest, as evidenced by the concentration of related articles in the
March, 1999 edition ofThe Leading Edge.

If a good velocity model is used, poststack migration should collapse these hyperbolas, so
one measure of the fitness of a given velocity model could be the relative amount of residual
energy in the data*PEF panel. Additionally, to the same end, this technique could be used to
measure the relative amount of residual curvature in common reflection point (CRP) gathers,
which are flattened when the correct migration velocity is used (Biondi, 1997). This prepro-
cessing could be done quickly, for the necessary PEF’s are small.

Figure 9:Stacked 2-D seismic section.morgan1-WGstack-pefsyn[ER]

Preconditioned Missing Data Infill

To fill “holes” in collected data, we have the familiar SEP formulation(Claerbout, 1999):

Km −d ≈ 0 (5)
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εAm ≈ 0 (6)

[5] is the “data matching” goal, which states that the modelm must match the known datad,
while [6] is the “model smoothness” goal, whereA is an arbitrary roughening operator. To
combat slow convergence, Claerbout(1999)preconditions with the inverse of the convolutional
operatorA (multidimensionaldeconvolution). Provided thatA is minimum phase or factor-
izable into the product of minimum phase filters (Sava et al., 1998), the helix transform now
permits stable multidimensional deconvolution. Making the change of variablesm = A−1x,
we have the equivalent preconditioned problem:

KA−1x−d ≈ 0 (7)

εx ≈ 0 (8)

The operatorK effectively maps vectors in model space into a smaller-dimension “known
data space”, so it has a nonempty nullspace. Missing points in model space are completely
unconstrained byK , so our choice ofA wholly determines the behavior of the missing model
points, i.e., theirtexture(Fomel et al., 1997). The PEF is a perfect choice forA, as shown in
Figure 10. The preconditioned, PEF-regularized result fills the hole quite believably after only
20 iterations, as opposed to the case whereA = ∇2, which imposes an unrealistically smooth
texture on the missing model points.

DISCUSSION

The goal of this paper is not to make slick surface textures for computer games. Nontheless, as
a tutorial device, texture synthesis using the PEF is valuble, since it concretely and intuitively
illustrates in two dimensions some of the fundamental concepts of autoregression which are
proved only in the one dimensional case(Claerbout, 1976). In fact, some of the results shown
here and in Claerbout and Brown(1999)have recently been incorporated into Jon Claerbout’s
textbook,Geophysical Estimation by Example(1999).

Both the Fourier transform and PEF-based texture synthesis operate under the assumption
that the training image is sufficiently well characterized by amplitude spectrum alone. For
some images (Figures 2, 5, and 7) the assumption holds, but for others (Figures 3, 6) it is
obviously violated. Real digital images and earth phenomena alike often exhibit complex
spatial correlation which are modelable only with multiple point templates(Caers and Journel,
1998; Malzbender and Spach, 1993). Additionally, I have ignored the interesting subjects of
nonstationarity and spatial scale variance. By scale-variant, I mean that the characteristic scale
of an image’s features is not constant with respect to spatial frequency. Many methods for
characterizing scale-variant images appeal to the world of wavelets for a methodology known
asmultiresolution analysis(Simoncelli and Portilla, 1998; Heeger and Bergen, 1995; Strang and
Nguyen, 1997). The notion of texture synthesis for nonstationary images is ill-defined, since it
amounts to a random reordering of filters estimated on locally-stationary patches, followed by
deconvolution on the correspondng patches.

When the training image has missing values, as in Figure 8, the PEF-based texture synthe-
sis method performs favorably. As shown in the missing data interpolation example (Figure
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Figure 10:Clockwise from top left: Data with hole, impulse response of “inverse PEF” (deconvo-
lution of the PEF estimated from the data and a spike), data in-filled using∇

2 regularization, data
in-filled using preconditioned PEF regularization.morgan1-tree-hole-filled[ER]
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10), the ability of the PEF to reliably estimate the data spectrum, even with missing data,
makes it an ideal regularization operator. Figure 9 illustrates the fact that the PEF primarily
predicts plane waves. I proposed using a PEF residual measure to determine the viability of
a given migration velocity. In general, PEF estimation/convolution might have value as a pre-
processing step for a variety of applications. For instance, a very small PEF (2 columns) has a
relatively large residual in the presence of conflicting dips, and thus may help in determining
local filter size or patch size.
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Short Note

Polarity and PEF regularization

Jon Claerbout1

INTRODUCTION

We address the puzzle of seismic polarity. Why do we rarely observe it clearly and how
could we be more systematic about trying to observe polarity? This puzzle will lead us to
long prediction-error filters. Being long, they require many data samples. If such a filter
is nonstationary, we might have an inadequate number of fitting equations. Then we need
regularization. Here we consider some examples and consider an efficient way to regularize
the filter estimation.

EXAMPLES

We sometimes observe seismic signal polarity. We rarely observe it in soft clastic areas like
much of the Gulf of Mexico, but often see it in more hardened areas like the North Sea.
Generally, polarity is much more likely to be recognized in the ideal conditions we encounter
with marine data than with land data. Even where it is possible to recognize, it is not especially
noticeable because even an ideal seismic impulse is spread out by the shot and receiver ghosts
to the (low cut) three-phase event (1,−2,1). An attractive example that I recently encountered
is that of Christine Ecker in Figure 1.

In principle, a causal double integration converts this triplet into an impulse which theoret-
ically should make for ready recognition of polarity. On the other hand, we need to think about
whether the recording equipment actually records the low frequencies that double integration
would amplify and we need to think about low-frequency noise.

I have noticed that marine recording systems often record seismic energy right down to
zero frequency. This is evidenced by the appearance of water surface gravity waves with
speeds of about 30 km/hour, speeds so slow that we can hardly distinguish their speed from
zero. I have not made quantitative measurements on Figure 2, but I believe it to be consistent
with long ocean swells moving about 20 miles/hour or 30 km/hour. Distance traveled in meters
over four seconds will be 4×30×1000/3600 = 33m. These become visible late on the data
where thet2 gain brings them up. Their time signature is roughly a growing ramp function.

1email: jon@sep.stanford.edu, http://sepwww.stanford.edu/sep/jon/
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Figure 1: Christine Ecker’s BSR data from her PhD disertation. Most reflectors are recognize-
able as “black-white-black”. The exception is the BSR reflector which is “white-black-white”.
jon3-christine [NR]

Figure 2: Marine data witht2 gain. jon3-gravity [ER]
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From these two data sets we recognize two different goals: One data set says we should
use double integration to convert the (1,−2,1) ghost to a pulse. The other data set says we
should use double differentiation to suppress the growing ramp function of the surface gravity
waves.

On more careful study we can see that the goals are notexactlyopposite: The ramp func-
tion rises over the full two seconds of the data. Let us say its frequency is about .2 Hz. On
the other hand, the triplet (1,−2,1) is not merely spread over three samples but perhaps 10
samples or 40ms so we associate it with a frequency of about 25 Hz. Now imagine a data
set with both the phenomena we see on Figure 1 and on Figure 2. It would show both phe-
nomena. We can analyze this in the frequency domain or the time domain. The composite
spectrum would be the sum of their spectra. The spectrum would grow near zero frequency as
1/ω2 and grow near .2 Hz asω2. We need to raise the spectrum between those two limits (or
suppress it beyond those limits). In the time domain we notice that while the ramp function is
approximately as long as the seismogram itself, the duration of the triplet (1,−2,1) is about 10
samples or 40ms. Perhaps the filter with the correct spectral characteristic in the time domain
would begin as a ramp for 40ms and then gently bend toward negative values a second or so
later. Notice that this is a fairly long filter

We could examine the specifics more carefully but fortunately, the autoregression method
of deconvolution addresses the general problem without requiring specific information. No-
tice a key ingredient here: The required autoregression filter, the PEF, islong because any
approximation to double integration must be long. The filter length raises interesting issues
that I have previously not given adequate attention to.

Basically we are talking about a decon filter whose length is a significant fraction of the
trace length. There is a real danger that we might “over fit”, i.e., use insufficient data to
estimate the filter and find our filter adapting to the geology instead of adapting to the data-
recording environment. The way to overcome this problem is to use a lot of data.

MINIMUM-PHASE EQUIVALENT TRAINING DATA SET

This leads to a technique that is new to me. I’ll describe it first in the one-dimensional world.
(In real life, multidimensional cases might be more interesting, for example where dip spectra
change rapidly.) The basic problem is to define the appropriate regularization for a prediction-
error filter (PEF). Regularization is ordinarily regarded as supplying a prior statement about
the model, in this case, about the autoregression filter. We don’t think about PEFs as be-
ing “physical” and the correct prior model and its covariance are not immediately obvious.
The answer is that the prior PEF is nothing more and nothing less than the solution to the
autoregression equations for a prior “universal” data set. In practice, it amounts to having a
“training” data set. I have noticed an efficient way to merge the information of the training
data set with the “too-small” local data set. Given a data set packed in an operatorD and
likewise a training data setT, we formulate the fitting goals for finding the PEFa by using a
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constraint matrixK (an identity matrix except for the (1,1) element which is zero).

0 ≈ DKa
0 ≈ TKa

(1)

In principle, the training data (and hence the matrixT) is very large. Consider however a
spectral factorization of the training data set. SayT′T = B′B whereb is a minimum-phase
spectral factorization of the training data set (andB is the packing ofb into a convolution
operator). For me, this is a new idea, that we express the prior information as a “training
wavelet”b that we find by spectral factorization of a “universal” data set. The idea is that we
then find our “local” PEF by fitting the goals

0 ≈ DKa
0 ≈ BKa

(2)

The result of fitting (2) is theoretically equal to that of (1) but computationally (2) is potentially
much easier training wavelet is much more compact (because it is minimum-phase) than the
full training data set.

DISCUSSION

Sometimes data is stationary. Then Fourier analysis gives a more efficient approach. The ideas
above are more relevant to cases where stationarity is less valid. Likewise, when the required
filter is very long, comparable to a trace length, Fourier analysis would be more appropriate.

On the other hand, with spatial filtering applications a local PEF is more appropriate. In
my book GEE, I explain how to build a time-variable PEF. It seems an alternative could be
based on a training data set that varies locally. I see this as perhaps theoretically superior. In
the GEE example, the filter itself is stated to vary smoothly. Now I would be proposing that
the training data set be varying smoothly. In general, PEFs tend to “look bad” because their
frequency content is inverse to that of the signal. This could mean that smoothing a PEF is
not nearly such a good idea as using a training data set. Imagine we seek a new PEF upon the
arrival of each new trace, or perhaps even upon the arrival of each new data point. Naturally,
the Wilson-Burg spectral factorization method might be helpful. Generally however, I am not
sure how to proceed.
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Spectral factorization revisited

Paul Sava and Sergey Fomel1

ABSTRACT

In this paper, we review some of the iterative methods for the square root, showing that
all these methods belong to the same family, for which we find a general formula. We
then explain how those iterative methods for real numbers can be extended to spectral
factorization of auto-correlations. The iteration based on the Newton-Raphson method is
optimal from the convergence stand point, though it is not optimal as far as stability is
concerned. Finally, we show that other members of the iteration family are more stable,
though slightly more expensive and slower to converge.

INTRODUCTION

Spectral factorization has been recently revived by the advent of the helical coordinate system.
Several methods are reported in the literature, ranging from Fourier domain methods, such
as Kolmogoroff’s (Claerbout, 1992; Kolmogoroff, 1939), to iterative methods, such as the
Wilson-Burg method (Claerbout, 1999; Wilson, 1969; Sava et al., 1998).

In this paper, after reviewing the general theory of root estimation by iterative methods,
we derive a general square root relationship applicable to both real numbers and to auto-
correlation functions. We introduce a new spectral factorization relation and show its relation
to the Wilson-Burg method.

THE SQUARE ROOT OF REAL NUMBERS

This section briefly reviews some well known square root iterative algorithms, and derives the
Newton-Raphson and Secant methods. It also shows that Muir’s iteration for the square root
(Claerbout, 1995) belongs to the same family of iterative methods, if we make an appropriate
choice of the generating function.

1email: paul@sep.stanford.edu, sergey@sep.stanford.edu
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Root-finding recursions

Given a function f (x) and an approximation for one of its rootsxn, we can find a better
approximation for the root by linearizing the function aroundxn

f (x)≈ f (xn)+ (xn+1− xn) f ′(xn)

and by settingf (x) to be zero forx = xn+1. We find that

xn+1= xn−
f (xn)

f ′(xn)
(1)

1. Newton-Raphson’s method for the square root

A common choice of the functionf is f (x) = x2
−s. This function has the advantage

that it is easily differentiable, withf ′(x)= 2x. The recursion relation thus becomes

xn+1= xn−
x2

n−s

2xn
=

xn

2
+

s

2xn

or

xn+1=
1

2

(
xn+

s

xn

)
or, after rearrangement,

xn+1=
s+ x2

n

2xn
(2)

The recursion (2) converges to±
√

s depending on the sign of the starting guessx0 6= 0.

2. Secant method for the square root

A variation of the Newton-Raphson method is to use a finite approximation of the
derivative instead of the differential form. In this case, the approximate value of the
derivative at stepn is

f ′(xn)=
f (xn)− f (xn−1)

xn− xn−1

For the same choice of the functionf , f (x)= x2
−s, we obtain

xn+1= xn−
x2

n−s

xn+ xn−1

and

xn+1=
s+ xnxn−1

xn+ xn−1
(3)

In this case, recursion (3) also converges to±
√

s depending on the sign of the starting
guessesx0 andx1.
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3. Muir’s method for the square root

Another possible iterative relation for the square root is Francis Muir’s, described by
Jon Claerbout (1995):

xn+1=
s+ xn

xn+1
(4)

This relation belongs to the same family of iterative schemes as Newton and Secant, if
we make the following special choice of the functionf (x) in (1):

f (x)= |x+
√

s|

√
s−1

2
√

s |x−
√

s|

√
s+1

2
√

s (5)

Figure 1 is a graphical representation of the function f(x).

Figure 1: The graph of the function
defined in Equation (1) used to gen-
erate Muir’s iteration for the square
root (solid line). The dashed lines are
the plot of the two factors in the equa-
tion . paul3-muf [CR]
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4. A general formula for the square root

From the analysis of equations (2), (3), and (4), we can derive the following general
form for the square root iteration:

xn+1=
s+ xnγ

xn+γ
(6)

whereγ can be either a fixed parameter, or the value of the iteration at the preceding
step, as shown in Table 1. The parameterγ is the estimate of the square root at the
given step (Newton), the estimate of the square root at the preceding step (Secant), or a
constant value (Muir). Ideally, this value should be as close as possible to

√
s.

The convergence rate

We can now analyze which of the particular choices ofγ is more appropriate as far as the
convergence rate is concerned.



230 Sava & Fomel SEP–100

Table 1: Recursions for the square root

γ Recursion

Muir 1 xn+1=
s+xn
xn+1

Secant xn−1 xn+1=
s+xnxn−1
xn+xn−1

Newton xn xn+1=
s+x2

n
2xn

Ideal
√

s xn+1=
s+xn

√
s

xn+
√

s

If we consider the general form of the square root iteration

xn+1=
s+ xnγ

xn+γ

we can estimate the convergence rate by the difference between the actual estimation at step
(n+1) and the analytical value

√
s. For the general case, we obtain

xn+1−
√

s=
s+γ xn− xn

√
s−γ
√

s

xn+γ

or

xn+1−
√

s=
(xn−

√
s)(γ −

√
s)

xn+γ
(7)

The possible selections forγ from Table 1 clearly show that the recursions described in the

Figure 2: Convergence plots for dif-
ferent recursive algorithms, shown in
Table 1. paul3-sqroot[CR]
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preceding subsection generally have a linear convergence rate (that is, the error at stepn+1 is
proportional to the error at stepn), but can converge quadratically for an appropriate selection
of the parameterγ , as shown in Table 2. Furthermore, the convergence is faster whenγ is
closer to

√
s.
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Table 2: Convergence rate

γ Convergence

Muir 1 linear

Secant xn−1 quasi-quadratic

Newton xn quadratic

We therefore conclude that Newton’s iteration has the potential to achieve the fastest con-
vergence rate. Ideally, however, we could use a fixedγ which is a good approximation to
the square root. The convergence would then be slightly faster than for the Newton-Raphson
method, as shown in Figure 2.

SPECTRAL FACTORIZATION

We can now extend the equations derived for real numbers to polynomials of Z, withZ = eiωt ,
and obtain spectral factorization algorithms similar to the Wilson-Burg method (Sava et al.,
1998), as follows:

Xn+1=
S+ XnḠ

X̄n+ Ḡ
(8)

If L represents the limit of the series in (8),

L L̄+ LḠ= S+ LḠ

and so
L L̄ = S

Therefore,L represents the causal or anticausal part of the given spectrumS= XX̄.

Table 3 summarizes the spectral factorization relationships equivalent to those established
for real numbers in Table 1.

The convergence properties are similar to those derived for real numbers. As shown above,
the Newton-Raphson method should have the fastest convergence.

A COMPARISON WITH THE WILSON-BURG METHOD

For reasons of symmetry, we can take Newton’s relation from Table 3

Xn+1=
S+ Xn X̄n

2X̄n
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Table 3: Spectral factorization

General Xn+1=
S+XnḠ
X̄n+Ḡ

Muir Xn+1=
S+Xn
X̄n+1

Secant Xn+1=
S+Xn X̄n−1
X̄n+X̄n−1

Newton Xn+1=
S+Xn X̄n

2X̄n

Ideal Xn+1=
S+Xn

√
S

X̄n+
√

S

and convert it to
Xn+1

2Xn
=

S+ Xn X̄n

(2Xn)(2X̄n)
.

We can then consider a symmetrical relation where on the left side we insert the anticausal
part of the spectrum, and obtain

X̄n+1

2X̄n
=

S+ Xn X̄n

(2Xn)(2X̄n)
.

Finally, we can sum the preceding two equations and get

Xn+1

2Xn
+

X̄n+1

2X̄n
=

2S+ Xn X̄n+ X̄nXn

(2Xn)(2X̄n)
(9)

which can easily be shown to be equivalent to the Wilson-Burg relation

Xn+1

Xn
+

X̄n+1

X̄n
= 1+

S

Xn X̄n
(10)

In an analogous way, we can take the general relation from Table 3

Xn+1=
S+ XnḠ

X̄n+ Ḡ

and convert it to
Xn+1

Xn+G
=

S+ XnḠ

(Xn+G)(X̄n+ Ḡ)

We can then consider a symmetrical relation where on the left side we insert the anticausal
part of the spectrum, and obtain

X̄n+1

X̄n+ Ḡ
=

S+ X̄nG

(Xn+G)(X̄n+ Ḡ)
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Finally, we can sum the preceding two equations and get

Xn+1

Xn+G
+

X̄n+1

X̄n+ Ḡ
=

2S+ XnḠ+ X̄nG

(Xn+G)(X̄n+ Ḡ)
(11)

Equation (11) represents our general formula for spectral factorization. If we consider the
particular case whenG is Xn, we obtain equation (10), which we have shown to be equivalent
to the Wilson-Burg formula.

From the computational standpoint, our equation is more expensive than the Wilson-Burg
because it requires two more convolutions on the numerator of the right-hand side. However,
our equation offers more flexibility in the convergence rate. If we try to achieve a quick
convergence, we can takeG to beXn and get the Wilson-Burg equation. On the other hand, if
we worry about the stability, especially when some of the roots of the auto-correlation function
are close to the unit circle, and we fear losing the minimum-phase property of the factors, we
can takeG to be some damping function, more tolerant of numerical errors.

Moreover, by using the Equation (11), we can achieve fast convergence in cases when the
auto-correlations we are factorizing have a very similar form, for example, in nonstationary
filtering. In such cases, the solution at the preceding step can be used as theG function in the
new factorization. SinceG is already very close to the solution, the convergence is likely to
occur quite fast.

CONCLUSIONS

The general iterative formula for the square root that we derived can be extended to the factor-
ization of the auto-correlation functions. The Wilson-Burg algorithm is a special case of our
more general formula. Using such a general formula provides flexibility in choosing between
fast convergence and stability. We can achieve fast convergence when factorizing auto-spectra
that have a very similar form. This improvement in convergence rate can have a useful appli-
cation, for instance, in nonstationary preconditioning.
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Helix derivative and low-cut filters’ spectral feature
and application

Yi Zhao1

ABSTRACT

A helix derivative filter can be used to roughen an image and thus enhance its details. Un-
like the conventional derivative operator, the helix derivative filter has no direction orien-
tation. I present the enhanced helix/low-cut derivative filters, in which the zero frequency
response is adjustable. I analyze the quantitative effects of the adjustable parameters on
the filter spectrum and propose guidelines for choosing parameters. I also show some
roughened images created by the enhanced filters.

INTRODUCTION

The derivative operator is a useful tool in removing the low frequency components to enhance
the details of an image (Claerbout, 1998a). However, the conventional derivative operator has
a particular derivative direction. This is not desirable in some cases where the contour map
has circular features, so what needed is a derivative operator without a specific direction. One
isotropic alternative, the Laplacian operator, often cuts low frequencies too strongly.

The introduction of helical coordinate system (Claerbout, 1997) gives us the ability to
solve the problem. The Kolmogoroff algorithm of spectral factorization (Claerbout, 1976)
enables us to derive a helix derivative filter from its autocorrelation, the negative Laplacian
operator (Claerbout, 1998b). The Wilson-Burg method of spectral factorization (Sava et al.,
1998) makes it more convenient to compute the coefficients of a finite-length helix derivative
filter.

The helix low-cut filter is another operator useful in enhancing the digital images and also
has the circularly symmetric spectrum. Unlike the helix derivative filter, the helix low-cut filter
removes the frequency components below an adjustable cut-off frequency from the image, and
has a flat response at high frequencies.

In this paper, I present the enhanced helix derivative and low-cut filters with more ad-
justable parameters. Then I analyze the influence on the filter spectrum for these parameters,
and present guidelines for choosing the parameters for image processing, using the examples
from GEE.

1email: yi@sep.stanford.edu
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ENHANCED HELIX FILTERS

The autocorrelation of the helix derivative filterH is the negative of the finite-difference rep-
resentation of the Laplacian operator∇2,

H
′

H = R=−∇2 (1)

The coefficients of the causal helix filterH can be found by spectral factorization.

The helix low-cut filterH/D is designed by doing two spectral factorizations, one for the
numerator ofH , and another for the denominator ofD. It is expressed by

k2

k2+k2
0

≈
−∇

2

−∇2+k2
0

≈
H H

DD
(2)

wherek is the frequency2, k0 affects the cut-off frequency,H and D are the conjugate anti-
casual filters ofH andD.

Both the filters do not remove the zero frequency completely, degrading the contrast and
details of the roughened image. A way to solve this problem as suggested by Claerbout, is to
rescale all the coefficients ofH with nonzero lags bya. If s is the sum of all the coefficients
with nonzero lag (which are all negative),a is expressed by

a= 1+

(
1

|s|
−1

)
ρ (3)

ρ = 0 denotes the original unscaled filter, whileρ = 1 guarantees the filter really removes the
zero frequency component.

