
Least-squares migration/inversion of blended data
Yaxun Tang* and Biondo Biondi, Stanford University

SUMMARY

We present a method based on wave-equation least-squares mi-
gration/inversion to directly image data collected from recently
developed wide-azimuth acquisition geometry, such as simul-
taneous shooting and continuous shooting, where two or more
shot records are often blended together. We show that by us-
ing least-squares migration/inversion, we not only enhance the
resolution of the image, but more importantly, we also sup-
press the crosstalk or acquisition footprint, without any pre-
separation of the blended data. We demonstrate the concept
and methodology in 2-D and apply the data-space inversion
scheme to the Marmousi model, where an optimally recon-
structed image, free from crosstalk artifacts, is obtained.

INTRODUCTION

High quality seismic images are extremely important for sub-
salt exploration, but data collected from conventional narrow-
azimuth towed streamer (NATS) often produce poor subsalt
images due to insufficient azimuth coverage. Recently devel-
oped wide-azimuth towed streamer (WATS) (Michell et al.,
2006) and multi-azimuth towed streamer (MATS) (Keggin et al.,
2006; Howard and Moldoveanu, 2006) acquisition technolo-
gies have greatly improved the subsalt illumination and hence
better subsalt images are obtained. However, acquiring WATS
or MATS data is expensive. One main reason is the ineffi-
ciency of the conventional way of acquiring data, which al-
lows sufficient time sharing between shots to prevent interfer-
ence (Beasley et al., 1998; Beasley, 2008; Berkhout, 2008). As
a consequence, the source domain is often poorly sampled to
save the survey time.

To gain efficiency, simultaneous shooting (Beasley et al., 1998;
Beasley, 2008; Hampson et al., 2008) and continuous shooting,
or more generally, blended acquisition geometry (Berkhout,
2008), have been proposed to replace the conventional shoot-
ing strategy. In the blended acquisition geometry, we try to
shoot and record continuously, and consequently, the time shar-
ing between shots would be minimized and a denser source
sampling can be obtained. However, this shooting and record-
ing strategy results in two or more shot records blending to-
gether and brings processing challenges. A common practice
of processing these blended data sets is to first separate the
blended shot gathers into individual ones (Spitz et al., 2008;
Akerberg et al., 2008), as called ”deblending” by Berkhout
(2008). Then conventional processing flows are applied to
these deblended shot gathers. The main issue with this strategy
is that it might be extremely difficult to separate the blended
gathers when the shot spacing is close and many shots are
blended together.

In this paper, we present an alternative method of processing
these blended data sets. Instead of deblending the data prior

to the imaging step, we propose to directly image them with-
out any pre-separation. The simplest way for direct imaging
would be migration, however, migration of blended data gen-
erates images contaminated by crosstalk. The crosstalk is due
to the introduction of the blending operator (Berkhout, 2008),
which makes the corresponding combined Born modeling op-
erator far from unitary, thus its adjoint, also known as migra-
tion, gives poor reconstruction of the reflectivity. A possible
solution is to go beyond migration by formulating the imaging
problem as a least-squares migration/inversion (LSI) problem,
which uses the pseudo inverse of the combined Born modeling
operator to reconstruct the reflectivity of the subsurface.

We extend the LSI theory from the conventional acquisition
geometry (Nemeth et al., 1999; Clapp, 2005; Valenciano, 2008;
Tang, 2008b) to the blended acquisition geometry and develop
inversion schemes in both data space and model space. By
comparing the pros and cons of both inversion schemes, we
show that the data-space approach is preferred over the model-
space approach if the combined Born modeling operator is far
from unitary, whose normal operator, i.e., the Hessian, has
many non-negligible off-diagonal elements. Hence an approx-
imate Hessian with a limited number of off-diagonal elements
can not capture the characteristics of the crosstalk, making it
less effective in removing the crosstalk in the model space.
Big Hessian filters, which sufficiently capture the informa-
tion of the crosstalk, are too expensive for practical applica-
tions. Therefore, the data-space inversion approach, where
the Hessian is implicitly computed, becomes more attractive.
We demonstrate our ideas with simple synthetic examples and
we also test the data-space inversion scheme on the Marmousi
model to illustrate how the crosstalk is suppressed through in-
verting the combined Born modeling operator. Application to
4-D time-lapse inversion using blended data sets is also dis-
cussed in a companion paper by Ayeni et al. (2009).

This paper is organized as follows: we first describe the prob-
lem of directly imaging the blended data through migration;
then we develop the theory of LSI in both data space and model
space for blended data, and compare their pros and cons for
imaging blended data. Finally, we apply the data-space inver-
sion approach to the Marmousi model to test its performance
on complex model.

