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GPU + CUDA = faster graduation, hopefully!

• Unlike many contemporary hardware accelerators,  graphics processing unit 
(GPU) is easy to program.

• Compute unified device architecture (CUDA) is a C programming language 
extension for programming GPUs.

• Few weeks of learning is enough to master GPU programming.
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Outline

• Governing equations 

• Motivation for using GPUs

• GPU programming

• Wave propagation

• Reverse time migration (RTM)

• Offset domain common image gathers generation

• Synthetic and field data examples
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Governing equations

• Wave propagation

• Upper boundary condition

• Imaging condition
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Ctotal = (Cforward FDTD + Cbackward FDTD)NxNzNt + CImagingNINxNzNh. (1)

C−1
FTDT = NxNzNt/(FDTD exec. time)

C−1
Imaging = NINxNzNh/(Total exec. time− 2 ∗ FDTD exec. time)

N1 x N2 is 4N1N2

2N1N2 + 2(N1 + N2 − 1)

(
∇2 − 1

v2(x)

∂2

∂t2

)
P (x, t) = 0

Pf (xs, t) =

∫ t

0

fs(t
′)dt′

Pb(xrj , t) = Ds(rj, tmax − t)

s source
r receiver
x position
t time
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Ctotal = (Cforward FDTD + Cbackward FDTD)NxNzNt + CImagingNINxNzNh. (1)

CRTM&ODCIG = 2 ∗ CFDTD + CODCIGs (2)

CRTM&ODCIG = 3 ∗ CFDTD + CODCIGs (3)

Ctotal cost of RTM & ODCIGs generation
Cforward FDTD cost of computing
Cbackward FDTD

CImaging
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I(x,h) =
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s

∑

t

Pf (x + h, t; s)Pb(x− h, t; s), (4)

s source
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x position
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Ds shot gather
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ζ
P t+1 = v2∆t2

(
∇2P t

)
+ 2P t − P t−1 (5)

while t < tmax do
set boundary conditions
P t+1 ← extrapolate(P t, P t−1, v, stencil)
t← t + 1

end while

Allocate resources on GPU
Copy source to GPU
while t < tmax do

inject source (GPU)
extrapolate wavefield (GPU)
record wavefield (GPU)
t← t + 1

end while
copy results from GPU

for t = 1 to tmax do
set boundary condition
for y = 1 to ymax do

for x = 1 to xmax do
for z = 1 to zmax do

P t+1
x,y,z ← extrapolate(P t, P t−1, v, stencil)

end for
end for
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Slow axis (y)

Fast axis (z)

Intermediate axis (x)

Wave propagation algorithm

• Time-domain finite-difference (FDTD) 

• 2nd order in time

• 8th order in space

• FDTD Algorithm:
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star-shaped spatial stencil

s source
r receiver
x position
t time
v velocity
h subsurface offset
Pf forward propagated wavefield
Pb backward propagated wavefield
Ds shot gather
fs source signature

ζ
P t+1 = v2∆t2

(
∇2P t

)
+ 2P t − P t−1 (4)

while t < tmax do
set boundary conditions
P t+1 ← extrapolate(P t, P t−1, v, stencil)
t← t + 1

end while

Allocate resources on GPU
Copy source to GPU
while t < tmax do

inject source (GPU)
extrapolate wavefield (GPU)
record wavefield (GPU)
t← t + 1

end while
copy results from GPU

for t = 1 to tmax do
set boundary condition
for y = 1 to ymax do

for x = 1 to xmax do
for z = 1 to zmax do

P t+1
x,y,z ← extrapolate(P t, P t−1, v, stencil)

end for
end for

end for
end for

2



CPU processing and memory latency

• Clock frequency of CPUs is much higher than that of DRAM.

• Cache oblivious algorithms exploit spatial and temporal locality to minimize 
latency.

• The larger the number of processing units is the higher the cost of 
communication.
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Streaming computing architectures

• Programming Field programable gate arrays (FPGAs) is not trivial.

• GPUs are much easier to program with CUDA.

