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SUMMARY

One-way Riemannian wavefield extrapolation (RWE) on com-
putational meshes conforming to the direction of turning-wave
propagation is presented as an alternative forward modeling
procedure for waveform inversion. Forward modeling tests
demonstrate that the RWE approach may be a sufficiently ac-
curate approximation for calculating the wavefield phases im-
portant for early-arrival waveform inversion. Initial results in-
dicate that RWEwaveforms are well matched at wide offsets to
finite-difference data, and can be used in a waveform inversion
scheme to invert synthetic data for 1D velocity perturbations.

INTRODUCTION

Frequency-domain waveform inversion using finite-differences
(FD) as the forward modeling operator has been successfully
demonstrated in numerous 2D applications (Pratt and Wor-
thington, 1989; Crase et al., 1990; Pratt and Shipp, 1999; Dessa
et al., 2004); however, few 3D examples have yet to be re-
ported. The predominant reason is the memory required to
invert the large 3D FD impedance matrix through LU decom-
position. For 2D inversion problems, the memory requirement
for an LU decomposition using graph theoretic techniques ex-
ploiting matrix sparsity is roughly O(n3), where n is the aver-
age model space dimension (Štekl and Pratt, 1998). The mem-
ory requirement for typical 3D exploration blocks, though, rises
to between O(n4.5) and O(n4.75) (Operto et al., 2006), which
currently is impractical for routine implementation.

An alternative to FD is to employ a forward-modeling scheme
based on one-way wavefield extrapolation. Although less ac-
curate than FD owing to the physical approximations made
when deriving one-way wave-equations, the corresponding ex-
trapolation operators can still be used to calculate phases (and
perhaps the amplitudes) of the early arrivals commonly used in
waveform inversion. This paper examines the idea of perform-
ing wavefield extrapolation on meshes oriented in the general
direction of turning-wave propagation. By incorporating the
bulk orientation directly into the coordinate system, lower-
order Riemannian wavefield extrapolation operators (Sava and
Fomel, 2005) can be used to calculate the early arrivals of
wide-offset seismic data. Importantly, 3D forward modeling
by wavefield extrapolation involves manageable memory re-
quirements (approximately O(n2) for a single extrapolation
step), leaving computational complexity as the main compu-
tational constraint (approximately O(n3(logn)2ns), where ns
is number of sources). Thus, one-way wavefield extrapolation
potentially offers computational and memory savings and is
worth examining in the waveform inversion context.

FREQUENCY-DOMAIN WAVEFORM INVERSION

Prescribing a forward modeling operator is the initial step in
any frequency-domain waveform inversion procedure (Pratt,
1998; Sirgue and Pratt, 2004). Assuming that wave propaga-
tion is adequately governed by an acoustic wave equation, the
forward-modeling procedure generates a scalar wavefield that
is a solution to the Helmholtz equation. The data residuals,
or the difference between the observed and modeled data, are
then used to generate velocity model updates. This is com-
monly accomplished by iteratively minimizing the l2 resid-
ual misfit at each successive frequency through computing the
negative gradient with respect to the variation in model param-
eters (Pratt and Worthington, 1989).

Methods for calculating the gradient without explicitly com-
puting the partial derivatives of the data are well established
(Lailly, 1983; Tarantola, 1984; Pratt et al., 1998). The main
time-domain result is that the gradient vector can be computed
in a computational domain, x, by zero-lag correlation of the
wavefield propagated causally from source point, s, and the
data residuals propagated acausally from receiver location, r.
In the frequency domain (!), this involves multiplying two
monochromatic wavefields: an assumed unit amplitude and
zero-phase source Green’s function, G0(x,s;!); and a residual
wavefield comprised of a collection of receiver Green’s func-
tions, G0(x,r;!), individually weighted by the data residual
value, ΔΨ(r,s;!). This leads to the following expression for
gradient vector, g(x),

g(x;!) =!!2
!

s

!

r
ℜ [G"0(x,s;!)G"0(x,r;!)ΔΨ(r,s;!)] ,

(1)
where ℜ indicates the real component, and " represents com-
plex conjugation (Sirgue and Pratt, 2004). The summation
over sources and receivers is done for each non-linear itera-
tion at each frequency. The bracketed expression represent-
ing the back-projected data residuals multiplied by the forward
wavefield from the source may be regarded as a “migration
of the residual wavefield data” (Mora, 1987). Thus, a central
component of a practical waveform inversion implementation,
like in any seismic migration analysis, is an accurate and effi-
cient calculation of the source and receiver Green’s functions,
G0(x,s;!) and G0(x,r;!). The optimal trade-off between the
two competing constraints of accuracy and efficiency, espe-
cially for 3D implementations, remains an open question that
merits further investigation.