PROBLEMS WITH DIRECT MIGRATION

In general, primaries can be modeled by the Born modeling
equation (ignoring multiple scattering and assuming an accu-
rate background velocity model) as follows:

d = Lm, (1)

whered is the modeled data,L is the forward Born modeling
operator, andm denotes the reflectivity, a perturbed quantity
from the background velocity. Equation 1 models the data for
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Figure 1: A reflectivity model containing many point scatters.

Figure 2: Source wavefield after linear-time-delay blending.

conventional acquisition geometry, i.e., there is no interference
from different shots. For blended acquisition geometry, how-
ever, two or more shot records are often blended together, cre-
ating one or more super areal shot record(s). This blending
process can be described by a linear transform as follows:

d̃ = Bd, (2)

whereB is the so called blending (Berkhout, 2008) or encod-
ing (Romero et al., 2000; Tang, 2008a) operator, andd̃ is the
super areal shot records after blending. Substituting equation 1
into equation 2 leads to the modeling equation for the blended
acquisition geometry:

d̃ = BLm = L̃m, (3)

whereL̃ = BL is defined as the combined Born modeling op-
erator.

There are many choices of the blending operator, which one
produces the optimal imaging result might be case dependent
and is beyond the scope of this paper. In this paper, we mainly
consider two different blending operators, i.e., linear-time-delay
blending operator and random-time-delay blending operator.
The first one seems to be common and easy to implement
in practice, while the second one is interesting and has been
partially adopted in acquiring data with simultaneous shoo-
ing (Hampson et al., 2008). For example, Figure 1 shows a
scattering reflectivity model with a constant velocity 2000 m/s.
Figure 2 and Figure 3 show the snapshots of the correspond-
ing blended source wavefields. 41 point sources with a equal
spacing 100 m are blended into one composite source for both
cases. Figure 4 shows the modeled blended data. Given the
complexity of the super areal shot gathers shown in Figure 4,
it might be very difficult or even impossible to deblend them.

We can directly use the adjoint of the combined modeling op-
erator, which is also widely known as the migration operator,
to reconstruct the reflectivity as follows:

m̃mig = L̃ ′d̃obs= L ′B′Bdobs, (4)

Figure 3: Source wavefield after random-time-delay blending.

Figure 4: Modeled blended shot gather. (a) linear-time-delay
blending and (b) random-time-delay blending.

where the superscript′ stands for conjugate transpose and the
subscriptobs stands for the observed data. Different from the
imaging formula in conventional acquisition geometry, now
we have an extraB′B in the imaging formula, which has a
direct impact on the imaging quality of the blended data. If
B′B is close to unitary, i.e.,B′B ≈ I with I being the identity
matrix, then direct migration of blended data would produce
exactly the same results as migration of conventional data, the
blending process would produce little impact on the final im-
age we obtain. However, in reality,B′B is often far from uni-
tary due to the fact thatB is usually a short matrix (its number
of rows is much smaller than its number of columns), and its
normal operator, i.e.,B′B, is rank deficient. In other words,
there are many non-negligible off-diagonal elements inB′B.
As a consequence, direct migration using equation 4 produces
crosstalk artifacts. Examples are demonstrated in Figure 5 and
Figure 6, which illustrate the migrated images for the blended
data shown in Figure 4, the images are severely degraded by
crosstalk artifacts. For comparison, Figure 7 shows the im-
age when migrating the conventional data (whenB = I), no
crosstalk presents in the result.

DIRECT IMAGING THROUGH INVERSION

One attempt to reduce the crosstalk is to go beyond migration
by formulating the imaging problem as a LSI problem. The
motivation behind LSI is that the pseudo inverse of the com-
bined Born modeling operator̃L should be able to optimally
reconstruct the reflectivity, hence the image would be mini-
mally affected by the crosstalk artifacts. The LSI can be per-
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Figure 5: Migration of the linear-time-delay blended data.

Figure 6: Migration of the random-time-delay blended data.

formed either in the model space or in the data space, each of
which has its own pros and cons, we will analysis both of them
for imaging the blended data.

LSI in the model space
The least-squares solution of equation 3 can be formally writ-
ten as follows:

m = H̃−1L̃ ′d̃obs= H̃−1m̃mig, (5)

whereH̃ = L̃ ′L̃ = L ′B′BL is the Hessian for the blended ac-
quisition geometry. However, equation 5 has only symbolic
meaning, because the Hessian is often singular and its inverse
is not easy to obtain directly. A more practical way would be
reconstructing the reflectivitym through iterative inverse filter-
ing by minimizing a model-space objective function defined as
follows:

J(m) = ||H̃m − m̃mig||22 + ε||Am||22, (6)

where|| · ||2 stands for̀ 2 norm, andA is a regularization op-
erator that imposes prior information that we know about the
modelm, andε is a trade-off parameter that controls the strength
of regularization.

