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SUMMARY

Wave-equation inversion is a powerful technique able to build
clean images with balanced amplitudes in complex subsurface
areas relative to migration alone. This paper illustrates how
to perform wave-equation inversion in image space without
making any velocity model or acquisition geometry approx-
imations. The method explicitly computes the least-squares
Hessian matrix, defined from the modeling/migration opera-
tors, and uses an iterative solver to find the solution of the re-
sulting system of equations. This technique can handle 3-D
data in a target-oriented fashion. The inversion in the presence
of a complex overburden leads to an ill-conditioned system of
equations that needs to be regularized to obtain a stable nu-
merical solution. Regularization can be implemented in the
poststack image-domain (zero subsurface offset), where the
options for a regularization operator are limited to a customary
damping, or in the prestack image-domain (subsurface offset),
where a physically-inspired regularization operator (differen-
tial semblance) can be applied. Though the prestack image-
domain inversion is more expensive than the poststack image-
domain inversion, it can improve the reflectors continuity into
the shadow zones with an enhanced signal-to-noise ratio. We
demonstrate the utility of both these methods by improving the
subsalt-sediment images of a 3-D Gulf of Mexico field data set.

INTRODUCTION

Seismic imaging (modeling/migration) operators are non-
unitary (Claerbout, 1992, 1985, 2001), meaning that if L is
a modeling operator, and L′ is its adjoint (migration), their
product L′L 6= I, where I is the identity matrix. As a result,
images of the subsurface are blurred when produced by a mi-
gration operator. Even for a simple subsurface, the bandlimited
characteristic of the seismic data in the time and space domain
would prevent L and L′ from being unitary (Claerbout, 1985;
Chavent and Plessix, 1999; Plessix and Mulder, 2004). More-
over, where the subsurface is complex, and the seismic acqui-
sition geometry is limited and irregular, the non-unitary char-
acteristic of the imaging operators causes migration to produce
images with artifacts and biased amplitudes.

One way to improve on the use of an adjoint operator such as
that for migration is to use inversion (Tarantola, 1987). The
“relative reflectivity” can be inverted from the seismic data to
obtain images that better represent the subsurface properties
and geometry than do those from migration (Nemeth et al.,
1999; Prucha and Biondi, 2002; Kuhl and Sacchi, 2003; Clapp,
2005). The assumption behind the reflectivity inversion (as
for migration) is that the long-wavelength model (migration
velocity) is known.

Solution of the Ill-posed inversion problem
Solving linear systems generally is not difficult, but the high

dimensionality and the ill-posedness of the seismic-imaging
inverse problem in complex areas, makes its solution chal-
lenging. There are two main physical reasons for this. The
first is the limited and irregular acquisition geometry of the
seismic experiment (Nemeth et al., 1999; Duquet and Marfurt,
1999; Ronen and Liner, 2000). The second is the complexity
of the overburden (Rickett, 2003; Guitton, 2004; Clapp, 2005).
These two effects combined produce incomplete and irregular
illumination of the subsurface. In the worst cases “shadow
zones” can be created.

Two main lines of attack to solve the inverse problem have
been discussed in the literature, both based on least-squares.
The first is to approximate the inverse of the least-squares Hes-
sian (L′L) to reduce the computational cost. Hu et al. (2001)
introduced a horizontally invariant non-diagonal Hessian for
v(z) media; Rickett (2003) proposed to compute a diagonal
Hessian from reference images; Plessix and Mulder (2004)
proposed to compute a diagonal Hessian using analytical ap-
proximations for the contribution of the receiver-side Green’s
functions; and Guitton (2004) used a bank of non-stationary
matching filters to approximate a non-diagonal inverse of the
Hessian. The second type of approach is computationally more
challenging but can deliver a better performance. It finds the
least-squares solution by means of an iterative solver. Nemeth
et al. (1999) first proposed this approach using Kirchhoff oper-
ators; more recently, Prucha and Biondi (2002), Kuhl and Sac-
chi (2003), and Clapp (2005) proposed to use wave-equation
operators that seem more suitable for complex areas.

Since accurate imaging of reflectors is most important at the
reservoir level, we propose to explicitly compute an approxi-
mation of the Hessian in a target-oriented fashion (Valenciano
et al., 2006). Computing the Hessian in a region of the model
space allows reduction of the Hessian matrix size by a large
factor, thereby, allowing reduction in the number of approx-
imations used in its computation. After we compute a non-
diagonal Hessian matrix, we use an iterative algorithm to ob-
tain the inverse image.

The discretization of the ill-posed least-squares inversion pro-
duces an ill-conditioned system of equations (Hanke, 1995).
The conventional approach to that problem is to stabilize it
by using some form of regularization (Tikhonov and Arsenin,
1977). Regularization also has its statistical interpretation, that
of adding prior information on the model covariance, in this
case on the properties of the reflectivity. From the results re-
ported by Prucha and Biondi (2002), Kuhl and Sacchi (2003),
and Clapp (2005), a regularization in the prestack image do-
main (reflection-angle) can help to stabilize the inversion.