AN ALTERNATE FORWARDMODELING APPROACH

An alternate strategy for computing Green’s functions for wave-
form inversion is to consider one-way propagation on coordi-
nate systems designed especially for calculating wide-offset,
early-arrival wavefields. One interesting example is a sideways-
tilted, ray-like mesh with an extrapolation axis oriented pre-
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dominately in the direction of turning-wave propagation (see
upper left panel of Figure 1). In this reference frame, the
bulk of wavefield propagation occurs at low angle to the ex-
trapolation axis where the phases and amplitudes calculated
by one-way operators remain fairly accurate. One-way propa-
gation in generalized coordinates is described by Riemannian
wavefield extrapolation (RWE), which encodes the mesh ge-
ometry directly into the extrapolation operator using additional
mixed-domain coefficients. The reader interested in additional
information on RWE is referred to Sava and Fomel (2005) and
Shragge (2006).

The utility of the RWE forward-modeling approach is illus-
trated in Figure 1, which shows wavefield propagation in both
the Cartesian (left panels) and the “turning-wave” coordinate
domains (right panels). The upper left panel shows a turning-
wave mesh overlying part of the SMAART JV Pluto 1.5 P-
wave velocity model. The upper right panel depicts this ve-
locity model interpolated to a transform RWE domain param-
eterized by “shooting angle” and “extrapolation step” axes.
The source wavefield, G0(x,s;!), is generated by propagating
an initially planar wavefield (as a function of shooting angle)
through each successive extrapolation step. Modeled data are
generated by extracting the wavefield values at the streamer
depth. The lower right and left panels show the same four
superimposed wavefield snapshots (at 1.0 s, 2.2 s, 3.4 s and
4.6 s) in the RWE and Cartesian domains, respectively. Note
that while some wavefield energy is not modeled – e.g. near-
vertical wavepaths – the bulk of the direct wavefield energy
propagates throughout the model at low angles to the extrapo-
lation axis. Numerous reflected phases, including those from
the top-salt, are evident in both lower panels. These reflections
are not “true-amplitude”, though, because there is no formal
accounting for reflection coefficients.

One-way extrapolation results for the Pluto model using the
turning-wave coordinate mesh shown in Figure 1 are presented
in the right panel of Figure 2. The corresponding FD data
are shown in the left panel. Although the reflections evident
in the near-offset traces of the FD data are completely ab-
sent from the RWE data, the wavefields at wider offsets be-
come increasingly similar. This observation should not be
surprising: the coordinate mesh was designed specifically to
calculate the wide-offset early arrivals important for the ini-
tial stages of waveform inversion. Figure 3 presents waveform
comparisons at four wide offsets. The FD and RWE modeled
waveforms were low-pass filtered to a frequency band typi-
cally used for exploration-scale waveform inversion. Note that
the early arrivals of two sets of waveforms are well-matched
in phase, though less so in amplitude. Later arrival waveforms
comprised of additional reflections and higher-order scatter-
ing, though, are not well modeled by the RWE approach. Im-
portantly, if these arrivals were included in a waveform inver-
sion analysis, they likely would be mapped erroneously into
model space and be detrimental to stability. This is the main
factor why this paper concentrates on early-arrival waveform
inversion.

Back-projecting wavefield residuals to form the gradient vec-
tor is accomplished with a waveform injection approach that is

Figure 1: Illustration of the RWE wavefield extrapolation for-
ward modeling approach. The left (right) panels represent the
Cartesian (Riemannian) spaces. Upper left: Pluto velocity pro-
file overlain by ray-like mesh. Upper right: interpolated veloc-
ity profile underlying regular coordinate system mesh. Lower
right: four superimposed broad-band wavefields (at 1.0s, 2.2s,
3.4s, and 4.6s) propagated through the velocity model in the
upper right. Lower left: wavefields from the lower right inter-
polated to Cartesian.

