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DAS observations of perforation-induced guided waves in a
shale reservoir

Ariel Lellouch, Steve Horne, Mark Meadows, Stuart Farris, Tamas Nemeth, and Biondo
Biondi

ABSTRACT

a Perforation shots can be recorded by downhole DAS arrays. In this study, we demon-
strate that guided waves induced by perforation shots propagate in a low-impedance
shale reservoir layer. Such guided waves have an extremely high frequency content of
up to 700 Hz and are dispersive, with lower frequencies propagating faster than higher
frequencies. They can propagate as both P- and S-waves, and their group velocity is
higher than their phase velocity. The high temporal and spatial resolution of the DAS
array allows for their unaliased recording despite their short wavelengths. The guided
waves disappear from the records when the well exits the shale formation. Synthetic
modeling predicts their existence for both the acoustic and elastic cases in simple ve-
locity models. We also show that perforation shots from an offset well at a distance of
260 m can be recorded by the DAS array. Induced guided waves undergo significant
disturbances when propagating through previously stimulated zones. These distur-
bances manifest as kinematic and dynamic changes of the recorded wavefield, and as
scattered events. The nature of the stimulation-induced changes remains unresolved
and their behavior is interpreted as a combination of unknown spatial and temporal
effects. Guided waves hold tremendous potential for high-resolution reservoir imaging
and should be used in conjunction with conventional DAS arrays and state-of-the-art
DAS interrogators.

aThe following is a minor variation of a The Leading Edge submission for a special section on
borehole geophysics

INTRODUCTION

Distributed acoustic sensing (DAS) is an emerging technology allowing for virtually con-
tinuous spatial and temporal recording of the seismic field by interrogating an optical fiber
(Biondi et al., 2017; Lindsey et al., 2017; Mateeva et al., 2013). In addition, DAS can
easily tolerate temperature and pressure regimes typically encountered in reservoirs and,
therefore, does not prohibit downhole operations. DAS is being used for passive and active
surveys in land as well as marine environments. Newly drilled boreholes are often instru-
mented with DAS fiber, allowing for multiple applications, such as vertical seismic profiling
(VSP) surveys, microseismic monitoring, and low-frequency strain measurements (Daley
et al., 2016; Karrenbach et al., 2019; Mateeva et al., 2014).

Perforation shots have proven useful for velocity model calibration (Hogarth et al., 2017;
Lellouch and Reshef, 2019; Maxwell, 2014). In this study, we analyze perforation shots
recorded by a downhole DAS array. The fiber is installed behind casing along a deviated
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2 Lellouch et al. SEP–177

well drilled into an unconventional shale layer. This well is used for both DAS monitoring
and production. Perforation shots are conducted along the horizontal part of the monitor
well. We show that these shots generate waves that propagate through the subsurface,
reaching distances of up to 1 km, depending on the source orientation. Through synthetic
and field data analysis, we demonstrate that the low-impedance, strongly anisotropic shale
formation acts as a waveguide for both P- and S- waves. The waveguide allows for the
dispersive propagation of extremely high-frequency (up to 700 Hz) events. While guided
waves have been previously observed in coal seams Buchanan (1976) and cross-well surveys
Krohn (1992) , downhole DAS allows for unprecedented resolution in the analysis of multiple
wave types.

In addition, we analyze perforation shots excited from an offset horizontal well located
roughly 260 m away from the monitor well. Events are reliably recorded at offsets of
more than 600 m. Since perforations are part of a stimulation program, we can observe
propagation differences of P- and S- guided waves between stimulated and undisturbed parts
of the shale reservoir. This study sets the stage for high-resolution mapping of fractured
reservoirs.

SUBSURFACE PROPERTIES AND ACQUISITION GEOMETRY

In this study area a deviated well was drilled into an unconventional shale formation. In
Figure 1(a), we show a side view of the well trajectory. The horizontal part of the well
spans over 1.5 km. In addition, we show results of vertical logging in a nearby well. Depths
have been manually adjusted. The shale formation is visible in all logs. It is about 15
m thick and located at depths of roughly 1.97 to 1.985 km at the vertical well location.
In Figure 1(b), we show logging results recorded in the horizontal part of the well. They
display relatively small lateral variation, indicative of the layered geology of the area. In
addition, their analysis shows that the well does not break out of the shale formation at any
location, which is confirmed by completion logs. Finally, the significant shear-wave splitting
seen in Figure 1(b) indicates strong anisotropy. As a consequence of the layered geology
and shale behavior (Sayers, 2005), a vertically transverse isotropy (VTI) approximation of
the anisotropic shale is reasonable for this area. The difference between the vertical P-
wave velocity (Figure 1a, in red) and the horizontal P-wave velocity (Figure 1b, in red) is
substantial, also indicating the strongly anisotropic nature of the shale layer.

The well has been instrumented with DAS fiber cemented behind casing and spans a
total distance of almost 4 km from the wellhead to the toe (end of the well). The fiber was
interrogated using the Silixa iDAS system, with a channel spacing of 1 m, gauge length of 10
m, and a sampling frequency of 2 kHz. Data are acquired as strain-rate along the direction
of the fiber. Perforation shots are generated as part of a stimulation program. There are
31 stimulation stages along the horizontal part of the DAS-instrumented monitor well, each
comprising 5 or 6 perforation shots. Stages start at the toe and are nearly uniformly spaced
along the well. The average distance between shots is 10 m. Shots are directional and
activated 180 degrees away from the fiber.
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Figure 1: (a) Monitor well trajectory (blue) and vertical logging results from a nearby
well. Axes are not to scale. We show P- (red) and S- (magenta) wave velocity, density
(black) and normalized gamma-ray (green) logs. The shale layer, denoted by a red brace,
is located at depths of 1.97 to 1.985 km and is characterized by low velocities, low density,
and high gamma-ray values. (b) Horizontal logs for VP , fast VS , and slow VS in the monitor
well. Velocities vary slightly with distance and are nearly constant for the last 900 m. The
noticeable discrepancy between fast and slow VS is associated with significant shear-wave
splitting, indicative of strong anisotropy. [NR]
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RECORDED PERFORATION SHOT

In Figure 2(a), we show a perforation shot initiated roughly 600 m from the toe and associ-
ated one-sided propagation towards the heel (the bent part of the well) in the undisturbed
area of the reservoir. Different perforation shots are very similar to each other and display
the same behavior. We apply a velocity band-pass filter of 2500-5000 m/s. The F-K anal-
ysis of these data is shown in Figure 2(b). There are two types of waves in this record,
discernable in both plots guided waves and head waves. The head wave propagates up to
distances of 300 m; it has a frequency content of up to 250 Hz and a velocity that matches
that of the shale layer above. There are no clear signs of a head wave from below the shale
layer, which has a significantly higher velocity (> 5.5km/s) and impedance contrast than
the layer above (see Figure 1(a)). The guided waves propagate to longer distances (500 m)
than the head wave and have a wide frequency content up to 700 Hz. They are dispersive,
with the lower frequencies propagating faster than the higher ones. This can be observed
in both temporal records (a) and their F-K spectrum (b). The lower frequencies generally
lie above the dotted line in (b), while the higher frequencies are below it. In addition,
for all frequencies, the phase velocity (f/k) is higher than the group velocity (∂f/ ∂k),
as expected. As a rough estimate, the phase velocities are higher by about 10% − 15%,
depending on the frequency.

SYNTHETIC EXAMPLE ACOUSTIC PROPAGATION

In this section, we confirm the existence of guided waves in a simplified acoustic scenario.
Figure 3(a) contains a summary of the synthetic setup. Due to the strong anisotropy of the
shale layer, logging velocities have to be adjusted to reasonably match actual propagation
velocities. We use the vertical logs to build a 1-D profile of the P-wave velocity. With such a
structure, it is possible to model both the vertical/deviated and the horizontal parts of the
well in the same medium. Naturally, in reality, the horizontal part is simply a continuation
of the deviated one. Values above and below the shale layer are coarsely blocked with
constant values. Within the shale area, indicated by high-gamma ray values, we scale the
velocities and retain the original log variations. After scaling, velocities should be close to
the average horizontal log velocity. Due to the strong anisotropy of the shale reservoir, such
scaling amounts to a 30 − 40% increase of the P-wave log velocity. As the guided waves
propagate mostly horizontally in the shale layer, this is a reasonable compromise. Density
logs are used directly. Modeled data are shown in Figure 3(b), and their F-K analysis in
Figure 3(c). Data are converted to their strain-rate equivalent by taking a combination of
their spatial and temporal derivatives and subsequently applying a spatial filter emulating
the 10 m gauge length with which the field data are recorded. For simplicity, we use
a rectangular filter, which is only a coarse approximation. Finally, a band-pass filter is
applied to match the frequencies of the field data.

We are able to recreate the behavior of guided waves even with this simple acoustic
model. The dispersion behavior is similar to what we see in the field data records. However,
we observe only a single guided mode in the field data, whereas in the synthetic data, higher-
order modes are also present. It is also worth noting that frequency notches are introduced
by the gauge-length effect (Dean et al., 2017). Field data also appear to have such notches
at the same wavenumbers observed in the synthetic data. A second difference is that the
head wave from the top of the layer is absent in the modeled data. We show below that such
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Figure 2: (a) One-sided propagation of perforation shot and (b) its F-K spectrum. In (b),
a linear frequency-wavenumber relation with a propagation velocity of 4 km/s is shown
for reference (red dotted line). Events of interest are denoted by black arrows. The shot
excites guided waves, which can be seen up to distances of 500 m away from the source.
They have an extremely high frequency content, reaching close to 700 Hz. Such waves are
dispersive, with the lower frequencies propagating faster than the higher ones. In addition,
a higher-velocity head wave can also be observed, which propagates shorter distances and
with a lower frequency content than the guided waves, and with a velocity that matches
that of the shale layer above. [NR]
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a head wave arises when elastic modeling is conducted. For a more intuitive understanding
of the propagation mechanism, we show two snapshots of the full wavefield in Figure 4.
The waveguide nature of the shale layer is clearly evident. In addition, Figure 4 shows the
weakness of the head waves when recorded by an array located within the shale layer.

Figure 3: (a) Synthetic example setup. The 1-D velocity model is shown in the inset,
along with a zoomed-in version around the shale reservoir. Velocities above and below the
shale are constant. The source is denoted by a red diamond. There are two acquisition
setups horizontal (magenta line) and deviated (black line). The latter follows the true well
trajectory near the heel. (b) Data modeled for horizontal DAS recording and (c) its F-K
spectrum. Events of interest are denoted by arrows of different colors. [NR]

RECORDING IN THE NON-HORIZONTAL SECTION OF THE WELL

In Figure 5, we show records of a perforation shot close to the heel of the well. This shot
is recorded by both the horizontal (right side) and vertical/heel (left side) parts of the
DAS array. We compare the recorded field data (Figure 5(b)) with synthetic seismograms
(Figure 5(a)). The depth of the well at different locations is plotted on top of the recorded
data. The synthetic wavefield is displayed at the locations at which field data were acquired.
Distances from the source are computed as Euclidean distance between source and receivers
and do not take into account true propagation paths in the vertical/heel part. In both field
and synthetic datasets, the guided waves disappear when the well exits the shale formation.
This reconfirms that the existence of these waves is limited to the low-impedance areas only
within the shale layer. Outside this area, only body waves can propagate. In addition, both
records show a clear moveout change when the well exits the shale layer. As the waves
continue propagating to the left, they encounter a higher velocity than do guided waves
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Figure 4: Two snapshots of recorded acoustic data (prior to conversion to strain-rate) at 40
ms and 80 ms after source activation, zoomed in on the shale layer. The dashed magenta
line indicates the location of the horizontal recording array. We denote body waves (yellow),
head waves (fast blue, slow green) and the dispersive guided waves (brown). [NR]

propagating to the right, and they increase in amplitude. This is expected, as propagation
outside the shale layer is that of body waves within a faster medium. After analyzing the
data from all available perforation shots, we did not see any area within the horizontal
section in which the guided waves disappear. This is confirmed by the completion log,
according to which the well did not break formation at any location.

The field data display significant S-waves in the vertical/heel part. Their prominence is
due to the fiber directivity, which is more sensitive to S-wave polarizations in this geometrical
setup (Martin et al., 2018). The S-waves appear to follow a different moveout pattern than
do the P-waves, indicating variable VP /VS , as can be confirmed by the vertical logs (Figure
1). Of course, the acoustic modeling results in Figures 3, 4, 5 do not contain S-waves,
providing motivation for a further modeling study with elastic wave propagation.

SYNTHETIC EXAMPLE - ELASTIC PROPAGATION

In the field data, S-waves are significantly weaker than P-waves. In addition, they appear
clearly only for certain shots. We recompute 2-D synthetic seismograms for a horizontal
acquisition geometry using the elastic wave equation. The perforation shot is modeled
as a force stress source directed along the Z-axis, perpendicular to the horizontal array.
Data are extracted as displacements in the X-axis direction and converted to strain-rate
equivalents. Construction of the S-wave velocity model is similar to the P-wave modeling
workflow discussed earlier, but scaling is performed to match the fast S-waves. As a result,
if guided waves can propagate in such a model, they will exist for the slower S-waves as
well.

Modeled data and their F-K analysis are shown in Figure 6. The head wave arising
from the P-waves can now be clearly seen, in accordance with the field-data records. There
is an S head wave as well, propagating at the shear velocity of the medium below the shale.
Both head waves propagate for short distances, as is the case for the field data. Both P-
and S- guided waves propagate with a dispersive behavior containing multiple modes, as
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Figure 5: Synthetic (a) and field (b) records close to the heel of the well. The well depth at
each location is displayed on top of the recorded data. Seismograms are ordered by signed
distance and computed as 2-D Euclidean source-receiver distance. At the location of the
bend in the well (red arrows), the guided waves disappear, and first arrivals undergo a clear
moveout change. Propagation outside the shale reservoir is faster, as expected. For the
field data record, S-waves are clearly visible in the heel/vertical part of the well (dark blue
arrow). [NR]

in the acoustic case. As before, slower frequencies propagate faster than high frequencies,
and the phase velocity is higher than the group velocity. It is worth mentioning that there
are no clear conversions between P- and S- waves. If there were, converted events should
have a moveout intermediate between that of the P- and S- waves, but that area in the
F-K domain remains empty. Guided waves propagate with supercritical angles in the shale
layer. At such angles (above 70 degrees), the Zoeppritz equations (Aki and Richards, 2002)
predict very small conversion coefficients. Naturally, the complexity of the subsurface may
add other degrees of freedom and a frequency-dependent behavior.

In contrast to the modeling results, P-waves are stronger in the field data. In addition,
S-waves are only visible for some of the perforation shots. However, this effect might be
due to a combination of the source orientation, mechanism, and fiber directivity. We model
a very simplistic directional force in a 2-D setup, which does not capture the complexities
of a real perforation shot. Nevertheless, the synthetic results show that the shale layer can
sustain guided S-waves.

RECORDING OF PERFORATION SHOTS FROM A PARALLEL
WELL

Perforation shots were also excited in a nearby offset well and recorded by the monitor well.
The horizontal sections of the wells are parallel and separated by a distance of 260 m. The
perforation shots are part of a stimulation program, going from toe to heel and separated
into stages. Each stage is comprised of 5 perforation shots, spaced roughly 10 m apart. The
distance between stages is about 50 m and there is a 6-to-8-hour delay between consecutive
stages. As a result, for each recorded shot we can observe propagation through previously
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Figure 6: Elastic modeling for horizontal acquisition. Recorded data are in (a) and their
F-K analysis is in (b). The P head wave from the top of the layer is visible and denoted by
an arrow. In addition, the S head wave is also visible. Also shown are P- and S- waves that
propagate as dispersive guided waves, containing multiple modes. They are denoted in red
and green, respectively, in (b). Note that guided S-waves are stronger than guided P-waves.
Interestingly, there do not seem to be any propagating PS / SP converted modes. If they
existed, they would appear between the P and S modes, roughly where No conversions is
marked in the F-K domain. [NR]
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stimulated zones (towards the toe) as well as undisturbed ones (towards the heel).

In Figure 7, we show the analysis of a perforation shot located roughly 500 m from the
toe. The recorded data display both P- and S- guided waves, with the previously observed
dispersion effect of faster propagation at the lower frequencies. A reasonable approximation
of the travel times for a given frequency component can be obtained with a constant-velocity
approximation, which is strong evidence of the 1-D nature of the velocity structure. The
S-wave velocity indicates that propagation corresponds to the fast S mode (see Figure 1),
or SH mode in the case of VTI anisotropy. Data undergo offset binning with a 0.25 m
resolution in order to create a uniformly sampled version of the data for F-K analysis. The
frequency content is again very high and reaches up to 700 Hz for the P-waves and 600 Hz
for the S-waves. The F-K analysis also shows that, as before, phase velocities are higher
than group velocities for all frequencies. In contrast to perforation shots excited in the
monitor well, the S-waves here are stronger than the P-waves. This validates the elastic
synthetic example, showing that the geological structure can sustain strong S-wave guided
modes.

We also observe obvious propagation differences in the previously stimulated and undis-
turbed part of the shale reservoir. In the stimulated area, S-waves induce a strong scattered
event, visible along a wide portion of the DAS array. The P arrivals also induce such an
event, originating at the same spatial location, but it is much weaker. For many perforation
shots, the P-induced scattering is invisible, and the S-induced scattering is less obvious
than in the shot displayed in Figure 7. However, regarding the S-waves, there is a clear
disturbance in the propagation of the guided waves, and the record is asymmetric. This
property is true for all the shots we observed. As all these observations spatially coincide,
we conclude that there is a subsurface heterogeneity at that location, probably created by
a previous stimulation.