• CUDA is one of many GPGPU programming tools among which is OpenCL 
and Brook.
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GPU programming

• 4 Tesla S1070 GPUs:
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GPU GPU

GPU GPU
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GPU programming

• 4 Tesla S1070 GPUs:
• 4GB global memory
• 30 Multiprocessors (SM):
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GPU
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SM SM SM SM SM SM SM SM SM SM
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Constant
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GPU programming

• 4 Tesla S1070 GPUs:
• 4GB global memory
• 30 Multiprocessors (SM):

• 8 streaming processors (1.44GHz)
• 16 KB registers
• 16 KB shared memory (smem)
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GPU

4GB DRAM

SM SM SM SM SM SM SM SM SM SM

SM SM SM SM SM SM SM SM SM SM

SM SM SM SM SM SM SM SM SM SM

~400 clock cyclesSM SP SP

SP SP

SP SP

SP SP

16KB smem

4 clock cycles

Constant

texture



GPU programming

• GPUs are best suited for algorithms that have single instruction multiple data 
(SIMD) execution model.

• Memory latency is hidden by executing threads while other are waiting for 
memory access.
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SIMD 
Task

outputInput



GPU programming
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SIMD 
Task

grid Thread blocks
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GPU programming

• CUDA constraints:
• Maximum number of threads per block is 

512.
• The size of smem and registers limits SM 

occupancy.
• Only 2D grid blocking is allowed.
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GPU programming

• CUDA constraints:
• Maximum number of threads per block is 

512.
• The size of smem and registers limits SM 

occupancy.
• Only 2D grid blocking is allowed.

• Optimization:
• Exploit coalesced global memory access.
• Use smem and avoid bank conflicts.
• Maximize SM occupancy.
• Avoid transfer from/to GPU.

14

SIMD 
Task

grid Thread blocks

SM SM SM

output

scheduler

Input



GPU programming

• CUDA constraints:
• Maximum number of threads per block is 

512.
• The size of smem and registers limits SM 

occupancy.
• Only 2D grid blocking is allowed.

• Optimization:
• Exploit coalesced global memory access.
• Use smem and avoid bank conflicts.
• Maximize SM occupancy.
• Avoid transfer from/to GPU.

• Performance evaluation:
• A kernel’s throughput is the number of 

output sample points per second.
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SIMD 
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grid Thread blocks
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output

scheduler
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• Generalizing the FDTD implementation of 
Paulius Micikevicius increases the count 
of arithmetic operations and registers.

• Fast and intermediate axes are broken 
into 16x16 blocks.

• Each thread progresses to the end of the 
slow axis.

• Values needed to evaluate the laplacian 
term are copied to shared memory.

Wave propagation
Slow axis (y)

Fast axis (z)
Intermediate axis (x)
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setup zx-grid
setup threadblocks
for t = 1 to tmax do

call boundary condition kernel
call FDTD kernel

end for
FDTD kernel
compute x
compute z
for z = 1 to zmax do

P t+1
x,y,z ← extrapolate(P t, P t−1, v, stencil)

end for

3

Host code: Device code:

end for
end for

setup zx-grid
setup threadblocks
for t = 1 to tmax do

call boundary condition kernel
call FDTD kernel

end for
FDTD kernel
compute x and z
for y = 1 to ymax do

copy P t
x,y,z and halos to shared memory

P t+1
x,y,z ← extrapolate(P t, P t−1, v, stencil)

end for

for t = 0 to tmax do
P t+1

f ← extrapolate(P t
f , P

t−1
f , v, stencil)

if t is imaging step then
save P t

f

end if
end for
for t = tmax to 0 do

P t−1
b ← extrapolate(P t

b , P
t+1
b , v, stencil)

if t is imaging step then
call imaging(P t

f , P t
b )

end if
end for

for t = 0 to tmax do
P t+1

f ← extrapolate(P t
f , P

t−1
f , v, stencil)

end for
for t = tmax to 0 do

P t−1
b ← extrapolate(P t

b , P
t+1
b , v, stencil)

P t−1
f ← extrapolate(P t

f , P
t+1
f , v, stencil)

if t is imaging step then
call imaging(P t

f , P t
b )

end if
end for
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Multiple-time stepping

• For the original algorithm, each thread block accesses the global memory for 
corresponding values from four fields (                          ).  

• Multiple-time stepping exploits temporal locality to reduce global memory accesses.
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time

z x

advance black blocks 1 step
for t = 0 to tmax/2 do

advance white blocks 2 steps
advance black blocks 2 steps

end for

for t = 0 to tmax/step length do
set boundaries for the next multiple-time step
take a multiple-time step
take the complementary multiple-time step

end for

P t+1, P t, P t−1, v

4



Multiple-time stepping

• For the original algorithm, each thread block accesses the global memory for 
corresponding values from four fields (                          ).  