Now I have the enhanced helix derivative with adjustable parametersna andρ, the en-
hanced helix low-cut filter withna, k0 andρ. Herena is the half length of the helix filter.

Compared with the conventional helix filters, the enhanced filters have a new adjustable
parameter,ρ.

HELIX DERIVATIVE FILTER

First I apply the enhanced helix derivative filter to some familiar images and check the effects
of adjustable parametersna andρ.

Figure 1 shows the views of the Sea of Galilee created by helix derivative filters with differ-
entna andρ. The top two plots (withρ = 0) indicate that as the half filter lengthna increases,
the contrast of the image increases. This means the longer filter keeps less low frequency
components, indicating a lower zero-frequency response. The vertical plots (with samena)
indicate that asρ increases, the contrast increases also, as expected from the definition of the
enhanced helix filter equation.

2The frequencies in this paper are all scaled frequencies,π is the Nyquist frequency.



SEP–100 Helix filter 237

To compare the properties of the filters with differentna other than the zero-frequency
response, I setρ = 1 in the bottom two plots, so that they have the same zero-frequency
response. The plots are very similar, and the difference between them is very weak.

As the examples above show, the zero-frequency response of the enhanced helix derivative
filter decreases asna or ρ increases. Thus filters with differentna may create the same results
by adjustingρ, which provides the possibility of using a short filter instead of a long filter in
image processing and reduce the computational cost greatly. By adjustingρ, the enhanced
short filter can reach a low level of zero-frequency response, which is done conventionally by
using a long filter.

Since the short filter is equivalent to the long filter when adjustingρ, now ρ plays the
key role in image processing for the enhanced helix derivative filter, andna is not an important
parameter. When the high frequency component is too weak compared with the low frequency,
a largeρ (≈ 1) should be chosen in order resolve details in the image. Otherwise, a smallρ

would be suitable. Based on the balance of the computation cost and response symmetry, I
recommend the use ofna ≈ 8.

From the quantitative analysis of spectra of the enhanced helix derivative filter (see the
appendix A), I can findρ according to empirical formula

ρ = 1−
I0na

0.44
(4)

whereI0 is the factor of the zero-frequency component to be preserved.

For the view of the Sea of Galilee, the high frequency component is very weak, so I chose
I0= 0.002,na= 8, andρ = 0.96. Figure 2 shows the preferred and gradient roughened results.

HELIX LOW-CUT FILTER

I check the effects of adjustable parametersk0, na andρ on roughened images. The quantita-
tive analysis of the effects on the filter spectrum is provided in appendix A.

When comparing the effects ofk0 andna, I setρ = 1 to make sure the filters have the
same zero-frequency response. Figure 3 shows the Bay Area map created with differentk0.
As k0 increases, more low-frequency components were removed and the detailed structure
turns out to be the main focus of the map. This indicates the cut-off frequency increases ask0

increases. In other words,k0 governs the cut-off frequency. Whenk0 remains the same, filters
with differentna can create very similar results if the zero-frequency response is the same by
adjustingρ, as shown in the middle and bottom plots in Figure 4. As expected,ρ controls the
zero-frequency response. The largerρ leads to higher contrast, as shown in the top and middle
plots in Figure 4.

Among the three adjustable parameters,na is the least important one because the long
filter can be replaced with a short one by adjustingρ. k0 controls the cut-off frequency and
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Figure 1: The Views of the Sea of Galilee roughened with helix derivative filters. Each two
horizontal plots have the sameρ; each two vertical plots have the samena. As na or ρ
increases, the zero-frequency response decreases.yi1-gal-drv-ar [ER]
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Figure 2: The views of the Sea of Galilee. The left is with the gradient operatord/dx; the right
is with the helix derivative filter. The helix filter enhances the details both along the vertical
and horizontal direction.yi1-gal-drv-res [ER]

ρ controls the zero-frequency response. It is hard to tell which one is more important if I
use only this information. From the quantitative analysis, I knowk0 affects zero-frequency
response significantly, butρ does not have such an influence on cut-off frequency. Sok0 is the
most important parameter.

For the enhanced helix low-cut filter, it is very reasonable to choose parameterk0 first,
thenρ andna.

When roughening the image with the helix low-cut filter, the key point is to choose the cut-
off frequency f0 or the adjustable parameterk0. My suggestion is that if the lowest frequency
component to be preserved isfL , k0 should be

k0=
2

3
fL (5)

Therefore, the frequency far belowfL would be cut off completely, and the component near
fL would not be affected too much.

Since the short filter is made equivalent to the long filter by adjustingρ, I suggest the use
of na ≈ 16 based on the balance of computation costs and symmetric features.

With k0 andna determined, I can findρ according to Equation (A-7)

ρ = 1−
I0nak0

0.82
(6)
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Figure 3: Bay Area maps roughened by helix low-cut filters with differentk0. The top is
k0 = 0.1, the middle isk0 = 0.3, the bottom isk0 = 0.5. na = 16,ρ = 1. Ask0 increases, the
cut-off frequency increases.yi1-bay-lct-k-a16r1[ER]
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Figure 4: Bay Area maps roughened by helix low-cut filters with different filter length. The top
is na = 8 andρ = 0, the middle isna = 16 andρ = 1, the bottom isna = 32. k0= 0.3,ρ = 1.
k0 = 0.3. Asρ increases, the zero-frequency response decreases. When the zero-frequency
response remains the same, the difference ofna does not affect results.yi1-bay-lct-ar-k3
[ER]
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If ρ = 1, the zero-frequency is removed completely and leads to the highest contrast in the
roughened image.

Figure 5 consists of three maps of the Bay Area. The top portion is a topographic map
of the Bay Area. The bottom plot is the preferred result. From one slice of the Bay Area
topographic map, I know one main low frequency component is about 0.4. So I chosek0= 0.3
to remove the lower frequency. I chosena= 16. In order to obtain the highest contrast, I chose
ρ = 1. The middle one is the reference plot withk0 = 0.1, na = 16 andρ = 1. I notice that
the bottom plot removes more low frequency components than the middle one and has clearer
details, as predicted by the theory.

Figure 6 consists of a normal mammogram and the roughened images. The main low
frequency component of the mammogram slice is about 0.3, so I choosek0 = 0.2 in the right
plot as the preferred result, and usek0= 0.1 in the middle as reference. I useρ = 1 to achieve
the highest contrast.

DERIVATIVE VERSUS LOW-CUT

Both helix derivative and low-cut filters can be used to enhance the details of images. But
which one is better? It depends on the situation.

• Focus of the structure

Both helix derivative and low-cut filters cut off the zero-frequency component, but the
functions of the frequency are different. The derivative filter’s response is approximately
a linear function of frequency, while the low-cut filter’s response has a hole below the
cut-off frequency and is flat above it. This leads to the main difference between deriva-
tive and low-cut filters: the derivative filter enhances the small-scale structures more,
while the low-cut filter makes medium-scale structure much clearer.

In Figure 2, a long line structure in the middle of the sea is very clear in the plot created
by d

dx operator; in the plot created by helix derivative filter, it is too weak to be seen.
The helix low-cut filter preserves this structure quite well, as shown in Figure 7.

• Computational cost

Another difference is the cost of image processing:

1. The helix low-cut filter needs to do the deconvolution withD besides the convolu-
tion with H;

2. The worse spectral symmetry leads helix low-cut filter to the use of a long filter.

These two points add the burden of computation for the helix low-cut filter.

So if the main interests are the small-scale structures or the high costs of computation are
not affordable, I should choose the helix derivative filter. Otherwise, the helix low-cut filter is
a better choice.
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Figure 5: Bay Area maps. The top is the topographic map; the other two are roughened with
helix low-cut filter. The middle isk0 = 0.1; and the bottom isk0 = 0.3. na = 16, ρ = 1.
yi1-bay-lct-res [ER]
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Figure 6: Mammogram (medical X-ray). The left figure is the origin map; the right two are
filtered with helix low-cut filter.na = 16,ρ = 1, the middle isk0 = 0.1, the right isk0 = 0.2.
yi1-mam-lct-res[ER]

Figure 7: View of the Sea of Galilee roughened with a helix low-cut filter.k0 = 0.3,na = 16
andρ = 0.99. The edge of the sea fades away, but in the middle of the sea, the long line
structure is persevered quite well.yi1-gal-lct-res [ER]
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CONCLUSIONS

The enhanced derivative and low-cut filters with adjustable parameters improve our ability to
roughen an image for details. The introduction of adjustable parameterρ makes it possible to
gain computational savings by using a short filter instead of a long one.

For the enhanced helix derivative filter, the filter length determines its spectral symmetry
and controls the zero-frequency response withρ. For the low-cut filter, the cut-off frequency is
mainly determined byk0, and the zero-frequency response is affected by all three parameters.
na is an unimportant parameter for helix filters.

The enhanced helix derivative filter emphasizes the small-scale structures in the image,
while the low-cut filter emphasizes the medium-scale structures and costs more than derivative
filter.

Based on our analysis of the effects of the parameters on the roughened image and filter
spectrum, I present guidelines for choosing the adjustable parameters for image processing
application.
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APPENDIX A

QUANTITATIVE EFFECT OF THE ADJUSTABLE PARAMETERS

Helix derivative filter

For the helix derivative filter, the response is nearly a linear function of|k| =
√

k2
x+k2

y and

does not have the “cut-off frequency”. The main feature here is the zero-frequency response.
Figure A-1 shows the zero-frequency responseR0 as the function of filter length whenρ = 0.
na is the half size of the filter. I find thatR0 decreases asna increases andR0 ∝ n−1

a . The
empirical relationship betweenR0 andna is

R0≈
0.44

na
(A-1)

R0 is the sum of the helix filter’s coefficients, so whenρ 6= 0, according to Equation (3), the
zero-frequency response is

R0≈
0.44

na
(1−ρ) (A-2)
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Figure A-1: The zero-frequency response of helix derivative filter whenρ = 0. The approxi-
mate zero-frequency response is0.44

na
. yi1-drv-r0f-ar0 [CR]

The zero-frequency response of the enhanced helix derivative filter is controlled by both
na andρ, I can compute the approximate value ofR0 using Equation (A-2).
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Helix low-cut filter

For the helix low-cut filter, the main features are the cut-off frequency and zero-frequency
response. All the frequencies in this paper are scaled values, takingπ as the Nyquist frequency.

• Effect ofk0

Figure A-2 is the zero-frequency response and cut-off frequency of a 100-point low-cut
filter for differentk0 whenρ = 0. I find that cut-off frequencyf0 is almost the same as
k0.

f0≈ k0 (A-3)

This satisfies the Equation (2) very well. In Equation (2), if I setk= k0, the expression
of H H

DD
is 0.5. According to the definition of cut-off frequency, the energy spectrum of

the filter should be 0.5 at the cut-off frequency.

The difference of the cut-off frequencies at various azimuths is very small whenk0> 0.1
and can be ignored. Fork0< 0.1, the difference is obvious.

In Figure A-2, the zero-frequency response decreases ask0 increases. Forρ = 0 and
k0> 0.03,R0∝ k−1

0 , the empirical relationship between the zero-frequency response of
100-point andk0 is

R0≈
0.017

k0
(A-4)

For k0 < 0.02, the zero frequency response curve becomes flat, and reaches the limit
of 1. This is easily derived from Equation (2). Whenk0 turns to zero, the difference
between numeratorH and denominator andD becomes smaller.

• Effect ofna

Figure A-3 shows the effect ofna on helix low-cut filter whenk0 = 0.3 andρ = 0.
For smallna, the numerical anisotropy is very strong. Although the mean value of the
cut-off frequency remains the same, the azimuthal difference becomes larger whenna

becomes smaller. The zero-frequency response increases asna decreases, and when
k0= 0.3 andρ = 0, the empirical expression is

R0≈
2.7

na
(A-5)

• Effect ofρ

ρ directly controls the zero-frequency response and affects the cut-off frequency as
well. Figure A-4 shows the cut-off frequency of the 100-point helix low-cut filter as
the function ofk0 whenρ = 0.5 andρ = 1. For largerρ, the numerical anisotropy is
stronger, especially whenk0 is small. Compared with Figure A-2, the cut-off frequency
at smallk0 increases slightly withρ.
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• Composed effects

Based on the proceeding analysis, I can derive the composed effects of the adjustable
parameters on the helix low-cut filter.

The cut-off frequency is mainly governed byk0.

f0≈ k0 (A-6)

For largena, f0 is almost the same ask0. Both nonzeroρ and smallna leads to the
anisotropy of cut-off frequency. However, there is a difference between them:ρ causes
the average cut-off frequency to increase slightly; smallna intends to keep it.

The zero-frequency responseR0 is under the direct control ofρ and influenced byna

and k0. If I assume that the influences ofna and k0 are independent, the empirical
expression ofR0 would be

R0≈
0.82

nak0
(1−ρ) (A-7)

Equations (A-2), (A-6) and (A-7) describe the quantitative effects of the helix derivative /
low-cut filter’s adjustable parameters. These empirical formulas make it quantitative for us to
choose the adjustable parameters of the helix filter in practice.
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Helical meshes on spheres and cones

Jon Claerbout1

ABSTRACT

We embed a helix in the two-dimensional surface of a sphere; likewise, in the two-
dimensional surface of a cone. This provides a one-dimensional coordinate system on
a two-dimensional surface. Although mesh points are exactly evenly spaced along the he-
lix and approximately evenly spaced in the crossline dimension, unfortunately, the angles
between neighboring points are continuously changing. We seem to lose the concepts of
two-dimensional autoregression that we have in cartesian space.

INTRODUCTION

Geophysical practice is filled with spheres and cones. Wave fronts are spheres. The Kirchhoff
impulse response has a conical asymptote. Surface wave noises fill a conical surface. Likewise
linear moveout in 3-D can be taken to be a conical surface. Because of the many applications
that I found for a helix mapping of a cartesian space, I chose to examine spheres and cones.
(To a small boy with a new hammer, everything looks like a nail.)

HELICAL COORDINATE ON A SPHERE

I set out to find the equations describing a rope that begins from the north pole and spirals its
way around a sphere neatly covering it and ending at the south pole. Taking uniform samples
along this rope gives a fairly uniform covering of the sphere. The surface of a sphere is two
dimensional, but the rope gives a one dimensional covering that is uniformly sampled in that
dimension. I wondered about the sampling in the other dimension so I set out to plot it. I
found the “generalized spiral set” of Saff and Kuijlaars(1997). In spherical coordinates (θ ,φ),
for 0≤ θ ≤ π ,0≤ φ ≤ 2π , they set

θk = arccos(hk), hk = −1+
2(k−1)

(N−1)
, 1≤ k ≤ N (1)

φk = φk−1+
3.6
√

N

1√
1−h2

k

, 2≤ k≤ N−1, φ1= φN = 0 (2)

My plot of these equations is shown in Figure 1. There is no interesting pattern in the crossline
direction. Although my plot looks reasonable, Saff and Kuijlaars(1997) show a curious pattern

1email: claerbout@stanford.edu
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in the crossline direction that my plots do not show. A few tests with various values ofN and
various rotations failed to show any curious pattern.

Figure 1: Helix on a sphere. Top shows the embedded helix. Bottom hides it. An interesting
pattern of points that appears in the article in the Mathematical Intelligencer is inexplicably
absent here (even though I tested several rotations and several values ofN). jon2-sphere
[ER]

HELICAL COORDINATE ON A CONE

I could not find the equations for a helix on a cone, so I derive them below. An example of
results is Figure 2.

Defineφ to be the angle from the axis of the cone to its surface. I call this the apex angle.
I discovered by accident that certain apex angles give interesting patterns in the crossline
directions while most do not. I found these patterns to be insensitive to the choice ofN and
show them here for aboutN = 1400. Another value of apex angle with an interesting pattern
is φ = 1/3. It gives the charming pattern in Figure 3. (I’ve seen this pattern before on a party



SEP–100 Helical meshes on spheres and cones 253

Figure 2: Helix on a cone. Top shows the embedded helix. Bottom hides it. Apex angle
φ = 1/2. jon2-trycart [ER]
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hat. I attributed it to an ingenious artist. Now I realize that like all mathematics, this art existed
before the big bang.)

Figure 3: Helix on a cone. Top shows the embedded helix. Bottom hides it. Apex angle equals
one third radian. jon2-YinYang [ER]

The radiusr of the cone divided by its altitudez has a ratior/z= tanφ whereφ is the
angle from the axis of the cone to its surface. The area of a circle isπR2. The surface area of
a cone isπR2/sinφ. Dividing the area intoN cells, the surface area per cell isπR2/(N sinφ).
Taking any cell area to be square, the length of a side is

1s = R

√
π

N sinφ
(3)

The number of points running one cycle around a rim is

Nrim =
2πr

1s
=

2r

R

√
Nπ sinφ (4)
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On one cycle around the rim, the radius must change by1r =1hsinφ where the hypotenuse
1h of the triangle lies on the surface of the cone. Thus, for each mesh point going around the
rim

1r =
1h sinφ

Nrim
(5)

Since we want “square” mesh points,1h must equal1s, hence

1r =
R2

2r N
(6)

The algorithm starts on the rim atθ = 0 andr = R. At each step, updater andθ with −1r
and1θ = r1s. Stop beforer −1r becomes negative.

FILLING VOLUMES

Nested spherical shells can fill a volume. A question is whether the “string” that winds around
each shell should wind from north to south on every layer suffering a discontinuity at the poles,
or whether layers of string should alternate between winding south and winding north.

Likewise cones can nest with cones, as a stack of ice-cream cones.

CONCLUSIONS

The useful property of all these fillings of space is that the spacing between the grid points is
basically constant. Two-dimensional “pixels” have about equal area, likewise three-dimensional
voxels have about equal volume.

Although mesh points are exactly evenly spaced along the helix and approximately evenly
spaced in the crossline dimension, unfortunately, the angles between neighboring points are
continuously changing.

I hope I am wrong, but this appears to defeat the many useful tricks we play in cartesian
space such as using autoregression for multidimensional prediction and using prediction-error
filters to characterize multidimensional spectra. Thus we cannot interpolate by expressing
physical stationarity as stationarity of filter coefficients.
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3-D traveltime computation
by Huygens wavefront tracing

Paul Sava1

ABSTRACT

In this paper, I present a 3-D implementation of Huygens wavefront tracing. The three-
dimensional version of the method retains the characteristics of the two-dimensional one:
stability, accuracy, and efficiency. The major difficulty of the 3-D extension is related
to the handling of triplications. An easy to implement solution is to approximate the
wavefronts at the triplications as planes orthogonal to the incident ray.

INTRODUCTION

The goal of obtaining efficient and robust multiple-arrival traveltimes has yet to be accom-
plished in practice. The typical traveltime methods–eikonal solvers, ray tracing and wavefront
construction–either only compute the first-arrival traveltimes (eikonal solvers) or are expen-
sive and not always robust in regions of high velocity variation (ray tracing and wavefront
construction). However, Huygens wavefront tracing (HWT), introduced in a previous paper
(Sava and Fomel, 1998), does offer a robust and very efficient method of computing multiple-
arrival traveltimes.

This paper presents my extension of Huygens wavefront tracing to three dimensions. I
start by briefly reviewing the theory, then I discuss how to handle the triplications of the
wavefronts and present one 2-D and two 3-D examples. I continue with a brief comparison to
other traveltime methods, and end with conclusions and possible directions for future work.

REVIEW OF HWT THEORY

Given an isotropic heterogeneous medium, wavefronts are represented by surfaces of equal
traveltime, constrained by the eikonal equation(

∂τ

∂x

)2

+

(
∂τ

∂y

)2

+

(
∂τ

∂z

)2

=
1

v2(x, y,z)
(1)

and appropriate boundary conditions.

1email: paul@sep.stanford.edu
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Each point on a wavefront can be parametrized by either its Cartesian coordinatesx, y,
andz, or its ray coordinates, which consist of the traveltimeτ , and the two shooting angles at
the source,γ andφ.

For complex velocity fields, the ray coordinates as a function of the Cartesian coordinates
become multi-valued, in other words, there is more than one ray going through a given point
in the subsurface. In contrast, the Cartesian coordinates as a function of the ray coordinates
remain single-valued, that is, there is one unique position in the subsurface where a ray, shot
with two particular shooting angles, arrives at a given time. Figure 1 illustrates the difference
between the two representations of the wavefronts.

x

z

γ

τ

Figure 1: The ray coordinates as a function of the Cartesian coordinates are multi-valued
(left). The Cartesian coordinates as a function of the ray coordinates are single-valued (right).
paul2-coord[NR]

Sincex(τ ,γ ,φ), y(τ ,γ ,φ), andz(τ ,γ ,φ) are uniquely defined for arbitrarily complex ve-
locity fields, the eikonal equation (Equation 1) can be transformed to another form that is
better suited for analysis in ray coordinates (Sava and Fomel, 1998):(

∂x

∂τ

)2

+

(
∂y

∂τ

)2

+

(
∂z

∂τ

)2

= v2 (x, y,z) . (2)

Converting equation (2) to a finite-difference equation using a first-order discretization
scheme, we obtain(

xi ,k
j+1− xi ,k

j

)2
+

(
yi ,k

j+1− yi ,k
j

)2
+

(
zi ,k

j+1− zi ,k
j

)2
=

(
r i ,k

j

)2
, (3)

where j is the index of the current wavefront,j + 1 is the index of the new wavefront to
be computed, andi andk are the indices of the shooting angles. This equation represents a
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sphere, the wavefront of a secondary Huygens source placed at (xi ,k
j , yi ,k

j ,zi ,k
j ) on the current

wavefront.

According to the Huygens principle, the new wavefront is the envelope of all the secondary
wavefronts. Mathematically, the position of the new wavefront is described by a system of
three equations composed of Equation (3) and the following two equations (Sava and Fomel,
1998): (

xi ,k
j − xi ,k

j+1

) (
xi+1,k

j − xi−1,k
j

)
+

(
yi ,k

j − yi ,k
j+1

) (
yi+1,k

j − yi−1,k
j

)
+(

zi ,k
j − zi ,k

j+1

) (
zi+1,k

j − zi−1,k
j

)
= r i ,k

j

(
r i+1,k

j − r i−1,k
j

)
(4)

and (
xi ,k

j − xi ,k
j+1

) (
xi ,k+1

j − xi ,k−1
j

)
+

(
yi ,k

j − yi ,k
j+1

) (
yi ,k+1

j − yi ,k−1
j

)
+(

zi ,k
j − zi ,k

j+1

) (
zi ,k+1

j − zi ,k−1
j

)
= r i ,k

j

(
r i ,k+1

j − r i ,k−1
j

)
. (5)

Figure 2 contains a simple geometrical interpretation of the system described by Equations
(3), (4), and (5). Five points on the current wavefront, represented by the five spheres, not all

Figure 2: A geometrical updating
scheme for 3-D HWT in the physi-
cal domain. Five points on the cur-
rent wavefront, represented by the
five spheres, not all visible, with radii
defined by the velocities at the cor-
responding points of the wavefront,
are used to compute a point on the
next wavefront. The sphere in the
middle represents equation (3), and
the planes represent equations (4) and
(5). paul2-huygens3d[CR]

visible, with radii defined by the velocities at the corresponding points of the wavefront, are
used to compute a point on the next wavefront. The sphere in the middle represents equation
(3), while the planes represent equations (4) and (5).