In Figure 8, we show a different type of analysis. We observe a 200-m section of DAS
channels recording perforation shots from different locations. H indicates the horizontal
distance between shot locations and the center of the common subsurface location that is
being analyzed. This is a form of common-receiver gather. It is important to remember
that there is also a significant time difference between shots, as stages are separated 6-8
hours apart. A single shot was chosen from each stage. Propagation in the undisturbed
part (H = 289 m, 210 m and 92 m) appears continuous and smooth for both P and S events.
The perforation shots almost directly in front of the array (H=5 m) appear disturbed in
both P and S arrivals. We can also observe a polarity flip due to the fiber directivity.
For H= -20 m, both phases appear disturbed, even though the S is more affected. For
propagation in the disturbed part at intermediate distances (H= -107 m, -144 m) we see
a very interesting phenomenon. The P arrivals appear practically unaffected, whereas the
S-waves are strongly disturbed. In addition, the S-waves appear to generate some scattered
energy, propagating in the opposite direction. For H= -214 m, there is no visible scattering,
but the propagation is affected for the rightmost part of the array. At a longer distance (H
= -271 m) the wavefront propagation reverts to its normal, unaffected state.

DISCUSSION

The temporal and spatial resolution offered by DAS systems allows for an unprecedented
recording of high-frequency guided waves. Their spatial wavelength can be as short as 5 m
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Figure 7: Perforation shot from an offset well (a). Recorded traces are ordered by 1-D
signed horizontal distance from the estimated source location. Positive distances (right)
indicate propagation in the direction of a previously stimulated area. Hyperbolic moveouts,
computed with VP = 4 km/s (magenta) and VS = 2.5 km/s (green), are overlaid on
recorded data. The absolute timing of the shot is unknown, and the time axis is arbitrary.
The dispersive nature of both P- and S- waves is clearly visible, as low frequencies propagate
faster than higher ones. In addition, we observe a propagation disturbance for the S-waves in
the previously stimulated zone (orange ellipse). There is also a scattered event originating at
the same location. Such scattering is also present for the P-waves, despite being significantly
weaker. (b) F-K analysis of undisturbed propagation (left side only). Two f = c · k lines
are plotted, with c=4 km/s (magenta, for P) and c=2.5 km/s (green, for S). [NR]

for P-waves and 3 m for S-waves. No feasible conventional acquisition system could sample
such wavelengths over a wide range of angles without strongly aliasing them. The wide
frequency content of these guided waves confirms the need for temporal sampling at 2 kHz
and above. However, in this study the acquisition used a gauge length of 10 m, which
interfered with the recorded signal. Newer DAS systems can offer shorter gauge lengths
without compromising the signal-to-noise ratio. From this study, it seems that a reduction
of the gauge length to 2 or 3 m would be beneficial, especially for S-waves.

Perforation shots from offset wells appear very promising for detecting, inverting and
imaging fracture zones. The reason is that the clearest difference in propagation appears
in the S-waves. The greater sensitivity of S-waves to fractures relative to P-waves is a well-
known phenomenon (Schoenberg and Sayers, 1995). The fact that S-waves are more easily
recorded by DAS fiber in wells adjacent to the treated well than in the treated well itself is
due to the more favorable geometry of obliquely incident S-wave polarizations arriving from
the offset well. For the same reason, perforation shots excited in the monitor well appear
to generate much weaker recorded S-wave energy, and the existence of such waves is less
consistent from shot to shot. When perforations are recorded from an offset well, however, S-
waves are dominant, and changes in their character can be easily detected. Unquestionably,
stimulation induces changes in the subsurface, but some uncertainty remains regarding the
effect of such changes on the time-dependent S-wave behavior. When sources are far enough
(> 300m) from the analyzed area, the wavefronts behave as if propagating in an undisturbed
medium. This can be explained by two different mechanisms, possibly in combination. The
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Figure 8: Common-receiver area analysis of different perforation shots. A fixed portion of
the DAS array, 200 m wide, recording different perforation shots is displayed. The horizontal
1-D distance between the center of the recording array and the estimated shot location
(H) is plotted at the top. Positive distances indicate that the wavefields are propagating
in an undisturbed area, whereas negative distances specify a previously stimulated zone.
Hyperbolic moveouts, computed with VP = 3.7 km/s (magenta) and VS = 2.3 km/s (green),
are overlaid on recorded data. As the absolute timing of the shot is unknown, the time axis
has been manually adjusted. Areas of disturbed S-wave propagation in which P-waves
appear as weakly or not affected are marked with ellipses. [NR]
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first is that induced fractures close down and the surrounding matrix returns to its original
state (Karrenbach et al., 2019) after a relatively short period, usually over a few hours
Meadows and Winterstein (1994), whereas the total stimulation time period covered in this
study is over several days. The second possible cause is purely spatial, for cases where the
extent of the fractures that propagate towards the monitor well is limited. As a result,
waves excited at larger distances from the monitor well simply do not cross the undisturbed
areas.

CONCLUSIONS

We show the existence, using field and synthetic data, of P- and S- guided waves induced
by perforation shots and propagating in a shale reservoir. They disappear when the well
exits the formation. These waves are excited whether the perforation shot is conducted in
the monitor well or in an offset well. However, the relative strength of P- and S- waves,
both of which can propagate in the low-impedance shale layer, varies between the two cases.
Guided waves have a very high frequency content (up to 700 Hz) and can only be sampled
thanks to the spatial and temporal resolution of the DAS array. They are dispersive, with
slower frequencies propagating faster than higher ones, and with phase velocities that exceed
group velocities, as expected. By studying perforation shots induced from an offset well,
we observe noticeable propagation disturbances in wavefields traveling through stimulated
zones. The effect of the induced fractures on S-waves is significant, while in most cases
P-waves propagate weakly, if at all, disturbed. The short wavelengths of the guided waves
make them an ideal candidate for high-resolution mapping of fractured reservoirs. We thus
strongly advocate for the utilization of guided waves in conjunction with state-of-the-art
DAS systems in further studies of such areas.
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Can we image guided waves by elastic full waveform
inversion?

Biondo Biondi, Ariel Lellouch, Ettore Biondi and Stuart Farris

ABSTRACT

We investigate the feasibility, and potential advantages, of applying elastic full-
waveform inversion to guided waves generated by perforation shots and recorded by a
distributed acoustic sensing fiber cemented into a horizontal well. Since a correct source
model is essential for waveform inversion, we first show that the amplitudes and phases
observed in the field data are better modeled using a dipole source than a monopole
source. We then illustrate the high-resolution potential of waveform inversion by com-
paring data modeled assuming a horizontally layered medium with and without a thin
high-velocity layer in the reservoir. Significant phase differences are observed with a
two-meter thick high-velocity layer, and smaller, but still visible, phase differences are
observed with a one-meter thick intrusion. Finally we analyze the data residuals of a
first iteration of a hypothetical waveform inversion process when the starting model
is a vertical average of the true model. We show that data-residuals phases at either
short offsets (≤150 m), or at low frequencies (≤80 Hz), are sufficiently close to the
corresponding phases of data modeled with the starting model. This result indicate
that a waveform inversion process carefully bootstrapped from near offsets and low
frequencies should not suffer from cycle skipping.

INTRODUCTION

In Lellouch et al. (2019b) and Lellouch et al. (2019a) we have reported the observation and
modeling of DAS recordings of guided waves generated by perforation shots fired in the same
well as the fiber, as well as by perforation shots fired in a nearby lateral (Lellouch et al.,
2019c). These high-frequency densely sampled data may lead to imaging of unconventional
reservoirs with unprecedented resolution, and possibly enable the imaging of reservoir-
properties changes related to stimulation and production.

Thanks to the high receiver density of DAS recording systems, the recorded data rep-
resent an unaliased subset of the propagating wavefields and thus should support imaging
by full waveform inversion (FWI). Furthermore, since we are observing both P-waves and
S-waves arrivals, and elastic phenomena are likely to play an important role in accurately
modeling both phases ad amplitudes of the guided waves, we should consider performing
elastic FWI (EFWI) on this new kind of data.

In this report we explore the feasibility of EFWI performed on DAS recording of the
observed guided waves. We focus on the utilization of data recorded by fibers in the same
well that is being perforated and stimulated because we have only a 2D elastic modeling
program available. Modeling and inversion in 3D would be computationally expensive, but
within the reach of high-performance computational systems available to us. However, some
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of our considerations are also valid for the interesting case of data recorded by fibers in a
well parallel to the well that is being perforated and stimulated. We first discuss what is
an appropriate source model for the perforation shots. We then explore by an example the
resolution limits of EFWI geared for imaging thin layers in the reservoir. Finally, we discuss
potential convergence problems of an EFWI process caused by cycle-skipping.

MODELING PERFORATION SHOTS AS ELASTIC SOURCES

Full waveform inversion is sensitive to amplitudes as well as the phases of the recorded
wavefield. In particular, elastic waveform inversion is also sensitive to relative amplitudes
between P and S waves. The relative amplitudes observed in field data recorded by a fiber
in the same borehole where perforation shots were fired (i.e. single-well acquisition) are
not well modeled by the simple elastic modeling shown by Lellouch et al. (2019a). Field
data show strong P arrivals and weak S arrivals; in contrast, the modeled elastic data show
stronger S arrivals than P arrivals. The most likely reason for this discrepancy is that
we modeled the perforation as a simple monopole source (vertical force), whereas a dipole
is a better model for a perforation in a fluid-filled borehole (Fehler and Pearson, 1984).
In this section, we compare data modeled using a monopole source with data modeled
using a dipole source for single-well recording. We also show a theoretical modeling of the
recorded amplitudes when the perforation shots are fired in a horizontal well parallel to the
recording well (cross-well acquisition). These results are relevant to the analysis of the field
data shown in Lellouch et al. (2019c).

Monopole vs. dipole radiation patterns

We compare two different source mechanisms. The first is a directional source applied in
the depth direction perpendicular to the well. It is introduced as particle velocity in that
direction, acting as a monopole source. However, Fehler and Pearson (1984) show that for
a fluid-filled borehole, which is the case in the field acquisiton, the source mechanism is
better approximated as a dipole. They approximate the perforation shot as a local increase
in borehole diameter. The source function is then of the form of the following diagonal
stress tensor,

M = A

(
λ+ µ 0

0 λ

)
, (1)

where λ, µ are the Lamé parameters, A is a constant and the first row corresponds to the
horizontal component and the second one to the vertical component. In Figure 1 we illus-
trate the radiation patterns of the two sources by showing the snapshots of the amplitude
of the particle velocity vector generated by the sources injected in a homogeneous elastic
medium. For a monopole source (panel a), the P-waves are weak along the horizontal direc-
tion while S-waves are stronger. However, for a dipole source (panel b) P-waves dominate.
While the behavior for guided waves is slightly different, we deduce that the basic source
mechanism for perforation shots generates weak S guided waves along the well, which is
consistent with field data observations. Fehler and Pearson (1984) derive the following
analytic approximation of the far-field amplitudes for P and S waves, respectively:

AP ∝ 1/V 2
P · 1/R ·

[
λ+ µ− µ · cos2(φ)

]
AS ∝ 1/V 2

S · 1/R · [(λ+ µ) · |sin(2φ)|] ,
(2)
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which is consistent with the snapshots shown in Figure 1.

Figure 1: Snapshots of wavefield
amplitudes for sources injected in
a homogeneous elastic medium: a)
monopole, and b) dipole. [NR]

Guided-waves modeling

Radiation patterns such as the ones illustrated in Figure 1 are useful for determining ampli-
tudes of body waves propagating in a homogeneous, or smoothly varying, medium. As we
are interested in modeling and imaging guided waves, we repeat the comparison between
monopole and dipole sources for a more realistic horizontally-layered model. Figure 2 shows
the elastic parameters: P-waves velocity (VP ), S-waves velocity (VS), and density as a func-
tion of depth. We compare the particle velocity along the direction of the well computed
assuming this model and injecting both sources. The data recorded at the same depth (100
meters) as the sources are shown in Figure 3. A monopole source (panel a) excites both P-
and S- guided waves. This shows that the shale formation can act as a waveguide for both
types of waves. In contrast, for the dipole source (panel b) the guided P waves are much
stronger than the guided S-waves; a behavior similar to the one we observe in the field data.
Furthermore, as the dipole source generates P energy propagating exactly in the horizontal
direction, the P guided-waves arrivals are more continuous, albeit with rotating phase as a
function of offsets, for a dipole source than for a monopole source. This data characteristic
is also consistent with the field data shown in Lellouch et al. (2019b).

Figure 2: Elastic parameters for a re-
alistic 1-D model. Subsurface prop-
erties vary with depth only. The
shale formation has low VP ,VS and
density. Source and receivers were
placed at a depth of 100 m [NR]
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Figure 3: Comparison between data recorded by using a monopole (a) and a dipole (b)
source. We display particle velocity along the horizontal direction. A dipole source excites
mostly P-waves whereas a monopole one induces both P- and S- waves. [CR]
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Radiation pattern for a cross-well acquisition

The dipole nature of the perforation shot is important for cross-well acquisition. For such
a case, the fact that DAS systems measure strain along the direction of the fiber induces
an angle-dependent behavior, as can be followed in Martin (2018). The combination of
the source radiation and the strain measurement along the direction of the recording DAS
yields the following behavior for P (AP ) and S (AS) waves after correction for geometrical
spreading:

AP ∝
1

λ+ µ
· cos2(φ) ·

[
λ+ µ− µ · cos2(φ)

]
AS ∝

λ+ µ

µ
· sin(2φ) · |sin(2φ)|,

(3)

For a distance of 260 m between wells and representative Lamé parameters, the P- and
S- relative amplitudes are shown in 4. They are plotted as a function of horizontal distance
between source and receiver. For a distance of zero, the receiver is directly in front of the
source. In this case, both P- and S- waves fade. At increasing horizontal distances, the
S-waves amplitude grows until an angle of 45 degrees (horizontal distance equal to distance
between the wells), and then decrease. The P-waves amplitude is increasing with horizontal
distance. Notice that these amplitudes plots do not take into account attenuation that is
present in field data, where we observe a decay in P-waves amplitudes at large offsets.

Figure 4: Relative amplitudes of P
and S waves in a cross well acqui-
sition setup. The distance between
the wells is 260 m. Relative ampli-
tudes are displayed as a function of
horizontal distance between receiver
and source. [ER]

DATA SENSITIVITY TO THIN LAYERING

One of the potential applications of EFWI performed on single-well data is high-resolution
imaging of thin layering within the reservoir. Given the high-frequency and dense receiver
sampling of the DAS data, the layering within the reservoir could be imaged at much higher
resolution than would be possible using any other type of seismic data. Furthermore,
given the fairly dense shot sampling (approximately 10 meters) horizontal variations in
reservoir layering may be also imaged. In particular, it would be useful to detect, and map
along the well, high-velocity layers that might be related to volcanic intrusions that could
act as a barrier to the fracturing induced by hydraulic stimulation. Such high-resolution
imaging would be only possible if the existence of thin layers within the reservoir would have
discernible effects on the recorded data. Therefore, we model data in three slightly different
horizontally-layered models using the dipole source described in the previous section. The
first is the simple three-layer model shown in Figure 5. The second includes a one-meter
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thick high-velocity layer (Figure 6); in the third model the high-velocity layer has the same
elastic parameters as in Figure 6, but is two-meter thick.

Computed data for the two scenarios are shown in Figure 7. There are differences
between recorded wavefields, indicating the sensitivity of the guided waves to thin layering.
The more obvious changes are in the coda of the main arrival, which might be difficult to
invert in presence of noise in the data. However, there are discernible changes in the phase
of the main arrivals as well. No surprisingly, these changes are visible even at shorter offsets
(200 meters) when comparing the data without and with the thick (2 meters) inclusion than
when comparing the data without and with the thin (1 meter) inclusion. However, even in
this less-favorable second case phase differences start to be visible at longer (≥400 meters)
offsets.

CONVERGENCE OF EFWI

Full-waveform inversion notoriously suffers from poor convergence when the starting velocity
model is not sufficiently close to the true model and the recorded data miss low frequencies.
The DAS field data presented in Lellouch et al. (2019b) are wideband but miss signal below
50 Hz. On the other hand, fairly high-quality data are available at short offset (≥50 meters).
At these offsets, the guided-waves effective propagation distance is similar to the recording
offset and it is short. Therefore, the starting model needs to be significantly off for the
recorded data and the data modeled with the starting model to be sufficiently out of phase
to cause convergence problems.

For the application of imaging thin layering within the reservoir from single-well record-
ings that we have discussed in this paper a realistic assumption is that the starting model
(Figure 5) is the average of the ”true” model (Figure 2). More precisely, the velocities in the
low-velocity zone (between depths of 93 and 108 meters) in Figure 5 are the reciprocal of the
depth averages between 93 and 103 meters of the slownesses computed from the velocities
shown in Figure 2. Figure 8 compares the full-bandwidth data (up to 900 Hz) modeled
assuming the initial blocky model shown in Figure 5 (panel a) with the initial data resid-
uals of a hypothetical EFWI process (panel b). We define the residuals as the differences
between the data modeled using the “true” model (Figure 2) and the data modeled using
the starting model. At full bandwidth and large offsets the two datasets have sufficiently
phase differences that would cause “cycle-skipping” problems if we backprojected the data
residuals to compute a search direction. However, when we zoom in into the near offsets
(0-150 meters), as shown in Figure 9, we can observe that whereas there are visible phase
differences between the two datasests, the gradient resulting from back-projecting the data
residuals (panel b) is likely to produce useful search directions. Figure 10 compares the
low frequencies of the two datasets shown in Figure 8 after applying a low-pass filter with
corner frequency at 80 Hz. At large offsets, the phase differences between the two panels
are clearly visible but still within a range that indicates useful search directions should be
produced by back-projecting the residuals shown on the left panel of this figure. A more
definitive answer to the convergence question can only be given when we will compute actual
gradients and perform a full inversion; a task that we have not performed yet.
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Figure 5: Elastic parameters for a
simple 3-layers model. Source and
receivers were placed at a depth of
100 m. [ER]

Figure 6: Elastic parameters for
a simple 3-layers model (Figure 5)
with an added one-meter thick in-
trusion. Source and receivers were
placed at a depth of 100 m. [ER]
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Figure 7: Data modeled using: a) a three-layer medium (Figure 5), b) a three-layer medium
with a one-meter thick high-velocity inclusion (Figure 6), and c) a three-layer medium with
a two-meter thick high-velocity layer. [CR]
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Figure 8: (a) Computed data assuming the three-layer model shown in Figure 5, and (b)
the first data residuals when the “true” model is the realistic model shown in Figure 2.
[CR]
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Figure 9: (a) Near 150 meters offsets of the computed data assuming the three-layer model
shown in Figure 5, and (b) near 150 meters offsets of the first data residuals when the “true”
model is the realistic model shown in Figure 2. [CR]
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Figure 10: (a) Low frequencies (≤80 Hz) of the computed data assuming the three-layer
model shown in Figure 5, and (b) low frequencies (≤80 Hz) of the first data residuals when
the “true” model is the realistic model shown in Figure 2. [CR]
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CONCLUSIONS AND FUTURE WORK

Thanks to their high frequency content and their sampling of the whole reservoir interval,
guided waves are sensitive to high-resolution details of subsurface properties. Furthermore,
cross-well recording may provide useful information on reservoir changes related to hydraulic
stimulation and production.

