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ABSTRACT

Following the low-frequency de-noising method introduced previously, where a
stationary prediction-error filter is estimated from the high-frequency data, we ex-
tend the process to the non-stationary case. We account for the non-stationarity
by estimating a bank of prediction-error filters defined on a regular grid. Two sets
of filters are built, one for the high-frequency signal and one for the low-frequency
data. The first is expanded in time and space, then used with the second in a
regularized inverse problem to estimate the low-frequency signal. The method is
tested on a synthetic shot gather.

INTRODUCTION

Low-frequency seismic data (< 4Hz) has become essential in recent years for building
high-fidelity models using full waveform inversion (FWI) (Sirgue and Pratt, 2004). It
allows the latter to start from a crude model by preventing cycle-skipping and filling
the low wavenumbers when a multi-scale strategy is followed (Bunks et al., 1995).
It also extends the maximum depth of the inversion, and yields reliable results in
more complex settings such as in the presence of salt bodies (Shen et al., 2018). This
has lead to large expenditures in the industry in order to acquire more and better
low-frequency data (Pool et al., 2018; Brenders et al., 2018). Nevertheless, these low
frequencies often exhibits a low signal-to-noise ratio (SNR) and are difficult to de-
noise.

In Bader et al. (2019), we have introduced a new method of de-noising low-frequency
data using prediction-error filters (PEF). It consisted of estimating a PEF from high-
frequency data adequately chosen with sufficiently high SNR. Then the PEF is ex-
panded in each dimension and applied to the low-frequency data in an iterative process
in order to remove any energy which dips are inconsistent with the high-frequency
data. This concept of expanding/shrinking the filter axis is tightly linked to the pyra-
mid transform (Hung et al., 2004). It has been used to interpolate missing traces in
the F-X domain (Spitz, 1991), and to interpolate high-frequency aliased data in the
T-X domain (Crawley, 1998).
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Here we extend the method to cover the 2D non-stationary case by estimating a
bank of PEFs defined on a sparse regular grid (Ruan et al., 2015; Lapilli et al., 2019).
The de-noising problem is transformed into a regularized problem with two sets of
PEFs, one for the signal and one for the noise (Abma, 1995). We apply our method
to a synthetic shot gather from the Marmousi model.

In the first part of this paper, we review the general de-noising problem using PEFs
and how it is adapted to the low frequency de-noising case. Then, we discuss the pos-
sible approaches to account for the non-stationarity and justify our choice. Finally, we
show our synthetic results where three types of noise are added to the low-frequency
signal.

METHOD

De-noising using PEFs

Assuming that the data vector d can be written as the sum of signal and noise
components d = s + n, Abma (1995) formulated the signal-noise separation as the
following regularized least-squares minimization problem:

0 ≈ rn = Nn

0 ≈ rs = εSs

s.t. d = s + n

(1)

where N and S are the noise and signal PEFs respectively, and ≈ designate the ap-
proximate equality in a least squares sense.

This formulation was previously used to remove different types of noise from the
data, such as multiples and ground-roll (Clapp and Brown, 2000; Guitton et al.,
2001; Guitton, 2005) where a noise model could be constructed a priori. It proved its
superiority over conventional adaptive least squares subtraction thanks to its ability
to exploit the signal and noise spatio-temporal patterns.

In this report, we start from the same formulation in order to de-noise the low-
frequency data without having any a priori knowledge of the noise. Spitz (1999)
pointed out that, when signal and noise are uncorrelated, the signal PEF S can be
approximated from the data PEF D and the noise PEF N by:

S ∼ DN−1 (2)

where ∼ designates a spectral similarity where the PEFs are ”weak”, meaning that
their corresponding predicted components are strong (Claerbout and Fomel, 2008).
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It follows that the noise PEF can be approximated by N ∼ S−1D.

As for the low-frequency signal PEF, it is obtained from the high-frequency data
PEF after expansion in every dimension ?. The high-frequency data is assumed to
have a SNR sufficiently high compared to the low-frequency data to de-noise.