• Multiple-time stepping exploits temporal locality to reduce global memory accesses.
• Point-by-point time stepping:
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Multiple-time stepping

• For the original algorithm, each thread block accesses the global memory for 
corresponding values from four fields (                          ).  

• Multiple-time stepping exploits temporal locality to reduce global memory accesses.
• Point-by-point time stepping:

• Disadvantages:
• divergent threads
• not applicable for large

stencils
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Checkerboard multiple-time stepping
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time

z x

advance black blocks 1 step
for t = 0 to tmax/2 do

advance white blocks 2 steps
advance black blocks 2 steps

end for

4

• The grid is divided into white and black thread blocks. 
• checkerboard multiple-time stepping algorithm:



time

z x

Checkerboard multiple-time stepping
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• The grid is divided into white and black thread blocks. 
• checkerboard multiple-time stepping algorithm:



time

z x

Checkerboard multiple-time stepping
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• The grid is divided into white and black thread blocks. 
• checkerboard multiple-time stepping algorithm:



time

z x

Checkerboard multiple-time stepping
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advance black blocks 1 step
for t = 0 to tmax/2 do

advance white blocks 2 steps
advance black blocks 2 steps

end for

4

• The grid is divided into white and black thread blocks. 
• checkerboard multiple-time stepping algorithm:

• Advantages:
• saving of 3 global memory 

reads per thread
• 35% reduction in global 

memory accesses 
• Applicable to large stencils

• Disadvantages:
• Requires large shared memory and register space

for 3D buffering.  



Checkerboard multiple-time steps (2D)

• 34% increase in throughput.
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Checkerboard multiple-time steps (3D)

• 22% increase in throughput.
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RTM with absorptive boundary condition

• A damping term is added to the wave equation.

• RTM algorithm with 2 passes of wave propagation:
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(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = α
3∑

i

e−|∆x|/β

α

β

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = α
3∑

i

e−|∆x|/β

α

β

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f
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α
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Scaling coefficient Damping rate
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x position
t time
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h subsurface offset
Pf forward propagated wavefield
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Ds shot gather
fs source signature

ζ
P t+1 = v2∆t2

(
∇2P t

)
+ 2P t − P t−1 (4)

while t < tmax do
set boundaries or/and inject source
P t+1 ← extrapolate(P t, P t−1, v, stencil)
t← t + 1

end while

Allocate resources on GPU
Copy source to GPU
while t < tmax do

inject source (GPU)
extrapolate wavefield (GPU)
record wavefield (GPU)
t← t + 1

end while
copy results from GPU

2

x

z

z

x

setup zx-grid
setup threadblocks
for t = 1 to tmax do

call boundary condition kernel
call FDTD kernel

end for
FDTD kernel
compute x
compute z
for z = 1 to zmax do

P t+1
x,y,z ← extrapolate(P t, P t−1, v, stencil)

end for

for t = 0 to tmax do
P t+1

f ← extrapolate(P t
f , P

t−1
f , v, stencil)

if t is imaging step then
save P t

f

end if
end for
for t = tmax to 0 do

P t−1
b ← extrapolate(P t

b , P
t+1
b , v, stencil)

if t is imaging step then
call imaging(P t

f , P t
b )

end if
end for

for t = 0 to tmax do
P t+1

f ← extrapolate(P t
f , P

t−1
f , v, stencil)

end for
for t = tmax to 0 do

P t+1
b ← extrapolate(P t

b , P
t−1
b , v, stencil)

if t is imaging step then
call imaging(P t

f , P t
b )

end if
end for
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RTM with random boundary conditions

• 4GB of memory on the GPU is not sufficient to save wavefields needed for 3D 
imaging.

• Random boundary condition alleviates the need for saving wavefields at the cost of 
one additional wave  propagation.