Huygens wavefront tracing, based on the system of equations (3), (4), and (5), is nothing
but an explicit finite-difference method in the ray coordinate system. The coordinates of the
new wavefronts are computed according to those of the current wavefront. A three-point
stencil is needed in two dimensions to compute the centered finite-difference representation
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τ

γ

γ

τ

φ

Figure 3: Finite-difference traveltime computation scheme. A 3-point stencil is needed in
2-D to compute the centered finite-difference representation of the derivative with respect
to the shooting angle (left). A 5-point stencil is needed in 3-D to compute the centered
finite-difference representation of the derivatives with respect to the shooting angles (right)
paul2-scheme[NR]

of the derivative with respect to the shooting angle, while a five-point stencil is needed in
three dimensions to compute the centered finite-difference representation of the derivatives
with respect to the shooting angles. Figure 3 is a graphical illustration of the finite-difference
stencils.

BOUNDARIES AND TRIPLICATIONS

This section presents a short discussion of the special treatment required by the boundaries of
the computation domain. These boundaries are of two kinds: exterior boundaries, represented
by the edges of the computational domain, and interior boundaries, represented by the trip-
lication lines. Because of the centered finite-difference scheme, HWT cannot be used at the
boundaries of the computational domain. This means that the boundaries need to be treated
differently from the rest of the domain. Also, the centered finite-difference scheme cannot be
used when the wavefronts create triplications. Triplications represent points of discontinuity
of the derivative along the wavefront, and, therefore, the centered finite-difference representa-
tion of the derivative is inappropriate. Figure 4 describes a point of triplication represented in
both the physical (Cartesian) domain (left) and the ray coordinate domain (right).

One possible solution for the boundaries is to make a local approximation of the wave-
front. Instead of considering the actual points on the wavefront, we can create an approximate
wavefront that is locally orthogonal to the ray arriving at the cusp point, as depicted in Fig-
ure 5. We can then pick an appropriate number of points (two in 2-D or four in 3-D) on this
approximate wavefront, and use the HWT scheme without any change. A new search for the
cusp points is then needed on the new wavefront before we can proceed any further.
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Figure 4: The centered finite-
difference representation of the
derivative along the wavefront can-
not be used at the cusps. These
points represent discontinuities in
the derivative, and need to be treated
separately.paul2-cusp[NR] i-1

ii+1

j

j+1

i i+1i-1

Figure 5: The centered finite-
difference representation of the
derivative along the wavefront cannot
be used at the cusps. Instead, we
can use a local approximation of
the wavefront as a plane locally
orthogonal to the ray arriving at the
cusp. paul2-hrt [NR]

approximate wavefront

correct wavefront

i

i-1

i+1

i-1

i+1

EXAMPLES

This section presents a number of results of traveltime computation using several models that
exemplify the main features of the method.

The first example compares the results of the traveltime computation with those of the
full wave-equation modeling for the 2-D salt dome model shown in Figure 6. Figure 7 is a
snapshot of the wavefield at 1.23 s, superimposed on an outline of the velocity model. Figure 8
shows, in addition, the wavefront corresponding to the same propagation time (1.23s), and
some of the rays derived from the computed wavefronts. The first arrivals of the wavefronts
superimpose well on the similar events in the wavefield. The later arrivals also superimpose
well on the corresponding events in the wavefield, though the sampling is a lot sparser. This is
understandable, since in HWT the wavefronts are sampled evenly in the ray domain, but not in
the physical domain. Because sampling in the two domains is related, a better sampling in the
ray domain can generate more accurate sampling in the physical domain. However, sampling
is dependent on the model; there is no guarantee of more accurate sampling for rays shot with
a smaller angle step. A better idea is to dynamically modify the sampling on the wavefronts
as is done in some of the wavefront construction methods (Vinje et al., 1993).

The next two examples are three-dimensional. In the first, I consider a strong negative
Gaussian velocity anomaly of−2500 m/s placed in a constant velocity medium of 3000 m/s
(Figure 9). The source is placed on the surface above the center of the anomaly. Figure 11
depicts the traveltimes obtained by HWT and interpolated on the Cartesian grid using a multi-
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Figure 6: The Elf velocity model.paul2-velfsa[ER]

Figure 7: Wave-equation modeling on the Elf velocity model. The snapshot was taken at
1.23s. The outline on the model is superimposed on the wavefield.paul2-melfsa[ER]
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Figure 8: HWT wavefront superimposed on a wave-equation modeling snapshot at 1.23s. The
portion of the wavefronts corresponding to the first-arrival matches well the first-arrival of the
wavefield. Also, the later HWT arrivals match well with similar events of the wave-equation
modeling shown in Figure 7.paul2-welfsa[ER]

Figure 9: A 3-D Gaussian velocity anomaly.paul2-velgaus[ER]
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Figure 10: The 3-D SEG-EAGE salt velocity model.paul2-velsalt[ER]

valued traveltime interpolation method (Sava and Biondi, 1997). From the multiple values of
the traveltime field, I have selected those that correspond to the minimum ray-length from the
source (Nichols et al., 1998). For comparison, Figure 12 indicates the first-arrival traveltimes
of a fast marching eikonal solver (FME) (Popovici and Sethian, 1997; Fomel, 1997). As
expected, the traveltime cubes in Figures 11 and 12 match well for the regions that correspond
to the first-arrival wavefronts. However, the traveltime cubes are completely different in the
regions where the wavefronts triplicate, regions where the shortest ray does not correspond to
the first arrival, but to a later one.

In the second 3-D example, I consider the SEG-EAGE salt model presented in Figure 10.
Again, the HWT multiple-arrival traveltimes are interpolated on the Cartesian grid, and se-
lected to have the minimum ray-length from the source, as we see in Figure 13. For compar-
ison, the fast-marching eikonal results for the same source point and the same velocity model
appear in Figure 14. The HWT traveltimes for the volume above the salt body correspond to
the direct arrival, while the FME traveltimes correspond to the head waves from the top of the
salt.

DISCUSSION

This section briefly compares Huygens wavefront tracing with the other major traveltime com-
putation methods: paraxial ray tracing (PRT) (Červený, 1987), eikonal solvers (ES) (Vidale,
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Figure 11: The 3-D Gaussian velocity anomaly. A traveltime cube obtained using HWT. The
traveltimes are interpolated on the rectangular grid. The selected traveltimes correspond to the
shortest rays (Nichols et al., 1998).paul2-hwtgaus[ER]

Figure 12: The 3-D Gaussian velocity anomaly. A traveltime cube obtained using a fast-
marching first-arrival eikonal solver.paul2-fmegaus[ER]
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Figure 13: The SEG-EAGE salt model. A traveltime cube obtained using HWT. The trav-
eltimes are interpolated on the rectangular grid. The selected traveltimes correspond to the
shortest path rays.paul2-hwtsalt[ER]

Figure 14: The SEG-EAGE salt model. A traveltime cube obtained using a fast-marching
first-arrival eikonal solver.paul2-fmesalt[ER]
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Table 1: Comparison of methods for traveltime computation

Wavefront Tracing Ray Tracing
finds the solution to a system of PDEs finds the solution to a system of ODEs

Wavefront Tracing Eikonal Solvers
gives the output in ray coordinates gives the output in Cartesian coordinates

computes multiple arrivals computes one arrival

Wavefront Tracing Wavefront Construction
finds a new wavefront by finite-differences finds a new wavefront by ray tracing

1990; van Trier and Symes, 1991; Popovici and Sethian, 1997; Fomel, 1997), and wavefront
construction (WC) (Vinje et al., 1993). Table 1 summarizes the comparison.

HWT has its output in ray coordinates, the same domain as PRT. However, PRT is done
by solving a system of ordinary differential equations (ODE) in the physical domain, while
in HWT the solution is obtained by solving a system of partial differential equations (PDE)
using finite-differences in the ray coordinate domain.

Both HWT and ES are finite-difference methods. However, HWT represents a finite-
difference method in the ray domain, while ES represent finite-difference methods in the
Cartesian domain. Also, HWT generates all the arrivals, while the ES generate only one
arrival, typically the first.

Finally, HWT is similar to WC in that both compute each wavefront from the preceding
one. However, WC involves ray tracing from one wavefront to the next, while in HWT one
wavefront is generated from the preceding by finite-differences in the ray domain.

CONCLUSIONS AND FUTURE WORK

My extension of Huygens wavefront tracing to three dimensions retains the benefits offered
by the method in two dimensions, namely its stability in regions of high velocity contrast, its
accuracy, and its computational efficiency.

As for any other traveltime method that involves computations in the ray domain, the
interpolation to a Cartesian grid remains the major problem. In the current implementation, the
interpolation is about one order of magnitude more expensive than the traveltime computation
itself.

A possible direction for future work is to modify HWT to a grid-adaptive finite-difference
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method. HWT requires computing derivatives along the wavefronts. As the distance between
adjacent points on the wavefront increases, the accuracy of those derivatives decreases. One
possible way to increase the accuracy is to adapt the sampling of the wavefront in the ray
domain, as done with finite-difference methods in the physical domain (Symes et al., 1999).
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An adaptive finite difference method for traveltime and
amplitude1

Jianliang Qian and William W. Symes2

ABSTRACT

The eikonal equation with point source is difficult to solve with high order accuracy be-
cause of the singularity of the solution at the source. All the formally high order schemes
turn out to be first order accurate without special treatment of this singularity. Adaptive
upwind finite difference methods based on high order ENO (Essentially NonOscillatory)
Runge-Kutta difference schemes for the paraxial eikonal equation overcome this diffi-
culty. The method controls error by automatic grid refinement and coarsening based on
an a posteriorierror estimation. It achieves prescribed accuracy at far lower cost than
fixed grid methods. Reliable auxiliary quantities, such as take-off angle and geometrical
spreading factor, are by-products.

INTRODUCTION

Many finite difference methods have been introduced to compute the traveltime for isotropic
media directly on a regular grid (Reshef and Kosloff, 1986; Vidale, 1988; van Trier and Symes,
1991; Schneider et al., 1992; Qin et al., 1992; Schneider, 1995; El-Mageed, 1996; El-Mageed
et al., 1997; Fomel, 1997; Popovici and Sethian, 1997).

The traveltime field is mostly smooth, and the use of upwind differencing (in all of the
cited methods) confines the errors due to singularities which develop away from the source
point. The source point itself is, however, also a singularity. The truncation error of apth
order method is dominated by the product of (p+ 1)st derivatives of the time field and the
(p+1)st power of the step(s). The (p+1)st derivatives of the time field, however, go like the
(−p+1)th power of the distance to the source. Therefore, near the source — when the distance
is on the order of the step — the truncation error is quadratic in the step, i.e., first order. This
inaccuracy spreads throughout the computation, and renders all higher order methods first-
order convergent unless the scheme is modified near the source. The issue is not academic:
the first-order error is sizeable, as we shall show. Moreover, it prevents reliable computation
of auxiliary quantities such as takeoff angle and amplitude.

In this paper, we show how to use adaptive gridding concepts commonplace in the nu-
merical solution of ordinary differential equations to resolve this difficulty. This work refines

1This paper will also appear in TRIP 1999 Annual Report.
2email: jlqian@caam.rice.edu, symes@caam.rice.edu
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and extends the method introduced in Belfi and Symes (1998). The efficiencies achieved by
adaptive gridding are considerable — usually more than an order of magnitude gain in com-
putation time for problems of typical exploration size. We also obtain dramatic improvements
in the accuracy of takeoff angle computations and, therefore, for other geometrical acoustics
quantities as well.

PARAXIAL EIKONAL EQUATION

Denote by (xs,zs) the coordinates of a source point, and by (x,z) the coordinates of a general
point in the subsurface. The first arrival traveltime fieldτ (x,z;xs,zs) is the viscosity solution
of the eikonal equation (

∂τ

∂x

)2

+

(
∂τ

∂z

)2

= s2(x,z) (1)

with the initial condition

lim

(
τ (x,z;xs,zs)√

(x− xs)2+ (z− zs)2
−

1

v(x,z)

)
= 0

as (x,z)→ (xs,zs), wherev is the velocity,s= 1
v

is the slowness (Lions, 1982).

In some seismic applications, the traveltime field is only needed in regions where

∂τ

∂z
≥ scosθmax> 0,

i.e., along downgoing, first-arriving rays making an angle≤ θmax<
π
2 with the vertical.

To enforce this condition, we modify the eikonal equation as an evolutionary equation in
depth, as suggested by Gray and May (1994):

∂τ

∂z
= H (

∂τ

∂x
) =

√√√√smmax

(
s2−

(
∂τ

∂x

)2

,s2cos2θmax

)
, (2)

where smmax is a smoothed max function:

smmax(x,a) =


1
2a if x < 0,
1
2a+2x4

a3 (1− 4
5

x
a ) if 0 ≤ x < a

2,

x+2(x−a)4

a3 (1+ 4
5

x−a
a ) if a

2 ≤ x < a,
x if x ≥ a.

This equation defines a stable nonlinear evolution inz, suitable for explicit finite difference
discretization. The solutionτ is identical to the solution of the eikonal equation provided that
the ray makes an angle≤ θmax<

π
2 with the vertical.
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THE ADVECTION EQUATION FOR TAKE-OFF ANGLE

The amplitude satisfies the zeroth order transport equation (Červený et al., 1977):

∇τ ·∇A+
1

2
A∇2τ = 0. (3)

If the traveltime field has been found by solving the eikonal equation, then equation (3)
is a first order advection equation. However, we see that the Laplacian of traveltime field is
involved in the transport equation, which implies that we need a third order accurate traveltime
field to get a first order accurate amplitude field (Symes, 1995; El-Mageed, 1996; El-Mageed
et al., 1997). To avoid this complexity, we use another approach to compute the amplitude.

In 2D isotropic media, the amplitude satisfies (Červený et al., 1977; Friedlander, 1958)

A =
v

2π
√

2
√
|J|

=
v

2π
√

2

√
∇τ ×∇φ,

whereJ(x,z;xs,zs) is the Jacobian of the transformation from Cartesian coordinates (x,z) to
ray coordinates (τ ,φ), τ is the traveltime,φ = φ(x,z;xs,zs) is the take-off angle from source
point (xs,zs) to a general point (x,z) in the subsurface:

J =

∣∣∣∣ ∂x
∂τ

∂z
∂τ

∂x
∂φ

∂z
∂φ

∣∣∣∣
=

∣∣∣∣ ∂τ
∂x

∂τ
∂z

∂φ

∂x
∂φ

∂z

∣∣∣∣−1

=
1

∇τ ×∇φ
,

where∇φ and∇τ are the gradients of take-off angle and traveltime, respectively.

Since the take-off angleφ is constant along any ray,

∇τ ·∇φ =
∂τ

∂x

∂φ

∂x
+
∂τ

∂z

∂φ

∂z
= 0. (4)

That is, the gradient (∂τ
∂x , ∂τ

∂z) is the wavefront normal which is tangential to the ray; the gradient

( ∂φ
∂x , ∂φ

∂z ) is tangential to the wavefront.

However, the gradient of the take-off angle depends on the second order derivative of trav-
eltime, so that we need third order accurate traveltimes to get a first order accurate gradient of
take-off angle. Zhang (1993) used this equation in polar coordinates to compute the geomet-
rical spreading factor, but his computation of the take-off angle was based on the first order
traveltime field. Consequently, the gradient of take-off angle computed by his scheme was
inaccurate. Vidale (1990) encountered a similar difficulty.
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ENO AND WENO FOR EIKONAL EQUATIONS

There is a large number of competing finite difference and related schemes for the solution
of the eikonal equation suggested in the literature; we have chosen to use the essentially
nonoscillatory (“ENO”) schemes of Osher and Sethian (1988) and Osher and Shu (1991) and
the related weighed ENO (WENO) schemes (Liu et al., 1994; Shu, 1997; Jiang and Peng,
1997) for the following reasons: (1)stable schemes of arbitrarily high order accuracy exist,
permitting accurate solutions on coarse grids (which is critical to the mesh refinement or
coarsenment); (2) versions exist in any dimension so that we can extend our methodology
to the three-dimensional case straightforwardly (El-Mageed, 1996; El-Mageed et al., 1997;
Qian and Symes, 1998).

Our adaptive scheme is based on the 2nd and 3rd order WENO difference schemes in-
troduced by Jiang and Peng (1997). These are in turn extensions of 2nd and 3rd order ENO
difference schemes, which we present first.

For a functionf of the space variable (x,z) in the computational domain, we write

f k
i = f (xi ,zk),

(xi ,zk) = (xmin+ (i −1)1x,zmin+ (k−1)1z).

Let τ k
i = τ (xi ,zk;xs,zs) and define the forwardD+ and backwardD− finite difference opera-

tors

D±x τ
k
i =

±[τ k
i±1− τ

k
i ]

1x
.

The second and third order ENO refinements ofD±x τ are

D±,2
x τ = D±x τ ∓

1

2
1x m(D±x D±x τ , D−x D+x τ ),

D±,3
x τ = D±,2

x τ −
1

6
(1x)2 m(D±x D±x D±x τ , D+x D+x D−x τ , D+x D−x D−x τ ),

where

m(x, y) = min(max(x,0),max(y,0))+max(min(x,0),min(y,0)).

The upwind ENO approximations for∂τ
∂x are

D̂n
xτ =modmax(max(D−,n

x τ ,0),min(D+,n
x τ ,0)),

for n= 2,3, where modmax function returns the larger value in modulus.

The second order and third order ENO Runge-Kutta steps are

δ1
2τ = 1zH(D̂2

xτ ),

δ2
2τ =

1

2

(
δ1

2τ +1zH(D̂2
x(τ + δ1

2τ ))
)
, (5)
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and

δ1
3τ = 1zH(D̂3

xτ ),

δ2
3τ =

1

4

(
3δ1

3τ +1zH(D̂3
x(τ + δ1

3τ ))
)
,

δ3
3τ =

1

3

(
2δ2

3τ +21zH(D̂3
x(τ + δ2

3τ ))
)
, . (6)

The depth step1z must satisfy the stability condition:

1z≤1zc f l =
0.91x

tan(θmax)
.

We have typically chosen1z= 0.9∗1zc f l .

Thenth order scheme is then

τ k+1
= τ k

+ δn
nτ

k (7)

for k= 0,1,2, ...,n= 2,3.

However, we have observed that the gradient of the take-off angle based on the third order
ENO traveltime is too noisy to give us a smooth amplitude function. To alleviate this phe-
nomenon, instead of ENO 3rd order refinements, we use WENO 5th order refinement (Jiang
and Peng, 1997) to computeD±x τ in the third order Runge-Kutta step, which gives us a smooth
amplitude field.

The WENO 5th order schemes forD±x τi are

D±,5
x τi =

1

12

(
−D+x τi−2+7D+x τi−1+7D+x τi −D+x τi+1

)
± 1x8W E N O(D−x D+x τi±2, D−x D+x τi±1, D−x D+x τi , D−x D+x τi∓1

)
,

where

8W E N O(a,b,c,d) =
1

3
ω0(a−2b+c)+

1

6
(ω2−

1

2
)(b−2c+d)

with weights defined as

w0 =
α0

α0+α1+α2
,w2=

α2

α0+α1+α2
,

α0 =
1

(δ+β0)2
,α1=

1

(δ+β1)2
,α2=

1

(δ+β2)2
,

β0 = 13(a−b)2
+3(a−3b)2,

β1 = 13(b−c)2
+3(b+c)2,

β2 = 13(c−d)2
+3(3c−d)2.

In the denominators above, we added a small positive numberδ to avoid dividing by zero.
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WENO FOR ADVECTION EQUATIONS

Recall the advection equation for the take-off angle,

∂τ

∂x

∂φ

∂x
+
∂τ

∂z

∂φ

∂z
= 0.

To match with the evolutionary form of the eikonal equation in depth, we formulate the
advection equation as an evolution equation in depth as well, i.e.,

∂φ

∂z
= −(

∂τ

∂z
)−1∂τ

∂x

∂φ

∂x
. (8)

To take advantage of the accuracy of traveltime provided by an ENO (or WENO) Runge-
Kutta third order scheme for eikonal equation, we embed the third order scheme for equation
(8) into the third order scheme for the eikonal equation.

To be more precise, we introduce the approximations for x-derivative and z-derivative of
τ in the above advection equation:

∂τ

∂x
≈ D̂5

xτ = modmax(max(D−,5
x τ ,0),min(D+,5

x τ ,0)),

∂τ

∂z
≈ H (D̂5

xτ ).

However, we must be careful in defining the upwind ENO difference approximation for
∂φ

∂x because the ENO choice of stencil is too sensitive to the zeros of solution (Liu et al., 1994;
Jiang and Shu, 1996). Instead, we will use a weighted ENO (WENO) scheme to approximate
the derivative. Because the coefficient of the discretized advection equation has only second
order accuracy, which is computed from the eikonal equation by the third order scheme, we use
a third order WENO scheme to approximate the derivative∂φ

∂x . The third order WENO scheme
is based on the second order ENO stencils, so it does not give rise to any new complexities in
the coding.

The third order upwind WENO approximations to∂φ
∂x (Jiang and Peng, 1997) are(

∂φ

∂x

)k

i
≈ (D−w,3

x φ)k
i =

1

2
(D+x φ

k
i−1+D+x φ

k
i )−

w−

2
(D+x φ

k
i−2−2D+x φ

k
i−1+D+x φ

k
i ),(

∂φ

∂x

)k

i
≈ (D+w,3

x φ)k
i =

1

2
(D+x φ

k
i−1+D+x φ

k
i )−

w+

2
(D+x φ

k
i+1−2D+x φ

k
i +D+x φ

k
i−1),

where

w− =
1

1+2r 2
−

,r− =
δ+ (D−D−φk

i−1)2

δ+ (D−D+φk
i )2

,

w+ =
1

1+2r 2
+

,r+ =
δ+ (D+D+φk

i )2

δ+ (D−D+φk
i )2

,
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andδ is a small positive constant to prevent the denominators from becoming zero.

Now we define the upwind WENO difference for∂φ
∂x , which corresponds to the upwind

direction of ∂τ
∂x as follows:

Dup
x φ

k
i =

{
D−w,3

x φk
i if D̂5

xτ
k
i ≥ 0,

D+w,3
x φk

i else.

Finally, we can formulate the third order WENO Runge-Kutta scheme for the advection
equation as

δ1
3φ = 1z9(D̂5

xτ ,φ),

δ2
3φ =

1

4

(
3δ1

3φ+1z9(D̂5
x(τ + δ1

3τ ),φ+ δ1
3φ)

)
,

δ3
3φ =

1

3

(
2δ2

3φ+21z9(D̂5
x(τ + δ2

3τ ),φ+ δ2
3φ)

)
, (9)

where

9(τ ,φ) = −
D̂5

xτDup
x φ

H (D̂5
xτ )

.

The 3rd order scheme forφ is then

φk+1
= φk

+ δ3
3φ

k (10)

for k= 0,1,2, ....