This synthetic study sets the stage for the application of an elastic FWI (EFWI) work-
flow to guided waves. We show the recorded data is sensitive to thin layering (order of one
meter) in the reservoir. We also show a multiscale FWI process that starts by inverting
low frequencies and short offsets is likely to converge without encountering cycle-skipping
problems. We assume that the starting model is based on approximate knowledge of reser-
voir elastic properties, as we may expect from geologic information and downhole logging
or even by simple kinematic inversion of the same guided waves. We have not tested a full
EFWI workflow on neither the synthetic data nor field data. The obvious next step will be
to test such a workflow on synthetic data, and if successful, test it on field data.

This study is based on synthetic data and focuses on resolution and convergence. Elastic
FWI applied to field data would encounter many additional practical challenges, such as:
accuracy of the actual source locations, estimation of the time wavelet, and contamination
of the recorded data by noise and inelastic effects.
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Full waveform inversion by model extension

Guillaume Barnier and Ettore Biondi

ABSTRACT

We show that full waveform inversion by model extension (FWIME) combined with a
model-space multi-scale approach has the potential to become a robust velocity model-
building algorithm that mitigates the cycle-skipping issues inherent to conventional
FWI. Its consistent and concise mathematical formulation coupled with an automatized
implementation makes it simple to apply and thus more accessible to a broad range
of non-expert users. We first apply FWIME to recover a very accurate and high-
resolution Marmousi model by starting with a naive initial guess and without the
use of low-frequency energy. We dramatically improve the results obtained in our
previous report. In a second numerical example, we show that FWIME has the ability
to correctly update large areas with substantial kinematic errors and mispositioned
sharp interfaces. These conclusive numerical tests improved our understanding of the
technique and showed promise as we move towards applying FWIME to field data
which requires handling elastic effects and complex overburdens.

INTRODUCTION

Full waveform inversion (FWI) has the potential of inverting all model scales and providing
high resolution subsurface images but it is greatly hampered by its sensitivity to the accuracy
of the initial model, commonly known as cycle-skipping (Virieux and Operto, 2009). Biondi
and Almomin (2014) use an extended model approach to mitigate this issue, but the method,
based on a nested-scheme algorithm, heavily relies on the user to tune the many inversion
parameters employed in the optimization process.

Following their work, we proposed a modified approach, also relying on an extended
Born modeling operator, and showed its potential by successfully inverting cycle-skipped
transmission data (Barnier et al., 2018a) and pure reflection data (Barnier and Biondi,
2019). We name this technique full waveform inversion by model extension (FWIME).
The main differences in our method is that we do not separate the model parameter into
a background (low-wavenumber) and a strictly high-wavenumber perturbation. Moreover,
during our inversion process, we aim at completely removing all the energy present in the
extended model perturbation and we attach no physical meaning to it. The use of the
variable projection method to compute the adequate extended model perturbation allows
us to better control the phase alignment of the data residuals (Golub and Pereyra, 1973;
Rickett, 2013; Huang and Symes, 2015).

Our ideal research goal is to provide the industry with a P-wave velocity-model building
algorithm that is robust (against cycle-skipping issues), mathematically consistent, and
implemented in such as way that a broad range of non-expert users may access it and
operate it on field data.
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As discussed in Barnier et al. (2019), we think the success of waveform inversion at
converging towards a useful solution (in an efficient manner) requires an accurate updating
of the low-wavenumber components at early stages of the workflow. Biondi and Almomin
(2012, 2013) successfully used scale-separation and wavelength-continuation to improve con-
vergence, but their approach remains quite user intensive. We recently proposed to make
this process more automatic by incorporating the model-space multi-scale method developed
in Barnier et al. (2019) to our FWIME workflow. The entire data bandwidth is simultane-
ously inverted and the wavenumber content of the updates is controlled by the refinement
rate of the spline grid on which the model is parametrized. The benefit of this technique is
that all events in the data (including reflections) are used to update the low-wavenumber
components (of the model) at early stages.

In this report, we present our recent results obtained on two synthetic examples. First,
we invert data generated with the Marmousi model (Martin et al., 2006) starting with a
naive linear v(z) initial model and with no available energy below 4 Hz. The recovered
model is very accurate, high-resolution, and compares to the model obtained by conducting
FWI with unrealistic low frequency energy (starting at 0 Hz).

The model for the second numerical example was designed and kindly provided to us by
the Seiscope consortium. It consists of two horizontal layers separated by a sharp and strong
velocity-contrast interface and where a large synclinal basin is embedded in the deeper
layer. The curvature of the basin is such that it generates very complex waveforms (e.g.,
triplications) in the reflected wavefields and recorded data (which consist mostly of reflected
events). The provided initial model is identical to the true one but does not contain the
synclinal feature. This example poses two major challenges. First, it assesses the inversion
method’s ability to correctly identify and unravel the “phase” of each events where “different
kind of synthetic and observed complex waveforms are tentatively compared”. Secondly,
it tests the capacity of the algorithm to correctly update and “move” large areas/geo-
bodies presenting strong velocity-contrasts with respect to their surroundings and sharp
mispositioned boundaries/interfaces. The ability of our algorithm to correctly handle these
two challenges is a necessary (but not sufficient) condition as we move towards applying it
to regions with complex overburdens.

For both numerical examples, we present our results following a similar structure. (1)
We start by conducting an “ideal” data-space multi-scale FWI workflow by using unrealistic
low-frequency energy (as low as 0 Hz). This step serves as an ideal benchmark result to
later compare with our FWIME. (2) We then conduct a realistic data-space multi-scale FWI
assuming no available low-frequency energy. This step is important to us as we want to
ensure that conventional FWI converges to a local minimum (and that there is a need/value
to apply our method). (3) We guide the reader through the initial step of our FWIME
workflow which is key to understand the method. We try to give plenty of details so that
the reader may gain better insight on how to choose the main parameters of the inversion and
their effect on the results. (4) We present our results obtained with our FWIME workflow.
We show the recovered models before each spline grid refinement, the convergence curves,
the predicted data computed with the various inverted models, we conduct a (wavenumber)
spectral analysis of the model updates, and conclude our analysis with an imaging step by
computing the migrated images (extended in subsurface reflection angles) at the initial and
final stages of FWIME. (5) Finally, we provide a brief summary of each experiment.



SEP–177 FWIME 29

THEORY

In our FWIME formulation, we propose to minimize the following objective function defined
as

Φε(m) =
1

2

∥∥∥Td

(
f(Sm) + B̃(Sm)p̃εopt(Sm)− dobs

)∥∥∥2

2
+
ε2

2

∥∥Dp̃εopt(Sm)
∥∥2

2
, (1)

where m is the velocity model defined on a (coarse) spline grid, S is the spline interpo-
lation operator defined in Barnier et al. (2019), f is the wave-equation operator (acoustic,
isotropic), and B̃ denotes the extended Born modeling operator. Possible extensions include
time-lags, subsurface offsets, or shot records (Biondi and Almomin, 2014; Huang and Symes,
2015). In this report, we show applications of FWIME by using time-lag extensions (first
numerical example on the Marmosui model) and horizontal subsurface offset extension (sec-
ond numerical example on the “syncline” Seiscope model). All extended operations (and
operators) are denoted by the ∼ symbol. dobs represents the observed data, and Td is a
self-adjoint data tapering operator (typically employed to mute all refracted energy) whose
coefficients are fixed during the entire inversion workflow. The (linear) operator D is an
invertible version of the differential semblance optimization (DSO) operator that enhances
the non-physical extended energy of extended images (Symes and Kern, 1994). ε is the
trade-off parameter between the data-fitting and the regularization terms. The subscript ε
in Φε indicates that ε is a fixed parameter throughout the inversion. p̃εopt is an extended
perturbation, defined as the minimizer of the following quadratic objective function Φε,m,

Φε,m(p̃) =
1

2

∥∥∥Td

(
B̃(Sm)p̃−

(
dobs − f(Sm)

))∥∥∥2

2
+
ε2

2
‖Dp̃‖22 . (2)

Assuming the Hessian matrix of Φε,m (equation 2) is positive definite, p̃εopt is given by

p̃εopt(Sm) =
[
B̃∗(Sm) T2

d B̃(Sm) + ε2D∗D
]−1

B̃∗(Sm)T2
d

(
dobs − f(Sm)

)
, (3)

where ∗ denotes adjoint operators. The minimization of equation 2 is performed using
a linear conjugate-gradient algorithm, and is referred to as the variable projection step in
FWIME. The data residual component (first term) on the right side of equation 2 is a mod-
ified FWI objective function where an additional term B̃(Sm)p̃εopt(Sm) is used to ensure
the phase alignment between modeled and observed data. During the optimization process
we gradually reduce the contribution of this additional term by adding a regularization
term on the right side of equation 1 (which gradually forces the L2-norm of p̃εopt to vanish).
It is important to notice that unlike the method proposed in Biondi and Almomin (2014),
p̃εopt may contain all wavenumber components at any stage of the inversion process, and no
explicit scale mixing is applied at any step. Hence, p̃εopt is not defined on the spline grid,
but rather on the (finer) finite-difference grid.

Equation 1 is minimized using a gradient-based descent method and its gradient is given
by

∇Φε(m) = S∗M
[
B∗(Sm) + T∗(Sm)

]
T2
d

(
f(Sm) + B̃(Sm)p̃εopt(Sm)− dobs

)
, (4)
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where B∗ is the adjoint of the non-extended Born modeling operator and T∗ is the
adjoint of the tomographic operator (?Biondi and Almomin, 2014). The first component of
the FWIME gradient in equation 4 (the output of the application of B∗ to the FWIME data
residual) will be referred to as the “Born gradient” or “Born component of the gradient” of
FWIME. It is computed with the same operator as the one used for conventional FWI gra-
dient but the input (i.e., the data residual) is different. In addition, the second component
(stemming from the application of T∗) updates regions of the model wavenumber spectrum
missed by the first one. We refer to it as the “tomographic gradient” or “tomographic com-
ponent of the gradient” of FWIME. M is a masking operator that may be used to restrict
the gradient from updating certain regions of the model (e.g., the water layer).

The effect of the spline parametrization on the gradient can be understood from equa-
tion 4. S∗ (the adjoint of the spline interpolation operator) projects the conventional
FWIME gradient onto a (usually coarser) spline grid, thereby enforcing smoothness on
the model updates (Barnier et al., 2019). Indeed, the level of smoothness can be adjusted
by refining the spline grid over iterations in order to gradually include higher wavenumber
updates into our inverted model. In the next two sections, we illustrate these properties
with numerical examples that provide more insight on their benefit and impact on the
FWIME workflow.

MARMOUSI MODEL

We test our FWIME workflow on the Marmousi model shown in Figure 1a. The model is
approximately 17 km wide, and 3.5 km deep. We generate noise-free pressure data with a
two-way acoustic isotropic finite-difference propagator using a grid spacing of 30 m in both
directions. We place 140 sources every 120 m, and 567 receivers every 30 m. Sources and
receivers are located at a depth of 30 m, and the data are recorded for 8 s. Figure 2 shows
two representative shot gathers generated with sources located at x = 0 km and x = 8 km,
with a wavelet containing energy only within the 4-13 Hz frequency range.

Conventional FWI

We conduct two sets of conventional data-space multi-scale FWI. For both tests, we use the
same laterally invariant (and linearly increasing with depth) initial velocity model shown in
Figure 1b parametrized by v(z) = a1z+b1, where a1 ≈ 0.735s−1, and b1 ≈ 1.161 km/s. The
velocity profiles of the true and the initial models extracted at various horizontal positions
are displayed in Figures 3a-f. In the first FWI test, we use unrealistic ultra-low frequencies
to estimate how well the true velocity model could be recovered if these frequencies were
available. We use this result as a benchmark to assess the quality of our FWIME method.
We invert eight frequency bands shown in Figure 4a. For each band, we conduct 200
iterations of BFGS using the library implemented by Biondi et al. (2019). As expected,
the final inverted model is very accurate (Figure 5a). However, when we assume that no
energy lower than 4 Hz is available in the recorded data, conventional multi-scale FWI fails
to retrieve a useful solution, especially for depths greater than 1 km (Figure 5b). Even with
the presence of some refracted energy, the inaccuracy of the initial model combined with
lack of low-frequency energy in the data lead the conventional FWI objective function to
converge to a local minimum.
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Figure 1: 2D panels of velocity models. (a) True model. (b) Initial velocity model.

Figure 2: Shot gathers generated with seismic sources containing energy within the 4-13 Hz
frequency range. (a) Source located at x = 0 km. (b) Source located at x = 8.2 km.
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Figure 3: Velocity profiles of the initial (red curve) and true (blue curve) models. (a) x = 4
km, (b) x = 6 km, (c) x = 8 km, (d) x = 10 km, (e) x = 12 km, and (f) x = 14 km.

Figure 4: Frequency spectra for the seismic sources used in the numerical experiments. (a)
Unrealistic 0-13 Hz scenario. (b) Realistic 4-13 Hz scenario.
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Figure 5: Inverted models with conventional multi-scale FWI. For each frequency band,
we conducted 200 iterations of BFGS. (a) Inverted model using the unrealistic 0-13 Hz
frequency range. (b) Inverted model using the 4-13 Hz frequency range. (c) True model.
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Model-space multi-scale FWIME

We apply our model-space multi-scale FWIME workflow by simultaneously inverting all
available data in the 4-13 Hz frequency range, including both refracted and reflected energy
(Figure 2). We set the data tapering operator from equation 1 to identity (Td = Id). We
use the same linear initial velocity model (parametrized by v(z) = a1 z + b1) as for the
FWI tests (Figure 1b). Throughout this numerical experiment, we use 101 points on the
extended axis for the extended optimal perturbation p̃εopt, which provided time-lags ranging
from τ = −0.8 s to τ = 0.8 s at a sampling rate of ∆τ = 16 ms. Each estimation of p̃εopt
(i.e., each variable projection step) is conducted by minimizing objective function shown in
equation 2 with 60 iterations of linear conjugate gradient.

Selection of the trade-off parameter ε

The first step of our FWIME workflow consists in selecting the ε-value (which remains
fixed throughout the entire inversion process). To do so, we compute the initial optimal
extended perturbation p̃εopt (using the initial velocity model) for a wide range of ε-values
by minimizing objective function 2. As explained in the theoretical section, ε serves as a
trade-off parameter between the level of data-fitting and the amount of energy that p̃εopt
may contain during the minimization of objective functions 1 and 2. Indeed, during the
minimization of objective function 2 (i.e, for a fixed model m), the value of ε does not affect
the kinematics of the optimal extended perturbation p̃εopt, but exclusively the amplitude
and phase of its energy.

Throughout the minimization of objective function 2, a low ε-value will allow the optimal
extended perturbation p̃εopt to contain more energy (both at zero and non-zero time-lags),
and will therefore ensure better data-fitting. That is, the first term of objective function 2
should be close to zero. In fact, setting ε to zero should lead to a perfect data-fitting (up to
numerical precision). To select the length of our extended axis (i.e., the number of points),
we conduct a full minimization of objective function 2 while setting ε to zero, and we find
the minimum length that still ensures that the difference between the initial predicted data
and the observed data is perfectly matched (up to numerical precision). That is,

Td

(
B̃(Sminit)p̃

ε=0
opt (Sminit)

)
≈ Td

(
dobs − f(Sminit)

)
. (5)

Satisfying this condition is crucial because it ensures that all the events in the observed
data that were not initially predicted (i.e., dobs − f(Sminit)) are still entirely captured
by p̃εopt(Sminit). If minit contains large kinematic errors, some of these events will be
mapped (i.e., back-projected) into p̃εopt(Sminit) at large time-lags (far from the zero time-
lag axis). Moreover, these events will initially play an important role in FWIME as they
provide key kinematic information used when computing the tomographic component of the
gradient (Equation 4). The further away from the zero time-lag axis, the more important
their contribution will be to the FWIME tomographic gradient (due to the DSO penalty
function that enhances energy at larger time-lags with a higher weight). Therefore, by
selecting too few points for the extended axis, one may risk to miss these crucial events
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and not benefit from the kinematic information they bear, which may lead to the FWIME
objective function to converge to a local minimum.

On the other hand, increasing the value of ε will penalize the presence of energy within
p̃εopt (with a larger penalty applied to the energy located away from the zero time-lag axis),
pushing its energy towards the vicinity of the zero time-lag axis and therefore decreasing
the level of data-fitting. Moreover, setting ε to extremely high values will force the energy
of p̃εopt to first focus towards the zero time-lag axis, and then eventually to completely
vanish. As proved in Barnier et al. (2018b), minimizing our FWIME objective function 1
while setting ε to infinity is mathematically equivalent to minimizing the conventional FWI
objective function.

The effect of ε is clearly noticeable on the initial FWIME data residuals (after mini-
mization of objective function 2 using the initial velocity model) in Figures 6a-d, as well as
on the time-lags common image gathers (CIGs) extracted from p̃εopt(Sminit) at a horizontal
position of x = 10 km (Figures 7a-d). For ε = 0, we can see a very accurate data-fitting
(Figure 6a) combined with the presence of strong unfocused energy at larger time-lags (in
absolute value terms) in the optimal extended perturbation (Figure 7a). The fact that a
great quantity of energy is initially located away from the zero time-lag axis indicates the
presence of large kinematic inaccuracies in the initial velocity model. As the value of ε
increases, we can observe that the data-misfit becomes greater (Figures 6b-d), while the
energy within the optimal extended perturbation becomes more focused (Figures 7b and
c), and eventually nearly vanishes (Figure 7d).