Replacing in (1) and solving for s, we obtain the regularized problem:

s̃ = min
(
‖S−1D(d− s)‖22 + ε2‖Ss‖22

)
(3)

This new problem requires inverting the non-stationary signal PEF S, supposed in-
vertible. We can use the matrix induced norm (Trefethen and Bau III, 1997) to bound
the objective function to be minimized in (3):

‖S−1D(d− s)‖22 + ε2‖Ss‖22 ≤ ‖S−1‖22 .‖D(d− s)‖22 + ε2‖Ss‖22
= ‖S−1‖22 .

(
‖D(d− s)‖22 + β2‖Ss‖22

) (4)

where ‖S−1‖2 is the matrix norm induced by the vector L2 norm, and β2 = ε2

‖S−1‖22
.

Dividing both sides of the inequality by ‖S−1‖22 and setting Ŝ−1 = S−1

‖S−1‖2 , the in-
equality becomes:

‖Ŝ−1D(d− s)‖22 + β2‖Ss‖22 ≤ ‖D(d− s)‖22 + β2‖Ss‖22 (5)

Now we can solve the simplified problem on the RHS of (5):

s̃ = min
(
‖D(d− s)‖22 + β2‖Ss‖22

)
(6)

however, a solution of (6) is not necessarily a solution of (3). Nevertheless, if we
ensure that the RHS in (5) is small, it automatically follows that the LHS will also
be small. Note that a minimizer of the LHS in (5) is a solution of (3).

If the minimization in (6) is carried out iteratively and s is initialized to s = d, then
both the LHS and RHS in (5) will have initially the same value equal to β2‖Sd‖22.
Therefore, reducing the RHS will also reduce the LHS by at least the same propor-
tion. Figure 1 illustrates the two objective functions figuring in the inequality (5).
They are both quadratic, one is always higher than the other and they meet at one
single point corresponding to s = d. The solution s̃modified of the modified problem
(6) approaches the solution s̃original of the original problem (3).
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Figure 1: Sketch showing the objective functions figuring on either sides of the in-
equality (5). [NR]
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Non-stationary PEF estimation

All the PEF convolution operators form the previous section are assumed to be non-
stationary in every dimension. In order to estimate such filters, several methods are
available. The most straightforward (and least desirable) one is to treat the data from
which the PEFs are estimated as an assembly of stationary patches, possibly overlap-
ping (Schwab, 1998), but this does not account effectively for non-stationarity and
tends to create edge effects. A similar method consists of keeping the PEFs constant
in micro-patches and adding a smoothing regularizer in their estimation (Crawley,
2000; Guitton, 2005), but this requires a larger memory and the convergence may be
slowed down by the regularization. An alternative method is to define a sparse regular
grid of PEFs and linearly interpolate between them during the forward operation (?).
Hence, at every data point, a linear combination of four PEFs is used, corresponding
to the four closest corners from the sparse grid. This is the approach adopted in this
report. Typically, the distance between the sparse grid points is few times the size of
the individual PEFs, which makes the problem of estimating the non-stationary PEF
over-determined and saves us from using a regularization (the interpolation itself acts
as a smoothing operator). Moreover, the size of the resulting PEFs is smaller than
the data and can be easily stored and used in any iterative process.

Note that another potential method for estimating the non-stationary PEF is the
streaming method (Fomel and Claerbout, 2016) which is tightly related to the least
mean squares algorithm in 1D (Widrow and Stearns, 1985) and allows for PEF esti-
mation and application ”on the fly” as the data samples stream in. This method is
not considered in this report.

NUMERICAL EXAMPLES

We applied the method described above to a synthetic shot gather modeled with the
scalar wave equation and the Marmousi velocity model. The shot was modeled with
a band limited wavelet [2 - 10 Hz] and is shown on Figure 2.

The shot is split into two frequency bands: [2 - 4 Hz] and [4 - 10 Hz] (Figures 3a and
3b). A noise model is built and added to the low frequency component to create a
low frequency data to be de-noised. It consists of random noise, two monochromatic
waves with opposite dips and frequencies of 2.5 Hz and 3.5 Hz, and band-limited co-
herent events with opposite dips. Figures 4a and 4b show the noisy low frequency
data as well as the generated noise model. The SNR of the data in this case is esti-
mated from the ratio between the signal and the noise RMS: SNR =

RMSsignal

RMSnoise
≈ 1.