But this scheme is really a second order scheme because the coefficients have only second
order accuracy.

ADAPTIVE GRID METHOD AND ITS IMPLEMENTATION

The adaptive multigrid method has been widely used for the accurate and efficient solution
of PDE (Berger and Oliger, 1984; Berger and LeVeque, 1997), which uses an adaptive local
error estimate to refine or coarsen the computational grid near the singularity or discontinuity
of solution. For initial value problems of ODE, most state-of-the-art software uses adaptive
timestepping algorithms where the timesteps are inductively chosen so that some estimate of
the local (one step) error at each step is less than some quantity related to the user-defined
tolerance.

The essential principle is simple. It is based on a hierarchy of difference schemes of
various orders. Presumably a higher order step is more accurate than a lower order step, so the
higher order step can serve as anersatzfor the exact solution of the differential equation with
the same data. Therefore, one can combine the step computations of two different orders to
obtain a so-calleda posterioriestimate of the truncation error for the lower order step. Since



276 Qian & Symes SEP–100

the lower and higher order truncation errors stand in a known asymptotic relation, this permits
an estimate of the higher order truncation error as well. The asymptotic form of the truncation
error then permits prediction of a step that will result in a lower order truncation error less
than a user-specified tolerance. So long as the steps are selected to maintain this local error,
standard theory predicts that the higher order global error, i.e., the actual error in the solution
computed using the higher order scheme, will be proportional to the user-specified tolerance.

This straightforward idea is embedded in most modern software packages for solutions
of ordinary differential equations (Gear, 1971). Its use for partial differential equations is a
little more complicated because it is usually necessary to adjust the grid of the non-evolution
variables along with the evolution step. The solution of the (paraxial) eikonal equation changes
in a sufficiently predictable way to make grid adjustment practical.

To initialize our algorithm, the user supplies a local error toleranceε; σ1 andσ2 are two
user-defined positive functions ofε which are used to control the coarsening and refinement,
for example, we can takeσ1= 0.1ε andσ2= ε. We use the 2nd and 3rd order eikonal solvers
(equations (5) and (6)), and estimate the truncation error of the 2nd order scheme at thekth
step asek

2 = δ
2
2τ

k
− δ3

3τ
k. So long asσ1(ε) ≤ ek

2 ≤ σ2(ε), we simply proceed to the next step;
it is well known and explained in the references already cited that efficient adaptive stepping
requires rather loose control of the local error. Whenek

2 < σ1(ε), we increase the step by a
factor of two, i.e.,1z← 21z, and recomputeek

2. Similarly, whenek
2 > σ2(ε), we decrease the

step by a factor of two. As soon as the local error is once again within the tolerance interval
we continue depth-stepping. A very important point: we retain the 3rd order (a more accurate
one) computation ofτ at the end of each depth step, discarding the 2nd order computation,
which is used only in step control.

The usual step adjustment in ODE solvers would change1z by a factor computed from the
asymptotic form of the truncation error. This is impractical for a PDE application, because it
would require an arbitrary adjustment of the spatial grid (i.e., thex-grid in the eikonal scheme)
and, therefore, expensive interpolation. Scaling1z by a factor of two, however, implies that
stability may be maintained by scaling1x by the same factor. For coarsening, this means
simply throwing out every other grid point, i.e., no interpolation at all, which dramatically
reduces the floating point operations required. Since the typical behaviour of the traveltime
field is to become smoother as one moves away from the source, the truncation errors tend in
general to decrease. Therefore, most of the grid adjustments are coarsenings and very little or
no interpolation is required.

One final detail must be supplied to produce a working algorithm. Since the traveltime
field is nonsmooth at the source point, the truncation error analysis on which the adaptive step
selection criterion is based is not valid there. So it is necessary to produce a smooth initial
traveltime field. We do this by estimating the largestzinit > 0, at which the constant velocity
traveltime is in error by less thanσ2(ε). Details of thezinit calculation are given in (Belfi and
Symes, 1998). Having initializedτ atzinit, the algorithm invokes adaptive gridding. Sincezinit

is quite small,τ changes rapidly, resulting in a large number of grid refinements at the outset.
However, no interpolation is performed, asτ is given analytically onz= zinit . This initial very
fine grid is rapidly coarsened as the depth stepping proceeds.
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In our current implementation, we maintain a data structure for the computational grid that
is independent of the output grid; the desired quantities are calculated on the computational
grid and interpolated back to the output grid.

A simplified algorithm framework is as follows:

• Input: ε, z0,1z0,1x0, n= 0, maxre f.

• Marching step:

– do whilezn
≤ target depth,

– zn
← zn

+1zn, n← n+1,

– computeek
2(τn,1zn);

– if ek
2(τn,1zn)≤ σ1(ε) andk≥ 0,

∗ 1zn
← 21zn,

∗ 1xn
← 21xn,

∗ k← k−1.

– else ifek
2(τn,1zn)≥ σ2(ε) andk ≤maxre f,

∗ 1zn
←1zn/2,

∗ 1xn
←1xn/2,

∗ k← k+1.

– end if

– end do

NUMERICAL EXPERIMENTS

In the first example, we test our method on a constant velocity model(v = 1km/s) with two-
dimensional geometry{(x,z) :−0.5≤ x ≤ 0.5,0≤ z≤ 1.0}.

In this case, all the desired quantities have an obvious analytical solution to compare
against the computed solutions. We compare the results obtained by two approaches, the first
approach is computing all the quantities on the fixed output grid which reduces to be a first
order method, the second is computing all the quantities by adaptive gridding. The ouput grid
is 51×51 with1x = 1z= 0.02. For adaptive grid,maxre f is set to be 5 with the coarsest
grid 17×17, and the error tolerance is set to be 0.0001.

Figures 1 and 2 show the traveltime contours by the two approaches, from which we
cannot see any differences between two approaches. Similarly, we cannot see any differences
in accuracy between two approaches from take-off angle, as shown in figures 3 and 4. This is
due to visual limitations of graphics.

Figures 5 and 6 are contours ofτx computed by two approaches. We can see thatτx by the
fixed grid approach is oscillating, butτx by the adaptive grid traveltime solver is convergent.
Similar conclusions can be drawn forτz, as shown in figures 7 and 8.
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Now we come to take-off angle derivatives. Figure 9 and 10 are contours ofφx by two
approaches. Because the coefficients in the advection equation for take-off angle depend on
the traveltime gradient, any first order traveltime solver results in inaccurate∇τ which leads to
the divergence ofφx, as shown in figure 9. However, the adaptive gridding approach gives us
accurate traveltime gradients, which leads to the convergentφx, as shown in figure 10. Similar
conclusions can be drawn forφz, as shown in figure 11 and 12.

To illustrate further the difference of accuracy between two approaches, figures 13 and 14
show the error distributions ofφx andφz.

Finally, the amplitudes based on the gradients of traveltime and take-off angle computed
by the two approaches are shown in figures 15 and 16, one is divergent by the fixed grid
approach, another accurate by the adaptive gridding approach.

In the second example, we use our new eikonal and amplitude solver in 2D Kirchhoff
prestack migration and inversion. Figure 17 shows the impulse response by inversion with
an ENO 3rd order eikonal solver. Figure 18 shows the impulse response by inversion with a
WENO 5th order eikonal solver. By figures 17 and 18, we can see that the WENO 5th order
solver does give us a more smooth amplitude than ENO 3rd solver.

Figure 1: Traveltime for con-
stant velocity model: fixed grid
jianliang1-comtau.fir[CR]
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Traveltime contour: first order solver

Figure 2: Traveltime for con-
stant velocity model: adaptive grid
jianliang1-comtau.ada[CR]
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Traveltime contour: adaptive solver
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Figure 3: Take-off angleφ for con-
stant velocity model: fixed grid
jianliang1-cometa.fir[CR]
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Figure 4: Take-off angleφ for con-
stant velocity model: adaptive grid
jianliang1-cometa.ada[CR]
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Figure 5: Traveltime x derivativeτx

for constant velocity model: fixed
grid jianliang1-comtaux.fir[CR]
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Figure 6: Traveltime x derivativeτx

for constant velocity model: adaptive
grid jianliang1-comtaux.ada[CR]
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Figure 7: Traveltime z derivativeτz

for constant velocity model: fixed
grid jianliang1-comtauz.fir[CR]
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Figure 8: Traveltime z derivativeτz

for constant velocity model: adaptive
grid jianliang1-comtauz.ada[CR]
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Figure 9: Take-off angle x
derivative φx at z = 1 for con-
stant velocity model: fixed grid
jianliang1-angxder.fir[CR]
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Figure 10: Take-off angle x deriva-
tive φx at z = 1 for constant
velocity model: adaptive grid
jianliang1-angxder.ada[CR]
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Figure 11: Take-off angle z
derivative φz at z = 1 for con-
stant velocity model: fixed grid
jianliang1-angzder.fir[CR]
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Figure 12: Take-off angle z deriva-
tive φz at z = 1 for constant
velocity model: adaptive grid
jianliang1-angzder.ada[CR]
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Figure 13: Error distribution in take-
off angle derivativesφx andφz: fixed
grid jianliang1-angxzerr.fir[CR]
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Figure 14: Error distribution in take-
off angle derivativesφx andφz: adap-
tive grid jianliang1-angxzerr.ada
[CR]
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Figure 15: Amplitude for con-
stant velocity model: fixed grid
jianliang1-amp.fir[CR]
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Figure 16: Amplitude for con-
stant velocity model: adaptive grid
jianliang1-amp.ada[CR]
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Figure 17: The impulse re-
sponse by inversion with ENO
3rd order adaptive eikonal solver
jianliang1-eno600.ada[NR]
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Figure 18: The impulse response
by inversion with WENO 5th
order adaptive eikonal solver
jianliang1-weno600.ada[NR]
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CONCLUSIONS

In this paper we formulated a paraxial eikonal equation with depth as evolution direction. Then
we presented high order ENO difference schemes to solve the eikonal equation for traveltime
and the advection equation for take-off angle. To deal with the singularity of point source, we
proposed a new adaptive traveltime eikonal solver and detailed the implementation. Numerical
experiments showed that the new method is not only accurate but also gives us efficiency gain
of more than an order of magnitude in computational time. The extension to 3D isotropic
media is straightforward.
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Short Note

A second-order fast marching eikonal solver

James Rickett and Sergey Fomel1

INTRODUCTION

The fast marching method (Sethian, 1996) is widely used for solving the eikonal equation
in Cartesian coordinates. The method’s principal advantages are: stability, computational
efficiency, and algorithmic simplicity. Within geophysics, fast marching traveltime calcula-
tions (Popovici and Sethian, 1997) may be used for 3-D depth migration or velocity analysis.

Unfortunately, first-order implementations lead to inaccuracies in computed traveltimes,
which may lead to poor image focusing for migration applications. In addition, first-order
traveltimes are not accurate enough for reliable amplitude calculations. This has lead to the
development of the fast marching method on non-Cartesian (Alkhalifah and Fomel, 1997; Sun
and Fomel, 1998), and even unstructured (Fomel, 1997) grids. These non-Cartesian formula-
tions reduce inaccuracies, while retaining the fast marching method’s characteristic stability
and efficiency. Unfortunately, the cost is the loss of algorithmic simplicity.

We implement a second-order fast marching eikonal solver, which reduces inaccuracies
while retaining stability, efficiencyandsimplicity.

FAST MARCHING AND THE EIKONAL EQUATION

Under a high frequency approximation, propagating wavefronts may be described by the
eikonal equation, (

∂t

∂x

)2

+

(
∂t

∂y

)2

+

(
∂t

∂z

)2

= s2(x, y,z), (1)

wheret is the traveltime,s is the slowness, andx, y and z represent the spatial Cartesian
coordinates.

The fast marching method solves equation (1) by directly mimicking the advancing wave-
front. Every point on the computational grid is classified into three groups: points behind the
wavefront, whose traveltimes are known and fixed; points on the wavefront, whose traveltimes
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have been calculated, but are not yet fixed; and points ahead of the wavefront. The algorithm
then proceeds as follows:

1. Choose the point on the wavefront with the smallest traveltime.

2. Fix this traveltime.

3. Advance the wavefront, so that this point is behind it, and adjacent points are either on
the wavefront or behind it.

4. Update traveltimes for adjacent points on the wavefront by solving equation (1) numer-
ically.

5. Repeat until every point is behind the wavefront.

The update procedure (step 4.) requires the solution of the following quadratic equation
for t ,

max(D−x
i jk t ,0)2+min(D+x

i jk t ,0)2 +

max(D−y
i jk t ,0)2+min(D+y

i jk t ,0)2 +

max(D−z
i jk t ,0)2+min(D+z

i jk t ,0)2 = si jk (2)

whereD−x
i jk is a backwardx difference operator at grid point,i jk , D+x

i jk is a forwardx operator,
and finite-difference operators iny and z are defined similarly. The roots of the quadratic
equation,at2+bt+c= 0, can be calculated explicitly as

t =
−b±

√
b2−4ac

2a
. (3)

Solving equation (2) amounts to accumulating coefficientsa, b andc from its non-zero terms,
and evaluatingt with equation (3).

If we choose a two-point finite-difference operator, such as

D−x
i jk t =

ti jk − t(i−1) jk

1x
(4)

then (D−x
i jk t)2

= αt2
i jk +βti jk +γ (5)

whereα = 1
1x2 , β =−2t(i−1) jkα andγ = t2

(i−1) jkα. Coefficientsa, b andc can now be calcu-
lated froma=6lαl , b=6lβl , andc=6lγl −s2, where the summation index,l , refers to the
six terms in equation (2) subject to the various min/max conditions.

This two-point stencil, however, is only accurate to first-order. If instead we choose a
suitable three-point finite-difference stencil, we may expect the method to have second-order
accuracy. For example, the second-order upwind stencil,

D−x
i jk t =

3ti jk −4t(i−1) jk+ t(i−2) jk

21x
(6)

gives (D−x
i jk t)2

= α′t2
i jk +β

′ti jk +γ
′ (7)



SEP–100 Second-order fast marching 289

where this time α′ =
9

41x2
,

β ′ =
−3(4t(i−1) jk− t(i−2) jk)

21x2
=−2α′t ′(i−1) jk ,

γ ′ =
(4t(i−1) jk− t(i−2) jk)2

41x2
= α′t ′2(i−1) jk ,

and t ′(i−1) jk =
1

3
(4t(i−1) jk− t(i−2) jk).

Coefficients,a, b andc can be accumulated fromα′, β ′ andγ ′ as before, and if the traveltime,
t(i−2) jk is not available, first-order values may be substituted.

ACCURACY

Figure 1 shows traveltime contour maps computed with the first and second-order fast march-
ing methods on a sparse (20×20) grid. The large errors for waves propagating at 45◦ to the
grid are visibly reduced by the second-order formulation.

Figure 1: Traveltime contours in a constant velocity medium. The solid line shows the exact
result. The dashed line shows the first-order (left panel) and second-order (right panel) fast
marching results, calculated on a 20×20 grid. james2-circles[ER]

Figure 2 shows the average error as a function of grid spacing for the first and second-order
solvers. Not only is the second-order formulation more accurate at large grid spacing, but its
accuracy increases more rapidly as grid spacing decreases. Theory predicts the log− log plots
of average error against grid spacing to be a linear function with gradient of one for first-
order methods, and two for second order methods. In practice, the fast marching results come
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very close to these criteria up to the limits of machine precision. Figure 2 demonstrates the
superiority of the second-order fast marching formulation.

It is worth noting, at this point, that special treatment is required at the source location,
since the singularity in wavefront curvature will cause numerical errors to propagate into the
traveltime solution. We surround the source with a constant velocity box, within which we
calculate traveltimes by ray-tracing. Errors are inversely proportional to the radius of this box.
Therefore, if the radius of the box decrease with grid spacing, errors will increase linearly,
reducing the accuracy of the method to first-order. For full second-order accuracy, the box
size should be independent of grid spacing.

Figure 2: Average error against grid spacing for a constant velocity model. The solid line cor-
responds to the first-order eikonal solver, and the dashed line corresponds to the second-order
solver. The left panel has linear axes, whereas the right panel is a log− log plot. james2-error
[ER]

COMPUTATIONAL COST

The leading term in the computational cost of the fast marching algorithm comes from the
first step: choosing the point on the wavefront with the smallest traveltime. Consequently, the
cost should not depend strongly on the order of the finite-difference stencil, but rather the sort
algorithm used. Heap sorting has a cost ofO(logN), and so in principle, with this algorithm,
the fast marching method has a cost ofO(N logN).

The left panel of Figure 4 shows a plot of CPU time againstN for the same models as
Figure 2. The time shown is elapsed (wall clock) time on a 300 MHz Pentium II. For the
largest model computed here, the second-order code takes 11% longer to run than the first-
order code, and this percentage decreases asN increases.
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Figure 3: Traveltime contours calculated through the Marmousi velocity model sampled
at 4 m. Solid line shows first-order results, and dashed line shows second-order results.
james2-marmousi[ER]

Because logN grows slowly compared toN, the plot of CPU time againstN is dominated
by the linear term. The right panel in Figure 4 addresses this issue by showing CPU time
divided byN versusN. On this graph, the logN behaviour is clearly visible.

CONCLUSIONS

We have shown that a second-order implementation of the fast marching eikonal solver pro-
duces traveltimes with a much higher accuracy than the first-order implementation. What is
more, the additional accuracy is acheived at only a marginal increase in cost.

This second-order implementation should become the standard method for computing
first-arrival traveltimes within SEP.
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Robust and stable velocity analysis using the Huber function

Antoine Guitton and William W. Symes1

ABSTRACT

The Huber functionis one of several robust error measures which interpolates between
smooth (l 2) treatment of small residuals and robust (l 1) treatment of large residuals. Since
the Huber function is differentiable, it may be minimized reliably with a standard gradient-
based optimizer. Tests with a linear inverse problem for velocity analysis, using both
synthetic and field data, suggest that (1) the Huber function gives far more robust model
estimates than does least squares, (2) its minimization using a standard quasi-Newton
method is comparable in computational cost to least squares estimation using conjugate
gradient iteration, and (3) the result of Huber data fitting is stable over a wide range of
choices forl 2

→ l 1 threshold and total number of quasi-Newton steps.

INTRODUCTION

Robust error measures such as thel 1 norm have found a number of uses in geophysics. As
measures of data misfit, they show considerably less sensitivity to large measurement errors
than does the mean square (l 2) measure. Since geophysical inverse problems are generally
ill-posed, relatively noise insensitive misfit measures can yield far more stable estimates of
Earth parameters than does the mean square measure (Claerbout and Muir, 1973; Taylor et
al., 1979; Chapman and Barrodale, 1983; Scales and Gersztenkorn, 1988; Scales et al., 1988).
This insensitivity to large noise has a statistical interpretation: robust measures are related to
long-tailed density functions in the same way that the mean square is related to the (short-
tailed) Gaussian (Tarantola, 1987).

A simple choice of robust measure is thel 1 norm: denoting the residual (misfit) compo-
nents byr i , i = 1, ...,N, l 1 norm of the residual vector is

∑N
i=1 |r i |. This function is not smooth:

it is singular where any residual component vanishes. As a result, numerical minimization is
difficult. Various approaches based for example on a linear programming viewpoint (Bar-
rodale and Roberts, 1980) or iterative smoothing (Scales et al., 1988), have been used with
success but require considerable tuning. Moreover, the singularity implies that small residuals
are “taken as seriously” as large residuals, which may not be appropriate in all circumstances.

These drawbacks of thel 1 norm have led to various proposals which combine robust treat-
ment of large residuals with Gaussian treatment of small residuals. In the work reported here,

1email: antoine@sep.stanford.edu, symes@caam.rice.edu
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we use a hybridl 1-l 2 error measure proposed by Huber (Huber, 1973):

Mε(r )=

{
r 2

2ε , 0≤ |r | ≤ ε
|r |− ε

2, ε < |r |

We will call
∑N

i=1 Mε(r i ) the Huber misfit function, or Huber function for short (Figure 1).
Note that the Huber function is smooth near zero residual, and weights small residuals by
mean square. It is reasonable to suppose that the Huber function is easier to minimize thanl 1

while still robust against large residuals.

This paper describes the application of the Huber misfit function to velocity analysis. Es-
timation of RMS velocity (or slowness) can be posed as a linear inverse problem through the
velocity transformdescribed in the next section. Definition of the misfitvia the Huber func-
tion (or any other robust error measure) results in a nonlinear optimization problem for the
velocity model. This nonlinearity would seem to compare unfavorably with the least squares
(l 2) treatment of the same problem, which leads to a linear system (the normal equation) and
so can be solved by efficient iterative methods such as conjugate gradient. We show that use of
an appropriate nonlinear optimization method gives a Huber-based solution with comparable
efficiency to that of conjugate gradient least squares solution. Thus the noise rejection prop-
erties of the Huber misfit function come at no appreciable premium in computational effort.
In the work reported here we have used a version of the Limited Memory BFGS algorithm

Figure 1: Error measure proposed by
Huber (Huber, 1973). The upper part
aboveε is thel 1 norm while the lower
part is thel 2 norm. antoine1-huber
[NR]

−ε ε

1 1

22

l

l l

M(r)

r

l

(Nocedal, 1980) as implemented in the Hilbert Class Library (Gockenbach et al., 1999). Other
nonlinear iterative optimizers could be used; we have solved the same examples with nonlin-
ear conjugate gradient methods (Fletcher, 1980) and obtained comparable results. We note
that specially adapted Huber minimizers have been suggested (Ekblom and Madsen, 1989).
One of our questions in beginning this work was whether a standard quasi-Newton method, as
opposed to a special solver, would perform satisfactorily in Huber estimation.

The second section of the paper explains the velocity transform and formulates a linear
inverse problem for velocity analysis. The third and fourth sections present synthetic and field
data examples.
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APPLICATION TO VELOCITY ESTIMATION

Thevelocity domainrepresentation of seismic data is an alternative to the standard CMP pre-
sentation. Transformation of CMP data into the velocity domain (producing a velocitymodel
or panelof the data) exhibits clearly the moveout inherent in the data and therefore, forms
a convenient basis for velocity analysis as a linear inverse problem. The velocity transform
A from the model space (velocity domain) into the data space (CMP gathers) stretches the
velocities back in the offset plane (superposition of hyperbolas) whereas the adjoint operation
(A′) squeezes the data (summation over hyperbolas):

A = HS,

with

Sm(t ,x)=
∑

s

t

τ
w(s,x,τ )m(τ ,s)

∣∣∣∣∣
τ=
√

t2−s2x2

A′ = S′H′,

with

S′d(τ ,s)=
∑

x

w(s,x,τ )d(t ,x)

∣∣∣∣∣
t=
√
τ2+s2x2

wherew(s,x,τ ) is a weighting function,H is a filter that we define later.A is related to the
velocity stack as defined by Taner and Koehler (1969).

The problem is: given a CMP gather can we find a velocity panel which synthesizes itvia
A? In equations, given datad, we want to solve for modelm:

Am ≈ d.

A simple way to solve this problem is to find a modelm that minimizes themean squaremisfit

(Am−d)′(Am−d).