We are currently investigating ways to automatically select the ε-value(s), but it stems
from Figures 7a-d (and from multiple tests conducted throughout our research) that picking
too high of a value will undermine the benefit of the extension carried by p̃εopt (all the events
bearing information on the kinematic errors disappear from the optimal perturbation and
are therefore lost), while selecting too low of a value might not have any meaningful impact
on the FWIME workflow. For instance, if ε = 0, the data-fitting term of objective function 1
will also be approximately null (or smaller than the noise level), and so will the total
FWIME objective function (regardless of how inaccurate the velocity model is). Therefore,
the FWIME residuals back-projected to compute the gradient (equation 4) will not be useful
as they will just consist of noise.

For this experiment, we chose ε = 1.5×10−5 which generated the data-residuals and the
CIG shown in Figures 6b and 7b, respectively. We tried conducting our FWIME workflow
with various values of ε and obtained similar results at least for ε ranging from ε1 = 1.1×10−5

to ε2 = 5.5 × 10−5 (we did not try outside of this range due to a lack of time). However,
more tests need to be conducted to evaluate the robustness of our method with respect to
this key parameter. For the optimal extended perturbation, we use a total 101 points along
the extended axis (time-lags ranging from τ = −0.8 to τ = 0.8 s), which was sufficient to
satisfy condition 5.

Initial search direction

To illustrate the effect of the trade-off parameter ε on the first FWIME gradient, we compute
the initial FWIME search directions for the same range of ε-values as the ones used in the
previous step. In practice, we would not need to do compute the search directions for all
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Figure 6: FWIME data residuals after minimization of objective function 2 for various ε-
values and for a shot located at x = 8.2 km. (a) ε = 0.0, (b) ε = 1.5×10−5, (c) ε = 8.0×10−5,
and (d) ε = 2.5× 10−4.

Figure 7: CIG extracted from p̃εopt(Sminit) at x = 10 km after minimization of objective
function 2 for various ε-values. (a) ε = 0.0, (b) ε = 1.5× 10−5, (c) ε = 8.0× 10−5, and (d)
ε = 2.5× 10−4.
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ε-values. Figures 8a-c show the initial FWIME search directions on the finite-difference
(finer) grid, and Figure 8d shows the ideal search direction.

Our initial (coarse) spline grid is chosen without any prior knowledge of the subsurface
geometry other than the water-bottom depth. We selected a sampling of 200 m in the
z-direction, and 1 km in the x-direction. The sampling in the absorbing boundaries is 1
km in both directions and is kept constant for all spline grids throughout this experiment.
Figures 9a-c show the analogous FWIME first search directions after projection onto the
first spline grid. By comparing the first search direction for our selected ε-value (Figure 9a)
to the true search direction after projection onto the first spline grid (Figure 9d), we can
see the importance of using a spline parametrization in order to initially capture the correct
low-wavenumber components of the true model.

Figure 8: Search directions computed for various ε-values. (a) ε = 1.5 × 10−5, (b) ε =
8.0× 10−5, (c) ε = 2.5× 10−4, and (d) ideal search direction.

Figure 9: Search directions after projection onto the first spline grid, computed for various
ε-values. (a) ε = 1.5 × 10−5, (b) ε = 8.0 × 10−5, (c) ε = 2.5 × 10−4, and (d) ideal search
direction.

Inversion results

We conduct our model-space multi-scale FWIME workflow using a sequence of four different
spline grids, and keeping the same ε-value throughout the entire process (ε = 1.5 × 10−5).
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Each spline grid refinement is triggered when the stepper is unable to find a step length
that decreases the FWIME objective function 1. The spacing in the second and third spline
grids are obtained by halving the spacing from the previous ones. The fourth (and final)
spline grid has the same spacing as the finite-difference grid. As explained in Barnier et al.
(2019), the inverted model on a given grid is used as the initial model for the following grid.

Figures 10a-d show the sequence of inverted models throughout our optimization scheme
at the end of each grid. The final inverted model (Figure 10e) is close to the optimal solution
(Figure 10f). Figures 11a-f show the initial, true, and inverted velocity profiles extracted
at various horizontal positions. By comparing it to the FWI inverted model obtained using
unrealistic low-frequency energy (Figure 12a) we can clearly see that FWIME workflow
managed to converge to an accurate and high-resolution model by recovering both low- and
high-wavenumber features using only energy within the 4-13 Hz frequency range. Indeed,
it also outperforms the model obtained with the conventional FWI using the more realistic
4-13 Hz frequency range (Figure 12b).

Inversion strategy for a production workflow

For this experiment, we conducted our FWIME workflow for each spline grid until comple-
tion (by letting the solver stop by itself) solely in order to show its potential in recovering a
high-resolution model as accurate as conventional FWI using unrealistic ultra-low frequen-
cies. To be clear, in this experiment we wanted to assess whether FWIME could converge
to the true solution (in an academic context) without the need to modify or tune any pa-
rameter along the process. This is the first step towards making FWIME easily accessible
to a wider range of users and geophysicists that may not be experts in that particular field.
However, we acknowledge that this is not the most efficient strategy in terms of computa-
tional costs for multiple reasons. First, using a single ε-value for the entire workflow might
not be the optimal solution and we are currently investigating the use of the discrepancy
principle approach proposed by Fu and Symes (2017). Moreover, in a production workflow
(and as we further improve the efficiency of our technique), we would utilize FWIME only to
produce an “accurate enough” initial model for FWI to converge towards a useful solution.

In order to determine when the FWIME inverted model is “accurate enough”, one may
carefully examine p̃εopt after each FWIME iteration. As explained in Barnier and Biondi
(2019), even though computing p̃εopt (i.e., the variable projection step) is quite computation-
ally costly, it is however a very accurate and useful quality check (QC) tool. For instance,
one could examine the quantity of energy spread away from the zero time-lag axis in the
CIGs of p̃εopt (the less energy, the more accurate the model). Figure 13 shows the evolution
of two CIGs extracted from p̃εopt (at x = 3 km on the top row and x = 13 km on the
bottom row) at four key stages of our inversion process. Column one was computed at the
initial step, while columns two, three and four were computed at the end of spline grids 1,
2, and 3. As expected, the initial model is quite inaccurate and we can see a great amount
of unfocused energy (first column). As the inversion advances, it progressively focuses the
energy towards the zero time-lag axis, and eventually forces it to completely vanish (this
can also be observed by examining the zero time-lag cross-sections of p̃εopt in Figures 14a-e).
We are currently considering automatic ways to quantify this process in order to make it
feasible for 3D field data applications (where one could not realistically examine all the
CIGs in the inverted volume). One of our current goals is to find a metric (with the help



SEP–177 FWIME 39

of p̃εopt) that enables us to assess whether a FWIME inverted model is accurate enough for
conventional FWI.

Figure 10: Inverted models at different stages of the model-space multi-scale FWIME work-
flow using energy within the 4-13 Hz frequency range and ε = 1.5× 10−5. (a) Initial model.
(b) Inverted model after the first spline grid. (c) Inverted model after the second spline
grid. (d) Inverted model after the third spline grid. (e) Inverted model after the fourth
(finite-difference) grid. (f) True model.

Objective function analysis

Figure 15a shows the value of the scaled FWIME objective functions (equation 1) as a func-
tion of iterations throughout the four different stages (four spline grids) of our inversion
process. The blue curve corresponds to the total objective function, the red curve corre-
sponds to the data-fitting term, and the pink curve displays the regularization term. We
conducted a total of 242 iterations, 24 for spline 1, 64 for spline 2, 104 for spline 3, and 50
for spline 4. The three major changes in convexity occurring at iterations #24, #88, and
#192 indicate a spline grid refinement. Figure 15b displays the scaled total FWIME objec-
tive function (blue curve) along with the value of the conventional FWI objective function
evaluated at each inverted model during the FWIME sequence (red curve). Note that this
curve is not the result of an inversion process, but simply an evaluation of the conventional
FWI objective function at each FWIME inverted model. This curve is not monotonically
decreasing which indicates that the FWIME scheme managed to modify the conventional
FWI objective function and has mitigated the presence of local minima inherent to the
method. Moreover, we can see that both the FWIME and FWI curves eventually converge
to zero (up to numerical precision) which means that FWIME has finally managed to find
an inverted model minv that matches all observed data without the need of the additional
data term stemming from extended perturbation p̃εopt. That is,
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Figure 11: Velocity profiles of the initial (red curve), FWIME (green curve), and true (blue
curve) models. (a) x = 4 km, (b) x = 6 km, (c) x = 8 km, (d) x = 10 km, and (e) x = 12
km. (f) x = 14 km.

• f(minv) = dobs, and

• p̃εopt(minv) = 0.

Data-space analysis

Figure 16 shows the observed data (left column), predicted data (middle column), and data-
difference (right column) at the end of each spline grid sequence (each row corresponds to
a spline grid sequence), for a source located at a horizontal position of approximately x = 1
km. The inversion workflow begins by allowing exclusively low-wavenumber updates into
the model (due to the coarse spline grid parametrization), which enforces a better matching
of the observed data at larger offsets (second row of Figure 16). Eventually, as we refine the
spline grid and allow for higher-wavenumber updates, reflections are progressively matched
and the data-residuals vanish (third and fourth rows in Figure 16).

Spectral analysis

Figures 17a-d show the wavenumber spectra of the various model updates (i.e., the ampli-
tude spectrum of the 2D spatial Fourier transform of the difference between the inverted
and initial models) obtained after completion of the three different workflows described in
this example (unrealistic FWI 0-13 Hz, realistic FWI 4-13 Hz, and FWIME 4-13 Hz). Fig-
ure 17a corresponds to the FWI workflow using the unrealistic 0-13 Hz frequency range and
Figure 17c corresponds to the FWIME inverted model. As expected, they show great sim-
ilarity with the “ideal” update (i.e., the difference between the true and the initial models)
displayed in Figure 17d. This illustrates the success of the model-space multi-scale FWIME
approach at recovering the low-wavenumber components of the true model without the
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Figure 12: Summary of the inverted models for this numerical example. (a) Conventional
multi-scale FWI using an unrealistic 0-13 Hz energy bandwidth. (b) Conventional multi-
scale FWI realistic 4-13 Hz energy bandwidth. (c) FWIME inverted model. (d) True model.
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Figure 13: CIGs extracted from p̃εopt at four stages of the FWIME workflow. CIGs on the
top row were extracted at x = 3 km, and CIGs from the bottom row were extracted at
x = 13 km. First column is computed with the initial model, second column after spline 1,
third column after spline 2, and fourth column after spline 3. All figures are plotted with
the same color scale.
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Figure 14: Zero time-lag sections of optimal perturbation p̃εopt computed at five different
stages of the FWIME workflow. (a) Initial. (b) After spline 1. (c) After spline 2. (c) After
spline 3 (d) After spline 4 (finite-difference grid).

Figure 15: (a) FWIME objective functions from equation 1: total FWIME objective func-
tion (blue curve), data-fitting term (red curve), and regularization term (pink curve). (b)
Total FWIME objective function (blue curve), and “FWI” objective function evaluated at
each FWIME inverted model (red curve).
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Figure 16: Observed data (left column), predicted data (middle column), and data residual
(right column) for a source located at approximately x = 1 km. Initial (first row), spline 1
(second row), spline 3 (third row), spline 4 (fourth row).
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need for low-frequency energy. Figure 17b displays the model-update amplitude spectrum
of the FWI inverted model using the 4-13 Hz bandwidth, which clearly fails to capture
these crucial low-wavenumber features initially missing. Furthermore, Figure 18a shows the
spectrum of the FWIME model update after the first spline grid. We can observe that the
initial “coarse” spline grid parametrization (spline 1) only allows low-wavenumber updates
to be added to the inverted model (at first). Finally, the higher wavenumber updates are
gradually added during the FWIME workflow (Figure 18b).

Figure 17: Amplitude Spectra of inverted model updates obtained after the FWI and
FWIME workflows. (a) FWI with unrealistic 0-13 Hz frequency band. (b) FWI with
realistic 4-13 Hz frequency range. (c) FWIME using 4-13 Hz frequency range. (d) Ideal
update (difference between true and initial models).

Figure 18: Amplitude Spectra of FWIME inverted model updates. (a) FWIME model
update after spline 1. (b) Final FWIME model update.

Imaging

We conduct an imaging QC step in order to assess the quality of our inverted velocity
model. Figures 17a and b show the zero-offset sections of the initial and final migrated
images, respectively. By comparing them to the true model (Figure 17c), we can clearly
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see an improvement in the image, especially in the vicinity of the reservoir (red box) where
none of the features were initially visible. This observation is also confirmed by examining
the subsurface angle domain common image gathers (ADCIG) shown in Figure 20 extracted
at four horizontal positions ranging between x = 9 km and x = 12 km. The top row of
Figure 20 shows the ADCIGs computed with the initial velocity model and the bottom row
ADCIGs are computed with the final inverted model. As expected, the final velocity is able
to image the different interfaces at the reservoir level.

Figure 19: (a) Migrated image with the initial velocity model. (b) Migrated image with the
FWIME inverted model. (c) True model.

Summary of the Marmousi example

By conducting this numerical experiment on the well-known benchmark Marmousi model,
our goals were twofold: (1) Develop a robust velocity model-building algorithm that mit-
igates the need for an accurate initial guess and/or low-frequency data, and (2) build a
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Figure 20: Angle domain common image gathers (ADCIGs) computed with the initial model
(top row) and the FWIME inverted model. First column is for x = 9 km, second column is
for x = 10 km, third column is for x = 11 km, and fourth column is for x = 12 km.
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process accessible to a broader range of non-expert users. To that end, we managed to suc-
cessfully apply our FWIME workflow and invert modeled data containing no energy outside
of the 4− 13 Hz frequency range by using an initial model with laterally invariant and lin-
early increasing velocity values. We recovered a very accurate and high-resolution solution
that matched the observed data close to numerical precision. Moreover, even though its
efficiency can (and must be) improved for field data applications, our workflow required a
minimum amount of user-input during the process (e.g., no user-intensive nested-scheme
approach and no need to adjust the trade-off parameter ε throughout the entire process).

We wish to stress the fact that our strategy adopted for this benchmark test was likely
not the most computationally efficient one. We approached this test as an experiment to
further improve our understanding of the method and the calibration of the different pa-
rameters. First, we were extremely conservative and cautious when choosing the parameter
values such as the length of the extended axis or the number of iterations conducted for each
variable projection step. We wanted to avoid taking any potentially risky shortcuts that
could have affected the outcome of our result, and therefore our fundamental conclusions on
the potential of our technique. Second, we purposely maintained a constant ε-value through-
out the workflow (to show its ability to be conducted automatically) which has been shown
(and confirmed by tests we conducted but not shown in this report) to be sub-optimal. In
fact, as we mentioned earlier in the report, we believe including the discrepancy-principle
in our approach may dramatically improve the convergence rate of FWIME. Thirdly, the
FWIME workflow would never need to be conducted until completion in a production en-
vironment. It would be used to deliver an accurate enough starting point for conventional
FWI. Finally, this first successful application of FWIME on a realistic scenario will serve
as a reference result as we further work on improving the efficiency of our technique.

SYNCLINE MODEL

We apply our FWIME workflow on a synthetic example designed and proposed by the
Seiscope consortium in Grenoble, France. The true velocity model is shown in Figure 21a.
Figure 22 (blue curve) shows its velocity profile extracted at x = 4 km and x = 6 km. The
model is approximately 12 km wide, and 3.5 km deep, and it is composed of two horizontal
layers with a low-velocity synclinal inclusion (basin) embedded in the second (deeper) layer.
The initial velocity is shown in Figure 21b and Figure 22 (red curve), and is identical to the
true model but does not contain the synclinal basin. The velocity value is vs = 2.8 km/s in
the shallow layer, and vd = 4.0 km/s in the deeper layer. The difference between the two
velocity models is shown in Figure 21c.

We generate noise-free seismic data using an acoustic, isotropic, constant-density mod-
eling operator. For our finite-difference scheme, we use a grid spacing of 50 m in both
directions and a band-passed Ricker wavelet containing energy only within the 1.5-6.5 Hz
frequency range (Figure 23). We place 48 shots spaced every 250 m and 255 receivers every
50 m. All acquisition devices are placed at a constant depth of 50 m. Figures 24a and b
show two representative shot gathers for sources located at x = 0.3 km and x = 6.3 km
containing energy only within the 1.5-6.5 Hz frequency range.

We first conduct a conventional data-space multi-scale FWI workflow and show its
inability to retrieve the correct solution, even with the presence of very low frequency energy
in the recorded data. We then successfully apply our model-space multi-scale FWIME
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approach and manage to recover a very accurate model.

Figure 21: 2D panels of velocity models. Both shallow and deeper layers have a homogeneous
velocity value of vs = 2.8 km/s and vd = 4.0 km/s, respectively. (a) True model. (b) Initial
velocity model. (c) Model difference.

Goals of this experiment

This synthetic problem was designed and developed by a team of researchers led by Weiguang
He at the Seiscope consortium, and kindly shared to the Stanford Exploration Project (SEP)
group by Dr. Virieux during his visit in May 2019 at Stanford University. The goal of their
experiment was to test the robustness of various data-driven waveform inversion methods
against the “ill-posedness coming from wrong association of predicted and observed wave-
forms”. The authors further explain that “this ill-posedness is related to phase identification
where different kind of synthetic and observed waveforms are tentatively compared, which
could be quite frequent when the current model estimate predicts more or less waveforms
than the velocity model corresponding to the observed waveforms”.
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Figure 22: 1D profiles of velocity models. The blue curve corresponds to the true model
and the red curve corresponds to the initial model. (a) Velocity profiles extracted at x = 4
km. (b) Velocity profiles extracted at x = 6 km.

