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Target oriented inversion
                        3                

Figure 1: Sigsbee velocity model, target zone indicated with the "target" box. Sis_vel [CR]

Figure 2: Sigsbee shot-profile migration image using cross-correlation imaging condition.
mig_Sis [CR]
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 Non-unitary seismic imaging operators:
• Irregular acquisition geometry
• Complex velocity model
• Bandlimited  seismic data

migration ≠ inversion
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Least-squares imaging

d = Lm
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Least-squares imaging

d = Lm

m̂ = (L′
L)−1

L
′
dobs
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Least-squares imaging

d = Lm

m̂ = (L′
L)−1

L
′
dobs

m̂ = H
−1

mmig
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Hessian approximations

Cross correlation imaging condition 

H(x,y) = I
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Hessian approximations

Cross correlation imaging condition 

H(x,y) = I

Division by shot illumination imaging 
condition 

diag[H(x,y)] =
∑

ω

∑

xs

G′(x,xs;ω)G(y,xs;ω)
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• Hu et al. (2001), horizontally invariant 
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• Rickett (2003), weighting functions from 
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• Guitton (2004), bank of matching filters
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Row of the Hessian matrix
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• Least-squares imaging  (explicit Hessian)

• Prestack image-domain Hessian  
• Hessian construction cost
• Inversion with regularization in the 
subsurface-offset domain: Sigsbee model
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  Wave-equation inversion regularization 
schemes

• Clapp (2005), and Kuhl & Sacchi (2003), 
regularization in the offset-ray parameter
• Shen et al. (2003), subsurface-offset 
differential semblance operators
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Subsurface-offset vs. angle

SEP–108 Shot-profile angle gathers 5

Example common-image gathers

Figure 3 illustrates the effect velocity plays on offset-domain common-image gathers. The

three panels show CIGs produced by migrating the Marmousi synthetic dataset with three

different velocity models: the correct velocity [panel (a)], a velocity that is too low [panel

(b)], and a velocity model that is too high [panel (c)]. Interpreting patterns in the offset-

domain CIGs is difficult; however, after transformation to the angle domain (Figure 4, standard

residual-moveout patterns indicates the sign of the velocity error: events curving up meaning

too low, and events curving down meaning too high.

To illustrate the problems associated with sampling for shot-profile migrations, Figure 5

shows the same image gathers as Figure 3, but after migrating only every twentieth shot. Even

if the velocity is correct, energy does not cancel at non-zero offsets, and so events are not flat

in the angle-domain (Figure 6). When the velocities are incorrect, the angle gathers remain

chaotic: shot aliasing has effectively rendered the angle-gathers uninterpretable in terms of

velocities.

Although both de Bruin’s (1991) original methodology and the approach described here

provide means of obtaining common-image gathers from shot-profile migration, the problem

of shot-aliasing remains important for the geometries that are best suited to shot-profile mi-

gration.

Figure 3: Offset-domain common-image gathers. Panels (a), (b), and (c) were mi-

grated with velocity models that were correct, 6% too low, and 6% too high, respectively.

james2-offvel4000 [CR,M]

6 Rickett and Sava SEP–108

Figure 4: Angle-domain common-image gathers. Panels (a), (b) and (c) were migrated with

velocity models that were correct, too low, and too high, respectively. james2-angvel4000

[CR,M]

CONCLUSIONS

We construct offset-domain common-image gathers after shot-profile migration. The offset-

domain gathers then can be transformed to the angle domain by Sava and Fomel’s (2000)

transformation where residual moveout can be used for velocity analysis or image enhance-

ment. The angle domain also potentially contains information about reflectivity as a function

of angle that can be used to infer rock properties across the reflecting interface.

For sparse-shot geometries, suitable for shot-profile migration, however, the problem of

shot-aliasing remains. Shot aliasing can cause corruption of the angle domain gather, render-

ing simple moveout-based velocity analysis very difficult.
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m(x,h) =
∑

ω

∑

xs

∑

xr

G
′(x + h,xs;ω)G′(x − h,xr;ω)
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h

′∑

x

′

d(xs,xr;ω)

Shot profile Prestack migration
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one way wave equation 
Green functions 
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Linear modeling operator

d(xs,xr;ω) =
∑

x

∑

h

G(x − h,xr;ω)G(x + h,xs;ω)

∑

xr

′∑

xs

′∑

ω

′

m(x,h)
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Subsurface-offset Hessian