• RTM algorithm with 3 passes of wave propagation.
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setup zx-grid
setup threadblocks
for t = 1 to tmax do

call boundary condition kernel
call FDTD kernel

end for
FDTD kernel
compute x
compute z
for z = 1 to zmax do

P t+1
x,y,z ← extrapolate(P t, P t−1, v, stencil)

end for

for t = 0 to tmax do
P t+1

f ← extrapolate(P t
f , P

t−1
f , v, stencil)

if t is imaging step then
save P t

f

end if
end for
for t = tmax to 0 do

P t−1
b ← extrapolate(P t

b , P
t+1
b , v, stencil)

if t is imaging step then
call imaging(P t

f , P t
b )

end if
end for

for t = 0 to tmax do
P t+1

f ← extrapolate(P t
f , P

t−1
f , v, stencil)

end for
for t = tmax to 0 do

P t−1
b ← extrapolate(P t

b , P
t+1
b , v, stencil)

P t−1
f ← extrapolate(P t

f , P
t+1
f , v, stencil)

if t is imaging step then
call imaging(P t

f , P t
b )

end if
end for
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GPU capacity for 3D RTM with random boundaries

• 1-Tesla S1070 GPU (4GB):
• maximum cubic grid size: 

• 550 x 550 x 550*
• 4-Tesla S1070 GPUs (16GB):

• maximum cubic grid size:
• 900 x 900 x 900*

• * the remaining storage is for
  data, source, geometry, etc.
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Offset domain common image gathers computing

• Imaging condition:

• The output volume of ODCIGs is much 
larger (3D) than that of FDTD (2D). 

• ODCIGs for 3D can not be hosted on 
GPU memory.
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are optimized for 3D by using equal grid spacing in all dimensions and without using the surface and
absorbing boundary conditions.

Bus connection speed can be a performance bottleneck for mixed CPU-GPU processing. Generating
subsurface offset gathers on the host using wavefields computed on the GPU will slow down the algorithm
significantly. Fortunately, this can be avoided by fully offloading RTM and ODCIG generation to GPUs.

In this report, we review briefly the theory of RTM for an acoustic medium. We detail the GPU
implementation of RTM with generation of ODCIGs. We then analyze the performance of GPU kernels
on a single device. Finally, we optimize the imaging kernel by using shared memory to double the
throughput. The developed kernels were run on Tesla 10 series GPUs.

2 Governing equations

Wave propagation in an acoustic medium is described by

(
∇2 − 1

v2(x)

∂2

∂t2

)
P (x, t) = −f(x, t) (1)

where P is the pressure at a point x in the medium at time t, v(x) is the wave propagation velocity
field, and f(x, t) is the source term. A seismic experiment is conducted in the field by exciting a
seismic source f(xs, t) and recording the response at many receiver stations (r1, r2, ...), each receiver ri

is being positioned at xri . The data from one experiment are collected into a shot gather Ds(rj, t). The
experiment is repeated many times with different source locations to make a collection of shot gathers.

To build a subsurface image, each shot is migrated independently by simulating two wavefields using
equation 1 with a zero source term. The first wavefield is the forward propagated wavefield Pf (x, t).
This is done by using the boundary condition

Pf (x, t) = δ(x− xs)

∫ t

0

fs(t
′)dt′ (2)

and a zero boundary condition above the Earth’s surface [Zhang and Sun, 1993, ]. fs(t′) is the source
signature that is usually given by the data acquisition design. The second wavefield is the backward
propagated wavefield computed using the upper boundary condition

Pb(x, t) =
∑

j

δ(x− xrj)Ds(rj, tmax − t). (3)

The final image is computed using

I(x,h) =
∑

s

∑

t

Pf (x + h, tmax − t; s)Pb(x− h, t; s) (4)

where h is the subsurface offset [Biondi and Symes, 2004, ]. In practice, h is sampled (1) in the horizontal
direction, producing horizontal ODCIGs I(x, hx), and (2) in the vertical direction to produce the vertical
ODCIGs I(x, hz). For a 2D imaging problem, the horizontal and vertical ODCIGs are two 3D image
volumes. Figures 1 and 2 show slices through the vertical and horizontal subsurface offset cubes,
respectively.
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x position
t time
v velocity
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Pf forward propagated wavefield
Pb backward propagated wavefield
Ds shot gather
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ζ
P t+1 = v2∆t2

