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ABSTRACT
a Many different factors such as sub-optimal acquisition design or rapidly chang-
ing velocity profiles can contribute to the formation of shadow zones in migrated
images, or more generally in least squares migrated images. The solution of
tomographic full waveform inversion (TFWI) using the variable projection tech-
nique leads to a linear least squares inverse problem. For a fixed background
model, solving this problem is equivalent to performing regularized extended
least squares migration. We show in this article that the frequency domain for-
mulation of the linear inverse problem makes this connection even more apparent
and straightforward. We then demonstrate that in the Born scattering regime,
the solution to this problem can be used as a tool to compensate for the lack of
illumination in shadow zones, and hence remove illumination artifacts from least
squares migrated images, including the extended case. Our claims are backed
up using 2D numerical examples, where in the first example we correct for il-
lumination artifacts caused only by a low velocity anomaly, while in the second
example we additionally remove the effect of acquisition holes. We thus discover
an interesting application of TFWI in the regime of linearized waveform inver-
sion, where the goal is the estimation of the reflectivity component only, and not
the full velocity model.

aThis article is a revised version of the article submitted to SEG 2019

INTRODUCTION

The presence of shadow zones and illumination variability is an extremely common
occurrence in seismic images, irrespective of whether they are obtained by Kirchhoff
migration, reverse time migration (RTM) (Baysal et al., 1983), or more generally least
squares migration (LSM) (Nemeth et al., 1999; Ronen and Liner, 2000; Dai et al.,
2012). Of course the choice of the migration algorithm impacts the severity of the
phenomenon — in general the effects are the greatest for ray based methods, and
gets progressively better as one moves to wave equation based methods, and wave
equation based least squares migration methods. However none of these algorithms
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can completely eliminate the phenomenon. The most common cause of shadow zones
and illumination variability is poor acquisition design that lead to an uneven fold
of coverage, and the formation of acquisition holes in azimuths, offsets and angles.
Additionally, intrinsic factors such as rapidly changing velocity profiles could also lead
to this phenomenon, for example such effects are extremely common in areas with
very complex salt body geometries.

Other than the choice of the migration algorithm, mitigation strategies for acqui-
sition related illumination artifacts involve techniques like pre-processing the data to
interpolate missing traces, and normalizing the trace amplitudes based on fold. How-
ever uneven (or no) illumination caused by complex velocity models is much harder
to compensate using these simple methods, and one must use regularization schemes
instead. These regularization strategies are most easily implemented in the context
of LSM, and our focus in this paper will be on their wave equation variants. The
use of regularizers for LSM is not new — it has been applied to remove the effect
of acquisition footprints from the image due to missing data (Nemeth et al., 1999),
and it can be additionally used to further suppress cross-talk and missing data ar-
tifacts in LSM imaging of blended data (Tang and Biondi, 2009; Xue et al., 2015).
In the context of subsalt imaging, where illumination compensation is particularly
challenging, a typical idea is to perform LSM along an extended axis and regular-
ize the image along it, as has been done for example using geophysical regularizers
along the offset ray parameter axis (or equivalently angles), and using steering filters
(Kuehl and Sacchi, 2001; Prucha and Biondi, 2002; Clapp, 2005; Clapp et al., 2005).
It should be noted that even with perfect acquisition, in areas with rapidly changing
velocities, shadow zones tend to be the most prominent in the high frequency regime
where wave propagation is well approximated by high frequency asymptotics, i.e. ray
theory.

Tomographic full waveform inversion (TFWI) (Biondi and Almomin, 2012, 2013,
2014) was originally developed as a heuristic method to mitigate some of the effects
of cycle skipping that adversely affect the convergence of full waveform inversion
(FWI). It belongs to a general class of methods, all of which are based on the idea of
model extension — the most notable examples being extension in subsurface offset or
angle (Sava and Fomel, 2003; Rickett and Sava, 2002), source extension (Huang and
Symes, 2015; Huang et al., 2016), and extension in time lag as in the case of TFWI.
While several different strategies have been suggested to speed up the convergence of
TFWI, such as wavelength continuation and scale separation (Almomin and Biondi,
2012, 2013), it was recently noted that the method of variable projection could be
applied to solve the TFWI problem (Barnier et al., 2018), within a broader scheme
of methods called full waveform inversion by model extension (FWIME). In this
approach, at every iteration one fixes the physical velocity model, and solves a linear
least squares optimization problem to obtain a solution for the extended model that
minimizes the TFWI objective function. We will refer to this problem as the “TFWI
linear inverse problem”.