Figure 23: Amplitude spectrum for the seismic source used for both FWI and FWIME
workflows in this numerical experiment.
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Figure 24: Two representative shot gathers generated by a seismic source containing energy
only within the 1.5-6 Hz frequency range. (a) Source located at x = 0.3 km. (b) Source
located at x = 6.3 km.

In order to generate this type of scenario with a simple numerical experiment, the
authors embed a synclinal basin into the deeper layer of a horizontal two-layer model (as
detailed in the previous section). The basin curvature is such that the reflected events
from the bottom of the basin generate wavefield triplications in the recorded data. Indeed,
these events overlap with the reflections from the shallow interface between the two layers.
The complexity of the recorded waveforms can be observed in the shot gathers displayed in
Figures 24a and b. Moreover, this numerical experiment poses another difficult challenge
because its initial model contains a vast region (relative to the dimensions of the area of
interest) with mispositioned sharp boundaries and incorrect strong velocity-contrasts with
its surroundings.

Both difficulties (phase identification and large areas of kinematic errors coupled with
mispositioned sharp interfaces) provide a similar (though simpler) scenario to the one en-
countered when exploring in regions with the presence of complex overburdens (e.g., salt
bodies). This is due to the complicated waveforms generated and recorded at the surface
(e.g., prismatic reflections from rugose top-salt interface) as well as the difficulty to accu-
rately delineate these complex overburdens. Therefore, testing FWIME on such an example
allowed us to gain better insight on its potential ability to perform well in these types of
scenarios.

Understanding the events in the data

In order to better understand the origin and the wave path of each event present in the
recorded shot gathers, we generate data (with the true model shown in Figure 21a) using
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a higher frequency seismic source containing energy as high as 30 Hz (we used a finite-
difference sampling grid of 25 m for both directions). Figure 25a shows one shot gather
for a source located at a horizontal position of x = 6.35 km. Figure 25b shows the same
shot gather where the different events have been labeled with colored numbers. We can
distinguish five distinct events in Figure 25b. Figures 26 shows twelve labeled snapshots of
the wavefield that gave rise to the recorded shot gather in Figure 25b.

• The first event (event 0, white arrow in Figure 25b) displays a linear moveout and
corresponds to the direct arrival of the incident wavefield (without any interaction
with the interface between the two layers).

• Event 1 (blue arrows in Figures 25b and 26b) corresponds to the back-scattering of the
incident wavefield as it interacts with the sharp corners on the edges of the synclinal
basin. The corners act as diffracting points and the recorded event shows a hyperbolic
moveout observable in the shot gather.

• Event 2 is generated when the incident wavefield reflects from the bottom of the basin.
The wavefield later refocuses at the synclinal focal point (Figure 26d). This “creates”
a wavefield similar to the one that would have been generated by a virtual point source
located at the focal point (red arrow in Figure 25b), which can be observed directly
by examining the wavefield snapshots (Figures 26d-g).

• We believe event 3 (green arrows in Figure 25b) is generated by the overlapping
of a reflection from the bottom of the synclinal basin with the “tails” of the incident
scattered wavefield after its interaction with the sharp corners (event 1) (at this point,
we cannot fully explain the mechanism that gives rise to this event). Nevertheless, this
generates two up-going wavefields (event 3) observable in Figures 26f-k (blue arrows).

• Event 4 (purple arrows in Figure 25b) stems from the diffraction of both up-going
wavefields (i.e., event 3) by the corners of the synclinal basin. Their respective wave
path can be observed in Figures 26j-l.

Finally, Figures 27a-c shows the observed, predicted and residual data computed with
the initial velocity model for a shot located at x = 6.3 km. Figure 27c clearly illustrates
the overlapping of “true” and wrongly predicted events (i.e., the reflection of the incident
background wavefield from the misplaced horizontal interface present in the initial model).

Conventional FWI

We first conduct a conventional FWI approach to illustrate its inability at recovering the
true model. We invert the data generated by the seismic source containing energy within
the 1.5-6 Hz frequency range. Figure 28 shows the inverted model after 500 iterations of
BFGS, which confirms that the FWI objective function has converged to a local minimum.
Moreover, Figure 29b show the predicted data generated from the FWI inverted model,
which is unable to accurately predict the triplications generated by the synclinal feature in
the true model.
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Figure 25: (a) Shot gather for a source located at x = 6.35 km containing energy within
the 2-30 Hz frequency range. (b) Identical shot gather as (a) with labeled seismic events.

Model-space multi-scale FWIME

We apply FWIME by simultaneously inverting all data available in the 1.5-6 Hz frequency
range (the same data used for the FWI workflow). We use two spline grids throughout
our inversion scheme. The first spline grid has a sampling of 500 m in both the z- and
x-directions. However, in the vicinity of the interface between the two layers, we use a
spacing of 50 m in the z-direction in order to preserve the sharpness present in the initial
model. The second spline grid is identical to the finite-difference grid.

For this numerical experiment, we chose horizontal subsurface offsets as our extension
type. Due to the large kinematic errors in the initial model, we employed 201 points of
extension, providing us with horizontal subsurface offsets hx ranging from −5 km to 5 km
for p̃εopt. Each variable projection step is conducted by minimizing objective function shown
in equation 2 with 100 iterations of linear conjugate gradient.

Initial step

Figures 30a and b show two horizontal subsurface-offset domain common image gathers
(SODCIGs) extracted from the initial extended optimal perturbation p̃εopt at x = 4.0 km and
x = 6.0 km, respectively. The SODCIG located at x = 4 km contains weaker energy/events
due to the fact that at that location, the initial model is already accurate. However, as
we move closer to the basin, more energy is being back-projected into p̃εopt. The kinematic
error is so important that a maximum offset of approximately 4 km (on each side of the
zero-subsurface axis) is needed to completely capture the energy (Figures 30b).

We chose ε = 1.0×10−5 with the same (imperfect) strategy as for the Marmousi example.
We also experimented different values (ranging from ε = 0.5×10−5 to ε = 5.0×10−5), which
seemed to provide similar results. As mentioned in the Marmousi example, more tests need
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Figure 26: Wavefield snapshots generated by a source located at x = 6.35 km and containing
energy within the 2-30 Hz frequency range. Each panel shows the wavefield at a given time
step.
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Figure 27: Shot gather for a source located at x = 6.3 km and containing energy within the
1.5-6 Hz frequency range. (a) Observed data. (b) Predicted data with the initial velocity
model. (c) Initial data difference.

Figure 28: Inverted model using conventional FWI after 500 iterations of BFGS, and energy
contained in the 1.5-6 Hz frequency range.

Figure 29: Shot gather at x = 6.3 km. (a) Observed data. (b) Predicted data with the
inverted model using conventional FWI. (c) Data difference.
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to be conducted to evaluate the robustness and the convergence efficiency of FWIME with
respect to the ε-value.

Figure 31a shows the scaled Born component of the first search direction and Figure 31b
displays the scaled tomographic component. Note that Figures 31a and b are not displayed
on the same color scale. The Born component is approximately two orders of magnitude
weaker than the tomographic component. Indeed, this is expected at early stages of the
FWIME workflow where the inversion is primarily guided by the tomographic updates.
Figure 31c shows the total search direction (i.e., the sum of the panels in Figures 31a and
b), which is approximately identical to the tomographic component. Even though this
search direction may seem promising (by comparing it to the “ideal” update in Figure 31c),
its projection onto the first spline grid provides a much more interesting and accurate search
direction (Figure 32a).

Figure 30: Horizontal subsurface offset domain common image gathers (SODCIGs) of the
extended optimal perturbation p̃εopt computed at the initial step and extracted at two hor-
izontal positions. (a) x = 4.0 km. (b) x = 6.0 km. Both figures are displayed on the same
color scale.

Figure 31: Scaled FWIME initial search directions on the finite-difference grid. (a) Born
search direction. (b) Tomographic search direction. (c) Total search direction (sum of (a)
and (b)). (d) True search direction. Note that (a) is displayed on a different color scale
for clarity purpose. The amplitude of (a) is approximately two orders of magnitude smaller
than the one of (b).
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Figure 32: Initial scaled search directions after projection on the first spline grid. (a)
FWIME first search direction. (b) True search direction.

Inversion results

We conducted 28 iterations of our FWIME workflow on the first spline grid. As for the
Marmousi example, the spline grid refinement was triggered when the solver could not find
a proper step-length. The convergence curves for this grid is shown in Figure 33, and
the inverted model is shown in Figure 35a. We used the inverted model on spline 1 as
the initial model for the spline 2, and conducted 87 iterations of FWIME. For efficiency
purposes, we did not wait until full convergence. The convergence curves and inverted
model after inversion on spline 2 are shown in Figures 34 and 35b, respectively.

Finally, we used the FWIME inverted model as an initial model for conventional FWI.
The inverted model after 200 iterations of BFGS is shown in Figure 35c. Figures 36 and 37
show vertical (and horizontal) velocity profiles of the initial, true and inverted models at
various horizontal positions (and depths). The final result is quite accurate but still contains
a weak reflector located at the initially wrongly positioned horizontal interface (at the top
of the basin, at an approximate depth of z = 0.8 km). However, we think this artifact could
potentially disappear if we were to conduct an inversion with higher frequency energy.

Figure 38 shows the evolution of the predicted data throughout various stages of our
FWIME workflow (middle column). The inversion begins by generating the triplications in
the wavefield (observable in Figure 38e) by first removing a portion of the incorrect high-
velocity zone at the bottom of the basin (Figure 35a). After inversion on spline 2, most of
the basin has been recovered, and the reflection from the initially mis-positioned horizontal
interface (at z ≈ 0.8 km) has been removed from the predicted data (Figure 38h). The last
row shows the prediction after conducting conventional FWI using the FWIME inverted
model as an initial guess. It enhances the accuracy of the results in both model-space
(Figure 35c) and data-space (Figures 38k and l).

Spectral analysis

Figures 39 and 40 show the model updates and the amplitude spectrum of the model updates
(at the different stages of the FWIME workflow), respectively. The inversion scheme begins
by correctly updating the low-wavenumber components of the model in the z-direction
(Figure 40a), but fails to update them in the x-direction. However, these missing features
are gradually (but not perfectly) captured throughout the remaining stages of the workflow
(Figure 40b and c). In fact, we can see in Figures 39b and c that the vertical edges of the
basin are better resolved and their sharpness is improved. Even though the inversion still
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Figure 33: Scaled convergence curves of FWIME objective functions for the first spline grid.

Figure 34: Scaled convergence curves of FWIME objective functions for the second (finite-
difference) grid.
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Figure 35: Inverted models at various stages of our FWIME workflow. (a) Inverted model
after 28 iterations of FWIME on spline 1. (b) Inverted model after 87 iterations of FWIME
on spline 2. (c) Inverted model after applying 200 iterations conventional data-space multi-
scale FWI using (c) as an initial model. (d) True model.
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Figure 36: Vertical velocity profiles showing the initial model (red curve), the true model
(blue curve), and the final FWIME inverted model (pink curve) extracted at four different
depths. (a) x = 4 km, (b) x = 5 km, (c) x = 6 km, and x = 7 km.
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Figure 37: Horizontal velocity profiles showing the initial model (red curve), the true model
(blue curve), and the final FWIME inverted model (pink curve) extracted at three different
horizontal positions. (a) z = 1.5 km, (b) z = 2.0 km, and (c) z = 2.25 km.
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Figure 38: Observed data (left column), predicted data (middle column), and data difference
(right column) for a shot located at x = 6.3 km at various stages of the FWIME workflow.
First row was computed with initial model, second row with the FWIME inverted model
after spline1, third row with spline 2, and fourth row with the final FWIME inverted model.
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misses some energy in that part of the spectrum (likely due to finite acquisition aperture),
it has managed to recover an accurate model, which could potentially be improved by
conducting this experiment by inverting higher frequency data.

Figure 39: Velocity difference between inverted and initial models at difference stages of
FWIME. (a) After inversion on spline 1. (b) After inversion on spline 2. (3) Final inverted
model. (d) True model difference.

Imaging

For QC purposes, we migrate the observed data (to which we subtracted the direct arrival)
using the initial velocity model (Figures 41a) and the final velocity model (Figures 41b).
They show a clear improvement, which is confirmed by the angle-domain common images
gathers (ADCIGs) extracted at various positions in Figure 42. We can see from the third
and fourth columns in Figure 42 that the bottom of the basin (initially wrongly positioned)
has been imaged quite accurately with a large improvement in the flatness of the ADCIGs.

Summary of the syncline model

We showed that our model-space multi-scale FWIME approach was able to perform well
on this numerical example. First, it managed to handle the phase identification issue men-
tioned by the Seiscope team. Second, it was successful at removing a large area filled with
incorrect velocity values (with strong velocity-contrast and sharp interfaces). We conducted
conclusive quality checks to evaluate the quality of our results. Both accomplishments are
quite promising as we are currently tackling imaging challenges in the presence of complex
overburdens.

CONCLUSIONS AND ROAD AHEAD

By conducting more experiments with FWIME, we were able to gain better insight on
how to parametrize and calibrate the technique, thereby allowing us to produce a more
robust and less user-intensive product. This also led to a great improvement of our results
(compared to our previous report) on the standard Marmousi benchmark. Moreover, our
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Figure 40: Amplitude spectrum (wavenumber domain) of model updates (i.e., amplitude
spectrum of the Fourier transform of the difference between inverted and initial models) at
different stages of our FWIME workflow. (a) After inversion on spline 1. (b) After inversion
on spline 2. (3) Final inverted model. (d) True model difference.
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Figure 41: Zero-offset migrated images computed with different velocity models. (a) Initial
velocity model. (b) Final FWIME inverted model. (c) True velocity model (for reference).
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Figure 42: Angle domain common image gathers (ADCIGs) computed with the initial
model (top row) and the FWIME inverted model (bottom row) at four different horizontal
positions. First column is at x = 3 km, second column is at x = 4 km, third column is at
x = 5, and fourth column is at x = 6 km.
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conclusive results on the syncline model allows us to think that FWIME can potentially
perform well in areas with very complex overburdens.

We want to stress the fact that the tests conducted in this report remain preliminary.
Our goal was to first recover accurate, high-resolution results in a mathematically consistent
and automatic manner. We wanted to understand our method in great depths in order to
later improve its efficiency as we move to 3D field datasets.

Moving forward, we plan to work focus on three goals, (1) improving the efficiency of
the method (as previously mentioned), (2) apply it in the presence of complex overburdens,
and (3) test its ability to handle elastic effects.
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Anisotropic full waveform inversion with pore pressure
constraints: A field data application

Huy Le, Biondo Biondi, Robert G. Clapp, and Stewart A. Levin

ABSTRACT

We presents an application of anisotropic full waveform inversion with pore pressure
constraints on a 3D field data. The frequency band chosen for FWI is 3-15 Hz and
3-30 Hz for RTM. The source wavelet is inverted directly from the data. The objective
function is normalized in amplitude in a trace by trace manner. The constraints are
derived for vertical velocity only, based on the rock physics workflow described our
previous report. An upper bound on velocity is constructed from hydrostatic pore
pressure while an lower bound is constructed from mud weight data. After the inver-
sions, the objective function is reduced by 25%. When the constraints are enforced,
vertical velocity changes by 5% while anisotropy changes by 10%. On the other hand,
after unconstrained inversion, velocity changes by 10% and anisotropy changed by 5%.
The accuracy of the velocity model is improved, demonstrated by enhanced reflectors’
focusing and continuity, especially when the constraints are incorporated.

INTRODUCTION

The data, provided to SEP by WesternGeco, was originally acquired in the Gulf of Mexico
in early 1990s with wide azimuth ocean bottom cable (OBC) geometry. The water depth
is about 25 m on average. Recorded at 4 miliseconds, the hydrophone component had
gone through a standard pre-processing workflow, including desigmature, deconvolution,
wavelet shaping, geometrical spreading correction. The data we have at hand contains only
PZ-summed upgoing signal. The source lines and receiver lines are perpendicular with 400
m and 600 m crossline spacing respectively. Inline spacing is 50 m for both sources and
receivers. We use reciprocity and consider receivers as virtual sources. Figure 1 shows the
source and receiver locations of a 15 by 15 by 5 km area that we chose to study. Overlaid
on this figure are the well locations and the velocity model.

Figure 2a shows the location of one receiver gather. Maximum inline offset is about 3 km
and maximum crossline offset is about 6 km. We chose the frequency bands between 3-15
Hz for FWI and 3-30 Hz for RTM. We also applied a temporal weighting function t1.5 and
a trace by trace absolute amplitude normalization on the RTM data. Amplitude mismatch
between modeled and observed data in FWI objective function is treated separately in the
following section. Figure 2b shows the spectra of the provided data, the 3-15 Hz FWI data,
and the 3-30 Hz RTM data. Figures 3a, 3b, and 3c show the corresponding receiver gathers
of these frequency bands.

Together with the data, we was also provided with a velocity model, which was the result
of an isotropic ray-based tomography performed by WesternGeco. We consider this velocity
model as NMO velocity. Li (2014) built an initial anisotropic models (ε, δ) from stochastic
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rock physics modeling. The initial vertical velocity model is computed from initial NMO
velocity and δ. Figure 4 shows respectively the initial NMO velocity, vertical velocity, and
ε, δ models.
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Figure 1: Locations of sources, receivers, and wells in the study area.

SOURCE WAVELET INVERSION

The source wavelet is derived by solving a linear least square problem whose objective
function is the l2 norm of the difference between the modeled data and the observed data.
Because of reciprocity, a virtual shot gather contains signatures from many sources. As a
result, the inverted wavelet would be considered as an average wavelet signature. To capture
this averaging effect, for the wavelet inversion, we chose six receivers whose sources cover
the entire study area and estimate a single wavelet only. Figure 5a shows the locations of
the six receivers and their sources.

Figure 5b shows the objective function of the wavelet inversion. The residual norm
is reduced by 14% and quickly reaches a stationary point after only two iterations. The
inverted wavelet and its spectrum, compared to the data spectrum, are shown in Figure 6.
The inverted wavelet is actually noncausal. There is approximately 0.1 second long period
of energy that occurs before zero time. We causalize this wavelet by shifting it 0.1 seconds.
The observed data is also shifted accordingly. Figure 6b seems to indicate that the inverted
wavelet captures the low frequency part of the data.
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Figure 2: (a) Sources of one receiver gather. (b) Spectra of the provided data, FWI, and
RTM data.