(
∇2P t

)
+ 2P t − P t−1 (5)

while t < tmax do
set boundary conditions
P t+1 ← extrapolate(P t, P t−1, v, stencil)
t← t + 1

end while

Allocate resources on GPU
Copy source to GPU
while t < tmax do

inject source (GPU)
extrapolate wavefield (GPU)
record wavefield (GPU)
t← t + 1

end while
copy results from GPU

for t = 1 to tmax do
set boundary condition
for y = 1 to ymax do

for x = 1 to xmax do
for z = 1 to zmax do

P t+1
x,y,z ← extrapolate(P t, P t−1, v, stencil)

end for
end for
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Offset domain common image gathers computing
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Ctotal = (Cforward FDTD + Cbackward FDTD)NxNzNt + CImagingNINxNzNh. (1)

CRTM&ODCIG = 2 ∗ CFDTD + CODCIGs (2)

CRTM&ODCIG = 3 ∗ CFDTD + CODCIGs (3)
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are optimized for 3D by using equal grid spacing in all dimensions and without using the surface and
absorbing boundary conditions.
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In this report, we review briefly the theory of RTM for an acoustic medium. We detail the GPU
implementation of RTM with generation of ODCIGs. We then analyze the performance of GPU kernels
on a single device. Finally, we optimize the imaging kernel by using shared memory to double the
throughput. The developed kernels were run on Tesla 10 series GPUs.
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equation 1 with a zero source term. The first wavefield is the forward propagated wavefield Pf (x, t).
This is done by using the boundary condition
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∫ t
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and a zero boundary condition above the Earth’s surface [Zhang and Sun, 1993, ]. fs(t′) is the source
signature that is usually given by the data acquisition design. The second wavefield is the backward
propagated wavefield computed using the upper boundary condition
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where h is the subsurface offset [Biondi and Symes, 2004, ]. In practice, h is sampled (1) in the horizontal
direction, producing horizontal ODCIGs I(x, hx), and (2) in the vertical direction to produce the vertical
ODCIGs I(x, hz). For a 2D imaging problem, the horizontal and vertical ODCIGs are two 3D image
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• Imaging condition:

• The output volume of ODCIGs is much 
larger (3D) than that of FDTD (2D). 

• ODCIGs for 3D can not be hosted on 
GPU memory.
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Computing ODCIGs (Naive)

offset

Image point

global memory access count =

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n
4× n2

1

31

h

h h



Computing ODCIGs (Improved)

Shared grid points 
from wave field 2

Shared grid points 
from wave field 1

offset

Image point

global memory access count =

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n
4× n2

2× n2 + 4× n

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n
4× n2

2× n2 + 4× n

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n
4× n2

2× n2 + 4× n

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n
4× n2

2× n2 + 4× n
2× n

1

(∇2 − 1
v2

∂2

∂t2
− ζ

∂

∂t
)P = f

ζ = αe−min(|∆xi|)/β

α

β

n
4× n2

2× n2 + 4× n
2× n

1

32

For 16x16 block size the number of global memory accesses is 
reduced from 1024 to 576.



Kernel performance
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• About 40% increase in throughput.
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Algorithms’ performance 
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• 2D RTM Execution time for 1000 time steps and 100 imaging steps:



• 2D RTM with ODCIGs generation

• Wavefield needed for imaging are saved on memory.

2D synthetic data example

grid size 1000 x 1000

time steps 6000

#shots 90

#offsets 2x81

resources 1 GPU

modeling time 7 min

migration time 38 min
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3D synthetic data example

• pre-stack shot profile RTM
• without saving wavefields
• grid size: 450 x 450 x 450
• time steps: 4000
• imaging steps: 400

• 1 shot
• modeling: 3 minutes
• migration: 9 minutes

• 25 shots
• modeling 1 hour & 16 minutes
• migration 3 hours & 41 minutes 
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3D field data example

• zero-offset migration

• DMOed data

• grid size: 740x460x300

• time steps: 7000

• migration time: 6 minutes on 1 GPU
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3D field data example
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Summary

• GPUs and CUDA allow fast development of data parallel algorithms.
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• Due to the memory access pattern of ODCIGs kernels, ODCIGs computing 
slow down RTM.
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Summary

• GPUs and CUDA allow fast development of data parallel algorithms.

• Checkerboard multi-time stepping improves performance by 20%.

• Due to the memory access pattern of ODCIGs kernels, ODCIGs computing 
slow down RTM.

• Blocking and pre-loading to shared memory improves performance of 
ODCIGs generation by about 40%.

• Rapid execution of kernels can be advantageous for interactive processing. 
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