LINEAR LEAST-SQUARES INVERSION

Linear least-squares inversion provides a theoretical approach
to compensating for experimental deficiencies (e.g., limited
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acquisition geometry), and complexities of the overburden,
while maintaining consistency with the acquired data. For seis-
mic imaging, it can be summarized as follows. Given a linear
modeling operator L, compute synthetic data d using, d = Lm,
where m is a reflectivity model.

The quadratic cost function,

S(m) = ‖d−dobs‖2 = ‖Lm−dobs‖2, (1)

is formed, where dobs denotes the recorded data.

Up to this point, no prior information about the covariance of
the model (model regularization) has been included in the def-
inition of the cost function. We will ignore the need of reg-
ularization here, but in a later subsection, we will show how
to add regularization to solve the otherwise ill-posed inversion
problem.

The reflectivity model m̂ that minimizes S(m) is given by

m̂ = (L′L)−1L′dobs = H−1mmig, (2)

where L′ (the migration operator) is the adjoint of the linear
modeling operator L, mmig is the migration image, mmig =
L′dobs, and H = L′L is the Hessian of S(m).

Since the model space can be large, computing the inverse of
the Hessian matrix is a big challenge for most geophysical
imaging problems. For this reason, it is often more feasible
to compute the inverse image as the solution of the linear sys-
tem of equations

Hm̂ = mmig, (3)

by using an iterative inversion algorithm. Again the conjugate-
gradient method can be used; however, this time only one
matrix-vector multiplication of the Hessian matrix with the
model vector is necessary per iteration. Still, explicit com-
putation of the Hessian for the entire model space is too ex-
pensive in practice. Valenciano (2008) discuss how exploiting
the structure of the Hessian matrix and the localization in the
model space makes this problem tractable.

Regularization
Two different regularization schemes for wave-equation inver-
sion have been discussed in the literature. First is the use of a
weighted identity operator, which is customary in many scien-
tific applications (damping). The second is a geophysical reg-
ularization, which imposes smooth variation of the image in
the offset ray-parameter dimension (which is equivalent to the
reflection-angle dimension) (Prucha and Biondi, 2002; Kuhl
and Sacchi, 2003; Clapp, 2005). A third regularization can be
designed in analogy to the work of Stolk and Symes (2002),
and Shen et al. (2003), in nonlinear wave-equation inversion
for velocity estimation. It is a differential semblance operator
to penalize the energy in the image not focused at zero subsur-
face offset. In this paper we choose to compare only the first
and the third options for regularization.

The prestack image-domain version of equation 3 with a gen-
eral regularization can be stated as`

H(x,h;x′,h′)+ εR
´

m̂(x,h)−mmig(x,h) = r≈ 0, (4)

where H(x,h;x′,h′) is the subsurface-offset Hessian, R is a
linear regularization operator, x = (x,y,z) is a point in the im-
age, h = (hx,hy,hz) is the half subsurface offset, r is the residu-
als vector, and ε is a scalar parameter that governs the strength
of the regularization.

The first option for the regularization operator is a customary
damping, given by R = I, where I is the identity operator (Va-
lenciano et al., 2006). However all the extra cost involved in
expanding the dimensionality of equation 3 is justified when
moving beyond damping. The third regularization option is
a differential semblance operator, defined as R = P2

h, where
Ph = |h| is the differential semblance operator (Shen et al.,
2003). It penalizes the energy in the image not focused at zero
subsurface offset.

THE 3-D GULF OF MEXICO DATA

The 3-D velocity model corresponding to the subset of the data
can be seen in Figure 1. The salt body on the right side causes
significant shadow zones that can mask potential hydrocar-
bon reservoirs. The velocity model is believed to be accurate,
which is important given the linearity of the operators assump-
tion with respect to the background velocity used to derive the
Hessian. We choose a target zone (indicated with the “target”
box in Figure 1) to test how the inversion performs in imaging
the subsalt sediments. The dimensions of the target volume are
3630 ft in depth, 12303 ft in the x-dimension, and 4101 ft in
the y-dimension.

Figure 1: Velocity model for the 3-D Gulf of Mexico data;
target zone indicated with the “target” box.

The data that contributed to the migration were small subset
of the data provided by BP and ExxonMobil, it did not have
crossline offset because they were regularized by using an az-
imuth moveout (AMO) algorithm (Biondi et al., 1998). The
frequency content ranged between 5 Hz and 35 Hz, with 20
Hz being the dominant frequency.

The 3-D Hessian matrix
Figure 2 shows the diagonal of the Hessian matrix for the 3-D
target-zone. Note the complexity of the focusing and defocus-
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ing of the seismic energy produced by the rugosity of the bot-
tom of the salt. Figure 3 shows the off-diagonal terms (point
spread function) off the 3D Hessian matrix at 72 point scat-
terers positions. The spread of the energy caused by the 3-D
geometry of the salt body is clearly non-stationary. Note that
the resolution in the crossline direction is poorer than that in
the inline direction, as a result of the crossline limited data
coverage.