This optimization problem is equivalent to the linear system (“normal equations”)

A′Am = A′d.

This system is easy to solve ifA′A ≈ I , i.e if A is close to unitary: thenm=A′d. In general,A
is far from an unitary operator for many reasons. However, the choice of a weighting function
compensates to some extent for geometrical spreading and other effects (Claerbout and Black,
1997):

w(s,x,τ )=
1√

(τ2+s2x2)1/2

τ
√
τ2+s2x2

√
xs.

The summation in the velocity space boosts low frequencies. Claerbout and Black (1997)
suggest that a good choice of filterH is a half derivative operator (

√
iω). These choices forH

andw(s,x,τ ) bringA closer to being an unitary operator.
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Since the data is noisy, the modeling operator is not unitary and the numbers of equations
and unknowns may be large, an iterative data-fitting approach seems reasonable:

minm(E(Am−d))

wherem is the model,d, the data we want to fit,A the modeling operator, andE a misfit
measurement function we have to choose. We have already presented one possibility, namely
that E is the l 2 norm (least squares inversion). A convenient iterative method in this case is
to solve the normal equation using conjugate gradient iteration. We refer to this approach as
“CG” or “ l 2”. An alternative approach is to take forE the Huber function introduced in the
first section. With this Huber misfit measure, the velocity transform inverse problem is no
longer equivalent to a linear system. We choose to solve it using a general-purpose nonlinear
optimizer, as mentioned above, rather than one of several special-purpose methods invented
for this type of problem. We refer to this approach as”Huber” or the “Huber solver”.

The next two parts of this paper compare the performance of the CG algorithm to Huber
in the velocity analysis application.

SYNTHETIC DATA TESTS

To compare the Huber function with the least squares measure, we generate a synthetic CMP
gather (Figure 2) that we perturb by introducing: (1) missing traces, (2) a low velocity aliased
plane wave, and (3) some sparsely distributed spiky noisy events. These data sets constitute
the input for the iterative schemes (ε = 0.01 for each result). The panels display the model
space on the left (after 20 iterations), and the data space on the right. The bottom right panels
show the modeling of the last velocity result. All these results (Figures 4, 6, 8) prove the
following: outcome of the Huber solver is insensitive to spiky events, like a purel 1 norm
misfit function. The outcome of the missing data problem was probably less predictable, but
again, Huber copes more easily with the inconsistency introduced in the data.

Figure 2: Left: ideal veloc-
ity panel. Right: data model.
antoine1-datamodel[CR]
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Figure 3: CG result with missing data.antoine1-vel-miss2g[CR]

FIELD DATA EXAMPLES

In this section we compare the CG to the Huber function for two CMP gathers. We divide
this section in three: first, we show the inverted velocity panels and modeled data obtained for
both the CG and Huber solver. The second and third section address the stability problems
and computational efficiency.

Velocity analysis on field data

Figure 9 displays different interesting features: the first CMP (A) shows low velocity events
(ground roll or guided waves) and time shifts near offset 2km while the second example (B)
shows bad traces with high amplitudes. The same clip has been applied to each figure. Note
that the offsets are probably wrong since we have reflected waves traveling at about 10 km/s
for InputA! The velocities are computed after 5 iterations only, andε= 0.001 for both gathers.
Figure10 shows the velocity analysis using Huber and CG on a first data set. It appears that the
CG result has artifacts at times above 1.5 sec. We see some horizontal stripes that make reliable
interpretation difficult. In contrast, the Huber result displays a focused velocity corridor. Some
low frequency events do appear in the upper right part of the panel but they do not interfere
with the main fairway. It is interesting to notice that Huber separates the low-frequency low-
velocity noise from the signal whereas thel 2 measure spreads it along the velocity axis. If
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Figure 4: Huber result with missing data.antoine1-vel-miss3h[CR]

Figure 5: CG result with a slow plane wave.antoine1-vel-surf1g[CR]
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Figure 6: Huber result with a slow plane wave.antoine1-vel-surf2h[CR]

Figure 7: CG result with spiky events.antoine1-vel-spiky1g[CR]
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Figure 8: Huber result with spiky events.antoine1-vel-spiky2h[CR]

we now model those results back into the data-space, we obtain Figure11. We notice that CG
does not do a good job in estimating the upper part. Furthermore, some high frequency noise
appears. The Huber result however looks close to the original data. In particular, the upper
part is well estimated and no harmful artifacts are visible. The anomalous high amplitude first
trace does not affect the final results either.

Let’s now look at the results for InputB. Figure12 show the strength of the Huber solver
compared to CG. The CG velocity panel shows horizontal stripes in the velocity scan making
any reliable picking quite impossible. The Huber velocity panel displays a focused bended
corridor with low noise amplitude. If we now model those results back into the data-space,
we get Figure13. Those sections support the same observations as previous, and as expected,
Huber allows to recover more accurately the original data. These results are quite encouraging
and give us a flavor of what could be accomplished with the Huber norm. The same conclusion
applies on the field data as on the synthetics: the Huber function is robust.

Is Huber a stable solver ?

For Huber to be a serious competitor to thel 2 norm and the CG, it needs to be stable with
respect to the number of iterations and to the Huber threshold,ε. This is what we investigate
in this section. Figure14 displays two velocity panels using 5 and 70 CG iterations on inputA.
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Figure 9: Input data- 2 CMP gathers.antoine1-datamodelreal[NR]
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Figure 10: Velocity panel using CG and Huber solver: the left panel shows some stability
problems above 1.5 sec. The Huber solver result shows a focused velocity corridor on the left
and some artifacts on the right. Those artifacts are well separated from the fairway, however.
antoine1-modelwz08[CR]
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Figure 11: Data modeling after iteratively improved velocity model.antoine1-datawz08
[CR]
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Figure 12: Velocity model using CG and Huber solver.antoine1-modelwz11[CR]
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Figure 13: Data modeling after iteratively improved velocity model.antoine1-datawz11
[CR]
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Figure 14: InputB: velocity panel using 5 and 70 CG iterations.antoine1-compmodel11g
[NR]
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Figure 15: InputB: velocity panel using 5 and 70 Huber iterations.antoine1-compmodel11h
[NR]
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Figure 16: InputA: velocity panel using 5 and 70 CG iterations.antoine1-compmodel08g
[NR]
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Figure 17: InputA: velocity panel using 5 and 70 Huber iterations.antoine1-compmodel08h
[NR]
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Figure 18: InputA: velocity panel for different Huber thresholds. The last panel is obtained
using the CG.antoine1-treshcomp08[NR]
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The right panel shows one of the well known characteristics of the conjugate gradient: after
a relative small number of iterations, the algorithm starts to invert noise in the data space,
making the model space particularly messy and uninterpretable. In contrast, the Huber results
are fairly stable (Figure15) since we can pick a reasonable velocity function without bothering
with the noise. Some artifacts appear, however, which may be squelched by moving up or
down the threshold. The next result is by far the most favorable to Huber (InputB). Figure16
shows two velocity functions after 5 and 70 iterations using conjugate gradient. The noise
level is so strong after 70 iterations that we cannot distinguish any coherent feature. Once
again, the Huber solver gives a better velocity panel (Figure 17). This is a major improvement
to the performance of CG.

Testing the Huber response for different thresholds is another important issue. Remember
that this threshold determines the border between thel 1 and l 2 norms. Ideally, we would
like not to have to specify this parametera priori, but rather have the algorithm adaptively
estimates it from the data. It’s interesting, however, to test the system’s sensitivity to the
threshold. Figure 18 shows a comparison forε ranging from 0.001 to 1 for 20 iterations. The
last panel is the CG result. As expected, Huber starts to behave like anl 2 norm for largeε.
Nonetheless, forε = 0.001 toε = 0.1, the velocity panels are fairly comparable giving us a
wide range of possibilities in the choice of the threshold.

Computational efficiency

Despite its general design intended for arbitrary optmization problem, the Limited Memory
BFGS “off the shelf” code was successful in minimizing the Huber misfit function. The results
achieved by the two algorithms are significantly different so that a direct comparison of cost
is difficult. The Huber/BFGS combination tends to require about twice as much CPU time per
iteration as the Least squares/CG.

CONCLUSION

Since geophysical inverse problems are often ill-posed due to the presence of inconsistent data,
high amplitude anomalies and outliers, relative insensitivity to noise is a desirable character-
istic of an inversion method. The Huber function is a compromise misfit measure betweenl 1

andl 2 norms, not only boasting robustness in the presence of noise and outlier effects likel 1

measures, but also smoothness for small residuals characteristic ofl 2 measures. The transition
between the two norms is governed by a free parameter, the Huber thresholdε.

The Huber solver is fairly stable with respect to two major choices: the number of itera-
tions andε. The most striking result arises when we increase the number of iterations: while
the l 2 result explodes, the Huber result looks stable. In addition, we may choose a threshold
within a large range without degrading the estimated velocity model (onceε is small enough).
We did not apply any regularization on the least squares method: it would makel 2 less noise-
sensitive but requires either a regularization weight or a noise level estimate and results are
rather sensitive to these. The Huber function also requires an estimate for the parameterε, but
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the results seem not to depend strongly on its choice. Furthermore, the Huber function gives
better results than thel 2 when applied to velocity analysis showing its robustness to outlier
effects. A data-dependent criterion for choosing the Huber threshold may prove fruitful, i.e.,
“treat X% of the data as Gaussian in the small residuals”, whereX is specified interactively
by the end-user.

These results encourage the use of the Huber function whenever the data are contaminated
with noise and, as a robust and stable measure, to replace thel 2 norm in many geophysical
applications.
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Extremal regularization1

William W. Symes2

ABSTRACT

Extremal regularization finds a model fitting the data to a specified tolerance, and addi-
tionally minimizing an auxiliary criterion. It provides relative model/data space weights
when no statistical information about the model or data is available other than an esti-
mate of noise level. A version of the Moré-Hebden algorithm using conjugate gradients
to solve the various linear systems implements extremal regularization for large scale in-
verse problems. A deconvolution application illustrates the possibilities and pitfalls of
extremal regularization in the linear case.

INTRODUCTION

Many important inverse problems are ill-posed: precise fit to data is either impossible or
produces a model estimate so sensitive to data error as to obscure physically important model
features. Since no intrinsic sample-level distinction between signal and noise exists in general,
solution of such problems requires specification or estimation of data noise level, or acceptable
degree of data misfit. Even so, the set of “feasible” models (fitting the data to within the
prescribed tolerance or noise level) is very large. Finding a model representing the information
content of the data then requires additional information.

Under some circumstances, Bayesian estimation theory provides a computational prescrip-
tion for selecting a maximum likelihood model which represents the information inherent in
the data and computing itsa posteriorivariance. When the modeling operator is linear, the
data statistics are known and Gaussian, and signal and noise are known to be statistically inde-
pendent, noise variance is the only additional parameter required to set up a linear system for
the maximum likelihood estimator. However if these statistical hypotheses are not satisfied or
if the modeling operator is nonlinear, Bayesian theory does not give an explict prescription for
selecting a representative model.

This paper explores an alternative selection principle, which I callextremal regularization.
Extremal regularization does not require the extensive statistical assumptions of the Bayesian
theory. It selects from the feasible set a model minimizing some auxiliary model property.
Use of extremal regularization requires (1) a choice of auxiliary model property to extremize,
(2) choices of norms to measure the data misfit and auxiliary model property, (3) knowledge

1This report will also appear in the TRIP 1999 Annual Report
2email: symes@caam.rice.edu
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of the data noise level, and (4) an algorithm for finding an extremal solution. Depending
on application, (1), (2), and (3) involve greater or lesser degrees of arbitrariness. When the
modeling operator is linear and the auxiliary property is quadratic in the model, extremal reg-
ularization amounts to minimization of a quadratic function subject to a quadratic constraint.
In effect such an algorithm finds the penalty parameter or relative weight between data and
model spaces as a function of the prescribed noised level. Note that the noise level has a much
more obvious intuitive or physical meaning than the penalty parameter, though it is not always
easy to determine from available data.

This notion is not new in geophysics. For example D. D. Jackson proposed similar ideas
more than 20 years ago (Jackson, 1973, 1976). From (Jackson, 1979):

There are some who hold the recalcitrant point of view that the normal Backus-
Gilbert resolving kernels tend to present results in too abstract a fashion, but that
the use ofpriori data makes any error estimate rather arbitrary. For these, the
only satisfactory evidence on which to base physical conclusions is a catalogue of
models which fit the data well, are physically plausible, and contain among them
models which have the maximum and minimum presence of some hypothetical
feature. I must admit to having strong sympathies for this point of view.

Jackson extremized linear functions of the model subject to prescribed data misfit. These
extrema represent the ends of model error bars.

This “recalcitrant” point of view is also natural when there is some nonlinear auxiliary
quantity that should be minimized - or ideally even zeroed out - by virtue of fundamental
model requirements of the model. This is the case for example in Claerbout’s proposal for
signal extractionvia Jensen inequalities (Claerbout, 1998, 1992) and for the extended version
of differential semblance optimization for velocities (Gockenbach and Symes, 1997). In other
settings, for example the deconvolution problem used as an example in this report, extremizing
an auxiliary quantity serves merely to pick out a “simplest” solution amongst many.

The Moré-Hebden algorithm finds the reelative weight between data and model spaces by
applying Newton’s method to the so called secular equation. The secular equation requires that
the norm of the auxiliary model property be equal to its prescribed value. Since this norm will
change as you change the relative weight between data misfit and auxiliary model property,
the secular equation determines the weight. This idea is much used in numerical optimization,
where quadratically constrained quadratic minimization goes under the name “trust region
problem” (Dennis and Schnabel, 1983). The published versions of Moré-Hebden (Moré, 1977;
Hebden, 1973), also (Björk, 1997), pp. 205-6, have typically used LU decompositions to
solve the linear systems required by Newton’s method, so are limited to small and medium
scale problems. This report describes a version appropriate for large scale problems, using
conjugate gradient iteration. The presence of this “inner” iteration and the necessary lack of
precision in the solution of the Newton system has interesitng consequences for convergence
of the algorithm.

This report presents extremal regularization of linear inverse problems in the form of the
quadratically constrained quadratic minimization problem solved by the Moré-Hebden algo-
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rithm. Examples based on ill-posed 1D deconvolution illustrate the extremal regularization
concept and the behaviour of the algorithm.

QUADRATICALLY CONSTRAINED QUADRATIC MINIMIZATION

A mathematical statement of the extremal regularization problem is (equivalent to)

minx(Rx)T Rx subject to (Ax−d)T (Ax−d)≤ σ 2dTd

Here A is the modeling operator,x is the model vector,d is the data, andR is the regular-
izing operator. The noise levelσ is relative, as that is usually the most useful way to pose
noise estimates. Thus solution of this problem demands quadratically constrained quadratic
minimization.

The solution minimizes whatever quality is represented byR, subject to fitting the data to
a relative error levelσ . The first order necessary conditions of optimality state that the solution
satisfies

λAT (Ax−d)+ RT Rx= 0

λ
[
(Ax−d)T (Ax−d)−σ 2dTd

]
= 0

The first condition states parallelism of the gradients of the constraint and objective functions.
The second implies that either the constraint is satisfied as an equality - i.e. the solution is
on the boundary of the set of constraint-satisfying models - or else the Lagrange multiplier
λ vanishes, which means that the most regular solution actually has a smaller residual than
assumed - i.e.σ is larger than the actual noise level.

The first condition is the familiar normal equation of the unconstrained problem

minx λ(Ax−d)T (Ax−d)+ (Rx)T Rx

or
minx (Ax−d)T (Ax−d)+ ε2(Rx)T Rx

whereε = λ−
1
2 is the “notoriously elusive” relative weight between model space (really con-

straint space) and data space.

The point of this paper, and the basis of the Moré-Hebden algorithm, is that the first order
conditions make theε a function of the assumed noise levelσ . Wheneverσ can be estimated
directly, this relationship provide a method of estimatingε.

ESTIMATING THE REGULARIZATION PARAMETER FROM THE NOISE LEVEL

For arbitraryλ > 0, denote byx(λ) the solution of the normal equations

λAT (Ax(λ)−d)+ RT Rx(λ)= 0
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Set
φ(λ)=

√
(Ax(λ)−d)T (Ax(λ)−d)

Thesecular equationis
φ(λ)= σ

√

dTd

and its solution, if it has one, gives the correct value of the Lagrange multiplierλ.

The Moré-Hebden algorithm takes its cue from the simplest possible case:x andd are
one-dimensional, andA andR are scalars. In that very special case,

x(λ)=
λAd

λA2+ R2

hence

φ(λ)=
R2d

λA2+ R2

i.e. the reciprocal ofφ is a linear function ofλ. This suggests that Newtons’s method is more
likely to converge quickly when applied to

ψ(λ)≡
1

φ(λ)
=

1

σ
√

dTd

and that is exactly what the Moré-Hebden algorithm does.

The iteration proceeds as follows:

• initialize λ somehow

• until convergence do: replaceλ by

λ−
ψ(λ)− 1

σ
√

dT d

ψ ′(λ)

in whichψ ′ stands for the deriviative ofψ , which you compute like so:

ψ ′(λ)=−
φ′(λ)

φ2(λ)

Now
φ′(λ)= φ−1(λ)(Ax′(λ))T (Ax(λ)−d)

From the normal equations,

(λAT A+ RT R)x′(λ)= AT (d− Ax(λ))

so
φ′(λ)= φ−3(λ)(AT (Ax(λ)−d))T (λAT A+ RT )−1(AT (Ax(λ)−d))

Putting all of this together, one obtains the following algorithm for updatingλ:
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• solve the normal equations forx, compute the residualφ

• compute the normal residualg= AT (Ax−d)

• solve the auxiliary system (λAT A+ RT R)s= g for s

• computeφ′ = gTs/φ

• replaceλ by

λ+
φ

φ′

(
1−

φ

σ
√

dTd

)

The first and third steps involve solution of linear systems, which in geophysical applications
may be very large. Therefore, in contrast to conventional implementations of this algorithm,
I useconjugate gradient iteration(Björk, 1997) to compute the solutions of these systems.
As one might expect, the error reduction attained by these inner iterations affects the overall
convergence rate of the algorithm.

A final detail: sinceλ = ε−2 must remain positive, I have replaced any large decrease
implied by the above formula by a bisection strategy. Sinceφ′ < 0, as soon asλ is too small
(which forces the weight onto the regularization term and increases the residual), the algo-
rithm produces regular increases inλ and converges very rapidly, usually in one or two steps,
so long as the normal equations are solved successfully. This is not always the case, but fail-
ure to converge rapidly appears to signal large data components associated with very small
eigenvalues and is a sure sign that the noise level estimateσ has been chosen too small.

DECONVOLUTION EXAMPLES

The operatorA is 1D convolution of a source pulsew with the input time seriesx. The data
d is this convolution plus the noise seriesn. The regularization operatorR is taken to be the
identity I for all examples presented here.

All of the examples in this section will concern the source pulse (w) depicted in Figure 1,
which is a 15 Hz Ricker wavelet sampled at 4 ms.

The data space consists of time series of length 1001, sample rate 4 ms. The noise free
data is the convolution of the wavelet with a spike located at 1 s, see Figure 2.

The noise strength for the first set of experiments is 0.5. The noise is concentrated in the
pulse passband, as it is the convolution of a pseudorandom sequence with the pulse, followed
by scaling. Thus a signal of reasonable size fits the noisy data (Figure 3) very precisely.

The deconvolutions (signal estimations) resulting from underestimating, correctly esti-
mating, and overestimating the noise level appear as Figure 4, Figure 5, and Figure 6. The
estimated noise levels are 10%, 50%, and 80% respectively. In the notation of the last section,
σ =0.1, 0.5, and 0.8 respectively. There is no particular identifiable virtue of one result over
the other, which reinforces my contention that in order to solve one of these problems, you
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Figure 1: 15 Hz Ricker wavelet
used in deconvolution experiments.
bill1-fig1 [ER]
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Figure 2: Noise free data.bill1-fig2
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Figure 3: Noisy data: 50% RMS fil-
tered noise.bill1-fig3 [ER]
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must have an independent means of estimating noise level: neither the data nor the results of
the signal estimations reveal the signal/noise dichotomy.

Figure 4: Signal estimate: tar-
get noise level 10%, filtered noise.
bill1-fig4 [ER]
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Note that even for the correctly estimated noise level, namelyσ = 0.5, you do not recover
the isolated spike. The discrepancy is partly due to the less than perfect linear system solves
via conjugate gradient iteration, but also to the nature of the problem: it is actually possible
to achieve the same fit error as that provided by the noise free data with a slightly smaller
signal, by fitting the signal less and the noise more. That’s because signal and noise are not
entirely orthogonal (and they rarely are, so you’re going to have to live with this “crosstalk”
imperfection!).
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Figure 5: Signal estimate: tar-
get noise level 50%, filtered noise.
bill1-fig5 [ER]
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Figure 6: Signal estimate: tar-
get noise level 80%, filtered noise.
bill1-fig6 [ER]
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The relation between the noise level or fit error and the penalty parameterε really is ob-
scure, as the following results suggest:

• σ = 0.1⇒ ε = 48.8958

• σ = 0.5⇒ ε = 213.011

• σ = 0.8⇒ ε = 470.256

I would not have guessed the precise values of theseεs - would you have done? On the other
hand the trend is exactly as you would expect: as you permit more misfit, you are able to make
the auxiliary quantity (the modelL2 norm in this case) smaller, corresponding to a largerε.

The second set of experiments uses the same noise free data contaminated with unfiltered
noise at the 50% level (Figure 7). As the data now contain much out of passband energy, a
perfect fit is no longer achievable.

Figure 7: Noisy data: 50% RMS un-
filtered noise.bill1-fig7 [ER]

0

0.5

1.0

1.5

2.0

0 20

Estimating the noise level atσ =0.1,0.5, and 0.8 as before gives the signals depicted in
Figure 8, Figure 9, and Figure 10 respectively. The first of these fit errors is impossible to
achieve by means of the conjugate gradient algorithm at least with any reasonable number of
iterations. The solution simply grows without bound, as one would expect, and retains almost
no character of the target model (Figure 8). The correct estimateσ = 0.5 on the other hand
gives you a reasonable estimate of the signal (Figure 9), with a bandlimited version of the
spike dominating the series.

Again, the precise values ofε are inscrutable:

• σ = 0.1⇒ ε = 2.04543e-11

• σ = 0.5⇒ ε = 130.219
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Figure 8: Signal estimate: target
noise level 10%, unfiltered noise.
bill1-fig8 [ER]
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Figure 9: Signal estimate: target
noise level 50%, unfiltered noise.
bill1-fig9 [ER]
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Figure 10: Signal estimate: target
noise level 80%, unfiltered noise.
bill1-fig10 [ER]
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• σ = 0.8⇒ ε = 399.49

The trend is even more marked here. The large out-of-band components in the data are
essentially impossible to fit. So when you ask for a rather precise fit - 10% error - the weight
on the model space decreases throughout the iteration, apparently with no end in sight. The
value in the table above was the result of 10 Moré-Hebden iterations, andε diminished by an
order of magnitude or so each iteration. As soon as the level of fit permits you to discard the
out of band components (that’s what happened atσ = 0.5), the desired fit actually occurs and
a reasonable value ofε results.