AMPLITUDE NORMALIZATION

Since the modeling equations assume constant density and acoustic settings, the modeled
data’s amplitude is not expected to perfectly match with that of the observed data. Source
wavelet inversion helps partly to mitigate with this amplitude mismatch, but the problem
requires further treatments.

One solution to this amplitude problem is normalization, defined by

h(di, di±1...) =
di√∑N

k=−N a
2
kd

2
i+k

=
di√
si

= hi, (1)

where i is the temporal index, d is the modeled data, 2N is the width of the normalization
window and ak is user-defined weighting coeffficents. Almomin (2016) chose ak from a
normal distribution centered around di. When ak = 1 ∀k, the above normalization funtion
is effectively AGC. Additionally, if the normalization window is equal to the entire trace
length, it normalizes the data by its RMS amplitude, which is what Shen (2014) used. We
adopt this formula for my objective function. The resulting residual is now the difference
between the normalized modeled and observed data

ri = hi − h0
i =

di√∑N
k=−N a

2
kd

2
i+k

− d0
i√∑N

k=−N a
2
k(d

0
i+k)

2
. (2)

The presence of the normalization function h complicates the gradient derivation, espe-
cially the adjoint source. Shen (2014) and Almomin (2016) presented matrix-form deriva-
tions, which provide good abstraction, but might be difficult to implement. We here present
a more detailed element-wise derivation of the adjoint source, which can be easily coded in
any programming language.
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Figure 3: One receiver gather from (a) the provided data, (b) FWI data, and (c) RTM
data.
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Figure 4: Initial models: (a) NMO velocity, (b) vertical velocity, (c) ε, and (d) δ.
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Figure 6: (a) Inverted wavelet. (b) Spectra of inverted wavelet in comparison with FWI
data’s.

The gradient of the FWI normalized objective function is
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From equation 1
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∂hi−k
∂di

= −
a2
kdi−kdi

si−k
√
si−k

for k 6= 0. (5)

Plug these into equation 3 to arrive at
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which is the reverse time propagation with a modified adjoint source.

The adjoint source (second term in equation 6) can be recognized as ∂χ
∂di

. Consequently,
one can check the derivation and implementation of the adjoint source by performing a
finite difference test, i.e. comparing the analytic formular above with ∆χ

∆di
, where ∆di is a

small change in di and ∆χ is the corresponding change in χ.
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CONSTRAINT DERIVATION

To derive the constraints we use the rock physics workflow previously described in our
previous report. This workflow is a transformation between pore pressure and vertical
velocity. Constraints in pore pressure are threfore translated equivalently into constraints
in vertical velocity. Since hydrostatic pressure is the lower bound on pore pressure, the
corresponding velocity constructed from hydrostatic pressure is then the upper bound on
vertical velocity. Similarly, one could use fracture pressure, which is the upper bound on
pore pressure to construct a lower bound on velocity. The availability of drilling mud weight
data in the study area however provides me with a tigher upper bound on pore pressure,
and therefore a better lower bound on vertical velocity.

Figure 7 shows how we construct velocity bounds at well SS191, for example. The left
most panel plots the mud weight data from four nearby wells, together with the lower bound,
the hydrostatic pressure gradient, chosen to be 8.75 pounds per gallon (ppg), and the upper
bound, chosen by the maximum mud weight values. The middle panel shows different pore
pressure profiles, among which the pore pressure converted from seismic velocity is bounded
between the hydrostatic pore pressure and the pressure calculated from the maximum mud
weights. The right most panel shows the corresponding bound constraints on vertical ve-
locity. We widened the velocity constraints by increasing the upper bound and decreasing
the lower bound 50 m/s in the shallow part of the model (0-3 km) to allow enough freedom
for data fitting and to account for uncertainties in the rock physics workflow.
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Figure 7: Left: mud weight data. Middle: pressure profiles. Right: Upper and lower bounds
on velocity at well SS191.

Figures 8a and 8b show the upper and lower bounds on velocity of the study area. These
bounds vary mostly as a function of depth, following the interpreted horizons. The presense
of a salt body requires special treatments because the current rock physics workflow does
not take into account salt body formation and movement. As a result, we consider the salt
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body to be isotropic (ε = δ = 0) and choose to keep its velocity unchanged during the
inversion. Figure 8c shows the difference between the upper and the lower velocity bounds.
This difference is as small as 100 m/s in the shallow part of the model, increases to 1000
m/s in the deeper part, and is at most 2000 m/s around the salt body.
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Figure 8: (a) Upper bound. (b) Lower bound. (c) Difference between upper and lower
bounds.

INVERSION RESULTS

For FWI, I down-sample the receivers in the inline direction to 200 m spacing. This leaves
me with 2000 virtual shots. The model is sampled at 25 m for FWI and 16 m for RTM.
We use the LBFGS-B solver (Byrd et al., 1995) to minimize the FWI objective function
subject to bound constraints derived above. At each iteration, the solver projects the search
direction, which is calculated with the LBFGS algorithm, on the constraints to determine
an appropriate step length and the set of active constraints. We use four V100 GPUs
from SEP and about 50 CPU nodes (on average) from the CEES cluster. Each iteration
takes about 24 hours. Figure 9 shows how the objective function changes with number
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of function evaluations. For the constrained inversion, after 17 evaluations, the objective
function reduces by 25% in total and 14 new iterates are generated, denoted by the stars in
Figure 9 (the first three evaluations are exploratory to search for a good step length). The
objective function reduces by the same amount in the unconstrained inversion but only 13
new iterates are generated.
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Figure 9: Objective function in bound constrained FWI.

Figures 10 show the final updates in vertical velocity (a), ε (b), and δ (c) after constrained
FWI. Due to limited offset, most of the long-wavelength update occurs in the shallow 1.5 km
of the model. The deeper part is strongly dominated by migration-like update. A noticeable
feature from figure 10 is significant reductions in velocity and anisotropic parameters at
approximately 700 m depth. On average, the velocity model changes by 5% while the
anisotropic models change by 10%. Figure 11a shows the difference between the upper
bound and the final velocity model. This figure shows that where velocity is increased,
it closely approaches the upper constraint. Similarly, it can be observed on figure 11b,
which shows the difference between the final velocity model and the lower bound, that
where veocity is deceased, particularly at 700 m depth, it approaches the lower constraint.
Nevertheless, the final velocity model remains within the feasible region.

Figures 12 show the final updates in vertical velocity (a), ε (b), and δ (c) after uncon-
strained FWI. There are 10% change in velocity and 5% change in anisotropic parameters.
It seems that without enforcing the velocity constraints, the inversion tries to fit the data by
changing velocity more than anisotropic parameters. Comparing the depth slices of the ve-
locity updates from constrained inverion (Figure 10a) and unconstrained inversion (Figure
12a), we observe that enforcing constraints sometimes lead to a different update direction.
Particularly in the area between 10-11 km in the y-direction, velocity is increased after
constrained inversion and is decreased after unconstrained inversion. Figures 13 show how
much the final velocity model violates the constraints. At areas the violation is as much as
150-200 m/s.

The inclusion of pore pressure constraints derived from our rock physics workflow results
in more accurate velocity and anisotropic models, which lead to improvements in the final
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Figure 10: Final model updates after bound constrained FWI: (a) vertical velocity, (b) ε,
and (c) δ.
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Figure 11: (a) Difference between upper bound and final velocity model from constrained
FWI. (b) Difference between the final velocity from constrained FWI and the lower bound.
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Figure 12: Final model updates after unconstrained FWI: (a) vertical velocity, (b) ε, and
(c) δ.
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Figure 13: (a) Difference between upper bound and final velocity model from unconstrained
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Figure 14: RTM image migrated with initial models. To compare with Figure 15.

RTM images. Figure 14 versus Figure 15 and Figure 16 versus Figure 17 compare the images
migrated with initial models and final models from constrained inversion at two different
locations. Figure 18 versus Figure 19 and Figure 20 versus Figure 21 compare the images
migrated with final models from unconstrained and constrained inversions. In all of these
figures, highlighted areas indicate where the image is improved in focusing and continuity
of reflectors and faults when the constraints are enforced.

CONCLUSIONS

Incorporation of bound constraints derived from pore pressure and rock physics leads to
more accurate velocity and anisotropy models. The final RTM image shows improvements
in focusing and continuity of reflectors. Significant reductions in both vertical velocity and
anisotropy in the shallow part of the model leads to an upward shift in reflectors’ depth.
Without constraints, model update is emphasized more in velocity than in anisotropic
parameters, which results in an unrealistic and erroneous velocity model. Benefits of having
the constraints are not only in terms of improving structural images. With the imposed
constraints, the estimated velocity model is also more geologically consistent with the pore
pressure models.



SEP–177 Anisotropic FWI 83

6

8

10

12

Y 
(k

m
)

4 6 8 10
X (km)

0

1

2

3

Z 
(k

m
)

6 8 10 12
Y (km)

1.
98

4

8.416

8.
41

6

7.392

Figure 15: RTM image migrated with final models from constrained inversion. Highlighted
areas show improvements in focusing and continuity of reflectors after the inverion. To
compare with Figure 14.
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Figure 16: RTM image migrated with initial models. To compare with Figure 17.
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Figure 17: RTM image migrated with final models from constrained inversion. Highlighted
areas show improvements in focusing and continuity of reflectors after the inverion. To
compare with Figure 16.
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Figure 18: RTM image migrated with final models from unconstrained inversion. To com-
pare with Figure 19.
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Figure 19: RTM image migrated with final models from constrained inversion. Highlighted
areas show improvements in focusing and continuity of reflectors after the inverion. To
compare with Figure 18.
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Figure 20: RTM image migrated with final models from unconstrained inversion. To com-
pare with Figure 21.
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Figure 21: RTM image migrated with final models from constrained inversion. Highlighted
areas show improvements in focusing and continuity of reflectors after the inverion. To
compare with Figure 20.
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Regularization strategies for time-lapse full-waveform
inversion

Yinbin Ma

ABSTRACT

In this chapter, we study regularization strategies for time-lapse full-waveform inversion
in VTI media. We show that total-variation regularization on the model differences im-
proves the inversion results by removing fine-scale fluctuation. For integrated reservoir
monitoring where geomechanical information is available, we can construct a geome-
chanics constrained regularization on the model differences, based on the third order
elastic theory. With extra information on the reservoir compaction, we can impose a
regularization on vertical velocity changes based on the RTM image alignment.

TIME-LAPSE FULL-WAVEFORM INVERSION

We formulate time-domain full waveform inversion as an optimization problem with the
following objective function (Tarantola, 1984; Virieux and Operto, 2009)

J(m) =
1

2
‖Su (m)− d‖22, (1)

where m is the subsurface model (velocity, anisotropic parameter, etc), S is the measurement
operator, u is the synthetic wavefield and d is the observed data. For vertical transversely
isotropic (VTI) media, the wavefield is computed by solving the following equation:

1

v2
z

∂2
t

(
p
r

)
−
(

1 + 2ε
√

1 + 2δ√
1 + 2δ 1

)(
∂2
x + ∂2

y 0

0 ∂2
z′

)(
p
r

)
= f, (2)

where vz is the acoustic velocity, ε and δ are two Thomsen parameters, p and r are vertical
and horizontal stress components, and f is the source function. The synthetic wave field
u = [p, r]T .

We estimate the subsurface model m∗ by minimizing the following objective function

m∗ = argminmJ(m). (3)

Time-lapse FWI estimates the production-induced change in the subsurface using seis-
mic data from a survey before production (baseline survey), and repeated surveys during
production (monitor survey). Common time-lapse FWI strategies include parallel difference
(estimating baseline and monitor model separately), sequential difference (using baseline
model as the starting model for monitor model estimation), double difference (inverting
the differential data) and joint inversion approach (estimating baseline and monitor model
simultaneously).

87
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In this chapter, we use a the joint inversion approach with the following objection
function:

J(mb,mm) =
1

2
‖Sbub (mb)− db‖22

+
1

2
‖Smum (mm)− dm‖22

+
α

2
‖WR (mm −mb −∆mprior) ‖ba, (4)

where b is a substript indicating baseline variables, m is a subscript for monitor variables,
α is the strength of the regularization term, W is a weighting function, R is regularization
on the model difference mm − mb and ∆mprior is the a prior time-lapse model change.
Regularization plays an important role in time-lapse full-waveform inversion (FWI), because
of the non-repeatability issues. In practice, R can be an identity operator, promoting
minimum norm solution. R can also be the gradient operator for the recovery of smooth
time-lapse change.

In the following sections, we study several different approaches to construct the regular-
ization term ‖WR (mm −mb −∆mprior) ‖ba. We first study total-variation regularization,
a common technique for noise removal. Next, we study the feasibility to regularize 4D FWI
with geomechanics. Regularization based on baseline and monitor RTM image alignment
is also discussed, and is potentially useful when knowledge about reservoir compaction is
available.

TOTAL-VARIATION REGULARIZATION

Total-variation (TV) regularization (Rudin et al., 1992) is a technique that preserves sharp
edges and removes fine-scale fluctuation in model simultaneously. The TV regularization is
defined as,

TV (m) =

∫
Ω

√
|∇m|2dx = ‖Rm‖11 , (5)

where Ω is the model space, and Rm ≡
√
|∇m|2.

The TV regularization is not differentiable when the model is constant, and a positive
constant ε is added to avoid the singularity in the derivative,

TV (m) =

∫
Ω

√
|∇m|2 + ε2dx. (6)

The value of the extra parameter ε needs to be set properly, which increases the difficulty
in the application of TV regularization in 3D FWI.

In practice, we can approximate the gradient operator R by different norms. One

popular choice is to replace
√
|∇m|2 + ε2 by |∇xm|+ |∇ym|+ |∇zm|+ ε. In this case, the

TV regularization term becomes

TVfro(m) =

∫
Ω

(|∇xm|+ |∇ym|+ |∇zm|+ ε) dx, (7)
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where ε is irrelevant to the optimization problem, which reduces the difficulty in minimizing
TVfro(m).

Our time-lapse FWI objective function for this subsection is thus constructed as,

J(mb,mm) =
1

2
‖Sbub (mb)− db‖22

+
1

2
‖Smum (mm)− dm‖22

+
λ1

2
‖mm −mb‖22

+ λ2TVfro(mm −mb), (8)

where the first 2 lines of equation 8 are data fitting terms, the third line is minimum norm
regularization, and the last line corresponds to total-variation regularization. The strength
of the regularization terms λ1 and λ2 still need to be carefully choosen.

We use a simple synthetic model to demonstrate the effect of total-variation regulariza-
tion. A layered model is constructed as baseline (Figure 1), and has time-lapse changes in
Figure 2. We run FWI for 50 iterations using L-BFGS. The results from seismic data with
offset up to 20 km are shown in Figure 3.

Results suggest that change in velocity is relatively easy to resolve. On the other hand,
we can only correctly estimate ∆η at the shallow area, while results at the deeper area are
completely unreliable. Minimum norm regularization leads to better results as shown in
shown in Figure 4 by suppressing the time-lapse changes with negligible effect on the objec-
tive function. Total-variation (Figure 5) removes high frequency artifacts while maintaining
the “blockly” model.

Figure 1: Baseline vertical velocity, ε, and δ. [CR]

REGULARIZATION BASED ON GEOMECHANICS

The estimation of model prior ∆mprior in equation 4 is challenging for integrated reservoir
monitoring. In principle, we can estimate ∆mprior from reservoir simulation results, based
on the relation between velocity and differential pressure,

v = vinf(1−Ae−P/P0), (9)

where vinf, A and P0 are fitting constants. We can also estimate ∆mprior from geomechanical
modeling (Landr and Stammeijer, 2004) using the following:

dv

v
= −Rεzz, (10)
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Figure 2: Time-lapse change in (a) vertical velocity, (b) ε, (c) δ and (d) η. [CR]

where dv
v is the fractional change in velocity and εzz is the vertical strain. The ratio R

depends on the rock properties. Without sufficient data to fix the values of those fitting
parameters, we cannot effectively integrate reservoir simulation or geomechanical modeling
results into our time-lapse FWI objective function.

In this subsection we propose a non-local, non-convex regularization term on the time-
lapse model change. We assume a linear relation between time-lapse velocity change and
the prior information from geomechanical modeling, as follows:

∆m ∝ ∆pprior, (11)

where ∆pprior can be vertical strain, pressure change, etc. We formulate a shaping regular-
ization term as ∥∥∥∥ ∆m

‖∆m‖2
− ∆pprior

‖∆pprior‖2

∥∥∥∥2

2

, (12)

where the scaling factor between velocity change and attribute change is eliminated by the
normalization.

The regularization term in Equation 12 promotes time-lapse change ∆m to have the
same shape as the prior ∆pprior. As long as the linear relation in equation 11 holds, the
regularization term in Equation 12 goes to zero.

With our proposed regularization strategies, the time-lapse FWI objective function can
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Figure 3: Estimated time-lapse change in (a) vertical velocity, (b) ε, (c) δ and (d) η. Offset
up to 20 km, no regularization applied. [CR]
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Figure 4: Estimated time-lapse change in (a) vertical velocity, (b) ε, (c) δ and (d) η. Offset
up to 20 km, minimum norm regularization applied. [CR]
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Figure 5: Estimated time-lapse change in (a) vertical velocity, (b) ε, (c) δ and (d) η. Offset
up to 20 km, total-variation regularization applied. [CR]

be written as:

J(mb,mm) =
1

2
‖Sbub (mb)− db‖22

+
1

2
‖Smum (mm)− dm‖22

+
γ

2

∥∥∥∥ mm −mb

‖mm −mb‖2
− ∆pprior

‖∆pprior‖2

∥∥∥∥2

2

, (13)

where each term in the objective function is nonlinear, non-convex.

The non-convex nature of the FWI objective could potentially lead to the convergence
to a local minimum (the cycle-skipping issue) and adding another nonlinear regularization
term could be problematic.