Figure 2: Diagonal of the Hessian in the target area. Cool col-
ors represent areas with low values, and warm colors represent
areas with high values.

Figure 3: Convolution of the 72-point-scatterer model with the
3-D Hessian matrix. Notice the non-stationarity of the PSF.

We used just 11 frequencies to compute the Green’s functions
for calculating the 3-D Hessian. The frequency band was cho-
sen between 10 and 31 Hz, with a sampling interval of 2 Hz.
The frequency sampling was fine enough to avoid contamina-
tion from wrap-around artifacts in the off-diagonal terms of the
Hessian matrix (Valenciano, 2008).

Inversion in the poststack image domain
Here we solve the linear system in equation 4 by using the
method of conjugate gradients. The right-hand-side vector
is the migrated image at zero subsurface offset (Figures 4a).
The Hessian matrix contains only 2-D PSFs (nax = 15,nay =

1,naz = 30), thus implying there is no correlation between
neighboring points in the crossline direction. This assumption
decreases the size of the Hessian matrix by at least two orders
of magnitude. The inversion result is shown in Figure 4b; its
benefits are evident compared to the migrations in Figures 4a.
The choice of the regularization parameter ε = 0.1 decreases
the residuals and stabilizes the inversion.

Figure 4: Zero subsurface-offset image of the 3-D Gulf of
Mexico data: a) 3-D shot profile migration, and b) 3-D in-
version in the poststack-image domain with 2-D PSFs. Notice
the improved balance and resolution in the inversion image.

Overall, the inversion shows more balanced amplitudes than
does the migration, allowing continuation of the reflector in-
side the shadow zones. It also reduces some of the migration
smiles, specially in the inline direction. The reflectors gain
vertical and horizontal resolution, making them more inter-
pretable. Improving the coherence of the events in the inline
direction also improves the coherence in the crossline direc-
tion. However, no resolution is gained in this dimension, since
the spread in the crossline is not included in the inversion.

Inversion with regularization in the prestack image do-
main
When imaging under complex salt structures, it is useful to
compute image gathers in the subsurface offset or the reflec-
tion and azimuth angle. Depending on the geometry of the salt
the angle gathers can have illumination gaps; a good regular-
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ization of the wave-equation inversion can be to extend the im-
age from well-illuminated to poorly illuminated angles. In this
section, we apply it to the inversion of the 3-D Gulf of Mexico
data. We limit the subsurface offset to the inline direction, and
the angle to the reflection angle due to limited computational
resources. The methodology presented here can be generalized
to crossline subsurface offset and azimuth angle.

Figure 5: Migrated image in the reflection-angle domain after
offset-to-angle transformation.

Figure 6: Inverted image in the subsurface-offset domain, after
an offset-to-angle transformation.

The expansion in the dimensionality of the model space in-
creases the cost of the inversion by a order of magnitude. In
the next numerical experiments the Hessian matrix contains
only the 2-D PSF (nax = 15,nay = 1,naz = 30), and the model
space is 4-D, with the extra dimension being the subsurface
offset. We show the results after an offset-to-angle transfor-
mation, since the reflection angle has more physical meaning
than the subsurface offset.

Figure 5 shows an reflection-angle gather (side panel) corre-
sponding to a crossline position in the 4-D migration cube.
Notice the narrow range and the irregularity of the angle illu-
mination. Figure 6 shows the inverted image obtained after an
offset-to-angle transformation. We solved the linear system in
equation 4 in the subsurface-offset domain, with differential
semblance as the regularization operator and ε = 0.5. Com-
paring this result with the migration, we see that the inversion
plus regularization equalizes the amplitudes in the angle gath-
ers, filling the illumination gaps in the shadow zone. Also we
see an increase in vertical and lateral resolution.

The last two figures, Figures 7a and 7b, show the compari-
son of the angle-stack of the migration with the angle-stack

of the inversion. Whereas they couldn’t be done in the migra-
tion results, some of the reflectors can be traced almost entirely
through the shadow zones in the inversion results.

Figure 7: Comparison of the angle-stack of a) the migration,
with b) the inversion in the subsurface-offset domain, after
an offset-to-angle transformation with regularization parame-
ter ε = 0.5.

CONCLUSIONS

Wave-equation inversion can be done in image space without
making any velocity model or acquisition geometry approxi-
mations. We conclude that the regularization with the differ-
ential semblance in the subsurface-offset domain, although it
is more expensive, can improve the continuity of the reflectors
into the shadow zones with a higher signal-to-noise ratio than
can regularization in the poststack image-domain (zero subsur-
face offset). This does not means that the regularization in the
poststack image-domain cannot be an economical alternative
for 3-D data.
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