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Summary

Fourierfinite-difference(FFD) migrationcombinesthecomplementaryadvantagesof thephase-shift
andfinite-differencemigrationmethods.However, aswith otherimplicit finite-differencealgorithms,
direct applicationto 3-D problemsis prohibitively expensive. Ratherthanmakingthe simplex � y
splitting approximationthat leadsto extensive azimuthaloperatoranisotropy, I demonstrateanalter-
nativeapproximation,thatretainsazimuthalisotropy without theneedfor additionalcorrectionterms.

Helical boundaryconditionsallow the critical 2-D inverse-filteringstepto be recastas1-D inverse-
filtering. A spectralfactorizationalgorithmcanthenfactor this 1-D filter into a (minimum-phase)
causalcomponentanda(maximum-phase)anti-causalcomponent.This factorizationprovidesanLU
decompositionof the matrix, which canthenbe inverteddirectly by back-substitution.The costof
thisapproximateinversionremainsO(N ) whereN is thesizeof thematrix.

Method

Three-dimensionalFFD(Ristow andRuhl,1994)extrapolationis basedon theequation,
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where � � � (x , y,z) is the mediumvelocity, c is a referencevelocity (c 
 � ), anda andb areco-
efficientssubjectto optimization. The first term describesa simpleGazdagphase-shift;the second
termdescribesthesplit-stepcorrection(Stoffaetal., 1990);andthethird termdescribesanadditional
correctionthatcanbeappliedasanimplicit finite-differenceoperator(Claerbout,1985).

In areaswith stronglateralvelocity variations(c � �� 0), FFD reducesto a finite-differencemigra-
tion, while in areasof weaklateralvelocity variations(c � ��� 1), FFD retainsthesteep-dipaccuracy
advantagesof phase-shiftmigration. As a full-wave migrationmethod,FFD alsocorrectlyhandles
finite-frequency effects.

For constantlateralvelocity, thefinite-differencetermin equation(1) canberewrittenasthefollowing
matrixequation,
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whereD is afinite-differencerepresentationof thex , y-planeLaplacian,
� 2
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2, arecomplex anddependbothon theratio, � � � , andtheratio c � � .



The right-hand-sideof equation(3) is known. The challengeis to find the vectorqz � 1 by inverting
the matrix, A1. For 2-D problems,only a tridiagonalmatrix must be inverted; whereas,for 3-D
problemsthe matrix becomesblocked tridiagonal. For mostapplications,direct inversionof sucha
matrix is prohibitively expensive,andsoapproximationsarerequiredfor thealgorithmto remaincost
competitivewith othermigrationmethods.

A partial solutionis to split the operatorto act sequentiallyalongthe x and y axes. Unfortunately
this leadsto extensive azimuthaloperatoranisotropy, and necessitatesexpensive additionalphase
correctionoperators.

Theblocked-tridiagonalmatrix of the3-D extrapolation,A1, representsa two-dimensionalconvolu-
tion operator. Following Rickett et al.’s (1998)approachto factoringthe45� equation,I applyhelical
boundaryconditions(Claerbout,1998b), to simplify the structureof the matrix, reducingthe 2-D
convolution to anequivalentproblemin onedimension.

For example,throughtheprocessillustratedin Figure1, helicalboundaryconditionsallow the two-
dimensional5-point Laplacianfilter, d, to be expressedas an equivalentone-dimensionalfilter of
length2Nx

�
1 asfollows
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Unfortunately, thecomplex scale-factor,
�

1, meansA1 is symmetric,but not Hermitian,so thefilter,
a1, is not anautocorrelationfunction,andstandardspectralfactorizationalgorithmswill fail. Fortu-
nately, however, theKolmogoroff methodcanbeextendedto factorany cross-spectruminto a pair of
minimumphasewaveletsanda delay(Claerbout,1998a).

With this algorithm, the 1-D convolution filter of length 2Nx
�

1 can be factoredinto a pair of
(minimum-phase)causaland(maximum-phase)anti-causalfilters,eachof lengthNx

�
1. Fortunately,

filter coefficientsdropaway rapidly from eitherend,andin practice,small-valuedcoefficientscanbe
safelydiscarded.

By reconsitutingthematricesrepresentingconvolutionwith thesefilters, I obtainanapproximateLU
decompositionof the original matrix. The lower andupper-triangularfactorscan thenbe inverted
efficiently by recursiveback-substitution.

While we have only describedthe factorizationfor � (z) velocity models,the methodcan also be
extendedto handlelateral variationsin velocity. For every valueof � � � andc � � , we precompute
the factorsof the1-D helical filters, a1 anda2. Filter coefficientsarestoredin a look-up table. We
thenextrapolatethewavefieldby non-stationaryconvolution, followedby non-stationarypolynomial
division. Theconvolution is with thespatiallyvariablefilter paircorrespondingto a2. Thepolynomial
division is with thefilter pair correspondingto a1. Thenon-stationarypolynomialdivision is exactly
analogousto time-varying deconvolution, sincethe helical boundaryconditionshave convertedthe
two-dimensionalsystemto one-dimension.

Examples

Figure2 comparestime-slicesthroughimpulsesresponseof FFD migration(with c � � � 0.8) for the
splitting approximation,(a), andthehelical factorization,(b). Figure3 shows extractsfrom a three-
dimensionalFFD depthmigrationof azero-offsetsubsetfrom theSEG/EAGEsaltdomedataset.
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Figure1: Illustrationof helicalboundaryconditionsmappinga two-dimensionalfunction(a) ontoa
helix (b), andthenunwrappingthehelix (c) into anequivalentone-dimensionalfunction(d). (Figure
by Sergey Fomel).



Figure2: Depth-slicesof centeredimpulseresponsecorrespondingto a dip of 45� for c � � � 0.8.
Panel(a) shows the resultof employing an x � y splitting approximation,andpanel(b) shows the
resultof thehelicalfactorization.Notetheazimuthallyisotropicnatureof panel(b).

Figure3: Migration of a three-dimensionalzero-offsetsubsetfrom theSEG/EAGEsaltdomedataset
by Fourierfinite-differenceswith helicalboundaryconditions.