Figure 2: Comparison of a Pluto dataset wavefield generated
by fourth-order finite differences (left panel) and the wavefield
generated by wavefield extrapolation (right panel).
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Figure 3: Examples of waveform matching at four different wide offsets and corresponding residuals for the wavefields shown in
Figure 1. Top left: 5180 m offset; top right: 5950 m offset; bottom left: 6700 m offset; and bottom right: 7470 m offset.

the adjoint operation of wavefield data extraction. The residual
wavefield, initially limited to the data residual from the farthest
receiver, is propagated back towards the source point. As each
successive receiver is reached, the data residual at that point
is injected into the residual wavefield and extrapolated to the
next step. The gradient vector, g(x), is then calculated by mul-
tiplying the residual and the stored source wavefields at each
step and interpolating the result back to the Cartesian domain.

Figure 4 presents a gradient vector example for an offset source-
receiver pair centered in mirrored half-space velocity model
(upper left panel). The upper right panel shows a monochro-
matic wavefield propagated outward from the source point,
G0(x,s;!), while the lower right panel shows a back-propagated
wavefield from the single receiver, G0(x,r;!). Multiplying
these two wavefields generates the “wavepath” (Woodward,
1992) in the lower left panel that is central to the waveform in-
version approach. Note that the locations of the source-receiver
pair are non-centered with respect to the grid, which leads to
the observed asymmetry of the wavepath image.

1D WAVEFORM INVERSION TEST

Figure 5 presents the results of a 1D waveform inversion test
using one-way Riemannian wavefield extrapolation as the for-
ward modeling operator. The waveform inversion goal is to
reconstruct the +10% velocity perturbation shown in the right
panel using the approach described in Sirgue and Pratt (2004)
assuming a constant 2 kms!1 starting velocity model. The FD
data in the left panel, generated by two-way FD, consist of a
linear direct arrival and two hyperbolic reflection events of op-

posing sign from the top and bottom of the velocity perturba-
tion. The coordinate system geometry used in the example is a
single mesh similar to that shown in the upper left panel of Fig-
ure 1, except scaled to fit 4 km of source-receiver offset. The
synthetic data were low-pass filtered, windowed to eliminate
both boundary artifacts and all later-arriving multiple energy,
and zeroed at locations less than 2 km from the source point.
The frequencies selected for inversion were between 3-12 Hz
at 0.25 Hz intervals.

Waveform inversion results after five non-linear iterations at
each frequency are shown in the right panel of Figure 5. The
recovered velocity profile perturbation is almost correctly cen-
tered, but contains significant negative side lobes both above
and below the true perturbation depths. This result is similar
to the 1D experiment of Sirgue and Pratt (2004), who demon-
strate that the inverted velocity profiles do not contain all nec-
essary – and especially the lower – spatial frequency compo-
nents. These are likely recoverable if the inversion were to in-
clude lower (temporal) frequency data and offsets sufficiently
wide to generate significant “image-stretch” phenomena.

CONCLUDING REMARKS

This paper describes an alternate forward modeling approach
for frequency-domain waveform inversion based on one-way
wavefield extrapolation. The results suggest that the phases
(and perhaps amplitudes) of forward modeled data are suf-
ficiently accurate for use in early-arrival waveform inversion
analysis. Importantly, 3D wavefield extrapolation is now rou-
tine in seismic exploration practice, suggesting that upscaling
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Figure 4: Mirrored half-space example. Top left: mirrored half-space velocity model. Top right: source wavefield G0(x,s;!)
from source point in left of model. Bottom right: residual wavefield G0(x,r;!) back-propagated from a receiver at right of model.
Bottom left: wavepath formed by multiplying wavefields in top and bottom right panels.

Figure 5: Results of a 1D waveform inversion test using one-
way RWE as the forward modeling operator. Left panel: FD-
generated data used in waveform inversion approach. Right
panel: 1D velocity profile with step perturbation and the ve-
locity profile recovered by waveform inversion.

this approach to 3D waveform inversion would not be too com-
putationally restrictive. In addition, amplitude accuracy would
likely be improved by incorporating the factor described by
Zhang et al. (2003). Alternatively, one could consider us-
ing the “true-amplitude” one-way extrapolation operators of
Thomson (2005) that provide a more formal accounting of re-
flection coefficients and transmission losses. Finally, perform-
ing RWE on a turning-wave coordinates generates more accu-
rate wide-angle arrivals than could be calculated on a Cartesian
mesh. Accordingly, shallow anomalies likely would be bet-
ter recovered, further motivating the use of RWE rather than
Cartesian coordinates when performing waveform inversion
via one-way wavefield extrapolation.
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