In this article, we show that the frequency domain formulation of the TFWI
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linear inverse problem is equivalent to regularized extended LSM (with a specific
choice of regularizer) along the extended frequency axis, which is simply the Fourier
dual of the extended time lag axis. Because of the form of the objective function,
we will additionally demonstrate a certain form of equivalence (to be made precise
in the next section) with non-extended LSM. Using simple numerical examples, we
will demonstrate how this formalism can be used to remove the effect of illumination
artifacts in migrated images or extended migrated images, that arise either due to
the complexity of the velocity model or from acquisition holes.

THEORY

Setup of the TFWI linear inverse problem

The frequency domain formulation of the TFWI linear inverse problem and an efficient
solution strategy to solve it has been developed in Sarkar and Biondi (2018). The
formulation leads to the problem of minimization of the linear least squares objective
function Ĵ(δĉ) given by the expression

Nω∑
k=1

Ns∑
i=1

||Riδûki − r̂ki||22 + ε2
∥∥∥∥ ∂

∂ω
δĉ

∥∥∥∥2
2

+ γ2||δĉ||22 , (1)

that needs to be solved at every iteration inside a variable projection scheme for
a fixed value of the physical velocity model c, with the goal of obtaining δĉ∗ that
minimizes (1). The expression above is readily obtained from the original time domain
TFWI objective function (Biondi and Almomin, 2014), with the only exception of the
||δĉ||2 term which has been added to make the linear inverse problem well-posed, by
Fourier transforming all quantities in time and by using the fact that the Fourier
transform preserves the L2 norm. In expression (1), ε, γ ∈ [0,∞), Nω and Ns are
the number of discrete frequencies and sources in the inversion respectively, and δĉ
is the frequency domain extended model. For the ith source and kth frequency, Ri

denotes the restriction operator that samples the wavefield at the receiver locations,
r̂ki = d̂ki−Riûki where d̂ki represents the recorded data, and ûki, δûki represents the
physical wavefield and the extended Born modeled wavefield respectively, obtained
by solving the following system of Helmholtz equations for angular frequency ωk and
source function f̂ki:

(
∇2 + ω2

k/c
2
)
ûki = −f̂ki ,(

∇2 + ω2
k/c

2
)
δûki =

(
2ω2

k/c
3
)
ûkiδĉk .

(2)

In the second equation in (2), δĉk represents the component of δĉ corresponding to
the kth frequency. Discretizing (1) on a spatial grid leads to the linear least squares
problem of minimizing the objective function (still denoted as Ĵ(δĉ))
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Nω∑
k=1

Ns∑
i=1

||Riδûki − r̂ki||22 + ε2 ‖ Dδĉ‖22 + γ2||δĉ||22 , (3)

where all quantities now represent their discrete equivalents, and we take D to be the
forward difference derivative operator acting along the frequency axis.

In the next subsections, we will show the connection of (3) with regularized LSM
and extended LSM, but for this we will assume that we are in the Born scatter-
ing regime, i.e. the physical velocity c is a reasonably good approximation of the
smooth background velocity model, so that r̂ki is well approximated by first order
Born scattering. Notice that in this regime, if δm represents the perturbation in the
physical velocity (independent of frequency), then the Born scattered wavefield δŵki,
for the ith source and kth frequency, is given by (note the resemblance with the second
equation in (2))

(
∇2 + ω2

k/c
2
)
δŵki =

(
2ω2

k/c
3
)
ûkiδm . (4)

Relation to regularized extended LSM

The general form of regularized extended LSM in the frequency extended space (the
same form is valid in any extended domain) is given by the minimization of any
objective function of the form

Φ(δĉ) =
Nω∑
k=1

Ns∑
i=1

||Riδûki − r̂ki||22 + ε2 ‖ Aδĉ‖22 , (5)

where A is a linear operator over the extended space. We will not consider non-linear
regularization as they are not common in seismic imaging applications. Notice that
δûki depends linearly on δĉk by (2), and thus (5) is indeed a linear least squares
problem. The interpretation is simple — the first term is the data fitting term that
seeks to find δĉk that minimizes the data misfit for the kth frequency, while the second
term is the regularization term that constrains the relationship between the different
δĉk’s. Thus (3) can be put in the form of (5) by simply noting that

ε2 ‖ Dδĉ‖22 + γ2||δĉ||22 =

∣∣∣∣∣∣∣∣ [εDγI
]
δĉ

∣∣∣∣∣∣∣∣2
2

. (6)