Clearly, prior knowledge of a reasonable model size would enable you to guessσ in this
example. However then you have to know the size of the model! This may be no more obvious
than the size of the noise. This observation reinforces my contention that solution of problems
like these demands that you knowsomethingin addition to the data samples - there is no “born
yesterday” bootstrapping into a signal - noise distinction.

CONCLUSION

Extremal regularization appears to be practical for large scale problems, as the Moré-Hebden
algorithm with conjugate gradient inner solves either converges in a reasonable number of
steps or doesn’t converge when the constraint (target noise level) forces too many small sin-
gular values into the act. All of these terms are relative - small, doesn’t converge, etc. Modulo
floating point arithmetic, the algorithm willalwayswork if enough effort is expended. The
issue of course is reasonable level of effort, and that is in some sense a translation of the con-
cept of “noise level” - it’s the misfit between the data and what you can achieve with an easily
computable model, no more.
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Thus extremal regularization as implemented in this report appears to give a reasonable
approach to relative weighting in model and data space when an independent estimate of noise
level is somehow available. This is the case for example in the examples mentioned in the
introduction. Maybe quiet parts of seismic traces furnish pure noise series which might give a
usable estimate of noise level - provided that the modeling operator is sophisticated enough to
fit the rest!
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APPENDIX: WORKING WITH THE EXAMPLES IN THIS REPORT

This report, together with its associated files, constitutes a reproducible research document.
Makefiles tie together the various components - text, code source, data, and postscript figures.
The principal make rules are the SEP standards: build, view, clean, burn. In this section, I
will assume familiarity with the Stanford Exploration Project reproducible research concept,
which guides the structure of this document. This code behind this document is an application
of the Hilbert Class Library. So the first thing you need to do is to make HCL available. If
HCL is already installed on your system, you do this by adding a line to your.cshrc file or
appropriate component file. Otherwise you must install HCL first. The easiest way to do this
is to download it from the TRIP web page:

http://www.trip.caam.rice.edu

and follow the installation instructions. The code also depends on the SU/SEGY vector class
packagesVector , which therefore must also be installed. It will be part of the next HCL
release.NB: At Rice/TRIP and Stanford/SEP, no installation is necessary: the packages are
already installed. Simply add the following lines to your shell environment files:

• at TRIP, add to your.cshrc :

setenv HCLROOT /import/masc39c/symes/hclr0.9

setenv KBDAROOT /import/masc39c/symes/kbda

setenv QPROOT <path to the root directory of this package>

• at SEP, add to yourSetup/cshrc.generic :

setenv HCLROOT /jon/symes/hclr0.9

setenv KBDAROOT /jon/symes/kbda

setenv QPROOT <path to the root directory of this package>

The “root directory of this package” referenced in these instructions is the directory you create
by downloading thetar file containing this report. In so doing, you create a directory tree with
root namedqcqm. This is the “root” in question. All pathnames in the following discussion
are relative to this root. HCL includes a set of make rules which evolved from the SEP rule set
as it was about two years ago. I am sure that SEP’s rules have also evolved, and differently.



328 Symes SEP–100

The makefiles for this report are all output of the HCL makefile autowriter,maw, and use
HCL’s rules. If you get as far as modifying makefiles by hand, bear the possible HCL/SEP
incompatibility in mind. You can rebuild the entire package simply by enteringmake build

in the root directory. You will construct all of the executables and final results (.ps files in
theFig ) directories, including this postscript version of this report. You can make individual
results in the usual way. Note that all figures in this report except the first two will vary from
build to build, as you choose a new pseudorandom seed each time you execute the commands.
The command for deconvolution issfilter/decon.x . You execute it by following it with a
parameter file name:decon.x par - it reads all of its parameters from the file. Regrettably the
“getpar” device used in curren HCL programs is not flexible enough to permit specification
of parameters on the command line. Probably I should just steal SEP’s getpar! You can
use the executablesfilter/decon.x with other data by altering its input parameters, and so
explore the capabilities of the algorithm using data other than that supplied with this report.
Parameter control requires you to edit the parameter files manually. HCL parameter files
arekeyword=value lists; the values can be integers, floating point numbers with any size of
mantissa, and strings. Parameters to be read only by one part of the program (typically a class
constructor) get an identifying string prepended, with a double colon. Thus the parameterTol

for the conjugate gradient algorithm becomesCG::Tol . That is, the parameter file can specify
many variables namedTol , so ong as they have been equipped with qualifiers which allow
each program unit to choose a unique value. Files should be in either SU (stripped SEGY) or
SEGY formats.sVector currently supports only native binary floating point representation,
so if you port data from Linux to SGI etc. you will have to byte-swap it. Here is the parameter
file structure for the deconvolution example:

Sigma=0.5

Lambda=0.0001

Wavelet="rick15.su"

DataTimeSeries="fnd.su"

CG::Tol=1.e-4

CG::MaxItn=50

CG::DispFlag=3

QCQM::Tol=0.01

QCQM::MaxItn=10

QCQM::DispFlag=1

The parameters are

• Sigma : target noise level

• Lambda: initial estimate ofλ. It may be worth thinking about sensible defaults or crude
estimates for this, and the scalar model actually suggests such an estimate. For the
moment, set by hand.

• Wavelet : name of wavelet data file,in either SU or SEGY format.

• DataTimeSeries : filename for data time series
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• CG::Tol : convergence tolerance for HCL conjugate code - iteration terminates ifnormal
residual, i.e. in this caseλAT (Ax−d)+ RT Rx

• CG::MaxItn : maximum conjugate gradient iterations

• CG::DispFlag : controls verbosity of CG output, as explained in HCL reference manual
(through TRIP web page: point your browser at

http://www.trip.caam.rice.edu

and follow the links to the HCL reference manual, page on the conjugate gradient algo-
rithms). Level 3 is max output, including a summary of the progress at each iteration.
Note that the residual reported is thenormalresidual for this application!

• QCQM::Tol : the Moré-Hebden algorithm considers itself converged when the relative
error in the constraint is within this amount

• QCQM::MaxItn : maximum Moré-Hebden iterations

• QCQM::DispFlag : controls verbosity of Moré-Hebden code: 0 = silent, any other value
prints diagnostic information about run

Amongst the diagnostics printed out at the end of a run whenQCQM::DispFlag is set you
will find “Lagrange cosine”. This is the cosine of the angle between the constraint gradient
and the objective gradient. It diagnoses the success of the constrained optimization: if it is
very close to 1, then the two gradients are parallel and the first order necessary condition has
been satisfied. This occurs in the deconvolution examples in all cases except that depicted
in Figure 8, in which nothing converges and you can’t fit the data. Apparently failure to
get the Lagrange cosine close to 1 in a reasonable number of CG and Moré-Hebden iterations
implies that the noise level has been set too small and you are trying to match data components
associated with very small singular values.
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Short Note

Backus revisited: Just in time

Francis Muir1

INTRODUCTION

The essence of Backus theory (Backus, 1962) is that it allows a bunch of layers to be replaced
by a single layer. The new homogeneous medium has elastic properties identical in the long-
wavelength limit so that mass and travel-time are conserved, but wavelet shape is not. In
this paper I show that for normal incidence plane waves the three elastic layer parameters of
thickness, compliance, and density can be replaced by the two, travel-time and impedance,
without losing reflection and transmission information.

DEVELOPMENT

In the normal incidence case of Backus averaging, the layer properties of thickness,1Z ,
compliance,S , and mass density,R , are replaced by the corresponding properties of the
equivalent homogeneous medium,Zequiv, Sequiv, andRequiv:

Zequiv =
∑
1Z (1)

Sequiv =
∑

S1Z/
∑
1Z (2)

Requiv =
∑

R1Z/
∑
1Z (3)

that is, the thickness ofZequiv is the sum thickness of the layers,Z =
∑
1Z , and the equiva-

lent medium mechanical properties are the thickness-weighted averages of those of the layered
medium. However, these layers can also be described in terms of the layer properties of one-
way travel-time,1T , and impedance,I , with slowness,L acting as the means for changing
the independent variable between depth and time. It is well known that:

I =
√

R/S (4)

L =
√

RS (5)

and from these:

R = I L (6)

S = I −1
 L (7)

1email: francis@stanford.edu
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and thus:

Iequiv =
√

Requiv/Sequiv

=

√∑
R1Z/

∑
S1Z

=

√∑
I L1Z/

∑
I −1
 L1Z (8)

but L1Z =1T , so:

Iequiv=

√∑
I1T/

∑
I −1
 1T (9)

and by similar reasoning the slowness equivalent:

Lequiv= (
∑
1Z )−1

√∑
I1T

∑
I −1
 1T (10)

and, sinceTequiv = ZequivLequiv:

Tequiv=

√∑
I1T

∑
I −1
 1T (11)

DISCUSSION

What have we done? Firstly we have shown that Backus exactly translates from depth and
elastic properties to time and impedance. In other words we have transplanted Backus from
the physical world to the data processor’s world of traveltime and reflectivity as characterized
by Goupillaud’s ladder and Chapter 8 of FGDP (Claerbout, 1976). Secondly we have swapped
two elastic parameters, compliance and density, for one, impedance, without any loss of in-
formation. This may represent a key to extending Backus theory sufficiently away from zero
frequency to provide useful approximations to changes in wavelet shape due to scattering.

PREVIOUS PUBLICATION

This result is new to me but it is possible — even likely — that it has been previously published
in this explicit form. If this is so, then the author would much appreciate getting the citation.
In fact, Bill Symes, in a personal communication, has let me know that Bamberger came up
with an integral representation of my summation form.
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Elastic wave propagation and attenuation in a double-porosity
dual-permeability medium

James G. Berryman1 and Herbert F. Wang2

ABSTRACT

To account for large-volume low-permeability storage porosity and low-volume high-
permeability fracture/crack porosity in oil and gas reservoirs, phenomenological equations
for the poroelastic behavior of a double porosity medium have been formulated and the
coefficients in these linear equations identified. This generalization from a single poros-
ity model increases the number of independent inertial coefficients from three to six, the
number of independent drag coefficients from three to six, and the number of indepen-
dent stress-strain coefficients from three to six for an isotropic applied stress and assumed
isotropy of the medium. The analysis leading to physical interpretations of the inertial and
drag coefficients is relatively straightforward, whereas that for the stress-strain coefficients
is more tedious. In a quasistatic analysis, the physical interpretations are based upon con-
siderations of extremes in both spatial and temporal scales. The limit of very short times
is the one most pertinent for wave propagation, and in this case both matrix porosity and
fractures are expected to behave in an undrained fashion, although our analysis makes no
assumptions in this regard. For the very long times more relevant to reservoir drawdown,
the double porosity medium behaves as an equivalent single porosity medium. At the
macroscopic spatial level, the pertinent parameters (such as the total compressibility) may
be determined by appropriate field tests. At the mesoscopic scale pertinent parameters of
the rock matrix can be determined directly through laboratory measurements on core, and
the compressiblity can be measured for a single fracture. We show explicitly how to gen-
eralize the quasistatic results to incorporate wave propagation effects and how effects that
are usually attributed to squirt flow under partially saturated conditions can be explained
alternatively in terms of the double-porosity model. The result is therefore a theory that
generalizes, but is completely consistent with, Biot’s theory of poroelasticity and is valid
for analysis of elastic wave data from highly fractured reservoirs.

INTRODUCTION

It is well-known in the phenomenology of earth materials that rocks are generally heteroge-
neous, porous, and often fractured or cracked. In situ, rock pores and cracks/fractures can

1email: berryman@sep.stanford.edu
2Department of Geology and Geophysics, University of Wisconsin, Madison, WI 53706.
email: wang@geology .wisc.edu
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contain oil, gas, or water. These fluids are all of great practical interest to us. Distinguishing
these fluids by their seismic signatures is a key issue in seismic exploration and reservoir mon-
itoring. Understanding their flow characteristics is typically the responsibility of the reservoir
engineer.

Traditional approaches to seismic exploration have often made use of Biot’s theory of
poroelasticity (Biot, 1941; 1956a,b; 1962; Gassmann, 1951). Many of the predictions of this
theory, including the observation of the slow compressional wave, have been confirmed by
both laboratory and field experiment (Berryman, 1980; Plona, 1980; Johnsonet al., 1982;
Chin et al., 1985; Winkler, 1985; Pride and Morgan, 1991; Thompson and Gist, 1993; Pride,
1994). Nevertheless, this theory has always been limited by an explicit assumption that the
porosity itself is homogeneous. Although this assumption is often applied to acoustic studies
of many core samples in a laboratory setting, heterogeneity of porosity nevertheless exists
in the form of pores and cracks. Also, single homogeneous porosity is often not a good
assumption for application to realistic heterogeneous reservoirs in which porosity exists in the
form of matrix and fracture porosity. One approach to dealing with the heterogeneity is to
construct a model that is locally homogeneous,i.e., a sort of finite element approach in which
each block of the model satisfies Biot-Gassmann equations. This approach may be adequate
in some applications, and is certainly amenable to study with large computers. However, such
models necessarily avoid the question of how we are to deal with heterogeneity on the local
scale,i.e., much smaller than the size of blocks typically used in such codes.

Although it is clear that porosity in the earth can and does come in virtually all shapes and
sizes, it is also clear that just two types of porosity are often most important at the reservoir
scale: (1) Matrix porosity occupies a finite and substantial fraction of the volume of the reser-
voir. This porosity is often called the storage porosity, because this is the volume that stores
the fluids of interest to us. (2) Fracture or crack porosity may occupy very little volume, but
nevertheless has two very important effects on the reservoir properties. The first effect is that
fractures/cracks drastically weaken the rock elastically, and at very low effective stress levels
introduce nonlinear behavior since very small changes in stress can lead to large changes in the
fracture/crack apertures (and at the same time change the fracture strength for future changes).
The second effect is that the fractures/cracks often introduce a high permeability pathway for
the fluid to escape from the reservoir. This effect is obviously key to reservoir analysis and the
economics of fluid withdrawal.

It is therefore not surprising that many attempts have been made to incorporate fractures
into rock models, and especially models that try to account for partial saturation effects and the
possibility that fluid moves (or squirts) during the passage of seismic waves (Budiansky and
O’Connell, 1975; O’Connell and Budiansky, 1977; Mavko and Nur, 1979; Mavko and Jizba,
1991; Dvorkin and Nur, 1993). Previous attempts to incorporate fractures have generally been
rather ad hoc in their approach to the introduction of the fractures into Biot’s theory, if Biot’s
theory was used at all. The present authors have recently started an effort to make a rigor-
ous extension of Biot’s poroelasticity to include fractures/cracks by making a generalization
to double-porosity/dual-permeability modeling (Berryman and Wang, 1995). The previously
published work concentrated on the fluid flow aspects of this problem in order to deal with
the interactions between fluid withdrawal and the elastic behavior (closure) of fractures dur-
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ing reservoir drawdown. The resulting equations have been applied recently to the reservoir
consolidation problem by Lewallen and Wang (1998).

It is the purpose of the present work to point out that a similar analysis applies to the wave
propagation problem. Just as Biot’s early work on poroelasticity for consolidation (Biot, 1941)
led to his later work on wave propagation (Biot, 1956; 1962), the present work follows our own
work on consolidation (Berryman and Wang, 1995) with its extension to wave propagation.
We expect it will be possible to incorporate all of the important physical effects in a very
natural way into this double-porosity extension of poroelasticity for seismic wave propagation.
The price we pay for this rigor is that we must solve a larger set of coupled equations of motion
locally. Within traditional poroelasticity, there are two types of equations that are coupled.
These are the equations for the elastic behavior of the solid rock and the equations for elastic
and fluid flow behavior of the pore fluid. In the double-porosity extension of poroelasticity,
we have not two types of equations but three. The equations for the elastic behavior of the
solid rock will be unchanged except for the addition of a new coupling term, while there will
be two types of pore-fluid equations (even if there is only one fluid present) depending on
the environment of the fluid. Pore fluid in the matrix (storage) porosity will have one set
of equations with coupling to fracture fluid and solid; while fluid in the fractures/cracks will
have another set of equations with coupling to storage fluid and solid. Although solving these
equations is surely more difficult than for simple acoustics/elasticity, finding solutions for the
double-porosity equations is not significantly more difficult than for traditional single-porosity
poroelasticity. We will solve these equations in the present paper. We will first derive them
and then show that the various coefficients in these equations can be readily identified with
measurable quantities. Then we develop and solve (numerically) the dispersion relation.

EQUATIONS OF MOTION

The seismic equations of motion for a double-porosity medium have been derived recently
by Tuncay and Corapcioglu (1996) using a volume averaging approach. (These authors also
provide a thorough review of the prior literature on this topic.) We will present instead a quick
derivation based on ideas similar to those of Biot’s original papers (Biot, 1956; 1962), wherein
a Lagrangian formulation is presented and the phenomenological equations derived.

Physically what we need is quite simple — just equations embodying the concepts of
force = mass×acceleration, together with dissipation due to viscous loss mechanisms. The
forces are determined by taking a derivative of an energy storage functional. The appropriate
energies are discussed at length later in this paper, so for our purposes in this section it will
suffice to assume that the constitutive laws relating stress and strain are known, and so the
pertinent forces are the divergence of the solid stress fieldτi j , j and the gradients of the two fluid
pressuresp(1)

,i and p(2)
,i for the matrix and fracture fluids, respectively. (In this notation,i , j

index the three Cartesian coordinatesx1,x2,x3 and a comma preceding a subscript indicates a
derivative with respect to the specified coordinate direction.) Then, the only new work we need
to do to establish the equations of motion for dynamical double-porosity systems concerns the
inertial terms arising from the kinetic energy of the system.
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Generalizing Biot’s approach (Biot, 1956) to the formulation of the kinetic energy terms,
we find that, for a system with two fluids, the kinetic energyT is determined by

2T = ρ11u̇ · u̇ + ρ22U̇(1)
· U̇(1)
+ρ33U̇(2)

· U̇(2)

+ 2ρ12u̇ · U̇(1)
+2ρ13u̇ · U̇(2)

+2ρ23U̇(1)
· U̇(2), (1)

whereu is the displacement of the solid,U(k) is the displacement of thekth fluid which occu-
pies volume fractionφ(k), and the various coefficientsρ11, ρ12, etc., are mass coefficients that
take into account the fact that the relative flow of fluid through the pores is not uniform, and
that oscillations of solid mass in the presence of fluid leads to induced mass effects. Clarify-
ing the precise meaning of these displacements is beyond our current scope, but other recent
publications help with these interpretations (Pride and Berryman, 1998).

Dissipation plays a crucial role in the motion of the fluids and so cannot be neglected in
this context. The appropriate dissipation functional will take the form

2D = b12(u̇− U̇(1)) · (u̇− U̇(1)) + b13(u̇− U̇(2)) · (u̇− U̇(2))

+ b23(U̇(1)
− U̇(2)) · (U̇(1)

− U̇(2)). (2)

This formula assumes that all dissipation is caused by motion of the fluids either relative to the
solid, or relative to each other. (Other potential sources of attenuation, especially for partially
saturated porous media (Stoll, 1985; Miksis, 1988), should also be treated, but will not be
considered here.) We expect the fluid-fluid coupling coefficientb23 will generally be small
and probably negligible, whenever the double-porosity model is appropriate for the system
under study.

Lagrange’s equations then show easily that

∂

∂t

(
∂T

∂u̇i

)
+
∂D

∂u̇i
= τi j , j , for i = 1,2,3, (3)

and that

∂

∂t

(
∂T

∂U̇ (k)
i

)
+

∂D

∂U̇ (k)
i

=− p̄(k)
i , for i = 1,2,3;k= 1,2, (4)

where the pressures̄p(k) are the macroscopic fluid pressures across interfaces and are related
to the internal pore pressuresp(k) by factors of the porosity so that̄p(1)

= (1−v(2))φ(1)p(1) and
p̄(2)
= v(2)φ(2)p(2), with v(2) being the total volume fraction of the fracture porosity andφ(1)

andφ(2) being the matrix and fracture porosities, respectively. (Note that in this method of
accounting for the void space,φ(2)

≡ 1.) These equations now account properly for inertia and
elastic energy, strain, and stress, as well as for the specified types of dissipation mechanisms,
and are in complete agreement with those developed by Tuncay and Corapcioglu (1996) using
a different approach. In (4), the parts of the equation not involving the kinetic energy can be
shown to be equivalent to a two-fluid Darcy’s law in this context, sob12 andb13 are related to
Darcy’s constants for two single phase flow andb23 is the small coupling coefficient. Explicit
relations between theb’s and the appropriate permeabilities [see Eqs. (53) and (54) of Berry-
man and Wang (1995)] are not difficult to establish. The harder part of the analysis concerns
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the constitutive equations required for the right hand side of (3). After the following section
on inertia and drag, the remainder of the paper will necessarily be devoted to addressing some
of these issues concerning stress-strain relations.

In summary, equations (3) and (4) can be combined intoρ11 ρ12 ρ13

ρ12 ρ22 ρ23

ρ13 ρ23 ρ33

 üi

Ü (1)
i

Ü (2)
i

+
b12+b13 −b12 −b13

−b12 b12+b23 −b23

−b13 −b23 b13+b23

 u̇i

U̇ (1)
i

U̇ (2)
i

=
 τi j , j

− p̄(1)
,i

− p̄(2)
,i

 , (5)

showing the coupling between the solid and both types of fluid components.

In the next section we show how to relate the inertial and drag coefficients to physically
measureable quantities.

INERTIAL AND DRAG COEFFICIENTS

Inertial coefficients

It is easy to understand that the inertial coefficients appearing in the kinetic energyT must
depend on the densities of solid and fluid constituentsρs andρ f , and also on the volume
fractionsv(1), v(2) and porositiesφ(1), φ(2) of the matrix material and fractures, respectively.
The total porosity is given byφ = v(1)φ(1)

+ v(2)φ(2) and the volume fraction occupied by the
solid material is therefore 1−φ.

For a single porosity material, there are only three inertial coefficients and the kinetic
energy can be written as

2T = ( u̇ U̇ )

(
ρ̄11 ρ̄12

ρ̄12 ρ̄22

)(
u̇
U̇

)
, (6)

whereU̇ is the velocity of the only fluid present. Then, it is easy to see that, ifu̇ = U̇, the
total inertia ¯ρ11+2ρ̄12+ ρ̄22 must equal the total inertia present in the system (1−φ)ρs+φρ f .
Furthermore, Biot (1956) has shown that ¯ρ11+ ρ̄12 = (1− φ)ρs, and that ¯ρ22+ ρ̄12 = φρ f .
These three equations are not linearly independent and therefore do not determine the three
coefficients. So we make the additional assumption that ¯ρ22 = τφρ f , whereτ (Note: This
τ without subscripts should not be confused with the stress tensor introduced earlier in the
paper.) was termed the structure factor by Biot (1956), but has more recently been termed
the electrical tortuosity (Brown, 1980; Johnsonet al., 1982), sinceτ = φF , whereF is the
electrical formation factor. Berryman (1980) has shown that

τ = 1+ r

(
1

φ
−1

)
, (7)
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follows from interpreting the coefficient ¯ρ11 as resulting from the solid density plus the induced
mass due to the oscillation of the solid in the surrounding fluid. Then, ¯ρ11= (1−φ)(ρs+rρ f ),
wherer is a factor dependent on microgeometry that is expected to lie in the range 0≤ r ≤ 1,
with r = 1

2 for spherical grains. For example, ifφ = 0.2 andr = 0.5, equation (7) implies
τ = 3.0, which is a typical value for tortuosity of sandstones.