H(x,h;x′
,h

′) =
∑

ω

∑

xs

G
′(x + h,xs;ω)G(x′ + h

′
,xs;ω)

∑

xr

G
′(x − h,xr;ω)G(x′

− h
′
,xr;ω)
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Subsurface-offset Hessian

H(x,h;x′
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′) =
∑

ω

∑

xs
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′(x + h,xs;ω)G(x′ + h

′
,xs;ω)

∑

xr

G
′(x − h,xr;ω)G(x′

− h
′
,xr;ω)

source term 
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From offset to angle

Θ = (θ, α) reflection and azimuth 
angles

slant stack operator
Sava & Fomel (2003)

Th→Θ

m(x,Θ) = Th→Θm(x,h)
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Angle domain Hessian

H(x,h;x′
,h

′) can be pre-computed

H(x,Θ;x′
,Θ

′) = Th→ΘH(x,h;x′
,h

′)TΘ→h
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• Least-squares imaging  (explicit Hessian)

• Prestack image-domain Hessian  
• Hessian construction cost
• Inversion with regularization in the 
subsurface-offset domain: Sigsbee model

Outline
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Thanks  to frequency 
independence

H(x,h;x′
,h

′) =
∑

ω

∑

xs

G
′(x + h,xs;ω)G(x′ + h

′
,xs;ω)

∑

xr

G
′(x − h,xr;ω)G(x′

− h
′
,xr;ω)

Embarrassingly parallel in the frequency dimension
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Toy example

model space

nx = 400
ny = 200
nz = 200

data space

nsx = 400
nsy = 200
nw = 200
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Problem dimensions

Approximation
G

Serial             Parallel
H

NA 2x1015 (petabytes) 1013 (terabytes) 1015 (petabyte)
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Target-oriented  Hessian

Potential computational 
savings if shooting from 

bottom to top

                        3                

Figure 1: Sigsbee velocity model, target zone indicated with the "target" box. Sis_vel [CR]

Figure 2: Sigsbee shot-profile migration image using cross-correlation imaging condition.
mig_Sis [CR]

       

H(xT ,yT ) =
∑

ω

∑

xs

G′(xT ,xs;ω)G(yT ,xs;ω)

∑

xr

G′(xT ,xr;ω)G(yT ,xr;ω)

23



24

Toy example

model space

nxT = 40
nyT = 20
nzT = 20

data space

nsx = 400
nsy = 200
nw = 200
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Problem dimensions

Approximation
G

Serial             Parallel
H

NA 2x1015 (petabytes) 1013 (terabytes) 1015 (petabyte)

target 2x1012 (terabytes) 1010 (gigabytes) 109 (gigabyte)
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Hessian matrix

Sparse symmetric matrix 
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Hessian sparsity and structure

H(xT ,xT + ax) =
∑

ω

∑

xs

G
′(xT ,xs;ω)G(xT + ax,xs;ω)

∑

xr

G
′(xT ,xr;ω)G(xT + ax,xr;ω)
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Problem dimensions

Approximation
G

Serial             Parallel
H

NA 2x1015 (petabytes) 1013 (terabytes) 1015 (petabyte)

target 2x1012 (terabytes) 1010 (gigabytes) 109 (gigabyte)

structure 2x1012 (terabytes) 1010 (gigabytes) 6x107(megabytes)
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• Least-squares imaging  (explicit Hessian)

• Prestack image-domain Hessian  
• Hessian construction cost
• Inversion with regularization in the 
subsurface-offset domain: Sigsbee model

Outline
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Inversion with damping 
regularization

Iterative inversion algorithm 

H(x,h;x′
,h

′)m̂(x,h) − mmig(x,h) ≈ 0

εIm̂(x,h) ≈ 0
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Inversion with differential  
semblance regularization

Iterative inversion algorithm 

H(x,h;x′
,h

′)m̂(x,h) − mmig(x,h) ≈ 0

εPhm̂(x,h) ≈ 0

Ph = |h| differential semblance operator

31



                        3                

Figure 1: Sigsbee velocity model, target zone indicated with the "target" box. Sis_vel [CR]

Figure 2: Sigsbee shot-profile migration image using cross-correlation imaging condition.
mig_Sis [CR]

       

Sigsbee  model migration

32

32



                        4                

Figure 3 shows a 21×7 coefficient filter (target-oriented Hessian) at constant depth as the
 coordinate moves from the sediments to the salt boundary. Figure 3a shows point 1, with
coordinates x = (17000,30000)   (far from the salt). Figure 3b shows point 2, with coordi-
nates x = (17000,34000)   . Figure 3c shows point 3, with coordinates x = (17000,38000)   .
Figure 3d shows point 4, with coordinates x = (17000,42000)   .