Relation to regularized LSM

The relationship with regularized LSM is only slightly more difficult to establish.
Similar to (5), the general form of regularized LSM is given by the minimization of
any objective function of the form
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Ψ(δm) =
Nω∑
k=1

Ns∑
i=1

||Riδŵki − r̂ki||22 + η2 ‖ Aδm‖22 , (7)

and the key difference compared to (5) is that the minimization is now over the
velocity perturbation δm, which is purely in the physical space, and A is now a linear
operator over the physical space only. Again by (4) it is clear that (7) represents a
linear least squares problem. To establish the relationship with (3), let us first rewrite
minimization of (7) in the equivalent form

minimize
Nω∑
k=1

Ns∑
i=1

||Riδûki − r̂ki||22 +
η2

Nω

‖ (INω ⊗A)δĉ‖22

subject to Dδĉ = 0.

(8)

In the above expression ⊗ denotes the Kronecker product, INω is the identity matrix
of size Nω ×Nω, and the constraint simply expresses the condition δĉ1 = · · · = δĉNω ,
as D is the forward difference derivative operator. One should also note that (8) is
equivalent to (7) only because the second equation in (2), and (4) are functionally
similar to one another, only differing in the right hand side (δĉk vs δm). It then follows
from well known properties of the quadratic penalty method, that if one considers the
family of unconstrained minimization problems (parameterized by ε) with objective
functions

Nω∑
k=1

Ns∑
i=1

||Riδûki − r̂ki||22 + ε2||Dδĉ||22 +
η2

Nω

‖ (INω ⊗A)δĉ‖22 , (9)

such that ε→∞, and xε is a global minimizer of (9) at parameter value ε, then if x∗

is any limit point of the sequence {xε}, x∗ is also a global minimizer of the constrained
problem (8) (see Theorem 17.1 in Nocedal and Wright (2006)), and hence of (7). It
is clear that (3) is a special case of (9) when A = I, and γ = η/

√
Nω. To make this

work, in principle one should gradually increase ε and solve (9) repeatedly, till the
resulting minimizers converge. However this is not possible in practice as solving (9)
is expensive. An alternative strategy is to simply choose a large value of ε (which can
be done with a few finite number of trials), and solve (3) for this ε to get δĉ∗, and
then get an estimate of the optimal δm∗ by averaging

δm∗ =
1

Nω

Nω∑
k=1

δĉ∗k , (10)

where we have assumed that the inversion is performed over the same positive and
negative frequencies, and so δm∗ is real valued, because if δĉ∗k is the solution for any
positive frequency, then δĉ∗k is the solution for the corresponding negative frequency.
In practice to reduce the computational cost by a factor of two, one can simply
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perform the inversion over the positive frequencies, and set the δĉ∗k’s corresponding
to the negative frequencies according to this relation. In what follows, we will refer
to δm∗ obtained this way to be the stacked inverted image.

NUMERICAL EXAMPLES

All the numerical experiments in this section are run for models of size 3 km × 2
km in the X and Z directions respectively, with a 5 m × 5 m grid spacing. Sources
are placed every 50 m on the surface. The inversion is performed over the frequency
band 6.67 Hz ≤ ω/2π ≤ 30 Hz, which is uniformly divided into Nω = 50 discrete
frequencies. We use a Gaussian spectrum for the source wavelet (in the frequency
domain), centered at 18 Hz with a standard deviation of 7 Hz. In addition we apply
a linear taper (decaying to zero) on either side of the spectrum between 6.67 - 9 Hz,
and 27.67 - 30 Hz. The TFWI linear inverse problem is solved in each case using the
method outlined in Sarkar and Biondi (2018), and for simplicity we set γ = 0 in all
the tests.

Illumination compensation for a low velocity anomaly

In the first example, we consider two cases corresponding to the models shown in
Figure 1, one of which contains a low velocity Gaussian anomaly, and the other one
has a constant velocity of 3 km/s. The reflector is placed in both cases at a depth
of 1.71 km (which is overlain on the figure), and used to generate the Born data r̂ki
with a split spread acquisition geometry, and maximum offset of 2 km. The displayed
models (without the displayed reflector) form the background velocities for the linear
inversion.

