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Summary

Fourierfinite-difference(FFD) migrationcombineghe complementarnadwantage®f the phase-shift
andfinite-differencemigrationmethods However, aswith otherimplicit finite-differencealgorithms,
directapplicationto 3-D problemsis prohibitively expensve. Ratherthanmakingthe simplex —y
splitting approximatiorthatleadsto extensve azimuthaloperatoranisotropy, | demonstratan alter
native approximationthatretainsazimuthalisotropy withoutthe needfor additionalcorrectionterms.

Helical boundaryconditionsallow the critical 2-D inverse-filteringstepto be recastas1-D inverse-
filtering. A spectralfactorizationalgorithm canthenfactorthis 1-D filter into a (minimum-phase)
causacomponenainda (maximum-phasegnti-causatomponentThis factorizatiorprovidesan LU
decompositiorof the matrix, which canthenbe inverteddirectly by back-substitution.The costof
this approximatenversionremainsO(N) whereN is the sizeof thematrix.

Method

Three-dimensiondfFD (Ristow andRuhl, 1994)extrapolationis basedon the equation,
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wherev = v(X, Y, 2) is the mediumvelocity, c is a referencevelocity (c < v), anda andb are co-
efficients subjectto optimization. The first term describesa simple Gazdagphase-shiftthe second
termdescribeshesplit-stepcorrection(Stoffaetal., 1990);andthethird termdescribesanadditional
correctionthatcanbe appliedasanimplicit finite-differenceoperator(Claerbout,1985).

In areaswith stronglateralvelocity variations(c/v ~ 0), FFD reducedo a finite-differencemigra-

tion, while in areasof weaklateralvelocity variations(c/v ~ 1), FFD retainsthe steep-dipaccurag

advantagef phase-shifmigration. As a full-wave migration method,FFD also correctly handles
finite-frequeny effects.

For constantateralvelocity, thefinite-differenceermin equation(1) canberewritten asthefollowing
matrix equation,

(I +a1D)gz41 = (I +a2D)q; (2)
A10z411 = A2, (3)

whereD is afinite-differencerepresentationf the x, y-pIaneLapIacian,Vf’y. Scalingcoeficients,a1
anday, arecomplex anddependbothontheratio, w/v, andtheratioc/v.



The right-hand-sideof equation(3) is known. The challengeis to find the vectorq,;1 by inverting
the matrix, A1. For 2-D problems,only a tridiagonal matrix must be inverted; whereas for 3-D
problemsthe matrix becomeslocked tridiagonal. For mostapplicationsdirectinversionof sucha
matrixis prohibitively expensve,andsoapproximationgrerequiredfor thealgorithmto remaincost
competitve with othermigrationmethods.

A partial solutionis to split the operatorto act sequentiallyalongthe x andy axes. Unfortunately
this leadsto extensve azimuthaloperatoranisotroy, and necessitatesxpensve additional phase
correctionoperators.

The blocked-tridiagonamatrix of the 3-D extrapolation,A1, represents two-dimensionatornvolu-
tion operator Following Rickettetal.s (1998)approacho factoringthe 45° equation) applyhelical
boundaryconditions(Claerbout,1998b), to simplify the structureof the matrix, reducingthe 2-D
corvolutionto anequivalentproblemin onedimension.

For example,throughthe processllustratedin Figure 1, helical boundaryconditionsallow the two-
dimensional5-point Laplacianfilter, d, to be expressedas an equivalentone-dimensionafilter of
length2Ny + 1 asfollows

helicalboundaryconditions

(1,0,..0,1,-4,1,0, ...0,1)

Unfortunately the complex scale-actor a1, meansA; is symmetric,but not Hermitian,sothefilter,
a1, is not anautocorrelatiorfunction, andstandardspectralfactorizationalgorithmswill fail. Fortu-
nately however, the Kolmogorof methodcanbe extendedo factorarny cross-spectrurmto a pair of
minimumphasewvaveletsanda delay(Claerbout,1998a).

With this algorithm, the 1-D corvolution filter of length 2Ny + 1 can be factoredinto a pair of
(minimum-phasegausabnd(maximum-phasednti-causafilters, eachof length Ny + 1. Fortunately
filter coeficientsdrop away rapidly from eitherend,andin practice,small-\aluedcoeficientscanbe
safelydiscarded.

By reconsitutinghe matricesrepresentingonvolution with thesefilters, | obtainanapproximatd_U
decompositiorof the original matrix. The lower and uppertriangularfactorscanthenbe inverted
efficiently by recursve back-substitution.

While we have only describedthe factorizationfor v(z) velocity models,the methodcan also be
extendedto handlelateral variationsin velocity. For every value of w/v andc/v, we precompute
the factorsof the 1-D helicalfilters, a; anday. Filter coeficientsarestoredin alook-uptable. We
thenextrapolatethe wavefield by non-stationaryonvolution, followed by non-stationarpolynomial
division. Thecornvolution is with the spatiallyvariablefilter pair correspondingo a;. The polynomial
divisionis with thefilter pair correspondindo a;. Thenon-stationarypolynomialdivision is exactly
analogoudo time-varying decotvolution, sincethe helical boundaryconditionshave corvertedthe
two-dimensionabystento one-dimension.

Examples

Figure2 comparegime-slicesthroughimpulsesresponsef FFD migration(with c/v = 0.8) for the
splitting approximation(a), andthe helical factorization,(b). Figure3 shavs extractsfrom a three-
dimensionaFFD depthmigrationof a zero-ofsetsubsefrom the SEG/EAGE saltdomedataset.
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Figure 1: lllustration of helical boundaryconditionsmappinga two-dimensionafunction (a) ontoa
helix (b), andthenunwrappingthe helix (c) into anequivalentone-dimensionaiunction (d). (Figure
by Segey Fomel).



Figure 2: Depth-slicesof centeredmpulseresponsecorrespondingo a dip of 45° for ¢c/v = 0.8.
Panel(a) shawvs the resultof emplgying an x — y splitting approximation,and panel(b) shavs the
resultof the helicalfactorization.Note the azimuthallyisotropicnatureof panel(b).
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Figure3: Migration of athree-dimensionatero-ofsetsubsefrom the SEG/EAGE saltdomedataset
by Fourierfinite-differenceswith helicalboundaryconditions.