The advantage of the model-space formulation is that it can
be implemented in a target-oriented fashion, which can sub-
stantially reduce the size of the problem and hence the com-
putational cost (Valenciano, 2008). However, it requires ex-
plicitly computing the Hessian operator, which is considered
to be expensive without certain approximations. As demon-
strated by Valenciano (2008), for a typical conventional acqui-
sition geometry, i.e., whenB = I, the Hessian operatorL ′L is
diagonal dominated for areas of good illumination, for areas
of poor illumination, the diagonal energy spreads along its off-
diagonals. The spreading is limited and can almost be captured
by a limited number of off-diagonal elements. That is why Va-
lenciano (2008) suggests computing a truncated Hessian filter
to approximate the exact Hessian for inverse filtering. By do-
ing so, the cost of the model-space inversion scheme becomes
affordable for practical applications. Figure 8(a) shows the lo-
cal Hessian operator located atx = 0 m andz= 750 m in the

Figure 7: Migration of the data acquired with the conventional
acquisition geometry.

subsurface (a row of the entire Hessian matrix) for the previous
scattering model with the conventional acquisition geometry.
The origin of this plot denotes the diagonal element of the Hes-
sian, while locations not at the origin denote the off-diagonal
elements of the Hessian. As expected, the Hessian is well fo-
cused around its diagonal part, and hence can be approximated
by a filter with a small size. However, for the blended acqui-
sition geometry, the combined modeling operatorL̃ becomes
far from unitary and hence the HessianH̃ has non-negligible
off-diagonal energy, which can spread over many of the off-
diagonal elements. This phenomenon is confirmed by Figure
8(b) and Figure 8(c), which show the local Hessian operators at
the same image point for the blended acquisition geometries.
It is clear that a filter with a small size could not capture all
the important characteristics of the crosstalk that is presented
in the migrated image, therefore inverse filtering would fail
to remove the crosstalk. Big filters may be too expensive to
compute. Therefore, we seek an inversion approach that does
not require explicitly computing the Hessian, and hence we do
not have too worry about the size of the Hessian filter. This
important consideration leads us to the following data-space
inversion approach.

Figure 8: The local Hessian operator located atx = 0 m and
z= 750 m in the subsurface. (a) for conventional acquisition
geometry, (b) for linear-time-delay blended acquisition geom-
etry and (c) for random-time-delay blended acquisition geom-
etry.

LSI in the data space
The data-space LSI minimizes the following objective func-
tion:

F(m) = ||L̃m − d̃obs||22 + ε||Am||22. (7)

The data-space objective functionF(m) can be minimized through
gradient-based optimization schemes, which iteratively recon-
struct the model parameters. The advantage of this data-space
formulation is that it does not require explicitly building the
Hessian operator, hence all crosstalk information is captured
implicitly. However, the data-space formulation lacks flexibil-
ity and can not be implemented in a target-oriented fashion. Its
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cost is another concern, because each iteration costs about two
migration, making it challenging for large scale applications.
The cost can be significantly reduced by using proper precon-
ditioners, which may speed up the convergence considerably.

NUMERICAL EXAMPLES

We test our data-space inversion scheme on the Marmousi model.
Figure 9 shows the reflectivity and velocity model used for the
Born modeling under the blended acquisition geometry. 51
shots are modeled with a uniform spacing 100 m ranging from
4000 m to 9000 m. The receiver spread ranges from 4000 m to
9000 m with a 10 m sampling and is fixed for all shots. Sim-
ilar to the previous example for the scattering model, we also
simulate linear-time-delay and random-time-delay blended ac-
quisition geometries. In both cases, all 51 gathers are blended
into one super areal shot gather.

The migration and data-space LSI results are shown in Fig-
ure 10 and Figure 11. In the inversion results, a horizontal
laplacian operator that imposes horizontal continuities of the
reflectivity is used as the regularization operatorA.

For both blended acquisition geometries, migration produces
poor images (Figure 10(a) and Figure 11(a)), which are seri-
ously contaminated by crosstalk artifacts. The data-space LSI,
on the contrary, successfully removes the crosstalk and we get
good reconstruction of the reflectivity in the subsurface (Fig-
ure 10(b) and Figure 11(b)).

Figure 9: Marmousi model. (a) Reflectivity model; (b) back-
ground velocity model.

CONCLUSIONS

We present a method based on LSI to directly image the sub-
surface using blended data sets. This method does not re-
quire any pre-separation of the blended shot gathers, and the
crosstalk is effectively removed by formulating the imaging
problem as a least-squares inverse problem. The inversion ex-
amples on the Marmousi model show that LSI can successfully
remove the crosstalk that migration generates and optimally
reconstruct the reflectivity in the subsurface.
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Figure 10: Comparison between (a) migration and (b) data-
space LSI for the linear-time-delay blended acquisition geom-
etry.

Figure 11: Comparison between (a) migration and (b) data-
space LSI for the random-time-delay blended acquisition ge-
ometry.
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