We first solve the linear inverse problem in both cases without any regularization
(ε = 0). The stacked inverted images for the two cases are shown in Figure 2, and
the inverted images δĉ∗k for k = 20 and k = 40, corresponding to the frequencies of
15.54 Hz and 24.87 Hz respectively, are shown in Figure 3. In Figure 3, we have only
displayed the real parts of δĉ∗k due to space constraints, but the imaginary parts also
have similar behavior. It is clear from these illustrations that the inverted images for
the Gaussian anomaly have shadow zones at some offset from the center of the model
on either side, and this effect gets more prominent at larger frequencies. In fact at the
reflector level, the amplitudes decrease and then increase again as one moves either
to the right or to the left from the center, an effect that is most easily seen in the
stacked inverted image (Figure 2). The images corresponding to the constant velocity
case do not exhibit these effects, and hence we can conclude that the complexity of
the background model alone causes the uneven illumination at the reflector level for
the low velocity Gaussian anomaly model.

We now show what happens when we turn on the regularization in the linear
inversion, where after some tests the regularization strength was set at ε = 0.2. In
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Figure 5 we have displayed the stacked inverted image with the Gaussian anomaly
model, while in Figure 4 the inverted images are shown at the same two frequencies
as in Figure 3 to enable a direct comparison. We see that the effect of regularization
is to “equalize” the inverted images, which is clearly seen in Figure 4 as the images
tend to become similar to each other across frequencies. This is to be contrasted
with the bottom-row images in Figure 3 where there is great variation between the
images at the two frequencies with the same Gaussian anomaly model. The net effect
of this phenomenon on the stacked inverted image in Figure 5 is that in comparison
to the bottom image in Figure 2, the reflector has been imaged more uniformly and
continuously.

Illumination compensation for a low velocity anomaly and ac-
quisition hole

In the second example we take exactly the same low velocity Gaussian anomaly model,
the same reflector configuration, and the same acquisition configuration, except that
all sources and receivers have been removed in a 0.5 km region, centered over the
location of the Gaussian anomaly. In physical coordinates, this corresponds to the
region X = 1.25 − 1.75 km. We again perform the same experiments — solve the
TFWI linear inverse problem with and without regularization. The value ε = 0.2
was chosen for the regularized inversion. The stacked inverted images for the two
cases are displayed in Figure 6, while the inverted images are shown for the same
two frequencies (as in the first example) for these cases in Figure 7. Just like the
first example, it is observed that the effect of the regularization term is to equalize
the inverted images over frequencies, that leads to better continuity and illumination
compensation of the reflector in the stacked inverted image.

COMMENTS AND DISCUSSIONS

The examples that we have shown are in 2D, but the conclusions are equally valid
in the 3D setting; however solving the problem in 3D is not feasible at the moment
for high frequencies using the direct factorization method of the Helmholtz equation
that we are using. The parameter ε, which controls the regularization strength,
requires some tuning. We also know based on comprehensive numerical testing that
the regularization scheme works well when the illumination holes are not very large;
beyond which one begins to see artificial structures in the migrated image.
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Figure 1: Background models without (top) and with low velocity Gaussian anomaly
(bottom). The reflector is overlain at a depth of 1.71 km. [ER]
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Figure 2: Stacked inverted images δm∗ without regularization (ε = 0) for the constant
velocity model (top), and the low velocity Gaussian anomaly model (bottom). [CR]
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Figure 3: Real parts of the inverted images δĉ∗k without regularization (ε = 0) for
the constant velocity model (top row), and the low velocity Gaussian anomaly model
(bottom row). The columns correspond to k = 20, ω/2π = 15.54 Hz (left), and
k = 40, ω/2π = 24.86 Hz (right). [CR]
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Figure 4: Real parts of the inverted images δĉ∗k with regularization (ε = 0.2) for the
low velocity Gaussian anomaly model. The images correspond to k = 20, ω/2π =
15.54 Hz (left), and k = 40, ω/2π = 24.86 Hz (right). [CR]
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Figure 5: Stacked inverted image δm∗ with regularization for the low velocity Gaus-
sian anomaly model (ε = 0.2). [CR]
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Figure 6: Stacked inverted images δm∗ with regularization (right), and without reg-
ularization (left) for the low velocity Gaussian anomaly model, in the presence of
acquisition hole. [CR]
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Figure 7: Real parts of the inverted images δĉ∗k in the presence of acquisition hole for
the low velocity Gaussian anomaly model. The rows correspond to the cases without
regularization (top), and with regularization (bottom). The columns correspond to
k = 20, ω/2π = 15.54 Hz (left), and k = 40, ω/2π = 24.86 Hz (right). [CR]
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