Figure 3: Hessian of the Sigsbee model, (a) point 1 x = (17000,30000)   , (b) point 2 x =
(17000,34000)   , (c) point 3 x = (17000,38000)   , and (d) point 4 x = (17000,42000)   .
hesian_phase_Sis [CR]

Unlike the constant velocity case (Valenciano et al., 2005), the shape of the filter is not
dependent only on the acquisition geometry but the subsurface geometry (presence of the salt
body). In the area unaffected by the salt the filter looks the same as is the constant velocity
case, but as we get closer to the salt the illumination varies (in intensity and angle) and the
filter behaves differently. This is due to a focusing and defocusing effect created by the salt.
To correct this effect we computed the least-squares inverse image, by the method described
in Valenciano et al. (2005).

Figure 4 shows a comparison between the migration and the inversion images in the target
area. The stratigraphic model is shown in Figure 4a. Notice the seven equal-strength point
diffractors and the position of the faults. Figure 4b shows the illumination, which is the di-
agonal of the Hessian matrix (dark is high illumination light is low illumination). Notice the
decrease in the illumination as it gets closer to the salt with the exception of a narrow strip
where energy focuses close to the salt. The migration result is shown in Figure 4c. The reflec-
tors dim out as they get closer to the salt. In contrast, Figure 4d shows the inversion result, the

       

Non-stationary filters 
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Target migration
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Target inversion with 
damping regularization
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Target inversion with differential 
semblance regularization
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Target migration
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Target inversion with differential 
semblance regularization
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Target migration
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Target inversion with differential 
semblance regularization
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Target inversion with differential 
semblance regularization
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Target migration
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Target inversion with 
damping regularization
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Target inversion with differential 
semblance regularization

46



• A diagonal-matrix approximation of the 
Hessian is an oversimplification.
• A target-oriented strategy can be applied 
to explicitly compute the inversion Hessian.
• The Hessian sparse structure allows big  
computational savings.

Conclusions

47
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• The regularization in the subsurface-offset 
results looks promising.

Conclusions (cont.)
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G(x,xsurf ;ω)

G(x, y, z, xsurf , ysurf ;ω)

(nx, ny, nz, nxsurf
, nysurf

;nω)

8 × 4 × 10
2
× 2 × 10

2
× 2 × 10

2
× 4 × 10

2
× 2 × 10

2
× 2 × 10

2
= 2 × 10

15

(petabyte)

2 × 1015

2 × 102
= 10

13In parallel
(terabytes)

Green’s function dimensions
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H(x,y)

H(x, y, z, x
′
, y

′
, z

′)

(nx, ny, nz, nx, ny, nz)

4 × 4 × 10
2
× 2 × 10

2
× 2 × 10

2
× 4 × 10

2
× 2 × 10

2
× 2 × 10

2
= 10

15

Hessian dimensions

(petabyte)
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G(xT ,xs;ω)

G(xT , yT , zT , xsurf , ysurf ;ω)

(nxT
, nyT

, nzT
, nxsurf

, nysurf
;nω)

8 × 4 × 10 × 2 × 10 × 2 × 10 × 4 × 10
2
× 2 × 10

2
× 2 × 10

2
= 2 × 10

12

2 × 1012

2 × 102
= 10

10In parallel

(terabytes)

(gigabytes)

Green’s function dimensions
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H(xT , yT )

H(xT , yT , zT , x
′

T , y
′

T , z
′

T )

(nxT
, nyT

, nzT
, nxT

, nyT
, nzT

)

4 × 4 × 10 × 2 × 10 × 2 × 10 × 4 × 10 × 2 × 10 × 2 × 10 = 10
9

Hessian dimensions

(gigabyte)
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H(xT ,xT + ax)

H(xT , yT , zT , xT + ax, yT + aT , zT + aT )

(nxT
, nyT

, nzT
, nax

, nay
, naz

)

4 × (4 × 10) × (2 × 10) × (2 × 10) × 10 × 10 × 10 = 6 × 107

Hessian dimensions

(megabytes)
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