For double porosity, the kinetic energy may be written as

2T = ( u̇ U̇(1) U̇(2) )

ρ11 ρ12 ρ13

ρ12 ρ22 ρ23

ρ13 ρ23 ρ33

 u̇
U̇(1)

U̇(2)

 . (8)

We now consider some limiting cases: First, suppose that all the solid and fluid material
moves in unison. Then, in complete analogy to the single porosity case, we have the result that
ρ11+ρ22+ρ33+2ρ12+2ρ13+2ρ23 must equal the total inertia of the system (1−φ)ρs+φρ f .
Next, if we suppose that the two fluids can be made to move in unison, but independently of
the solid, then we can takėU= U̇(1)

= U̇(2), and telescope the expression for the kinetic energy
to

2T = ( u̇ U̇ )

(
ρ11 (ρ12+ρ13)

(ρ12+ρ13) (ρ22+2ρ23+ρ33)

)(
u̇
U̇

)
. (9)

We can now relate the matrix elements in (9) directly to the barred matrix elements appearing
in (6), which then gives us three equations for our six unknowns. Again these three equations
are not linearly independent, so we still need four more equations.

Next we consider the possibility that the fracture fluid can oscillate independently of the
solid and the matrix fluid, and furthermore that the matrix fluid velocity is locked to that of the
solid so thaṫu= U̇(1). For this case, the kinetic energy telescopes in a different way to

2T = ( u̇ U̇(2) )

(
(ρ11+2ρ12+ρ22) (ρ13+ρ23)

(ρ13+ρ23) ρ33

)(
u̇

U̇(2)

)
. (10)

This equation is also of the form (6), but we must be careful to account properly for the parts
of the system included in the matrix elements. Now we treat the solid and matrix fluid as a
single unit, so

ρ11+2ρ12+ρ22= (1−φ)ρs+ (1−v(2))φ(1)ρ f + (τ (2)
−1)v(2)φ(2)ρ f , (11)

ρ13+ρ23=−(τ (2)
−1)v(2)φ(2)ρ f , (12)

and

ρ33= τ
(2)v(2)φ(2)ρ f , (13)

whereτ (2) is the tortuosity of fracture porosity alone andv(2) is the volume fraction of the
fractures in the system.

Finally, we consider the possibility that the matrix fluid can oscillate independently of the
solid and the fracture fluid, and furthermore that the fracture fluid velocity is locked to that of
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the solid so thaṫu= U̇(2). The kinetic energy telescopes in a very similar way to the previous
case with the result

2T = ( u̇ U̇(1) )

(
(ρ11+2ρ13+ρ33) (ρ12+ρ23)

(ρ12+ρ23) ρ22

)(
u̇

U̇(1)

)
. (14)

We imagine that this thought experiment amounts to analyzing the matrix material alone with-
out fractures being present. The equations resulting from this identification are completely
analogous to those in (11)-(13), so we will not show them explicitly here.

We now have nine equations in the six unknowns and six of these are linearly independent,
so the system can be solved. The result of this analysis is that the off-diagonal terms are given
by

2ρ12/ρ f = (τ (2)
−1)v(2)φ(2)

− (τ (1)
−1)(1−v(2))φ(1)

− (τ −1)φ, (15)

2ρ13/ρ f = (τ (1)
−1)(1−v(2))φ(1)

− (τ (2)
−1)v(2)φ(2)

− (τ −1)φ, (16)

and

2ρ23/ρ f = (τ −1)φ− (τ (1)
−1)(1−v(2))φ(1)

− (τ (2)
−1)v(2)φ(2). (17)

The diagonal terms are given by

ρ11= (1−φ)ρs+ (τ −1)φρ f , (18)

ρ22= τ
(1)(1−v(2))φ(1)ρ f , (19)

andρ33 is given by (13).

Estimates of the three tortuositiesτ , τ (1), andτ (2) may be obtained using (7), or direct mea-
surements may be made using electrical methods as advocated by Brown (1980) and Johnson
et al. (1982). Appendix A explains one method of estimatingτ for the whole medium when
the constituent tortuosities and volume fractions are known.

Drag coefficients

The drag coefficients may be determined by first noting that the equations presented here
reduce to those of Berryman and Wang (1995) in the low frequency limit by merely neglecting
the inertial terms. What is required to make the direct identification of the coefficients is a pair
of coupled equations for the two increments of fluid contentζ (1) andζ (2). These quantities
are related to the displacements byζ (1)

=−(1−v(2))φ(1)
∇ · (U(1)

−u) andζ (2)
=−v(2)φ(2)

∇ ·

(U(2)
−u).

The pertinent equations from Berryman and Wang (1995) are

η

(
ζ̇ (1)

ζ̇ (2)

)
=

(
k(11) k(12)

k(21) k(22)

)(
p(1)

,i i

p(2)
,i i

)
, (20)
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whereη is the shear viscosity of the fluid, thek(i j ) are permeabilities including possible cross-
coupling terms. The pressures appearing here are the actual pore pressures in the storage and
fracture porosity. We can extract the terms we need from (5), and then take the divergence to
obtain(

1/(1−v(2))φ(1) 0
0 1/v(2)φ(2)

)(
b12+b23 −b23

−b23 b13+b23

)(
∇ · (U̇(1)

− u̇)
∇ · (U̇(2)

− u̇)

)
=

−

(
p(1)

,i i

p(2)
,i i

)
. (21)

Comparing these two sets of equations and solving for theb coefficients, we find

b12=
η(1−v(2))φ(1)

[
(1−v(2))φ(1)k(22)

−v(2)φ(2)k(21)
]

k(11)k(22)−k(12)k(21)
, (22)

b13=
ηv(2)φ(2)

[
v(2)φ(2)k(11)

− (1−v(2))φ(1)k(12)
]

k(11)k(22)−k(12)k(21)
, (23)

and

b23=
ηv(2)(1−v(2))φ(1)φ(2)k(21)

k(11)k(22)−k(12)k(21)
=
ηv(2)(1−v(2))φ(1)φ(2)k(12)

k(11)k(22)−k(12)k(21)
. (24)

For wave propagation, it will often be adequate to assume that the cross-coupling vanishes, as
this effect is presumably more important for long term drainage of fluids than it is for short
term propagation of waves. When this approximation is satisfactory, we haveb23= 0, and

b12=
η(1−v(2))2(φ(1))2

k(11)
(25)

and

b13=
η(v(2)φ(2))2

k(22)
, (26)

which also provides a simple interpretation of these coefficients in terms of the porosities and
diagonal permeabilities.

This completes the identification of the inertial and drag coefficients introduced in the
previous section.

CONSTITUTIVE EQUATIONS

In previous work (Berryman and Wang, 1995) chose the external confining pressure,pc, and
the fluid pressures in the matrix,p(1), and in the fracture,p(2), to be the independent variables.
The dependent variables were chosen to be the volumetric strain,e, and Biot’s increment of
fluid content (fluid volume accumulation per unit bulk volume) in the matrix,ζ (1), and fracture,
ζ (2), separately. The phenomenological approach then relates each dependent variable linearly
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to the independent variables. This choice of variables leads to a symmetric coefficient matrix
because the scalar product of the dependent and independent variables is an energy density.
The double-porosity theory with six independent coefficients,ai j , for hydrostatic loading is a
straightforward generalization of Biot’s original equations. e

−ζ (1)

−ζ (2)

=
 a11 a12 a13

a21 a22 a23

a31 a32 a33

 −pc

−p(1)

−p(2)

 (27)

The six coefficients occur in three classes, which correspond to the three original Biot coef-
ficients. The coefficienta11= 1/K is an effectivecompressibilityof the combined fracture-
matrix system. The coefficientsa12 anda13 are generalizedporoelastic expansion coefficients,
i.e., the ratio of bulk strain to matrix pressure and fracture pressure, respectively. The terms
a22, a23 , a32= a23, anda33 are generalizedstorage coefficients, i.e., ai j is the volume of fluid
that flows into a control volume (normalized by the control volume) of phasei −1 due to a
unit increase in fluid pressure in phasej −1.

Formulas relating these parameters to properties of the constituents are summarized in
TABLE 1, in which values are used for Berea sandstone from the results tabulated in TABLE

2. The definitions of the input parameters are:K and K (1) are the (jacketed) frame bulk
moduli of the whole and the matrix respectively,Ks andK (1)

s are the unjacketed bulk moduli
for the whole and the matrix,α = 1− K/Ks andα(1)

= 1− K (1)/K (1)
s are the corresponding

Biot-Willis parameters,K f is the pore fluid bulk modulus,v(2)
= 1− v(1) is the total volume

fraction of the fractures in the whole, andB(1) is Skempton’s pore-pressure buildup coefficient
for the matrix. Poisson’s ratio and the porosity of the matrix areν(1) andφ(1), respectively. It
was observed by Berryman and Wang (1995) that the fluid-fluid coupling terma23 was small
or negligible for the examples considered, and that it is expected to be small or negligible in
most situations in which it makes sense to use the double-porosity model at all. Since our main
goal for this paper is to extract and evaluate a somewhat simplified version of these formulas,
from the more general analysis presented so far, we will therefore make the approximation in
the remainder of this paper thata23≡ 0. This physically reasonable choice will also make the
subsequent analysis somewhat less tedious.

We need to express the vector on the right hand side of (35) in terms of the macroscopic
variables, using the constitutive relations in (27), plus the usual relations of linear elasticity.
The basic set of equations for assumed isotropic media [analogous expressions for single-
porosity with and without elastic anisotropy are given in Berryman (1998)] has the form

S11 S12 S12 −β(1)
−β(2)

S12 S11 S12 −β(1)
−β(2)

S12 S12 S11 −β(1)
−β(2)

−β(1)
−β(1)

−β(1) a22 a23

−β(2)
−β(2)

−β(2) a23 a33
1

2µ
1

2µ
1

2µ





τ11

τ22

τ33

−p(1)

−p(2)

τ23

τ31

τ12


=



e11

e22

e33

−ζ (1)

−ζ (2)

e23

e31

e12


, (28)
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where theSi j ’s are the usual drained elastic compliances, and theβ ’s are poroelastic expansion
coefficients approximately of the formβ = α/3K , whereα is the Biot-Willis parameter (Biot-
Willis, 1957) for single-porosity andK is the drained bulk modulus. We will not show our
work here, but it is not hard to derive the following three relations:

τi j , j = (λ+µ)e,i +µui , j j −3K
[
β(1)p(1)

,i +β
(2)p(2)

,i

]
, (29)

−3K
[
β(1)p(1)

,i +β
(2)p(2)

,i

]
=−pc,i −Ke,i , (30)

and

−3
[
β(1)p(1)

,i +β
(2)p(2)

,i

]
= B(1)

[
−ζ

(1)
,i −3β(1)pc,i

]
+ B(2)

[
−ζ

(2)
,i −3β(2)pc,i

]
. (31)

Appearing in (29) areλ andµ, which are the Lamé parameters for the drained medium. A
linear combination of the last two equations can be found to eliminate the appearance ofpc,i ,
and then this result can be substituted into (7) to show that

τi j , j = (Ku+
1

3
µ)e,i +µui , j j +Ku

[
B(1)ζ

(1)
,i + B(2)ζ

(2)
,i

]
, (32)

where

Ku =
K

1−3K
[
β(1)B(1)+β(2)B(2)

] (33)

is the undrained bulk modulus for the double porosity medium — specifically, it is the undrained
bulk modulus for intermediate time scales,i.e., undrained at the representative elementary vol-
ume (REV) scale but equilibrated between pore and fracture porosity locally. (This statement
is consistent with our assumption thata23≡ 0, but needs some qualification ifa23 6= 0.)

Combining (32) with (27) and taking the divergence, we finally obtain the expression we
need: τi j , j i

−p(1)
,i i

−p(2)
,i i

=
 Ku+

4
3µ B(1)Ku B(2)Ku

−a12a33/D (a11a33−a2
13)/D a12a13/D

−a13a22/D a12a13/D (a11a22−a2
12)/D

 e,i i

−ζ
(1)
,i i

−ζ
(2)
,i i

 , (34)

whereD = a11a22a33−a2
12a33−a2

13a22.

THE DISPERSION RELATION AND ITS SOLUTION

It is now possible to write down and solve the dispersion relation for waves propagating
through the double-porosity medium that we have been developing in the previous sections.
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Derivation of the dispersion relation

We will first take a Fourier transform of (5) in the time domain, equivalent to assuming a
time dependence of the form exp(−iωt). (Strictly speaking we should now introduce new
notation for the variables that follow to account for the differences between the time-dependent
coefficients and the Fourier coefficients. But we will not refer further to the time-dependent
coefficients in this paper, so no confusion should arise if we use the same notation from now
on for the Fourier coefficients.) Then, (5) becomes

−ω2

q11 q12 q13

q12 q22 q23

q13 q23 q33

 ui

U (1)
i

U (2)
i

=
 τi j , j

− p̄(1)
,i

− p̄(2)
,i

 , (35)

where

q11 = ρ11+
i

ω
(b12+b13),

q12 = ρ12−
i

ω
b12, etc. (36)

It is also convenient to notice that

∂

∂xi

 ui

U (1)
i

U (2)
i

=
 e

U (1)
i ,i

U (2)
i ,i

=
1

1 1
(1−v(2))φ(1)

1 1
v(2)φ(2)

 e
−ζ (1)

−ζ (2)

≡ R

 e
−ζ (1)

−ζ (2)

 , (37)

which will permit us to write the final equation in terms of the macroscopic strain and fluid
contentse, ζ (1), andζ (2). The final equality in (37) defines the matrixR, which we need again
later in the analysis.

Taking the divergence of (35), then substituting (37) and (34), and finally taking the spatial
Fourier transform (having wavenumberk) gives the complex eigenvalue problem associated
with wave propagation: Ku+

4
3µ B(1)Ku B(2)Ku

−a12a33/D (a11a33−a2
13)/D a12a13/D

−a13a22/D a12a13/D (a11a22−a2
12)/D

 e
−ζ (1)

−ζ (2)

=
v2(ω)

1
1

(1−v(2))φ(1)

1
v(2)φ(2)

q11 q12 q13

q12 q22 q23

q13 q23 q33

1
1 1

(1−v(2))φ(1)

1 1
v(2)φ(2)

 e
−ζ (1)

−ζ (2)

 ,(38)

where the eigenvaluev2(ω) = ω2/k2 has the physical significance of being the square of the
complex wave velocity. With obvious definitions for the matricesA, P, andQ, while R was
previously defined in (37), we rewrite (38) as

A

 e
−ζ (1)

−ζ (2)

= v2(ω)PQR

 e
−ζ (1)

−ζ (2)

 , (39)
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and then, in terms of these matrices, the dispersion relation determiningv2(ω) at all angular
frequenciesω is

det(A−v2(ω)PQR)= 0. (40)

This is a 3× 3 determinant of complex numbers that must be solved forv2. A method for
finding the three solutions is discussed in the next subsection.

Solution of the dispersion relation

A variety of numerical methods may be used to solve (40), including for example Crout’s
reduction method (Crout, 1941). However, since the system is relatively small (3× 3) and
since our purposes include gaining some physical insight into the processes involved, it will
prove instructive to do some more analysis on the problem prior to the ultimate numerical
calculations.

First, note that our analysis will be considerably simplified by an obvious rearrangement
of the determinant (40) so that

det(G−v2I )= 0, (41)

whereI is the identity matrix and

G= AR−1Q−1P−1, (42)

having complex matrix elementsgi j , for i , j = 1,2,3. The matrixR was given previously in
(37) and is clearly invertible for finite values of the two porosities. MatrixQ is also always
invertible for realistic choices of material parameters.

Using the properties of determinants, it is not hard to show that the 3×3 determinant (41)
can be reduced to a 2×2 determinant in either of two convenient forms:

det

(
(g11−v

2)(g22−v
2)−g12g21 −1

g12g23g31+g13g32g21− (g22−v
2)g13g31− (g11−v

2)g23g32 g33−v
2

)
= det

(
(g11−v

2)(g33−v
2)−g13g31 −1

g12g23g31+g13g32g21− (g33−v
2)g12g21− (g11−v

2)g23g32 g22−v
2

)
= 0. (43)

It is useful to write the determinant in each of these two ways in order to make connections
with single-porosity models. The first version in (43) has as its upper left-hand element an
expression that corresponds precisely to the determinant for the 2×2 system when the only
porosity present is the matrix (or storage) porosity. Similarly, the second version in (43) has
as its element in the upper left-hand position a term that corresponds to the determinant for
the 2×2 system when the only porosity present is the fracture/crack porosity. In each case the
remaining terms determine the effect of coupling to the second type of porosity. Depending
on other system parameters such as permeabilities and porosities, either of these limits may
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be useful to consider, and may also provide good starting points for the iterative (Newton-
Raphson) procedure that we will use to solve the determinant equation for the complex veloc-
ity v.

If we express the determinant (41) as a polynomialD(x) wherex = v2, then

D(x)=−x3
+ (g11+g22+g33)x

2

− (g22g33+g33g11+g11g22

− g23g32−g13g31−g12g21)x

+ (g11g22g33−g23g32g11−g13g31g22

− g12g21g33+g12g23g31+g13g32g21)= 0. (44)

The Newton-Raphson method (Hildebrand, 1956) for solving this equation forx is an iteration
process starting from some initial choicex(0) and computing

x(i )
= x(i−1)

−D(x(i−1))/D′(x(i−1)), for i = 1,2,. . . , Nc (45)

(whereD′ is the first derivative ofD with respect tox) until some convergence criterion has
been met ati = Nc. The fact that the coefficients and the solution of the problem are complex
adds no special complication to this procedure. However, since the polynomial is complex, it
is important that good starting valuesx(0) be obtained for at least two of the three roots of (44),
as a search procedure in the complex plane would be considerably more difficult to implement
than is pure Newton-Raphson iteration.

From (43), we see that two choices of starting values for the complex parameterx are
given by (for example)

x(0)
1,2=

1

2

(
g11+g22±

√
(g11−g22)2+4g12g21

)
. (46)

Once the Newton-Raphson iteration has converged from both of these starting values to their
final values ofx1 andx2, then the third solution of the dispersion relation is obtained directly
by recalling that

D(x)≡
3∑

n=0

Dn(−x)n
=−(x− x1)(x− x2)(x− x3). (47)

Using the linear independence of the terms in powers ofx in (47), we have three equations
showing that

x3= D2− x1− x2=
D1− x1x2

x1+ x2
=

D0

x1x2
. (48)

Any one of these three formulas may be used to calculatex3 directly, or combinations of
them (such as the geometric mean of any two) may be used to reduce the errors that might be
introduced by premature termination of the Newton-Raphson iteration process forx1 andx2.
An alternative method (but not the one we used in the examples of the present paper) is to use
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the formulas of (48) in a different way to arrive at a quadratic formula forx2 andx3, once that
x1 is known from the iteration procedure. The resulting formulas are given (for example) by

x2,3=
1

2

[
(D2− x1)±

√
(D2− x1)2−4D0/x1

]
. (49)

In this approach it is clearly preferable to solve for the fast wave solution asx1, and then use
the formulas in (49) to obtain the two slow wave solutions since the fast wave solution will
virtually always be well-behaved.

For each value ofx that solves the dispersion equation, we can then compute the wave
velocity and inverse of the quality factorQ using the definition

1
√

x
≡

1

v(ω)
≡

1

vr

(
1+

i

2Q

)
, (50)

where the choice of square root is determined by the requirement of physical realizability
as discussed in the following section. This definition of 1/Q is accurate when attenuation
losses are low, but should be carefully interpreted for high loss situations (e.g.,low frequency
diffusive modes). In particular, it is often stated that, when losses are high, (50) needs to be
modified so that if

1

v(ω)
≡

1

vr

(
1+

iαvr

ω

)
, (51)

whereα is the attenuation coefficient (having units of inverse length), then [as Hamilton (1972)
and Bourbiéet al. (1987) show]

1

Q
≡

2αvr

ω−α2v2
r /ω

. (52)

However, for diffusive modes the imaginary and real parts of the velocity are of comparable
size, and therefore it is possible that the formula (52) will become singular at low frequencies
for such modes. This complication can and does happen in practice. To avoid this compli-
cation, we use the definition (50) in all cases, and then interpret those situations in which
1/Q→ 2 as an indication that the mode under consideration is actually diffusive rather than
propagatory.

Physical realizability at higher frequencies

For the purposes of this paper, we will take (25) and (26) to be the low frequency limits
of the drag coefficients and also assume thatb23 ≡ 0. Then, the coefficientsb12 and b13

must be modified at higher frequencies in order to assure that the theory as a whole preserves
obvious physical requirements such as nonnegative dissipation for all modes at all times. (If
the theory always predicts nonnegative dissipation, then we will say it is “realizable.” If the
theory predicts negative dissipation for any of the modes of propagation, then the theory is not
realizable, and further effort will be required to make the theory fully realizable.) This issue
arises naturally when we have obtained the solutionx = v2 to (45) for any one of the three
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compressional modes. Then, taking the complex square root, we get two roots that differ only
by + and− signs. We want the solution that has both positive real velocity and a negative
imaginary part. This is so becausek=ω/v= k0+ iα, whereα should be a physical attenuation
coefficient such that

expi (kz−ωt)= exp(−αz)expik0(z−v0t) (53)

leads to a decrease in the overall amplitude of the compressional mode. If, for any of the
three compressional modes, no root exists with both positive real velocity and negative imag-
inary part, then the dispersion relation is unphysical and the approximations we have made
in deriving it are suspect. In our examples to follow, we will tentatively take the results from
Appendix B as the proper way to modify the drag coefficients at higher frequencies, but must
always be careful to check that this choice does not lead to unphysical behavior.

EXAMPLE

The example we present here is for Berea sandstone saturated with water. The parameters
used in the calculations are taken from TABLES 1 and 2. Most of the mechanical properties
were obtained from measurements made by Coyner (1984). The permeability values for the
matrix k(11) and the fracturesk(22) are the same as those used by Lewallen and Wang (1998).
The approach described in the preceding text, together with the results obtained in Appendices
A and B, has been implemented by writing a Fortran code and computing the eigenvalues for
the three compressional modes and their corresponding eigenvectors in the frequency range
10.0 Hz to 1 MHz. The results for the computed velocities and inverse quality factors are
then displayed in Figures 1–6. The results for the eigenvectors will be described but not
displayed here. We will not present results for the shear modes, but expect them to differ little
from results for single-porosity calculations for the same material, since the pore fluid does
not significantly affect the shear moduli in these models. (However, shear dispersion effects
due to pore-fluid will still be of importance.) Figures 1 and 2 show that the first compressional
wave is dispersive and has its main contributions to attenuation (1/Q' .001) centered at about
3 kHz, with significant decrease in the attenuation envelope (by about an order of magnitude)
at 100 Hz and 100 kHz. Wave velocity dispersion is localized approximately to the frequency
range 1 kHz to 10 kHz, and the total dispersion is less than 1 %. The eigenvector for this
mode shows that the storage pore fluid is essentially moving in concert with the solid frame
throughout the frequency range considered, with some small but largely negligible deviations
above 1 kHz. On the other hand, the fracture pore fluid oscillates out of phase with respect
to the solid frame with an amplitude as much as about one half that of the frame amplitude
above about 10 kHz. The observed dissipation for this mode is clearly tied to the out of phase
motion of the fracture fluid.