REGULARIZATION BASED ON IMAGE ALIGNMENT

The vertical velocity is poorly constrained by surface seismic data for multi-parameter FWI
in VTI medium. As a result, we may have different vertical velocity models that explain
the observed travel time of the reflection data within the limits of the seismic resolution
(Figure 6).

For time-lapse seismic data sets, data from the monitor survey has a time shift relative
to the data from the baseline survey. To the first order, the time shifts are caused by
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reservoir compaction/dilation and velocity changes,

∆t

t
=

∆z

z
− ∆v

v
, (14)

where ∆t/t is the time strain, ∆z/z is the physical strain related to dialation/compaction
and ∆v/v is the relative change in velocity. The ambiguity between physical strain and
velocity changes further increase the difficulty to estimate changes in vertical velocity.

Prior information about reservoir compaction/overburden dilation may help us reduce
the ambiguity and get better estimation of the vertical velocity changes. Inspired by recent
studies from the Genesis field (Rickett et al., 2007), we consider a special case where reservoir
compaction is negligible in depth and the time shift is caused mostly by vertical velocity
change: ∆z/z � ∆v/v. The RTM images for baseline and monitor should align in depth,
provided that we have an accurate estimate of the vertical velocity models for both vintages.
The misalignment between baseline image and monitor image (Ma et al., 2017) should be
explained by the vertical velocity change.

We use a two-step approach to construct the regularization term: estimate the relative
shift in RTM images and then project it to the changes in vertical velocity. The first step is to
estimate the image misalignment between baseline and monitor. The image misalignment
can be estimated with a dynamic programming approach (Liner and Clapp, 2004; Hale,
2013). It can also be estimated based on the cross-correlation of two images (Hale, 2007).
Once we have estimated the shift between baseline and monitor images, we can convert it
to changes in vertical velocity by minimizing the following term,∥∥∥∥∫ z0

0

∆vz
v2
z

dz − ∆z

vz(z0)

∥∥∥∥→ 0, (15)

where z0 is the reference depth where we estimate the image misalignment and ∆z is the
relative shift between baseline RTM image and monitor RTM image, and ∆vz is the time-
lapse change in vertical velocity that we want to estimate. Without further information,
the misalignment ∆z will be projected to changed in velocity ∆vz from the reflector to the
surface.

Assuming that the change in vertical velocity is linearly correlated with vertical strain,
∆vz ∝ ∆εzz, and ∆εzz is available from geomechanical modeling, we can construct a better
regularization of the vertical velocity,∥∥∥α ∫ z00

∆εzz
v2z

dz − ∆z
vz(z0)

∥∥∥→ 0 (16)

∆vz = α∆εzz (17)

where we minize the regularization term with respect to a scalar α, and ∆εzz is fixed.

Numerical examples are under development and are not available in this current report.

CONCLUSIONS

In this chapter, we study the feasible regularization strategies for time-lapse full-waveform
inversion. Total-variation regularization is tested to remove fine-scale fluctuation. We
propose a geomechanics constrained regularization on model difference. Regularization
based on RTM image alignment is proprosed and numerical example is under developement.
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Figure 6: Top row: two layer velocity model, we have different vertical velocities and
different depth of reflectors. Middle row: shot gathers from the two layer models. Bottom
row: NMO correction of the shot gathers. [CR]
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Joint Inversion of Reflectivity and Background subsurface
components (JIRB)

Alejandro Cabrales-Vargas

ABSTRACT

I perform a joint inversion for the reflectivity and background components of the sub-
surface. I pose this method as an optimization problem that is linear with respect to
the reflectivity component, and non-linear with respect to the background component,
therefore becoming overall nonlinear. Feasible solutions are confined to background
models that drive the migration image to maximum focusing. The latter is achieved by
maximizing the energy of the migration image in a second functional. The numerical
results demonstrate that the method can recover a corrected reflectivity value.

INTRODUCTION

Joint inversion of the reflectivity and background subsurface components is usually thought
as a full waveform inversion (FWI) problem (Tarantola, 1984; Virieux and Operto, 2009)
where no fundamental difference between such components is assumed, i.e., both of them
are “bundled” within the same subsurface model. The factual recovery of such a “complete”
subsurface model is arguably one of the most ambitious goals in seismic exploration.

I have been working on a different (and less ambitious) problem that consists of inverting
for both components of the subsurface model, reflectivity and background, separately. What
I mean by “separately” is that they are regarded as different parameter sets, rather than a
single one as it is the case of FWI. Initially I had intended to set the problem as a linear
optimization, which I had initially named Linearized Waveform Inversion with Velocity
Updating (LWIVU) (e.g. Cabrales-Vargas et al., 2017; Cabrales-Vargas, 2017, 2018). This
technique would in principle succeed if we included a term in the objective function that
enforces maximization of energy of the migration image. However, in the last SEP report
(Cabrales-Vargas and Sarkar, 2019) it was proved that a linearized version of such a term
does not actually have a maximum, hence making futile further efforts towards getting
meaningful results from such a particular inversion. One way to fix this problem is keeping
the migration image nonlinear with respect to the background subsurface model for this
term. Cabrales-Vargas and Sarkar (2019) proposed precisely that. In this report I take a
step forward and make the image nonlinear in both terms, obtaining

Φ(r,b) =
1

2
‖H(b0)r− I(b)‖22 −

λ

2
‖I(b)‖22, (1)

where H(b0)r is the Gauss-Newton Hessian of FWI evaluated at the wrong background,
b0, applied to the reflectivity, r, and I(b) is the migration image evaluated at the inverted
background, b. The parameter λ balances the importance of each functional, and the minus
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sign allows the maximization of the second functional within the minimization problem. As
I will discuss later, this method assesses relatively small inaccuracies in the background
model.

In the next section I provide a brief derivation of equation (1) and its gradient. Next, I
provide numerical results. Finally I present the conclusions of this report.

METHOD

Cabrales-Vargas and Sarkar (2019) provide a complete derivation of the JIRB problem,
which in its general form is given by

Φ(r,b) =
1

2
‖H(b)r− I(b)‖22 −

λ

2
‖I(b)‖22. (2)

The difference between equations (1) and (2) is that the former has been simplified by
dropping second and higher order terms from the following expansion:

H(b0 + ∆b)r = H(b0)r +O(∆b, r), (3)

where b = b0 + ∆b and ∆b represents a perturbation in the background. Note that
“high order terms” refers to terms containing both parameters. For sufficiently small values
of ∆b and r (the latter by definition is small) we can justify dropping the high order terms
that compound O(∆b, r). Numerical experiments (not included in this report) also justify
this approximation. For this reason, it must be emphasized that the method assumes the
presence of relatively small inaccuracies in the background.

The objective function proposed by Cabrales-Vargas and Sarkar (2019) was

Φ(r,b) =
1

2
‖H(b0)r− I(b0)−W(b0)(b− b0)‖22 −

λ

2
‖I(b)‖22, (4)

where W(b0) is the wave-equation migration velocity analysis operator (WEMVA) eval-
uated at the wrong background. The reason for proposing such expression was because in
the original LWIVU objective function,

Φ(r,b) =
1

2
‖H(b0)r− I(b0)−W(b0)∆b‖22 −

λ

2
‖W(b0)∆b + I(b0)‖22, (5)

it was detected that the second term (not including the minus sign) is not concave, as
it was expected. In fact, it is convex. The correction consisted in going from equation (5)
to (4) by removing the linearization from the second term, which makes it indeed concave
(numerical examples supporting this claim are provided in Cabrales-Vargas and Sarkar
(2019)).

Equation (1) avoids the linearization of the migration image in both members of the
objective function. The main advantages with respect to equation (4) are 1) equation (1)
yields a more accurate result because it avoids a numerical approximation of the migration
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image, and 2) it makes possible to reduce computational operations during the gradient
calculation.

To illustrate the second advantage of implementing equation (1) we obtain the corre-
sponding gradient,

∇Φ =

[
HT

0

[
H0r− I(b)

]
−W(b)T

[
H0r− I(b)

]
− λW(b)TI(b)

]
(6)

and reorder terms

∇Φ =

[
HT

0

[
H0r− I(b)

]
−W(b)T

[
H0r− I(b)(1 + λ)

]] . (7)

In the last expression it becomes evident that the adjoint WEMVA operator needs be
applied only once each gradient computation. If we instead use equation (6) directly, thus
regarding the second member as a regularization term, the WEMVA operator would need
to be applied twice.

It is worth understanding the role of each term in equations (1). The first term aims
to fit the migration image to the reflectivity, the latter under the action of the Hessian.
In other words, this term alone performs linearized waveform inversion (LWI) in model
domain. However, in contrast with the conventional inversion for reflectivity, the migration
image does not remain unchanged. It gets updated when the background model is updated,
driven to maximizing its energy by the second term in equation (1).

NUMERICAL RESULTS

I test the JIRB method on the sedimentary sector of the SigsbeeA model. The true back-
ground model has a Gaussian high-velocity anomaly added with a maximum of approx-
imately 900ft/s, whilst the wrong background model does not include the anomaly. In
slowness squared the anomaly becomes negative (Figure 1).

I synthesized data using acoustic Born modeling with the true background model. Figure
2 shows the true reflectivity that I also used for the computation of the data (the six
spikes are part of the reflectivity model; they are not related to the point-spread functions
mentioned later). For all the inversion tests I employed the wrong model, except for the
control reflectivity image computed for comparison purposes.

The amplitudes of the following figures are displayed on the same color scale. I used
linearized waveform inversion (LWI) with a linear conjugate gradient solver to invert for the
reflectivity, assuming a fixed background model. On the other hand, for nonlinear JIRB I
used the steepest descent method with a parabolic line search. The inversions were run for
18 iterations. I set this limit because the JIRB numerical experiment stopped there after
being unable to find a suitable step size.

Figure 3 shows the LWI control result using the true background model. The FWI
Gauss-Newton Hessian was pre-computed using point-spread functions according to Fletcher
et al. (2016). The estimated Hessian is interpolated and applied “on the fly”.
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Figure 1: Section of SigsbeeA model in slowness squared: a) True background model; b)
Wrong background model; c) Gaussian anomaly. [ER]
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Figure 2: Subsurface reflectivity of the Sigsbee model. [ER]

Figure 4 shows the result of LWI using the wrong background model. As expected,
not accounting for the positive anomaly in velocity (negative anomaly in slowness squared)
produces a pull-up at the middle of the section. Compare the position of reflections and the
spike in the central region with Figures 2 and 3. The shift is subtle. Finally, Figure 5 shows
the JIRB result, using as initial model a zero reflectivity and the wrong background. Notice
that the reflectors have been moved to their correct position. I used λ = 12 for the inversion,
which I obtained by trial and error. Also notice that the corresponding normalized objective
function has negative values. The reason is that the relatively large value of λ makes the
second member of equation (1) more prominent, and this one is expected to become more
negative with the iteration number. The objective functions for each member of JIRB are
shown in Figure 6.

For better visualization Figure 7 compares zooms at the center of the three sections.
The LWI result with the wrong background (Figure 7a) has the central spike and other
features pulled upwards with respect to the horizontal grid lines. Compare with LWI using
the true background and JIRB (Figures 7b and 7c, respectively).

For the sake of completeness, Figure 8 shows the perturbation in the background ob-
tained with JIRB (subtracting the wrong background model from the inverted background
model) and the true perturbation. They are plotted using the same color scale.

CONCLUSION

The numerical results show that the JIRB algorithm achieves the goal of correcting the
inverted reflectivity whilst inverting for the background model, particularly in terms of
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Figure 3: a) Inverted reflectivity using LWI with the true background model. b) Normalized
objective function. [CR]
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Figure 4: a) Inverted reflectivity using LWI with the wrong background model. b) Normal-
ized objective function. [CR]
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Figure 5: a) Inverted reflectivity using JIRB with the wrong background model. b) Nor-
malized objective function [CR]
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Figure 6: a) First member of JIRB normalized objective function: ‖H(b0)r − I(b)‖22. b)
Second member of JIRB normalized objective function: −‖I(b)‖22. [CR]
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Figure 7: Zoom to the central parts of the reflectivity estimations with a) LWI with the
wrong background, b) LWI with the true background, and c) JIRB. [CR]
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Figure 8: Comparison between a) perturbation in the background obtained with JIRB, and
b) true perturbation in the background model. [CR]
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kinematics. However, the overall amplitude of the reflectivity section is higher in com-
parison to LWI. One possible explanation is that, having expanded the model space by
incorporating the background model, the corresponding null space also expanded. New
experiments incorporating minimum norm regularization can be used to correct the ampli-
tudes of reflectivity.

The next step will be adapting the 3D codes to perform JIRB for the application to
field data.
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Automatic detection of VZ noise and an observation of how
such noise is induced

Joseph Jennings and Shuki Ronen

ABSTRACT

We developed a scalar attribute whose strength indicates how much VZ noise is present
on a particular node. Using a 3D OBN dataset acquired in the Gulf of Mexico, we are
able to show that our attribute successfully detects VZ noise. As a result of this
attribute calculation, we found that nodes deployed over shallow salt had VZ noise
while nodes far away from the node did not.

INTRODUCTION

From the early days of ocean-bottom cable acquisition, it has been experienced that shear
waves often induce noise in ocean-bottom seismometer (OBS) data (Bagaini et al., 2000).
This type of induced noise was coined the term “VZ noise” later when the same problem
occurred during ocean-bottom node (OBN) acquisition (Paffenholz et al., 2006b).

VZ noise is recorded by the vertical geophone component, and is problematic for P-wave
processing. This is because it leaks on both up and down separated P-waves when clean hy-
drophone data are combined with noisy geophone data. VZ noise can also make applications
such as converted wave (PS) processing and deblending using the horizontal components
significantly more difficult (Jennings and Ronen, 2017).

In order to mitigate the problem of VZ noise, two possible solutions have been discussed.
One involves an acquisition solution by designing an OBS that could potentially not record
the VZ noise. This solution was first indicated by the assessment performed by (Bagaini
et al., 2000). They showed that one OBC group had no VZ noise and another group just
12.5 meter away had VZ noise. The analysis was that when OBC was deployed under
tension, some groups were not coupled to the seabed and these tended to have VZ noise.
This was later confirmed by Self Landing Ascending (SLA) OBNs data (Ronen et al., 2003).
The SLA-OBN (pictured in Figure 6 of (Beaudoin et al., 2006)) had an external geophone
package whose deployment was triggered by the impact of the SLA-OBN on the seabed.
When the seabed was too soft, the geophone package failed to deploy (this happened 5%
of the time) and the external geophone package remained hanging and did not couple to
the seabed. Interestingly, when this occurred, the geophone data showed strong VZ noise.
However, when the external geophone was properly deployed, other nodes in the same area
had no VZ noise. This experiment indicates that there exists a potential acquisition solution
to the VZ noise problem.

The other potential solution to the VZ noise problem involves a “fix it in processing” solution
in which signal processing algorithms can be developed in order to separate the VZ noise
from the vertical geophone component (Peng et al., 2013; Claerbout et al., 2019; Bader
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et al., 2019). This type of solution was first indicated by (Paffenholz et al., 2006a) where
they showed that VZ noise could be explained by scattering of shear waves, regardless of
OBN design. This work by (Paffenholz et al., 2006a) indicates that there might not be an
acqusition solution to the VZ noise problem.

In this report, we take an opportunity to study VZ noise. Shell Exploration and Production
Company (Shell) has released a full 3D GOM OBN dataset to the Stanford Exploration
Project (SEP) and within SEP these data are currently being used for testing various
processing and imaging methods under development, including deblending. During our
initial processing of the data, we found that some nodes had strong VZ noise and some
were completely clean. We found that in general, nodes deployed over shallow salt had VZ
noise while nodes far away from the salt did not.

Given that in these data all of the nodes are of the same type, what we found seems to
confirm the claim made by Paffenholz et al. (2006a). However, we found that some nodes
near the salt did not have VZ noise and that the VZ noise varied between neighboring nodes
with a spacing of 400 m.

DATA AND METHOD

SEP received a 3D GOM OBN dataset from Shell during the summer of 2017. Within SEP,
these data have been used for testing imaging, velocity model building and geophysical
signal processing algorithms (Dahlke, 2019; Wang et al., 2019). The data consist of 232,410
shots and 916 OBNs . Figure 1 shows source and receiver positions plotted on a depth slice
of a 3D RTM image provided by Shell.

The depth slice shown in Figure 1a shows the presence of a large approximately circular
(slightly elliptical) salt body at about 15 km in the inline direction and 15 km in the crossline
direction. Near the salt body, positioned at approximately 12 km in the inline direction
and 16 km in the crossline direction is positioned a platform. This platform is the cause for
the small gap in shot points near the salt body.

Figure 2 shows three nodes and two shot lines nodes plotted on a windowed portion of
the depth slice. The data from these nodes will be shown throughout this report. Figure
3 shows the raw four-component data from the node closest to the salt indicated by the
red marker in Figure 2. Note that on each of the geophone components, there appears
events that are strong in amplitude and have lower frequency content than the proceeding
reflections. These events are denoted as VZ noise and will leak into the up and down-going
data after PZ summation.

In our initial exploration of these data, we discovered that more than just this particular
node contained VZ noise and we felt the need to automatically identify nodes that contain
VZ noise and those that do not. To carry out this task, we developed a scalar attribute
whose strength indicates how much VZ noise is present on a particular node. We calculate
this attribute on the vertical component of each node in the following manner:

1. Window out only a line of shots that were acquired directly over the node

2. Apply a hyperbolic moveout correction (HMO) to the line in order to flatten the direct
arrival and the bubble
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Figure 1: (a) Depth slice taken at 1.24 km depth, (b) approximately 200,000 shots, (c) 916
nodes. [CR]
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Figure 2: Three nodes and two shot lines used for analyzing VZ noise. [CR]

3. Apply a high-cut filter of 20 Hz to remove higher frequency signal and leave lower
frequency noise

4. Window the line of shots in time from two seconds to seven seconds

5. Window the line of shots again so that the maximum offset is 4 km

6. Lastly, calculate the energy of the data within this chosen window

Figure 4 shows the windowed, moveout corrected and filtered vertical component data used
from the node shown in Figure 3 to calculate the energy of the VZ noise. For this particular
gather, our normalized attribute calculation is of about magnitude 1.0. For a clean gather
we typically found that our attribute reported values on the order of 0.001 (1000 times
less). While we admit it would be better to use more than just a single shot line for this
calculation in order to capture effects of 3D wave propagation and scattering, the results in
the following section seem to show that this is not necessary.