The high frequency component is used to estimate a bank of PEFs on a sparse grid
of 40 traces x 50 time samples, using a CGLS algorithm (Aster et al., 2012). Each
individual PEF has 11 traces and 11 time samples with the leading 1 at the middle
of the first column. The set of PEFs is stored in a single dataset shown on Figures 5a
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Figure 2: Band-limited ([2 - 10 Hz]) synthetic shot gather from Marmousi model.
[ER]

(a) (b)

Figure 3: Marmousi synthetic shot gather split into two frequency bands: [2 - 4 Hz]
(a) - [4 - 10,Hz] (b). [ER]
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(a) (b)

Figure 4: Noisy low frequency data (a) - Noise model (b). [ER]

and 5b. The axis expansion is performed implicitly when solving (6). Similar PEFs
are estimated from the low frequency data to build the operator D and from the noise
model to build the operator N. The latter is used to solve the original problem (3)
for verification. Neither D nor N need to be expanded.

(a) (b)

Figure 5: Bank of PEFs estimated on a sparse grid (a) - zoom-in (b). [ER]

Solving (6) iteratively with β = 1 and s0 = d yields after 20 iterations the result
shown on Figure 6a. Problem (3) is also solved using the ”exact” noise PEF N and
with ε = β = 1. The result is shown on Figure 6b.

The normalized objective function for the modified problem (6) is shown on Figure 7a.
The noise that has been removed by solving that problem is shown on Figure 7b.

In order to conduct a more rigorous comparison, we should set the Lagrange mul-
tiplier for the modified problem to β2 = ε2

‖S−1‖22
, but this will require computing an

operator norm. This task is unnecessary in practice since the choice of the Lagrange
multiplier is user-defined and is based on the quality of the output.
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(a) (b)

Figure 6: De-noised low frequency data without prior knowledge of the noise model
(a) - and with perfect knowledge of the noise model (b) where ε = β = 1. [ER]

(a) (b)

Figure 7: Normalized objective function (a) - and noise being removed (b) by solving
(6). [ER]
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Notice that the results shown on Figures 6a and 6b are very similar. This could
be due to the dominance of the term β2‖Ss‖22 in both problems. We performed an-
other test with ε = β = 0.1 and the results are shown on Figures 8a and 8b. Even
though the two solutions started off quite differently, they converged to similar results
although the direct arrival is better preserved when using the exact noise PEF. We
believe that in this test, the bulk of the de-noising work is done by the operator S,
whereas the noise PEF has an auxiliary role and mainly prevents the solution from
converging towards the trivial one s̃ = 0. We expect the noise PEF to play a more
important role when the noise model is more complicated.

(a) (b)

Figure 8: De-noised low frequency data without prior knowledge of the noise model
(a) - and with perfect knowledge of the noise model (b) where ε = β = 0.1. [ER]

One may argue that the same ”trick” used to obtain the modified problem (6) can
also be used to get rid of the operator D. The minimization problem becomes:

s̃ = min
(
‖d− s‖22 + λ2‖Ss‖22

)
(7)

where λ2 = β2

‖D‖22
. Numerical tests (not shown in this report) have shown that this

gives inferior results compared to the problem (6). The reason is that the noise PEF
N is somehow embedded in the data PEF D through Spitz approximation D ∼ SN,
therefore it is more effective in separating noise from signal than the identity operator
implicit in (7). Nevertheless, it does not dispense from looking into inverting the
operator S in order to ensure a better signal and noise separation.

CONCLUSION

We have introduced a new method for de-noising low-frequency data in a 2D non-
stationary setting using high-frequency prediction-error filters and without any prior
knowledge of the noise model. The method yields promising results verified on a
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synthetic shot gather from Marmousi model. Its impact is to be assessed by running
FWI with the de-noised data, and it is yet to be verified on a field dataset.
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