Figures 3 and 4 show that the second compressional mode is diffusive at low frequencies,
but becomes propagatory with aQ ' 5 or greater at about 10 kHz. The wave speed is quite
small at these higher frequencies (about 550 m/s), indicating that the wave is probably propa-
gating mostly through some pore fluid along a tortuous path. The eigenvector analysis shows



350 Berryman & Wang SEP–100

that the storage fluid excitation is again quite small compared to that of the fracture fluid, al-
though it is about two orders of magnitude larger than that observed for the first compressional
wave. The main effect observed for the second compressoinal wave is a large oscillation of the
fracture fluid relative to the solid frame, so that this mode can be properly characterized in this
example as a slow wave (in the sense of single-porosity poroelasticity) through the fracture
fluid.

Figures 5 and 6 show that the third compressional mode is diffusive at all frequencies in
the range considered. The apparent velocity is much lower (less than 100 m/s) — even than
that of the second compressional mode. The eigenvector analysis for this mode shows that
both the storage fluid and the fracture fluid are oscillating with significant and comparable
amplitudes, larger than that of the solid frame. The two fluids are also oscillating out of phase
with each other. The amplitude of the storage fluid oscillation slightly dominates that of the
fracture fluid, which partly explains the increased attenuation for this mode. For this example,
we might characterize this mode as a slow wave through the storage fluid, but note that this
interpretation is slightly over simplified.

Finally, we note that other examples have been computed in an attempt to verify the nature
of the dependence of the mode parameters on the input parameters. It has been observed
for example that the second and third compressional wave “velocities” at low frequencies are
proportional to the square root of the fluid bulk modulus as would be expected for a single-
porosity slow wave (Berryman, 1981; Chandler and Johnson, 1981). In the single porosity
case, the slow wave velocity is inversely proportional to the square root of the specific storage
coefficient (Green and Wang, 1990). If the solid compressibility is small compared with that
of the fluid, then the slow wave velocity would be proportional to the square root of the fluid
bulk modulus.

DISCUSSION AND CONCLUSIONS

The physical realizability issue is an important one, but not one we have dwelt much on in
this paper. Because of the complex nature of the dispersion equations and the existence of
three compressional modes for this theory, it will require some substantial amount of effort to
clarify the proper analytic structure for the theory so that unphysical results are not generated.
The main issues here are whether or not it is always appropriate to use the results presented
in Appendix B. It is known that these types of results are valid for single-porosity analysis,
but when used together with some of the approximations we have made here — such as (for
example) the neglect of cross-terms in the quasistatic permeability equations — may introduce
some unphysical behavior at high frequencies for some combinations of parameters. We leave
this analysis to future work.

Another important practical issue involves the careful comparison of these results with the
extensive literature on wave propagation and attenuation in fractured earth materials. These
comparisons will also be left to the future.

We conclude that the double-porosity dual-permeability analysis that has been presented
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here has the capability to explain both wave propagation and attenuation in earth materials
when the attenuation is due to out-of-phase motion of pore fluids in storage and fracture
porosity. However, there remains quite a lot of work to do yet both on the theory and on
its applications to real data before we can consider the story to be complete.
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APPENDIX A

Tortuosity for Double-Porosity Media

Theoretical estimates of tortuosity for the matrix and fracture components of the double-
porosity medium may be obtained by noting that equation (7) implies

τ (1)
=

1

2

(
1+

1

φ(1)

)
(54)

for storage porosity that is spherical in shape, while

τ (2)
= 1, (55)

for the fracture porosity, becauseφ(2)
= 1 by assumption.

It is more difficult to estimate the overall tortuosityτ , but a physically reasonable value
can be obtained by considering the Hashin-Shtrikman bounds on electrical conductivity of
a composite medium (Hashin and Shtrikman, 1962). These bounds show that for a two-
component medium the effective conductivity will lie between the valuesσ±H S given by the
formula (Berryman, 1995)

1

σ±H S+2σm
=

1−v(2)

σ1+2σm
+

v(2)

σ2+2σm
, (56)

where

σm=max(σ1,σ2) for σ+H S (57)

and

σm=min(σ1,σ2) for σ−H S. (58)

This notation means thatσ+H S is the upper bound, whileσ−H S is the lower bound.



SEP–100 Propagation & attenuation for double porosity 355

Recalling that electrical tortuosity is related to formation factorF by τ = φF , where
F = σ f /σ , we find that the tortuosity bounds for the double-porosity medium are:

1

φ/τ±+2/Fm
=

1−v(2)

φ(1)/τ (1)+2/Fm
+

v(2)

1+2/Fm
. (59)

We will assume that the overall tortuosity of the fractured double-porosity medium is in fact
dominated by the fractures, in which case it is appropriate to assume that the actual electrical
conductivity will be close to the upper boundσ+H S. In this case we chooseFm = 1 and, after
rearranging the formula, we find

τ ' φ
v(2)φ(1)

+ (3−v(2))τ (1)

(3−2v(2))φ(1)+2v(2)τ (1)
. (60)

Also, recall that the overall porosity is given byφ = (1− v(2))φ(1)
+ v(2). The formula (60) is

expected to be valid for situations in whichv(2)
� 1, and then (60) reduces approximately to

τ ' τ (1). For applications to media in which such an assumption is not valid, the bounds in
(56) should generally be used instead of (60).

Another physical constraint imposed by our model is that, if the drag/permeability cou-
pling termsb23 are neglected, then internal consistency of the theory may also require that
ρ23' 0. Then, (17) can be used to solve for the effectiveτ that givesρ23= 0. Interestingly,
the result in the limitv(2)

� 1 is again thatτ ' τ (1). So these two approaches give very con-
sistent results, and suggest thatρ23' 0 may also be a physically reasonable approximation in
many situations.

APPENDIX B

Frequency dependent permeability, tortuosity, and viscosity

Johnsonet al. (1987) have shown that, for a single-porosity medium, the frequency depen-
dence of the dynamic permeability and tortuosity can be well-approximated by

k(ω)=
k0[

1−4ik2
0τ

2
∞
ρ fω/η32φ2

] 1
2 − ik0τ∞ρ fω/ηφ

(61)

and

τ (ω)= τ∞+
iηφ

k0ρ fω

[
1−4ik2

0τ
2
∞
ρ fω/η3

2φ2] 1
2 . (62)

The symbolη stands for the fluid viscosity (in units ofkgm/m · s), while η/ρ f is the kine-
matic viscosity (in units ofm2/s). The new symbols appearing in these formulas are the d.c.
permeabilityk0, the high frequency tortuosityτ∞, and the lambda parameter3 introduced
by Johnsonet al. (1986). The values of the high frequency tortuosityτ∞ for double-porosity
media were considered here in Appendix A. The d.c. permeabilities for double-porosity media
have been considered in Berryman and Wang (1995) and in Lewallen and Wang (1998).
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For single porosity media, Johnsonet al. (1987) show that the lambda parameter approxi-
mately satisfies

32
= 8k0F = 8k0τ∞/φ. (63)

For the present purposes, we will assume that this relation holds independently for the storage
porosity and the fracture porosity. Then we have

3(1)
=
[
8k(11)τ (1)/φ(1)] 1

2 (64)

and

3(2)
=
[
8k(22)τ (2)/φ(2)] 1

2 =
[
8k(22)] 1

2 . (65)

Finally, we see that for the double-porosity medium, the corrections due to frequency
dependence can be viewed alternatively as a frequency dependent viscosity, since equations
(61) and (62) follow by assuming that

η(ω)≡ η
(
1− i32ρ fω/16η

) 1
2 (66)

These corrections need to be made separately for the two types of pores. This interpretation
of the frequency dependence as being associated specifically with the viscosity is the one
advocated by Biot (1956b), and has some advantages in the present context as it makes it quite
straightforward to determine what the corrections should be for the multiple porosity problem.
Note that we used (63) to simplify the factors inside the square root in (66).

It is not yet clear how to generalize these expressions for the permeability coupling terms
k(12), but our assumption following (24) thatb23 = 0 has eliminated this potential problem
from the present paper. Achieving an understanding of this issue will be one goal of our future
work.
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TABLE 1. Stress-strain parameters in double-porosity modeling as derived by Berryman and

Wang (1995).

Parameter Formula Berea
Sandstone

a11 (GPa−1) 1/K 0.167
a12 (GPa−1) −α(1)K (1)

s /K (1)Ks -0.074
a13 (GPa−1) −α/K −a12 -0.068
a22 (GPa−1) v(1)α(1)/B(1)K (1) 0.144
a23 (GPa−1) −v(1)α(1)/K (1)

−a12 0.001
a33 (GPa−1) v(2)/K f +v

(1)/K (1)
− (1−2α)/K +2a12 0.075

a33 (GPa−1) a33−v
(2)/K f 0.067

TABLE 2. Material Properties for Berea Sandstone and Water

Berea
Parameter Sandstone
K (GPa) 6.0a

Ks (GPa) 39.0a

α 0.85a

K (1) (GPa) 10.0a

ν(1) 0.15
K (1)

s (GPa) 39.0a

α(1) 0.74a

φ(1) 0.178a

B(1) 0.600
v(2) 0.0178
k(11) (m2) 1.0×10−16

k(22) (m2) 1.0×10−12

Water
K f (GPa) 2.3
ρ f (Kgm/m3) 1000.0
η (Pa·s) 0.001

aFrom Coyner (1984)
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Figure 1: First compressional wave velocity as a function of frequency for fractured Berea
sandstone.jim1-vp [NR]
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Figure 2: First compressional wave inverse quality factor 1/Q as a function of frequency for
fractured Berea sandstone.jim1-qp [NR]
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Figure 3: Second compressional wave velocity as a function of frequency for fractured Berea
sandstone.jim1-vm [NR]

10
1

10
2

10
3

10
4

10
5

10
6

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Frequency (Hz)

Se
co

nd
 C

om
pr

es
sio

na
l M

od
e 

1/
Q

Berea Sandstone

Figure 4: Second compressional wave inverse quality factor 1/Q as a function of frequency
for fractured Berea sandstone.jim1-qm [NR]
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Figure 5: Third compressional wave velocity as a function of frequency for fractured Berea
sandstone.jim1-vf [NR]
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Short Note

A short tour through the Stanford Exploration Project contribu-
tions to anisotropy

Tariq Alkhalifah1

Browsing through the countless Stanford exploration Project (SEP) reports, I was amazed to
find a large number of quality papers that tackle the sensitive issue of anisotropy. The amaze-
ment stems from the fact that a hidden principle, which states “anisotropy is not an important”,
existed in SEP. This principle evolved from statements like “If you believe in anisotropy!” and
“avoid the two A’s (anisotropy and AVO)” uttered by SEP’s leader and chief executive, Jon
Claerbout, through the years. Despite such statements Jon has maintained an environment in
SEP that allows its students to work on any subject they desire. The fact that some students
choose anisotropy is a testament to the importance of this subject, and a testament to Francies
Muir (past SEP professor and a devote anisotropist) positive influence on the group.

SEP exploits into this subject ranged for modeling seismic waves in anisotropic media to
imaging data from such media. Jacobs (1979) was the first to write an anisotropic paper, titled
“Velocity anisotropy”, in an SEP report. This paper, among other things, suggested stretching
the z-axis to accommodate the ambiguity of resolving depth from surface seismic data in
anisotropic media. This was one of the earliest papers to acknowledge the depth problem
faced in practice due to anisotropy– the difference between the vertical and imaging velocities.
Jacobs (1982) later included anisotropy in his thesis in a chapter titled “Pseudo-P and Pseudo-
SWaves in a Hexagonally Anisotropic Earth”, where he discussed the downward continuation
of the Pseudo-Swave despite that shear waves was anothertabooat SEP.

Consistent with the low popularity of anisotropy in the early 80’s, the next paper to treat
anisotropy at SEP appeared years later (Dellinger and Muir, 1985) and was titled “Axisym-
metric Anisotropy I : Kinematics”. This paper seemingly had opened a flood gate on this sub-
ject because the very next report included four papers (Muir and Dellinger, 1985; Dellinger,
1985a; Woodward and Muir, 1985; Dellinger, 1985b) tackling issues ranging from modeling
to moveout. The following year, Muir (1987) looked at Dix and Backus averaging for obtain-
ing equivalent parameters and Etgen (1987) applied finite difference to the anisotropic elastic
wave equation. One report later, Muir and Dellinger (1988) examined the relation between lay-
ering and anisotropy; they sought to obtain an equivalent homogeneous anisotropic media that
approximated the layered model. In the same report, Nichols (1988) generated synthetic seis-
mograms for anisotropic models and Guiziou (1988) did some 3-D raytracing in anisotropic
media.

1email: tariq@sep.stanford.edu
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Dellinger (1988) built a filter capable of separating theP andS-wave components of the
elastic anisotropic wavefield. Inversion of anisotropic parameters was discussed first in SEP
by Dellinger (1989), where he examined the feasibility of inverting for the elastic coefficients
in a Vertical-seismic-profile (VSP) type of setting. Nichols (1989) showed the equivalence be-
tween the Hudson model of the elastic properties of fractured rocks and the Schoenberg model.
Karrenbach (1989) uses a paraxial approximation to separate the effect of anisotropy versus
v(z) variation of velocity. Popovici and Muir (1989) use an algorithm based on a Markov ran-
dom field to model anisotropic porous rocks. Muir and Nichols (1989) use the compliance
rather than the stiffness tensor to show that rocks can be fractured in any order.

A year later, Dellinger and van Trier (1990) devised one of the earliest implementations of
finite difference scheme to the eikonal equation in anisotropic media. Though they had some
stability problems at the time, that was treated later (Dellinger, 1991), they managed to pro-
duce interesting traveltime curves in inhomogeneous media. Ji (1990) compares the nonhyper-
bolic moveout equation of Muir with that of Byun in inverting for an anellipticity parameter.
Dellinger et al. (1990) show the success of the Schoenberg-Muir technique of equivalent media
on synthetic data. More study on equivalent media followed (Nichols and Karrenbach, 1990;
Karrenbach, 1990; Muir, 1993). Cunha (1990) inverted for an elliptical anisotropic parameters
using data from a cross well configuration.

In 1991, the double elliptic approximation of Muir (1990) was used in moveout and imag-
ing applications (Dellinger and Muir, 1991; Karrenbach, 1991a); an approximation built to
utilize the simplicity of the elliptical anisotropic model to represent a transversely isotropic
model. Also, Michelena and Muir (1991) looked at anisotropic tomography. Many other pa-
pers that range from azimuthal anisotropy to fine layering to imaging exists in the newer SEP
reports (Karrenbach et al., 1992; Berryman, 1996; Alkhalifah and Rampton, 1997b; Alkhalifah
and Fomel, 1997; Karrenbach, 1991b; Michelena, 1992; Alkhalifah, 1997a; Alkhalifah et al.,
1997; Karrenbach and Muir, 1994; Alkhalifah, 1997c,b; Fomel and Grechka, 1996; Alkhalifah
and Rampton, 1997a; Alkhalifah, 1998).

The above is just a highlight of the many papers at SEP that promote and discuss the impor-
tant subject of anisotropy. The above is in no way inclusive of all the SEP papers published on
this subject. The only way to benefit from and appreciate the level of anisotropy contribution
in SEP is to directly read and study the papers involved.
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tions of massively parallel computers to seismic processing. After
leaving Thinking Machines Biondo started 3DGeo Development,
a software and consulting company devoted to parallel seismic ap-
plications. Biondo is presently full time at SEP as Acting Associate
Professor, and leading SEP efforts in 3-D imaging. He is a member
of SEG and EAEG.

Morgan Brown received a B.A. in Computational and Applied
Mathematics from Rice University in 1997. He is beginning his
third year in the Ph.D. program at SEP. Morgan worked as a Re-
search Geophysicist for Western Geophysical (1997) in Houston.
He is interested in all aspects of signal processing, and has worked
recently on signal/noise separation and pattern recognition. His
outside interests include skiing, flyfishing, and backpacking.

Jon F. Claerbout (M.I.T., B.S. physics, 1960; M.S. 1963; Ph.D.
geophysics, 1967), professor at Stanford University, 1967. Con-
sulted with Chevron (1967-73). Best Presentation Award from the
Society of Exploration Geophysicists (SEG) for his paper,Extrap-
olation of Wave Fields.Honorary member and SEG Fessenden
Award “in recognition of his outstanding and original pioneering
work in seismic wave analysis.” Founded the Stanford Exploration
Project (SEP) in 1973. Elected Fellow of the American Geophys-
ical Union. Published three books:Fundamentals of Geophysi-
cal Data Processing,1976; Imaging the Earth’s Interior1985,
and Processing versus Inversion1992. Elected to the National
Academy of Engineering. Maurice Ewing Medal, SEG’s highest
award.

Robert Clapp received his B.Sc.(Hons.) in Geophysical Engineer-
ing from Colorado School of Mines in May 1993. He joined SEP in
September 1993, received his Masters in June 1995, and is work-
ing towards a Ph.D. in geophysics. He is a member of the SEG and
AGU.
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Sean Crawley Graduated from Arizona, joined SEP, and best of
all got married in 1994. He received his Masters in 1996. His cur-
rent research interests are interpolation and multiple suppression.

Sergey Fomel received his Diploma (with Honors) in geophysics
from Novosibirsk University in 1990. From 1990 to 1994 he
worked at the Institute of Geophysics (Siberian Branch of the Rus-
sian Academy of Sciences) in Novosibirsk. He joined the Stanford
Exploration Project in September 1994 and is currently working
toward a Ph.D. in geophysics. During six months of 1998 Sergey
worked at Schlumberger/Geco-Prakla in England. He is a member
of SEG and SIAM.

Antoine Guitton received his MSc in geophysics form Univer-
site de Strasbourg, France in 1996. He also received (1996) his
”Diplome d’ingenieur de L’Ecole de Physique du Globe de Stras-
bourg”. Assistant research geophysicist at the Institut Francais du
Petrole (Paris-1996/97) working on well seismic imaging. Assis-
tant research geophysicist at CGG Houston (1997-98) working on
multiples elimination. He joined SEP in September 1998. Current
research topics are nonlinear inversion and OBC data processing.
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Stewart A. Levin was acting director of the Stanford Exploration
Project during Jon Claerbout’s 1993-4 sabbatical year. Stew is now
with Landmark in Denver, developing software tools in areas such
as 3D migration, AVO and attribute inversion.

Francis Muir has a degree in Mathematics from Balliol Col-
lege, Oxford. In 1954 he joined Seismograph Service, where he
worked in research and on reflection and refraction crews in Eng-
land, North Africa, West Africa, Papua and Western Australia. He
joined West Australian Petroleum in 1962, where he supervised
seismic crews around Exmouth Gulf, the Great Sandy Desert and
Barrow Island, and in 1967 transferred to Chevron Oil Field Re-
search Company. He left Chevron as a Senior Research Associate
in 1983. Francis has an appointment as Consulting Professor at
Stanford, and also consults with industry on various aspects of ex-
ploration. He is a Fellow of the Royal Astronomical Society, and is
a member of the SEG Research Committee.

Marie Prucha received her B.Sc.(Hons.) in Geophysical Engi-
neering from Colorado School of Mines in May 1997. She joined
SEP in September 1997 and received her MS in June 1999. She is
currently working towards a Ph.D. in geophysics. She is a member
of SEG.
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Jianliang Qian graduated from Harbin Institute of Technology,
China. He received his B.S. degree in 1990 and M.S. degree in
1993 with major in applied mathematics, both from Harbin Insti-
tute of Technology. He joined TRIP (The Rice Inversion Project,
Rice University) in 1996 and is now working towards his Ph.D.
degree under the supervision of Prof. Bill Symes’. Currently he is
a visiting student at SEP. His research interest includes numerical
methods for wave propagation in isotropic and anisotropic media,
such as eikonal solvers for traveltimes, prestack Kirchhoff depth
migrations and inversions, velocity analysis by inversion. Member:
SIAM, SEG.

James Rickett graduated with a B.A. in Natural Science from
Cambridge University in 1994, and obtained an M.Sc. in Explo-
ration Geophysics from Leeds University in 1995. He is currently
working towards a Ph.D. in geophysics at Stanford, and is a mem-
ber of the SEG and the EAGE.

Paul Sava graduated in June 1995 from the University of
Bucharest, with an Engineering Degree in Geophysics. From
March 1995 he worked as a Software Support Geoscientist and Log
Analyst with Schlumberger GeoQuest. He joined SEP in 1997, re-
ceived his M.Sc. in 1998, and continues his work towards a Ph.D.
in Geophysics. He is a member of SEG, EAGE and the Romanian
Society of Geophysics.
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Mamta Sinha received her B.Sc.(Hons) in 1996 in Geological Sci-
ences and M.Sc. in 1998 in Exploration Geophysics from Indian
Institute of Technology, Kharagpur. She joined SEP in Septemper,
1998 and is working towards a Ph.D. in Geophysics.

Yalei Sun graduated from Tsinghua University (Beijing, China).
He received his B.S. degree in 1993 and M.S. degree in 1995 with
major in solid mechanics. He joined SEP in 1995 and is now work-
ing towards his Ph.D. degree. His research interest includes 3-D
multiple attenuation, 3-D true-amplitude inversion, fast migration
in the wavelet domain, and traveltime calculation in the complex
structure.

William W. Symes received degrees in Mathematics from the Uni-
versity of California at Berkeley and Harvard University, and has
held faculty and research positions at the University of British
Columbia, the University of Wisconsin, and Michigan State Uni-
versity. Since 1983 he has been Professor of Computational and
Applied Mathematics at Rice University, where he also directs The
Rice Inversion Project, an industry-university consortium project
on mathematical and computational problems in seismic imaging.
During ’98-’99 he is visiting SEP on sabbatical leave from Rice,
working with SEPers on velocity analysis, imaging in the presence
of strong refraction, and nonlinear estimation.
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Louis Vaillant graduated from the Ecole des Mines de Paris (M.S.)
and joined SEP in December 1998 for his military obligation, sup-
ported by Elf Exploration Production. He spent one summer with
Elf UK at the Geoscience Research Centre in London (1997), and
worked on earthquake rupture processes at the Ecole Normale Su-
perieure de Paris (1998). His current research is on wave-equation
migration.

Yi Zhao received his B.S. degree in 1995 and M.S. degree in
1998 in Geophysics from University of Science and Technology
of China (Hefei, China).
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