RESULTS AND DISCUSSION

The application of our attribute calculation for each node is shown in Figures 5 and 6. As
the colorbar indicates −20 log attribute (something like dB), the red colors indicate nodes
with more VZ noise and the green colors indicate nodes with little to no VZ noise. The
superposition of our node map on the depth slice shows that the nodes that contain the
highest amount of VZ noise are located near the large salt body. In fact, there exists a sharp
transition between clean and noisy nodes at the salt boundary unmistakably indicating that
the salt body is responsible for the induced shear noise on the vertical components of the
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Figure 3: Raw multicomponent data from the node nearest the salt shown in Figure 2.
(a) Vertical component, (b) inline component, (c) crossline component and (d) hydrophone
component. Note that when comparing the vertical and hydrophone components, while
the higher frequency reflections from the water bottom and the top of salt are seen in
both panels, the vertical contains strong low-frequency events starting at approximately
two seconds. These events are shear induced events and are called VZ noise. Note also
these events appear quite strong on both the inline and crossline horizontal components.
[CR]
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Figure 4: An example of a win-
dowed, moveout corrected and fil-
tered vertical component gather
used for our attribute calculation.
The data are squared and summed
from two to seven seconds to calcu-
late the energy within that window.
Note that for this particular gather
the VZ noise completely dominated
within this two to seven second win-
dow. [CR]

OBNs. While we are uncertain of the exact mechanism of how this induced shear noise
is generated, we suspect that the salt body acts as a large scatterer that radiates Scholte
waves which propagate along the seafloor and then are induced on the vertical component
of the OBN. The fact that some nodes near the salt had VZ noise and neighboring nodes did
not, can perhaps be explained by the variable seabed rigidity. It is known that earthquake
damage is more severe when the ground is soft (Mexico City 1985, Wikipedia). It was
found there that “damage to structures is worsened by soil liquefaction ...”. We speculate
that similarly, seabed condition, probably rigidity, is possibly a third factor to coupling and
shallow scatters.

In order to verify our attribute calculation, we display the data from the three nodes shown
in Figure 2 after both NMO and HMO applied. The application of NMO provides a display
of the mirror image of the seabed and the application of HMO allows us to distinguish
between the moveout of the bubble and the moveout the shear induced noise. Figure 7
shows NMO applied to the data from the node indicated by the red marker (closest to the
salt). Note that starting at approximately two seconds significant amounts of VZ noise can
be observed as high amplitude low frequency events. While these events appear on each
of the geophone components, they do not appear on the hydrophone component. Figure
8 shows the application of NMO applied to the node indicated by the blue marker shown
in Figure 2. The VZ noise is much milder on this node (as is indicated by the light green
color on Figures 5 and 6) and can be seen at approximately 2.6 s. Again this VZ noise
corresponds to high amplitude shear events that are readily seen on both the inline and
the crossline components. Lastly, we display the data from the node indicated by the green
marker shown in Figure 2. Note that as this node is far from the salt, it has almost no
VZ noise as is indicated by Figures 5 and 6. This is clearly evident when comparing the
hydrophone and vertical components shown in Figures 9b and 9a as they appear highly
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Figure 5: Calculation of the VZ noise attribute for each node. Each colored dot represents
a node and the color of the node the strength of the VZ noise. Green colors indicate less
VZ noise and red colors inidicate higher amounts of VZ noise. A large circular region of
nodes with high VZ noise are positioned directly over the salt body. [CR]
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Figure 6: The same as Figure 5 but the nodes are now plotted with a slight transparency
making it readily apparent that the high VZ noise nodes are positioned over the salt body.
[CR]
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correlated (which is desired for a successful PZ combination for up down separation).

Figures 10 - 11 show the result of HMO applied to these data. Note that as the bubble and
the VZ noise have similar frequency content and in some cases similar amplitudes, they can
be difficult to distinguish. HMO will flatten the bubble but not the recorded shear events
making it easier to distinguish between the two. This is clear in Figures 10 and 11 where
the bubble is clearly flat (seen from approximately 0.5 - 1s) and the induced shear noise is
overcorrected (seen below two seconds).

CONCLUSION

It has been shown in the past that VZ noise can come from either poor coupling or from
scattering of shear waves converted to surface waves recorded by well coupled OBNs. In
this paper, we found that such conversion seems to be happening by shallow salt. While
we are uncertain of the exact mechanism responsible for the VZ noise, we suspect that it
is due to likely softer sediments on the seafloor due to the uplift of the salt. Elastic finite
difference modeling could be a potential method to verify our claim.

ACKNOWLEDGEMENTS

We thank Shell Exploration and Production for providing the 3D GOM OBN dataset used
in this study.



118 Jennings & Ronen SEP-177

Figure 7: NMO applied to a node containing high VZ noise positioned near the salt body
(the red marker shown in Figure 2. (a) Vertical component (b) inline component, (c)
crossline component and (d) hydrophone component. Note that starting at approximately
two seconds the VZ noise can be seen as high-energy low frequency arrivals on the geophone
components. [CR]
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Figure 8: NMO applied to a node containing a mild amount of VZ noise also positioned near
the salt body (the blue marker on Figure 2). (a) Vertical component, (b) inline component,
(c) crossline component and (d) hydrophone component. The presence of mild VZ noise
can be observed starting at approximately 2.5 s. [CR]
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Figure 9: NMO applied to a node containing no VZ noise and positioned far from the
salt (the green shown in Figure 2). (a) Vertical component (b) inline component, (c)
crossline component and (d) hydrophone component. Note that the vertical and hydrophone
components appear quite similar as to be expected when small amounts of VZ noise are
present. [CR]
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Figure 10: HMO applied to the data shown in Figure 7. Note that the bubble is flat but
the VZ noise is not allowing us to distinguish between the two events. [CR]



122 Jennings & Ronen SEP-177

Figure 11: HMO applied to the data shown in Figure 8. [CR]
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Figure 12: HMO applied to the data shown in Figure 9. [CR]
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Non-Stationary Low Frequency De-noising using Prediction
Error Filters
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ABSTRACT

Following the low-frequency de-noising method introduced previously, where a station-
ary prediction-error filter is estimated from the high-frequency data, we extend the
process to the non-stationary case. We account for the non-stationarity by estimating
a bank of prediction-error filters defined on a regular grid. Two sets of filters are built,
one for the high-frequency signal and one for the low-frequency data. The first is ex-
panded in time and space, then used with the second in a regularized inverse problem
to estimate the low-frequency signal. The method is tested on a synthetic shot gather.

INTRODUCTION

Low-frequency seismic data (< 4Hz) has become essential in recent years for building
high-fidelity models using full waveform inversion (FWI) (Sirgue and Pratt, 2004). It al-
lows the latter to start from a crude model by preventing cycle-skipping and filling the low
wavenumbers when a multi-scale strategy is followed (Bunks et al., 1995). It also extends
the maximum depth of the inversion, and yields reliable results in more complex settings
such as in the presence of salt bodies (Shen et al., 2018). This has lead to large expenditures
in the industry in order to acquire more and better low-frequency data (Pool et al., 2018;
Brenders et al., 2018). Nevertheless, these low frequencies often exhibits a low signal-to-
noise ratio (SNR) and are difficult to de-noise.

In Bader et al. (2019), we have introduced a new method of de-noising low-frequency data
using prediction-error filters (PEF). It consisted of estimating a PEF from high-frequency
data adequately chosen with sufficiently high SNR. Then the PEF is expanded in each di-
mension and applied to the low-frequency data in an iterative process in order to remove
any energy which dips are inconsistent with the high-frequency data. This concept of ex-
panding/shrinking the filter axis is tightly linked to the pyramid transform (Hung et al.,
2004). It has been used to interpolate missing traces in the F-X domain (Spitz, 1991), and
to interpolate high-frequency aliased data in the T-X domain (Crawley, 1998).

Here we extend the method to cover the 2D non-stationary case by estimating a bank
of PEFs defined on a sparse regular grid (Ruan et al., 2015; Lapilli et al., 2019). The de-
noising problem is transformed into a regularized problem with two sets of PEFs, one for
the signal and one for the noise (Abma, 1995). We apply our method to a synthetic shot
gather from the Marmousi model.

1Email: nmbader@sep.stanford.edu, bob@sep.stanford.edu
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In the first part of this paper, we review the general de-noising problem using PEFs and how
it is adapted to the low frequency de-noising case. Then, we discuss the possible approaches
to account for the non-stationarity and justify our choice. Finally, we show our synthetic
results where three types of noise are added to the low-frequency signal.

METHOD

De-noising using PEFs

Assuming that the data vector d can be written as the sum of signal and noise components
d = s + n, Abma (1995) formulated the signal-noise separation as the following regularized
least-squares minimization problem:

0 ≈ rn = Nn

0 ≈ rs = εSs

s.t. d = s + n

(1)

where N and S are the noise and signal PEFs respectively, and ≈ designate the approximate
equality in a least squares sense.

This formulation was previously used to remove different types of noise from the data,
such as multiples and ground-roll (Clapp and Brown, 2000; Guitton et al., 2001; Guitton,
2005) where a noise model could be constructed a priori. It proved its superiority over
conventional adaptive least squares subtraction thanks to its ability to exploit the signal
and noise spatio-temporal patterns.

In this report, we start from the same formulation in order to de-noise the low-frequency
data without having any a priori knowledge of the noise. Spitz (1999) pointed out that,
when signal and noise are uncorrelated, the signal PEF S can be approximated from the
data PEF D and the noise PEF N by:

S ∼ DN−1 (2)

where ∼ designates a spectral similarity where the PEFs are ”weak”, meaning that their
corresponding predicted components are strong (Claerbout and Fomel, 2008). It follows
that the noise PEF can be approximated by N ∼ S−1D.

As for the low-frequency signal PEF, it is obtained from the high-frequency data PEF
after expansion in every dimension ?. The high-frequency data is assumed to have a SNR
sufficiently high compared to the low-frequency data to de-noise.

Replacing in (1) and solving for s, we obtain the regularized problem:

s̃ = min
(
‖S−1D(d− s)‖22 + ε2‖Ss‖22

)
(3)
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This new problem requires inverting the non-stationary signal PEF S, supposed invertible.
We can use the matrix induced norm (Trefethen and Bau III, 1997) to bound the objective
function to be minimized in (3):

‖S−1D(d− s)‖22 + ε2‖Ss‖22 ≤ ‖S−1‖22 .‖D(d− s)‖22 + ε2‖Ss‖22
= ‖S−1‖22 .

(
‖D(d− s)‖22 + β2‖Ss‖22

) (4)

where ‖S−1‖2 is the matrix norm induced by the vector L2 norm, and β2 = ε2

‖S−1‖22
. Dividing

both sides of the inequality by ‖S−1‖22 and setting Ŝ−1 = S−1

‖S−1‖2 , the inequality becomes:

‖Ŝ−1D(d− s)‖22 + β2‖Ss‖22 ≤ ‖D(d− s)‖22 + β2‖Ss‖22 (5)

Now we can solve the simplified problem on the RHS of (5):

s̃ = min
(
‖D(d− s)‖22 + β2‖Ss‖22

)
(6)

however, a solution of (6) is not necessarily a solution of (3). Nevertheless, if we ensure
that the RHS in (5) is small, it automatically follows that the LHS will also be small. Note
that a minimizer of the LHS in (5) is a solution of (3).

If the minimization in (6) is carried out iteratively and s is initialized to s = d, then both
the LHS and RHS in (5) will have initially the same value equal to β2‖Sd‖22. Therefore,
reducing the RHS will also reduce the LHS by at least the same proportion. Figure 1 illus-
trates the two objective functions figuring in the inequality (5). They are both quadratic,
one is always higher than the other and they meet at one single point corresponding to
s = d. The solution s̃modified of the modified problem (6) approaches the solution s̃original

of the original problem (3).

Non-stationary PEF estimation

All the PEF convolution operators form the previous section are assumed to be non-
stationary in every dimension. In order to estimate such filters, several methods are avail-
able. The most straightforward (and least desirable) one is to treat the data from which the
PEFs are estimated as an assembly of stationary patches, possibly overlapping (Schwab,
1998), but this does not account effectively for non-stationarity and tends to create edge ef-
fects. A similar method consists of keeping the PEFs constant in micro-patches and adding
a smoothing regularizer in their estimation (Crawley, 2000; Guitton, 2005), but this requires
a larger memory and the convergence may be slowed down by the regularization. An alter-
native method is to define a sparse regular grid of PEFs and linearly interpolate between
them during the forward operation (?). Hence, at every data point, a linear combination of
four PEFs is used, corresponding to the four closest corners from the sparse grid. This is
the approach adopted in this report. Typically, the distance between the sparse grid points
is few times the size of the individual PEFs, which makes the problem of estimating the
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Figure 1: Sketch showing the objective functions figuring on either sides of the inequality
(5). [NR]
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non-stationary PEF over-determined and saves us from using a regularization (the inter-
polation itself acts as a smoothing operator). Moreover, the size of the resulting PEFs is
smaller than the data and can be easily stored and used in any iterative process.

Note that another potential method for estimating the non-stationary PEF is the streaming
method (Fomel and Claerbout, 2016) which is tightly related to the least mean squares al-
gorithm in 1D (Widrow and Stearns, 1985) and allows for PEF estimation and application
”on the fly” as the data samples stream in. This method is not considered in this report.

NUMERICAL EXAMPLES

We applied the method described above to a synthetic shot gather modeled with the scalar
wave equation and the Marmousi velocity model. The shot was modeled with a band lim-
ited wavelet [2 - 10 Hz] and is shown on Figure 2.

Figure 2: Band-limited ([2 - 10 Hz]) synthetic shot gather from Marmousi model. [ER]

The shot is split into two frequency bands: [2 - 4 Hz] and [4 - 10 Hz] (Figures 3a and 3b). A
noise model is built and added to the low frequency component to create a low frequency
data to be de-noised. It consists of random noise, two monochromatic waves with opposite
dips and frequencies of 2.5 Hz and 3.5 Hz, and band-limited coherent events with opposite
dips. Figures 4a and 4b show the noisy low frequency data as well as the generated noise
model. The SNR of the data in this case is estimated from the ratio between the signal and
the noise RMS: SNR =

RMSsignal

RMSnoise
≈ 1.

The high frequency component is used to estimate a bank of PEFs on a sparse grid of 40
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Figure 3: Marmousi synthetic shot gather split into two frequency bands: [2 - 4 Hz] (a) - [4
- 10,Hz] (b). [ER]

Figure 4: Noisy low frequency data (a) - Noise model (b). [ER]
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traces x 50 time samples, using a CGLS algorithm (Aster et al., 2012). Each individual
PEF has 11 traces and 11 time samples with the leading 1 at the middle of the first col-
umn. The set of PEFs is stored in a single dataset shown on Figures 5a and 5b. The axis
expansion is performed implicitly when solving (6). Similar PEFs are estimated from the
low frequency data to build the operator D and from the noise model to build the operator
N. The latter is used to solve the original problem (3) for verification. Neither D nor N
need to be expanded.

Figure 5: Bank of PEFs estimated on a sparse grid (a) - zoom-in (b). [ER]

Solving (6) iteratively with β = 1 and s0 = d yields after 20 iterations the result shown on
Figure 6a. Problem (3) is also solved using the ”exact” noise PEF N and with ε = β = 1.
The result is shown on Figure 6b.

Figure 6: De-noised low frequency data without prior knowledge of the noise model (a) -
and with perfect knowledge of the noise model (b) where ε = β = 1. [ER]

The normalized objective function for the modified problem (6) is shown on Figure 7a. The
noise that has been removed by solving that problem is shown on Figure 7b.

In order to conduct a more rigorous comparison, we should set the Lagrange multiplier for
the modified problem to β2 = ε2

‖S−1‖22
, but this will require computing an operator norm.

This task is unnecessary in practice since the choice of the Lagrange multiplier is user-
defined and is based on the quality of the output.
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Figure 7: Normalized objective function (a) - and noise being removed (b) by solving (6).
[ER]

Notice that the results shown on Figures 6a and 6b are very similar. This could be due
to the dominance of the term β2‖Ss‖22 in both problems. We performed another test with
ε = β = 0.1 and the results are shown on Figures 8a and 8b. Even though the two solutions
started off quite differently, they converged to similar results although the direct arrival is
better preserved when using the exact noise PEF. We believe that in this test, the bulk of
the de-noising work is done by the operator S, whereas the noise PEF has an auxiliary role
and mainly prevents the solution from converging towards the trivial one s̃ = 0. We expect
the noise PEF to play a more important role when the noise model is more complicated.

Figure 8: De-noised low frequency data without prior knowledge of the noise model (a) -
and with perfect knowledge of the noise model (b) where ε = β = 0.1. [ER]

One may argue that the same ”trick” used to obtain the modified problem (6) can also be
used to get rid of the operator D. The minimization problem becomes:

s̃ = min
(
‖d− s‖22 + λ2‖Ss‖22

)
(7)

where λ2 = β2

‖D‖22
. Numerical tests (not shown in this report) have shown that this gives
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inferior results compared to the problem (6). The reason is that the noise PEF N is
somehow embedded in the data PEF D through Spitz approximation D ∼ SN, therefore it
is more effective in separating noise from signal than the identity operator implicit in (7).
Nevertheless, it does not dispense from looking into inverting the operator S in order to
ensure a better signal and noise separation.

CONCLUSION

We have introduced a new method for de-noising low-frequency data in a 2D non-stationary
setting using high-frequency prediction-error filters and without any prior knowledge of the
noise model. The method yields promising results verified on a synthetic shot gather from
Marmousi model. Its impact is to be assessed by running FWI with the de-noised data,
and it is yet to be verified on a field dataset.
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